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Abstract

This thesis is dedicated to the methods of quantum noise reduction in composite quantum systems. The
quantum noise is a major limitation for the sensitivity of future generations of laser interferometric Gravitational
Wave Detectors (GWDs), whose mirrors can be regarded as free test masses. One of the most promising directions
in quantum noise suppression for such GWDs is the application of non-classical states of light. In order to boost
the sensitivity of GWD in broadband spectral range, it has been proposed to use frequency dependent single-mode
squeezed states or conditional two-mode squeezed states. Theoretically, the performance of these protocols will be
only restricted by the quality of the non-classical states of light. However, the practical implementation of such
schemes involves the utilization of so-called filter optical cavities. An external resonator with extremely narrow
bandwidth can be used to set the desired dependence of squeezing angle on the Fourier frequency for the single-
mode squeezing. If two-mode squeezed states are exploited, the GWD itself can play a role of the filtering cavity.
In turn, it imposes strict requirements on tuning the multiple interlinked parameters of the optical interferometer.
Both approaches are complicated by experimental challenges related to the control of filtering resonators and/or
changes in the established configuration of GWDs.

The main focus of this thesis is the investigation of the alternative strategy, where quantum noise reduction
will be achieved by using an auxiliary harmonic oscillator that is the ensemble of spin polarized cesium atoms.
Analogous to GWD, the spin oscillator is also exposed to quantum noise. However, the total noise in the hybrid
system, composed of an atomic ensemble and a GWD, can be partially or completely eliminated. It has been
previously demonstrated that the reference spin oscillator facilitates mitigation of the quantum noise in a dielectric
membrane in MHz spectral range. At the same time, the atomic oscillator is highly tunable and can in principle
be adjusted to match the GWD, making a joint measurement of two disparate systems feasible. From an experi-
mental point of view, the spin oscillator might be added to the GWD as an external module without necessity to
substantially modify the current design of the detection schemes. On the other hand, the spin ensembles compare
favorably with filtering cavities in terms of complexity of control.

The dynamics of a spin oscillator, suitable for broadband sensitivity enhancement of GWDs in the spectral
range of interest, should be predominantly driven by quantum noise at acoustic spectral frequencies. Moreover, in
order to set the link between the GWD and the atomic ensemble, an Einstein-Podolsky—Rosen (EPR)-entangled
state of light resilient to low-frequency technical noise is needed. In this thesis we report the preparation and
characterization of each subsystem, performed separately. First, we present the entanglement source of two optical
modes, having the wavelengths of 852 nm and 1064 nm that match the frequencies of lasers used to probe the
atomic spin ensemble and GWD, respectively. We observe EPR correlations spanning down to audioband (2 2 10
kHz). The entanglement is verified by EPR-steering and Duan criteria. The recorded level of two mode squeezing
(—=7.1 dB) is one of the highest (to our knowledge) to date for such large wavelength separation. Secondly, we
prove the strong contribution of quantum back action (QBA) noise to the dynamics of the spin oscillator, using
ponderomotive squeezing as a benchmark. In particular, we measure —3 dB and —0.7 dB of light noise reduction
below shot noise level caused by interaction with the atomic ensemble, whose resonance frequency is set to 20
kHz and 6 kHz, respectively. The factors compromising the spin oscillator in quantum regime at near-DC spectral
frequencies are explored and discussed. It has also been shown that QBA-dominated motion can be obtained for
the atomic ensemble initialized in a state with an effective negative mass, which is a key feature for quantum noise
cancellation in the joint measurement. The dissertation is complemented by theoretical analysis of the scheme
under realistic experimental conditions.

The achieved performance of two quantum systems makes them ready for proof-of-principle experiment ad-
dressing the upper part of audio frequency range. In a long term prospective, presented results can serve as



a foundation for quantum noise reduction in sensitivity band of contemporary state-of-the-art interferometric
GWDs. The comprehensive mathematical model of the experiment accounts for various imperfections and yields
the set of parameters to optimize the efficiency of the protocol.
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Resumé

Denne afhandling omhandler metoder til reduktion af kvantestgj i malinger udfgrt pa sammensatte kvan-
tesystemer. Kvantestgj forventes at blive en stgrre begreensning for fglsomheden af fremtidige generationer af
laserinterferometriske gravitationsbglgedetektorer (GWD’er), hvis testspejle kan betragtes som frie masser. En
af de mest lovende retninger inden for kvantestgjsreduktion for sadanne GWD’er er anvendelsen af ikke-klassiske
lystilstande. For at forbedre GWD’ens sensitivitet i et bredt spektrum er det blevet foreslaet at bruge frekven-
safhaengige enkelt-mode-klemte tilstande eller betingede to-mode-klemte tilstande. Teoretisk vil disse protokollers
ydeevne kun veere begraenset af kvaliteten af de ikke-klassiske lystilstande. Implementeringen af sadanne pro-
tokoller vil i praksis indebeere brugen af sakaldte optiske filterkaviteter. En ekstern resonator med ekstremt smal
bandbredde kan bevirke den gnskede afhsengighed af klemningsvinkel pa Fourier-frekvensen for en enkelt-mode-
klemt tilstand. Hvis to-mode-klemte tilstande benyttes, kan GWD selv spille rollen som filterkavitet. Dette
indebeerer strenge krav til indstillingen af de mange sammenkoblede parametre for det optiske interferometer.
Begge tilgange bliver besvaerliggjort af eksperimentelle udfordringer relateret til kontrol af filterresonatorer og/eller
gndringer i GWD’ernes etablerede konfiguration.

Hovedfokus i denne afhandling er undersggelsen af en alternativ strategi, hvor kvantestgjsreduktion opnas ved
brug af en harmonisk referenceoscillator, der bestar af et ensemble af spinpolariserede caesiumatomer. Analogt
med GWD er denne spinoscillator ogsa udsat for kvantestgj. Dog kan den samlede stgj i det hybride system, der er
sammensat af et atomart ensemble og en GWD, delvist eller fuldstaendigt elimineres. Det er blevet eksperimentelt
vist, at referencespinoscillatoren faciliterer reduktionen af kvantestgj i en dielektrisk membran i MHz-omradet.
Samtidig er den atomare oscillator meget justerbar og kan i princippet tilpasses til at matche GWDen, hvilket
gor en feelles maling af to forskelligartede systemer mulig. Fra et eksperimentelt synspunkt kan spinoscillatoren
kombineres med GWDen som et eksternt modul, hvorved markante sendringer af det nuvaerende design af detek-
teringsprotokoller kan undgas. Derudover er spinensemblerne, sammenlignet med filterkaviteter, lovende systemer
med hensyn til kompleksiteten af styringen.

Responset for en spin-oscillator som er kompatibelt med fglsomhedsforggelse af GWD over et bredt band i det
spektrale interesseomrade, bgr vaere domineret af kvantestgj ved akustiske frekvenser. Desuden er der behov for
en steerk Einstein—Podolsky—Rosen (EPR)-sammenfiltret tilstand af lys, der er robust over for lavfrekvent teknisk
stgj, for at etablere forbindelsen mellem GWD og atomensemblet. I denne athandling rapporterer vi forberedelsen
og karakteriseringen af hvert delsystem, udfert separat. Fgrst praesenterer vi kilden til sammenfiltring af to optiske
tilstande med bglgelzengderne 852 nm og 1064 nm, der matcher frekvenserne af lasere til at méle pa atomspin-
ensemblet og GWD, henholdsvis. Vi observerer EPR-korrelationer, der speender ned til akustiske frekvenser (Q 2
10 kHz), og sammenfiltringen verificeres ved hjelp af EPR-styring og Duan-kriterierne. Det registrerede niveau af
to-mode-klemning (—7,1 dB) er et af de hgjeste hidtil (efter vores vidende) for sa stor en bglgeleengdeseparation.
For det andet paviser vi det steerke bidrag af kvantetilbagevirkningsstgj (QBA) til dynamikken i spin-oscillatoren,
ved hjzlp af ponderomotiv klemning som benchmark. Vi maler specifikt —3 dB og —0,7 dB lysstgjsreduktion
under haglstgjsniveauet, forarsaget af interaktion med atomensemblet, hvis resonansfrekvens er sat til 20 kHz og
6 kHz, henholdsvis. Faktorer, der kompromitterer spin-oscillatoren i kvanteregimet taet pa DC-frekvensomradet,
udforskes og diskuteres. Det er ogsa blevet pavist, at QBA-domineret dynamik kan opnas nar atomensemblet
initieret i en tilstand med en effektiv negativ masse, hvilket er en central egenskab ved kvantestgjannullering i
en fzlles maling af de to systemer. Afhandlingen suppleres med teoretisk analyse af protokollen under realistiske
eksperimentelle betingelser.

Den opnaede ydeevne for de to kvantesystemer ggr dem klar til et proof-of-principle-eksperiment, der adresserer
den gvre del af lydfrekvensomradet. Pa lang sigt kan de praesenterede resultater udgere fundamentet for reduktion
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af kvantestgj i frekvensbandet af relevans for nutidige state-of-the-art interferometriske GWD’er. Den omfattende
matematiske model for eksperimentet tager hgjde for forskellige mangler og giver et seet parametre for at optimere
effektiviteten af protokollen.
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Thesis structure

The manuscript contains five chapters. The structure is as follows:

Chapter 1: This chapter gives the introduction to the detection of gravitational waves by means of laser
interferometers. We discuss the most essential features of such GWDs, define the problem of quantum noise and
analyze its spectral properties. Next, we give an overview of methods that can potentially lead to the sensitivity
improvement beyond the limit set by the quantum noise. The emphasis is made on techniques manipulating the
vacuum state of light entering the GWD interferometers through the dark port.

Chapter 2: The purpose of this chapter is to familiarize the reader with the concept of quantum noise reduction,
which takes the center stage of presented work. The idea of quantum back action (QBA) evasion for an arbitrary
optomechanical object in the reference frame of a second oscillator with an effective negative mass is presented and
applied to the specific case of the GWD. The atomic spin ensemble is used as a platform to construct the auxiliary
oscillator. We investigate the parallel scheme where the atomic system and GWD are measured simultaneously,
being connected by means of entangled state of light. The wvirtual rigidity method is proposed and analyzed to
resolve the difficulties, when matching the spectral responses of the spin oscillator and the GWD. The limitations
of this technique along with the detrimental impact of optical losses and the finite degree of correlations between
entangled optical modes are covered.

Chapter 3: This part reports the first achievement of the thesis, giving an overview of the experiment, in which
the source of EPR-entanglement was built and characterized. First, the criteria of the entanglement are detailed.
Then we explore the equations of motion for an optical cavity with a non-linear medium inside and arrive at a
mathematical expression that predicts the level of interbeam correlations in the presence of optical losses and
phase noise. Next, we give the description of the experimental setup and explain the motivation behind the choice
of the optical parametric oscillator (OPO) design and the detection scheme used in the protocol. Calibrations
of pump threshold power and escape efficiency are demonstrated. We then discuss the low-frequency homodyne
detection setup. The special attention is paid to the phase locking scheme for the two-mode entangled state of
light, which is more sophisticated compared to the control of a single-mode squeezing. Finally, the two-mode
squeezing in amplitude and phase light quadratures is measured. It is used to verify EPR-steering and Duan
criteria and confirm the entanglement. We also outline the upgrade of the phase locking scheme and stabilization
of the cavity length using optical fields detuned from fundamental frequencies of the OPO. After having the new
scheme implemented and applied to the OPO, we envision the extension of EPR correlation further down into the
acoustic frequency range.

Chapter 4: This chapter describes the second main experimental result of this thesis that is the preparation of
the spin oscillator. We review the mathematical model and start with the spin polarized ensemble of atoms in an
external magnetic field, followed by the interplay with a probe optical field in a reference framework of Faraday
interaction. The impact of alignment spin operators due to the tensor interaction is also addressed. Next,
we perform the experimental characterization. In particular, we focus on coherently induced Faraday rotation
(CIFAR) and magneto-optical resonance spectroscopy (MORS) techniques to estimate the atomic readout rate
and the quality of the coherent spin state, respectively. The mitigation and characterization of broadband noise
was carried out as well. Thus, we address each source of noise contributing to the total noise budget. We proceed
to explore the spin noise spectra, scanning the atomic resonance frequency from MHz range towards audioband.
We witness a significant impact of the quantum back action noise on the atomic response across the whole spectral
range. However, when acoustic frequencies are approached, quantum noise contributions cease to be dominant,
as manifested in the decline of the probe light squeezing induced by the spin oscillator. This is attributed to the
technical noise or/and the dynamics of the spin alignment operators. Finally, the downshift of the effective spin



resonance frequency arising from the virtual rigidity phenomenon is experimentally demonstrated.

Chapter 5: We continue discussing the performance of the hybrid system consisting of the atomic spin ensemble
coupled to the EPR-entangled state of light from the theoretical point of view. In particular, we envision that
the experimental setup presented in this thesis is suitable for the reduction of quantum noise of light in the kHz
range. Instead of calculating the sensitivity improvement of a ’fictitious’ GWD interferometer combined with spin
oscillator as done in chapter 2, we now consider the conditional two-mode squeezed state of light, where the phase
of one quadrature is rotated due to the interaction with the atomic ensemble. Such a language allows for building
an analogy with the frequency-dependent single-(two-) mode squeezing generated by means of a filtering cavity,
presented in chapter 1.
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Chapter 1

Detection of gravitational waves using laser
interferometry

1.1 Introduction. Operating principles of contemporary GWDs

General relativity predicts that energy-mass density fluctuations generate gravitational radiation. This phe-
nomenon manifests as a perturbation of the space-time itself [1]. Consequently, the gauging of such space modula-
tion provides an opportunity to detect gravitational waves. The amplitudes of gravitational waves arising due to
the most powerful astrophysical events when reaching the vicinity of our solar system are expected to be extremely
small [2]. Direct detection of gravitational waves requires measurements with unprecedented precision, implying
complex scientific and engineering challenges.
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(a) Simple Interferometer.
(b) Advanced LIGO (simplified).

Figure 1.1: Simplified schematics of GWDs in laser Michelson interferometer configuration. (a): The end test
mass (ETM) mirror together with the input test mass (ITM) mirror form a Fabri-Perot cavity in each arm of the
interferometer. (b): Dual-recycled Fabry-Perot Michelson Inteferometer used in Advanced LIGO [3]. Inclusion of
the power recycling mirror (PRM) allows for increasing the intensity of circulating laser radiation. The bandwidth
of the interferometer is controlled by the signal recycling mirror (SRM).

Ground-based Gravitational Wave Detectors (GWDs) in laser Michelson interferometer configuration were
shown to be one of the most promising candidates for that task [4]. This type of GWDs has significant advantages
over other types: their scalability allows for an increase in signal-to-noise ratio, and they have wide operational
bandwidth in comparison to Weber bar detector type that relies upon resonant detection [5]. When passing some
localized area, gravitational waves modulate the relative motion of free falling bodies. The underlying idea of
interferometric GWDs is to record the impact of such perturbation onto interference pattern change that can
be directly measured. The laser radiation serves as a probing instrument for test mirrors that play the role of
free mass objects. The approximation of free mass motion is valid since the mechanical resonance frequency of
suspended mirrors 2y ~ 1 Hz and their decay rate ;s are significantly smaller than the lower edge of the spectral
range of interest [6].



The simplified scheme of an interferometric GWD is presented in Figure 1.1(a). Upon entering the interferom-
eter, a strong laser light is spatially split on a symmetric beamsplitter (BS). The two parts travel in orthogonal
directions and reflect from two end test mass (ETM) mirrors. The interferometer is adjusted in such a way that
the reflected fields interfere destructively at the output port (referred to as ’dark port’). The arrival of gravita-
tional waves creates a space strain, leading to the relative change of arm lengths. Therefore, the condition for
the destructive interference on the dark port is not fulfilled anymore, which allows the detection of gravitational
waves.

Here we briefly summarize the basic operational principles of interferometric GWDs. First, we specify that
setting the ’dark fringe’ configuration is a crucial point of the scheme because the signal-to-(shot) noise ratio is
maximized when the phase difference between the two arms is 7 [7]. In addition, the destructive interference at
the output port allows to remove the classical noise from the laser. Next, the large length of the arms enhances
the gravitational wave tidal force acting on the ETM mirrors. The inclusion of the input test mass (ITM) mirrors,
as displayed in Figure 1.1(a), forms a Fabry-Perot cavity in each arm. It leads to an increased storage time of
light in the arms and enables the accumulation of a higher signal phase shift. Figure 1.1(b) shows an ’advanced’
interferometer design [3]. The circulating optical power is boosted by adding a power recycling mirror (PRM) into
the input interferometer port. Signal recycling mirror (SRM) in combination with ITM forms a signal recycling
cavity (SRC) and improves the extraction of the gravitational wave signal.

Advances in developments of the Michelson type laser GWD design resulted in the emergence of detectors
whose peak strain sensitivity exceeds 10~23v/Hz [8, 9]. Such progress has made it possible to directly detect
gravitational waves due to the merging of a pair of black holes [10], and the collision of two neutron stars [11].
However, the sensitivity must be enhanced even further in order to get access to a wider range of cosmic events.
It implies that various sources of noise must be eliminated. Within the last decades, significant progress has
been made toward the reduction of thermal noise, Newton noise, and seismic noise. On the other hand, further
development in this direction brings us to the level where the quantum noise is becoming a bottleneck in the next
generations of GWDs. Quantum noise in the Michelson laser interferometer configuration of GWDs is the main
subject of this chapter and this thesis in general.

1.2 Quantum noise in GWDs

We investigate the Fabry-Perot Michelson (FPM) configuration of interferometers, where the ITM mirrors
together with the ETM mirrors constitute cavities with bandwidth 7. Since interferometric GWDs operate in
the dark fringe configuration, the quantum noise originates from the quantum vacuum penetrating through the
dark port [7, 12]. The following system of quantum Langevin equations describes the interaction' between the
intracavity optical mode {Zr,pr} and the differential mechanical mode of the test mass mirrors {Z s, pas} [13]

d . L. X
= *%fL + VLT L in, (1.1a)
d. . . . b
PN + VYLPLin — MM, (1.1b)
d . N . N
i M = —ymdn + Qb+ VMM i, (1.1c)
d d*h

A~

gpPm = —ymPM — QM+ N YMPMin — BEL — kK (1.1d)

W7
where p = (ag/L)\/wo/(2MQyr) determines an opto-mechanical interaction strength, ag = v/ and wy is the
(coherent state) amplitude and the frequency of the optical field circulating in the interferometer, I is the intensity,
L is the length of arms cavities, M is the mass of ETM mirrors. The set {Z1 in, Pr,in} describes the optical mode
on the input of the interferometer, whereas {Z as in, Pa,in} correspond to the intrinsic thermal noise attributed to
the mechanical mode. The last term on the right-hand side of eq.(1.1d) represents the acceleration of the mirror

!Operators & and par correspond to Xar+/(27)/(MQar) and Par/+/1/(20M Qs ), where X and Py are position and momentum
of the mirror. Observables Z; and pr represent the quadratures of the optical field defined according to two-photon formalism (see
section 1.3.1). Indices 'L’ and "M’ denote ’light’ and 'mechanics’ (test mass mirror) respectively.



produced by the transient gravitational wave, where h is the fractional change of the interferometer arms. The
gravitational ’tidal’ force thus couples to the mechanical motion via the coefficient k& = L/M/(2hs). The
solution of egs.(1.1c),(1.1d) in the Fourier domain can be written in the form

" N + A
a0 = xar(@) iy + Q0@ + T (P g+ D) ) (12
Qy
The Fourier frequency {2 and the susceptibility function
Qur
X () = ; (1.3)

Q% — 02 — iy Q + (yr/2)°

were introduced in eq.(1.2). Later, we will be using the approximation yas(Q) ~ —Q/Q?, which works well
in the limit ©Q > Qp7,yy. We will also neglect the intrinsic thermal fluctuations (terms o« &z in, Parin) in the
mechanical mode in eq.(1.2) for simplicity since they can be reduced to such extent that they become negligible in
comparison to the contribution from other terms®. Substituting eq.(1.2) into eq.(1.1b), one obtains the following
expression for the optical mode pr out = Pr,in — /YLPL exiting the interferometer

. 2 2
5 v+ X kS x
pL,out v — i0 L,in (’yL _ iQ)zl'L,zn + 0 ( )

As can be seen from eq.(1.4), pr, ous consists of three terms. The first term o pr, ;, describes fundamental phase
fluctuations shot noise (SN - also referred to as imprecision noise) translated from the out-of-phase quadrature of
the incoming vacuum state of light. The second term o< %y, ;, is the source of quantum radiation pressure noise
(QRPN), also known as Quantum Back Action Noise (QBAN), arising due to the opto-mechanical interaction.
The last term o< h(2) is the modulation caused by gravitational waves and is considered as the signal of interest.
The input-output relations eq.(1.4) can be rewritten in a more convenient form (more familiar for the GWD
community) [7]

(1.4)

()

Prout = 2P (Prin — Kppadrin) + €0/ 2Krpy hsor

(1.5)

where [, = arctan (Q/vr) is the phase acquired by the component of light at the sideband frequency 2 relative
to the carrier. The optomechanical coupling factor Krpys and the expression hggr are defined as

8h 1 2’}/L K] 2'7L 4[090
h =\ =55~ K =Ki—F7—5 =K Kor=————=, Ki=—-= 1.6

where the index 'FPM’ signifies that we study the case of the Fabry-Perot Michelson interferometer. Both
frequency independent (Kj) and frequency dependent parts of the coupling factor may vary for different config-
urations of GWDs [7, 9]. However, the term 1/9% in Krp)s is always present, referring to the approximation of
free mass motion, which is valid under the conditions Qus,vysr < Q. For the Fourier frequencies well within the
cavity linewidth 2 < 7, we obtain Koy — 2/ = const, and the coupling factor Kppys o 1/9? looks similar to
the coupling factor in the case of a simple Michelson interferometer. Normalizing quantum noise eq.(1.5) by the
signal, we introduce the strain equivalent noise operator h for the phase quadrature

() = Py e = 52 (i~ K o) (1.7
and calculate® its power spectral density (PSD) using Sj, = (in| ilililn |in). The quantum state at the dark port is
the vacuum |in) = |0), therefore

héqrL 1
Slonow = =5\ oo T HFPM ). (1.8)

The result obtained above is valid when the measurement is performed on the phase quadrature of the output
hght ﬁL,out-

It is the relevant assumption for ”quantum noise limited GWD interferometers”
3Here and further in the thesis the expressions for the PSD of the strain sensitivity are obtained after implementing the symmetriza-
tion of the operator expectations [7].
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Figure 1.2: The spectra of strain sensitivity , /Sh|p, ., for the GWD (Fabry-Perot Michelson interferometer). The

standard quantum limit (SQL) is shown as a black curve.

The total strain-equivalent quantum noise spectrum is presented in Figure 1.2(a). We now consider the
behavior of QRPN and SN as a function of Fourier frequency. While shot noise itself is flat, the amplitude of
the signal degrades beyond the operational bandwidth ~; of the arm cavities as follows from the term Koy in
the optomechanical coupling factor Krpys. Hence, Sylp, ... Tolls up at high frequencies Q. In contrast, QRPN
dominates at low frequencies, being driven by the dependence of Krpys on the frequency.

Eq.(1.7) indicates the limit of maximum achievable sensitivity arising from the Heisenberg uncertainty prin-
ciple. This limit, also known as the Standard Quantum Limit (SQL), is expressed by the term hggr, in eq.(1.6).
The sensitivity reaches the SQL at a certain Fourier frequency, which yields Kgpyr = 1, corresponding to equal
contributions from SN and QRPN. Thus, the optimal Fourier frequency for the reduction of the total quantum
noise is determined by the selected set of the parameters of a GWD (for example, the effect of variation of an
injected optical power is shown in Figure 1.2(b)). Ultimately, the reduction of SN inevitably enhances the contri-
bution from QRPN and vice versa. Therefore, for a given interferometer geometry and magnitude of test masses,
the SQL can not be surpassed by simply adjusting the laser power.

1.3 Overcoming quantum noise

There exist several strategies that can reduce the quantum noise in the detection of gravitational waves below
the SQL. One class of such strategies relies on amplitude-phase correlations introduced between the quadratures
of light before or after the interforometer. Another approach is to modify the susceptibility function (frequency
response) of interferometer. These techniques will be reviewed in the next subsections.

1.3.1 Non-classical states of light

Non-classical squeezed states of light play an important role in the schemes of sensitivity improvement of
interferometric GWDs. We describe this type of quantum states using two-photon formalism [14]. We define
the quadrature operators Z, pr of an optical mode (they were used in eq.(1.1) to describe an optomechanical
interaction) by means of the creation/annihilation operators of photons ar, 4 and ar,— on a sideband frequencies
Q) with respect to the carrier frequency wy:

T: oL = T’ (1.9)



where ay, 4+ are introduced as

R wo+ Q. . wo — .
ar 4+ = apwet+Qs ap,— = a1 - (1.10)
wo wo

An arbitrary quadrature in the phase space is now determined as §r,(¢) = cos (¢)pr, +sin (¢)Zz. The input-output
relations for an interferometer may be obtained in a form eq.(1.5) using quadratures defined according to eq.(1.9)
(see, for example, [7]).

Single mode squeezed states of light

The parametric interaction wp = 2wy <> wg + wp, which corresponds to creation of photon pair at frequency
wo while pump photon is absorbed and vice versa, is described by Hamiltonian:

H;pi o ihg (aL’P&TL#aTLﬁ _ &TL’PaL#aL,_) : (1.11)
where Gy p is the annihilation operator of the field at the pump frequency wp and a, , are defined in eq.(1.10).
Assuming that the drive field is in a strong coherent state that is not getting depleted, one can use the approx-
imation, where the operator a, p is substituted with it’s coherent amplitude a, p. Such parametric interaction
transforms the fields &L,+,in’ dme according to:

ap,, = cosh(r)ay, ; ;, + sinh (T)dTL,_,m, (1.12a)
dL,* = cosh (T)dL,f,in + sinh (T)d}[ +.in? (112b)

leading to the reduction of noise in amplitude quadrature z; and the enhancement of the noise in the orthogonal
quadrature py:

i.L = e_rii'L,m (113&)
P = 6’+T15L7m (1.13b)

A squeezed state of vacuum can be described as as an initial vacuum state transformed by the (single mode)
squeezing operator S(r, ¢):

|sq) = S(r, ) |0) (1.14)
where S(r, ¢) is given by

S(r, @) = exp [r(dL7+dL7_e_2i¢ - dTL7+&TL,_62i¢)}, (1.15)
where 7 > 0 and ¢ are the amplitude and the phase of squeezing. The case ¢ = 0 corresponds to amplitude
squeezed vacuum with squeezed canonical position Z;, and excessive noise in the canonical momentum as considered
in eq.(1.13). If ¢ = m/2, then the phase quadrature pr becomes maximally squeezed such that p; = e~ "p; .,
Ty =€y,

Two-mode squeezed vacuum

We next consider the parametric interaction in the form of eq.(1.11), but created/annihilated pairs of photons
have now different frequencies. In particular, the pump photon wp = 2w + A is split onto ’signal’ (ws = wy)
and "idler’ (w; = wo + A) photons®, fulfilling the condition of energy conservation wp = ws + w;. The interaction
Hamiltonian is given by

~

: R s s St st £ o
Hmtoczhg{(aLPaL’S_i_aLﬂ._—aL7PaL7S+aL’Z-_ + (g pay ap ;. —ap pap_ap; )|, (1.16)

4signal and idler optical modes will be later interacting with test mass mirror "M’ and atomic spin system ’S’ respectively



(a) A single-mode (b) A two-mode squeezed state of vacuum.

squeezed vacuum
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Figure 1.3: Squeezed states of light in the phase space.
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Figure 1.4: Single-mode and two-mode squeezed states (left and right parts, respectively) are viewed as entangle-
ment between sidebands in two-photon formalism.

where, according to eq.(1.9), dL’si x dL,woiQ and dL,ii x dLMOJFAiQ respectively. Thus, we introduced four
sidebands around 4£2 both for signal and idler central frequencies. Following the same procedure outlined in
the previous section for single mode squeezed states, we define &L’s +in and &Lﬂ- +in that are associated with
signal/idler modes before parametric interaction. The evolution driven by the Hamiltonian eq(1.16) leads to the
transformation:

ar, s+ = cosh(r)ap o, ;, +sinh (T’)ATLJ-,,m, (1.17a)
ar, s =cosh(r)ay ;_ ;, +sinh (T)ALz—l—,in’ (1.17b)
ar iy = cosh(r)ag ; ;, + sinh (r)dgsﬁm, (1.17¢)
ay ;= cosh(r)ay; ;, +sinh(r)a TL’SHn (1.17d)

In a result, the lower sideband of the signal field at the frequency ws — €2 is now correlated with higher sideband
of the idler field at the frequency w; + 2 and vice versa. In general, it applies to any pair of frequencies symmetric
relative to wp/2 = wp + A/2. Next, we introduce the canonical position and momentum operators for signal/idler
modes before/after parametric interaction ;%LS(Z.), ﬁL’S(i), i‘L,s(i)7in and pL,s(’i),in as it was done in eq.(1.9). One
can see that while input optical fields are completely independent, the amplitude quadratures 2z, 5, £1,; become
correlated, whereas the phase quadratures pr, ¢, pr; are anticorrelated:

C%Lvs + @Lﬂ' =et’ (i'L,S,in + :i'L,i,in) ) (118&)
Prs+Pr;= et” (ﬁL,s,m iﬁL,i,in) . (1.18b)

In terms of PSD this might be written as:



— A . . A — F2or )

S%(iL,s,inmL,i,m)’\}E(jL,s,mﬁL,i,m) L S% (b, Ftp ) g5 (Fr,F0p,) — € (1.192)
= ~ N ~ N = :F2T .

S%(ﬁL,s,iniﬁL,i,in)’%(ﬁL,s,iniﬁL,i,in) 1 S%(pL,sipL,i)’%(pL,sipL,i) € ’ (1 19b)

where, for example, Sz, 2, . =< A (%, 5)2 >. Measuring the difference of the amplitude quadratures and the sum
of the phase quadratures, we would observe the reduction of the fluctuations in comparison to independent vacuum
fields, at the cost of increased noise in sum of amplitude/difference of phase quadratures due to the Heizenberg
uncertainty principle. This feature can be seen if one compares the wave functions of two mode vacuum state in
position and momentum representations:

(2 ] 2 2 2
1 —TL —TL 1 —(TrL,s — TL —(TLs+xL;
’(/}00(1'[,757 xL,Z) = ﬁ exp T’S eXp 2’Z] — ﬁ eXp [ ( 754 )7/) ] eXp [ ( ,54 71) ] , (120&)

S
lzoo(pL,s;pL,z‘) = \lfexp % €xp
T

2

i 2
_pL,i] 1 [— (PL,s — pL,i)2] [— (pr,s +pri)’
— | = exp exp

with the wave functions of two mode squeezed state

1 r 621" 9 6727“ 9
VYR(TL s, TL;) = ﬁeXp - <4> (xr.s — L) ] exp [— < 1 ) (xr,s + 1) ]7 (1.21a)

- 1 r e2r 5 e 2r 5
Bntor1) = Sz ep| = (L) o] en| = () G - w0, (1.210)

Such states are named as two mode squeezed vacuum (TMSV) or the twin-beam state [15]. Any observable of
single mode of TMSV has the variance

1 Ar
_ e oy, (1.22)

LsTr,s ~ “TpoTps — YPrsoPrs — “PrLiPrL 2¢27

S

corresponding to the thermal state where the noise exceeds the vacuum noise and grows up with increase of r.
The Wigner function of TMSV is given by the expression:

1 e2r
W(xp s, %L i PLssPLi) = —exp [— <4> (90L,s - 55L,z')2 + (Prs +PL,i)2)] +

cop - (50) (et a0 + .= 1,07 (1.230)

By analogy with eq.(1.14) and eq.(1.15) one can define a two-mode squeezing operator

Stusv(r,¢) = exp [(T*dL,s—i-dL,i— - T&TL,5+&TL,,-_)] (1.24)
that converts a two-mode vacuum state into squeezed:
ITMSV),; = Srasv(r, ¢)[00),; - (1.25)

Since the noise is partially cancelled in the observables £ —21,; and pr, s+pr, s, we introduce the linear combination
g7, of the quadratures qp,s(;)(¢) = cos (Cs(i))Pr,s(i) + 50 (Cs(i)) T L5 ()

47(¢) = q4r.(C) + 94r,i(—C) = (P + gPr) cos () + (21 — a1 ;) sin (). (1.26)
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Considering the correlations between output fields according to eq.(1.17) we get a new equation for ¢9(¢):

G7,(¢) = (cosh (r) — gsinh (1)) G, 5 i (¢) + (sinh () — g cosh (7)) G ;.n(C)- (1.27)
We take into account that Sq“m(o,q“m(c) = SqL Oy (@ =1 S@L o (Ody () = 0, obtain the PSD for
G1,(¢):
S49 (02 (¢) = (cosh (r) — g sinh (r))? 4 (sinh (r) — g cosh (r))? (1.28)
and perform the optimization of the relative weight g:
1

Yopt = tanh (2r), ng(g)qﬁ(g‘ﬂg:gom = (1.29)

cosh (2r)

Thus, the optimal relative weight depends on the amplitude of the squeezing (the strength of parametric interac-
tion). In contrast, one can explore the following combination:

SS9 (a9
= ) ) 05 (©d2(0)
Q%N(C) =N [QL,S(C) + qu,i(_C)] 3 N = (1 + 92) ’ Sﬁ%N(C)q%N(C) = % (130)

In such a case the optimal value for relative weight ¢ is always equal to 1 that yields:

S

. _—2r
2N QN (Ol gom=1) =€ (1.31)

which is a direct consequence of eq.(1.19).

1.3.2 Variational readout

We consider the situation when the arbitrary light quadrature §r, ou(¢) is recorded in order to measure the
modulation caused by the passage of gravitational waves. The strain equivalent noise operator of GWD is now
given by:

hsor .

Tl () = (PLin — [Kppyr — cot (Q)] ZL,n) - (1.32)

2Kppy
The PSD of the strain sensitivity eq.(1.32) is now a generalized case of eq.(1.8), being written as

2
hsor

Shlapeue(€) = 5 : (1 + [Kppy — COt(C)]2) . (1.33)

Kppy
Figure 1.5 demonstrates that the measurement of the output light quadrature other than p; ..({) can lead to the
suppression of quantum noise below the SQL in a narrow band of the frequency spectrum. Moreover, it is possible
to totally cancel QRPN by setting Kpp,, = Kppy,(£2) = cot(() at any Fourier frequency. However, this would
require implementing in some way a frequency-dependent detection angle (.

This approach can be understood better by invoking the concept of pondermotive squeezing [16]. The initial
vacuum state (with no correlations between its quadratures) after interaction with a mechanical oscillator takes
the form

lout) = R(61 pond)S (Tpond: 0)R(62 pond) |in) , (1.34)
where ]%(9) determines the rotation in the phase space and S(r, ¢) is defined in eq.(1.15). Therefore, one can see
that the initial vacuum state becomes squeezed and experiences a rotation in the phase space. The squeezing
factor 7ponq and angles 0y (2) onqg depend on the optomechanical coupling factor Kpp), (Q) :

2 2 2 2
(1.35)

K ppay (9 Kppy ()2 1 K ppa (2
Tpond = In %() + \/1 + (Fﬂ/l”) ) Hl,pond = _5 arctan |:FW():| + %7 92,pond = el,pond - E



Fulfilling the requirement K p,,(€2) = cot(() results in the projection of the observed optical output field onto
the axis that corresponds to the maximally squeezed quadrature. Thus, the amplitude-phase correlations
<§3 LﬁJLr> caused by the pondermotive squeezing are utilized to completely cancel QRPN term, leaving only shot
noise (as displayed on Figure 1.5). However, apart from the challenge of implement the required frequency
dependence of the homodyne detection angle ((2), such a strategy entails losing the part of the signal h(€2) that
carries the information about gravitational waves. This happens because the modulation caused by the arrival of
gravitational waves is always stored in pr, ous, While the projection onto the axes with minimal quantum noise does
not correspond to the detection of the phase optical quadrature. Nevertheless, since a QBAN-free measurement
can be accomplished, the signal-to-noise ratio can be improved by increase of the circulating optical power in the
interferometer.

The strategy of such wvariational readout was initially conceived in [17] and explored in [16], where a post
filtering of the signal was proposed by means of external cavities positioned at the output of the interferometer. In
order to practically achieve a reasonable cancellation of QRPN, the homodyne phase angle needs to be controlled
with a high precision, meaning stringent requirements for the optoelectronic control of the filter cavities [16].
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Figure 1.5: Quantum noise spectra at different homodyne detection angle (. Once a frequency-dependent homo-
dyne detection angle () =arccot[K pp,, ()] is set, QBAN-free measurement (purple dashed line) is possible.

1.3.3 Injection of frequency-independent squeezing

Instead of changing the quantum state of light, which exits the interferometer (sectionl.3.2), one can modify it
before it enters the GWD. In particular, a vacuum state of light, entering from the dark port of the interferometer,
is replaced by a squeezed state. The PSD of of the quantum noise is calculated using expression

Sh = (in| bt hy, |in) (1.36)

sq(R,€) “jL,out(g)

where |in) = S(R,£)|0) is squeezed state, see eq.(1.14), eq.(1.15). Therefore, the spectrum of Sy,
given by:

sq(R,€) |qL,out 18

.  hgp (€7 4 (1 — cos [2(6 + ®)]sinh (2R)) (1.37)
hsqrie) — QKFPM sin? ((I)) ’ |

where
cot (®) = Kppys — cot €. (1.38)

9
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Q) required to achieve the broadband quantum noise reduction in GWDs.

Measuring phase quadrature (¢ = 0) and injecting phase squeezed vacuum state £ = 7/2 gives a particular
case of formula eq.(1.37):

h%‘ 1
Shag(rmsn pr,0u = 5 <KFP o2R Krpye ) : (1.39)

Since optomechanical factor K p,, is proportional to the circulating power, the injection of squeezing changes
effective value Kopyy = Kpp MeQR and hence, effective intensity I’ = Ie?f. In the case of phase squeezed vacuum,
the effective intensity increases. This can be used to minimize the negative influence of SN without boosting
the actual optical power. However, the reduction of the shot noise is accompanied by an amplification of QRPN
contribution at the same time, as can be also seen from eq.(1.39). Opposite effect is observed when amplitude
squeezed vacuum enters the dark port of the interferometer. QRPN term is decreased at the price of amplified
SN. Ultimately, in both cases the SQL can be only reached, but can not be surpassed, as demonstrated in Figure
1.8. However, sending a squeezed state of light with squeezed quadrature set by the phase £ = 7 /4 allows to beat
the SQL in a narrrow frequency range, paying the price of the deteriorated sensitivity beyond this range. Such
effect appears due to inducing of amplitude-phase cross-correlations.

To the best of knowledge of the author, the QRPN is not yet the main limitation for the sensitivity of
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Figure 1.8: Comparison of quantum noise spectra without and with injected squeezed vacuum with different
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squeezed vacuum leads to effective increase (reduction) of power, the squeezing with £ = /4 allows for beating of
the SQL within a narrow spectral range at the cost of a sensitivity reduction in the high and low frequency limits.
The sensitivity performance when using the squeezing with the optimal frequency-dependent angle is shown by
the dashed purple line.

contemporary GWDs, since the ubiquitous technical noise dominates in low spectral range. The calibration
of QRPN was reported in [18], where (frequency independent) squeezed vacuum state has been injected. The
reduction of SN by means of squeezed light was performed in [19], [20] and [21]. Micromechanical resonators were
utilized to measure [22] and manipulate QRPN in MHz [23] and audio-frequency range [24].

1.3.4 Injection of frequency-dependent squeezing

Unlike the squeezed light with fixed squeezing quadrature, the injection of frequency dependent squeezed states
of vacuum can help to reach the broadband sensitivity improvement beyond the SQL. If the the phase of squeezing
Erot = &rot(2) is a function of Fourier frequency such that cot [§,0:(Q2)] = —Kpp,, () is fulfilled, the expression
eq.(1.37) for the strain referenced sensitivity takes the form

n§ 1
_ 5QL 2R
Shsq(R,gmt) |ﬁL,out 9 (KFPM + KFPM> e . (1.40)

As a result, both SN and QRPN are suppressed simultaneously, and the quantum noise reduction is constrained
only by factor of squeezing R, as shown in Figure 1.8.

One proposal to impart the frequency dependent rotation in phase space relies on the interaction of squeezed
state with a filter cavity prior to injecting it into the interferometer [16]. As shown in [6], the reflection from a
detuned resonator changes quadrature phase angle (; of the optical field according to

20f¢

S i) S— 1.41)
2 2 21> (
73— 02+ 9

£7(2) = Arccot [

where ¢ is the bandwidth of filter cavity and 6 is the detuning of the optical carrier frequency from the cavity
resonance. If the detuning 0y = 7y is selected, the dependences of s and coupling factor Krpys (given by eq.(1.6))
in the limit 2 < v, on the frequency 2 match each other. The role of the filter cavity is to produce such a rotation
of squeezing that cancels the effect of pondermotive squeezing caused by an optomechanical interaction with the
test mass mirror. Post-filtering resonators in sec.1.3.2 operate on a similar principle. In general case, a cascade
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of N cavities is required to set the dependence of quadrature phase angle (y on the Fourier frequency, where the
highest power of € in numerator and denominator is 2N [6]. Therefore, to rigorously counterbalance the effect of
the pondermotive squeezing for FPM configuration, at least two resonators will be needed.

The experimental demonstration of a frequency dependent rotation of the squeezing angle in the frequency
range 2 ~ 1 kHz using a 2-meter rigid filtering resonator was reported in [25]. The exploitation of a 300-m
suspended filter cavity allowed to generate the frequency dependent squeezing suitable for a broadband quantum
noise reduction below 100 Hz in KAGRA, advanced LIGO and advanced VIRGO [26]. Experimental challenges
for implementation of the frequency dependent squeezing injection are similar to the complications related to
variational readout proposal [27], mainly caused by necessity to operate a long baseline optical resonator with
extremely low losses in order to provide a narrow linewidth. The performance of frequency dependent squeezing
in [26, 25] is also limited by phase noise and mode mismatching.

1.3.5 Conditional squeezing using EPR entanglement

The strategy reviewed in this subsection is an alternative interpretation of the previous approach. Namely, the
frequency dependent phase rotation of the probe optical field due to quantum back action is now compensated
without involving an external cavity. The interferometer itself serves as such a pre-filtering resonator, and injected
single mode squeezing is replaced by the Enstein-Podolsky-Rosen (EPR) entangled state of light, which amounts
to a conditional squeezing. In the proposed scheme [28] two entangled optical modes (that are frequency non-
degenerated) are sent onto the dark port of the interferometer. The signal mode is resonant with arm cavities
and with a signal recycling cavity, coinciding with the frequency mode of the interferometer pumped by the probe
laser. Hence, the modulation caused by the passage of GWs as well as back action due to the interaction with the
mirror are imprinted onto the signal quadrature. At the same time, the idler field is detuned from arm cavities
and doesn’t read out the signal produced by GWs together with QRPN. However, the appropriate selection of the
detuning from SRC can lead to the frequency dependent quadrature rotation of reflected idler field. As shown in
[28], this rotation in the phase space might completely counterbalance the undesired accumulation of back action
in the signal mode without affecting signal term (modulation of mirror due to GWs). This could be achieved by
proper tuning of the idler frequency and a delicate adjustment of SRC. The protocol is completed by independent
homodyne detections of both signal and idler modes. The noise cancellation occurs as two photocurrents from
each homodyne detector are appropriately combined.

We introduce the signal {1, s in,PL,s,in} and the idler {Z 1 ; in,Priin} optical modes, assuming their correlations
according to eq.(1.18), eq.(1.19). The signal phase quadrature py, ; passes interferometer, records the modulation
h(€?) induced by the arrival of GWs and accumulates QRPN as described in eq.(1.5). One can treat the latter
fact as the rotation in the phase space and write the noise part of phase signal quadrature pr, s 0. after exiting
the interferometer in the form:

R N A . T K
PL.sout = LL.s.in COS (®s) — PL.s.in SN (®s), Ps(Q) = 5 + arccos | ——L£EM | (1.42)
1+ K25,

If idler phase quadrature pr; after interaction with SRC experiences the effective rotation in phase space that is
opposite to the rotation of signal quadrature

PLiout = T1in €08 (Pi) = Priimsin (®:),  i(Q) = —Ps(Q), (1.43)

then the noise suppression associated with the observable ﬁ% out = P, sout — IPL i out 18 achieved as dictated by
eq.(1.29): g = tanh 2r, Si)gl}g = 1/ cosh (2r). The expression for the strain equivalent noise is given by:

h2
Sh _ SQL
cond-sa- 2K ppps Cosh (27

) (L+ KZpy) - (1.44)

This limit for the sensitivity is higher than the limit of the protocol using the injection of light with frequency-
dependent squeezing (see eq.(1.40)). The reason is that the idler mode adds extra quantum noise to the measure-
ment error. Compared to the injection of single-mode squeezing, the EPR-entanglement-based strategy performs
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worse by factor of 2"/ cosh (2r) ~ 2 in the limit of big r, when the most beneficial choice is to measure the signal
and the idler modes with equal weights.

In the experimental demonstrations [29, 30] both optical modes were sent onto a ~1-meter filter resonator.
Such cavities had adjustable detuning for both signal and idler wavelengths. Hence, quadrature rotation could be
imprinted onto both frequency modes. Thus, accumulation of QRPN and, subsequently, pondermotive squeezing
was simulated for the signal optical mode. As a result, conditional squeezing with the desired frequency dependence
imposed onto signal, being compensated by idler afterwards, was successfully shown with the quantum noise
reduction 2-3 dB relative to SN, addressing sub-MHz spectral range.

1.3.6 Quantum speed-meter
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Figure 1.9: Spectra of quantum noise for GWD in speed-meter (SM) configuration (using Sagnac interferometer),
no squeezing is injected to the dark port. As a reference, an ordinary ’position-like’ measurement noise spectrum
is shown with the gray line. In order to produce sensitivity curves demonstrated above, egs.(459-460) from [6]
were used.

Approaches of pre-filtering (frequency-dependent squeezing injection) and post-filtering (variational readout)
have one common feature which might be attributed to ’position-like’ measurement. Namely, the detrimental
effect of the frequency dependence of the optomechanical coupling is counteracted using a specially tailored
modification to the quantum state either entering or exiting the dark port of the interferometer. As mentioned
above, the reduction of the total quantum noise can be established by inducing correlations between QRPN and
SN.

One of the possible alternative strategies that has been suggested is the concept of speed meter, when the
momentum of a mechanical object is effectively measured. In order to implement the speed meter (GWD)
interferometer, one will need to arrange a scheme such that the probe light interacts with test mass mirror twice.
A properly chosen phase shift of the light quadrature between the first and the second measurements allows to
acquire the information about the speed of the mirror. As a result, the effective response function of a mechanical
system itself changes, comparing favorably [6] to Kppys for an ’ordinary’ GWD interferometer (given by eq.(1.6)).

The speed measurement of test mass mirror might be implemented by establishing the coupling between GWD
interferometer and another optomechanical system called a sloshing cavity. In this scheme, the optical quadrature
after reading out the mechanical motion and exiting interferometer interacts with a external cavity. The transfer
function of the sloshing cavity is adjusted in such a way, that reflected quadrature re-enters dark port of the
interferometer with accrued w-phase shift in the spectral range within the bandwidth of the sloshing cavity. After
the second reflection from the free-mass mirror, the momentum of mechanical object is eventually imprinted onto
optical quadrature.
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The need for an external sloshing cavity for GWD might be obviated according to proposal [31]. The light
quadrature after the first interaction undergoes the rotation of polarization inside interferometer by 90°, being
redirected to test mass mirror. The perpendicular polarization is effectively decoupled from the mechanical
motion. Therefore, during the second interaction the light quadrature doesn’t record the modulation induced
by GW signal, while cancellation of noise associated with position measurement does occurs. In that case, an
orthogonal polarization mode of Michelson arms replaces the sloshing cavity. The approach implies utilization of
polarization optics that can rotate the polarization and provide required phase delay [7].

An alternative way to exclude the sloshing cavity [6] is to convert the interferometer to Sagnac configuration
[32], in which the light travels sequentially through the two Michelson arms. Specifically, Sagnac interferometer
with ring-shaped Fabry-Perot cavities has optomechanical coupling factor

Konr () o1/ (02 = Q%) + 030,07) | (1.45)

where Qg is sloshing rate and dgps is extraction rate [33]. In contrast to eq.(1.6), the coupling factor is roughly
constant for spectral frequencies approaching 0. It opens up the opportunity to cancel QRPN in a broad spectral
range of interest by adjusting the homodyne detection phase ¢ [6], as shown in Figure 1.9. Similarly, frequency-
independent squeezing with optimal squeezing angle leads to sensitivity enhancement (this case is not explored
on Figure 1.9).
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Chapter 2

Proposal for quantum noise evasion in
GWDs using an auxiliary spin ensemble

2.1 Concept of quantum back action free measurement

Eq.(1.1) for a single mechanical oscillator reveals that the readout of #j; happens together with recording
of light noise onto the orthogonal quadrature py; (see eq.(1.1b) and eq.(1.1d), respectively). This implies that
improving the measurement precision of the position of an object, an observer is losing information about its
momentum. More generally, the measurement of any quadrature for a quantum system perturbs the canonically
conjugate variable due to the quantum back action effect.

These remarks assume the situation where the measurement is performed much faster than a coherent evolution
of the quantum system characterized by time t.,, = 27/Qy; where Q7 is the oscillation frequency. Turning to
a different scenario, we now consider that the measurement time is comparable or exceeds t.,,. The motion of a
quantum mechanical oscillator in the phase space can be expressed by the following set of equations

Ty (t) = cos (Qut)Zar(0) + sin (Qast)par(0), (2.1a)
ﬁM(t) = —sin (QMt)i'M(O) -+ cos (QMt)ﬁM(O), (Q.Ib)

in which the harmonic evolution is made explicit. Reading &,/ (¢) entails the accumulation of quantum back action
noise (QBAN) in pps(t). As a result, the continuous measurement contaminates the trajectory of the oscillator
since the uncertainty in the momentum causes the disturbance of the position at later times as the evolution of
the system is described by egs.(2.1).

Here we start to investigate a ’trick’ that allows to counteract the effect of quantum back action. The approach
described below relies on the concepts of trajectories without quantum uncertainties [34] and quantum mechanics
free subsystems [35]. We consider the measurement performed on a mechanical object that acts as a quantum
harmonic oscillator with Hamiltonian H w encoded in variables {Z 7, par}. Instead of directly probing this object
(as shown, for example, in eq.(1.1)), we now measure its motion relative to another reference quantum oscillator
{Zgs,ps}. Hamiltonians of two systems have the same structure given by:

. Q;
Hi = = (& +57) + VTididr, i=M,S. (2:2)

The first term of Hamiltonian describes the harmonic motion while the second term determines the interaction
between the oscillators and the probe light {Z,pr} characterized by readout rate I';. Using eq.(2.2), we write
down the equation describing the evolution of each oscillator (for simplicity we neglect the damping and intrinsic
noise associated with the objects):

& = Qipi, (2.3a)
pi = —Qidi + /Tid L in. (2.3b)
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Eqgs.(2.3) describe a rotation in the phase space disturbed by quantum back action o< Zp ;,. The velocity of
rotation is determined by the resonance frequency €);, and the direction of the rotation can be either counter-
clockwise (if €; > 0) or clockwise (if ©; < 0). We now suppose that the frequency of reference oscillator Qg is
negative and opposite to frequency of the first oscillator: Qy; = —Qg = Qg > 0. The next assumption is that
the two systems have the same readout rates I'yy = I's = I' and are probed with the same input light 7, ;,. The
system consisting of two oscillators is described by

d(fMdji“S) =Qp (prr — ) (2.4a)
d(ﬁl\/&tﬁg) =(—Qp) (Zy + 2g) (2.4Db)

which can be considered as a motion of a single oscillator encoded in #,,p_ where 1+ = (L1 + @9) /V?2, pr =
(p1 & P2) /v/2. Solving eqs.(2.3) in the frequency domain for each of oscillator, we arrive at:

. Q, . . 182 .
2;(Q) = m\/ LiZrin, pi(Q) = 22V i in- (2.5)

As follows from eq.(2.5), the term o 2 ;, vanishes completely from the variables {Z,,p_} if I'yy = I's and
Qpr = —Qg. It is tantamount to the total cancellation of quantum back action due to the destructive interference
of QBAN from each oscillator. Thus, eq.(2.4) describes the dynamics of the composite system, whose trajectory
in the phase space is quantum back action free. Imperfect matching of probed and reference systems leads to
partial cancellation of QBAN in EPR variables {#4,p_} and, in particular, renders two oscillators entangled [36]

provided fulfilled condition [37]:
S A 2 A N 2
Ty + s PM —DPs
Al ——— ) +A|———— | <2. 2.6

( V2 ) ( V2 ) 20

The negative mass' of the of reference oscillator is the crucial condition that makes establishing quantum
correlations between two subsystems possible - otherwise, coupling of EPR variables £, and p_ is not set. If
Qur = Qg, the relative position Z_ is coupled to relative momentum p_ (as well as &4 couples to py), but in those
variables the cancellation of QBAN is not feasible.

As stated in section 1.2, a free mass mirror in a GWD interferometer is in principle the extreme case of a
harmonic oscillator with the resonance frequency? Qs — 0, whose motion is disturbed by QBAN. The evasion
of this noise by measurement in a frame of another reference oscillator is the subject matter for this thesis.
The multi-atoms spin ensemble (caesium vapour) [38] in external magnetic field turned out to be a promising
candidate [34] for joint measurement with GWD interferometer. The main advantages of caesium atomic system
are tunability of resonance frequency, low intrinsic losses, high efficiency of interaction with light and the feature
to mimic the dynamics of an oscillator with negative frequency. The suppression of the QBAN using a cesium
atomic spin ensemble was experimentally demonstrated in [39] for a dielectric membrane nanomechanical oscillator.
The hybrid entanglement between two oscillators was shown in [40]. In both works degree of matching between
disparate systems was a limitation factor.

2.2 Joint measurement on GWD interferometer and atomic oscillator. Cas-
cade and parallel approaches. Ideal case

In this section, we begin presenting the general theory of joint measurements on atomic ensembles and GWDs.
The reference spin oscillator with effective negative mass is described by interaction Hamiltonian eq.(2.2). Unlike
the idealized case outlined by eq.(2.5), this oscillator is now driven not only by quantum noise of probe light, but

also by the thermal stochastic force frp:

1Since negative resonance frequency is equivalent to negative mass in terms of the motion in the phase space [34], we will use the
term negative mass oscillator when referring to the object with Qg < 0.
2Practically, Qs has a small, but finite value so that the definitions of Zas and pas used in eq.(1.1) further are still valid.
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£5(2) = x5(2) (VTsérn + visim) (2.7)
where the susceptibility function for the atomic ensemble
Qs
T 02— Q2 —iysQ (7s/2)°

was used (in accordance with eq.(1.3), which is the particular case for GWDs). The factor g represents the decay
rate of the atomic oscillator (which was assumed to be 0 earlier for simplicity). The readout of the spin system is

described by [39]

xs(€2) (2.8)

TLout = TLyin (2.9a)

ﬁL,out = ﬁL,in + \/ﬁﬁfs- (2.9b)

One can see from eq.(2.9a) that the amplitude quadrature Z; remains isolated from other variables, whereas
pr, contains information about spin motion encoded in Zg. We finally obtain the input-output relations for the
atomic system:

i'L,out = i‘L,in (2103)

PLout = PLin + UsXsZLin + V/1STsXS frn- (2.10b)

The second oscillator is a test mass mirror, it’s interaction with optical field is enhanced by optical cavities and
described by eq.(1.1). First, we introduce the cascade scheme [41], where the light {Z1,pr} sequentially interacts
with the atomic spin ensemble {Zg,ps} and then with the mirror of GWD (being defined by {Zs,par} in the
phase space). Using input-output relations eq.(1.5), eq.(2.10) for both systems, we obtain for the optical readout
quadrature Py, o, after probing two systems?:

h
VErpm N

SQL

: (2.11)

Prout = PrL,in + (Lsxs(Q) — Krppy) - Z1,in + +Tsysxs(Q) fra

Then the strain sensitivity operator is introduced by normalizing quantum noise on h, analogous to eq.(1.7). It’s
spectrum is given by:

2
hsor

Sheas =
“* 2KFpum

(1 + (xsTs — Kppar)? + FS'YSX%UTh> (2.12)

where o7y, is the spectral density of the thermal force fTh. The second term on the right-hand side of eq.(2.11) and
eq.(2.12) represents the total QBAN. It can be completely cancelled by making the adjustment of the parameters
attributed to the oscillators that ensures:

Krpy =Tsxs(9). (2.13)

We re-write eq.(2.13) in a form of two equations, emphasizing the terms that depend and don’t depend on Fourier
frequency. Assuming (2 to be well within the bandwidth of the interferometer (2 < ~y, we obtain:

1 -1
— = . , (2.14a)
0 0% -0 —insQ+ (15/2)°
Ks =K', (2.14D)

3We denote the optical mode entering the atomic spin ensemble as {Z 1. in,Pr.in+. The output filed in eq.(2.10) is the input mode
in eq.(1.5) and the field {Z 1, out, Pr,0ut} is the output in eq.(1.5)
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where we have introduced the coupling rate ;s for atomic ensemble and defined frequency independent part K7
of coupling factor for GWD:

Q,?SEKS:FS’QS| (2.15&)

2K
K} = KrKorlao = TLI (2.15b)

The condition eq.(2.14a) may be approximately satisfied in the limit vg, Qg — 0 (implying vg, |Qs]| < Q),
meaning that spin ensemble should also approach the limit of free mass motion. Note that the sign on the right
part of eq.(2.14a) signifies that we have chosen the negative resonance frequency for atomic oscillator. At the
same time, eq.(2.14b) demands the adjustment of the rates of interaction with the light for each system. This
condition can be fulfilled, for example, by tuning the optical readout rate of spin oscillator. Removing QBAN,
we add the thermal noise of the atomic ensemble into the hybrid system. However, the impact of the thermal
force might be reduced to the level well below QBAN. The similarity is seen between the approach described
here and the injection of frequency dependent squeezing. In the latter scheme the initial squeezed light interacts
with filter cavity in order to acquire the necessary frequency dependence on squeezing angle. In the approach
presented in this section the role of the filter cavity is played by the spin oscillator. However, the injection of
frequency dependent squeezing results in the suppression of both SN and QBAN. In contrast, the measurement
in a frame of reference oscillator leads to quantum back action free motion. The shot noise might be further
reduced by enhancing the circulating power or injecting (phase) squeezed state instead of vacuum (see section
1.3.3). Alternatively, the order of two oscillators might be changed. The light can pass the GWD first and then
interact with the atomic ensemble. In such a case the protocol will be analogous to variational readout proposal
(presented in section 1.3.2), where the filter cavity is placed at the output of GWD interferometer.

4 cwr D
l__> e | | 4 Gwr
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(a) Sequential scheme.
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Figure 2.1: Measurement performed on the GWD, using the atomic spin ensemble as a reference frame.

In order to implement the scheme outlined above, it is necessary that both the GWD and the reference
oscillator are probed by the same optical mode. However, the atomic spin ensembles reported in [38] are operated
at the wavelength 852 nm, which is approximately 200 nm less than the typical wavelength used in contemporary
GWD interferometers. The issue of wavelength mismatching can be solved if the cascade probing is replaced
by a parallel measurement [42, 41]. We introduce two optical modes: the first mode {Zr, 5,pr s} is sent to the
interferometer while the second mode {Zr,;,pr;} interacts with the atomic spin oscillator. These optical modes,
denoted as ’signal’ and ’idler’ respectively, have different carrier frequencies suitable for each system. We now
assume that probe beams are prepared in a perfect entangled state:

jL,s,in = j:L,i,in’ ﬁL,s,in = _ﬁL,i,in- (216)
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Both systems are probed simultaneously by mixing entangled modes with respective coherent fields, and the results
of the measurement on each system are combined. From eq.(2.10) and eq.(1.5) we obtain input-output relations
for the parallel scheme:

~

. . . . . . . h 5
PLpar.out = PL.soutTPLiout = (PL,sin + DLiin) +(XsUsZLiin — KppMIL s in)+ <\/ KFPM@ + x5V sVsfrn

(2.17)
Having the condition eq.(2.14) satisfied, we can see that the parallel measurement simultaneously cancels SN and
QBAN. Indeed, the first term on the right hand side of eq.(2.17) is zeroed as the phase quadratures of perfect
EPR-entangled modes are anticorrelated (eq.(2.16), right part). In turn, the second term on the right hand side
of eq.(2.17) disappears if the amplitude quadratures are perfectly correlated (eq.(2.16), left part) and the negative
mass of the spin oscillator is set. Consequently, the total quantum noise is suppressed, in contrast to the sequential
scheme. The same result is achieved in the strategy of conditional squeezing using EPR entanglement (section
1.3.4). In fact, these two approaches are based on the same principle: while the signal mode record the modulation
imposed by GW, the idler compensates the QBAN, accrued by the signal optical field. The rotation of the idler
quadrature in the phase space is caused by impact from the atomic spin oscillator in one case and by the signal
recycling cavity in another case.

2.3 Non-perfect matching. Virtual rigidity

Here we explore the feasibility of performing a proper matching of the GWD and the spin ensemble in the
experiment. In order to do that, we return to the conditions given by eqs.(2.14), which remain valid for both
the cascade and the parallel schemes. The term K defines the strain sensitivity of GWDs, depending on such
crucial parameters as circulating power, the mass of suspended mirrors and the length of interferometer’s arms.
Contemporary configurations of GWDs are operated at such experimental conditions that correspond to the
range 50 — 100 Hz for \/f} Therefore, having the condition on the spin resonance frequency g — 0 from
eq.(2.14a) fulfilled, we must select high values of the atomic readout rate I's = Kg/|Q2s| > /K} in order to
satisfy eq.(2.14b). However, this inevitably counteracts another part of condition eq.(2.14a) since the linewidth
~vg of the atomic ensemble grows with an increase of the readout rate. Namely, vg is decomposed into two parts.
The first part 7g;, represents the intrinsic losses, which do not with I's. In contrast, the second part scales
linearly with the readout rate, the constant of proportionality is mainly defined by the atomic density. The latter
is interlinked to the atomic cooperativity* Cs in the paper [43], leading to the expression for the total spin decay
rate:

I's
Cs’
where the second term on the right hand side will also be denoted as 7yg ;. In principle, realizing a large value Cs
together with small natural linewidth ~g ;, would bring g close to 0. However, the maximum value of cooperativity
for such system reported to date [44] doesn’t exceed 10. It is, generally speaking, not enough to counterbalance
the impact of the readout rate on the atomic linewidth. Moreover, to comply with the condition g =~ 0 is an
experimental challenge in itself for any physical platform, since low spectral frequencies are strongly contaminated
by various sources of classical noise that compromise quantum features of the system.

The approach of wirtual rigidity outlined in [43] allows to circumvent the complications introduced above
and thus offers a more realistic way towards combining atomic oscillators with GWDs. The key idea is to
effectively modify the susceptibility of the spin ensemble and emulate the shift of its resonance frequency. To
implement such a transformation of the atomic response, one needs to induce correlations between SN and QBAN
[6] by varying the phase of homodyne detection (g. Discarding the contribution of the thermal force in the
input-output relations given by eq.(2.10), we obtain the following expression for arbitrary detection quadrature

4ri(Cs) = pr,icos (Cs) + &r;sin (Cs):

Ys = Vs,in + (2.18)

“Note that the spin cooperativity is defined differently in Chapter 4, eq.(4.62), where C, represents the ratio between QBAN and
thermal noise.
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r,i,0ut(Cs) = dri.in(Cs) + XsLs cos (Co) 21, in (2.19)

which is then re-written in the new basis [41.i(Cs), 4r.i(Cs1)]? = R((s)[#L4,Pri]t (where R((s) is the rotation
matrix):

Ari.0u(Cs) = [1+ xsTs cos (Cs) sin (¢5)] 4 i.in(Cs) + xsTs c08” (C5)dL.iin(CsL)- (2.20)

The terms o qr,;in(Cs1) and o qL,i,in(CS) represent effective quantum back-action noise and imprecision noise,
respectively. The redefined SN engulfed part of the original QBAN, the two effective sources of quantum light
noise arise from orthogonal light quadratures and remain uncorrelated. We take the ratio of amplitudes of the
back-action noise term and imprecision noise contribution from eq.(2.20):

AMPQGBAN eff. _ xgLg cos® (Cg) _ I'sQg cos® ((s)
Ampyo o 1+ xgTgcos (Cs)sin(Cs)  TgQgsin ((s) cos (Cs) + Q% — Q2 — ivgQ + (v5/2)°

(2.21)

and compare it with Kppp(Q) = K}/Q? as it defines the ratio between QBAN and imprecision noise for GWDs.
One can interpret eq.(2.21) as change of effective Larmor frequency

0% pp = QO + T Qs sin (Cs) cos (Cs)- (2.22)

Depending on homodyne detection phase (g (as well as the sign of Qg) the resonance frequency is either increased
or reduced. In particular, Q% cff can be shifted down to 0, if readout rate is significant enough I's = |Q2g]. In such
a case we emulate a free mass motion® for the spin oscillator. At the same time, we need to match the numerator
in eq.(2.21) to K. The choice of the values for the initial Larmor frequency Qg and the atomic readout rate I's
according to [43]:

Qg = —/ K} tan (¢s) (2.23a)

_ Kj
bs = \/Sin (¢s) cos? (Cs) (2.230)

for given K straightforwardly yields I's|Qg|cos® ((s) = K} and Q%’eﬁ_ = 0. Altogether it means that both
condition eq.(2.14a) (for Larmor frequency only) and condition eq.(2.14b) are fulfilled® without need to prepare
the spin oscillator with ¢ — 0 and high read-out rate I'g. It significantly mitigates tough requirements on the
cooperativity Cs. Technical problems related to control of atomic ensemble in the regime of free mass motion are
also evaded.

Eqs.(2.23a)-(2.23b) provide a freedom in selection of parameters I'g, Qg. In particular, the initial Larmor
frequency is permitted to be as big as experimentalists desire as soon as (g approaches 7/2. However, one can
reveal the limited performance of the 'virtual rigidity’: the amendment term to the atomic resonance frequency
Qg is real, therefore the imaginary part of the susceptibility function comprising atomic linewidth vg can not be
compensated. We notice that minimization of the readout rate as function of homodyne phase (g

Ps(Cs) n = VE
— min = .
SI58 (s—m/6 33/4

(2.24)

minimizes the decoherence rate in accordance to eq.(2.18). However, it comes with the disadvantage of strict

requirement on thr Larmor frequency: Qg = y/v/3K T
One may want to keep the detection phase for the spin system fixed (¢ = 0, thus measuring the optical
phase quadrature, and at the same time implement the shift of atomic resonance frequency by means of ’virtual

Sdisregarding ~s for now
Sone can define the effective atomic coupling rate Qys,e5f = Qqs cos (Cs) and hence Kg o5 = Ks cos® ({s). The condition eq.(2.14b)
is then written as Kg.rsr. = K.
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rigidity’. The strategy outlined in [43] proposes to exploit carrier phase angle ¢g instead. This angle can be
defined as the relative phase between probe field and part of two mode squeezed vacuum sent to atomic ensemble
and was assumed to be set at 0 in all considerations above. But the variation of ¢g has exactly the same effect as
tuning homodyne detection phase [43]: in fact, in all expressions eq.(2.22)-(2.23) we should make a substitution
(s <> ¢s — (g. For example, the choice (¢ = 0 and ¢g = 7/6 corresponds to optimal configuration that reduces
the unwanted contribution from imaginary part of susceptibility function as in eq.(2.24).

As another remark, the 'virtual rigidity’ can be also applied to the GWD for the opposite purpose: to convert
the initial free-mass object to the effective harmonic oscillator. The respective homodyne phase angle (3; and
carrier phase ¢ps must be tuned, and the logic outlined in eq.(2.19)-(2.23) is in principle valid for the test mass
mirror interacting with probe optical field. However, we will stick to the conventional settings (ay = 0, ¢pr = 0
for GWDs throughout this chapter.
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Figure 2.2: The scheme of a parallel measurement, performed on the GWD and the atomic ensemble. The
entangled modes, upon exiting the source of two-mode squeezed vacuum (TMSV), are injected to the GWD
interferometer and the spin oscillator. Adjusting the phase of the coherent probe field ¢g or homodyne detection
phase (g, one can tune the effective resonance frequency of the atomic oscillator by means of the virtual rigidity in
order to match the spectral responses of two systems. The idea of the protocol is described in the text, for more
details see [43]. The main part of TMSV source is the optical parametric oscillator (OPO), which is pumped by
the field obtained as a result of the sum frequency generation (SFG) process.

2.4 Sensitivity improvement: imperfections included

Having described the idealized case in section 2.2, we now estimate the quantum noise reduction for the
parallel scheme, gradually introducing imperfections of the spin ensemble and the entanglement source. First, we
replace infinite two-mode squeezing eq.(2.16) by realistic quantum state of light. Studying the impact of atomic
decay rate, we will show that imaginary part of xg may be partially counterbalanced by adjusting atomic central
frequency Qg or/and readout rate I's without use of virtual rigidity. Next, we explore the importance of high
cooperativity C's and appropriate choice ¢g = 7/6 of carrier phase angle when virtual rigidity is applied. Finally,
we investigate the effect of optical losses.

To begin, we define the strain equivalent noise operator for the measurement of the signal force in the parallel
scheme as

- hsqL . . . . 2
b atoms = V2Kl (PL,s,m — Kppymrsin + 90riin + TsXsriim + v/ FSVSXszh)) . (2.25)
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Here P, par.out. = PL.s,out + 9PL.i,out 1S Mmeasured in contrast to the case of equal weights (¢ = 1) in eq.(2.17) when
combining the measurement outcomes from the GWD and the spin oscillator.

2.4.1 Finite entanglement

We now account for the finite degree of interbeam correlations. Instead of using eq.(2.16), we assume a two-
mode squeezed state by eq.(1.18), where the coefficient  defines the strength of entanglement. Using the features
eq.(1.19) of entangled beams Z(p)r s and Z(p)r;, we write the expression for PSD of strain sensitivity given by
eq.(2.25):

h2
SQL
Shatoms = 2K Q (O—M(W) - 290’]5‘(0&)) + gQO-S) ’ (226)
FPM
where the terms o); and og are spectral densities of interferometer and spin ensemble strain sensitivities respec-

tively, while org is their cross-spectral density:

or=(1+ K%PM) cosh (2r), (2.27a)
o5 = (1 + (XSF5)2) cosh (2r) + Tsysx %o, (2.27b)
ors = (1 + xsI'sKrpar) sinh (2r), (2.27¢)

where o7 is the spectrum of fr,. The optimal choice gopt that minimizes Sy, = changes eq.(2.26) to:

h§

QL 2

S = — . 2.28
hatoms ’gopt. 2KFPMUS (USU[ |O-IS| ) ( )
Assume for now that condition eq.(2.13) is fulfilled perfectly. Together with approximation of sufficiently small

contribution from spin thermal noise FsysngT < og we finally obtain for PSD of strain sensitivity eq.(2.28):

oL
S = Q 1+ K? — tanh (2r). 2.29
hatoms’gopt. QKFPM COSh (2T) ( + FPM) ) gOpt an ( r) ( )

The total quantum noise is homogeneously reduced in the whole spectral range by factor of cosh (2r). The result
obtained in eq.(2.29) coincides with eq.(1.44), which corresponds to the scheme utilizing an EPR~entanglement,
whose second mode is reflected from the signal recycling cavity, being detuned from it (the first mode probes the
motion of ETM mirrors).

2.4.2 Effect of mismatching in susceptibilities

Above we assumed that the spectral responses of the atomic ensemble and the GWD to quantum back action
are precisely matched, particularly meaning ¢ = 0 and the absence of the imaginary part of yg. The latter
is in principle feasible if, for example, a large cooperativity Cs is achieved (see section 2.3). Now we select a
realistic range of values for C's (the case C'sg = 5 is investigated in Figure 2.3) and firstly study the performance of
the protocol without applying the virtual rigidity, while fulfilling the condition eq.(2.14b) on the coupling rates.
Eq.(2.18) shows that the atomic linewidth g, grows oc Kg/ (25Cs) with reduction of the Larmor frequency,
deteriorating the noise suppression. Figure 2.3(b) displays that the finite and relatively large (compared to the
assumed GWD coupling rate \/IT}) Larmor frequency g ., allows to perform the optimization of the sensitivity
gain, predominantly addressing the drop in lower spectral range. Values of (0g below g ,,; lead to the broadband
reduction of the sensitivity due to the stronger impact of imaginary part of xs(€). In contrast, the substantial
mismatch of resonance frequencies causes impaired performance of the protocol, when increasing g > Qg ;. The
value (g .. is determined by the parameters of the atomic system, mainly, the cooperativity. In order to fix the
product I'g x g, one should adjust the readout rate while scanning the Larmor frequency, as also demonstrated
on Figure 2.3(b).
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(a) The strain sensitivity of the GWD. The green curve
shows the case of quantum noise limited interferometer de-
scribed by eq.(1.8). The red curve demonstrates the GWD
combined with the atomic spin ensemble in the parallel
scheme, whose quatum noise is given by Sp gtoms from
€q.(2.26) with optimized relative weight g, the resonance
frequency g and the readout rate I'g of the spin oscilla-
tor.

(b) The sensitivity gain relative to the SQL-limited in-
terferometer. Sy, and Sh qtoms are given by eq.(1.8) and
eq.(2.26), respectively. The green, red and blue curves
demonstrate the sensitivity improvement for different pa-
rameters (readout rate I's and Larmor frequency Qg) of
the spin ensemble. The dashed yellow line corresponds to
the case of implemented wvirtual rigidity with optimized
parameters and is shown for reference (it is not described
by eq.(2.26)).

Figure 2.3: The reduction of quantum noise in the GWD coupled to the atomic oscillator. The interferometer is
operated using the circulating power I = 1 kW, the mass of ETM M = 40 kG and the arm lengths L = 4 km,
giving the coupling rate \/?} = 63.1 Hz and the cavity bandwidth vz ~ 950 Hz. The source of entangled light
is characterized by the factor of two-mode squeezing » = 1. The spin ensemble has the cooperativity Cs = 5 and
the intrinsic linewidth vg = 0.5 Hz. The spectrum of the thermal force o7 is assumed to have its minimal value,
corresponding to the atomic ground state.
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vestigated when the virtual rigidity is applied (¢s = /6, shown when the virtual rigidity is applied and Cs = 5 is
Qserr =0, Ksepy = Ki). set.

Figure 2.4: Sensitivity gain relative to the quantum noise limited interferometer (the latter is defined by S, in
eq.(1.8)). The sensitivity of the GWD coupled to the atomic spin ensemble corresponds to Sp, atoms-

We move to the next step, where the virtual rigidity is exploited. Hence, the effective resonance frequencies
and coupling rates of two systems are ’automatically’ matched. At the same time, the uncompensated imaginary
part of xyg as well as boosted contribution of intrinsic thermal spin noise o7 show up due to arising of g and
reveal themselves as a dip in the sensitivity gain centered at some spectral frequency below \/I?} The different
cooperativity C's values are tested on Figure 2.4(a) while the rest parameters are fixed. As an example, at r = 1.25
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(a) Equal (symmetric) optical losses in spin and GWD (b) Non-symmetric losses.

channels.

Figure 2.5: Effect of optical losses on the sensitivity gain relative to ”standard” (SQL-limited) interferometer.
Two mode squeezing factor r = 1.2 and cooperativity Cs = 10 are set, when virtual rigidity is applied (¢g = 7/6).

and K| = (100Hz)? a critical value Cis ~ 10 might be defined. When this value is exceeded, the dip is strongly
reduced, providing rather flat sensitivity gain across the spectral range of interest. Figure 2.4(b) demonstrates
another important feature of the virtual rigidity concept as stated by eq.(2.24). Namely, the choice of carrier
phase angle for the atomic ensemble ¢g . = 7/6 gives the lowest possible impact of uncompensated imaginary
part of spins susceptibility function due to atomic decay rate (alternatively, the homodyne angle (g is tuned, while
¢g is fixed). In contrast, varying ¢g as extra degree of freedom is accompanied by a sharp decline of sensitivity
gain, which is explicitly pronounced around the dip.

2.4.3 Influence of optical losses

The optical losses in the hybrid system can be divided into two groups: losses induced before and after
interaction with GWD /atomic systems, denoted as input ('in’) and output ("out’) losses, respectively. Both types
are be taken into account using beam splitter model of absorption: optical mode (for example, the signal or
idler mode of the entanglement) is mixed with vacuum, losses determine the transmissivity /reflectivity of the
fictitious beam splitter. We define the coefficients ng, and nas:n for each (spins/GWD) channel representing
their efficiencies. Interbeam correlations eq.(1.19) are impaired due to the losses:

2 — (Mm,in + Ms,in)

= W cosh (2r) + 5 + \/1IM,in7S,in sinh (27). (2.30)

(A (ELsin — BLiin)°) =

In case of symmetric losses narin = 71sin = Nin the right hand side of eq.(2.30) equals Nine 2" + (1 — nin).
Thus, adding input losses can be seen as the reduction of the two-mode squeezing level r before light starts to
interact with oscillators. The output losses {nasout, Ns,0ut} decrease the homodyne detection efficiency, changing
the input-output relations on example of atomic system eq.(2.10b) according to:

PLjiout = /s out [ﬁL,i,m + xsTsriin + X5V FSVSfT] + (1 = \/Ns.out) %i- (2.31)

Here Z; is the vacuum field, which enters the signal quadrature through reflective port of emulated beam splitter.
Eq.(2.28) can be used to calculate strain sensitivity in the presence of optical losses, but the expressions for oy,
os and org are now given by:
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L — nain o 1 — nain
or = narin (1 + K2 cosh (2r) + — 4 . : , 2.32a
n 7171( FPM) ( ( ) NM.in 04+ K?,FPM NM.inTIM out ( )
1 —ns, X5 I L — s,
o8 = NS,in (1 + (XSFS)Q) cosh (2r) + Syin Jlg | 5 Dsin_ ) 4 Tsysxgor, (2.32b)
7S in |XS | + FS 1S,in"S,out
018 = /TIM,in"S,in (1 + XgrsKFpM) sinh (27‘). (2.32C)

The improvement of sensitivity with included optical symmetric losses (1rs,in(out) = 7,in(out)) 15 Presented on
Figure 2.5(a). As can be seen, in the high frequency limit € > /K7 the sensitivity is predominantly determined
by total optical losses nar(s)tot = Mn1(S),in + MM (S),0ut = Tot- Indeed, the expression for sensitivity gain G =
(Shlpr.oue)/ Shiatoms With respect to the quantum noise limited interferometer (given by eq.(1.8)) can be written
as:

G(Q > K}) ~ - M 7 A] — n],zn + 77],0ut nj,mn],out7 ] _ _[’ S (233)
cosh (2r) + A+ AS Nj,in"j,0ut

In the approximation of small losses eq.(2.33) converts to:

(Qntot*3>

Ntot—1

G(Q > \/KI,FPM) ~ 1 ot o3 (2.34)
cosh (2r) +2 ( Ntot—1 )

Therefore, the input and output losses are equally important. Another situation is for low frequency range

2 < /K. Increasing input losses is more detrimental in comparison to output losses:

1+ €rin 1 —mnjy . -
GQ<\Kirpm) =~ ’ , € =—"=, j=1I1,5, Il=inout. (2.35)
\/7 7cosh1(2r) + €1in t €Sin + €5,0ut tan ((Z)S) J 15,1

The case of non-symmetric losses is investigated on Figure 2.5(b). Remarkably, the sensitivity gain scales
down rapidly with the growth of the imbalance between the input optical losses. The effect is pronounced less if
the output losses are significantly different.

2.4.4 Optimization of squeezing factor

The presence of intrinsic spin thermal noise along with non-perfect matching of susceptibilities between two
systems results in a complex dependence of the strain sensitivity Sp, qtoms 00 squeezing factor r and Fourier spectral
frequency (2. Consequently, increasing the strength of correlations r improves the broadband suppression of total
quantum noise only until a certain value r,,;, is reached. The level r,;, depends on cooperativity Cg, carrier
phase angle ¢g and interferometer coupling rate K. Exceeding such threshold will allow to gain the sensitivity
at high/low frequencies at the cost of extra noise around 2 ~ \/F}, making a characteristic dip 7 bigger. One
can optimize the squeezing factor r for a specific spectral frequency €2, obtaining rop¢. (€2) [43], as shown on Figure
2.6(a). It will result in the best possible sensitivity gain Sh qtoms(Topt.(£2),€2) (fig.2.6(b), black curve) in a whole
spectrum range of interest. At any fixed value r > 7,4, optimal sensitivity gain might be achieved only locally,
around specific 2. From the experimental point of view it would be beneficial to choose r = r,;, for the given
setup since it will ensure the most uniform improvement in the sensitivity across the entire frequency range.

"Such a deep is clearly seen, for example, in Figure 2.4(a,b)
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Figure 2.6: Optimization of squeezing factor r = r(Q) is explored. Cs = 10, K} = (100Hz)?, ¢5 = 7/6 entail
Tmin ~ 1.85.
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Chapter 3

Entanglement source

3.1 Introduction

Exploitation of quantum effects enabled completely new methods in computation and communications pro-
tocols. Quantum information processing (QIP) and quantum key distribution (QKD) can be given as examples.
Among various physical platforms, light is a promising candidate for implementation of aforementioned quantum
algorithms. Distinctive properties of photons make them an excellent carrier of information and can be utilized
in quantum networks [45]. In quantum computation, light can serve as a primary platform [46], but also as a
part of integrated schemes [47]. In particular, the electromagnetic field efficiently couples to systems that act
like harmonic oscillators, such as optomechanical membranes and atomic ensembles extensively discussed in this
thesis. It opens up the possibility to leverage the benefits of continuous variables (CV) in quantum enhanced
protocols implemented in hybrid composite systems [48].

Entangled states of light play a key role in majority of quantum algorithms, being, for example, an essential
part of quantum teleportation scheme [49],[50]. Remarkably, having distributed the entanglement between light
modes with different wavelengths (colors), one can use the teleportation to link physically disparate quantum
systems, which are suitable for solution of specific classes of tasks. A significant advantage of entanglement in
continuous variables is the opportunity to perform the protocols, inclding teleportation, in unconditional manner
[48],[51]. However, strong correlations between entangled modes are required in order to ensure the sufficient
fidelity of operations. Therefore, the development of methods to generate high-quality entanglement sources is an
important task in contemporary quantum engineering.

In this chapter we describe the preparation and characterization of the entanglement between optical modes
separated by ~ 200 nm and encoded in continuous variables. High level of interbeam correlations allows for
demonstration of EPR-steering, the entanglement is also proved by means of Duan criterion. The quantum noise
reduction —7.1 dB below the shot noise level is achieved down to middle-audioband frequencies. It thus represents
an important intermediate result, considering the goal to create the entanglement source suitable for the scheme
of sensitivity improvement for GWDs studied in this thesis. The specific choice of 852 nm and 1064 nm for the
wavelengths of the entangled optical modes is made to enable interaction with the spin ensemble of Cs atoms and
GWD interferometer respectively. However, exploiting the flexibility of the scheme presented in this chapter, it is
feasible, for example, to implement the quantum interface between telecom fiber networks with quantum memory
that might be seen as essential component of a quantum repeater [52, 53, 54]. In a broader prospective, one can
envision an application of EPR-entangled states in the field of metrology [55].

The experiment was carried out by the author of this thesis and Tulio Brito Brazil. The author contributed to
all parts of experiment, such as building the optical setup, setting and adjusting the electronic control schemes,
collection and processing of final experimental data.

3.1.1 Review of criteria for entanglement

The concept of entangled states was introduced by Schrodinger [56] and played an essential role in the formu-
lation of the EPR~paradox [57], which raised the concerns about the completeness of quantum mechanics theory
developed by that time. The entanglement is defined through the violation of separability criterion, which for
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particular case of 2 modes takes the form:

N
p=> wipi @ pf, (3.1a)

p= / 1@ pBP(a)dao. (3.1b)

Here the expressions for both cases of discrete variables (DV) and continuous variables (CV) are presented
in eq.(3.1a) and eq.(3.1b) respectively, Zjv pj = 1, [P(a)da = 1, index j (variable «) determines discrete
(continuous) spectrum of density operator p4py. For the mode m = {A, B} we define the observable ;" with
eigen-(wave)-vectors |z;") and eigenvalues x]" as a result of measurement in basis set by [ = {6, ¢}, 0(¢) is a choice
for the mode A(B). Using the (conditional) probability Po(x]*|l, ) = (x]*| py |]*) to perform the measurement
of localized quantum state in mode A(B), we can re-write the separability condition eq.(3.1) in terms of hte joint
probability P(z}', xf ):

P(:I:gl,xf) = /Ploc(xg‘\@,a)Ploc(acg]qﬁ,a)P(oa) do. (3.2)

The EPR-paradox questioned the completeness of quantum mechanics, proposing the 'modification’ of introduced
theory, but assuming the validity of the local realism. The concept developed by Bell, however, allowed to
reconsider the main conclusions of EPR-paper. In assumption of locality principle, Bell [58] and Clauser [59]
deduced the expression of joint probability P(z7', xf ) in the manner of eq.(3.2):

P(af,al) = / P(x4|0, ) P(x5|¢, o) P(ev) dav, (3.3)

where « is now considered as the local hidden variable. The latter is the set of parameters distributed between
modes A and B, which in some sense pre-determines the results of measurements in each mode while remaining
(technically) inaccessible in the experiments. Eq.(3.3) forms the basis of Bell inequalities: postulates of the locality
principle should be complied if inequality holds. Whereas violation of Bell inequality, as well as failure of eq.(3.3),
is permissible by quantum mechanics theory but implies the failure of the theory of local hidden variables that
might be treated as extrapolation of local realism concept in that case. Violation of Bell inequality was predicted
to be possible in case of utilization of so called Bell states which will later turn out to be perfectly entangled state
[60]. It has to be noted that eq.(3.3) does not necessarily assumes that the measurements on the local quantum
states are performed since pA®) is not introduced in contrast to eq.(3.2). From this perspective, the violation of
Bell inequalities is more challenging compared to the violation of separability condition.

The EPR-paradox can be studied in terms of inferred variances. We consider the situation, where two observers,
Alice and Bob, measure the canonical position of localized objects (x4 = 2 and z”, respectively), and Alice tries
to predict the result of her measurement using the information obtained from Bob measurement outcome. In order
to do so, Alice calculates the expected value mp,ne(:cB ). She then can estimate the discrepancy between obtained
and predicted results, using the expression:

Appy(z)? = / (z— $pre(xB))2 P(x,z8) dzdz®, (3.4)

which will be referred to as the inferred variance. The right hand side of eq.(3.4) can be minimized if z,.. = (z|2?)
is selected for each possible 27 [61]:

Ajng(x)? = min = Vi (3.5)

We follow the same procedure for determining A?, 7(p) and Vﬁl p for the canonical momentum p. The Heisenberg

uncertainty principle dictates that [61] the requirement Ay, ¢(2)2A,f(p)* > Vi BV£| 5 > 1 should be satisfied for
the localized quantum state in Alice mode. On the other hand, observing
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Amf(af)QAmf(p)2 <1 (36)

brings to the precision level beyond the Heisenberg fundamental limit. Since fulfilling the condition eq.(3.6)
manifests the incompatibility of local realism with quantum mechanics, it can be considered as EPR criterion
leading to EPR-paradox as was formulated in [62].

The condition eq.(3.6) can not imply a direct exchange of the information between Alice and Bob. However,
it might appear that Bob through his local measurement implements the control of the state in Alice mode.
Hence, the criterion eq.(3.6) is linked to EPR-steering [61]. Apart from measuring the inferred variances, Reid
also proposed alternative strategy to witness EPR-paradox. One can assume the particular case, where Alice
makes a prediction x,.. = gz®, based on result of Bob’s measurement 28. The selection g = A(zz?)/A(xP)? for
Gaussian case leads to minimized inferred variance A?, f(:r) = Vj‘ p»> see eq.(3.5). Therefore, such a reduction of

the noise in the linear combinations of Alice’s and Bob’s canonical variables {:i’A — giB pA — ¢'pP } that satisfies

A(a:A—ga:B)QA(pA—g'pB)2<1 (3.7)
is equal to the condition eq.(3.6) and proves the EPR-paradox!. The inequality (3.7) offers the convenient way to
verify EPR-steering criterion in the experiments and will be extensively investigated further in this thesis.

We now study the case of two-mode Gaussian states characterized by homodyne measurements and examine
the EPR-paradox by describing the results in terms of joint probability P(z;, xf ) (see eq.(3.3), eq.(3.2)). Failure
of

P(aito8) = [ Puclai]6. ) PaB16,)Pla) da (33

is equivalent to the demonstration of EPR paradox here [63]. Condition eq.(3.8) was written under the assumption
of localized quantum state in Alice’s mode, but not in Bob’s mode, thus implying ’asymmetric’ locality principle.

One can see that condition eq.(3.8) is not equal to requirements eq.(3.2) and eq.(3.3), although each of the
three conditions can be violated if the distributed modes display quantum correlations. In particular, the violation
of separability condition doesn’t necessarily lead to the confirmation of the EPR-paradox. In fact, we will use the
definition of EPR-entanglement as subtype of an entanglement strong enough to prove Reid criterion. In turn,
demonstration of the EPR-paradox is in general not sufficient for violation of the Bell inequality. Although mea-
suring canonical variables {Z, p} can not show the inconsistency between the theory of local hidden variables with
predictions of quantum mechanics for two-mode Gaussian states in CV [61], in generalized case the certification
of Bell nonlocality demands stronger correlations in comparison to the steering effect. At the same time, as was
pinpointed earlier, demonstration of EPR-steering is more feasible from experimental point of view and in prin-
ciple can serve as a quantitative measure of entanglement level for investigated state. Exploring the correlations
between two modes, one can introduce the parameter egpr as a product of variances in eq.(3.7):

2 2
expr = A (2% — g2P)" A (p* - ¢'p") (3.9)
obviously having in mind values egpr < 1. As an alternative to the EPR-steering metric, we can apply the
measure of intermode correlation strength from Duan criterion? [37]:

3o (T s (P 610

The Duan criterion is derived from the separability condition and the positive partial transpose (PPT) criterion
[64]. Hence Duan sets the threshold Ap = 2; reducing this value for specific two-mode states is enough to
demonstrate an entanglement. As expected, the violation of the inequality in Reid criterion is more demanding
than violation of the Duan inequality. We also notice that reducing noise down Ap = 1 is sufficient condition to
infer EPR-paradox verification.

We now consider two-mode squeezed state of light (eq.(1.21), eq.(1.23)) with correlations between modes
characterized by parameter r. Taking into account eq.(1.18), eq.(1.19), we expect to obtain for inferred variances

Aing ()%, Aing(p)? (eq.(3.5))

"We will refer to this as demonstration of EPR paradox in a manner proposed in original EPR paper
2this criterion was already introduced in eq.(2.6) to prove entanglement between two disparate mechanical systems
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1

A ()2 min = Ding (9)2[min = o () (3.11)
as well as for linear combinations x4 — gz® and p? — ¢'p? with gop = — Jop = tanh (2r), as predicted by eq.(1.29).
As a result, the EPR steering is confirmed with egpgr equal to:

1 2
€EPR = (Cosh(%)> . (3.12)
At the same time, the Duan criterion yields for TMSV state:
Ap =2e 7, (3.13)

Along with level of two-mode squeezing 7, EPR and Duan criteria are the main instruments for characterization
of the entangled state of light reported in this thesis.

3.1.2 Experimental approaches
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Figure 3.1: Different approaches to generate EPR-entangled states of light.

x@-nonlinear media enable efficiently generating two-mode squeezed states, which makes them central for
many experimental techniques for demonstrating and exploiting continuous-variable entanglement. Inherently
weak non-linear interaction can be enhanced by placing x®-medium inside a resonator. The first observation
of continuous-variable entanglement evidenced as a violation of the EPR criterion was made in [65]. Optical
Parametric Oscillator was operated below threshold with type-II parametric down conversion process. Entan-
glement was obtained for frequency degenerate fields that had orthogonal polarizations. The quadratures in the
phase space for each mode played a role of canonical position and momentum, optical modes were explored by
means of homodyne detection. Calculation of inferred variances eq.(3.4) confirmed entanglement characterized by
factor egpr = 0.7 < 1 eq.(3.9). Since then, many efforts were made to improve the strength of correlation and
their stability. A substantial progress was achieved by using an interference of two single-mode squeezed states
of light, each of them produced by type-I process in subthreshold OPO. Provided well-established techniques for
the generation of high-quality single-mode squeezed states exist, this strategy led to the strongest (to date) level
of entanglement with egpr = 0.04 measured in [66]. On the other hand, frequency tunability of entanglement
sources has been also explored by operating OPO in non-degenerate configuration. In [67] the violation of EPR
paradox was certified for the spectral modes that are separated by two free spectral ranges (FSR) symmetrically
to degenerate mode, leading to ~ 1 GHz frequency difference. This experiment was designed in such a way,
that only a frequency near-degenerate entangled state can be prepared and detected. Phase-matching conditions
were confining the frequency difference for entangled modes, and at the same time preparation method of local
oscillators (LOs) has limited them to be practically monochromatic.

In order to demonstrate the entanglement between beams of truly different colors (i.e. with a large wavelength
separation), one can in principle utilize the non-linear interaction enhanced by a cavity. The adjustment of phase-
matching conditions guarantees signal-idler entangled modes to be non-degenerate. However, homodyne detection
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is typically not available due to absence of LOs. One way to circumvent this issue is to operate OPO above
the threshold. In experiments [68], [69] bright entangled beams after exiting the OPO were sent onto auxiliary
cavities and detected after reflection. The phase of the sidebands reflected from the cavity is rotated depending
on the Fourier frequency. Thus, the ’self-homodyning’ has been realised with the mean fields that served as a
reference and replaced LOs. While this scheme allows for verification of entanglement criteria, the characterization
of output state is still not equivalent to the proper homodyne measurement. A frequency dependent phase after
the reflection from ”auxiliary” cavities makes possible to detect squeezing in phase/amplitude quadratures only in
specific frequency ranges. Furthermore, the imbalance between the amplitude and phase correlations was observed
in experiments [68] [69]. The quantum noise suppression in the sum of phase quadratures was limited possibly
due to excess phase noise of pump laser and could be observed for the values of the power of the injected pump
close to the threshold.

OPA below threshold was predicted to enable EPR correlations between different colors [70]. In experimental
realizations phase sensitive [71] and phase insensitive [72] regimes were explored. Proper characterization of
obtained correlations was achieved by combining OPA regime with above threshold OPO to generate L.Os, which
were used to implement the homodyne detection. Such strategy allowed to unite the advantages of OPO and
OPA. Symmetric noise suppression in both sum of phase quadratures and difference of amplitude quadratures was
accomplished, in contrast to [68]. After optimization of detection efficiency, 6dB of two-mode squeezing [73] was
demonstrated, meaning strong different-color entanglement. Unfortunately, performance of OPO above threshold
limits phase-locking stability in this case and consequently reduces the level of signal-idler correlations, especially
in low-frequency range. Moreover, both OPO and OPA share the same phase-matching conditions. As a result,
the entangled beams are strictly linked to local oscillators, leading to lack in the flexibility of such experimental
realization.

3.2 Theory of Optical Parametric Oscillators: equations of motion

A loss
aj

T( R)Ioss/
=

Figure 3.2: Simplified illustration of cavity with non-linear medium x(? inside. Coefficients T'(R)™ and T'(R)°%
represent the transmissivity (reflectivity) of input and output port, respectively. The coefficients T'(R)!*** corre-

spond to the fictitious mirror to account for the intracavity losses. The optical fields &é»" and d?“t enter the cavity

4128 appears due to the intracavity losses. Index j refers to the signal,

through input and output mirrors, whereas a;
idler or pump field.
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We study three wave mixing process inside an optical resonator with a x@-nonlinear medium inside. Instead
of eq.(1.16), we now write down the interaction Hamiltonian as:

Hiny ~ ihg (apala} - a}asai) , (3.14)

where G4(;) (the index 'L’ is omitted) are the field operators for the signal (idler) carrier frequency. Signal, idler
and pump fields (denoted as aj, where j = s,1, P, respectively) interact inside an optical parametric oscillator
(OPO), which consists of a cavity with 3 mirrors and x? medium inside, as presented in Figure 3.2. The first
mirror (with T]m / R;" as coefficients of transmission/reflection) is the input port for drive fields &;". The second
mirror will be referred to as the output port (T].O“t / R?“t), the fields exiting OPO through this mirror d;?“t are sent
to the detector. However, we also assume that external fields can enter OPO through the output port, and we
denote them as &;”1. The last mirror (T;OSS / Ré»oss ) is used to introduce intracavity losses (in the simplified model
this mirror is only source of losses in the OPO). In that case the 'transmission’ T}OSS of the last mirror determines

losses. This mirror also allows the another external field &3-055 to enter cavity. Hence, we write down the Langevin
equations for signal, idler and pump modes in the following form:

d

- 0s =iAgas — Ysas + gapa; +1/2ynal" 4+ \/2y0utai™M 4 | 2ylessgloss (3.15a)
d ——— I

dtal =iN;G; — il _|_gapa + ”mAzn + 2,yzout ~inl + 2,%50554035 (315b)
d
—ap =iApap = Ypap + gy + YR 4 A 2yZta B () 2ylgssalgss (3.15¢)

where for each line: the first term on the right hand side corresponds to the detuning A; of the signal (idler/pump)

frequency from the cavity resonance, the second term describes the damping of the fields inside the resonator with

overall leakage (decay) rate Vs(i)> the third term corresponds to parametric interaction on the nonlinear medium

with interaction strength g, and the last three terms correspond to the couplings of the intracavity fields to the
inl

external fields dj»", aj" and aloss The coupling with each external field injected to the OPO is characterized by

it’s own leakage rate W’j :

= % (1 /1= T,w») . k=inoutloss, j=siP, (3.16)

where c is the speed of light, L is the cavity length, (¢/L)~! is round trip time of photon in a resonator. Total
leak rate combines all losses sources of OPO for each wavelength: ;: >k fyjk = V-

In order to study signal-idler correlations, we do several simplifications here: we suppose that the cavity is
resonant with the signal ws (as) and idler w; (G;) modes (that implies Ag = A; = 0). We also consider the regime
of strong and undepleted pump that is described by the classical coherent amplitude ap = @pei?, therefore we
will discard the Langevin equation for the pump (ap remains unchanged). Finally, for the signal/idler ports all
external fields d’;(i), k = in,inl,loss are in vacuum state. We again introduce the amplitude Z,;), phase py)
and generalized quadratures g,(;(¢). Using eq.(3.15), one can obtain the dynamics of signal/idler quadrature
operators:

d
—s(V4) =ey 7 (V=) = 7sds (W) + /2987 (1) + V208G (V) + 4/ 29005500 (1) (3.17a)
d

A — 4 A in Am out Aml loss Aloss
dt Gi(1-) =€+/Ys7ids (Yy) = %iGi(¥-) + 2’71 )+ \/ 27 + 1/ 2v; () (3.17b)

where ¢’ z)(w:t) = cos (1)1 )2F sy T sin (wi) , k = in,inl, loss; parameter € = &p/apy, determines the ratio
between pump field amplitude ap and threshold value apy, = \/7s7i/9. Eqs.(3.17) show that the parametric
interaction happens only between signal gs(¢4) and idler §;(¢)—) quadratures whose phases are anti- bymmetric
relative to the pump phase such that ¢+ = 0p/2+6. Notably, the quadratures of incoming vacuum fields ¢ q (@bi)
do not depend on phase angle; hereinafter we omit their phases. Without a loss of generality we can set 9 p = 0.
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Figure 3.3: Phasor diagram of parametric down-conversion.

Then the expression §s(1+) — ¢;(1—) converts to &5 — &; when 6 = 0 and p, +p; at 0 = 7/2 (see Figure 3.3), which
can be recognized as EPR-variables.
We apply a Fourier transformation to the system3.17 and write down the equations in a matrix form:

[’Vs—iw e\/W] '@(M} _ (3.18)

€/ VsYi Vs — W _dz(w—) B
2’y£053 0 qéoss
0 /27;033 déoss

7

_ [VW’ 0 [q} +[ 290 0 Hqénl] .

_ 0 /272?-”_ ain 0 2’)/(-mt sinl

7 7 4;

The system eq.3.18 can be applied to get a solutions for intracavity fields {ds(¢+), Gi(¢¥—)}. The next step is to

sout

obtain the expressions for output (transmitted) fields {qg“t(¢+), qs (1/),)} using the input/output relations:

Gotiy (W) = /20585 sy (V) — 4G (3.19)

sout  sout
4qs

and to detect the linear combination of output fields s 4

A8 () = N(¢) [cos (¢)G2" () — sin (¢)G" ()] - (3.20)

Here N(¢) is the normalization factor which determines the reference which we want to compare with. If we

measure any superposition of two modes (¢ # (7/2)n, n - any integer number), then N = 2 since our benchmark

is two independent modes each SQL-limited. Otherwise we should compare with SQL in single mode, and in that
. 2

case N = 1. Calculating the variance of the output field (A (A,?;@t(@) ) = Aout jout, We finally arrive to the

following result [67]:

S jout jout = N (o) |1+ 467768626(" cos® (¢) + 0~ sin® (¢)) — (A% + 1 4 €%) sin (29)

tot »tot (A2 + (E+A)2) . (A2 + (E _ A)Q) (3.21)
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Here Nesc.s(i) = '7;’(% /73(i) is escape efficiency for signal(idler) wavelength, 7esc = /Tesc.sNesc.i 1S the generalized

escape efficiency, A = Q/ V/Vs7i is the normalized Fourier frequency, o = /7esc.s /Mesc.s 18 escape efficiency asymme-
try, A = (p+p~!)/2 represents the loss asymmetry with p = \/7s/vi, E = vV/e2 + A2 — 1. In addition to intracavity
losses, we introduce the losses attributed to the propagation way of signal /idler mode to the homodyne detection
setup. It is done by replacing escape efficiency 7esc; by the total efficiency 7; = Nesc,j0der,; in €q.(3.21). The
new term 74 ; is the detection efficiency, which takes into account a non-ideal degree of overlapping with Local
oscillators, the photodiode efficiency and the absorption on the optics between OPO and homodyne detectors. In
case of symmetric losses (p = 0 = A = 1 and E = ¢€), the best quantum noise suppression relative to the two-mode
vacuum noise is achieved at subtraction of signal from idler with equal weights [67] (setting ¢ = 7/4), as given by
the following expression:

4e
Sgyt Agytlr/a =2 <1 - nw) (3.22)

that coincides with the result for the single-mode squeezing. Dependence of interbeam correlations on the pump
power for different total losses is presented on Figure 3.4. We also notice that the choice ¢ = 37 /4 leads to
the detection of the sum of two quadratures and yields the maximal enhancement of quantum noise relative to
vacuum noise since we would detect anticorrelated quadratures in this case (corresponding to antisqueezing if the
analogy to in single mode squeezing is made). The noise in single (either signal or idler) mode is obtained from
the eq.(3.21) by setting ¢ = 0 or ¢ = w/2 [67] and corresponds to the thermal state as in eq.(1.22).
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(a) The case of symmetric 1osses .between. signal and idler (b) The interbeam correlations at asymmetric intracavity
channels. The effect of changing of intracavity losses Tioss,5(i) losses or detection efficiencies are compared with the case
(leading to changing of escape efficiency) as well as varying  of symmetric losses. The total escape efficiency and total

detection efficiency 7geq,s(i) is shown. detection efficiency are equal t0 Nese = \/Tesc,sMesc,i=0.984
(COITESpOHdiI’lg t0 Tioss = 02%) and Ndet = 4/ ndet,sndet,i:0~97
respectively.

Figure 3.4: Interbeam correlations with equal weights ¢ = /4 is plotted as a function of pump power. Losses
due input/output ports remain the same: Ty i) = 0.12, Tyt s(i) > Tioss,s(i) > Tin,s(i) (50 Tinsi) = 0), A = 0.

Non-equal losses for the signal and idler modes (due to different intracavity losses Tjss s 7 Tloss,i Or detection
efficiencies 7get s 7 Ndet,i) cause a sharp enhancement of quantum noise and contamination of signal-idler correlation
(shown on Figure 3.4(b)) starting from some critical value of e (which depends on concrete values of escape
efficiencies) in comparison to symmetric case (displayed on Figure 3.4(a)). Asymmetric losses make the choice of
equal weights for ¢s and §s non-optimal. Therefore, the deviation from ¢ = 7/4 can compensate the asymmetry
and improve the strength of signal-idler correlation, see Figure 3.5(a). In particular, a fine alignment of the relative
weight g = g(¢) allows to almost completely recover the interbeam correlations in comparison to the symmetric
case.

The next step is the inclusion of the phase noise into the model. The detrimental effect of the phase noise can be
understood as a jitter in ¥4 and t_ angles, which determine the phase of signal and idler quadrature, respectively.
As a result, instead of detecting §s(¢4) for the signal quadrature, one measures §s(¢)4 1) = cos (0s)ds(¥4) +
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(a) The case of asymmetric detection efficiencies but
equal total losses associated with OPO v, = -~ is

R 2
demonstrated.  Comparing (A (Afgtt(qS = 7r/4)) ) and

. 2
(A (Af},f(gb =m/4— 0.017‘()) ), one can see that the ad-

justment of the relative weight mitigates the sharp rise of
quantum noise at pump power close to threshold ¢ — 1.
Thus, the effect of non-equal losses is partially cancelled.
The case with symmetric equal efficiencies 7get,s = Ndet,s iS
shown as reference.

= Net,s ()=(90£5) %,
-5 = Naet,s(n=90% (sym.), y=r1/4
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(b) The regime of strong pump e¢ = 0.9 is explored for

the case Ndet = /Mdet,sTdet,i = 90% and Nesc,s = Mesc,i —
98.4%. The equal detection efficiencies Nger,s = 7det,i

. 2
entail (A (Aggg(e =0.9,¢ = 77/4)) ) = —9.33dB. Intro-
ducing the unequal detection efficiencies nger,s = 95%,
Ndet,i = 85%, we obtain only 4.4dB noise suppression rela-

tive to the shot noise, if we record equal superposition of
signal and idler quadratures (setting ¢ = 7/4). The corre-

. 2
lations (A (Afgtt(e =0.9, QS)) ) at different relative weights
are displayed, and the optimal value ¢,,; might be found,

. 2
giving in our case (A (Af:;‘tt(e =0.9, qi)opt)) ) = —9.23dB.

Figure 3.5: The possibility to compensate the unequal efficiencies of signal and idler channels by varying the

. 2
relative weight in (A (A%@t(@) ) is explored.

sin (65)ds (4 +7/2), where 6 = 14 1 —1) represents the fluctuations of the signal phase. Similarly, the quadrature
Gi(—1) = cos (0;)4s(¢—)+sin (0;)Gs (- +m/2) is detected for the idler mode. The spectrum of the noise associated
with the observable A%\ (¢) = [cos (¢)G" (¢11) — sin (¢)G7" (- 1)] is given by

tot,17* “tot,1

= (A (ds(94))*) + (A @

2
S s, lomers = (8 ({ cos 010 w+>+sm<es>qs<w++w/2>}—{cos (B0 + 5 @)= +7/2) ) ) =
(6))
— 205 (65) c03 (0)(A (46 )di())) — 25in (6,) sin (B:)(A (65 (b + 7/2)ds(p— +/2) (3.23)

where the case of equal losses and, consequently, ¢ = 7/4 is chosen. The second line in eq.(3.23) corresponds to the

noise in each of signal/idler modes seperately (which are in thermal states, and (A ((js(i) (T/HE))2> doesn’t depend

on phase angle 11). The third line describes signal-idler correlations. As was shown earlier, {¢s(¢+), ¢s(¢—)} are
always correlated, and as a direct consequence, {Gs(+ + 7/2), §s(¢— + 7/2)} are always anticorrelated, therefore:

(A(gs(¥1)qi(-))) >0
(A (Gs(V4 +7/2)Gi(p— +7/2))) <0 (3.24)

whereas [(A (Gs(V+)qi(V-)))| = (A (¢s(Y+ + 7/2)qi (Y- + 7/2)))|. We introduce root mean square (RMS) quadra-
ture fluctuation in signal 6, and idler #; modes 97 VS 92d9 . Averaging over jittering of quadrature angles,

we obtain the spectrum of interbeam correlations from eq.(3.23).

S jont dout lomrsa = (A (@ (1)) + (A (@($-))") = 2(A (G5 (4+)di(¥-))) cos (b5 + ;) (3.25)

tot, 17" “tot,1
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Phase noise hinders quantum noise reduction as represented in eq.(3.25), which corresponds to S Aout Agug|¢:w /4

(given by eq.(3.22)) in the case 05 = 0; = 0. Eq.(3.25) can be also written in a form

tot »* “tot

05+ 0; 0s+6;
2 s i ) s i
Sigur, g omrnsa = [Sigus gy o=z | cos < 2 >+ S gt agylo=g 5] sin <2> (3.26)

where the term S Agut Aggtt|¢—1+7‘ stands for the quantum noise of sum of correlated quadratures, being also

equivalent to the dlfference of anticorrelated observables. The contribution of this component is increased with

the growth of §, and 6;, thus compromising the suppression of quantum noise given by S ; At Agut | p=r /4-
t,17“ tot,1

The effect of the phase noise is demonstrated on Figure 3.6 for the ’symmetric’ phase noise (6, = 6;) for
simplification. The instability of LO phase weakens the signal-idler correlations at ¢ — 1 similar to the effect of

asymmetric losses. The effect of the phase noise can not be mitigated by changing the relative weight of detected
quadratures.
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Figure 3.6: The phase noise effect is now taken into account, and it’s detrimental impact on signal-idler correlations
at € — 1 is shown for the case of symmetric and asymmetric detection efficiencies (including the case when the
relative weight is optimizated).

One can consider the interbeam correlations in the context of EPR steering criterion. If we want to minimize
the quantum noise in comparison to the SQL of the signal quadrature only, the choice of equal weights (¢ = 7/4 at
Ns = 1;) is no longer optimal, as demonstrated on Figure 3.7. Instead, we should measure Atot |steer. = G4 — gqf“t
Optimization of g (for specific case = 0) leads to [9]:

4enl(1 4+ €2)
opt. (2 =10) = 2
g Pt.( 0) ! + 262(477 1) +1 (3 73‘)
8e2n(2n — 1)
S iout jout (2 =10 r=1- 3.27b
Atott’Atott( )’stee et + 2¢? (477 — ].) +1 ( )

The difference between eq.(3.27) and eq.(3.22) is seen as the particular case of comparison between eq.(1.31) and

eq.(1.29). For demonstration of EPR steering it is more beneficial to choose gop:. from eq.(3.27a) in the limit of
low pump power ¢ — 0, whereas g = 1 would cause the excessive noise. At the same time, when e approaches
(limit of high level of two-mode squeezing) gope. — 1 and S Aour Aous |steer. (€q.(3.27b)) becomes equal to eq.(3.22).

3.3 Scheme to generate entanglement: introduction

In section 3.1.2 we discussed the problems of experimental detection of entangled states of light encoded in
optical amplitude-phase quadratures. Here we address these challenges and propose the alternative strategy that
leads to the high-quality, tunable and versatile two-colour source of the EPR state. The experimental setup for
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Figure 3.7: Signal-idler correlations in the OPO output as a function of € when g = gopt. from eq.(3.27b) (the best
choice for EPR-steering criterion violation) and g = 1 which is optimal for optimization relative to 2-mode SQL.
A =0, ns = n;, phase noise is absent.
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Figure 3.8: The experimental setup for the generation and the measurement of the entangled state of light
required for establishing the link between the GWD and the atomic spin ensemble, as described in section 2.2.
The entangled beams are produced by the optical parametric oscillator (OPO), which consists of the bow-tie
optical cavity with the x(?) non-linear medium inside. The parametric down-conversion process implemented in
the OPO requires the pump, which is obtained by overlapping two lasers (Mephisto and Ti:Sapphire, respectively)
and realizing the sum frequency generation (SFG) process on another x@ non-linear medium. The entanglement
is verified by means of homodyne detection (HD) of each twin beam, where the local oscillators (LO) are prepared
by taking the optical mode of respective laser. The quality of LOs modes and their low frequency stability is
improved using mode cleaner cavities (MCCs). See text for details.

generation and characterization of different color entanglement is shown on Figure 3.8 and can be divided onto six
parts: the optical parametric oscillator (OPO), the preparation of the pump for the OPO, the preparation of the
local oscillator (LO) and the homodyne detection (HD) for each entangled mode. We start with two laser sources
generating radiation at w, and w; frequencies, respectively. Coherent fields from these lasers are combined on ()
non-linear medium, their interaction leads to the up-converted parametric field as a result of a Sum Frequency
Generation (SFG) process: ws + w; — wp. Experimental details of control and characterization of the SFG will
be given in section 3.6. The SFG field serves as a pump for the parametric down conversion (PDC) process
inside the OPO (wp — ws + w;), which results in the generation of the entanglement between signal and idler
modes. Since the PDC in the OPO and the up-conversion in the SFG are mutually reverse and operate under
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the same phase-matching conditions, we use the same non-linear medium in both cases. The properties of this
medium are explored in section 3.5. The geometry and the design of the OPO are discussed in section 3.7, while
the stabilization of the OPO length in order to maintain the resonance conditions is studied in section 3.8. The
characterization of the most essential features of the OPO that have a direct impact on the quality of the EPR-state
is described in section 3.9. After exiting the OPO, the entangled beams are spatially separated by the Dichroic
Mirror (DM), directed towards homodyne detectors (HD) and overlapped with respective LOs. The LO for the
signal (idler) is made by taking a small portion of the radiation from the respective laser that is then properly
stabilized and filtered. LOs should meet strict requirements for low frequency homodyne detection (LFHD), the
procedure of their preparation is given in the section 3.10.1. The homodyne detection itself is detailed in section
3.10.2. The strategy and the implementation of the phase locking is a part of the homodyne detection setup, but
is described separately (in section 3.10.3), being one of the most crucial parts for this experiment. The results of
the characterization of the entangled state are outlined in section 3.11.

The scheme with two lasers presented here is beneficial in several aspects in comparison to previous approaches.
Following proposed design, we combine stability of the OPO performance operated below threshold and advantage
to exploit two local oscillators. Thus, we get the opportunity to perform careful and proper characterization by
means of the homodyne detection. We also highlight the flexibility and the versatility of the setup in terms of
characterization. Originating from initial lasers fields in essence, LOs are in principle completely independent
from entangled modes which are determined by phase matching conditions of OPO, in contrast to [71]. Another
circumstance should be taken into account: there is a possibility to operate the entangler in regime which is free
of contamination by classical noise. It will be shown in section 3.8.2 that is devoted to ’advanced locking scheme’.

3.4 Laser sources

We use Innolight Mephisto Nd:YAG laser as source of light on signal frequency ws, corresponding to the
wavelength 1064nm which is used to probe laser interferometer type GWD. Mephisto laser produces =~ 600 mW
of optical power; after magnification on Nufern fiber amplifier (PSFA-1064-50-10W-2-1) we finally obtain ~ 10 W
on 1064 nm. M-Squared Ti:Sapphire laser (SolsTiS PSX-R) provides up to 2 W on 852 nm wavelength (w;). The
essential lasers features, relaxation oscillation performance for Ti:Sapph laser and mainly amplitude noise were
extensively studied in [74].

3.5 Crystal

A non-linear medium exploited in this experiment is periodically poled potassium-titany1-phosphate (PPKTP)
crystal. Such type of material is quite often used in squeezing experiments [75],[76] owing to high values of non-
linear coupling strength, low losses caused by absorption and relatively high damage threshold level [77]. In both
SFG and PDC processes we target at conversion 473 nm <> 852 nm + 1064 nm and type-0 polarization matching.
Required quasi phase matching for given poling period 6.12 pm is achieved at temperature T}, ,, =~ 68°. Reflection
from OPO crystal surfaces is a crucial circumstance for this experiment, since it might facilitate pollution of
entangled modes via back-scattering (will be detailed in section3.8.2) and also hampers compatibility with GWD
interferometer [75]. We characterize the AR coating of the crystal and find less than 0.1% reflection from each
surface. Influence of blue light induced infrared absorption (BLIIRA) [78] and grey tracking [79] phenomenon on
OPO crystal were concluded to be insignificant (see section 3.9.1). Photothermal effects, such as thermal lensing
and local heating of crystal, had a noticeable impact on SFG process, limiting it’s efficiency and stability.

The size of crystal is 1x1x10mm. The length I, sets the Boyd-Kleinman conditions [80] onto the size of waist for
fundamental and pump modes (st) and wy, respectively) inside the crystal, demanded for optimal conversion

efficiency:
lc)\j . -
= S P 3.28
Wopt.,\; 27”7'1'(3,_[(, y J S, 1, ( )

where (5 _j is Boyd-Kleiman optimal focusing parameters. For considered here crystal and non-linear conversion
process we have:
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Wopt. \, R 19.7m,  Wopy x, & 17.5um,  Wep. », = 13.2um (3.29)

3.6 Preparation of pump for OPO
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Figure 3.9: SFG efficiency as function of temperature of phase matching

To generate the pump radiation for OPO, we exploit parametric upconversion process. Two optical modes from
Mephisto and Ti:Sapph lasers are combined on a dichroic mirror and then sent to non-linear medium (PPKTP
crystal, described in sec.3.5). The beam waists of focused incoming optical modes were chosen to coincide with
optimal values (3.29) determined by Boyd-Kleinman conditions (eq.3.28), also their polarizations are matched.
As a result, the field on their sum frequency is produced whose power Pp might be estimated from the following
expression [74]:

Pp = aP,P; (3.30)

where P;, P; are optical powers of impinging laser modes on the crystal (indices i(s) denote 1064 nm and 852
nm lasers respectively) and « describes conversion efficiency of the parametric process. Having mode matching
and phase matching conditions (see Fig.3.9) optimized, we measure o ~ 0.05 [1/W] [74] that leads to Pp ~ 1W
when all available power from both lasers Ps|max. & 10 W and Pj|max. & 2 W is sent to the crystal. Obtained
SFG power already substantially exceeds OPO threshold reported in section3.9.2. Therefore, we decided to stick
to single-pass configuration as we don’t need to enhance upconversion efficiency by adding resonator[81]. When
obtaining the main results of this chapter (section3.11) and also doing alignment procedures, we make sure to
operate SFG crystal safely below the damage threshold [77].

3.7 OPO: design considerations, geometry and assembly

The first decision regarding the design of OPO to be made is the choice between standing wave or travelling
wave configurations. Various aspects such as losses, mechanical robustness, astigmatism, tunability/flexibility
must be taken into account. Decisive factor was, however, spatial separation of incoming and exiting modes in
the OPO. Anticipating future application of this entanglement source in quantum noise suppression for GWD,
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we choose to utilize the travelling wave cavity, since such design provides optical isolation of interferometer from
back-scattered light [75],[76]. Compared to travelling wave, standing wave cavities open the access to higher
bandwidth of entanglement due to reduction of optical path - but this is not the most critical circumstance for the
experiment outlined here since our purpose is to demonstrate entanglement on the frequecy range approaching
audio band.

Bow-tie and triangular structures are the most prominent among various types of ring cavities. Bow tie
configurations is advantageous for outlined experiment since it ensures tight waist size of intracavity mode, which
is necessary for efficient parametric down-conversion process. Additionally, increasing number of optical elements
enables versatility in implementation of cavity locking schemes. We are also interested in compactness of cavity
while having relatively big length of optical path as consequence of travelling wave structure. Having these
considerations in mind, we choose the bow-tie configuration. The problem of astigmatism, which can entail
difficulties of mode matching between signal modes and local oscillators, turns out to be not crucial for our
protocol, as will be shown later.

Next, we must choose between the options to have double resonance (only for signal and idler modes) or
triple resonance (also for pump) for the OPO. While benefits of triple resonance are straightforward, its feasibility
is a challenging task. Bow-tie cavity geometry in principle allows® the OPO to resonate for signal, idler and
pump modes, even despite the dispersion of non-linear crystal. However, setting up the triple resonance implies
advanced requirements on the coating of optical elements, which would be difficult to fulfill. We also consider
the challenge in implementation of such a locking scheme that maintains resonance conditions for 3 different
wavelength. Refraining from the resonance for the pump, one has to increase the pump power on the input of
OPO in order to maintain good nonlinear interaction efficiency. It is not an obstacle for us since SFG process
yields amount of pump power exceeding OPO threshold. We finally stick to double-resonant configuration.
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(b) The idler beam propagates through the cav-
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(a) Bow-tie configuration of OPO. mode starts converging like it would be after going
through lens. Therefore the beam profile has two
waists

Figure 3.10: The design and geometry of OPO.

Layout of OPO is shown in Fig.3.10(a). Having symmetric bow-tie configuration, cavity consists of two planar
(Mp1, Mpy) and two curved (Mci, Mcp) mirrors. Pump enters through mirror Mcj, output port is mirror Mp,.
All mirrors are provided by LaserOptik. The mirrors Mc;, Mco have HR coating for signal-idler wavelengths
and AR coating for pump, their diameter is 7mm, thickness is 6.35mm and radius of curvature is —38mm. Two
planar mirrors have the same thickness, being half an inch in diameter. While Mp; is also HR on frequencies
of twin beams, Mp, has reflectivity 88% on fundamental wavelengths, which was chosen to provide a desired
balance between value of oscillation threshold for pump Pph and escape efficiency nesc. Selected features of
mirrors along with optimized intracavity losses (will be characterized in section3.9.1) resulted in measured finesse
~ 52 and linewidth ~ 15 MHz for signal and idler, given the round trip length of cavity ~ 45 cm. The main

3The cavity geometry can provide the resonance for each (signal, idler,pump) wavelength with the waist size close to values set by
Boyd-Kleimann conditions
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Figure 3.11: Effect of astigmatizm is shown on the minimal waist size as function of distance between curved
mirrors. As can be seen, the proper choice of curved mirror separation provides the equal size of tangential and
saggital sizes of smaller waist (on the crystal), but not for the bigger waist. As a result, output signal modes will
have elongated shapes that complicates their overlapping with Local oscillators.

parameters of OPO cavity are listed in table3.1. The OPO length is controlled by attached to Mp; PZT element
that is standard ceramic stack from Piezomechanik. Temperature of the crystal oven is adjusted/maintained
by actuation of Peltier element. The temperature readout is implemented by means of thermistor. Mechanical
stability of cavity is ensured by its monolithic configuration [74].

Designing the geometrical structure of cavity, we aim to approach a perfect accomplishment of Boyd-Kleinmann
conditions eq.(3.28) for the size of the signal and idler waists that should be located the center of the crystal.
For the given crystal it leads to eq.(3.29) just as for the SFG process. Therefore we need the cavity to sustain
the resonance for signal/idler modes determined by given waist sizes. We use ABCD-formalism (also known as
Ray-matrix formalism) to describe the dynamics of intracavity modes expressed by g-parameter. The condition
on self-producing mode

_ Aq+B

1= Cq+D

means that the g-parameter for some fixed position z inside cavity should remain the same after one round trip.

Coefficients A,B,C,D in this case form the M matrix for the beam that comes full circle and interacts with all

optical elements. For example, if we choose 2y to be in the middle between two curved mirrors M., and M., then
the ABCD-matrix for the round trip is written as

O O A [ A

where R, is radius of curvature for mirrors M.; and M. Effective distance between curved mirrors d. and the
distance d, are determined as

(3.31)

1
dc = d1 — lc <1 — n) , dp = dtot — dl, dtot = d1 =+ d3 + 2d2. (3.33)

Note that refractive index n depends on wavelength in formula for d.. If zy is located in the middle between two
planar mirrors M, and Mpy, the M-matrix can be written by replacement d. <+ d,, in eq.(3.32). The solutions of
eq.(3.31) for these two cases (reference point is either between Mp1-Mps or Mci-Meo) give the following results of
minimal waist sizes

Ai |Rc—d
2 _ N ¢~ %elp)
Wxjp(e) ™ 9 \/Rc —dy (Redior — dedyp). (3.34)
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Consequently, the optical mode, which is resonant for OPO in bow-tie cavity configuration, has two waists [82].
One (wc) is placed in the middle between M. and Mo, whereas the second (wp) is located in the middle between
My,1 and Mp. It is natural to use the smaller waist wc to fulfill Boyd-Kleimann conditions. Therefore, the
crystal is placed in the middle between M. and M.. Adjusting cavity geometry (mainly the distance d;),
we approximately achieve requirements eq.(3.29) for signal and idler wavelengths. While the procedure of mode
matching for auxiliary seed (on signal wavelength) and locking beams (both signal and idler wavelengths) for OPO
is straightforward, the search of optimal pump configuration is experimentally challenging because of the absence
of resonance for A, wavelengths and small size of wp. We achieve mode matching for SFG field, maximizing the
efficiency of parametric gain (described in the section 3.9.2).

The effect of astigmatism originates from non-perpendicular descent of impinging beam onto curve mirror.
The reflection from M¢; and M, is determined by Ray matrix with effective radii of curvatures R, cos (fast.) and
R,/ cos (0ast.) in horizontal and vertical directions, respectively. This leads to different beam profiles in tangential
and saggital planes along the propagation inside OPO. The most important consequence for us is that horizontal
and vertical beam waists don’t coincide in general, as shown on Fig.3.11. We reduce the incidence angle until
modes start to clip the mounts inside the cavity. As a result, 26,¢. &~ 7.2° was set. As can be seen in Fig.3.11(a),
correct adjustment of distance between curve mirrors d. completely compensates astigmatism for smaller beam
waist w,, but not for big waist w,. Consequently, the output modes for entangled twin beams will be affected by
astigmatism. This will prevent their perfect mode-matching to local oscillator fields to some extent.
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(a) In previous cavity configuration we had Gouy phases
CGouyox = 97°, CGouy,oy =~ 87°. The family of 4th-order HG
modes then overlapped with 00-peak, as can be confirmed by
calculation of their spacing using eq.(3.35): (wo4/Arsr) <
1 < (w4,0/AFsR)-

frequency, KHz

(b) By changing d; we increased Gouy phases: (couyox =~
110°, Ceouyoy =~ 99°. It was enough to shift m +n = 4 HG
modes away from fundamental mode while keeping reasonable
separation from 3-rd order modes.

Figure 3.12: Contribution of high-order modes to the OPO spectrum.

Non-perfect alignment of OPO for TEMg resonant mode gives a rise to higher order Hermite-Gaussian (HG)
modes also supported by cavity. The spacing of {m,n} HG mode relative to fundamental 00-mode

Wm,n =

7nCGouy,ox + nCGouy,oyA S
= FSR

is determined by Gouy phases [83] CGouy,ox and (Gouy,oy in tangential and saggital planes respectively:

o= (3.35)
(Gouy = sgN(B) arccos <A a. D) : (3.36)

where elements A,B,D are taken from round-trip Ray matrix (eq.(3.32)). In our experiment, the initial geometry
of OPO resulted in overlapping of fundamental TEMgg signal modes with family m + n = 4 of higher-order HG
modes, as demonstrated in Fig.3.12(a). This circumstance deteriorated the quality of beam profile of output
entangled modes and limited the maximum possible degree of matching with respective LOs. The Gouy phase for
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bow-tie cavity is strongly sensitive to the distance d; between M¢; and M, mirrors. Careful control of d; allowed
us to change the Gouy phase and cancel contamination of fundamental mode (see Fig.3.12(b))

Cavity Parameter Symbol | Value | Unit
Signal wavelength As 1064 | nm
Idler wavelength Ai 852 nm
Pump wavelength Ap 473 nm
Output Coupler Signal/Idler Refl. Reses,i 0.88 -
Waist size in cr., Signal Ws 19.7 pm
Waist size in cr., Idler w; 17.6 pm
Waist size in cr., Pump wp 13.2 pm
Total length drot ~450 | mm
Finesse Signal/Idler F,; ~ b2 |-
Linewidth at Signal/Idler s i ~ 15 | MHz
Curved Mirror Radius of Curvature | RoC -38 mm

Table 3.1: Essential parameters of OPO cavity

3.8 OPO Locking

3.8.1 Current scheme: locking fields on fundamental frequencies

In order to keep OPO in double resonance, we exploit double-stage Pound-Drever-Hall locking [84] scheme.
Specifically, OPO length stabilization relative to 1064nm laser is followed by locking of 852nm laser relative to
the cavity. The first stage is implemented by sending feedback signal to piezoelectric transducer (PZT) attached
to Mp; mirror, while another PZT element in 852 laser head module was controlled in the second stage. The
auxiliary beams on fundamental wavelengths were initially phase modulated using electro optical modulators
(EOM) with ~ 8MHz sidebands. These optical fields were then injected into the OPO through Mp; mirror
(shown in Fig.3.13(a)) and travelled along direction opposite to pump propagation. Exiting the OPO through
Mp, mirror and being split onto dichroic mirror, auxiliary beams were detected and demodulated, as displayed on
Fig.3.13(b). Obtained error signals (shown on Fig.3.13(c)) were sent onto PID-modules. See [74] for details.

3.8.2 Future: frequency shifted beams

In experiments [75],[7],[9] targeted to exploit single-mode squeezed states for quantum noise reduction in
GWDs, resonance conditions in OPO were provided without injection of strong fields on fundamental frequency.
Instead, cavity was stabilized for pump wavelength, and utilization of "wedged’ crystal allowed to achieve double
resonance. Absence of locking beams on fundamental frequency facilitated remarkable performance of squeezed
states in low(audio)-frequency band. In contrast, the strategy described in section3.8.1 implies presence of classical
auxiliary fields on signal/idler wavelength inside OPO. As was outlined earlier, we inject locking beams in such
a way that they initially counterpropagate relative to generated twin beams. However, travelling within cavity,
auxiliary fields experience back reflection (mainly due to the crystal non-perfect AR-coating) and eventually enter
fundamental modes, bringing the classical noise associated with lasers, Even tiny reflection (leading to several
nW only) would be sufficient to contaminate signal/idler modes and cause degrading of measured correlations.
One way to address this issue is to properly suppress the intensity noise of injected locking beams before they
enter cavity. We explored the performance of the system in such regime and managed to certify entanglement on
spectral range down to 10 KHz (characterization will be detailed in section3.11). However, on lower frequencies
we suffered from the classical noise. In order to completely cancel this detrimental effect of auxiliary beams, we
have to move them away from fundamental frequencies, but still keep the resonance conditions for OPO.

To accomplish this task, we follow the approach sketched on Fig.3.14(a). The small part of initial laser
radiation on frequency wy (corresponds to fundamental frequency of either signal or idler entangled beam) passes
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Figure 3.13: Implementation of OPO lock to achieve double resonance. Subplot (a): the sketch of the setup,
including optics and electronics. Symbol (%) means electronic signal directed to the piezo actuator of Ti:Sapph
laser. Subplot (b): detailed configuration of PDH module. Subplot (c): examples of OPO transmission signal
and PDH error signal measured for signal mode (1064 nm) while the piezo attached to OPO cavity mirror was
scanned.
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(a) The shift of a locking beam (for example, on signal wavelength) to the next free
spectral range (FSR). Initially matching n-th frequency mode of the cavity, the injected
beam propagates through AOM+EOM setup (shown on the subplot on the right side).
As a result, the locking beam is moved to (n 4 1)-th frequency mode.

A
Ay
Arsr
A+A g

) The shift of the seed for 1mplementat10n of the phase lock. Being initially tuned to
the resonance of n-th frequency mode of the cavity, the seed is transmitted through the
double AOM-setup (shown on the subplot on the right side). As a result, the seed is
detuned from the resonance (while still being within n-th frequency mode). It allows to
prevent the pollution of the lower (acoustic) sideband frequencies with respect to the
fundamental frequency wg.

Figure 3.14: The idea of advanced OPO locking that will enable to avoid the injection of classical beams on
fundamental frequencies. See text for details.

acousto optical modulator (AOM), driven by rf-frequency Aj. The scattered light into the first order now has
frequency w1 = wp + A;. Being spatially separated from fundamental field (wy), this scattered mode is directed
on electro optical modulator (EOM) where phase modulation with frequency Ay and depth [ is induced. After
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exiting EOM, the modulated light can be presented as

eiwlt N ei[w1t+ﬁsin(A2t)] ~ eiw1t + gei(w1+A2)t _ gei(uq—Az)t (337)

We adjust Ay and A, in such a way, that Ay + As matches Free Spectral Range Apsg of OPO cavity. As a
result, the second term (ox e/ “1+22)t) on the right side of eq.(3.37) is moved to the next resonance relative to
fundamental wavelength and is used as the locking beam. At the same time, sharing the same spatial mode other
components (o< ellwr=22)t and e™1t) remain away from any OPO resonance and will be reflected from OPO,
locked by e*“1t22)t The sidebands needed for PDH error signal[84] are generated due to frequency modulation
of electronic local oscillator, which drives EOM. If we assume modulation of As with frequency A,,,q and small
depth Bimod, then the term ei(@otArsr) will convert into

eiwotArsr)t _y ei[(WO+AFSR)t+5mOd, sin (Apoa.t)] ~ el(wotArsr)t + Brmod etl(wotArsr)+Amealt Brmod il (@otAFsR) —Amodlt
2

(3.38)

The same sidebands (£A,,,,4) will be imposed onto field ~ eilwi—R2)t,

Both signal and idler locking beams enter OPO through Mp; mirror, counter-propagate inside the cavity with
respect to pump and detected in transmission after Mp, mirror, thus replacing previous non-shifted auxiliary fields
in the scheme shown in Fig.3.13(a). We choose A; to be &~ 120MHz to implement the initial frequency shift by
AOM and then adjust the frequency As of the electronic signal driving EOM to match one of the sidebands to the
next (which is defined as (n + 1)-th, if we denote n-th resonance as the frequency mode where entangled beams
are created) resonance of OPO, as shown in Fig.3.15(a). Since Apgg ~ 7T80MHz, we end up with Ay ~ 660MHz.
Finally, modulating Ay with A,,,4. & 1MHz, we obtain PDH error signal, as presented on the Fig.3.15(b).
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(a) The electronic signal recorded on the photodetector (b) The electronic signal recorded on the photodetector
used to lock OPO. used to lock OPO together with PDH error signal.

Figure 3.15: The implementation of advanced locking of OPO, presented in section 3.8.2. Left panel (subplot
(a)): Shift of locking beam to the next FSR. Green curve is the detected locking auxiliary signal field (on 1064nm)
passed through AOM+EOM system when the cavity length is scanned. The range of scan is chosen in such a
way that central big peak corresponds to e!«wotArsrtAn)t (it corresponds to the first term on the right-hand side
of q.(3.37)). The smaller left peak is upper modulation sideband of e!(“0+21)! carrier and coincides with n + 1
resonance (wg + Apgr), while the smaller right peak comes from lower modulation sideband of elwot2Arsr+A1)t
carrier. Blue curve is the transmission of seed on signal fundamental wavelength (not used in main experiment):
big peak corresponds to OPO (n + 1)-resonance on frequency wg + Apgr (entangled signal field is generated in
n-resonance on frequency wp) matching sideband gllwotAi+An)t of locking field. The small peak appears due to
non-ideal mode matching. Right panel (subplot (b)): Green curve is locking beam (in this case the left small
peak corresponds to desired frequency w; + Az to lock the OPO), The red curve is PDH error signal (generated
for both wy + Ay components) as specified by eq.(3.38) .
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3.9 OPO characterization

3.9.1 Intracavity losses

EOMs

/\/V\ Oscilloscope
(a) Experimental setup to measure intracavity losses. M Pag

OPO cavity is driven through the output port by Peliso
strong coherent field either on signal or idler fre- © 0
quency. The pump is not shown on the sketch; how-

ever, it was also injected when effect of BLIIRA was (b) Experimental setup to calibrate the pump power threshold.
investigated. Pump presence didn’t run parametric

processes since it’s propagation direction was oppo-

site to travelling through the OPO drive fields.

Y

Figure 3.16: Characterization of intracavity losses (left subplot) and parametric gain (right subplot) for the OPO.

In order to estimate intracavity losses, we measure the power of reflected field from the output port of the
OPO (Mpy mirror). To understand the underlying idea, we use eqgs.(3.15) and study the dynamics of signal mode
(the same logic will be applied to idler field also) in the absence of pump that excludes parametric interaction and
coupling between signal and idler. The OPO is now driven by strong coherent field that enters the output port
only (d}"l is replaced by A;-l’"). Therefore we can write down the Langevin equation for the coherent amplitude of
intracavity signal/idler field (instead of using field operators). Applying then input output relations, we obtain
the following expression for the output field to be detected:

: ¢ l .
Aout _ 2904 — y; — ZQATef _ gt — Aloss _ i) ref 539
7 ’Y+ZQ i out | loss+iQ i =5 .
j ¢ v

In eq.(3.39) the approximation ’y;-’“t, fyéoss >> 7}” was made. This assumption is valid for the OPO implemented in

this thesis. The input port mirror Mc; is HR, while Mp, has a power reflection coefficient R = 88% (measured
independently) and intracavity losses are envisioned to come mainly from crystal coating, being several order
above losses on HR mirrors Mpy, Mcy. The drive field A?T is completely reflected from the OPO being far detuned
from resonance €2 >> ;, whereas setting 2 = 0 leads to characteristic dip in detected field. The size of the dip
will be then determined by the ratio 75-055 / 7;- Comparing the power of measured field being on and off resonance
with the cavity, we obtain

F o agref\* 2
PAqut |OTL A;"t’:‘ (A] ) |Q:O ,yout _ ,yl'OSS L
oP = - = = th + Wioss ’ ] =S, 1. (340)

Pagloss 4z (450) ass,  \ 20"+

Using definition of leak rates in eq.(3.16), we obtain the expression for intracavity losses:

2
R (3.41)

1

T{oss =1—
! 2 \1++VoP
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where approximation of small losses was used T}O“,Tjo“t << 1. Hence, escape efficiency is calculated as

Tloss
J j=s,1, (3.42)

Nesc..j = Tioss loss’
T3 + 15

just using the definition. Provided the precise knowledge of reflection/transmission of the output coupler, the
measurement of the amplitude of reflected field yields a reasonable accuracy to estimate the intracavity loss, in
comparison to the derivation through the finesse [75]. At the same time, the method presented above is more
convenient than measuring transmissivity /refectivity /scattering of each optical element from the OPO separately.
In our experiment, we take the coherent fields from respective lasers and send the drive signal/idler onto the
output OPO port in such a way, that injected fields travel inside the cavity along the direction opposite to the
propagation of the pump, as shown in Fig.3.16(a). During the measurement the piezo in OPO is scanned that
allows us to see the characteristic dips in reflected power (Fig.3.17). We obtain the values of intracavity losses
TSZOSS = Tiloss = 0.15%, which correspond to escape efficiencies esc. s = Mesc.i = 99% given Rgﬁt) = 0.88. The
investigation of intracavity losses on the pump power was also performed. It was possible because pump actually
didn’t cause parametric processes being counter propagated with respect to injected bright fields on fundamental
wavelengths. The increase of pump power up to operating point (approximately 1/2 of threshold level) didn’t
trigger noticeable enhancement of intracavity losses. Therefore, the detrimental effect of Blue Light Induced
Infrared Absorption (BLIIRA) [78] on non-linear medium (PPKTP crystal) didn’t have an impact on interbeanm
correlations in the main experiment.
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Figure 3.17: The result of calibration of intracavity OPO losses for signal wavelength (1064nm) was shown. The
cavity lengths was scanned, and the ratio between reflected power on resonance and power of drive field entering
output was estimated (the bottom of the dips and the DC-top level, respectively). The analogous procedure was
performed for the idler wavelength (852nm).

3.9.2 Gain

We start with signal/idler/pump dynamics as done in system of egs.(3.15), but now we assume the classical
drive fields for the signal wavelength and for the pump (a}* and a’% are replaced by A% and Ag, respectively)
while the rest external fields a¢" and &?, k =inl,loss, j = s,%, P are in vacuum states. In that case all intracavity

fields a; become classical (being described by «;), and quantum fluctuation will be neglected further. Setting all
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frequency detunings A; = 0, we rewrite egs.(3.15) for classical fields:

d ,
270 = s + gapa; + 27;”14?, (3.43a)
d
%Oéi = — Vit + gapag(+0), (3.43b)
d :
0P = T 7PaP — 9o, + /2y AL (3.43¢)

Assuming |A%| << |A%| and undepleted regime for pump, we immediately obtain the solution of eq.(3.43c)
in a form of steady intracavity pump field: ap = 0, ap = (\/2%@/ 7p> A‘Iiﬁ". Next, we consider equal optical
losses for signal and idler v = 7; = v and denote G = gap. We also search for steady solutions for signal and

idler (éis = ¢; = 0). Combining eq.(3.43a) and eq.(3.43b)and using input-output relationships A7" = , /277

we obtain the following expression for output signal field A2 (corresponding to frequency which was driven by
classical input light A%"):

O[j,

in ~0ut
Aot — 2(”12)/1;”. (3.44)
T T T

It follows from equation eq.(3.44) that drive field A%" is amplified due to the parametric interaction with pump
while transmitting the OPO. This amplification does not depend on pump phase since A%* is a function of |G|
We define a parametric gain as a ratio between powers of output signal field with and without injected pump and
get the following result using eq.(3.44):

. PAout 1
Gain = - = 5 (3.45)
Pygu| agr—o (1 _ g?\apw)
,YZ

We insert the definition of threshold pump power apy, = v/g into eq.(3.45) and arrive at

Gain = — (3.46)

()

Ppip

where Pp = apa)p and Ppy, = ap,,ap

In experiment (see F ig.3.16(b)j seed on signal wavelengths infiltrates the OPO with pump through the input
coupler. Output seed is spectrally filtered (using dichroic mirror) to remove DFG field on idler frequency and is
sent to photodetector. The OPO is locked for signal wavelength only, and the piezo in TiSapph laser cavity is
scanned. Hence, the result of parametric interaction of seed and pump is seen as peaks (parametrically amplified
seed) on top of background (transmitted seed without amplification), yielding the parametric gain. We then vary
the input pump power and measure the gain. Finally, eq.(3.46) is utilized to calibrate the threshold power of
OPO. Described procedure gives us (Fig.3.18) the value of threshold |A%|? = 320 mW in terms of input power.

3.10 Detection

This section covers the preparation of local oscillators (LOs) and the homodyne detection. The description
of the phase locking is also given here. The similar scheme was used for characterization of both signal and idler
entangled twin beams (the example for 1064 nm mode is shown in Fig.3.19).

3.10.1 Preparation of Local Oscillators

The central part of LO preparation is the mode-cleaner cavity (MCC). It performs two functions: first, it
obviates the effect of beam pointing which can result in reduction of common mode rejection ratio (CMRR) of
homodyne detector due to inhomogeneity of photodiode [75]. Secondly, it provides spatial filtering of LO beam
profile, facilitating the overlapping with measured optical mode. We employ typical triangular configuration of
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Figure 3.18: The characterization of the parametric gain of the OPO. Different values of the pump power are
used, and eq.(3.46) is applied in order to extract the value of the pump threshold.
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Figure 3.19: The sketch of the experimental setup used to prepare the local oscillator (LO) and perform the
homodyne detection (HD). The optical mode of the laser is transmitted through the triangular mode cleaner
cavity (MCC), which is locked using Pound-Drever-Hall (PDH) technique. The phase modulation was induced by
means of the electro optical modulator (EOM), the feedback signal was sent to piezo electric transducer attached
to the curved mirror in the MCC. The intensity stabilization of LO can be applied by controlling the efficiency
of scattering on acousto-optic modulator (AOM). The phase lock is implemented by using the interferometric
signal between the LO and the back-reflected beam used to lock the OPO (the latter will be replaced by the seed
injected to the OPO and detuned from the resonance by using double AOM setup), see text for details. Other
abbreviations used in the caption: photodetector (PD), voltage-controlled oscillator (VCO).

travelling-wave cavity for MCC. Cavity is formed by two planar and one curved HR mirros embedded in monolithic
aluminium block. The cavity lengths are chosen to be ~0.45m, yielding the bandwidth ~4 MHz and finesse ~ 200.
Small part (~1-5 mW) of initial laser (Ti:Sapph/Mephisto) radiation not used for SFG process is sent onto the
input of MCC after having experienced ~20-30 MHz phase modulation. MCC is locked by means of PDH technique
using the light reflected from the input port mirror. Feedback signal controlling the length is applied to PZT
element attached to the curved mirror. Filtered mode of LO propagates towards detectors after exiting opposite
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mirror.

After transmission through MCC, the position and mode shape fluctuations are transformed into intensity
instability, which is added to initial power fluctuations of lasers. In principle, classical noise associated with
intensity fluctuations should not be major limitation of homodyne detector with strong CMRR [75]. However, we
enhance the performance of LFHD setup by introducing the power stabilization scheme that suppresses the noise
in the LO mode before overlapping with entangled mode. Intensity fluctuations are cancelled by adjusting the
scattering efficiency of the acousto-optical modulator (AOM) [85], [86] inserted just before MCC. After MCC LO
is split onto two parts, reflected field is sent to in-loop detector. Deviation of the voltage from the preset value on
the in-loop detector is transformed into feedback signal, which controls the attenuation of RF signal driving AOM.
Faraday isolator? just before overlapping LO with signal mode can be introduced with the purpose to mitigate the
effect of parasitic interference. It prevents back reflected light to counter propagate in LO mode with subsequent
possibility to be scattered forward and induce a modulation of LO power.

3.10.2 Homodyne measurement

This part of the experimental setup includes matching of prepared LOs with signal/idler modes and character-
ization of resulting quantum states. Our endeavor was to minimize the amount of optics on the path of entangled
beams to exclude unnecessary sources of optical losses. Only indispensable optics was used, such as dichroic mirror
to spatially separate signal twin mode from idler. Therefore, we added lenses only in LO optical path to perform
mode matching. Having astigmatism due to the bow-tie configuration and not having it into MCC output, we
managed to achieve visibilities 71064 = 99.2% and 71gs52 = 99.0%.

Signal (idler) mode overlaps with respective LO onto symmetric beam-splitter (BS), and outputs are directed
onto corresponding homodyne detector (HD). HDs were built in ’current-subtraction’ configuration. Utilizing low
noise transimpedance amplifier, carefully choosing other electronic components and employing post-amplification
of photocurrents, we obtain clearance up to 20 dB, and flatness of shot noise down to 1 KHz. We exploited InGaAs
PIN FND-500 photodiodes for HD to measure signal (1064nm) and idler (852nm) entangled modes respectively
with 12V applied bias voltage. We roughly estimated quantum efficiencies of photodiodes from the ratio between
output voltage and incident optical power and found 7pp 1064 =~ Nph.ss2 = 90%. Common mode rejection ratio
(CMRR) for each HD was measured by inducing amplitude modulation and comparing balanced output with
amplitude noise. This yields 40dB CMRR for both photodetectors in spectral range € 2 100KHz with tendency
to drop to 25-30 dB for frequencies approaching 10 KHz. Both shot-noise flatness and CMRR were limited by
non-ideally symmetric splitting ratio of BS and inhomogeneity of quantum photodiodes. This effect was partially
compensated by adjusting the positions of beams on photodiodes. Sensitivity of transmission/reflection of BS to
polarization was also utilized to optimize splitting ratio. However, we also have to keep polarization matching
between LO and entangled modes. Polarization optics was added in LO paths, but not in signal modes. Therefore
we weren’t able to significantly deviate from fixed polarization of LO. Finally, scattering loss issue is another factor
which reduces CMRR. To deal with this problem, clean environment of the experiment was established. The next
step will be to properly isolate detection stage by external enclosure.

3.10.3 Phase lock

In order to verify entanglement by EPR-steering or by Duan criteria, both amplitude {Z;,2;} and phase
{ps, Di} quadratures have to be measured. If homodyne detection in each mode is used to characterize entangled
state, the phases of of local oscillators {®r0 s, Pro,} should be set fixed relative to the pump phase 0p/2:
Qr0s = ®Proi = 0p/2 (Pros = ®ro,; = 0p/2 + 7/2) when amplitude(phase) quadratures are measured (see
Fig.3.20). However, we recall that according to eq.(3.17), eq.(3.22) measuring the difference (provided symmetric
losses) of any quadratures that are anti-symmetric relative to the pump phase 6p/2 (denoted as ¢s(¥+) — Gi(¢—),
Yy = 0p/2 £ 0 from section 3.2) should yield the quantum noise reduction. Noise cancellation also occurs in
quantum observable ¢s(vy + 7/2) + ¢;(¢v— + w/2). Therefore, one can change the basis of quadratures from
{aﬁs(i),ﬁs(i)} to {@S(i) (V+), Gsgay (V+ + 77/2)}. Consequently, the phases for local oscillators have to be symmetric

“not shown in Fig.3.19

20



relative to the pump phase:

0 0
<2P - ‘I>Lo,5> = - <2P - (I)LO,Z'> ; (3.47)

if the difference of amplitude quadratures (in new basis) is explored. Similarly, in order to measure the sum
of phase quadratures, one needs to comply with (0p/2 — ®ros) + 7/2 = —(0p2 — o) + /2. There is no
requirement to keep @10 ;) fixed relative to 0p /2 any longer.
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(a) Detection of amplitude quadratures (b) Detection of phase quadratures

Figure 3.20: The idea of the phase lock on the phasor diagram. Ideally the phases of Local oscillators 0,0 s, 01.0.;
should be locked relative to the phase of pump field 6p/2: as demonstrated on the figure, setting 0.0 s = 0r0,i=
Op/2 (0p/2+7/2) allows for measuring of 'genuine’ amplitude(phase) quadratures. In reality, we can only provide
the assymmetry of LOs phases with respect to 8p/2 or 0p/2 + 7/2, while each of phases 0105, 010, (if treated
separately) is still running free relative to pump phase . However, it was sufficient to verify entanglement (see
text for details)

In order to implement phase locking for characterization of the entanglement source, we exploit the coherent
locking strategy [87] developed for control of squeezed states of light and adapt it to the case of non-degenerate
entanglement characterization. The underlying principle of coherent locking can be understood by studying
eq.(3.15) of intracavity fields evolution. In the main experiment, apart from pump A‘Iig’", OPO is driven through
the input port by strong coherent field A% which in general case is detuned from resonance signal frequency
ws by non-zero A,. In the following we will refer to the A" = |A9"|e?cLF as Coherent Sideband Field (CSF)
on frequency wegr with the optical phase 8opr. Inside the OPO the parametric interaction of two drive fields
leads to parametric amplification of CSF (see eq.(3.44)) and creation of Generated Sideband Field (GSF) whose
frequency should obey wgsr = wp — wosr and have the offset A; = —Aj relative to idler resonance frequency.
Again applying input-output relationships, we obtain the following expressions for the CSF and GSF transmitted
through the output port of the OPO:

g = _2OLIB) VAT (3.480)
T (YA (v +HiA) — [GP

2 Az / ~iN A~ 0Ut g\/2’yin
Aqut _ (7 +1 ) Y P (Agr)*Ag, (348b)

’ (v +iAs)(y +iA;) — |G]? yvp

where we define the output fields as Ag@t) = |Ag%\e"90um(i>. From eq.(3.48a) we can see that the phase Oy s of
CSF on the OPO output is determined by 6crr, while the phase 04, ; of GSF exiting the cavity is set by both
pump and CSF phases gsr = 0p — 0o . Exiting the cavity, CSF and GSF propagate together with signal and
idler entangled modes and reach the relative HDs. Observing beat notes between signal (idler) local oscillator

and CSF (GSF) and demodulating the electronic signals with frequency Qgem. = |As|, we obtain the interference
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fringes that are driven by the 0cgr — @10 s for the signal arm and O0gsr — ®ro,; for the idler arm, respectively.
If we implement the phase lock in both arms and set

Oout,s — Pro,s = 0csk — Pros = Puock,s = 0, (3.49a)
Oouti — Pro,i = (0p — bcsr) — Pro,i = Piock,i = 0, (3.49b)

then the condition eq.(3.47) is automatically fulfilled that makes it possible to detect §y(;) (¢+) and observe the
noise suppression by subtracting one from another. From the other side, the choice ®jock. s = Piock,i = m/2 enables
to record gy(;) (¢+ + 7/2) the measuring. Verification of noise reduction in §s (¢4 + 7/2) +§; (¢— + m/2) completes
the certification of entanglement.

The approach presented above contains an inherent drawback since it doesn’t provide the access to {508@) , ﬁs(i)}
in the pump reference frame. While not preventing to verify Duan/EPR-steering criteria, it appears to become a
problem, when setting the link between the entanglement and the atomic spin ensemble. In order to achieve the
proper control over measured signal/idler quadratures, the phase Ocgr of the CSF should be linked to the pump
phase fp. It was implemented for a single-mode squeezer [75] and for an entanglement source where the signal
and the idler were separated by single free spectral range [9]. However, this strategy can not be applied for the
case of strongly non-degenerate (different colour) OPO.

A

Figure 3.21: The effect of double seeding on the phasor diagram that breaks the symmetry between phases of
A%t and A% relative to the pump phase and thus causes sub-optimal quadrature detection. Specific case p = 0,
ISR=0.25, ¢ 1 = /6 clearly reveals that 0 gar # —0 yar if Ocppo is 7 (as an illustrative example).

To obtain main results reported in this chapter, we didn’t inject external CLF into the OPO. Instead, we
exploited the locking beam on signal wavelength, which was already applied to using PDH technique (see section
3.8), but, as we show below, also served another purpose in our experiment. Entering cavity through the mirror
Mpy and initially counter-propagating relative to pump, this seed experiences reflection due to non-ideal AR
coating of OPO optical elements (mainly from the crystal). Due to that spurious back-reflection, the small part
(~ 0.1%) of intracavity seed field travels inside the OPO along the direction of pump and undergoes parametric
interaction on the crystal. As a result, back-reflected seed is parametrically amplified and GSF is generated. We
notice that in eq.(3.48) As = A; = 0 now since the frequency of signal locking beam coincides with resonance
frequency of OPO. However, we preserve the notation CLF and GSF for convenience. Both CLF and GSF exit
OPO through output coupler Mps in signal and idler entangled modes and after spatial separation on dichroic
mirror reach the homodyne detectors. Here CLF/GSF meet respective LOs, whose phase was modulated by EOM
on a frequency €, above the spectral range of interest (typically €y, was chosen around 600 — 800 KHz).
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The electronic signal of each interference between CLF(GSF) and signal(idler) LO was amplified using low noise
30dB amplifiers and then was sent to SR-830 Lock-in Amplifier where demodulation on the frequency €2, was
implemented. The demodulated electronic signal now could be used as an error signal containing the information
about relative phase of CLF/GSF. The choice of demodulation phase between 0 and 7/2 allowed us to lock
either the phase @y, 5y = 0 or @yoep, 55y = /2 relative to the LO phase in order to detect amplitude or phase
quadrature, respectively. Finally, the error signal was sent to PID-controller, and the feedback signal controlled
the PZT-element attached to the mirror in LO optical path after MCC. The schematics of introduced phase lock
is shown on Fig.3.19. We also note, that in different configurations the modulation €, ; could be applied not to
LO, but to the locking beam itself.

Presented above strategy suffers from the following defect. Along with locking beam on signal wavelength
(1064nm), the idler seed beam (852nm) enters OPO and experiences back reflection, thus being involved in
parametric interaction between pump and reflected signal locking field. We consider the case when two coherent
locking fields are injected, namely, CLF1 A% = |Ad|¢?cLr1 a5 a field on signal wavelength and CLF2 A" =
|Adr|efcLr2 as a field on idler wavelength respectively. Solving egs.(3.15), we obtain the expression for output
fields:

out 2 pyin,-yout 9 dryx dr dr| i(0p—bcrF2) dr| ibcrr1
A= | _ (Ap)” §AP(A1‘ )"+ AT ~ e AT e + 145" e ’ (3-50a)
(-7
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Fach CLF on the OPO output consists of two parts: parametrically amplified field on initial wavelengths and
field arising due to difference frequency generation as a result of interaction between pump and opposite seed.
Because of that, the phase of both classical fields A% and A%“* depend on phases of initial CLF1 and CLF2 as
well as pump phase and the amplitudes of all 3 fields. It can be seen that now locking the phases according to
eq.(3.49) does not fulfil the condition eq.(3.47) in general case if the phase 6crp2 of CLF2 is not locked relative
to phase O¢ 1 of CLF1 or to the pump phase 0p.

The random drift of 6crrp2, in essence, represents phase noise. Assuming equal losses in signal and idler

modes, we select homodyne phases 6 Azt — Pr0,s(i) = Pirock,s(s) = 0 and analyze the noise of observable Af;‘ttz =

[(j;’”t(ﬂ Aout) — G (0 gour) | . Similarly to eq.(3.25), one obtains

ot dour. = (A (4s)%) + (A (6)°) = 2(A (ds(v4)di (1)) cos (Aborr) (3.51)

tot,2°* “tot,2

where Afcpp is root mean square of Abcpr = 0 g0ut + 0 gour. The value Afcpp is a function of € and amplitudes

|Adr| |Ad|. Importantly, AOcrpr grows with increase of idler-to-signal ratio (ISR) defined as |A%|/|A9"|. In
particular, ISR= 0.2 and ¢ = 0.6 give strong phase noise Afcrr =~ 0.157 (see sec.A.1). Fig.3.21 illustrates the
consequences caused by random walking of oo phase. Detailed investigation of double seeding of OPO and
regimes of different ISR is made in [88].

In order to mitigate the phase noise arising from fluctuations of 8¢ o, we therefore have to reduce the ISR.
Although it can not be precisely measured (since powers are incredibly small), the characterization of AR coating
of the crystal allows to make assumption, that the ratio of back reflected to initially counter propagating fields
are approximately equal for signal and idler wavelengths. Therefore, ISR is solely defined by the input powers of
CLF1 and CLF2 before OPO. In practise, minimization of ISR was hard to implement: one the one hand, we are
interested to reduce both CLF1 and CLF2 powers as much as we can because we do not want to contaminate the
entangled modes with excessive classical noise. On the other hand, the optical power of injected locking beams
should be big enough to yield decent (signal to noise ratio) quality of PDH error signal. We also need to take
into consideration that auxiliary fields enter the cavity through HR mirror in presented configuration of OPO
locking scheme. After searching the best configuration given technical parameters of the setup (electronics), we
have chosen the input powers 1mW for the of CLF1 and 30uW for the CLF2 respectively. Hence, ISR was equal

to v0.03 = 0.17.
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(a) Theoretical model: the random walking (scanning)
of CLF2 phase Ocppr2 leads to increasing of quantum
noise in quadratures Gs(6 aout) — G; (6 A;}ut) in comparison
to the optimal phase lock ¢s(¢4+) — ¢i(¢—). The effect recorded for zero spectral span and frequency 200KHz.

is shown for different idler-to-signal (ISR) seeds ratios, Tt corresponds to prediction of theoretical model if 7 =
when € = 0.6, n = 0.9 and the absence of phase noise is 0.85. € = 0.5 and ISR~ 0.2.

assumed.

(b) Experimental data: detection of gs(0.agur) =i (6 40ut).
Oscillations of cross-correlation are observed when
Ocrre is slowly scanned (~ 1 Hz). The noise was

Figure 3.22: Effect of double seed (CLF1 + CLF2) injection.

If interbeam correlations S Aout ) fout
ot,2“ tot,

drift, we observed the fluctuation of noise level in time domain, as shown on the Fig.3.22(b). The range of these
fluctuations agrees well with expected Afcpr inferred from operated pump power and ISR. The slow drift of
fcrr2 can be counteracted by fine adjustment of locked phase @41 ; while fixing ®joer s (0r vice versa).

, are measured on the time scale faster than characteristic velocity of 8¢ o

LO
> A Entanglement

Signal Idler

Figure 3.23: Quantum noise locking technique applied to entanglement. The error signal was obtained by com-
bining the photocurrents from each homodyne detector, which are then filtered. The feedback signal was sent to
the piezo in either of LO optical mode. See text for details. The following notations are used: SA - spectrum
analyzer, PID - proportional-integral-derivative controller, PZT - piezo-electric transducer.

Shift of both signal and idler locking beams to the next FSR (see section 3.8.2) will let us exclude them from
coherent phase locking scheme by proper filtering. It will enable us to inject another coherent locking beam (for
example, on signal wavelength) and implement an ’ideal configuration’ (referring to eq.(3.48), eq.(3.49)), where no
idler seeding occurs. We also recall that the purpose of OPO locking scheme introduced in section 3.8.2 is to get rid
of classical beams injection and contamination of spectral range subject to verify EPR-correlations. Therefore, we
also detune the new CLF in such a way that it stays within OPO resonance but moved beyond spectral frequencies
where entanglement will be demonstrated (as illustrated on Fig.3.14(b)). Given the OPO bandwidth ~ 15MHz,
we typically choose |Ag| ~5-6 MHz. In our experiment the required frequency shift might be implemented by
taking the laser field and transmitting through the double AOM setup (Fig.3.14(b) and Fig.3.19). The first AOM
scatters the light into +1-order while the second - into F1-order. By adjusting modulation frequencies for both
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AOMs (A1 =~ 120MHz, |Ag| = |As| ~5-6 MHz), the required frequency shift |A,| is achieved. As a conclusion,
locking the OPO with next-FSR frequency shifted fields performs two functions: it eliminates the classical noise
from signal-idler entanglement spectral frequency, but also gets access to improved phase locking by obviating the
effect of idler seeding.

3.10.4 Quantum noise locking

In this section we explore the quantum noise locking (QNL) technique [89] that can yield phase sensitive
error signal in the absence of external seed, in contrast to phase locking (section 3.10.3). The experimental
scheme is presented on Fig.3.23. The phase of either LO (idler on Fig.3.23) is modulated with frequency Qqni by
piezoelectric transducer. Then LOs are overlapped with entangled modes and sent onto HDs. After combining the
photocurrents (for example, subtracting one from another) we observe the correlations whose level is determined by
the relative phase of LOs. The electronic signal is transmitted through spectrum analyser (SA Nel) that performs
the function of band-pass filter (BPF) with subsequent envelope detector (ED). The lower frequency o, of
BPF is chosen to eliminate the modulation induced by PZT in LO arm: 4, > QqnL. After envelope detection
signal is low-pass filtered followed by demodulation on lock-in amplifier with demodulation frequency QqniL. As
a result, we obtain QNL error signal with zero crossings corresponding to maximum correlations/anticorrelations
[89], allowing us to lock them and measure the noise on the second spectrum analyser (SA Ne2). The original idea
was developed to stabilize the phase of single-mode squeezed vacuum. However, despite the fact that in described
experiment we have two phases related to each LO, the feedback signal applied to the chosen LO drives it’s phase
in such a way that compensates the phase drift in other arm and always maintains the (two-mode) squeezing at
lowest possible level.

3.11 Results of entanglement characterization

The first measurement described in this section was done with the purpose to estimate the strength of signal-
idler correlations and the performance of the phase locking. Photocurrents from both HDs were sent onto SR
780 low noise amplifier with preceded subtraction. The amplified differential photocurrent was then recorded by
Agilent E4405B Spectrum Analyzer, where it’s single-frequency Fourier component Q2 = 400 kHz was investigated.
Spectra are displayed on Figure 3.24. In the beginning, the phase of one LO was running free, whereas the phase
of the second LO was scanned by PZT element with frequency (~1-5Hz). Next, the phases of two LOs were locked
according to eq.(3.49) to explore the short-term stability of the scheme of the phase control. The fluctuations of
the idler locking beam phase 6¢cr 2 apparently didn’t disturb the correlations on the time scale ~0.1-1s, allowing
to reach ~ —8 dB quantum noise reduction relative to the shot noise. Increasing the measurement time, we
observed the reduction of correlation strength when LO phases were locked caused by drifting of the idler phase.
Finally, LO phases were locked to yield anti-squeezing.

At this step we compare the performance of phase lock with QNL technique introduced in sec.3.10.4. We chose
the frequency of phase modulation Qg7 = 30kHz, the Agilent E4405B spectrum analyzer with center frequency
800 kHz, RBW=300 kHz and VBW=100 kHz was used to implement BPF and ED stages (as SA Nel on the
Fig.3.23). We then tuned parameters of the lock-in amplifier and adjusted the depth of phase modulation. The
best shape of the error signal was reached at the following settings: LPF time constant = 100 ms, 6 dB/octave.
The correlations were then recorded with the Rohde&Schwarz FPC1500 spectrum analyser (SA Ne2) with settings,
which correspond to the previous measurement when the phase locking was engaged. Applying QNL technique,
we find the maximum ~ —6 dB of quantum noise suppression, which is not compatible to ~ —8 dB observed using
the technique detailed in section 3.10.3. We explain this modest performance of QNL technique in our case by
the fact that the assymmetry between the squeezing and the antisqueezing was not high enough [89] to provide
stability comparable with the phase locking. This circumstance prevails over possible benefit from the absence of
the classical drive beam in the OPO. Thus, we decided to refrain from QNL technique in our experiment and rely
on phase locking.

The maximum level of interbeam correlations at scanned phase of LO (trace (d) on Figure 3.24) is not limited
by the drift of the phase of the idler auxiliary beam. Using this regime, we made a conclusion regarding the
presence /absence of assymmetry in signal-idler total losses. We have adjusted relative signal-to-idler weight by
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Figure 3.24: Zero-span measurement at the frequency 400 KHz, parametric gain= 3.67 (Pp/Ppy, ~ 0.48),
RBW=30 kHz, VBW=300 Hz. Trace (a): total (signal + idler) shot noise of local oscillators, traces (b)-(d):
measurement of entangled twin-beams. Trace (b): the phase of one LO was scanned showing the transition from
correlations to anticorrelations. Trace (c¢): LOs phases were set to be 0 - two-mode squeezing was recorded. Trace
(d): phase of one LO was flipped by 180° while the phase of other LO was maintained at 0, giving anti-squeezing.

tuning the ratio between powers of LOs. The relative difference of Pro,,,, and Prog;, was found to be less than
1% to yield the strongest quantum noise suppression. Therefore we can consider the losses in two channels to be
approximately equal, taking into account the reduced impact of the assymmetry at relatively low ratio Pp/Pp,.

— fit — fit
threshold power 325.00 +/- 3.25 4 data threshold power 315.00 +/- 3.15
detection efficiency  0.84 +/- 0.02 16] + data detection efficiency  0.89 +/- 0.04
Phase Noise (Fixed) 0.05 +/- 0.01

Phase Noise (Fixed) 0.05 +/- 0.01
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(a) Squeezing fit. (b) Antisqueezing fit.

Figure 3.25: Fitting squeezing and antisqueezing as a function of pump power Pp.

We proceed with the characterization of the entanglement, investigating the strength of correlations as a
function of pump power Pp. The dependence S Aour Aous (Pp) is fitted using eq.(3.26) (in the limit A — 0) for
the case of two mode squeezing, the similar calibration is made for anti-squeezing. We extract several parameters
from this fit. First of all, it is the total efficiency of homodyne detection 7, that is then compared with expected
value composed from all possible source of losses, which we considered and estimated independently in sections
3.10.2 and 3.9.1 (summarized in table 3.2). In a similar fashion, we verify the level of threshold pump power Pp,
obtained in section 3.9.2. We also extract the level of the phase noise 0yt = 5 + 6;. The data were taken in the
same way as described above, but now we explore the frequency €2 = 200 kHz. Here we scan the phase of LO and
make a fit in order to extract the squeezing/antisqueezing levels for each value of Pp. Thus, we make sure to get
values of correlations not spoiled by the drift of the phase of the idler locking beam. The best consistency with
the expected n, Pptn values was reached when we fixed RMS quadrature fluctuation Oior = 0.05 (rad.) and then
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extracted the set {n, Pp, } from fits. Figure 3.25 reveals the reasonably good, although non-perfect, agreement
between fits of squeezing and antisqueezing. However, relying mostly on squeezing fit, we find Py,. =325 mW,
n = 0.84. The quality of fit of the squeezing looks quite bad, the possible reason might be the phase noise that
varies from one point to another. The maximum level of interbeam correlations here (= —6.5dB) was significantly
less than on Figure 3.24. We explain it by the enhanced impact of the phase noise at lower Fourier frequencies.

Tlesc  Thmm  7T)det Ui
99% 98% 90% | 87%

Table 3.2: Different sources of losses in entangled modes based on previous chapters.
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Figure 3.26: The spectra of noise in the linear combination of signal and idler modes. In particular, the difference
of amplitude quadratures (red trace) and the sum of phase quadratures (green trace) display the reduction of
noise compared to shot noise level (gray trace). The difference of phase quadratures and the sum of amplitude
quadratures (blue and orange traces, respectively) correspond to the antisqueezing. This figure was also used in
the following paper: T.B. Brasil et al, Nature Communications. 13, 4815 (2022).

At previous steps we have done the optimization of parameters of the phase locking and the stabilization
of OPO cavity length. Also, the optimal value for pump power o = 0.6 was found. Using these settings, we
perform broadband measurement. We exploit a new configuration of data recording: the photocurrents from
each HDs were first amplified by home-made amplifiers and then were directed to low-noise 16 bits analog-to-
digital converter (ADC) (Spectrum M2p5913-x4). Using ADC, we implemented FFT for both sum and difference
of photocurrents after digital transformation. It made possible to observe quantum noise suppression in both
amplitude {¢s(¢+),¢i(¢—)} and phase {¢s(¢+ + 7/2),¢i(¢— + 7/2)} quadratures, provided ®ipers = Prock,i = 0
and m/2, respectively. Hence, the characterization of the entanglement (eq.(3.10), eq.(3.13)) and EPR-steering
(eq.(3.11), eq.(3.12)) is performed. First, we focus on the frequency range 50 — 300 kHz and optimize spectra
of two-mode squeezing (Figure 3.26, right part). We explore quantum noise reduction in ¢s(¢+) — ¢;(¢—) and
Gs(p4 + 7/2) + Gi(p— + 7/2). As a result, we obtain Vy, = —7.1 dB (ry = 0.82) for effective amplitude
quadratures, and VP+ = —6.2 dB (T’P+ = 0.71) for effective phase quadratures. We assume that ry # Tp, was
observed due to the solely technical reasons. Namely, we performed long-term measurement with big averaging
(~ 1000) of FFT traces. Therefore, the drift of idler phase of locking beam influenced and limited correlations.
In particular case of data on Figure 3.26 this negative impact turned out to be more detrimental for measurement
Piock,s = Piock,; = /2. However, it seems to be completely coincidental. We therefore take into account non-
symmetric quantum noise reduction r # 7p, and obtain from eq.(3.13), eq.(3.12):
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Ap=e "X 4 PPy =044 < 2 (3.52a)

1
~ cosh (27 ) cosh (2rp,)

€EPR =017<1 (3.52b)

Strictly speaking, we didn’t directly observe inferred variances optimized for EPR-steering criterion to obtain
the result given in eq.(3.52b). Instead, we measured linear combinations of quadratures with equal weights and
used the feature eq.(1.29) of two-mode squeezed states. Even more impressive results Ap and egpr are reported
if correction for quantum efficiency of photodiodes is made ([90]).

As was stated earlier, the impact of the phase noise grows up with the descent of the Fourier frequency.
However, we have also managed to confirm the entanglement and EPR-steering at the frequency 50 kHz and down
to 10 kHz, but with moderate levels of two-mode squeezing Vi, = —6.0 dB, VP+ = —5.2 dB (Figure 3.26, the left
part). In lower spectral range correlations are severely diminished by classical noise of injected locking beams.
Replacement of the current locking scheme with the updated configuration (section 3.8.2) is ongoing work.
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Chapter 4

Atomic spin oscillator at acoustic frequency
range

4.1 Introduction

Room temperature spin gas of alkali atoms in an external magnetic field is a suitable choice for building
light-atom interface as a crucial element of quantum communications and (distributed) quantum computation
protocols [91]. Entanglement between two distant atomic spin ensembles [38, 92], light-matter teleportation [93]
and teleportation of a quantum state from one spin ensemble to another [94] constitute important steps towards
implementation of quantum repeater [95]. A number of experiments [96, 97| has been carried out with a purpose
to explore the features of atomic quantum memory. The second application for atomic ensembles lies in the area
of quantum-enhanced sensing and metrology, such as magnetometry [98, 99]. Another direction, being relevant
for this thesis, is the reduction of quantum noise that limits the sensitivity of optomechanical systems [34, 35],
experimentally demonstrated in [39, 40].

In order to exploit the atomic system in quantum regime, most of the experiments mentioned above were
performed in MHz and sub-MHz spectral range, where one can readily reach quantum spin noise level. The
latter consists of atomic shot noise (projection noise, PN), shot (imprecision) noise of probing optical field and
quantum back action (QQBA) noise arising due to the interaction of light with the atoms. Nevertheless, one can
foresee a broad range of applications for the spin ensemble operated in lower frequency band. For example, the
ability to detect magnetic fields in the acoustic spectral range is relevant for the analysis of biological signals
[100, 101, 102]. As for the main subject of this thesis, the atomic ensemble in the configuration of a quantum
oscillator should exhibit quantum noise limited performance at near-DC frequencies in order to be compatible
with free mass motion of test mass mirrors for subsequent improvement of the sensitivity of GWDs. Exploiting
the spin ensemble in a similar way, QBA evasion in the spectral domain 2 < 100 kHz can be pursued for free-space
levitated optomechanics, including optically trapped dielectric nano-particles [103, 104]. However, if an atomic
spin oscillator is shifted down to a lower spectral range, its dynamics tends to be contaminated by ubiquitous
technical noise, compromising quantum regime and precluding quantum-enhanced protocols outlined above.

In this chapter we report the atomic spin oscillator, whose quantum (back action) noise dominated motion
extends from MHz spectral range down to the upper part of acoustic band. We exploit the ensemble of Cs'33 atoms
contained in a glass cell. The system is optically pumped to approach a coherent spin state (CSS). Analogous to
optomechanics [105, 106], the spin ensemble induces the suppression of fluctuations of probe optical field below
shot noise limit [107]. Such ponderomotive squeezing is experimentally observed and calibrated in this chapter.
Although being used just as a metric for the amount of the quantum noise in the system throughout this thesis,
the ponderomotive squeezing is of interest on its own, representing an alternative way to produce non-classical
states of light [108]. In particular, we demonstrate that the ponderomotive squeezing is preserved down to the
lower part of audioband (2 6 kHz), thus confirming the strong contribution of the quantum noise to the spin
motion for respective spectral range. Targeting the potential application of the atomic ensemble for quantum
noise mitigation in GWDs, we investigate the feasibility to tune the spin oscillator even further towards DC-
frequencies. Specifically, we show the downshift of an effective resonance frequency of the spin oscillator by wvirtual
rigidity (virtual optical spring has been introduced in sec.2.3), which might be seen as the consequence of the
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ponderomotive squeezing.

Jun Jia and Ryan Yde with the help from Rodrigo Adriano Thomas, Michael Zugenmaier and Luiz Couto
performed initial preparations to operate the atomic ensemble in MHz and sub-MHz range. It included arranging
the optical pumping scheme, testing the cells, setting the drive magnetic field together with magnetic shielding
and optimization of atomic cell filling factor by the top-hat profile of the probe beam. The author of the thesis
contributed to the calibration by coherently induced Faraday rotation (CIFAR) and magneto optical resonance
spectroscopy (MORS). The work on the technical improvements that allowed for the transition from MHz to kHz
spectral rangewas led by Tulio Brito Brazil. Those aspects are not covered here. The author participated in the
final experimental run, collection of the experimental data, their processing and interpretation. In particular,
the questions of the impact of the tensor alignment spin noise and the amplitude noise of the probe laser on the
quantum noise limited motion of the spin oscillator in acoustic range will be discussed in this chapter.

4.2 Theory

4.2.1 Structure of atomic levels

We begin with the ground state 6S with orbital momentum [ = 0 and the first excited state 6P (I = 1) of
133Cs atom with single electron on external orbit (n=55). Since spin of electron is s = 1/2, we observe fine
splitting of 6 P-state into 6P /5 (I 1 s) and 6P/, (I 11 s), while denoting the ground state as 6.5 /5. The optical
transitions 65} /5 <> 6P /5 and 6.5 /5 <> 65 correspond to D1-line (the wavelength 894nm) and D2-line (852nm)
respectively. The next step is to include the hyperfine splitting of each level from 653, 6P /3, 6P3/5 due to
interaction of total electron momentum [ + s and nuclear spin I = 7/2. As a result, both 65/, and 6P/, levels
are split onto 2 sublevels each (F' = I+ (I —s) =7/2+1/2: F = 3,4), whereas 6P/, is splitted onto 4 sublebvels
F = 2,3,4,5, where F represents the total momentum of atom (electron spin + orbital momentum of electron
+ nuclear spin). Finally, applied external magnetic field B splits each hyperfine levels F' onto 2F + 1 (if F' is
integer or onto 2F if not) sublevels, whose energies are defined by the projection m of total momentum F' onto
the direction of magnetic field:

m=—-F —(F-1),...(F—-1), F. (4.1)

We are interested to study the energy levels of ground level 6.5 /5, whose values are given by the expression:

(97 —91)uBB

AFEprs AFEprs \/
FEppm=——"" B+ ——=4/1 2 == 4.2
where AEpps ~ 9.2 GHz is the hyperfine splitting of the state 65, /5. In the first-order approximation Zeeman

sublevels are equidistant and separated by Larmor frequency €,

grpB
h

If we decompose eq.(4.2) and take into account oc m? terms, we introduce the correction for Larmor frequency

determined by factor

Qr =

. (4.3)

QQZS = %

(AEgrs/h)

This effect is known as quadratic Zeeman splitting (QZS). With QZS included, the expression for energy of Zeeman
levels is given by:

(4.4)

Epm = BQpm + hQqzsm? (4.5)

Above we neglected the first term o< AFyps on the right side of eq.(4.2) since it does not depend on m and
represents constant shift. In the following description we consider atoms to populate 65} /5, F' = 4 hyperfine level.

4.2.2 Atomic ensemble in external magnetic field

We study the behaviour of single atom and introduce the operator of orbital momentum j, that can be
decomposed onto operators of projections of total momentum onto OX, OY and OZ axes:

~

=4+ (4.6)
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We can specify the commutations relations for those operators in a form:

~

[]k:a]l} = i€x1lp, [JQJIC} =0 (4.7)

We assume the quantization axis to be OX defining the direction the magnetic field B that causes Zeeman splitting.
We now introduce eigenvectors |F,m) of operators j2, j,:

72 |F,m) = X\(F) |F,m) (4.8a)
Je |Fym) = m|F,m), (4.8b)

where A(F) is the squared total momentum and m is defined in eq.(4.1). We specify that m? < A(j) from
definition of A(j). Next, we define operators J+, j— using projections of ensemble momentum jy,jz} onto axes

perpendicular to quantization axis:

A A A A A~ \T

JF = Jz + Ly, J+ = (]7) (4.9)
which obey the following commutation relations:

[51:7]:!:} = +j4. (4.10)

Using eq.(4.10), we can deduce the following expression:
Jo (G lm) ) = G (G 1) Lim) = (m 1) (G Ljm) ) - (4.11)

From eq.(4.11) we can conclude that operators {§'+,j’_} are actually ladder operators [109] since they move

down/up the atom to the next Zeeman sublevel:
j—l— |F7 (m - 1)> = BF,m,-l— |F> m) (412&)
j— |F,m) = Brm,— |F, (m—1)) (4.12D)

One can get the expressions for A(F) and fpy, + using eq.(4.7), eq.(4.10). Here we just provide with the result
omitting the derivation routine [109]:

AF)=F(F +1) (4.13a)
BF,m,-‘r = 5F,m7— = BF,m = \/(F + m)(F -—m+ 1) (413b)

We now make a transition from operators for single atom to operators of orbital momenta for the whole ensemble.
Using eq.(4.8b), eq.(4.9), eq.(4.12) and eq.(4.13b), we introduce

F
jx - Z ma—mmy Ja: == ij (414&)
m=—F N
1 F
Jy=75 > Brm Cmitim + Gmmi1) s Ty =y, (4.14b)
m=—F N
1 F
Jz = Z Z BF,m (&m-I—l,m - a'm,m—i-l) N 2.727 (4'14C)
m=— N
F
Jo="Y_ 1mlomm, Jo=>_Jo, (4.14d)
m=—F N

where 61; = |k) (I| is the projection operator (meaning Zeeman sublevel for hyperfine level F: 64 = |F, k) (F,1|)
and N is the number of atoms in the ensemble. System eq.(4.14) was completed by operator Jy which represents the
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total momentum, being analogous to ;2. Collective operators obey commutation relations, for example [jy, JAZ} =

iJy. The ladder operators for collective atomic motion

Jy=J,—idy, Jo=J. +iJ, (4.15)

are mapped to the bosonic annihilation/creation operators (eq.(4.9)) corresponding to single deexcitation/excitation
in the system [110]:

Jy =VN (i _.;-i-j—/N)j—a J_=VNj; (1 —5+j—/N)- (4.16)

Commutation relations [j+, j_} = 2.J, are fulfilled provided [111], [110]

. 1. .
Jo = Jp = I+ (4.17)

We now consider that atomic system is prepared in such a state that projection of spin along quantization axis
becomes macroscopic: J ~ Jy = |(Jz)|. One may determine the polarization of spin ensemble P:

1

) 1 o
P = ﬁ<Jx> = NF %:m;Fm<Umm> (4.18)

that represents the degree of ensemble orientation along the applied magnetic field directed along OX axis. In the
limit that all atoms occupy the highest (lowest) Zeeman sublevel m = F (or m = —F'), all momenta are aligned
along (opposite to) magnetic field, resulting in P = 1 (P = —1). Strongly polarized state of atomic ensemble
allows for the approximation (j,j_)/(.J,) < 1. Using that, we simplify eq.(4.16) and deduce:

Ji ~ ji s (4.19)
The interaction of atomic system with applied magnetic is described by Hamiltonian Hp o BJ = Q) ij, where

Qy, is given by eq.(4.3). Using eq.(4.17), we obtain the following expression Hp:

. JoJ_ 0
Hg = by, (Jx _ ot ) = —hQgs| | + 75 (2% + p) (4.20)

Iz
where normalized projections of total momentum g and pg

R 1 - R —sign(Jz) »
:71]2’ :7(]
IR T

are defined. The mutual orientation of macroscopic angular momentum .J, and magnetic field B is encoded in the
sign of effective Larmor frequency $2g:

(4.21)

Qg = sign(—Jz)QrL. (4.22)

The first term o Qs|jx| on the right hand side of eq(4.20) represent the offset of energy of spin system. The
second term describes the precession of normalized projections of total spin ensemble perpendicular to the external
magnetic field. One can see that g and pg are actually canonical position and momentum in a phase space

;%5:5_+5+ ﬁszj__5+
V2 V2i
and follow the commutation rule [Zg,ps] = ¢. The behavior of collective spin as harmonic oscillator is valid in
assumption of Holstein-Primakov approximation.

(4.23)

We can identify two different regimes of dynamics of the spin ensemble depending on the sign of projection
of total momentum onto quantization axis. If J, < 0 then Larmor frequency 2g is positive, and we observe the
the ’traditional’ motion of spin oscillator in phase space (rotation counterclockwise). Physically, negative sign of
J, corresponds to anti-alignment of macroscopic spin relative to magnetic field. Hence, all atoms populate the
Zeeman sublevel m = —F with lowest energy. In contrast,it is possible to induce the inverse population of atomic

62



ensemble, pushing atoms to highest Zeeman sublevel m = F', implying J, > 0. In that case the single excitation
of system will lower its total energy since atoms can only move to the states m < F, which is also highlighted by
negative sign of atomic frequency (2g. At the same time, we obtain the oscillator with an effective negative mass,
whose harmonic evolution in phase space is opposite to oscillator with positive Larmor frequency.

4.2.3 Interaction of atoms with light

This section has the following structure. First, we summarize the most essential steps of procedure outlined in
[112] to derive the generalized Hamiltonian describing interaction between ensemble of atoms and probe light field.
Next, we elaborate on the main features of Faraday interplay that is comprehensively covered in [113, 111, 114, 115]
(arranged in chronological order) and forms the basement for experimental characterization provided in this
chapter. Finally, we discuss the effects caused non-linear (tensor) interaction between light and ensemble beyond
Faraday model, mainly inspired by analysis performed in [113].

Generalized Hamiltonian of light-atom interaction

The Hamiltonian of interaction between dipole moment of single atom and electric field is written as ﬁmt, =

dHDES) + @9 EM) where superscript (+) denotes positive/negative frequency components. We consider that
the probe field is detuned from the D2-line and adiabatically eliminate the hyperfine manifold F’ corresponding
to excited states. The Hamiltonian is then transformed:

Hiyy =E &ET, a= §
FI

G4dopdoy (4.24)
AF’
where & is polarizability tensor, 6p =Y |F,m)(F,m|, 64 =Y por 6 = >, |F',m/) (F',m/|, 6e = 0
and Apr is the detuning from D2 transition. Initially prepared at 65,5, ' = 4, atoms move to excited state
6P/, and then come back to the ground state with total momentum either F' = 4 or F' = 3. Here we consider
the case of unchanged total spin, meaning the transition /' = 4 <+ F' = 4. Hence, the interaction is now driven by
H FF = 6Fﬁmt,6p. The respective polarizability operator app = 6padp can be presented in a form:

. d3 Y -
aFF = *ZO (CLO + 1a1] X +02Q) ) (425)

where A is the detuning from the resonance and d,, is the dipole matrix element corresponding to the change
of electronic angular momentum during the transition from ground to excited state. Eq.(4.25) represents the
decomposition of polarizability operator onto scalar, vector and (second rank) tensor components. The vector
part

) 0 j. Jy
Jx = jf p —Ja (4.26)
_jy .79[: 0

yields the contribution ﬁFF(l) = —(dg/A)iE_ . [j X E+] = (d3/A)ij - [E‘ X E+] The tensor rank part Q with
components given by

A SN N 25
Q= — Ukt + J1Jk) + 5kl§]2 (4.27)

and scalar term form Hamiltonians H Fr(2) and H Fr(0) respectively. The coefficients ap(A), a1(A) and az(A) as

functions of detuning are calculated in [112] for the specific case of D2-transition for 33C's prepared at ground
state F' = 4. Importantly, in the limit of large A the coefficient ay behaves as o< 1/A — 0, while ag; — Co
approaching constant levels.

We exploit the encoding of probe light by Stokes vector S which are compatible with collective variables of the
atomic spin system and hence constitute a convenient tool to describe light-matter interplay [48]. The components
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N ~

{Sx, gy, SZ} represent the difference in the photon number flux operators of polarizations in different (canonical,

diagonal or circular polarized) bases whereas So gives the total amount of photons in the system:

S, = % (g — ) = % <a;ax - a;ay) (4.28a)
S, = % (hp — fig) = % (aka, +ala, (4.28D)
S, = % (g —1y) = % (Alay - a;az) (4.28¢)
So = % (g + i) = % (Rip + 1 y) = % (g + i) = % (a;az + a;ay) . (4.284)

The creation/annihilation operators a, , (and consequently, the operators of number of photons 7;) are position-
dependant and defined as

dk |
by (1) = / (D)6 (4.290)

where we assume that the probe light travels along axis OZ. Notably, in the case of linearly polarized probe field,
for example, along OX-axis! we have a, — i, o is the amplitude of the field?, || > 1. Then, Stokes operators
are transformed according to:

SemSo=10- Sy="0(al —av), $.=-2(al +ay) (4.30)

where we highlight that the operator S, can be treated as the classical variable. One might see that ¢ and
Pr,s introduced as

= —F, P = —Z

L,S \/Si.r L,S \/E

are nothing but canonical position and momentum of electromagnetic field in vertical (along OY axis) polarization.

(4.31)

The commutation relation [33 1.5 DL S} = 4 is fulfilled and the probe field acts as harmonic oscillator in normalized

Stokes variables. Using decomposition eq.(4.24) and introduced Stokes operators eq.(4.28), we obtain explicit
expressions for interaction Hamiltonian:

A & 2 5 4 A 5 [~ A & [~ » AoA & 4 244
Hppo) = apSy, Hrpa) = —015.7., Hrrpe) = —ay (Sa; [ﬁ - Jﬂ + S, []x]y +Jij] + 25452 — 35012>
(4.32)
In order to make a transition from interaction with single atom to coherent interaction, we introduce continuous
spin variables:

N

in(z) =) 0(z=2j, k=772 (4.33)
=1

where superscript [ denotes the sum across the ensemble with 52 being the spin of individual atom. The probe
optical field propagates along Z-axis, the atomic ensemble with a density p is confined in a volume with cross-
section area A and length L. Then the Hamiltonian of interaction between the whole ensemble and light is directly
obtained from eq.(4.32):

L
2 & & 4 5 [~ A & [~ » Aoa & 4 244
Heoh = ges / [aoso — 15,7, +ay (S’x [Jﬁ - JS} + 8, [ijy + Jij} — 25,57 + 35’0]2)] Ap(z)dz, (4.34)
0

!coinciding with quantization axis and with direction of external magnetic field
Zphase for a, is selected without loss of generality
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mp=-3 Mp=-2 Yaudkau:

mg=-4

Figure 4.1: Atomic ensemble is driven by the probe light that is detuned by A from the transition 6.5 5 <> 6P3/5.
The external magnetic field B splits both ground F' = 4 and excited F’ = 4 hyperfine levels. The either utmost
Zeeman sublevel (Jm = —4) or |m = 4)) and the next Zeeman sublevel within the ground hyperfine manifold F' = 4
constitute a two-level system that acts like harmonic oscillator. Depending on mutual orientation of B and highly
polarized collective macroscopic spin (J = J, ), we observe either clockwise or counter clockwise Larmor precession
of quantum orbital momentum in Y-Z plane, corresponding to either positive or negative mass oscillator. Inclusion
of the third Zeeman sublevel |mp = 2) or |mp = —2) gives rise to dynamics of alignment operators.

where the single photon to single atom coupling rate g.s = —hcyspA?/ (16AAT) with spontaneous emission rate
vsp describing decay from excited states. The collective spin projections in eq.(4.34) are functions of z as defined
in eq.(4.33). Note that decoherence effects are not addressed so far.

The first scalar part of the Hamiltonian given by eq.(4.34) (f] FF(0) O Sb) corresponds to DC Stark shift
equally moving all atomic energy levels proportional to the power of probe field. This term is not of interest for

us. Next contribution comes from vector part H FF(1) X gzjz being particular case of 5’3 that defines the mutual
rotation of Stokes vector and atomic spin. The contribution of this type of interaction is extensively studied in the
next subsection. The remain component H FF(2) leads to dynamical Stark shift and quite complex dynamics. The
role of this term in this work is predominantly negative and must be mitigated. We achieve this by tuning the
adjusting the optical detuning A. Careful examination and calibration of impact of this contribution is provided
in the last section of this chapter.

Two-level system approximation. Faraday interaction

We again assume the spin ensemble prepared in high polarized state implying that most of the atoms are
in the utmost Zeeman level (|m = —4) or |m =4)). In such case, the approximation of level structure with
lowest (highest) sublevel and adjacent Zeeman sublevel |m = —3) (or |m = 3)) for ground hyperfine manifold
(Fig.4.1) is justified [114]. We then map the atomic ensemble to an arbitrary system with total angular mo-
mentum F = 1/2, meaning effective spin-1/2 system. We denote |1(2)) = |F =1/2,m =—-1/2(1/2)) and
13(4)) = |F" =1/2,m = —1/2(1/2)). Driving light is detuned by factor A from the resonance F' = 1/2 +» F' =1/2.
Excluding dipole forbidden transitions |1) <+ |3) and |2) <+ |4), we can write the light-atoms interaction Hamilto-
nian o

Hy. = dE = hgo (6930; — 61405+ h.c.) (4.35)

where ar(ar) are bosonic annihilation operators for right (left)-circular polarized light, go is light-matter coupling
strength. Assuming rotating wave approximation, neglecting populations of excited states and applying pertur-
bation theory, one may obtain the effective master equation driven by Hamiltonian transformed from eq.(4.35) to
(details are given in [116] (eq.1-3) and [114], sec.5.5):

ot - f ) ; hgg A

Hiaeff =g (&22%% — 011GR0p = AT: (/27 (4.36)
e

where ¢ is light-matter coupling rate and -, is excited state decay rate. The Hamiltonian eq.(4.36) causes the AC
Stark shift, moving the energy of levels |1), |2).
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Now we express ground state atomic operators dx; via operators of total momentum 31@ k=0,z,y,z in a
frame of spin-half-toy model®, while using definitions eq.(4.28) of Stokes parameters. As a result, we write the
effective Hamiltonian eq.(4.35) in a form [114]:

ﬁl—a eff = g (g()jo - gzjz) (437)

The term 5.7, on the right side of eq.(4.37) exhibits Faraday interaction just as Hp F(1) from eq.(4.32). The decay
from excited atomic states due to spontaneous emission is described by

; [ Ve . > /e . > [27%e . > [27e .
Lis= 360137 Ly, = 360247 Lys = 760237 L= 76014‘ (4.38)

In order to include the decay terms into the master equations, one has to implement the transformation similar
to eq.(4.36) (for example, Ly, rr = 611451/ 27e/3/ (A — ive/2), see [116], eq.4 for details). In a result, eq.(4.37)
gives the set of stochastic equations describing dynamics of Stokes components and operators of spin projections:

S, .

dt = _gSy z (4.39&)
s -
— = 95 (4.39b)
ds.,

e 0 (4.39c¢)
dJ, . - 3

W = gSsz - 'YSOSOJ;B - NFocht.ac (439d)
dJ, . . .

i —9S5:Je — 5050y — NpuFsiy (4.39)
dJ. . .. A

dt = _IVSOSZJO - ’VSOSOJZ — NpgFg -, (439f)

Note the transition from single atom spin projection jggyz to collective variables defined now as jm’yyz(t) =
I; Apjey.-(2,t)dz that are compatible with collective variables from eq.(4.14). Eq.(4.39a)-(4.39b) yield rotation
of probe polarization in XY-plane during propagation through the atomic ensemble. Such precession is caused
by quantum fluctuation of spin component J. inducing circular birefringence. Given macroscopic value S, the
projection of atomic momentum J. will be imprinted onto the output Stokes component Sy’ as follows from
eq.(4.39b). Therefore the information about spin motion can be read out. At the same time, eq.(4.39¢) dictates
that the component S, remains unaffected. In turn, eq.(4.39d)-(4.39¢e) show that the dynamics of spin ensemble is
disturbed by the probe light that might be seen as rotation around effective magnetic field created by S,. The light-
matter interplay doesn’t influence the Stokes variable J. that reflects the feature of quantum non-demolition type of

interaction. All 3 spin projections experience decay? characterized by the rate vso = hga (ve/2) / <A2 + (7e/ 2)2).

Apart from that, we include the contribution from stochastic Langevin force Fy 1, with the strength defined by
factor Npg, k = 7,7, z (see [116] and [112] for details).

If we exploit the definition eq.(4.21) of quadratures &g, pg of atomic ensemble together with definition eq.(4.31)
of canonical variables of optical mode Z g, p; ¢ and add harmonic motion of spin oscillator in external magnetic
field (given by eq.(4.20)) to light-matter 7interp1ay eq.(4.36), we will arrive to input-output relations in a form of
eq.(2.10), namely:

qL,S,out(CS) = (jL,S,in(CS) + 2FS’XS’ COs <<S)i.L,S,in + V 2PS’YSXS CO8 (CS)ftm (440)

3From the system eq.(4.14) applied for an arbitrary ensemble with F' = 1/2 we obtain 11 = Jo — 7, 622 = Jo + J», 012 = Ju — ij‘y,
G21 = .717 + Z]y
4In contrast to decoherence processes for probe optical field that are neglected here.
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where Gp oo (Cs) = Pr,.8in(out) €O (Cs)+2 1, g ou Sin (Cs). We introduced the readout® (measurement) rate I's =
a19%|Jz||Sz| for coherent interaction of atomic ensemble and probe optical field. Note the we added factor aj(A) to
the definition of I'g since an abstract F' = 1/2 system is replaced by the specific case of 133C's atomic level structure.
The total decay rate vg = g, + Vs, 18 split into two parts. The term vg,, = Y5050 = 'ySO|a|2 represents the
power broadening contribution from the probe field originating from spontaneous emission eq.(4.38). The other
sources of decoherence are lumped into intrinsic atomic linewidth vg;,, and will be will be briefly discussed later.
The susceptibility function xg of the atomic oscillator is defined as in eq.(2.8). The Langevin 'thermal’ force fth
sets the interaction with Markovian bath, being obtained by combining Fy j, from eq.(4.39).

4.2.4 Effect of (high-order) tensor terms

The Hamiltonian H FF(2) from eq.(4.32) yields the following set of stochastic equations, describing the contri-
bution of tensor terms to the evolution of spin operators

(?93; =~ gesaz (S0 = 80) [duds + Jidy| + Sy [fnd + 32l ) (4.41a)
s g (S0 50 [ + 3232 + 8 [ +3]) (har
85t = — gesan (28 [Judy + Gudi] — 28, [32 - 72]) (4.410)

and Stokes operators of probe light

a8,

= gesiz (- [Jady + uie] ) (4.420)
aaiz = Jes®2 (5 [33 *iﬂ) ) (4.42D)
835; = Ges2 (Sﬂﬂ {itjy +5y3x} - 5Vy [ﬁ - 3'3:|) (4.42¢)

respectively. One can clearly see that the system eq.(4.39) is now perturbed by alignment operators {jk,jl} =

Jedi + gk and j,% — 512, where k,l = 7,y,z. The presence of alignment operators is conditioned by deviation
from simplified spin-1/2 model; as reflected on the Fig.4.1, the third Zeeman sublevel [m = —2) (or |m = 2)) is
accounted. We notice that in the approximation of highly polarized spin ensemble the following approximations
for alignment operators are valid [115]:

A~

ji—ji~ F(F-1/2) (4.43a)
Jody + Jyde = £(2F —1)j, (4.43b)

Tensor Stark shift

One of the consequences of tensor interaction is dynamical shift of the spin resonance frequency. We exploit
approximation eq.(4.43) for alignment operators and select the following terms from eq.(4.41b)-(4.41c):

8jy O A A

a5 gesa2(2F — 1) (5'0 + S:p) Jz (4.44a)
9j. -

ot = - gcsa2(2F - 1)2Sz]y (444b)

®factor of 2 in front of the readout rate in eq.(4.40) is the matter of selected convention
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The construction of the system eq.(4.44) resembles rotation of spin projections in YZ-plane around X-axis, thus

giving the amendment 5(25;2) to oscillation frequency €2g defined by the strength of applied magnetic field. Using
the following features of alignment operators

(m|j3 |m) = m?, (4.45a)
() 2y ) = EEED = (4.45b)
(M| Jody + Jyde Im) =0, (4.45¢)
one may calculate the shift 5(29 = 5E1(;22n /h, where
OB = ER) —EY) =290, [2m +1]. (4.46)

and El(fzn = (F,m| fIFF(Q) |F,m) = —g,,a5S, [F(F + 1) — 2m?]. The overall resonance frequency 0Ep,, = Epp,—
E,._, corresponding to transition between two adjacent Zeeman sublevels now depends on projection of total
spih m. The formula eq.(4.46) is given for particular case of linear polarization of probe light that coincides with
quantization axis OX (making the approximation Sx ~ S, ~ S justified). In contrast, one can select the arbitrary
angle 8 between direction of magnetic field and probe polarization. We then change the basis of Stokes operators
from {Sz,gy,gz} to {S’“,SL,gz}, where {S’H’SL} = R(2p3) [S”m,gy}, and R(20) is the rotation matrix. The

component S’H ~ Sy = |a|?/2 becomes classical, whereas S | and S_ are quantum operator with zero mean. Change
of the basis converts eq.(4.46) to:

1+3 2
SEL) = g..a55 <+C2°S(B)> 2m +1]. (4.47)
Specifically, the selection § = —(1/2)arccos (1/3) ~ 55° cancels the tensor Stark shift. Alternatively, we can

adjust the polarization angle to counteract quadratic Zeeman splitting expressed in eq.(4.5).

Coupling of intensity noise

As follows from eq.(4.45a)-(4.45b), the alignment operator j2 —55 has the strong spectral component at 2 = 0,
induced by transition to excited hyperfine level and subsequent decay back without changing the projection of total
momentum m. This operator couples to S’y and shapes the response of spin projection ﬁ'z, see eq.(4.41c). Since
the Stokes component S’y contains the quantum back action noise centered at 2 = Qg (from Faraday interaction
model), the spin operator jg — 53 also contributes to the noise budget in the spectral range Q2 = Q0g. Importantly,
7. spin quadrature is contaminated by intensity fluctuations (if any) of probe optical field contained in §|| Stokes
quadrature representing total photon flux. The amount of added noise is defined by polarization angle 3; the ratio
between projected intensity noise of probe and back-action noise (’desired’ noise source) from Faraday model is
4(2F —1)* (ay/a,)? (1 +sin? (28)Z) [113], where Z is the added (on top of shot noise) amplitude noise of probe
laser in shot noise units. Notably, the impact of probe power fluctuation is maximized at 8 = w/4 and minimized
at 8 = 0,7/2, when only shot noise of laser is projected.

P-P interaction

The other alignment spin operator ixjy +§'ij has non-zero matrix element (m/| }miy —i—jy}'m |m) if |m' —m| =1
leading to spectral response at 2 = Qg that competes to Faraday interplay. Combining eq.(4.43b) and H FF(1)s
we study the following interaction Hamiltonian

~ AA AA a
B = arges (8. + 5514, ), Es = —14;j cos (28). (4.48)
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Written in canonical variables®, this Hamiltonian takes the form H l( a)e r=VIs (i” Lsts + &P gP S) and results

in the stochastic equations of motion (decoherence effects are added) given by [115]

% = Qsps + (V5 + 265T's) &5 + 5 fste — EsVTPr 5,m: (4.49a)
% = —Qgsts + (vs +2E5T's) Pps + ﬁfst,P _ \/1“755%75’% (4.49)
&Z’S = VDsésps, (4.49¢)
OZ?S = —VTsis. (4.49d)

In general, the light-matter interaction is no longer QND, since atomic motion is now directly recorded on both
optical phase quadrature p; ¢ ,,, and amplitude quadrature Z; ¢ ,,- Similarly, the probe light perturbs the spin
ensemble dynamics, getting ééupled to both canonical position :ES and momentum pg. Secondly, the linewidth of
atomic oscillator is modified, resulting in g ten = Vs +2EsI's. This effect will be referred to as tensor broadening.

In order to cancel the effect of tensor broadening and deviation from QND-type interaction, one has to nullify
Es and set polarization angle § = 7 /4. Clearly, such a choice will boost the projection of amplitude noise of
probe field onto atomic motion and establish non-zero tensor Stark shift of resonance frequency. Nevertheless, in
described experiment the configuration £¢ = 0 is mostly preferred, since we want to simplify input-output relations
for characterization of atomic ensemble. Therefore, we will fix 8 = 7/4 throughout the rest of this chapter and

deviate only for calibration of input probe polarization (will be clearly specified and described later).

H(pp)

One can present Hamiltonian oy from eq.(4.48) in the form

—a eff (\/>/2> [ (1+&s) Hpg + (1 - Es) HTMSq] (4.50)

where H BS = dL, S?)g + d} S[;S expresses swapping between photon and atomic excitation (beam-splitter type
interaction) while I;TTMSq =a L,SIA)S + dTL SI;T; induces the entanglement between light and spin ensemble (two

mode squeezing type interaction)”. Being determined by factor £g, the relative weights of H pg and ﬁT MSq are
equal if &g = 0, yielding QND Hamiltonian o< 2, ¢Zg.

4.3 Experimental realization and preliminary characterization

4.3.1 Atomic ensemble in a cell

The spin ensemble consisting of ~ 10'° cesium-133 atoms is placed in the square d. x d. x L. channel of
encapsulated glass vapour cell. The detailed description of cell construction and some aspects of their fabrication
can be found in [114, 115]. The dimensions of the channel have been selected such that the transverse cross section
is 2mm x 2mm whereas the length is L. = 80 mm. The choice of cell geometry is motivated by the application of
quantum noise reduction in GWDs. First, large (in comparison to [39, 40]) transverse dimensions mitigate the
negative impact of collisions between atoms and the walls of the cell. The reduction of this collision rate, as well
as anti-relaxation coating for the cell walls, decreases the respective contribution (designated as g yqis) to the
total (intrinsic) spin damping rate vg;,. In turn, big cell length L. facilitates achieving large optical depth and
hence, large spin quantum cooperativity (atomic readout rate). Moreover, we explore the possibility to convert
the probe optical field into top-hat configuration (will be mentioned in sec.4.3.4). Maintaining a good quality of
top-hat beam within such a long cell becomes more feasible for increased size of cross-section area (in particular,
de. = 2mm turns out to be sufficient for L. = 8cm). In general, the increase of cell size is accompanied by the
number of drawbacks, such as stronger coupling to the classical noise and slower motional averaging.

5Tn contrast to eq.(4.31), we need to re-define quadratures for optical field: Tp s = SA'Z/,/SH, Pr,s = SJ_/\ /S|
" Annihilation/creation operators for Stokes quadrature are annihilation/creation operators in for the optical mode denote by
polarization perpendicular to linear polarization of probe field (ay, ¢ = G, ), see eq.(4.30) and account for rotation of Stokes operator

basis [SH:SL] = R(2p8) [S’z, .SA'y} The annihilation/creation operators for atomic ensemble are ladder operators (bs = j_, BTS =74)
introduced in eq.(4.9)
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Polarized spin ensemble precesses around external bias magnetic field, created by the system of coils. The
spatial inhomogeneity of bias field leads to an increase of atomic linewidth (the respective contribution is denoted as
vs,ink)- To prevent the perturbation of spin dynamics caused by stray magnetic fields coming from environment,
the cell and coils are placed in multi-layer magnetic shielding. Clean current sources are necessary to avoid
undesired technical spin noise due to unstable bias field.

The preliminary characterization of the cell filled with atoms includes the measurement of cell transmission,
T2-coherence time and calibration of vapour density. The procedures are outlined in [117, 115]. The results of
characterization of the cell used for measurements reported in this chapter will be summarized in Jun Jia upcoming
thesis.

The probe optical field used for calibration of the spin oscillator in this chapter was generated by DL Pro laser
(Littman Metcalf configuration). However, it is the local oscillator (LO, coming from M-Squared Ti:Sapphire
laser) for homodyne detection of idler mode of entanglement (in chapter 3) that should be ultimately used as
the probe beam for the atomic ensemble. The amplitude noise of TiSapph laser, being significantly higher in
comparison to the DL Pro diode laser, will allegedly counteract quantum noise limited dynamics of the spin
oscillator. Therefore, the intensity stabilization loop will be needed on the next steps of the experiment.

To conclude this section, we list the contributions to the total spin decay rate vs. Apart from spin-wall
collisions (o< s walis) and broadening due to inhomogeneous magnetic field (o< vg inp), one needs to account for
spin-exchange collisions (x ¥geze). Their impact is reduced by increasing the polarization of the spin ensemble.
Similarly to probe light induced broadening (vgps), there is a broadening arising from pumping optical fields.

4.3.2 Initialization and characterization of spin state
Atomic thermal noise

Finite polarization P of spin ensemble given by eq(4.18) increases the noise of spin quadratures arising from
the coupling with environment. We assume that occupations of Zeeman sublevels follow () ~ e"5™, where
rs = 1/Ts is the parameter related to the spin temperature Ts. The spectrum of stochastic thermal force Fst.y(z)
introduced in eq.(4.39) is given by the expression [114]:

S N & F
<F;Lt.yFst.y> = 27 Z exp (rgm) [F(F+1) —m?|, Zg= Z exp (rsm) . (4.51)

m=—F m=—F

In a framework of Holstein-Primakov approximation one calculates the environmental noise o, perceived by
canonical spin variables zg, pg by introducing thermal occupation ng

orn = (Fhfm) = (ns +1/2) (4.52)

where fth is the normalized stochastic thermal force from eq.(4.40). Thus ng is determined by the degree of spin
orientation. In particular, P = 1 corresponds to ng = 0 and bottom limit of thermal noise S f = 1/2 which
can be treated as shot noise of atoms (projection noise). In the more relevant for us regime P =~ 0.9 we obtain
ng =~ 0.5 and roughly twice more thermal noise compared to perfectly polarized ensemble.

Optical pumping

In order to approach coherent spin state with minimal possible thermal noise, we exploit the scheme of optical
pumping with two optical fields involved. The idea is presented on Fig.4.2. The first field, named as optical pump,
is circularly polarized and adjusted to the transition |F' = 4) <> |F’ = 4) of D1-line (6S;/, +>6P;/5). Depending
on the choice between o4 and o_-polarization, the field pushes atoms to the excited hyperfine level, increasing
(decreasing) projection of total spin by |Am| = 1. Coming back to the ground level due to spontaneous decay,
atoms eventually move towards utmost Zeeman sublevel |F' =4, mp =4) (or |F =4, mp = —4)) that is a dark
state. We also note, that pump induces power broadening due to the coherence between |F =4, mp =4) (or
|F=4,mp =—4)) and |[FF =4,mp = 3) (or |F =4, mp = —3)) since the last is affected by pump and hence, not
dark.
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Figure 4.2: The scheme of energy levels of atomic spin ensemble. Pump and repump lasers are needed to prepare
the spin state with optimized spin polarization (see text for details). Probe optical field reading out the spin
motion is also shown on the figure.

Being transferred to F/ = 4 by pump, atoms can decay to F' = 4 but also to F' = 3 hyperfine level which
is undesirable event in the sense of optical pumping scheme performance. The role of the second optical field,
referred to as repump, is to eject atoms from hyperfine level F' = 3, thus forcing them to move to F' = 4. Affected
by circularly polarized repump, spins tend to increase their quantum number m on the level F' = 4. Therefore,
the repump itself may act similar to pump, enhancing its effectiveness. Different choices of frequencies for repump
are possible. We typically select the transition F' =3 — F’ = 4, as illustrated on Fig.4.2.

Pump and repump are produced by DFB (distributed feedback) laser and DL Pro laser (Littman Metcalf
configuration) respectively, generating radiation at 894 nm and 852 nm. Two fields are overlapped at some point
and then propagate together. We use the scattering on AOM into the 1st order to control the optical power.
Pump and repump finally enter the cell orthogonal to probe and parallel to magnetic field. Special care has to be
taken in order to properly illuminate the cell, covering the whole longitudinal section.

Characterization: MORS

The foundation to calibrate the spin polarization is the method presented in [118]. One refers to this technique
as Magneto-Optical Resonance Spectroscopy (MORS). The method gives the opportunity to recover the distri-
bution of populations on Zeeman sublevels. Dependence of frequency of Zeeman transition Er,,4+1 <+ Ep,, on
number m due to quadratic Zeeman splitting (see eq.(4.5)) is a crucial factor in MORS. In order to implement the
calibration, the static magnetic field causing splitting of hyperfine level and yielding Larmor precession is com-
bined with an orthogonal and weak alternating magnetic field. Its frequency is swept across the range of Zeeman
manifold, sequentally exciting the transitions between neighboring sublevels. Following eq.(4.39b), the resulting
atomic motion is recorded onto probe light that is measured by means of polarization homodyne detection.

If hyperfine multiplet F' = 4 is investigated, the spectrum of extracted MORS signal in general contains 8
peaks®. The peaks are spaced according to eq.(4.3), the linewidth of each peak is defined by coherence time of
sublevels, and the amplitudes depend on population difference between corresponding adjacent sublevels. The
last circumstance is the key to recovering the distribution of spin populations.

While performing the fit of the signal, we make several assumptions. Mainly, the population distribution
should obey thermal distribution as outlined earlier. If the spin temperature T is extracted from MORS fit, one
can directly calculate spin polarization using P = (1/ZgF) 27};:7 pmexp (rem). In addition, we assign equal
Zeeman coherence to all transitions and hence, equal linewidth for all peaks. Details can be found in [115].

To characterize the cells in this thesis, two different fashions of MORS calibration were carried out. If all
optical fields (pump/repump/probe) as well as RF modulation of magnetic field are permanently on, we name
this configuration as ’continuous’ MORS. In this case the probe optical field causes additional broadening of
atomic lines because of the light absorption. Together with the pump broadening, it prevents observation of

8(2F 4+ 1) — 1, where 2F + 1 is the number of Zeeman sublevels
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Figure 4.3: Pulsed MORS. From left to right we reduce the pump power from 40uW to 18uW and then to 3uW
and observe the reduction of spin polarization from P = 0.98 (left panel) to P = 0.95 (middle) and finally to
P =0.92 (right).

resolved MORS signal. One way to circumvent this obstacle is to increase the line separation by tuning the
polarization angle § of input probe and exploiting tensor Stark shift given by eq.(4.47).

Alternatively, the issue of broadening is addressed in pulsed scheme. There are several possible variations of
calibration by MORS in pulsed regime [117], [40], [118]. We exploit the following cycle: first, pump and repump
are sent in pulse and prepare the state close to coherent spin state (|F' = 4, mp = 4)). The pumping fields are then
switched off and immediately after that, the RF magnetic field at Larmor frequency is produced. The duration of
pulse controlling alternating magnetic field is of the order of tp,; = 20us such that Qgzs < 1/tp, s is fulfilled.
As a result, all transitions between adjacent Zeeman sublevels are excited. So far the probe field is on with the
power P, ~ 1 mW. This value is selected because we want to reproduce the experimental conditions in the next
section. In particular, we need to take into consideration the effect of depolarizing the ensemble due to the probe
field. Finally, the RF magnetic field is shut off and at the same time the power of probe beam is reduced down
to the level ~ 10uW. This is the stage where the spin state is measured. The power of probe is controlled by the
efficiency of scattering onto the 1st order on AOM, in the same way as for pump/repump.

The scheme presented above, although minimizing the impact of power broadening, leads to the following
possible issue. The perturbation of spin dynamics by back-action due to the probe light (expressed in a term
djy /dt Szjz) is considered as insignificant in contrast to impact by RF magnetic field. It is not entirely clear
whether the model given in [117] and [115] is perfectly valid under the circumstance of strong probe power P, ~ 1
mW during initialization stage.

Examples of pulsed MORS signal with imposed fit are demonstrated on Fig.4.3. We pump atoms towards Zee-
man state with the highest energy |mp = 4) and achieve relatively strong orientation of the ensemble. Therefore,
we don’t witness all 8 peaks, but only 2 (3 on the most right subplot) and identify them as |mp) <> |mp — 1)
where mp = 4,3 (also mp = 2) respectively, if counting from right to left®. The height of |mp = 4) < |mp = 3)
is the biggest, signifying inverted spin population as expected. We then make another simplification of the model
and reduce the number of transitions down to 3, considering the levels |F' = 4, m), m < 1 completely unpopulated.
Optimization of optical pumping yields the largest spin polarization P = 0.98 extracted from the fitting. As shown
on the Fig.4.3, the polarization reduces with the decline of pump power. The linewidth of peaks vyrors gives the
T coherence time, limited by spin-spin, spin-wall collisions and inhomogeneity of static magnetic field. Presented
on the Fig.4.3 data exhibit yarors =~ 20 Hz for the cell with cross section 5mmx5mm (given for illustrative pur-
poses). For the cell tested in this chapter (2mmx2mm) we obtain yyrors =~ 90 Hz (not shown here) for the peak
linewidth in pulsed experiment. Looking at the Fig.4.3, one may note the presence of a bump on the right with
respect to resolved Zeeman transitions. This spectral component looks significantly lower and broader than the
other lines of MORS signal. Therefore the bump isn’t considered directly in the estimation of spin temperature.
Instead, we account for it in the model as a background shaped by Gaussian function. We also attempt to analyze
its origin in the following section, although without reaching clear understanding.

The estimated polarization drops down to P = 0.89 — 0.91 in the continuous regime. We will see in the next
section that results of the fit with spin noise model better match polarization obtained in continuous MORS in
comparison to the pulsed configuration, where the polarization seems to be overestimated.

9the spacing between adjacent Zeeman sublevels grows up as m increases according to eq.(4.5)
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Figure 4.4: CIFAR signal: theoretical curves

4.3.3 Calibration of readout rate

We extract the spin measurement rate I'g, investigating the atomic response to strong modulation of probe
light polarization. The outlined technique is referred to as Coherently induced Faraday rotation (CIFAR) [44].
The advantage of presented below scheme is that calibration signal doesn’t depend on detection efficiency. At
the same time, full susceptibility function (resonanse frequency €5 and the linewidth 7g) can be reconstructed
exploiting this method.

Instead of vacuum noise in the input, the spin ensemble is now driven by light state & L.Sin — G sin (¢s),
ﬁL, Sin G cos (¢5)'?. The modulation phase ¢ is directly related to the carrier phase, as introduced in the
section2.3. The input-output relations eq.(2.10) are then written in matrix form

W) it il PO [ vl o

We consider the absence of tensor effects here and the arbitrary homodyne detection angle (g. Also, thermal force

fr is negligibly small compared to back action noise and imprecision noise caused by strongly modulated input
light quadrature. Measuring the spectrum of ¢y g ., (Cg), we obtain

S =S5
CIFAR a1 5.0ut

(©) = |sin (¢s5 + Cs) +7sTs cos (Cs) cos (¢s)[*|G|? (4.54)
The induced interference between amplitude and phase quadratures of light generates a characteristic dispersive
signal, demonstrated on Fig.4.4. In particular, selecting the phase detected output quadrature ((¢ = 0) and equal

modulation of input amplitude and phase quadratures (¢g = m/4) formula eq.(4.54), one may estimate I's just

1Oimplying their spectral components on some specific frequency 2
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measuring the distance between maximum and minimum of the curve (shown on Fig.4.4(a)), in approximation of
small spin linewidth 7¢ < I's. Modulation phase ¢g different from 7/4 as well as homodyne angle (g # 0 alter the
extrema spacing, see figure4.4(b)-(c). Inclusion of tensor effects (€ # 0) changes'! the expression for calibration
signal[44]:

2
Serpar = | (1 2s€xs [ — 0] ) sin (és + s) + 1sTs [(1 = €) cos (6 + Cs) + (1 + ) cos (65 — Cs)]|| 1GI
(4.55)
Impact of tensor interaction is demonstrated on Fig.4.4(d). When observing pure amplitude quadrature x L.S.out’
Lorentzian shape is arising on top of the flat constant background. The amplitude of Lorenzian is determined by
amplitude and sign of £s. In generic case (s # —¢g # /2 the tensor interaction adjusts the shape of dispersive
curve as well as the distance between minimum and maximum that is now ~ I'g (1 + Sg) in the limit of low atomic

losses.
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Figure 4.5: Sketch of experimental setup to calibrate readout rate. The laser field after passing polarizing beam
splitter PBS; is separated onto strong local oscillator LO (Pro ~ 1mW) and weak drive (P ~ 20uW) fields.
LO and drive are then recombined on the second polarizing beam splitter PBSs. One output of PBS, is sent to
photodetector PD, . to generate error signal for phase lock while the other output mode is transmitted through
atomic cell and detected on homodyne detector HD.
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Experimental setup is shown on Fig.4.5. The linearly polarized optical field denoted as ’drive’ is phase-
modulated with modulation strength G at frequency €2,,,04. using piezo-electric transducer PZT; and subsequently
overlapped with orthogonal polarized Local Oscillator LO on polarizing beam-splitter PBSy. As a result, one
of the output modes of PBS; contains the state q,,., (¢) ~ (£L,5vac SN Og + D, 5.0ac €08 @5) |G 8In (Qioq.t) with
arbitrary modulated polarization quadrature (see [44] for details). The phase angle ¢g is set by phase lock loop
between LO and drive fields. For that purpose, the second output of polarization-sensitive interferometer is used
to generate the interference fringes as error signal. The feedback signal is then applied to the piezo element PZT,
in one of the interferometer arms. The optical mode in desired polarization state gmeq (¢s) probes the atomic
oscillator and the output filed is detected on the ’self-homodyning’ detection setup with subsequent spectral
analysis. To obtain the signal as on Fig.4.4, one needs to scan the modulation frequency €2,,,4. around preset
Larmor frequency. We have chosen Qg ~ 40 kHz since our phase modulator (the piezo element) itself demonstrates
reasonably clean and flat spectral response to the applied voltage in this frequency range. Another important
technical detail is the selection of the operating point for phase modulation depth defined by G. Excessively
strong drive voltage might cause distortion of observed spectral signal since the optical field cannot be described
by harmonic oscillator model any longer and the simplified model eq.(4.36) of light-matter interaction isn’t valid
[44]. Hence, the fit will be compromised, yielding unreliable values for extracted parameters. From the other side,
the modulation should be strong enough to provide decent amplitude of spectral signal for fit. After careful search
we have chosen the amplitude of drive voltage =~ 250mV. Out of the same considerations we selected low ratio
between optical powers of drive and local oscillator Py, /Pro =~ 20uW /1mW= 0.02.

Fig.4.4(b,c) reveal the enhanced sensitivity of horizontal scaling of Sqpag to ¢s and (s. Consequently, the
trustworthiness of fit strongly depends on the correct knowledge of detection and modulation phases. In order

1only amendment due to "P-P’ interaction is accounted
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to calibrate ¢g and (g, the following procedure was exploited. Initially we make sure the input polarization of
light is set to QND configuration, remove QWP from the detection stage, scan modulation phase and search for
flat response of Spag- Thus, the angle ¢g0 = 7/2 is found as dictated by eq.(4.54). Secondly, ¢g is scanned
again (shown on Fig.4.6, top panel) until Sqpap becomes perfectly symmetric Lorenz peak. In described case
it happens at ¢s1 = ¢g0 — 84°. At this stage we note that expected ¢g; should be shifted precisely by /2
from ¢go since HWP alone in the detection setup should match to the pure phase quadrature p; s ((s =0). We
then conclude that HWP used in the experiment is non-ideal and adds some circularity to the polarization giving
detection phase (g = —6°'2.
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Figure 4.6: CIFAR: experimental data. Temperature is set T' = 38°, probe power Prp ~ lmW.

Having both detection and modulation angles calibrated, we select several points for ¢g and perform a fit of
each dataset with the model of amplitude and phase CIFAR response. As seen from the Fig.4.6, bottom panel, the
different ¢g,; yield different values for extracted readout rate I's and damping rate vg. The uncertainty ~ 15% on
both parameters is mainly attributed to imperfect calibration of ¢g, which is limited by the software of a FPGA
board in the phase lock loop. Nevertheless, obtained values for I'g and g will serve as a reasonable reference for
further examination of atomic ensemble (performed in sec.4.4.2). Directly from the CIFAR we evaluate the ratio
I's/vs 2 10, a prerequisite for high cooperativity.

Finally, we apply CIFAR to explore the dependence of spin parameters on probe power Pro and pump intensity
Ppump- The quality of fit is impaired with increase of Pro, but we are able to identify that the damping rate g
is dominated by intrinsic linewidth, giving the room for improvement of cooperativity. From the other side, the
growth of P, irrevocably reduces the ratio I's /vg (Fig.4.7). Thus, we choose the value Ppymp ~ 40puW for the
experiment, big enough to provide strong spin polarization and yielding relatively high I's/~g ratio at the same
time.

125uch statement comes from the simple feature of eq.(4.54) producing symmetric Larmor peak whenever (s + ¢s,1 = 0.
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Figure 4.7: The extracted readout rate I'g and atomic linewidth g when the pump power is varied.

4.3.4 Broadband noise

Motional effects (or external spin degrees of freedom) have to be taken into account while studying the dynamics
of the atomic ensemble interacting with an optical field. For that purpose, a theoretical approach presented in
[119] utilizes the Bloch-Heizenberg-Langevin formalism and incorporates boundary conditions as atoms interact
with the cell walls. The solution is obtained by introducing the basis of atomic diffusion modes [120] that might
be understood as writing ladder operator eq.(4.9) in a form j+ = >, j:F kU (r). Each atomic mode j j is assigned
to its own damping rate ”Yds,k 3 and coupling strength defined by its overlapping I;, with the optical mode of the
probe field. The characteristic shape of the experimentally observed spin spectrum is illustrated on Fig.4.8 that
reflects the presence of multiple atomic modes. One may identify narrowband structure (Fig.4.8, right inset)
centered around € ~ 1.017 MHz and linewidth < 0.5 kHz. It corresponds to the contribution to g from spin-spin
and spin-wall collisions arising from uniform (homogeneous) mode k£ = 0. At the same time, non-zero overlapping
I}, with higher modes (k > 0) forms a structure, that resembles a broad pedestal (Fig.4.8, left inset). While the
broad peak has the same central frequency as narrow peak on the top, the linewidth of composite response from
Y ket j#,k is of the order of transient time of an atom crossing the cell'* in directions orthogonal to propagating
probe field. The utilization of an anti-relaxation coating for the cell leads to strong reduction of the damping rate
Yds,0 in comparison to ygs, k > 0 making long-lived mode clearly distinguishable [119].

Alternatively, one can regard the cumulative response of atomic diffusion modes k # 0 as a single mode
described by canonical variables {Zg,psp} complementary to {Zg,pg}. The mode {Zg,Pspy} originates
from time-dependent coupling g.,(t) between single atoms and optical field due to non-homogeneous intensity
distribution of the probe [121], [115]. The dynamics of mode {Zg,Pspp} is driven by the Hamiltonian with
the same structure as for {#g,pg}, meaning Larmor precession disturbed by Faraday rotation. Consequently, we
introduce the readout rate I' S.bb? damping rate Y. bb and susceptibility function

. 2
Xsop = 25/ <QQ —w? - 1Ys,ppwW + (’Ys,bb/Q) > - (4.56)

We hence consider that the mode {Zg y, pspy} gives rise to Lorenz peak, but more correct way to treat it would be
to define Gaussian peak instead since the superposition of big amount of Lorenz modes should be approximated
by Gaussian distribution. We will refer to the respective contribution to the spin noise spectrum as broadband
noise.

The influence of the size of the probe Gaussian beam on the features the of broadband response is carefully
examined in [115]. The linewidth of broad peak declines with the growth of beam diameter w,g. Such observation
looks consistent with the argument presented in [119]: the overlapping I with high-order atomic modes scales
down faster for larger k (those have bigger decay rate). The strength of the broadband noise coupling I'g is
also reduced for increased wpg. This is an expected result as well since intensity distribution within cell becomes
more homogeneous in such case. Enlarging the size of the probe beam and aiming to mitigate the undesired
broad pedestal in the spin spectrum, one needs to consider the problem of optical losses: the edges of the optical
mode are truncated by the cell channel at certain moment and the transmission is degraded. This obstacle might

13q> in subscript means ’diffusion’
" Considering the filling of the cell with the probe beam approaches unity
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be tackled by substituting Gaussian beam with top-hat profile. To produce top-hat beam, the initial Gaussian
beam was converted exploiting aspherical beam shaping lens. After such transformation the mode is transmitted
through the system of spherical lenses in order to match the geometry of the cell [122]. The efforts in producing
the most suitable top-hat beam culminated in a converging configuration with the size w1 =~ 1.9 mm on the
input of the cell and w1 ~ 1.6 mm on the output yielding a filling factor F'F'

1 [k,

FF = ng /;0 wpth(Z)dZ ~ 0.7 (457)

In order to characterize the amount of broadband noise in the spin system, we extend the input-output

relations eq.(4.40). Interaction of the probe field with the atomic mode {Z g, Pspp} together with perturbation
by stochastic thermal force will be recorded according to

Pr.spw = 250X s0Zr,5,in T 1/ 2L 500V s00X.S,00 S th,bb- (4.58)

Therefore, the measured optical phase quadrature in described here experiment will be p Lout = PL.sob T PL.S outs
where pr g, = ‘jL,S,out|§5=0 is taken from eq.(4.40). Notably, the Langevin force fth,bb in general might be

different from the stochastic force f;, acting on long-lived atomic mode. The PSD of p; ,,, normalized by shot
noise (SN) is given by

Stout = (Bl putProut) = L+ A2/ (s — w)? + (45/2)%) + A/ (s — w)? + (Y5,/2)?). (4.59)

The terms on right side are flat spectrum of SN, contributions from {Zg,ps} and {Zsps, Pspp}. We don’t care
about separating back action term from thermal noise for both atomic modes at the moment. Therefore, we
introduce constants A , and Abb15 for 4,pg and T gy Do pp TeSPECtively representing the strength of combined
back action noise and thermal noise. The approximation xg =~ 0.5/(£2g —w—ivg) for the narrowband susceptibility
function is assumed in eq.(4.59) provided Qg ~ w > g and same for x spp- Lhe fit of spectrum on Fig.4.8 using
eq.(4.59) yields vgp ~ 75 kHz. Indeed, this value is in a reasonable agreement with transient time 74, ~ 2rpq/Vg,
where Vg ~ 100 m/s is the thermal velocity at temperature 7' = 30 — 40°. The height of broadband noise Ay
is 0.3 in SN units which is the substantial improvement compared with probing the ensemble using Gaussian
beam [115]. The ratio between heights of narrow and broadband peaks (h, and hy,) can serve as the most
straightforward metric of suppression of high order atomic modes (k > 0). The response of {Zg, ps} is distributed
between several peaks in the spin noise spectrum presented on Fig.4.8 owing to spin polarization P < 1 and the
strength of magnetic field big enough to resolve Zeeman multiplets. Hence, we reconstruct the Lorenz peak with
the linewidth vg =~ 300 Hz extracted from CIFAR and integrated area as for split configuration calculated by
fitting!'® experimental data. Doing so, we obtain the effective height hpers of peak produced by the mode k = 0
and find the ratio Ay, crr/hyy ~ 800.

4.4 Quantum noise limited spin oscillator

4.4.1 Noise budget in a framework of Faraday interaction model

We can calculate the spectrum of the atomic noise using eq.(4.40) with added broadband noise as

SS(Q)\QL(gS) =1+4150Ba COSQ(Cs) + 2nScorr sin(2¢s) + 4nSth cos?(Cs) + nSw cosg(gg). (4.60)

where the total noise is normalized to the shot noise of the probe light. The right-hand side of eq.(4.60) consists of
the following terms: the unity represents the imprecision noise, Sgpa = I‘?g | XS(Q)|2 is back-action noise, Scorr =
T'sRe [xs(Q)] are cross correlations between SN and QBAN, Sy, ~ 2v5Ts [xs(Q)|* 0, is thermal noise with o7y,
given by eq.(4.52), Sy, represents the broadband noise. Since we use the spectral range [ — Qg| ~ 75 < Y3
to calibrate the spin oscillator, the broadband noise is seen as an offset added to the shot noise rather than the

15A2) =T% + Tgvs(2ng + 1) and similarly for Ay,
81n order to fit the narrowband part of the spectrum, the model eq.(4.59) has to be modified: A2,/((Qs —w)? + (ys/2)?) is replaced
by a superposition of Lorenz functions. This circumstance will be of crucial importance in the section 4.4.2.
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Figure 4.8: Main plot: the (composite) spin noise spectrum measured at the strength of external magnetic field
corresponding to Qg =~ 1.017 MHz. The left subplot shows the broadband noise formed by high-order diffusion
modes 3", _, j+ according to [119]. The right subplot demonstrates the narrow line of long-lived atomic mode
with decay rate defined by spin-spin and spin-wall damping mechanisms. This line is split because of quadratic
Zeeman effect and non-perfect spin polarization. See text for details.

component shaped by the Lorenz function x g, (see eq.(4.58)). The detection efficiency 7 is introduced to account
for optical losses on the cell and in the optical path towards the homodyne detection.

Each noise source was initially estimated independently. Specifically, the readout rates and the susceptibility
function were reconstructed by CIFAR, giving the information about QBAN and cross-correlation terms. The
thermal occupation ng o St was obtained from MORS, the broadband noise was calibrated in the section 4.3.4.
The detection efficiency n = 0.92 is obtained by measuring the transmission of the cell and characterizing each
optical element after the ensemble, including the quantum efficiency of photodiodes.

In the following section, we will fit the spectra of spin noise at different detection angles (s and evaluate the
amount of QBAN in the atomic oscillator compared to all other noise sources. The fit with the spin model can
be used to independently validate the models for CIFAR and MORS. However, we mainly rely on spin noise fit.

We will see that the model given by eq.(4.60) appears as incomplete because of two reasons. First, the probe
laser is not shot noise limited, and the extra intensity fluctuations are perceived by the atomic ensemble. Secondly,
the light-matter interaction is restricted by the Faraday model meaning the QND regime. However, as we have
seen in section 4.2.4, the tensor interaction plays a significant role and can’t be ignored.

Provided relatively low level of the thermal noise (meaning small ng), properly adjusted detection angle (g
yields the drop of noise level below the shot noise, manifesting ponderomotive squeezing. In the limit x ¢ ~ Re{[xg]}
the maximal value of the squeezing induced by spin ensemble is achieved for the optimal detection phase (g opt
and in a narrow spectral range around €, expressed by

Cy
SS(QOPt)|qAL,out(CS,opt) ~ 1 - an + 1’ (461)
where Cy is the atomic quantum cooperativity defined as the ratio between QBAN and thermal noise:
S r
C, = 2284 _ S (4.62)

Sty s (1+2ng)
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Figure 4.9: The spectra of the optical field after probing the atomic spin oscillator with |Qg|/(27) = 0.96 MHz.
Top panel: the phase quadrature ((s = 0) is detected. We distinguish the positive (a) and negative (b) mass
configurations, comparing the frequency of the strongest transition wg; to the other transitions from the F' = 4
multiplet (only wgi, can be identified). In addition, we observe the spectral component at frequency wge that
is always bigger than wg; and wgi,, regardless of the sign of the mass of the oscillator at F' = 4. This line
presumably appears because of inhomogeneous magnetic field across the cell. We include it as a third oscillator
into the model. Bottom panel: Adjustment of the homodyne detection phase ¢ = (,,¢ allows for the observation
of the ponderomotive squeezing.

4.4.2 Calibration of quantum back action noise
Atomic oscillator in MHz spectral range. Multi-oscillator model

We initially select the frequency detuning A = 1.6 GHz!7 of the optical field from the transition 65; 12, =
4 <> 6P /25 F" = 5 and the optical power of the probe field Pprove = 1 mW. We then start with the measurement
of spin noise, setting magnetic field to the level, which corresponds to the resonance frequency €y, = 0.96 MHz
according to eq.(4.3). By controlling the polarization of the optical pumping fields, we can initialize the atomic
state with the macroscopic spin oriented along or opposite to the external magnetic field. Thus, we switch between
the regimes of the ensemble with positive and negative mass [39]. The respective spin noise spectra are shown on
Fig.4.9a-4.9b in which the phase quadrature is detected. Analogous to Fig.4.3, one can resolve at least two lines
from F' = 4 hyperfine manifold due to the quadratic Zeeman splitting and finite spin polarization. With regard
to the model given by eq.(4.60), we obtain two two-level systems, hence, two oscillators. When the macroscopic
spin is counter-oriented to the static magnetic field (Fig.4.9a), the first oscillator is formed by |F = 4, mp = —4)
and |F =4, mp = —3) levels, the second corresponds to |F'=4,mp = —3) <> |F =4, mp = —2) transition. In
the case of spin polarization along magnetic field (Fig.4.9b) we identify |F =4, mp =4) <> |F' =4, mp = 3) and
|FF=4,mp =3) <+ |F =4, mp = 2) transitions with the two observed peaks, respectively. In the positive-mass

7the adjustment of A later will be of critical importance
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(negative-mass) regime the ’desired’ |F =4, mp = —4)<>|F =4, mp = =3) (|[F =4, mp =4)< |[F =4, mp = 3))
oscillator prevails, confirming that the atomic ensemble was prepared in the correct state with polarization P
approaching unity. At the time of data processing, the low broad spectral component to the right of F' = 4
multiplet (it is named ’bump’ in the section 4.3.2) in both spectra was recognized as unresolved F' = 3 manifold,
rising due to the limited performance of the repump. Considering relatively high degree of orientation on F = 3,
we decided to account for it by adding the third oscillator into the model. Having done tests afterwards, we
realized that the spectral spacing between alleged F = 3 and F = 4 structures doesn’t follow eq.(4.2) while
changing the strength of the applied magnetic field. Moreover, reducing the repump power, we managed to find
the real (resolved) F' = 3 manifold. Our current understanding (not reinforced by profound investigations) is
that the component at wgo still belongs to F' = 4 level, which is however split due to the inhomogeneity of the
magnetic field through the cell. Therefore, the atoms perceive different field and experience different energy shift
at specific parts of the cell (for example, the center versus edges). In such case scenario, complementing the model
by another single oscillator'® also seems justified.

Based on the discussion above, the model eq.(4.60) should be extended to the case of three oscillators. To
implement that, we replace the contribution of QBAN Sgpa by the term

n=3

SQBA,Z = ’ Z 6iws’iFS7iX5’7i(QS,i, "}/S,i, Q) ‘2. (463)

Such a modification reflects that each oscillator is assigned a specific readout rate I's;, a damping rate g; and
a resonance frequency {2g;. Secondly, introducing phases 1)g;, we emphasize that quantum back action noise can
interfere between different oscillators. The last circumstance isn’t valid for thermal noise that is now calculated
as Sty 3~ = 2?23 Sthi where Sty ; is defined as in eq.(4.60). It means that the interaction of each oscillator with
the environment is determined by the individual thermal occupations ng ;.

The utilization of the multi-oscillator model apparently questions the trustworthiness of extracted parameters
assigned to an individual oscillator. Instead, we rely on total quantum back action noise and thermal noise
calculated as integrated areas of spectrum based on the performed fit. In particular, we estimate their ratio
and find cooperativity C, = 2.7 for the positive-mass system that agrees well with the measured ponderomotive
squeezing Sg = —4.6 dB, shown on Fig.4.9c. Upon inverting the spin population, we witness the drop of the
squeezing down to Sg = —3.7 dB, see Fig.4.9d. Since we flip the orientation of B in this particular experiment
instead of switching the polarization of pumping fields, the small reduction of the ponderomotive squeezing may
be related to sub-optimal current ratio between coils controlling magnetic field. Therefore, an extra broadening is
added to the spin decay rate. However, regardless the sign of the effective mass, the motion of the spin ensemble
is predominantly driven by quantum noise in MHz spectral range.

The correctness of extracted QBAN and thermal noise is further confirmed by studying their behaviour as a
function of the probe detuning A. The expressions for the integrated areas are [, SopadQ < I'} [, |xs (Q))?dQ =
1% /vs o< A% [A? (vginA% + C)] and [, S71dQ o< ysTs [ [xs (2)[?d2 = I's oc A/A? respectively'®. Here
s = A/A?% v5 = vgin + C/A% where A, C and ~g, are constants that don’t depend on A. We validate the
expected behavior both for [, Sgpa and [, St while varying A, as shown in Fig.4.10. Only two oscillators
from resolved F' = 4 manifold are taken into account when fitting [, Sopa(A) and [, S7p.(A), whereas the last
oscillator (’spurious F' = 4’) is discarded.

Spin oscillator when resonance frequency is reduced from 130 kHz down to 10 kHz at fixed (1.6
GHz) detuning A. Growth of ng

We stick to the positive-mass configuration and reduce g to 130 kHz. The quadratic Zeeman splitting
between |mp =4) < |mp =3) and |mp =3) < |mp = 2) now becomes negligible, and those two oscillators
effectively merged into one. We now have to choose between the single oscillator model and its extension up to
two oscillators in total, since the ’spurious F' = 4’ oscillator is still pronounced. We compare two models when
fitting the spectrum of the phase quadrature pr, s and the quadrature §r, ous((s,0pt), Which yields the strongest

18We will refer to it as ’spurious F = 4’ oscillator
9The coefficient a; is considered to be independent on the detuning A here, such approximation works well withing the range of A
investigated in this experiment
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Figure 4.10: Quantum back action noise (left) and thermal noise (right) at varied dutuning A. Red points
are experimental data, obtained from integrated area of the respective noise. Blue lines are imposed fits:
NoBa/ [AQ (757inA2 + C)] for QBA noise and Ny, /A? for thermal noise respectively, see text for details. The
normalization constants Ngga and IVy, are not parameters of importance for us here. The coefficients ~g ;, and C
define contributions of intrinsic linewidth and power broadening to the total decay rate and thus should be fixed
according to the earlier stages of calibration (CIFAR and MORS).
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Figure 4.11: Spin noise spectra at the resonance frequency scanned from g = 130 kHz down to 11 kHz when the
detection angle (g is set to observe the phase quadrature (top panel) and the largest ponderomotive squeezing
(bottom panel). The optical detuning A is set to 1.6 GHz.

ponderomotive squeezing. It was found that the readout rate for the 'desired’ oscillator is equal to I's ; = 3.8 kHz
in both cases, whereas the remaining oscillator exhibits I'g2 = 0.15 kHz < I'g 1. We then decided to proceed with
the single oscillator model from this point and extracted all essential parameters of the atomic spin ensemble. The
measurement rate I's (index 1’ is omitted) and the linewidth yg = 0.22 kHz are in reasonable agreement with
the results of the CIFAR calibration, whereas the amount of thermal noise, encoded in the thermal occupation
ng = 3.7, is bigger than the value ng = 0.6 estimated from MORS. Finally, we get the cooperativity C; = 1.9 and
the level of ponderomotive squeezing Sg = —4.0 dB, which matches well to the experimentally observed value and
thus supports the validity of the model.

We proceed by shifting the Larmor frequency down towards the acoustic range (see Fig.4.11). As follows from
the fit, the reduction of {0g is accompanied by a gradual rise of the atomic linewidth and a drastic enlargement
of the thermal occupation ng while the readout rate remains at the same level as well as the broadband noise
Spy- The growth of the spin damping rate might be again attributed to sub-optimal ratio between coils. At the
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same time, we don’t expect the decline of the spin polarization when the frequency is reduced. As will be shown
below, the observed increase in ng effectively accounts for the noise sources driving the spins that have not been
explicitly included in the model eq.(4.60). Big values of ng explain the degradation of the cooperativity in the
lower spectral range. As a result, the ponderomotive squeezing entirely disappears at g ~ 10 kHz.
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(a) Spectra of the probe laser amplitude (red) (b) The ponderomotive squeezing as a function
and shot (green) noise. of the Larmor frequency

Figure 4.12: The reduction of the ponderomotive squeezing with lowering the Larmor frequency (g is attributed
to the enhancement of the laser intensity noise (left subplot, red trace). Right subplot: blue dots/blue curve
(with shaded blue area as confidence interval) predict the decline of quantum noise suppression using formula
eq.(4.64). The discrepancy between model and experimentally observed ponderomotive squeezing (red data) is
increased towards the acoustic frequency range and presumably originates from the impact of 'DC’-noise.

How laser intensity noise compromises quantum-noise-limited behaviour of the spin oscillator in
the framework of the Faraday interaction model

One can relate the reduction of the ponderomotive squeezing to the rise of the colored intensity noise of the
probe laser upon lowering the resonance frequency €lg. In order to interrogate the atomic ensemble, we use a
DL Pro laser (Littman Metcalf configuration, the same as for the repump in MORS experiment). The spectrum
of its amplitude noise is shown on Fig.4.12a, when the optical power is set to the operating point of ImW. In
the previous subsection we included the intensity fluctuations (among other effects) into the effective thermal
occupation. Now we make an attempt to quantitatively evaluate the contribution of the probe laser noise to the
spin noise budget using the link eq.(4.61) between the cooperativity and the level of the ponderomotive squeezing.
To do that, we modify the expression eq.(4.62) for Cy and arrive to Cy = Sgpa/ (Sth + Sint), where the term Sjy;
represents initial intensity fluctuations perceived by atoms and printed back onto the output light quadrature.
Here we follow the logic that any extra noise (the intensity noise of probe laser in our case) uncorrelated with
QBAN should be added in the same manner as we account for thermal noise. In order to calculate the term .S;,;,
we first consider the coupling of probe power fluctuations to the spin noise at frequencies close to g by means
of tensor interaction in the way outlined in the subsection 4.2.4. However, the magnification of probe intensity
noise down to 10 kHz isn’t significant enough to explain the drop of quantum noise reduction that was observed
in experiment (Fig.4.11). Our next assumption is that the atomic ensemble senses the power fluctuations of probe
via Faraday interaction model?’. Namely, an extra laser noise is coupled through the same readout rate I'g as
quantum noise limited light. Therefore, we define the ’classical back action noise’ S g4 as the response of atomic
system on the intensity laser noise. The expression eq.(4.62) for cooperativity is now converted to:

__ Sea  _ SQBA
T Srn+Sapa  Sth+ ZSgpa’

(4.64)

where Z is the amount of laser intensity noise on top of SN in SN units. Eq.(4.64) readily explains the drop of
ponderomotive squeezing from {2g ~ 1 MHz to Qg ~ 100 kHz. However, the discrepancy between the prediction
by the model and the data grows when audioband is approached, as shown on Fig.4.12b.

207t directly contradicts to [113] though
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Spin noise formed by tensor interaction

We continue extending the model given by eq.(4.60) and now focus on the Hamiltonian Hy F(2) from eq.(4.32).

It is responsible for the tensor dynamics beyond Faraday interplay o als'zj'z. We start with the term jxjy + jij
and explore its impact on the spin noise spectra, varying the angle 5 of the probe polarization before entering
the atomic cell. The experimental results are demonstrated on the Fig.4.13. In accordance with section 4.2.4, we
see that a deviation from = m/4 is accompanied by the disturbed amplitude quadrature of light &1, g oy It is
manifested in the characteristic dip/peak in the spectrum (presented on Fig.4.13a), which should be flat around
Larmor frequency (g in the framework of the Faraday rotation model. Next, we set the homodyne phase to detect
the phase quadrature and also see different spectra depending on 5, shown on the Fig.4.13b. This effect might be
seen as an alteration of the readout rate I'g and the damping rate y52'. The last circumstance in turn changes the
level of ponderomotive squeezing, see Fig.4.13c. Eventually, we get rid of the term §zjy —|—§'y§x, setting [ such that
the output light quadrature 21, g ., is unperturbed after passing the spin ensemble. Hence, the corresponding
alignment operator doesn’t contribute to the spin noise budget.
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Figure 4.13: Effect of the term jxiy + jij and its compensation by the adjustment of the polarization angle 8 of
the input light.
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Figure 4.14: Spin noise spectra measured at the magnetic field corresponding to (2g =~ 43 kHz. One can identify
the spin response centered around Larmor frequency, but also two peaks located at Q2 ~ 2{)g (shown on subplot)
and Q ~ 0 (the enhancement of the noise below Q < 20 kHz for the red curve). The last two are presumably
attributed to the tensor operator 53 — j;

2Mf the atomic linewidth is enlarged, then we have tensor broadening, as mentioned in the section 4.2.4
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Figure 4.15: Left plot: 'DC’-noise at different frequencies 2y while the detuning A = 1.6 GHz is fixed. One
can make a conclusion that the bandwidth and the center frequency (assumed to be 0) doesn’t change with the
strength of the magnetic field. Middle plot: Spectra of 'DC’-noise at different A while the Larmor frequency
Qr = 960 kHz is fixed. The amplitude of the noise is clearly reduced with increase of the detuning. Right
plot: Red dots: the integrated areas of DC-noise, recovered from spin noise spectra and measured at different
detunings. Blue curve: imposed fit using the function Npc/ [A4 (fygﬂ-nAQ + C)] The parameters vg;, and C' are
set to match the results of the fit of Sgpa(A) (presented on Fig.4.10), although it might seem to be unnecessary
requirement. See text for the details.
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Figure 4.16: Spin noise spectra at the resonance frequency varied within the acoustic spectral range (g = 6, 11,
19 kHz from left to right) and the detuning A = 3.1 GHz. Main plots demonstrate the measurements of the phase
optical quadrature, whereas the insets show the optimized ponderomotive squeezing for a specific {2g. One can
clearly see the improvement compared to the case of A = 1.6 GHz, outlined on Fig.4.11.

Apart from the atomic response recorded onto the probe optical field and manifesting in the frequencies near
Qg, we notice other spectral components. An example is shown on Fig.4.14, where the magnetic field is tuned to
Qg ~ 43 kHz. One can see two components that are clearly separated from the Fano resonance curve corresponding
to the ponderomotive squeezing. The first feature is a tiny peak at 2 ~ 86 kHz, whereas the second is represented
by the abrupt rise of the noise towards DC-frequencies. The latter presumably constitutes the peak centered
at 0 = 0, although we didn’t manage to characterize the spectra below 1 kHz due to the limited performance
of our homodyne detection. We suppose that the spin responses at 2 = 0 and ) = 2Qg originate from the
second spin alignment operator jg — jg The main argument in favour of this is the fact that the matrix elements
(m!] 52 — _]y |m) # 0 if |m’ —m| = 0 (according to eq.(4.45a)- (4.45b)) or |m’ — m| = 2. However, the reasoning
outlined above contains the following flaw. The alignment operator jg —55 couples to the orientation spin operator
- through the Stokes component S'y (see eq.(4.41c)) that produces the response at spectral frequency Q = Qg.
Therefore, spin components jy(z) should not be affected at {2 = 0 and Q = 2(2g even despite the fact that the
alignment operator jg — 55 itself exhibits the dynamics at these frequencies. It apparently means that the rise of
the DC-component and the component at twice Larmor frequency in the spectrum of light field ¢r, s o4t probing
the atomic ensemble is not predicted by eq.(4.41)-(4.42), if they are analyzed using a simplified 'perturbation
theory’ approach. In the absence of the precise analytical solution and/or numerical simulations of the light-spin
coupling by means of the tensor interaction, we don’t attempt to resolve this question here. At the same time, an
experimental observation of DC and double Larmor peaks is reported in [123] with rationale given by [124].
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Figure 4.17: The influence of the detuning A on the value of the ponderomotive squeezing, the Larmor frequency
Qg is within the spectral range where the 'DC-noise’ is significant. The obtained results can be interpreted as an
evidence that there is an optimal A|yy (= 3.0 — 3.5 GHz in considered case), at which the ratio between QBAN
and other noise sources (including "DC-noise”) is maximized. It agrees with eq.(4.65).

We now focus on the DC-component (we will refer to it as 'DC’-noise) that covers the spectral range Q2 < 20
kHz and isn’t changed when the Larmor frequency is varied (see Fig.4.15). Consequently, the 'DC’-noise has a
tangible overlap with the Larmor peak when the spin oscillator is shifted down to the audioband. In order to
account for the ’DC’-noise in the spin model, we introduce the term Spc that has to be added to eq.(4.60). The
presence of Spc allows to explain the mismatch between the experimentally observed ponderomotive squeezing
in the acoustic band and the value predicted by Eq.(4.64).

One possible way to understand the origin of the ’DC’-noise is to explore its integrated area as a function of the
detuning A in a manner that it was done for QBAN and thermal noise. Having in mind the tensor interaction, we
expect Spe o (az/a1)* (T's)?| xs.0c(Q)[%, where x5 pc(Q) is the susceptibility function that defines the spectral
shape of the 'DC’-noise. In the absence of any analytical or numerical solution, we can’t directly introduce
xs,pc(§2). However, we anticipate somewhat similar to the Lorenz peak with center frequency located at Q = 0.
Consequently, one may surmise [, [xs,pc(€2)]2dQ o< [o, |[xs(€2)[2d€2 if the mechanisms forming decay rate vg are
still valid for Spc. Finally, we obtain the expression fQ Spc (ag/a1)2 fQ Sopa x 1/ [A4 (’7571'”A2 + C’)] for
the integrated area of the DC-noise, using the approximations as o 1/A and a; ~ 1. This dependence on the
detuning is validated on Fig.4.15 for the experimental data, when {2g is moved up to the MHz range to avoid an
overlapping with the 'DC’-noise. The less assumption-dependent but also less specific conclusion is that fQ SpcdQ)
scales down faster than 1/A* as A is increased. It is already sufficient to claim that the 'DC’-noise doesn’t come
from the Faraday interaction model.

The fast reduction of Spc upon increasing the probe detuning, being presumably explained by the term as,
opens the possibility to optimize the cooperativity and the ponderomotive squeezing in audio frequency range.
However, one needs to compare the 'DC’-noise with Sgpa and Sty (Sq.pa) since the latter three terms also
depend on the detuning. We express the cooperativity as a function of the detuning, using [ fQ SoB AdQ] (A),
[ fQ STth] (A), [ fQ Su.B AdQ] (A) obtained earlier, and then apply the approximation eq.(4.61) with added Sp¢
term. We finally arrive to the formula:

Cq(A) D

e (4.65)

~l-p—L
Ss To, (A +1 AT

where Cy(A) o< 1/(1 + BA?) (the coefficient B might be expressed using A, C, vs, and Z defined above) and
Spc = D/A" (r € [4,6]) is the simplified expression for 'DC-noise’. Eq.(4.65) predicts the existence of a minimum
of Sg that is achieved at some optimized A,y;. It turned out that set of parameters chosen for outlined experiments
gives Ay € 3 — 3.5 GHz, which is higher in comparison to the initial value A, = 1.6 GHz. Thus, increasing
the detuning, we managed to improve the performance of the spin oscillator in audio frequency range, as shown
on Fig.4.16. In particular, we observed Sg = —1.4 dB and Sg = —0.85 dB of the ponderomotive squeezing at
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Qg = 11 kHz and Qg = 6 kHz respectively at A = 3.1 GHz. The validity of the expression eq.(4.65) is confirmed
as shown on Fig.4.17. Exceeding the value A, leads to the situation where the reduction of the 'DC-noise’ cannot
compensate the decline of Sgpa /Sty due to the significance of the intrinsic spin linewidth. Notably, if the system
is operated in the 'power-broadening’ limited regime (vsin < s & s = C/A?), then it will be possible to
keep boosting A until the 'DC’-noise is completely eliminated. However, the strong intensity noise of the probe
laser precluded us to reach the configuration where the contribution of the power broadening to the linewidth
dominates for the spin oscillator in acoustic range.

4.4.3 ’Virtual rigidity’ interpretation
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Figure 4.18: Main plot: Force-normalized quantum noise of light (SN and QBAN) exhibiting the tuning of
effective resonance frequency €1g, corresponding to the position of the minimum for each curve. The shift depends
on the homodyne detection phase (g, see eq.(2.22). In addition, the effective readout rate I's = Dgcos? ¢ is
reduced, leading to a reduction of the parabola’s vertical offset and an increase of its steepness. Inset (right
bottom subplot): The corresponding unnormalized spectra showing the ponderomotive squeezing.

We demonstrate that the ponderomotive squeezing in spin noise spectra is directly linked to the virtual rigidity
defined in section 2.3. Considering the lossless detection 7 = 1 and the absence of the broadband noise, we present
eq.(4.60) in a form:

Sg = Ngu (o, +oLN) (4.66)

where Ng,;, = 8L'g7g |x S\Q cos? (Cs) is the normalization factor, the physical meaning of which is the response of
the oscillator to the thermal force (being a particular case of the external force driving the motion of the oscillator).
In turn,

1Tg  1sin(2¢s) Re[xg] 1

3 5 (
27g  4cos? (Cs) Y ‘XS‘ 8¢ ‘XS‘ cos? (Cs)

OL.N.

is the spectrum of the force, which represents the quantum noise of light normalized by the tranfer function NV S.th- If
the phase quadrature p; g ,,, is detected, then eq.(4.67) becomes oy (Cs)lcs=0 = I's/ (275)+1/(8 75 |XS\2). On
the other hand, the general form of eq.(4.67) might be written as o, y (¢s) =g s,/ (2VS>+1/(8F5,eff'75|xs,eff|2)>
where I'g . = I'g cos? (Cs) is the effective readout rate, xseff = QS,Eff/(Q%,eff — 02 — iy + (15/2)°) ~
0.5/ (Qgerf — Q2 —ivs) is the effective susceptibility function with the modified resonance frequency Qg.rs ac-
cording to eq.(2.22). We retrieve o from spin noise spectra, collected in the experiment (2g ~ 40 kHz) and
measured at different homodyne angles (g. As shown on Fig.4.18, we observe the effective downshift of the
Larmor frequency by AQg.rs = —0.8 kHz and expect to get AQg.rr =~ —2 kHz at selected parameters of the

86



spin ensemble - it would be just a matter of setting the detection angle to 7/4?2. Combining this result with
the ponderomotive squeezing at 2 = 6 kHz, we would obtain the quantum-noise-dominated motion of the spin
oscillator with the effective resonance frequency g .rs ~ 4 kHz, thus approaching the lower part of audioband at
experimental conditions demonstrated here.

22However, we were not interested in such a choice of (g, since our purpose was to maximize the level of ponderomotive squeezing
that happens at detection phase near 7/2
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Chapter 5

Conclusions and future directions

5.1 Combining entanglement and atoms: frequency-dependent conditional
squeezing

We have outlined the preparation and characterization of the entangled state of light and the atomic spin
ensemble in quantum regime, as reported in chapters 3 and 4, respectively. Each system has a potential to become
a crucial element of diverse quantum enhanced protocols, such as quantum metrology or quantum networks. In
this thesis, we focus on the specific application that is the quantum noise reduction in laser interferometer-type
GWDs, exploring the approach [42] detailed in the chapter 2. This scheme is expected to provide a sensitivity
enhancement for the next generations of interferometric GWDs in the frequency band, where the quantum radiation
pressure noise together with the imprecision noise will dominate. Therefore, the ultimate goal is to address the
spectral range €2 < 100 Hz, which is unreachable for either of two independently prepared systems at the time of
writing this thesis. Specifically, the entanglement between optical modes is preserved down to €2 ~ 10 kHz, but
severely contaminated by technical noise at lower frequencies. In turn, an environmental noise, particularly acting
on the atomic ensemble through the tensor alignment dynamics, prevails over the quantum back action noise of
the spin oscillator at 2 < 10 kHz. It is manifested in the deterioration of the ponderomotive squeezing produced
by the atomic ensemble, when its resonant frequency is decreased. Applying the advanced locking scheme for
OPO (sec. 3.8.2), we predict the extension of operational range of entanglement down to 1 kHz. We also see
the detrimental impact of amplitude noise of probe optical field for the spin oscillator as substantial. Using the
intensity stabilization loop, we hope to provide a quantum regime for the atomic ensemble approaching spectral
frequencies 2 ~ 1 kHz.

After modifications considered above are implemented, one can perform the tests of a hybrid quantum system,
implying that the entangled light and the atomic ensemble are coupled and the spectral range 1-20 kHz is covered.
Without having any prototype of quantum mechanical oscillator mimicking the dynamics of the test mass mirror
in the GWD interferometer, we intend to prove the experimental feasibility of quantum noise reduction scheme
[42] by presenting a two-mode conditional squeezed state of light where the phase of one optical mode experiences
the frequency dependent rotation induced by the interaction with the spin oscillator. The latter thus replaces a
filter cavity, which compensates the rotation of the signal quadrature caused by the quantum radiation pressure
noise in the GWD. The rest of this chapter is devoted to the proposal and modelling of the experiment that can
be seen as alternative to techniques studied in [29, 30].

The planned experiment starts with entangling two optical modes, encoded in quadrature bases Zr, j,pr 1
and 21, g, pr,s respectively. Having been prepared by means of spontaneous parametric down conversion (SPDC)
process (see sec.1.3.1), such two-mode squeezed vacuum (TMSV) state is characterized by coefficient r determining
the strength of interbeam correlations (eq.(1.17)). The first optical mode ¢r, ;({r) = cos(¢r)pr,r+sin(¢r)2 1,1, being
referred to as signal, is directed to homodyne detection, the homodyne phase (; is adjusted. The other mode
2r,5,Pr,5, named ’'idler’, initially probes the atomic ensemble. It leads to the transformation according to input-
output relations eq.(4.40). Consequently, one can use the following expression to present the phase quadrature
Pr,S,0ut Of the idler mode that passed through the spin oscillator:

Pr.sout = Nong |c08(0s.erf)pr.s +sin(0serr)ir,s + Umfin| (5.1)
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Figure 5.1: The simulated spectra of entangled two mode squeezed vacuum (TMSV) state of light (the squeezing
factor r = 0.75 corresponding to ~ —6.5 dB quantum noise reduction with respect to the shot noise of two
modes), whose idler mode interacts with the atomic spin ensemble. Both modes are measured by means of
homodyne detection, the idler quadrature is renormalized by total quantum light noise (SN+QBAN), see text
for details. The idler homodyne phase (g is set to record the phase quadrature, while the signal detection angle
(r is varied. The resulting noise follows eq.(5.2) that is normalized by the noise of vacuum states in each mode
(TMV). For all subplots the atomic coupling rate ;5 = v/T'sQg and full spin damping rate g are set to 4 kHz
(marked with black dashed vertical lines) and 0.4 kHz respectively. The resonance spin frequency g is always
positive here. Equal relative weights for signal and idler quadratures are selected (g = v/0.5), unless otherwise
specified. Top left panel: T's = 16 kHz, Qg = 1 kHz, thermal noise and projected noise are ignored (the last
term on the right side of eq.(5.1) is manually zeroed), optical losses in both signal ad idler modes are absent. Top
right panel: I's = 6 kHz, Qg = 2.7 kHz, spin projection noise is added while ng=0, optical losses are absent.
Bottom left panel: I's = 6 kHz, Qg = 2.7 kHz, thermal noise is included (ng=2.5), optical losses are absent.
Bottom right panel (most realistic case for the experimental setup discussed in this thesis): I's = 6 kHz,
Qg = 2.7 kHz, ng=2.5, optical losses are 20% for each mode. Insets on right top corner for bottom and top right
panels: Sgac (€2, (1(2)|opt) is compared to two mode squeezing Stysy = exp(—2r) (see eq.(1.31) ) before idler
mode interacts with atomic ensemble. White dashed curves show the contour (;(Q2)|opr = —ArcTan [2I'sxs(€2)]
that determines the optimal detection phase (7 for specific spectral frequency {1 to minimize the noise Sg4c in
two optical modes.
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where N g =1/1+ 41%|><5|27 Os.ecrr = ArcTan (2xsI's). If pr, s 0ut is measured by means of homodyne detection

and renormalized dividing by N} ¢, then one can see (looking at the first 2 terms on the right side of eq.(5.1))
the interaction of idler mode with spin ensemble as the effective rotation of the quadrature §r s = 4r.s5(0scfr) =
PrL.S,out/N; yg defined by effective phase angle fg.f¢. In fact, it is caused by change of the ratio between QBAN
(x #r,s) and imprecision noise (x pr,s) with the Fourier frequency Q. The factor Uy, = (2¢/2Tsvs)xs/Nins in
eq.(5.1) represents the rescaling of thermal force acting on the ensemble, and the broadband noise is neglected.
The expression

Ssqc = (A (QQL,I(CI) + (v - 92) QL,S(Qs,eff)>2 ) (5.2)

determines the noise obtained by combined measurement of signal and idler quadratures with arbitrary relative
weight (defined by factor g), normalized by noise in both modes containing vacuum state (representing two-mode
SN or two-mode vacuum (TMV)). In order to maintain the strongest interbeam correlations across the wide
spectral range', one will need to align the signal homodyne angle

Cr()|opt = —bs,erf = —ArcTan (2xsT's) (5.3)

as function of the frequency 2. If the spin oscillator can be approximated by the motion of a free mass object, then
the functional dependence given by eq.(5.3) is exactly opposite to the rotation of the signal phase accumulated
while passing the GWD interferometer, provided the correct choice of the atomic coupling rate {};5. The role
of the negative mass (the negative resonance frequency®) of the spin oscillator becomes clear at this point: if the
positive mass is used instead, then the atomic ensemble turns the idler quadrature in the phase space in such a
way, that the undesired rotation of the signal quadrature is enhanced rather than being cancelled.

Aiming at proof-of-principle demonstration, we set the task for creating such a frequency dependent two
mode squeezed state of light that would be relevant for broadband quantum noise reduction in a fictitious GWD
interferometer with coupling rate Q4 = \/F = 4 kHz (which is in fact two orders higher than in contemporary
versions). Different configurations of parameters, describing the spin oscillator with coupling rate Q5 = /I'sQg =
4 kHz, are explored and shown on Fig.5.1. The spectrum of the entanglement source is assumed to be flat
and spanned down to DC-frequencies with squeezing factor » = 0.75 roughly matching the experimental results
presented in chapter 3. The upper left subplot demonstrates the most optimal configuration. Specifically, the
inequality {lg,vs < {45 is fulfilled, making the approximation of free mass motion justified. In a result, the
"desired’ rotation of the idler quadrature is obtained, starting from pr, g well above €5 to 21 g at frequencies
approaching DC. The situation changes if the Larmor frequency {2 is increased and becomes comparable to (2,g,
as shown on the top right subfigure of Fig.5.1. In contrast to the previous case, the effective idler phase 0g s
now reaches m/2 at spectral range significantly higher than © = 0. It can also be seen as a displacement of
‘effective’ atomic coupling rate that may be defined as characteristic spectral frequency €2 giving some specific
ratio between QBAN and SN (for example, unity). In addition, the impact of finite atomic damping rate and
projection noise is manifested in degradation of interbeam correlations which is mostly pronounced near transient
spectral frequencies around );5. Further increase of {1 will shrink the range of idler phase rotation, similarly
to the impact or big atomic linewidth vg (both cases aren’t covered here). The bottom left subplot of Fig.5.1
exhibits the detrimental influence of finite atomic thermal noise. The presence of thermal and projection noise
may be considered as one of the most critical drawbacks of atomic spin ensemble in comparison to filter cavities.
Finally, optical losses are included into the model on the bottom right subplot.

Overall, the bottom right subfigure of Fig.5.1 shows the realistic configuration, based on the characterization
of the spin oscillator performed in chapter 4 and envisioning upcoming upgrades. In particular, we emulate the
composite effect of thermal noise, environmental noise and tensor alignment spin noise using thermal occupation
ng = 2.5. Indeed, doing optimization of ponderomotive squeezing for the case g ~ 10 kHz, we managed to reduce
ng down to 2.5-3 appearing from the fit of total spin noise. The total homodyne detection efficiency is estimated
to exceed 85% for either of optical mode. In turn, optical losses related to the entanglement source as well as phase
noise are accounted by the initial value of two mode squeezing. We thus expect that the theoretical prediction
is in general reproducible using the experimental setup reported in this thesis, provided technical improvements
outlined earlier.

'Meaning the range where QBAN competes with SN
2The sign of the resonance frequency Qs defines the sign of the susceptibility function ys(Q)
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Appendix A

Chapter 3: entanglement source

A.1 Phase noise associated with double seeding of OPO

Abcrr = 0pqu +0 Agut defines the deviation from antisymmetric phases of signal and idler drive fields exiting
the OPO (Whlch are, in turn, directly linked to homodyne phases). The phases 6 Azu can be obtained from the

phasor diagram depicted on the Fig.3.21 or using eq.(3.50):

ffAdT |sin (0p — Ocrra)) + ’A yIsin (Ocrr(2)
tan (HAout ) =

(A1)
=(9) ffAdT |cos (0p — Ocrra1)) + |A )l cos (Ocrr, 12))

The root mean square Afcrr corresponding to the amount of phase noise can be obtained by fixing the ¢ (for
example, equal to zero) and performing the integration of Afcrr on Ocrp2 over 2 range, since the fluctuation
of phase of idler coherent filed relative to signal phase is relevant.
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