R A D I AT I V E T R A N S P O R T I N S TA R - A N D P L A N E T F O R M AT I O N
troels frostholm

A Diffuse Ray-Tracing Scheme for Adaptive Mesh Global Star Formation Modelling
Masters Thesis in Physics
Niels Bohr Institute
University of Copenhagen
Supervisors: Åke Nordlund and Troels Haugbølle
June 2014 – version 0.1

Troels Frostholm: Radiative Transport in Star- and Planet Formation, A
Diffuse Ray-Tracing Scheme for Adaptive Mesh Global Star Formation Modelling, © June 2014

ABSTRACT

A long-characteristics ray tracing solver for radiative transport is developed and integrated into the adaptive mesh refinement (AMR)
code RAMSES, coupling radiative heating with the magnetohydrodynamics. It can be applied to diffusive radiating gas as well as to point
sources of radiation. The solver is tested against the analytical solution of a minimal one-dimensional problem, with results within floating point error using the integral method and on order per mil using
Feautriers method. The coupling with hydrodynamics is tested in the
context of a radiatively cooling hydrostatic disk atmosphere. RAMSES’ Godunov solver is unable to keep the equilibrium stable, but
the atmosphere’s temperature profile evolves at least qualitatively as
expected. A state-of-the-art photo-ionization algorithm[45] is implemented, integrated with the ray tracing, and tested on the expanding
HII region around a newborn star, as part of the StarBench code comparison. A thin smooth spherical ionization front is observed, which
expands slightly faster than expected from analytical calculations, albeit with no more deviation than other participating codes. Finally,
the code is used for a simulation of the ionization by a high-mass star
of the surrounding turbulent molecular hydrogen cloud, and features
like champagne-flows are seen. Performance on a unigrid allows hundreds of rays through each cell without exceeding the computational
time of the hydrodynamics, while in full AMR more work is needed
to achieve such performance.
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Part I
INTRODUCTION

1

M O T I VAT I O N

Stars form in collapsing cores in giant clouds of cold molecular gas.
Turbulence, magnetic effects, radiative energy transport and chemistry are vital processes, and there is a complex interplay between
these. Much progress has been made in understanding the process of
star formation, but there are still many important open questions, including the question of how the magnetic flux is removed efficiently
enough that the stars end up with much weaker magnetic flux per
unit mass than the average interstellar medium out of which they are
formed. Another issue is the so-called luminosity problem, namely
that the heating expected from observed accretion rates and the measured luminosity from accretion disks do not match. Furthermore,
there is still a long way to a detailed understanding of the transport
and evolution of chemical species, which can be compared with current ongoing extra-solar star formation through line observations, as
well as the formation of the solar system through measurements on
meteorites.
To answer these and many other questions, detailed simulations
of star formation in three dimensions are required and abundantly
used. The computational group at NBI and STARPLAN tries to do
this in the form of assumption-free forward modeling from first principles. To avoid imposing arbitrary initial- and boundary conditions,
simulations start at galactic scales where statistically reasonable initial conditions are known empirically. Formation of dense molecular
cloud complexes by the action of supernovae outbursts is followed,
and used by detailed simulations starting on molecular cloud scales
(typically tens of parsecs). These are used to zoom in on the details
of the process of star formation. The huge range of size scales due to
the hierarchical nature of the star forming environment pose a computational challenge, as does the range of physical conditions and
relevant physical processes.
For this reason, until recently, in hyper-global simulations such as
these, the effects of radiative energy transport and chemical evolution
has been treated as secondary effects that could be approximated
by empirically derived laws. Important effects, such as angle- and
shadow effects on protostellar accretion disks, ionization from central
and nearby stars among many others, cannot be treated exactly in
this manner. Furthermore, a self-consistent first principles treatment
of energy transfer by radiation is an important step towards a more
assumption-free model, and towards a model with better quantitative
predictive power.
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AIM

This masters thesis aims to develop a solver for radiative energy
transfer for use in, and integrated into, the cosmological AMR MHD
code (RAMSES), which is used in a modified version in the Copenhagen computational astrophysics group for modeling star formation. In order to be both efficient and exact, it should be based on
ray-tracing. To be able to treat many phenomena such as for example
irradiation from jet-induced shocks, it must treat radiation from diffuse sources as well as point sources. The efficiency and validity of
the solver should be documented using standard benchmarks from
the field of computational astrophysics and star formation. Furthermore, it should be applied in a situation relevant for star formation.

5
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METHOD

The radiative transfer solver is tailored to the adaptive mesh refinement (AMR) and adaptive time stepping of RAMSES, as well as its
specific memory layout. A clean separation between the radiative
transport solver and the rest of RAMSES is enforced, requiring only
an initialization-, and a radiative solver procedure to be called from
RAMSES. For efficiency and clarity of the code, the solver does however access RAMSES variables directly. Written as an extension patch,
the solver, like RAMSES, is implemented using the Fortran 90 programming language extended with the Message Passing Interface (MPI)
cluster parallelization framework combined with OpenMP shared
memory parallelization.
The solver was implemented in three iterations. First, a solver was
developed that works only in the unigrid case. The unigrid case is
when the mesh is not adaptively refined, but is a regular Cartesian
grid. This work had for the main part already been undertaken by
Troels Haugbølle when work on the present thesis commenced, but
the unigrid solution was made operational and tested as part of this
work. These tests include checking the solution in minimal inherently
one-dimensional cases, as well as examining the solution in the case
of cooling of a simple model of a proto-planetary disk initially in
isothermal hydrostatic equilibrium.
The second iteration was to implement the full adaptive mesh refinement solution, using the unigrid solution as a reference implementation. The same overall strategy is used in both implementations,
but the details differ considerably. The method employed is a raytracing approach, where the equation of radiative transfer is solved
along long characteristic rays through the whole computational domain. This is done efficiently by changing the decomposition of the
problem from being centered on cells, to being centered on rays. In
this way, the solution along rays can be found in parallel on a very
large number of CPUs, doing so efficiently by using the capabilities
of the CPU to vectorize and optimally use its memory cache. It is crucial that the solution along the rays is fast, because the large number
of rays required to get an accurate overall solution is the reason that
ray tracing is traditionally considered an expensive method. The full
AMR solver is tested against the same problems as the unigrid solver.
The details of the full AMR solver are covered in Chapter 8, but it is
worth highlighting one important difference from the unigrid solver
here. Where the unigrid solver handles batches of parallel rays that
cover all cells in the simulation, the full AMR solver allows for all in-
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method

dividual rays to be chosen arbitrarily, and so any ray geometry may
be used. This is exploited to use the solver to model a point source.
The third iteration was to implement a solver for the radiative ionization of hydrogen. It was tested on the classical problem of an
expanding HII ionization front around a star where fusion has just
ignited. The experiment functions simultaneously as a test of the radiative transfer using a point source geometry, the photo-ionization
solver and the interplay between radiation and hydrodynamics as the
heating from the ionization creates a pressure shock-front.

Part II
T H E O RY

4

S TA R F O R M AT I O N

Over the last couple of decades, the understanding of star formation
has transformed, from considering the symmetrical collapse of structures in near-equilibrium to a much more dynamical picture where
turbulence and the influence of magnetic fields play a crucial role.
This has to a large extent been made possible by the advances in
computer simulations in two and three dimensions, as well as in the
spectral and spatial resolution of observations. This chapter attempts
to give a brief overview of the vast field, with emphasis on the parts
where radiative transport plays a particular role.
This chapter is mainly based on McKee and Ostriker [44], and
Stahler and Palla [61].
4.1

giant molecular clouds

Stars form in giant clouds of cold, molecular hydrogen and atomic
helium (Giant Molecular Cloud (GMC)s), with masses in excess of
104 M . They contain most of the molecular mass of the interstellar
medium (ISM), and form mainly in galactic spiral arms. Clouds have
a hierarchical structure, that extends from the scales of the whole
molecular cloud down to the thermal Jeans mass in the case of gravitationally bound clouds. Overdense regions within clouds are called
’clumps’. Cores are the regions out of which individual stars (single
or multiple systems) form. Molecular clouds are surrounded by a
layer of atomic gas, which shields their interior from interstellar UV
radiation. Clouds are supersonically turbulent. Turbulence in incompressible flows has long been known to be associated with power
laws like the velocity-length scale relation v(l ) ∝ l q in Kolmogorov
theory[44, 36]. In more recent time, with the aid of simulations, similar power laws has been found to hold even for strongly compressible
gas, to which molecular clouds belong. The first such indication that
molecular clouds are turbulent was found by Larson [40] and is expressed in Larson’s first law, which states that in GMCs, a relation
between length scale and spectral line width holds, equivalent with
a velocity dispersion that follows a power law. Larson finds the exponent to be 0.38. The relation also holds within the cloud. Larson
further found (second law) that GMCs are marginally gravitationally
bound, that is their virial number αvir ≈ 1. The virial theorem states
that the rate of change of contraction (or expansion) of a cloud is
determined by the total energy of the system, which consists of a kinetic, magnetic and gravitational term. The virial number αvir is the
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ratio of total kinetic to gravitational energy. Later research [e.g. 51, 33]
however suggests that the virial parameter of GMCs must be around
5-10, which is also in better accordance with the low star formation
rate that is observed. GMCs have filamentary structure, which is the
expected outcome of gravitational collapse in three dimensions, but
may also form at contact lines of shock sheets. GMC lifetimes are esti
 41
mated at a few sound crossing times tcross ≈ 10 Myr · 106MM
, which
sets an upper limit on the time star formation takes.
The formation of GMCs has been explained using a top-down and
a bottom-up approach. In bottom-up formation, cold HI clouds was
thought to collide inelastically, until they would become self-gravitating.
The time-scales for these collisions, however, would be so large that
the process would be truncated by destructive star formation. The
top-down approach relies on large-scale instabilities in the diffuse
ISM to produce the denser regions. One is the Parker instability [52],
which involves differences in buoyancy in regions of different density along magnetic field lines parallel to the mid-plane. Another is
the magneto-Jeans instability[35], which is a gravitational instability
in the presence of magnetic fields. This is a runaway process. Starforming clouds will form if the Toomre parameter[66]
Q≡

κcs
πGΣ gal

(1)

is below Qcrit ≈ 1.5, where κ is the epicyclic frequency and cs is the
mean sound speed.
The thermal structure of clouds depends on radiative heating from
internal and external stars, as well as cosmic rays, in combination
with the density- and chemical structure and mechanical effects like
collapse and shocks due to winds. In the absence of external massive
stars, in the outer layers of the cloud, heating is dominated by cosmic ray ionizations, and cooling happens in the infrared, mainly in
O I and C II lines, both of which are optically thin in this region. H
is generally dissociated, while further into the cloud, self-shielding
allows H2 to exist. The lower level of ionization also means that the
temperature drops, and that the main coolant becomes CO2 . Inside
the cloud, the most significant modification of cloud thermal structure is from nearby stars. This happens in the form of direct radiation
from (especially massive) stars, as well as shocks associated with magnetically driven winds and outflows. Massive stars emit the bulk of
their radiation in the ultraviolet region of the spectrum. A molecular
cloud near such a star receives an ultraviolet flux orders of magnitude
greater than from diffusive interstellar radiation. The cloud receives
photons at all energies up to 13.6 eV, since those with higher energies
are absorbed in the HII region surrounding the star. The remaining
radiation in effect dissociates all the molecules in the clouds surface
layer, producing a photo-dissociation region (PDR). It also heats the

4.2 clumps and cores

dust, whose thermal radiation can be observed in the far-infrared, for
example in the Orion Nebula[61].
4.2

clumps and cores

GMCs

are highly clumped. Most of these clumps are gravitationally
unbound, and so do not obey Larson’s laws. The most massive clumps,
however, appear to be bound [5]. Observationally, clumps are generally seen as peaks in position-velocity data cubes. Analysis of simulations show that such clumps found from position-velocity may
in fact correspond to different physical structures, and many single
physical structures have two or more components when viewed in
line-of-sight[54].
Observationally, there is a function that characterizes the distribution of the initial masses of stars, called the Initial Mass Function (IMF), which may be approximated by a sequence of piece-wise
power laws. The pieces take the form
α
ξ (m∗ ) = ξ 0 m−
∗ ,

(2)

where ξ is the probability of finding a star of mass m∗ . The single
power-law slope α initially found by Salpeter [58] has since been extended, and the standard IMF [38] has three parts, with slopes given
in table 1. A very similar distribution holds for cores (the Core Mass
m∗
M

α

0.5-50

1.3

0.3-0.08

0.5

0.08-0.01

-0.7

Table 1: Slopes of the initial mass function as given in [38].

Function, CMF), except it is shifted to higher mass by a factor of a
few, which suggests that the mass of a star is controlled by the available reservoir of matter in the core from which it was created. Any
coherent theory of star formation must account for the features of the
IMF.
4.3

low-mass stars

Low-mass star formation is characterized by a formation time shorter
2

∗
than the Kelvin-Helmholtz time tKH = Gm
RL , which specifies the contraction time of a uniform density gas parcel of mass m to radius R
with heat due to contraction radiated away with luminosity L. This
means that the luminosity in low mass star formation is dominated
by heating due to accretion, while for high-mass star formation it is
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dominated by nuclear fusion. Since this criterion would let any star
with rapid enough accretion be categorized as low mass, a line is
drawn at 8M .
Low-mass stars appear to form from gravitationally bound cores.
The time scale for the collapse of these cores determines both the time
scale for the formation of a star and the accretion luminosity. Isothermal cores that undergo gravitational collapse become very centrally
concentrated, with density profiles that are approximately ρ ∝ r −2 .
Collapse of such a marginally unstable core begins near the outer
3

radius. The infall rate is ṁin = φin cGs , where φin is a constant factor,
typically below one. If the effects of magnetic- and thermal pressure
along with turbulence are included, the relation still holds approximately with c2s replaced by c2e f f = c2s + v2A + v2turb , where v A is the
velocity of plasma waves due to magnetic tension; the Alfvén speed.
If on the other hand[60] the evolution to the r −2 profile is assumed
to be quasi-static (likely due to magnetic fields), the initial configuration is a singular isothermal sphere, which is an unstable hydrostatic
equilibrium. The resulting collapse is initiated in the center and propagates inside-out at the sound speed, with infall rate
c3s
.
(3)
G
In the inner-most regions of the collapsing core, due to the enhanced
density, the opacity eventually (at a density ρ ∼ 1013 g cm3 ) becomes
large enough that the gas switches from approximately isothermal behavior to adiabatic behavior. The gas becomes hot enough to stop the
collapse by thermal pressure, which forms a stable structure known
as the first core[40]. Once the gas is hot enough to dissociate hydrogen and destroy dust, the opacity drops again, and a second collapse
ensues, in which the protostar is formed. When opacity effects are
ṁin = 0.975

3

included, the maximum infall rate is limited to about 13 cGs [41]. A detailed multi-group radiative transfer treatment in one dimension can
be found in [70, 71]. These models are however spherically symmetric,
and do not take into account the following.
There are two observational facts that star formation theory must
explain, namely that the specific angular momentum and ratio of
mass to magnetic flux in a star is much smaller than in the interstellar medium. Angular momentum may be transported radially by
viscous forces, and an effective viscosity can be induced in a sufficiently ionized disk by the Magneto-Rotational Instability (MRI). This
instability arises from the fact that the lower a Keplerian orbit is, the
higher is the velocity. In an ionized medium, the magnetic field lines
move with the matter, and magnetic tension is created when they are
forced to bend. For matter that by some small perturbation falls to a
lower orbit, this creates a braking force from the field line connected
with neighboring matter, forcing it into an even smaller orbit and
increasing the tension in a runaway process.

4.3 low-mass stars

Poloidal magnetic fields prevent gravitational collapse when they
are sufficiently strong, in which case the core is ’subcritical’. Otherwise they merely inhibit collapse, and the core is ’critical’. Calculations involving the evolution of a rotating, thin axi-symmetrical disk
show that the magnetic field assumes a characteristic hourglass shape,
in which the field is normal to the disk and flares above and below it
[e.g. 4]. This shape of the field is also found observationally [e.g. 20].
Due to the initial angular momentum of the core, an accretion disk
forms as the core collapses. The magnetic fields anchored in the largescale structures around the core, frozen as they are into the ionized
gas, are twisted by the rotation of the disk, causing a braking effect
due to the increasing magnetic tension. This provides an efficient
transport mechanism of angular momentum, which is funneled out
in the shape of magnetically driven jets and winds perpendicular to
the disk. It can be so efficient, that in symmetric simulations it leads
to the magnetic braking catastrophe, where the braking prevents a
rotationally supported disk from appearing at all. This problem however disappears in models that include the effects of turbulence[32]
or ambipolar diffusion[2]. Ambipolar diffusion and magnetic reconnection are candidates for resolving the magnetic flux problem, but
the problem is not yet resolved.
The growth of a protostar can be inferred observationally through
the mass distribution surrounding it, the velocity distribution of this
circumstellar gas and the non-stellar radiative flux. The protostellar
Spectral Energy Distribution (SED) is classified according to what is
believed to be an evolutionary order, given by Andre et al. [3] as
follows.
• Class 0 sources are extremely faint in the optical and near Infrared (IR), have a significant submilimeter luminosity and have
a central protostar. Protostars are believed to acquire most of
their mass in this phase.
• Class I sources have a positive slope of the SED over the wavelength range between 2.2µ and 10 − 25µ. These are believed to
be relatively evolved protostars with circumstellar disks and envelopes.
• Class II sources has negative SED slope above −1.5 in the infrared, and are believed to be pre-main sequence stars with significant circumstellar disks.
• Class III sources with slope less than -1.5 are pre-main sequence
stars that are no longer accreting significantly.
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4.4

disks

Because protostellar cores are rotating, collapse with conservation
of angular momentum results in the formation of a centrifugallysupported disk. Observed sizes and rotation parameters for low mass
dense cores predicts disk sizes ≤ 1000 AU, consistent with submilimeter observations that indicate average dust disk sizes around T Tauri
stars of ≈ 200 AU. Disk lifetimes are inferred based on stellar ages
combined with IR and mm/submm emission signatures, which are
sensitive to warm dust. Spitzer observations show that for around
70% of stars, disks have become optically thin in the IR within 2-3
Myr, implying that the inner disk has been removed. Calvet et al.
[8] and others find an approximate dependence of accretion rate on
stellar mass Ṁdisk ∝ m2∗ with considerable scatter. The scatter may
potentially be explained by Bondy-Hoyle accretion by stars moving
through the ambient medium[50].
Accretion processes depend on a complicated interplay of MHD,
radiative transfer and chemistry. The MHD is non-ideal, since the
medium is partly ionized, and self-gravity is important in many circumstances. Self-gravity effects and electrical conductivity are very
sensitive to thermal- and ionization properties, which in turn are
determined by chemistry and radiative transfer. Additionally, there
are the difficulties of determining initial- and boundary conditions,
as well as the huge dynamical range of scales from parsecs for the
whole molecular cloud to fractions of an AU required to resolve the
thin disk. Pure hydrodynamical accretion has not been very promising as angular momentum transport tends to work inwards instead
of outwards. Viscous accretion via the MRI provides outward angular
momentum transport, and in combination with magnetic braking is
thought to drive accretion. While a large portion of the mass in the
disk ultimately accretes onto the star, what is left behind is either
incorporated into planets or removed by photo-evaporation.
The clearest observable manifestations of Young Stellar Object (YSO)
outflows are the central “Herbig-Haro” jets, which consist of knots of
ionized gas with velocities in excess of 100 km s−1 , and the largerscale bipolar outflows consisting of expanding lobes of molecular gas
with velocities around 10 km s−1 . The high velocity jets indicate that
they represent the primary wind from the inner part of the star-disk
system, while the low velocities and large masses of broad molecular
outflows indicate that they are made up of gas from the surrounding
environment, accelerated by an interaction with the wind. Collimated
outflows are ubiquitous in both high- and low mass star formation.
In some cases jets are observed with the outflows, and in these cases
the jets are powerful enough to drive the observed outflows[59]. Two
main types of jets have been explored: “x-winds”, which are driven
at the interaction region between the inner accretion disk and the

4.4 disks

magnetosphere of the rotating YSO, and disk winds, which assumes
that a larger region of the disk is threaded by open field lines, giving
a range of terminal wind speeds. Jets cause outflows, containing a
series of shocks. The leading bow shock is created at the working
surface of the head of the jet. Jets with internal shocks can create
analogous bow shocks, which propagate into the wind that surrounds
the jet.
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RAMSES

The RAMSES code was developed in 2001 by Romain Teyssier [64, 18].
It was developed as a cosmological code, created for the study of
large scale structure and galaxy formation. It has hierarchical adaptive mesh refinement, in order to capture the differences in length
scales inherent in the problem[65]. Originally a pure fluid dynamics code with self-gravity and collision-less point particle dynamics,
it was extended in 2006 with a magneto-hydrodynamics solver[18].
It was chosen by the computational group at NBI and STARPLAN
for its ability to cover many orders of magnitude in physical size,
and suitability to describe galactic dynamics, as a starting point for a
code to study the formation of stars in a realistic galactic environment.
To that end, it was extended with a module for sink particles representing stars, empirically based metalicity-depended heating and
optically-thin cooling, as well as the ability to rerun and zoom in on
an interesting region (e.g. a forming star) in a simulation snapshot.
The present work of course aims to eventually give a more precise
treatment of the radiative energy budget also in optically-thick and
occluded regions. Another current project in the Copenhagen group
aims to treat in more detail the dependence of heating and cooling on
the chemistry, by linking RAMSES with a non-equilibrium ISM chemistry code (KROME).
The rest of this chapter describes the aspects of RAMSES needed to
understand the Radiative Transport module, which is the focus of this
thesis.
5.1

adaptive mesh refinement

uses an adaptively refined hierarchical mesh. It is a Cartesian
grid, where each grid cell may be recursively subdivided into the
eight child cells made up of the octants of the cubical cell, which gives
a structure called an octree. We shall call the number of such recursive
subdivisions the level of refinement. A cell at level of refinement l has
l
side length dx = 12 in units of the size of the simulated domain.
RAMSES has a base grid that is fully refined, i.e. all cells are subdivided
up to a level of refinement lmin , which is a parameter of the simulation.
At levels of refinement higher than lmin , refinement criteria determine
which cells are subdivided. There is also an upper limit lmax , above
which no further refinement takes place.
RAMSES
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5.2

message parsing interface

For parallelization, RAMSES makes use of the Message Parsing Interface (MPI) framework for multi-process parallelization, in combination with OpenMP for in-process threaded parallelization. The difference is that MPI can parallelize on a cluster of independent machines,
each running a self-contained process with its own local memory,
whereas OpenMP can parallelize over a number of CPU cores in a
number of threads that share memory on a single machine. MPI works
by starting the same program in a number of processes, assigning
each a unique id (called the process rank) from 0 to the number of
processes minus one. The processes may be located on the same machine, or on different machines. While the program runs, processes
may communicate with each other by sending messages, using the
ranks as “postal addresses”.
5.3

fully threaded tree

makes use of the Fully Threaded Tree (FTT) structure proposed by Khokhlov [34]. It solves a number of common problems
with octrees, including lookup of neighbor cells without tree traversal, parallelizability of all tree operations including creation and destruction of cells, and reduction of the memory overhead required to
maintain the tree. Additionally, an adaptive time stepping strategy
is proposed, which is also used in RAMSES. The basic unit is the oct,
which is a structure that has a pointer to eight cells, each of which
may in turn have a pointer to an oct. Because creation of all eight
cells of an oct always happen at the same time, they may be stored
contiguously in memory, so only one pointer is needed to access them.
Since they are always stored in the same consecutive order, any one
cell can always be found by adding a constant number to the pointer.
Each oct has pointers to the six parent cells of its neighboring octs,
and a pointer to its own parent cell (figure 1). These additional pointers are called threads, hence the term fully threaded.
Finding a neighbor cell without tree traversal just amounts to following the pointer to the neighboring parent cell. If the cell is a leaf,
we are done. If the cell is split, i.e. it contains an oct, the address of
the neighbor cell is found by pointer addition. Parallel creation and
removal of cells is problematic if the cells contain pointers to their
neighbors. The problem arises when two neighbors are created or removed at the same time in different processes. For removal, the two
cells should update their pointer, but they are already removed. For
addition, the cells should be born with pointers to a cell they don’t yet
know has been created. This problem is avoided by the FTT because
only a pointer to the neighboring octs’ parent cell is stored, which
doesn’t change at cell creation and removal. Lastly, because pointers
RAMSES
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Figure 1: Illustration of neighbor relation in a Fully Threaded Tree (FTT) in
two dimensions. The oct on the higher level points to the parent
cells of the four neighbor octs. These cells reside at the level below.

are only stored at oct level, the memory usage per cell is smaller than
for an ordinary unthreaded octree.
5.4

adaptive time step

An AMR simulation with point particles and hydrodynamics requires
an independent time step on each level of refinement to be efficient
(Teyssier [64]). In RAMSES this is achieved with a second order midpoint scheme, that reduces to second order leap frog for constant time
steps. For the point particles, it involves a predictor step
n+ 21

vp

= vnp − ∇φ

∆tn
2

n+ 12

x n+1 = x np + v p

∆tn

(4)
(5)

followed by a corrector step
n+ 12

vnp+1 = v p

− ∇ φ n +1

∆tn
2

(6)

where x p and v p are the position and velocity of particle p, and
φ is the gravitational potential. The time step of a given level ∆tl is
determined by the criterion that gives the smallest time step, out of
the following:
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1. A fraction of the smallest free fall time.
2. A fraction of the cell crossing time by point particles.
3. A fraction of the sound crossing time of a cell when including
the motion of the gas (the Courant-Friederichs-Lewy stability
condition).
Additionally the time steps at level l + 1 must sum to the time step at
level l for synchronization of the levels.
5.5

magnetohydrodynamics

The magnetohydrodynamics (MHD) solver in RAMSES [18] uses a high
order Godnunov scheme for the solution, and constrained transport
(CT) to satisfy the solenoidal constraint. The set of equations it solves
are the ideal MHD equations, here in conservative form:
∂ρ
+ ∇· (ρv) = 0
∂t

(7)

∂ρv
+ ∇· (ρvv − BB) + ∇ Ptot = 0
(8)
∂t
∂E
= ∇· [( E + Ptot ) v − B ( B · v)] = 0
(9)
∂t
∂B
+ ∇· (vB − Bv) = 0
(10)
∂t
where ρ is the fluid density, v its velocity and B the magnetic field.
Ptot = P +

B·B
2

(11)

is the sum of thermal and magnetic pressure, and
E = e+ρ

v·v B·B
+
2
2

(12)

is the total energy density of the fluid, where e denotes the internal
energy density. The conserved quantities in the equations are mass
(7), momentum (8), energy (9) and magnetic flux (10). A number of
simplifying assumptions are made in deriving these, including that
the pressure is isotropic and that the fluid is overall charge neutral.
Perfect conductivity is also assumed, which gives these MHD equations the label ’ideal’, and so resistivity is neglected. Derivations can
be found [in e.g. 23, 37].
These equations assume the solenoidal constraint ∇ · B = 0, which
must be ensured to hold everywhere by the code. As mentioned this
is done using constrained transport (Evans and Hawley [12]), which
amounts to writing the induction equation
∂B
= ∇ × (v × B)
∂t

(13)

5.6 memory structure

in integral form
ZZ

I

∂Φs
∂
=
B · dS = E · dl,
(14)
∂t
∂t
where E = v × B is the electric field, and Φs the magnetic field integrated over the cell face surface. This approach requires a staggered
mesh for the magnetic field, where the magnetic field is defined on
the centers of the cell faces as an integral over the face, as opposed to
the other state variables, which are cell centered values defined as an
integral over the cell volume.
Following Londrillo and Del Zanna [42], the MHD equations are
split into two sub-system: The ’Euler system’ for the cell-centered
variables, and the ’Induction system’ for the induction equation. Both
systems are solved with an adapted MUSCL-Hancock scheme [67, 68],
1
which solves conservatively in a predictor step at tn+ 2 = tn + ∆t
2 , and
n
+
1
a subsequent corrector step at t .
5.6

memory structure

The state variables are stored in a vector over cells (index c) and variables (index i)

U c,i = ρ, ρv x , ρvy , ρvz , E, Bl,x , Bl,y , Bl,z , {metals . . .} , Br,x , Br,y , Br,z i ,
(15)
where ρ is density, v velocity, E total (kinetic+potential+magnetic) energy density, Bl and Br the magnetic fields on the left and right face,
and metals is a number of passive scalars, determined as a build parameter for ’make’, that may be used to track the evolution of cloud
and stellar metalicity, and chemical species. RAMSES may be built for a
smaller number of dimensions than three, in which case the U vector
is shorter. Due to the predictor-corrector nature of the time integration, both a U old with the state before, and a U new with the state after
the last predictor step, needs to be maintained.
The octs are organized into a linked list, so apart from the parentand child relations, a pointer is also stored to the previous and the
next oct. This makes insertion and removal of octs a simple and cheap
operation, albeit not vectorizable. Cells within an oct are not, as suggested by Khokhlov [34], kept contiguous in memory. Instead all upper left cells are blocked together in oct order, then all upper right
cells and so on, such that the offset between cells from the same oct
is the same as the number of octs that memory has been allocated for.
In other words, the indices ci , i ∈ {1, 2..8} of all eight cells belonging
to oct o are given by
ci = o + (i − 1)noct
(16)
where noct is the maximal possible number of octs.
At every nth (typically~10’th) time step, the cells are reorganized
along a Peano-Hilbert space filling curve (figure 2) as a part of load
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balancing. This has the advantage that the mapping from one to three
dimensions given by this curve preserves locality reasonably well.
Therefore, when every process manages cells consecutive in Hilbert
key, all these cells are guaranteed to be neighbors (or neighbors of
neighbors etc.), and the surface-to-volume ratio of the domain is kept
small, minimizing interprocess communication.

Figure 2: First three iterations of a Hilbert space-filling curve in two dimensions. Note that at each iteration, the figure of the previous
iteration is repeated four times in 90◦ rotations. Adapted from
Wikipedia.

5.7

sink particles

A modification made in the Copenhagen group [51] is to include sink
particles. Their purpose is to represent gravitationally bound and collapsing gas in a way that avoids the problem of the gravitational force
going to infinity as radius goes to zero, in order to be able to model
the formation of stars. Sink particles are created when the density is
greater than a suitable threshold value. A number of additional constraints must be fulfilled, in order not to create spurious sink particles
that do not represent collapsing gas.
1. The gravitational potential has a local minimum value.
2. The divergence of the velocity is negative, so the flow is contracting
3. No other sink particle is already present within a certain exclusion radius.
These criterion are similar to those in [14]. The sink particles are then
modeled as massive point particles. Mass in excess of the density
threshold, within a certain accretion radius from a sink, is accreted
onto the closest sink particle, while conserving mass, linear- and angular momentum [49]. Massive stars may be followed until they explode as Type II supernovae.
5.8

heating and cooling

Another local modification is the addition of simple heating and cooling recepies, essentially implemented as table lookup. To cite from
Vasileiadis et al. [69]:

5.8 heating and cooling

“Heating and cooling is modeled as schematic heating by UV-photons
Osterbrock [48] quenched in dense gas according to the recipe of
Franco and Cox [16], and an optically thin cooling function consistent with Gnedin and Hollon [22].”
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BACKGROUND

Radiative energy transport is a vast topic. This chapter aims to briefly
lay down the basic concepts and outline some common approaches
to solve the radiative transfer problem, especially those relevant in
the context of hydrodynamical simulations.
6.1

intensity and moments of the radiation

The fundamental concept in astrophysical radiative transport is the
intensity Iν . A nice illustration of an idealized apparatus that would
measure Iν , is given in Castor [9], and the idea is repeated here in
figure 3.

A2
A1
r

Figure 3: Illustration of idealized apparatus to define the specific intensity.
Adapted from [9].

Imagine measuring the radiative energy at a point in space, by placing the opening of a pinhole camera there, with opening area A1 ,
open it for a time duration dt and catch the radiation with a detector
of area A2 , a distance r into the box, which only detects radiation
within a frequency bandwidth dν of a frequency ν. The definition of
intensity Iν is that the energy collected by the detector is
dE = Iν

A1 A2
dtdν = Iν A1 dΩdtdν,
r2

(17)

where dΩ = Ar22 is the solid angle subtended by A2 at the opening.
Note that Iν is a function of position r and orientation (given by the
unit vector n perpendicular to the surface, with direction A1 → A2 )
of our apparatus as well as frequency and time. That is,
Iν = Iν (r, n, ν, t) .

(18)
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During the passage of the opening, the photons crossing A1 occupy
a volume of cA1 dt, where c is the speed of light. Dividing by this in
equation 17 shows that the energy density per unit solid angle per
unit frequency is Icν . Integrating over all directions gives the spectral
energy density
Z
1
Iν dΩ.
(19)
Eν =
c 4π
This is the zeroth angle moment of the intensity. The first moment is
the vector flux
Z
Fν =
nIν dΩ,
(20)
4π

which is indeed the energy flux field of the radiation. Since the radiation field consists of particles carrying momentum (photons), it can
be described as a fluid. The ratio EFνν gives the velocity field of this radiation fluid. The second angular moment of the radiation is defined
by
Z
1
Pν =
nnIν dΩ,
(21)
c 4π
which is equivalent to the pressure tensor of the radiation fluid. Further moments take the form of higher-rank tensors. [9]
6.2

the equation of radiative transport

Lets start with radiation in vacuum. Here the energy is conserved as
the radiation moves through space, so
Iν (r + nc∆t, n, t + ∆t) = Iν (r, n, t) .

(22)

Taylor-expansion around the point r and time t gives



∂Iν
∆t
Iν (r + nc∆t, n, t + ∆t) = Iν (r, n, t) +
+ cn · ∇ Iν
+ O ∆t2 .
∂t
2
(23)
Dropping the higher order terms and invoking energy conservation
gives the time-dependent equation of radiative transfer in vacuum
1 ∂Iν
+ n · ∇ Iν = 0.
c ∂t

(24)

If the media absorbs radiation, the probability for a photon to be
absorbed is proportional to the distance traveled cdt, so the specific
intensity lost to absorption is
dIν = −χν cIν dt,

(25)

where χν is called the extinction coefficient. Similarly, if the medium
emits radiation isotropically (e.g. by thermal radiation, or radiation
caused by recombination of ionized gas), the accumulated extra intensity over dt is
dIν = jν cdt
(26)

6.3 equations of the angle moments

where jν is the emission coefficient. Including these two terms in equation 24 gives
1 ∂Iν
+ n · ∇ Iν = jν − χν Iν .
(27)
c ∂t
The coefficients jν and χν are local, and depend on the conditions of
the medium, but they are taken to be independent of Iν . Scattering
of the radiation may also be taken into account, but its treatment is a
bit more complicated, since the scattered radiation is redistributed in
frequency and angle, and therefore depends on the whole radiation
field at that point in space. In the case of isotropic scattering, an extra absorption term may be added to account for the radiation lost
by scattering, and an extra emission term for the scattered radiation,
Eν
proportional to the average intensity Jν = 4π
.
1 ∂Iν
+ n · ∇ Iν = jν + σν Jν − (χν + σν ) Iν
c ∂t

(28)

Here σν is called the scattering coefficient [9].
6.3

equations of the angle moments

Multiplying the equation of radiative transport by n and integrating
over angles, equations for the moments of the radiation can be found.
∂Eν
+ ∇ · F ν = 4πjν − k ν cEν
∂t

(29)

1 ∂F ν
+ c ∇ · Pν = − k ν F ν .
(30)
c ∂t
Integrated over frequencies, equation 29 expresses radiative energy
conservation, and equation 30 expresses conservation of momentum
of the radiation.
6.4

formal solution

The processes modeled by RAMSES are non-relativistic, which means
the rate of change of intensity will everywhere be small compared to
the speed of light. The left-most term in equation 28 can in this case be
neglected. The dependence on Jν in the scattering term means that a
ray-tracing scheme cannot simply solve along each ray independently,
since the rate of change of intensity in a given direction depends on
the radiation field in all directions at that point in space. A common
solution to this problem is to solve iteratively until the radiation field
converges to a self-consistent solution, by a method called accelerated
lambda iteration [see e.g. 53, 31]. This is much more computationally
expensive than just solving for the radiation field once, and is left out
of the scope of this work. The equation considered here is therefore
the time-independent steady state equation of radiative transport,
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n · ∇ Iν (r, n, ν) = jν − χν Iν (r, n, ν) .

(31)

Along a straight line in a given direction n, given by r = r 0 + nx (a
ray), equation 31 reduces to
dIν
= jν − χν Iν .
dx
Changing parameter to the optical depth, defined by τ ( x0 , x ) =
and defining the source function Sν =
solution
Iν (τ ) = Iν (τ0 )eτ −τ0 +

jν
χν ,

Z τ

(32)

Rx
x0

χν dx,

equation 32 has the formal


0
S τ 0 eτ −τ dτ 0 .

(33)

τ0

The solution along a ray is the central theme of this thesis. Most of
what follows is dedicated to develop an efficient method for solving
this equation for many rays through a domain simultaneously, and
incorporating the effects of this solution in the adaptive mesh refinement code RAMSES.

7

NUMERICAL METHODS

7.1

flux limited diffusion

The diffusion approximation treats the radiation as an ideal fluid,
with a small correction. It is accurate in the limit where the photon
mean free path is small compared to the typical length scales L in the
problem, χν L  1. If we rearrange equation 27 as follows


jν
1 1 ∂Iν
Iν =
(34)
−
+ n · ∇ Iν ,
χν
χν c ∂t
we see that if the extinction coefficient χν is large, the intensity can be
approximated to first order as
Iν0 =

jν
.
χν

(35)
j

This corresponds to local thermodynamical equilibrium, where χνν =
Bν ( T ) is the Planck function. To go to second order, we may use this
expression in the right hand term of equation 34 to get
 


jν
∂
χ
j
1
j
1
ν
ν
ν

Iν1 =
−
+n·∇ .
(36)
χν
χν c ∂t
χν
The angle moments of the radiation in this approximation are
 
4π jν
4π ∂
jν
Eν =
−
2
c χν
χν c ∂t χν
jν
4π
∇
3χν χν

 
1 4π jν
4π ∂
jν
1
Pν = I
−
= Eν I
2
3
c χν
χν c ∂t χν
3
Fν = −

(37)
(38)
(39)

where I is the unit matrix, and the last relation is Eddington’s approximation.
In Eddington’s approximation, the equation for the radiative momentum (equation 30) becomes
1 ∂F ν
c
+ ∇ Eν = −k ν F ν
c ∂t
3

(40)

If the leftmost term is discarded, the radiative flux can be substituted
into the equation for the radiative energy (equation 29) to obtain


∂Eν
c
− ∇·
∇ Eν = 4πjν − k ν cEν .
(41)
∂t
3k ν
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This is a parabolic equation like the one for diffusion of heat. In the
process of discarding the rate of change of the flux, the finite propagation speed is lost. Ad hoc methods for preventing numerical simulations from giving unphysical results on account of this are referred
to as flux limiters[9]. The flux limited diffusion scheme in the gray approximation has been already implemented in RAMSES, as described
in Commercon et al. [10].
7.2

moment methods

Flux limited diffusion is one instance of many attempts to recast the
radiative transfer equation as a diffusion-like problem using the angular moments of the radiation, in order to obtain a more computationally manageable problem. These approaches go under the name
of Moment Methods, since the series of moment equations converges
on an accurate description of the photon distribution. In order to get
a finite solvable set of equations, an ad-hoc closure equation must be
imposed (for flux limited diffusion, equation 40). It is in the choice
of closure that the moment methods differ. Two important classes
of closures are PN and M N . The basic idea of PN is to expand the
photon distribution into a polynomial of degree N in the direction
variable[17]. Often many moments are required to give reasonable
results, especially for situations with beams and shadows, since the
distribution function for a beam is the Dirac delta function. Also they
may give unphysical results if the distribution function becomes negative. The M N closure is constructed by choosing the distribution
that minimizes entropy[11]. This ensures a finite speed of light and a
positive photon distribution. They can however produce unphysical
shocks if they are of odd order[15].
An M1 moment method has also previously been implemented in
RAMSES, under the name RAMSES-RT[57]. It uses an explicit advective
solver, so the time step is restricted by the speed of light, and an
approximation where the speed of light is reduced is required.
7.3

monte carlo methods

The idea in Monte Carlo methods is to sample the source function,
and place particles according to this distribution across the simulated
domain in space, directions and frequencies. The particles are followed until they leave the domain or are destroyed. The number of
particles found in a given zone in space is then a measure of the
radiation energy density. The Doppler and aberration effects are easily taken into account, by transforming particle frequencies according to the local cell fluid velocity. Compton scattering may be included in full generality by sampling a relativistic electron velocity
distribution and the Klein-Nishina cross section can be used to de-

7.4 deterministic ray-tracing

termine if scattering occurs. In short, the main advantage of Monte
Carlo methods is that it is often straight-forward to include otherwise complicated optical phenomena, with just some factor in difference in performance characteristics. The main disadvantage however, is that in order to obtain good statistics, a reasonable number
of photons must be placed in each space×direction×frequency bin,
which easily makes the method computationally expensive[9]. Monte
Carlo radiative transfer has in fact been applied to ionization radiation hydrodynamics[27], and the radiative transfer calculation here
dominates the computational time.
7.4

deterministic ray-tracing

Ray tracing usually refers to methods that solve the one-dimensional
equation of radiative transfer along a number of rays, using a number
of direction bins. The result is the full radiation field in terms of the
intensity discretized in space, angle and frequency. It is sometimes
termed deterministic because it is not an approximation in the sense
of the moment methods (given enough rays, convergence of the solution is guaranteed), and it doesn’t carry the noise from the random
photon sampling of the Monte Carlo methods. However, randomness
and sampling of e.g. directions can be useful with ray tracing, and is
also used a little in this work. A distinction between long- and short
characteristics ray tracing is usually made. With short characteristics
is meant that the radiative transfer equation is solved independently
along short rays within each cell. These rays do not have to line up
with the rays of neighboring cells, and the boundary intensities can
be interpolated from the neighboring rays. Long characteristics rays,
however, extend all the way to the boundary of the domain. If used
cleverly, the solution along the whole long-characteristic may be used
locally at all the intermediate points, to avoid repeating the calculation from the boundary at each point. This is equivalent to using short
characteristics that do line up over cell boundaries. This is straightforward to do in Cartesian coordinates, but may be less so in other coordinates. This in general requires some interpolation scheme to line
up cell values with the straight rays.
As noted by Nordlund [46], flux-limited diffusion can produce inaccurate results in regions with τ = 1, where ray tracing with as little
as 8 direction bins provides better accuracy. These are usually the regions of interest, since they represent optical surface layers that heat
or cool the most. More generally, the moment methods have a degree
of diffusivity that will lead to inaccurate solutions when sharp features like shadows are involved. One such situation could be a star
in a fragmented proto-planetary disk. In addition, the elliptical equations that needs to be solved in a moment method are substantially
more complicated than the solution along a ray, so the gain in remov-
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ing the angular dependence from the equations may not substantially
outweigh this cost.
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R A D I AT I V E T R A N S F E R I M P L E M E N TAT I O N I N
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In this chapter is a description of the method of solution of the radiative transfer problem and its coupling with the magnetohydrodynamics in the RAMSES code, as well as some relevant details on its
implementation. The radiative transfer problem is solved using ray
tracing, which has the advantage over moment methods that it is
the direct explicit solution to the radiative transfer equation, and so
will converge on the correct radiation field as resolution in space, angles and frequencies is increased. Using a pure Monte-Carlo method
would not be feasible in terms of computation time, since a radiative
transfer step must not take much longer to compute than a hydrodynamics step. Use of random sampling weighted by e.g. hydrodynamics state could however be a useful component, and the method here
described is designed to allow for this kind of improvements. The
crux of the method is that it solves the problem of using long characteristics on an adaptive mesh, without oversampling the domain,
while reaping the benefits that comes from the fact that the solution
along long characteristics rays are independent, and therefore can be
perfectly parallelized and vectorized. In addition the choice of rays is
flexible, so the same method can be used for point sources and diffuse
radiation alike. A reservation must be taken on this point, though. At
present it requires that the angular resolution is high enough to properly account for the geometric attenuation from point sources.
8.1

radiative transfer with long characteristics in a
unigrid setting

Radiative transfer with long characteristics in a unigrid geometry is
a well studied problem, and we started with this implementation to
compare it to another MHD code, which has been in widespread use in
Copenhagen, namely the the stellar MHD code (STAGGER) code. It also
illustrates, in a simpler setting, how we build up a scalable parallel
algorithm for radiative transfer in RAMSES.
We solve the radiative transfer equation along parallel rays distributed such that every cell is penetrated by one ray (figure 4). This
is repeated for a set of directions. This constraint on the ray geometry
is relaxed in the general implementation. If we follow the rays to a
common plane (which we shall call the ray plane), each ray can be
uniquely identified by its coordinates in this plane. A ray can then
be fully described by four numbers: Its coordinates in the ray plane
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Figure 4: Geometry of rays in the unigrid implementation.

p and its two angle cosines with the ray plane. A ray that lies in
the ray plane can of course not be described like this. This is easily circumvented by choosing the ray plane to be the coordinate-axis
plane perpendicular
to the axis i where the ray travels the fastest;
 
i = max

i ∈{ x,y,z}

dr
di

. Therefore a fifth (3-bit) parameter is needed to spec-

ify the ray plane. This also ensures that the angles may not be at less
than 45◦ with respect to the ray plane.
The cells are of course the ones where RAMSES does its calculations.
They are distributed by RAMSES over a number of processes running
on a number of CPUs. This decomposition of the domain of the hydro
problem in terms of cells distributed across CPUs, we shall call the
cell domain. The first step in the solution is to go through the cells in
the cell domain, find out which ray crosses the cell, and interpolate
the density and temperature of the cell to the ray. The next step is
to assign to every process an equal fraction of the rays, and gather
the interpolated values for these rays from the other processes. The
radiative transfer problem has now been decomposed in terms of they
rays, and we call this decomposition the ray domain. The radiative
transfer problem is now solved along the rays in parallel. At the end,
the calculated heating rates are transferred back to the cell domain,
where they are interpolated back to the cell centers.
8.2

strategy

The full AMR implementation of radiative transfer has quite a few
steps and details, so I will begin by describing the overall strategy.
Recall that the octs are ordered by a Peano-Hilbert space filling curve,

8.2 strategy

Figure 5: The cell domain and the ray domain. On the left is shown the
cell domain, where blocks of cells belong to four CPUs marked
by four different colors. On the right the problem is moved to the
ray domain, where again the CPU to which the rays belong are
marked by the colors.

and distributed out running on processes on a number of CPUs (sections 5.2 and 5.6). Consequently the physical space of the simulation
is decomposed in coherent clumps, and neighboring octs tend to reside on the same process.
The essence of the strategy is to transfer the state relevant for radiative transfer from the cell domain to the ray domain, in which
neighboring points along a ray are guaranteed to reside on the same
process. In the ray domain it is straightforward to solve the radiative
transfer equation in one dimension along each ray with e.g. Feautriers
method. This calculation is vectorized, has optimal cache usage, and
is therefore very fast. The result must then be transferred back to the
cell domain, where it may be used to update the state, e.g. as a source
term in the energy equation or by affecting ionization fractions.
The star formation simulations RAMSES is used for cover a huge
range of length scales (≈ 230 ≈ 109 ). The gas structure is in general filamentary, and likewise covers a huge range of densities and
temperatures. Consequently, is is hard to ensure that optical surfaces
(regions over which the optical depth τ ≈ 1) are always resolved. It is
therefore important that the solution is photon-conserving, since otherwise energy may not always be conserved. This is done by, instead
of solving for the intensity, we solve for the solid-angle-frequencyspecific heating rate Qν defined as Qν ≡ Iν − Sν (in units of intensity),
where I is the intensity and S the source function.
Recall that the structure of a RAMSES time step is a predictor step, a
recursive call with the next level of refinement, and a corrector step.
This way predictor steps happens from the coarsest, all the way up to
the finest level of refinement, after which corrector steps happen all
the way back down to the coarsest level. Recall also that RAMSES has
dynamic time stepping, in which an oct has twice as long time step
as its parent. Since rays may pass through octs of several different
levels of refinement, and radiative energy transfer is taken to be instantaneous, the ray tracing algorithm has to employ the shortest time
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cell

ray

create ray geometry
exchange ray geometry all-to-all
hierachically assign rays to
the grids they intersect
interpolate cell state to rays,
generating a list of ray points
exchange ray points all-to-all

radiative
transfer

calc. absorption
calc. optical depth
calc. source function
solve for heating rate
by feautriers method

ray

cell

exchange heating
rates all-to-all
interpolate heating rates
to cell centers

apply heating rates to
energy equation

Figure 6: Flowchart of radiative transfer algorithm in full AMR. Every step
happens simultaneously in every process. Steps in the middle dotted box happen in the ray domain, everything else in the cell domain. Once created, the ray domain exists alongside the cell domain until the end of the radiative transfer step.

8.3 memory layout

step of the intersected cells. The simplest solution, which is the one
employed here, is to calculate radiative transfer for all rays once per
hydro time step, at the globally shortest time step. This corresponds
to calling the radiative transfer routine only when the finest level of
refinement is reached by the recursive time step routine.
The phases of radiative transfer are shown in figure 6. They are
described in detail in the rest of this chapter.
8.3

memory layout

The main data structures involved in going from the cell domain to
the ray domain and back, are the following:
• A structure that holds arrays of parameters for affine lines describing a set of rays. It also holds the number of points along
each ray.
• A structure that holds references to the rays which intersects a
given cell. It consists of an array of ray indices, arrays of cached
properties of the rays for efficiency, and the number of rays that
intersects the cell in question.
• A structure that represents a single point along a ray. It holds
the index of the ray, the level of refinement of the cell it happens
to reside in, the dynamical variables required for solving the
radiative transfer equation, and its one-dimensional position in
ray space.
• An array of heating rates, corresponding to points along the
rays.
There are also data structures to orchestrate the communication of
ray points to the ray domain, and heating rates to the cell domain.
• A lookup table (process id → # o f ray points) that specifies how
many ray points should be sent to any given process from this
process, when going from the cell- to the ray domain.
• A similar lookup table for offsets in memory of the beginning
of blocks of ray points to send.
• Two similar lookup tables, describing the ray points this process
expects to receive from every other process.
The contents of these lookup tables can be reused when going back
from the ray domain to the cell domain, since the number of ray
points in each domain does not change.
Finally, there are data structures involved in solving the radiative
transfer equation in the ray domain.
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• An array for each dynamical variable required for solving the
radiative transfer equation (e.g. ρ, T).
• An array for each optical variable (s, χ, τ, ∆τ).
• An array with the distances between neighboring points along
the rays.
Since each ray may encounter cells of different sizes on its way through
the simulation box, the number of points along each ray may vary.
Each value at each point along each ray are stored, as described above,
in a flat array. The values are ordered primarily by the id of the ray
they belong to, and secondarily by their position along that ray. Additionally three tables exist, which for a given ray id gives
• The number of points along the ray.
• The index of the first point along the ray.
• The index of the last point along the ray.
See appendix for more details.
8.4
8.4.1

ray geometry
Parameterizations

Rays are parameterized as affine lines in 3D, by a direction vector
and a displacement vector, x = rt + p, where r is a unit vector. This
form is the most convenient for the intersection test currently used,
which tests intersection in a projection space, using what is known
as Plücker coordinates. We note that an affine line may be described
more compactly with displacement given by a 2-space coordinate on a
fixed plane (hereafter called the ray plane), and direction given by two
angle cosines with that plane. Here we choose as ray planes the planes
perpendicular to the three coordinate axes, given by x = 0,y = 0 and
z = 0 respectively. This parameterization thus consists of four real
numbers and an integer in the range [1;3]. It is used as a compressed
form, to reduce bandwidth usage when sending rays between processes. Another intersection algorithm is currently in development,
for which the latter parameterization is more convenient. It is better
suited for periodic rays, and is as efficient as the one using Plücker
coordinates.
8.4.2

Ray schemes

Rays are initially created independently in every process. In principle
rays may be created freely without restriction. Currently, two schemes
are implemented. The first scheme simply mirrors the rays used by
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Figure 7: Ray parameterization. Rays are parameterized by a displacement
vector p in the ray plane (x,y), and a direction unit vector r. An
additional parameter is used to fix which axis is perpendicular to
the ray plane. X, Y and Z are the coordinate axes of the whole 3dimensional domain, while x and y are the axes of the ray plane.

the unigrid solution. Its purpose is to enable direct comparison of
the unigrid- and AMR implementations. The second scheme models
a point source at the simulation box center, by making a number of
randomly oriented rays, that all pass though the center.
An improvement on the point source scheme will be to use the
HEALPix algorithm to produce rays with an angular distribution that
divides the area of a sphere in a perfectly uniform manner, such that
the intensity along each ray is exactly Iray = LNsource
.
ray
There is a reason to create rays independently in every process,
apart from parallelizing the work. It enables us to let the ray distribution depend on local conditions, such as the distribution of cells,
density gradients, temperatures, optical depth gradients, and the position of star particles (point sources). For a reasonable coverage of
rays when calculating diffuse radiation, for example, we may want
some fixed number of rays to pass through a cell on average. A way
to achieve this is to create a ray in a given cell with a probability proportional to the inverse cube root of the number of cells. Some regions
will be of little interest, like regions enclosed by high optical depth regions, and cold, optically thin regions. In other regions it will be more
important to have a good coverage of rays, such as regions with large
temperature and optical depth gradients. The coverage may be tuned
in this way, by using a probability weighted by such parameters, to
determine which rays are created.
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8.4.3

Communication of ray geometry

Once created locally, the rays must be communicated between processes, so that every process has access to at least all rays that intersects cells owned by it. In the current implementation, the simplest
possible approach is used, where all rays are passed to all processes.
This solution will not scale to a large number of rays and processes,
since
1. The communication is not sparse.
2. Every process must consider intersection of its domain with all
rays.
The communication side of things may be improved a lot, by using
the fact that the cell domain owned by a process tend to be confined to
a clump in physical space. An axis-aligned box enclosing this clump
may be calculated from the location on the Peano-Hilbert space filling
curve of the first and last oct owned by the process. The rays intersecting this box will be a superset of the rays actually intersecting cells in
the domain of that process, but it will be a much better approximation
on the correct number. Sending to a process only the rays that intersects its bounding box, the communication will be sparse. However
the total number of intersection tests will on average remain roughly
the same, because intersection tests are also required to determine
which rays intersects each domain.
8.5
8.5.1

intersection and cell-ray pairing
Intersection test using Plücker coordinates

Plücker coordinates parameterize a directed line in a manner convenient for describing relations such as incidence and relative orientation of two such lines. A directed line is the line through two points
a and b, with direction from a to b, so the definition is the same as
for a ray. Consider two directed lines, l from a to b, and r from o to p,
with direction vector d = p − o. The normal vector to the plane that
contains a, b and o is n = ( a − o) × (b − o). Define the side relation
side(r, l ) = −d · n. It determines the relative orientation, in that it is
positive if d points above the plane, negative if below, and zero if it
lies in the plane. Expanding the side relation and rearranging, we get
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side(r, l ) = −(( p1 − o1 )( a2 b3 − a3 b2 )+

( p2 − o2 )( a3 b1 − a1 b3 )+
( p3 − o3 )( a1 b2 − a2 b1 )+
(b2 − a2 )( p1 o3 − p3 o1 )+
(b3 − a3 )( p2 o1 − p1 o2 )+
(b1 − a1 )( p3 o2 − p2 o3 ))
= R2 L3 + R5 L1 + R4 L0 + R1 L5 + R0 L4 + R3 L2 (42)
Notice that each Li is a determinant of a 2 × 2 minor of the matrix
!
a1 a2 a3 1
b1 b2 b3 1
and the numbering of the indices of L follows from systematically
combining columns from left to right. The same goes for R. L and R
are Plücker coordinates for the lines l and r.
To test for intersection of a ray r with a cell with center c, first we
change coordinates x → x − o, so the ray origin coincide with the
coordinate system origin. We note that to intersect the cell, the ray
must intersect one of three faces, depending on the signs of the components of the ray direction vector. If e.g. all three components are
negative, either the top, front or right face must be intersected. Lets
call the three bit value encoding the sign of the three components
the ray’s class. Given a ray class, we can write up the six edges that
constitute the silhouette of the three faces using Plücker coordinates.
We can then use the side relation six times to determine if the ray
is on the right side of each edge for intersection to occur. [43, 63]
A performance measurement of the Plücker-based intersection implementation is given in figure 8. As can be seen, the intersection test
costs 8-16 nsecs per ray, meaning that we can calculate at least several
thousand intersections per cell in a time step, given that the typical
RAMSES time step costs 50 − 200µs per cell. This is crucial for our radiative transfer scheme. In every time step we need to know exactly
which rays cross inside a given cell, and therefore have to do many
tests per cell per time step for a realistic ray geometry with 20-100
rays per cell.
8.5.2

Calculating distance to intersections

The distance calculation is simple geometry. Consider a ray with equation x = rt + p and a cell with center c and side length dx. The cell
is aligned with the axis, so the planes containing the faces can be
indicated with just their coordinate along the axis perpendicular to
them. Lets call the plane first intersected by the ray, the plane of the
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Figure 8: Measured efficiency of the Plücker-based intersection implementation

front face f , and the plane last intersected the plane of the back face
b. Their coordinates are
f i = ci + sign(r i )

dx
2

(43)

dx
(44)
2
The distance to the intersected front face along the ray is the greatest
distance to a front face plane, so


f i − pi
(45)
d f = max
ri
i
bi = ci − sign(r i )

and similarly
db = min
i

bi − p i
.
ri

The coordinate of the ray point crp ≡
between the two intersections.
8.5.3

d f +db
2

(46)
is defined as the midpoint

Periodic rays

In many cases, including the star formation simulations done by the
group, periodic boundary conditions are used. Usually the purpose
is to get the effect of having the simulated domain surrounded by a
similar environment, e.g. when simulating part of a Giant Molecular
Cloud (GMC). Periodic ray tracing, however, means that a single ray
can essentially cover the whole domain if it has the right direction
(figure 9).
This is not an easy problem, if not for other reasons, then because
it is not clear how to efficiently parallelize the solution. Here the simpler formulation that a ray is only periodic on the two axes with

8.5 intersection and cell-ray pairing

Figure 9: A fully periodic ray.

smallest component in its direction vector is adopted. A ray may in
other words not cross the length of the simulation box more than
once (figure 10).

Figure 10: A simpler approach. Here is used a periodic ray that only crosses
the box length once.

This will not give periodicity for the radiation hitting a point close
to a boundary within 45◦ in each direction towards the boundary. A
strictly speaking incorrect, but given the purpose of having periodic
boundaries, still useful, way to get around this, is to identify the end
points of the ray when solving along it.
Periodicity as described above is achieved in the following way.
Consider a ray x = rt + p and a cell with center c and side length dx.
The cell may be transported along the direction of the ray without
changing whether it is intersected. Transport the cell to the ray plane
c0 = cr , and find the distance vector d to the rays origin, which lay in
the ray plane.
d = c0 − p
Given that the largest possible cell size is dxmax = lbox
2 , if on either
lbox
axis i ∈ { x, y}, |di | > 2 , then the ray cannot hit the cell. But it
might still hit due to periodicity, in which case we need to take pi →
pi0 = −sign(di )lbox . We can now use the above intersection test and
distance calculation with the original cell center c and the translated
ray offset p0 .
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p'
c'

p

Figure 11: Translation of ray origin

The calculation can be simplified by always taking
pi → pi0 = pi + round(

ci0 − pi
)lbox
lbox

(47)

. A further optimization is to reject the ray before using the Plückerbased intersection test, if on any ray-plane axis i,|ci0 − pi0 | > dx, since
this is an upper bound on the distance as no rays have an angle of
more than 45◦ with the primary axis in each direction.
8.5.4

Improved time complexity with hierarchical filtering

The Plücker-based intersection test takes up to tint = 15 nsec per point
when run on a single 1.5GHZ Intel processor, depending on the fraction of rays that intersects the cell (figure 8). To put this number into
context, lets look briefly at the kind of simulations that was the initial
motivation for developing the scheme. A typical global star formation run simulates a cube with side length between 3 and 40 parsec, a
coarse grid of 1283 -5123 cells, and a maximum octree depth of 13-17
levels of refinement. This gives a spatial resolution of 10-100 AU on
the finest grid. The temporal resolution is around 0.1-10 years. The total number of cells of course depends on the specific details of what
happens to be going on in the simulation. A concrete example is one
run with 17 levels of refinement, and in total 2.2 ∗ 108 cells (the distribution is shown in figure 12). It was run with 512 MPI processes and
32 OpenMP threads on a BlueGene architecture machine, which performs roughly equivalent to 512 MPI × 4 OpenMP threads on an x86
architecture, like the one where tint was measured. [25]. Lets adopt an
absolute lower limit of one ray crossing each cell, to give a reasonable
coverage of rays. Intersection testing is embarrassingly parallel, and
may easily be OpenMP parallelized. The average number of intersec2
(2.2∗108 )
n2cell
tion tests per thread is in this case nint = nthread
= 512∗4 ≈ 2.4 ∗ 1013 ,
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Algorithm 8.1 Hierarchical intersection
Listing 1 Hierachical intersection
minlevel <- lowest refinement level with active octs
maxlevel <- highest refinement level
candidate-rays <- all rays
for level from minlevel to maxlevel
for icpu from 1 to ncpu
if icpu is this cpu then
octs <- active-octs(level)
else
octs <- ghost-octs(icpu, level)
for oct in octs
if ilevel > minlevel then
candidate-rays <- intersecting-rays(father-cell(oct))
for each cell in oct
c <- center-coordinate(icell)
intersecting-rays(icell) <- intersections(c, candidaterays)

which takes around 3.5 ∗ 105 sec. This should be compared with a total coarse time step in this simulation of around 60 sec, and is clearly
unreasonably large.
A standard approach (e.g. [21, 13]) to intersection testing, is to partition space into an octree, and use the fact that a ray that does not intersect a given oct, cannot intersect any of its child cells . We can then
walk the tree recursively, each time on average cutting the number of
rays in one-eighth. RAMSES happens conveniently to already partition
space in an octree. It does however not guarantee that a given oct’s
parent cell is located in the same process, but it does guarantee that
a copy of the cell is available as a ghost cell. The approach chosen
here is a non-recursive version of the tree walk, where, in a given
process, we start at the lowest refinement level that contain any octs
belonging to the process. All active cells and ghost cells are iterated
through, testing intersection, and storing the intersections in a table
with the cell id as key. When proceeding to the next level of refinement, at each cell the intersections of its parent is retrieved from the
table as candidates for intersection. A pseudo-code listing is given in
algorithm 8.1.
At the lowest level of refinement, all the rays will be tested. With
a uniform distribution of rays in space, and an equal distribution
of cells over processes, where a number α of rays hit each cell, on
2

α
3
average nray,local = ncpu
ncell
rays will hit at least one oct on the lowest
level. Let nray,i denote the number of candidate rays at level i, and
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Figure 12: Distribution of cells over levels for a typical global star formation
run

ncell,i be the number of cells at level i. The number of intersection tests
at level i is nint,i = nray,i ncell,i , and the number of intersection tests at
n
the subsequent level is nint,i+1 = 8ncell,i ray,i
= nint,i , assuming none
8
of the cells at level i were leaf cells. The total number of intersection
tests with the hierarchical algorithm is therefore nint = nray,global +
nray,local (lmax − lmin − 1) in the unigrid case, where lmax and lmin are
the highest and lowest levels of refinement with active cells in a given
process. With mesh refinement, there will be leaf cells on levels lower
than lmax , and Nint will in general be smaller. By assuming that no
intermediate layer cells are leaf cells, we can find an upper bound on
number of intersection tests in the global simulation discussed above.
2

(2.2∗108 ) 3
We get nint = 2.2 ∗ 108 + 512∗4 ∗ 17 = 2.2 ∗ 107 intersections, which
takes around 3.3 seconds. This number should very much be taken
with a grain of salt since the tree walk will incur some overhead,
it is assumes that RAMSES distributes cells perfectly over processes,
the number is sensitive to the ray geometry and spatial distribution
of cells, etc. It does however tell us that intersection testing could
become a performance bottleneck, but probably not prohibitively so.
8.6

interpolation and ray point creation

The previous step created a table where, given a cell, the intersecting rays can be looked up. Furthermore, the indexing used is the
same that RAMSES uses for its Fully Threaded Tree (FTT). The interpolation of cell state to the rays simply consist of looping over all
cells, looking up the intersecting rays, and for each ray interpolating
the cell-centered state variables to the midpoint of the ray within the
cell. A second order conserving Triangular Shaped Cloud (Triangular
Shaped Cloud (interpolation) (TSC)) interpolation (see e.g. Hockney
and Eastwood [29]) is used.

8.7 communication of ray points

When looping over cells, only leafs should generate ray points, so
non-leaf cells are skipped. TSC interpolation has the advantage of being second order, so it ensures a continuous first derivative. Recall
that in the fully threaded tree, only pointers to the six neighboring
oct’s parent cells are maintained. An alternative to TSC would be to
use linear so-called Cloud in Cell (interpolation) (CIC) interpolation
between the 8 nearest cell neighbors to a point. But still a neighbor
in a diagonal direction may be required, so up to two pointers must
be followed. In addition to this, either some logic must be set up to
select the correct neighbor, or all 27 neighbor points could be selected
and the unneeded masked out. Therefore we get all 27 neighbor cells
required for TSC interpolation without considerably higher cost than
if linear interpolation was used. Before interpolation begins, the total
number of cell-ray intersections, which is also the total number of
ray points over all rays, is known, so a ray point array may be preallocated. During the interpolation loop over cells, the ray points are
added to the array in the order the cells and rays are encountered, so
the order will be more or less random. This is not a problem, because
the index of the ray to which the point belongs, and the distance
along the ray to the intersection with the cell back face are stored on
the ray. Also the index of the intersected cell is stored in a table with
the ray point index as key. These may later be used to sort the ray
points into the required order.
The FTT ensures that there can be a difference of at most one level
of refinement between two adjacent grids. Where a ray crosses the
boundary to a grid of lower refinement however, not all 27 points
required for TSC are available, and missing points should be interpolated from the parent grid.
8.7

communication of ray points

When solving the radiative transfer equation, each ray is solved independently. Therefore, when constructing the ray domain, it does not
matter which ray will belong to which process, as long as the rays are
distributed evenly. The arbitrarily chosen convention is that rays will
be assigned to processes in the order of their index, in such a way
that every process will have the same number of rays if possible, but
a process with lower rank may have one more ray than a process with
higher rank. The convention gives rise to a relation proc(iray ) from ray
index to process rank, and ray(i proc ) from process rank to the last ray
index that belongs to it. Let f = nray \ncpu and r = nray %ncpu , where \
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denotes integer division (division followed by flooring), and % is the
modulus operator. Then

 i − 1 \( f + 1) + 1
i f iray ≤ r ( f + 1)
ray
proc(iray ) =

r + (iray − r ( f + 1) − 1)\ f + 1 otherwise
(48)
and
ray(i proc ) = ( f + 1) min(i proc , r ) + f ∗ max(i proc − r, 0).

(49)

All ray points that will be sent to the same process must lie in
a contiguous block in memory. With the chosen domain decomposition, this is achieved simply by sorting the ray points by the index of
the ray they belong to, using the Quicksort algorithm. The original
order is saved for later in the global array order_cell. The number of
points to send to each other process is found using the above relations. This number is communicated all-to-all in order so the process
knows how many ray points it will receive from the other processes.
The ray points themselves can now be communicated all-to-all. Finally the received ray points are sorted into the order required for
solving along the rays, namely primarily after ray index, and secondarily after depth along the ray. Again the order before the sort is
saved for later. This time the global array is named order_ray. We are
now in the ray domain.
8.8

solving the radiative transfer equation

The absorption coefficient αν and source function Sν are first calculated from the gas state at the ray points. This may be done in an
arbitrarily complex and realistic manner, taking into account the line
spectra due to the chemistry of the matter. There is a wide range
of densities and temperatures to cover, and computational time will
generally set the limit. A lookup table generated using more complex and time-consuming models is a good option. An implementation using the non-equilibrium chemical network solver KROME[24]
is in development. Currently, only a gray Local Thermodynamical
Equilibrium (LTE) model with constant opacity, and a simple photoionization model with HI and HII, have been implemented.
Disregarding ionization, which is covered in Chapter 9, the quantity of interest is the power deposited in each point due to radiation,
which for time-independent radiative transport is equivalent to the
divergence of the energy flux ∇ · F. By the definition of intensity, the
radiative energy flux is
F=

I

dΩ
4π

Z ∞
0

dνnIν (n)

(50)
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with divergence

∇·F =

I

dΩ
4π

Z ∞
0

dνn · ∇ Iν (n) .

(51)

In the non-relativistic limit the radiative transfer equation can be
stated as
n· ∇ Iν = −χν ( Iν − Sν ) ,

(52)

where χ is the optical extinction, and S is the source function[28].
Consequently we need to calculate the quantity Qν = Iν − Sν . The
integral over solid angle is done explicitly by the radiative transfer
implementation, by summing the solution of rays with different directions. The integral over frequency is similarly done as a weighted
sum over solutions for a set of frequency bins.
In the following, the solution along a single ray in a single frequency bin is considered, so the frequency index is dropped. When
solving for Q, at large optical depth we have I ≈ S, which can lead
to round off errors dominating when taking the difference. A photonconserving formulation is therefore necessary, which can be obtained
by solving for Q directly at each point along the ray, instead of solving for I.
For this, Feautriers method is used, as it is has proven to be the
fastest and most robust method. The onset of Feautriers method is
to split the intensity into I + in direction of increasing τ, and I − in
+
−
−
+
the opposite direction, and define P = I +2 I and R = I −2 I . Then
dI ±
±
dτ = ± ( S − I ), giving
dP
S − I+ + I− − S
=
=R
dτ
2

(53)

I+ − S + I− − S
dR
=
= P−S
dτ
2

(54)

and

so

dP2
= P − S.
(55)
dτ 2
To ensure photon conservation, we instead consider Q = P − S, for
which we have
d2 Q
d2 P d2 S
d2 S
=
−
=
Q
−
.
dτ 2
dτ 2
dτ 2
dτ 2

(56)

This equation can be solved using a triliniear matrix with coefficients
ai,i−1 =

1
∆τi− 1 ∆τi

(57)

2

ai,i+1 =

1
∆τi+ 1 ∆τi
2

(58)
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ai,i = 1 − ai,i−1 − ai,i+1

(59)

∆τ i± 1 = ± (τi±1 − τi )

(60)

where
2

∆τi =

∆τi− 1 + ∆τi+ 1
2

2
.
(61)
2
Once Qν is known, we must multiply with the extinction χν = ραν ,
and sum over frequencies to get the heating rate contribution Qrad =
Σ (χν Qν ) from each ray point (equation 52).

ν

8.9

interpolation of heating rates to grid

In order to send the heating rate contributions back to the cell domain,
they are placed in the same order as the ray points were received in,
which was stored in the array order_ray (section 8.7). The same offsets
and counts that were computed at that point can then be reused for
the all-to-all communication.
Once received, the heating rate contributions are placed in the same
order as the ray points were originally created in during the TSC interpolation from cell centers to ray points, which followed the order
of the cell indices. It was stored in the array order_cell (section 8.7).
Recall that the index of the cell to which each ray point belongs were
stored in a table (section 8.6). The cells are looped over in the same
order as before, and at each cell, heating rate contributions are taken
off the array as long as the recorded cell index of the next ray point
matches the current cell index. TSC interpolation is used again, this
time in reverse, so each of the 27 neighboring cells get their part of
the heating rate contribution from the ray point according to the interpolation weights.
8.10

updating the energy equation

Recall that RAMSES uses an energy-conserving formulation, in which
it is the total energy density that is stored. The radiative energy transport is a source term in the equation stating energy conservation, so
the total energy density is updated simply by adding to it the timeintegrated heating rate over the time step.

9

I O N I Z AT I O N

The implementation of photo-ionization into RAMSES was done in
close collaboration with my supervisor Troels Haugbølle. Most of
the implementation work regarding ionization was done by him, and
most of the integration with the ray tracing was done by myself.
For transport of ionizing radiation an explicitly photon conserving
method proposed by Mellema et al. [45] is used. With an ordinary
finite-differencing method, in order to obtain accurate results the spatial resolution must be high enough that individual cells are optically thin, and the time step must be short enough that the ionization
front does not cross more than one cell in a time step. By conserving
photons explicitly, and by using time-averaged quantities, the requirements on the resolution in optical depth and time can be greatly reduced. We (like Mellema et al. [45]) model a point source embedded
in a pure hydrogen medium, and take into account photo-ionizations,
collisional ionizations and recombination.
Consider a point source with spectral luminosity Lν . At a distance
r from the source, photons arrive optically and geometrically attenuated, so the flux of photons is given by
Fν (r ) =

1 Lν e−τν (r)
.
4πr2
hν

The total flux of arriving hydrogen-ionizing photons is
F (r ) =

Z ∞

Fν (r )dν,

νth

where hνth = 13.6 eV is the energy threshold for ionization of hydrogen. The corresponding local ionization rate for hydrogen atoms with
a cross-section σν is
Γlocal (r ) =

Z ∞

Fν σν dν.

νth

The optical depth is defined as τν = σν NH I , where NH I is the column
density of neutral hydrogen.
Consider a spherical shell of width ∆r about the distance r. Taking
Γ to be constant through the shell is incorrect if the shell is optically thick radially, essentially because it neglects the effect that selfshielding gives a lower ionization rate at the outer edge of the shell,
and the number of absorptions will not equal the number of ionizations. Mellema et al. [45] follows Abel et al. [1] and instead forces
the ionization rate to equal the absorption. Let Ṅ (r − ∆r
2 ) be the number of ionizing photons arriving at the shell, and let Ṅ (r + ∆r
2 ) be the
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number of ionizing photons leaving the shell. The ionization rate is
then
∆r
Ṅ (r − ∆r
2 ) − Ṅ (r + 2 )
(62)
Γ=
n H I Vshell
in units of ionizations per neutral hydrogen atom per unit of time,
with
"


 #
4π
∆r 3
∆r 3
r+
− r−
.
Vshell =
3
2
2
Define τν as the optical depth from the source to r − ∆r
2 , and ∆τν as
∆r
the optical depth between r − ∆r
and
r
+
.
Then
equation
62 can be
2
2
rewritten as
Γ=

Z ∞
Lν e−τν − Lν e−(τν +∆τν )
νth

hν ∗ n H I Vshell

dν =

Z ∞
Lν e−τν 1 − e−∆τν
νth

hν

n H I Vshell

dν.

(63)

Lets now consider temporal discretization. Over a time step ∆t,
the photo-ionization rate Γ causes the density of neutral hydrogen
to change, changing in turn the optical depth. The photo-ionization
rate is really the average rate over ∆t, so using the time-averaged
value for ∆τν in equation 63 should relax the requirement on the time
step. In the pure hydrogen case, the evolution of the ionized fraction
can be written
dx
= (1 − x ) (Γ + ne CH ) − xne α H ,
dt

(64)

where x is the fraction of ionized atoms, ne is the electron density,
CH is the collisional excitation coefficient, and α H is the recombination coefficient. The On-The-Spot approximation is used (Osterbrock
[47]), where recombinations to the ground state are taken to be locally reabsorbed. The temperature dependence of the recombination
coefficient consistent with this assumption is
−0.7

T
−13
α H = 2.59 × 10
cm3 s−1 .
104 K
If we take Γ, ne , CH and α H to be constant, then equation 64 has the
analytical solution
 −t
x (t) = xeq + x0 − xeq e ti
where
ti =

1
Γ + n e + Ch + n e α H

and
xeq =

Γ + ne CH
.
Γ + ne CH + ne α H

The average ionized fraction over the time step is then

h x i = xeq + xo − xeq



1−e

− ∆t
t
i

 t
i
∆t

9.1 integration with the amr ray tracing method

which gives a time-averaged optical depth of

h∆τν i = (1 − h x i) n H σν ∆r.
To be consistent, the time-averaged optical depth and number density
of neutral hydrogen hn H I i = (1 − h x i) n H , should be used in equation
63 , which becomes
Γ=

Z ∞
Lν e−τν 1 − e−h∆τν i
νth

hn H I i Vshell

hν

dν.

(65)

This leads to an iterative process, which is continued until the neutral
fraction converges.
9.1

integration with the amr ray tracing method

The HI and HII fractions are added to RAMSES’ state vectors as passive
scalars, and in principle a detailed equation of state calculation could
follow the exact evolution of the temperature using e.g. the KROME
framework. In the present version we have instead opted for a simpler
locally isothermal approach, where the neutral and ionized fractions
have given fixed temperatures, e.g. 100 K and 10.000 K respectively.
Then the temperature of a mixed medium can be calculated from
their partial pressures. The total pressure in a cell is
P = n H I k b TH I + n H I I k b TH I I

(66)

where ni is the number density and Ti the temperature of species
i. Using that ni = ρi /µi m p = ρXi /µi m p , where Xi is the fractional
abundance and µi the molecular weight of species i, we can find the
total pressure to be
P=

ρ
µe f f m p

k B Te f f = ρ ∑
i

Xi
k B Ti .
µi m p

(67)

The resulting effective temperature and molecular weight are then
1
µe f f

=∑

Te f f = µe f f

i

Xi
µi
Xi

∑ µi Ti .

(68)

(69)

i

In the ray domain, the step of solving the radiative transfer along
the ray with Feautriers method (section 8.8) is replaced by a solution to the the time-averaged and photon conserving photo-ionization
rate as described above. We solve along the ray, starting at the point
source, solving outwards in both directions, and using the accumulated τν to calculate
L0 − τ
L(τ ) =
e ,
(70)
nray
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where nray is the number of traced rays, and we assume that each ray
covers the same solid angle; e.g. that it is either using a random angle
scheme or a scheme based on HealPix angles. The photo-ionization
rate is thus calculated for a single iteration over all rays. The resulting
photo-ionization rates are interpolated back to the cell domain grid
as usual. After the ray tracing step, the new ionization fractions in
each cell is computed as described above. The error in the ionized
fraction is calculated, to check for convergence. The entire ray tracing
step is repeated until convergence. Only then can we proceed to the
next hydro step. Tracing all rays once in each iteration ensures that
the solution upon convergence is consistent over rays that cross the
same cell. This also means that adding more point sources or adding
diffuse sources of ionizing photons is essentially trivial.

Part V
EXPERIMENTS

10

1D TESTS

The purpose of this chapter is to exercise the two solutions - the Unigrid, and the AMR solution - on some simple, and inherently onedimensional, radiative transport problems where an exact analytical
solution is known. This is mainly intended to make sure that all the
steps in the solutions behave as expected. In RAMSES the problems
are solved in 3D, but with all variables constant along the y- and z
axes, and only variations in the x-direction. The first tests examines
only the radiation field. The second tests examine also the heating of
the gas, but, in order to compare with an analytical solution, in a situation where only thermodynamics play a role, and hydrodynamics
can be neglected.
10.1

radiation field

A source function and opacity is prescribed as a function of depth,
and a few instances of the same family of solutions is used to test
the Unigrid and AMR implementations. The solutions are monochromatic with constant opacity and a linear source function S( x ) = αS x.
The optical depth is then τ ( x ) = χx. The transfer equation is solved
for two oppositely directed pencils simultaneously, with ingoing radiation on the lower boundary I+ (0) = I0 and ingoing radiation on the
upper boundary I− (τ1 ) = I1 . The radiative transfer equation reads
dI
= S−I
dτ

(71)

with solution in the positive direction
I+ (τ ) = I+ (τ1 )e

τ −τ1

+

Z τ1

0

S+ (τ 0 )eτ −τ dτ 0

(72)

τ

and in the negative direction
I− (τ ) = I− (0)e−τ +

Z τ
0

0

S− (τ 0 )eτ −τ dτ 0

(73)

Inserting the source function and boundary intensities, we have
I+ (τ ) = I1 e

τ −τ1

+

Z τ1

0

αS τeτ −τ dτ 0 = I1 eτ −τ1 − αS {(τ1 + 1)eτ −τ1 − τ − 1}

τ

(74)

and
I− (τ ) = I0 e−τ

Z τ
0

0

αS τeτ −τ dτ 0 = I0 e−τ + αS (τ − 1 + e−τ )

(75)
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The total heating rate Q ≡ I − S due to the two rays is given by
2Q(τ ) = I+ (τ ) + I− (τ ) − 2S(τ )

(76)

The idea is to solve for a finite number of directions, and weight the
results such that the total weight is a whole sphere of solid angle (4π).
In this case we only solve for two directions (positive and negative
direction along the same line), so each of them are weighted by 2π.
The power deposited (the difference btw. incoming and outgoing flux)
is then
dE
= 4πQ(τ ).
(77)
dt
The implementations are checked in two cases:
1. I0 = 1, I1 = 0,αS = 0; An incoming intensity at the left boundary, and no source function (red curves in the plots).
2. I0 = 0, I1 = 0, αS = 1; No incoming radiation at the boundaries,
but a linear source function S( x ) = x imposed (blue curves in
the plots).
In both cases, extinction coefficient χ = 1 is used.

Validation of radiation field in 1-D
10

5
Heating rate (Q)
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Figure 13: Validation of radiation field in one dimension. The red curves
are case 1, and the blue curves are case 2. The unigrid implementation using both the integral- Feautriers method are indistinguishable from the analytical solution. The AMR solution using
Feautriers method is marked with the + symbol.

As seen in figure 13, the AMR implementation has some weird
behavior on the boundaries. The reason is that interpolation in three
dimensions is used when transferring heating rates to the cells. This
means that values are interpolated across the boundaries, which are
here periodic.
The errors are shown in figure 14. For the AMR solution, the points
near the boundaries are left out. The integral method has errors on

10.2 performance
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Figure 14: Relative errors when compared with the analytical solution.
Again, red is case 1 and blue is case 2. For the AMR solution,
the points near the boundaries are left out.

the order expected from floating point precision, while the Feautrier
method has errors on the order of per mil. The reason is again found
at the boundaries. This time it is an assumption in the Feautrier solver
about perfect transparency, when calculating derivatives from I0 and
I1 that causes the difference.
10.2

performance

The important question when it comes to performance is how many
directions and frequencies can be afforded without exceeding the
computational time of the hydrodynamics. The number of directions
and frequencies that can be calculated in the same time as the hydrodynamics is shown in figure 15. The peak is at 300 frequencies and
1 direction, and the total number falls to with number of directions
to 230, with 23 frequencies and 10 directions. The measurement was
performed with 323 cells, but since the number of rays is proportional
to the number of cells in this setup, the numbers should be roughly
the same for larger simulations.
The performance with the full AMR implementation is so far less
impressive, as it already at one direction and frequency takes roughly
a quarter of the computational time of the hydrodynamics for the
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same experiment. The discussion on why this is the case, and what
can be done about it, is postponed to chapter 14.

Figure 15: Performance measurement for the inflowing intensity test using
323 cells with the unigrid radiative transfer implementation.

11

R A D I AT I V E C O O L I N G O F H Y D R O S TAT I C D I S K

11.1

experiment setup

This experiment consists of a cubical column of a proto-planetary
disk, co-moving in a Keplerian orbit at radius R from a central object of mass M~ . The disk is taken to be thin, so the gravitational
acceleration g is given by.
GM~ y
= g0 y
R2 R

g=

(78)

~
where g0 = GM
, G is Newtons constant of gravity and y is the verR3
tical distance from the mid-plane. Shearing forces due to the radial
extent of the column are neglected.
The box is assumed to contain an adiabatic perfect fluid at constant
temperature T = T0 . This gives equation of state

P(ρ) =

nk b
ρk b
T0 =
T0
V
µm p

(79)

where µ is the average molecular mass in proton masses (m p ). The
speed of sound cs in a perfect fluid is given by c2s = γP
ρ , so the equation of state may also be written
ρ( P) =

γP
c2s

(80)

where cs is constant. In hydrostatic equilibrium, the gravitational force
is balanced by the pressure, so
∂P
γg0
= −ρg = − 2 yP
∂y
cs

(81)

This is a separable differential equation with solution
P(y) = P0 e
where Hs =

q

c2s
γg0

−

γg0 2
y
2c2s

= P0 e

−

y2
2Hs2

(82)

is the scale height and P0 is the pressure at the
2

disk mid-plane. To fix P0 = cγs ρ0 , the mass density at distance R
is required.
R ∞ In the literature, it isg usually given as a planar density
Σ( R) = 0 ρ( R, y)dy with units cm2 . Using equation 80,
Σ=2

Z ∞
0

ρ0 e

−

y2
2H 2

dy =

√

2πHs ρ0

(83)

where ρ0 and P0 are related by equation 80.
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11.2

boundary conditions

On the lower boundary, reflective boundary conditions are used. The
upper boundary is an outflow boundary, with vanishing gravity at
the boundary, to maintain the equilibrium here.
11.3

parameters

A column at a distance of 1 AU from a solar mass object is considered.
As a typical disk temperature, T0 = 100K is chosen. The adiabatic index is that of a diatomic gas γ = 1.4 and the average molecular mass
µ = 2.37 is that of a 75%/25% mix of H2 and He with solar metalicity.
As a typical [6] planar density at one AU, Σ = 3000 is chosen. From
these values, g0 , cs , ρ0 and Hs may be found from the relations in
2
section 11.1. A constant absorption coefficient of α = 0.1 cmg is used.
For the simulation, the following units are chosen
One unit of ..

is chosen to be

and is in cgs units

length, ul

5H

2.58 × 1012 cm

velocity, uv

cs

cm
s
g
−
9
2.32 × 10 cm3

12.14 × 105

density, uρ
ρ0
The initial density distribution is shown in figure 16.
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Figure 16: Initial density profile of the disk atmosphere

To test the capabilities of the radiative transfer code in three dimensions, an alternative second initial condition is also used. It is arrived
at by adding noise to the pressure distribution of the hydrostatic disk.
This is done in the form of white noise, which is smoothed by a Gaussian filter. The noise signal takes the form
P
= g (e pr ) ,
P0

(84)

11.4 results
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where r is a random number in the range [−1; 1], p is a parameter,
here chosen to be 1 and the filter is a normal Gaussian filter
g( x ) = √

1
2πσ

e

−

x2
2σ2

,

(85)

where σ is the standard deviation.
11.4

results

The initial cooling rate is shown in figure 17. It shows a radiating
surface layer at around 3.5 scale heights.
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Figure 17: Initial specific radiative cooling rate in the disk atmosphere

The temperature evolution is shown in figure 18.
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Figure 18: Temperature evolution in the disk atmosphere. The red curves
show the (supposed-to-be) hydrostatic disk without cooling. The
blue curves show the temperature evolution with radiative cooling. Time progresses from darker to lighter colors, with equal
time spacing between the curves.
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In the short term (left figure), the temperature falls at, and in front
of, the surface layer, and goes towards a sharp transition at the surface. It can also be seen (red curve) that the equilibrium is not entirely stable even without cooling. Over a bit longer period (right
figure), the instability becomes more prominent, unfortunately on the
same timescale as the temperature profile begins to approach an equilibrium shape. After a long investigation, and attempts with several
different approaches for making stable equilibrium boundary conditions, the instability turned out to be related to a common problem
with Godunov-type solvers in regions with a fine balance between
opposing forces (here gravity and pressure).
The result with the smoothed white noise signal in the pressure are
shown in figure 19 and 20.
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Figure 19: Evolution of the disk temperature with a smoothed white noise
signal in the pressure distribution.

Figure 20: Temperature profile in a horizontal cut through the disk atmosphere, using the noisy pressure. Time evolution is from left to
right.

11.4 results

As can be seen, the noise is quickly smoothed by the radiation in
the optical surface layer, and the optically thin part above it, where the
cooling happens the fastest. In the optically thick part at the bottom
of the atmosphere, the temperature difference is smoothed out much
more slowly.
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D - T Y P E E X PA N S I O N O F A N H I I R E G I O N

In this ionization benchmark, we model the D-type expansion of the
HII region around a newly formed star, where fusion has just been ignited. The results have been submitted to be part of the Starbench star
formation code comparison [7, 26], in the test this chapter is named
after. There are several reasons to take part in this benchmark:
1. The full AMR implementation will be tested thoroughly while
using its ability to handle arbitrary collections of rays to model
a point source.
2. Photo-ionization can be an important factor for determining the
temperature in star forming regions.
3. The problem is well described, with several analytical approximations available, as well as numerical solutions with different
codes.
Citing from [7], the objectives of the benchmark are
• To reproduce the equation of motion of the ionization front.
• To reproduce the equation of motion of the shock front.
• To measure the time evolved mass of the ionized medium.
12.1

background

The benchmark considers the idealized situation of a point source
emitting N˙LyC Lyman continuum photons per unit time, all of energy
hν = 13.6 eV. The source is embedded in a pure H cloud of uniform
density ρcl . The mean photo-ionization cross section is taken to be σ̄ =
6.3 × 10−18 cm2 , and the case-B recombination coefficient α B is used,
assuming the on-the-spot approximation. The HII region is taken to
be isothermal at Ti = 104 K, in which case α B u 2.7 × 10−13 cm3 s−1 .
Strömgren [62] showed that the photons will initially ionize a spherical region of radius

Rst =

3N˙LyC m2p
4πα B ρ2o

! 13
,

(86)

where m p is the mass of a proton and ρo = ρcl is the initial neutral
hydrogen density. The ionization front expands in a rarefied (R-type)
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ionization front until it reaches Rst in timescales on the order of the
recombination time


mp
ρo
tD =
u 19.6 yrs
.
(87)
α B ρo
10−20 g cm−3
The HII region then further expands due to the large temperature difference between the ionized- and the neutral medium, which
causes a large pressure difference. This time it expands in a dense (Dtype) ionization front. Due to the temperature difference, the sound
speed is highest in the ionized medium, which causes the propagation speed of the ionization front to be subsonic in the ionized
medium and supersonic in the neutral medium. The ionization front
is therefore preceded by a shock front, and the two fronts define a
shell of the dense gas between them[7].
12.2

analytical approximations

By assuming balance between the ionizing photons produced by the
star and the recombination events, and taking the dense gas shell to
be small, a differential equation of the motion can be found for the
time-dependent radius R IF (t) of the spherical ionized region Bisbas
et al. [7], Raga et al. [55]:
1 dR IF (t)
=
ci
dt



RSt
R IF (t)

 34

µ To
− i
µTi

(

RSt
R IF(t)

)− 34
.

(88)

Here ci denotes the sound speed in the ionized medium, and µi , µo ,
Ti and To are the mean molecular weight and the temperature of the
µi To
ionized and neutral medium respectively. The ratio µT
is generally
i

−
1
small ∼ 200
, so at early times the second term on the right hand
side can be neglected. This leads to the Spitzer solution

R IF (t) = RSt

7 ci t
1+
4 RSt

 47
.

(89)

At later times the second term on the right hand side becomes important, and eventually the ionization front stagnates at a radius RSTAG ,
that can be found by setting the left hand side of equation 88 to zero.

RSTAG =

ci
co

 43
RSt .

An expression for the shock front velocity can also be found


q
1
2
2
VS = ṘSF (t) =
Ṙ IF (t) + Ṙ IF (t) + 4co ,
2

(90)

(91)

and it may be integrated to get the position of the shock front[7, 55].

12.3 the benchmark

Equation 88 does however not take into account the inertia of the
shocked gas. Doing so results in an equivalent of the Spitzer solution
of
! 47
r
7 4 ci t
R IF (t) = RSt 1 +
.
(92)
4 3 RSt
and a stagnation radius of

RSTAG =

ci
co

 43   23
4
RSt .
3

(93)

[7, 30]
12.3

the benchmark

For the benchmark test is used an isothermal equation of state for
both the ionized and the neutral medium. The test is purely hydrodynamical, so no gravitation is included. Due to the nature of the
two equations 89 and 91, two tests are run. One to examine the early
phase, and one to examine the late phase of D-type expansion. At the
time of writing, only the early phase test has been run.
12.3.1

Early Phase

We consider a spherical cloud containing pure hydrogen X = 1 and
an exciting source emitting N˙LyC = 1049 photons per second placed
in the center of the cloud. The density of the cloud is ρo = 5.21 ×
10−21 g cm−3 and the total mass is Mcl = 640 MJ . The radius is
therefore Rcl = 1.257 pc, and the initial Strömgren radius is RSt =
0.314 pc = 14 Rcl .
The temperature of the ionized gas is Ti = 104 K and the mean
molecular weight µi = 0.5, which gives a sound speed of ci = 12.85 km
s
in the ionized medium. The temperature of the neutral gas is To =
102 K, and mean molecular weight µo = 1, so the sound speed in the
neutral medium is co = 0.91 km
s .
As mentioned, the equation of state is taken to be isothermal, and
the adiabatic index is γ = 1.0001. We simulate the full cloud with the
point source in the center of the simulation, in a resolution of 2563
cells. Within r < RSt , the gas is ionized, which gives a pressure ratio
of 200 between the ionized and the neutral gas.
The simulation is evolved for tend = 141 kyr, when the ionization
front has reached the boundary of the cloud R IF (tend ) u Rcl .
12.3.2

Results

A slice through the resulting ionization front for the early phase run
is shown in figure 21. The result is a smooth spherical, and sharp
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ionization front. It is a bit too fast compared to the Spitzer solution,
as can be seen from the last frame. At that point it should have only
just reached the boundary of the cloud. It is however not a major
effect, and the level of agreement is similar to other state-of-the-art
ionization radiative transfer codes. Still it has to be investigated and
resolved. Possible answers are that it may be due to solving the initial
Strömgren sphere phase using the implicit method in essentially a
single time step, or maybe due to the diffusivity inherent in the TSC
interpolation. The evolution of the shock front as compared to the
analytical solutions and a one-dimensional ionization code is shown
in figure 22.

Figure 21: Slice through the middle of the ionized region. From above to
below are shown the ionized fraction of H I I , the density and the
pressure. The time of the snapshots from left to right are 5, 10, 20,
40,80 and 140 kyr.

12.3 the benchmark
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Figure 22: Evolution of the over-dense region at the shock front, compared
to the analytical solutions and the 1D ionization code Heracles.
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S I M U L AT I O N O F A N H I I R E G I O N

The radiation from short-lived high-mass
stars ionizes the surrounding gas from which
they were formed, resulting in large regions
of ionized gas, primarily HII, where star formation is taking place, or has recently taken
place. A large part of the reemission is seen
in the optical, while the embedded stars can
be observed in the infrared (figure 23). Due
to the high temperatures in these regions,
metallic ions of oxygen, nitrogen and carbon,
Figure 23: HII region in the Trapezium cluster in the
rather than hydrogen, provide most of the
Orion Nebula in the optical (left) and incooling[61]. If we consider just a single masfrared (right). Image is public domain by
sive star embedded in a uniform medium, a
NASA and available on Wikipedia.
spherical ionized region will expand quickly
out to the Strömgren radius, and then more slowly following the
Spitzer solution and later the solution first derived by Hosokawa and
Inutsuka [30], as described in section 12.2. In reality, stars usually
form in clusters in a turbulent medium. A consequence of the latter
is that before the ionization front slows down considerably, it will typically have hit an area of lower density, possibly at the boundary of
the local molecular cloud core. The result is that the ionization shock
front rushes out of the high-density region in a so-called champagne
flow. [61]
In the following, an HII region is represented more realistically, by
repeating the early phase D-type expansion (chapter 12) in a turbulent pure-hydrogen gas. In this way the evolution of the ionization
front into the filamentary structures of the turbulent medium can be
studied.
13.1

setup

The size of the simulation is 1.256 parsec in a 2563 cell unigrid box.
Turbulence is first induced in the gas, by driving it to Mach 10 in
the 100K gas in an Ornstein-Uhlenbeck process [see e.g. 19] using
a purely solenoidal forcing, over 5 turnover times. This means that
the forcing happens with smoothly, randomly varying position and
angle, and that no compressive forcing is applied, minimizing the
induced density enhancements. The thermal- to magnetic pressure
th
ratio β = PPM
is chosen to be 3.6, so the gas is marginally magnetized.
After the turbulence has been induced, a point source with the same
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simulation of an hii region

luminosity as before is placed at the center. The temperature of the
ionized- and neutral medium are 100K and 104 K respectively, also as
before.
13.2

results

As can be seen from figure 24, the ionized region is only approximately spherical at the very earlies times. Instead two lobes develop,
expanding into the low-density region below the radiation source.

Figure 24: Evolution of the column density of ionized hydrogen in the XY
plane.

This is seen better in figure 25, where the HII column density after 650 years is shown beside total column density in the three axisplanes. In the middle panel, it can be seen how the ionization front in
the south-east is constrained by an impinging filament, which will be
slowly swept away by the radiation. This structure is also illustrated
in figure 26 with an isosurface mapping out the ionization front on
top of a volume rendering of the logarithm of density. Here the champagne flow enclosed in the filaments going towards the top edge of
the box is clearly visible.
This model has not evolved very far yet, and the ionziation front
has not reached its final size. At later times, a second pressure wave
would be launched in the medium where the ionization front collides with the filaments. The change in temperature induced by ionization has a profound impact on the kinematic structure. The originally highly supersonic gas will, due to the change in temperature,
become trans-sonic. Therefore the turbulence is suppressed, and density peaks are smoothed on a sound-crossing time scale. The overall
effect is a suppression of star formation inside the ionized medium,
while the pressure wave at the edge may push critical prestellar cores
above the density threshold for collapse and thereby induce new star
formation.

13.2 results

Figure 25: Column densities in the last snapshot. Total column density on
the left, HII column density on the right. From top to bottom is
shown the XY-, the YZ- and the XZ-plane.

Figure 26: Iso-surface of ionization fraction ρ H I I /ρtot = 12 in the last snapshot. The logarithm of the total density is shown in green/blue.
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DISCUSSION AND CONCLUSIONS

Through the previous chapters a method for solving the radiative
transfer equation on an hierarchical adaptive mesh with adaptive
time stepping was developed. The method presented here has been
implemented into the adaptive mesh refinement code RAMSES in two
steps, first restricted to unigrid and then in full AMR. The implementation takes into account absorption and isotropic emission of
radiation from the diffuse medium, and couples the radiative heating
with the magnetohydrodynamical equations in RAMSES. It does so far
not take into account scattering effects. The novelty of the method is
that it, on an adaptive mesh, allows the use of multi-frequency longcharacteristics ray tracing to directly integrate the radiative transfer
equation in a way that is efficient enough that reasonable1 directionaland frequency coverage can be obtained while maintaining the cost
of the radiative transfer comparable to the hydrodynamics. Previous
methods either use a diffusive approximation [e.g. 10, 57, 39], include
only point sources and not emission from the diffuse medium [e.g.
72, 56], or have the computational time dominated by the radiative
transfer calculation[27]. Importantly, the method is highly parallelizable, because the long-characteristic rays are independent, and the
number of them is typically large, even compared to the number of
cells in the simulation. Good enough performance characteristics has
yet to be realized for the implementation in full AMR.
14.1

the radiative transfer solver

The radiative transfer solver works by sending the relevant physical
state of the cells to a ray-centered domain decomposition, using the
second-order accurate TSC interpolation from cell centers to points
along the long-characteristics rays. Here, the radiative transfer equation is solved along the rays in a photon-conserving formulation in
terms of the direction-area-specific heating rate Qν = Iν − Sν , using the second-order accurate Feautrier method for the integration.
As opacity- and emission gradients in the turbulent and filamentary
structures in star-formation simulations may be large and minimally
resolved, the stability of a second order accurate method is preferred
over the increased local accuracy of higher order methods. Once the
heating rate is known, it is sent back to the cell domain decomposition, and interpolated back to the cell centers, where it finally enters

1 Hundreds of directions × frequencies. See section 10.2.
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the magnetohydrodynamics equations as a source term in the energy
conservation equation.
In one-dimensional tests where a fixed constant incoming intensity
was prescribed at the boundaries, a constant opacity was used, and
a linear relationship between source function and position was imposed, the radiative transfer solution gave the same results as the analytical solutions to within floating point precision when the integral
method was used to solve along the rays (section 10.1). When Feautriers method was used, there were errors of order per mil. The reason is
most likely the implementation of boundary conditions used. When
finding values at the neighbor points to the boundary, a perfectly
transparent medium between the boundary and the first point on the
ray is assumed. This does not agree with the imposed constant opacity, and therefore there is a small discrepancy.
The coupling with hydrodynamics was tested in a simple setting,
with conditions relevant to star formation, namely in a small midplanecentered parcel of a proto-planetary disk, initially in isothermal hydrostatic equilibrium. No radiation field was imposed on the upper
boundary, and as a result the atmosphere should radiatively cool. The
purpose of this test was originally to compare the radiative transfer
solver with the STAGGER code, which is a code often used in solar
physics, that include both MHD and radiative transfer. A stable hydrostatic equilibrium solution could however not be maintained with
RAMSES, and the problem, which turned out to be an artifact of its
Godunov hydrodynamics solver, has not yet been resolved. Lack of
stable equilibria and exact comparisons aside, the cooling of the disk
happens from a fairly thin surface layer, and the temperature profile
approaches one where the temperature drops quickly at the surface
layer, and only slowly above and below. This is qualitatively the solution one would expect. An exact comparison with a known solution
is unfortunately not possible, because the result is disturbed by the
imbalance due to the Godunov solver.
14.2

the ionization solver

The photon-conserving time averaging photo-ionization solver due to
Mellema et al. [45] was implemented and integrated into the radiative
transfer solution for the case of a single point source embedded in a
pure hydrogen medium (chapter 9). It was applied to the early phase
of the D-type expansion of an HII region around a newly formed star,
as part of the “StarBench” star formation code comparison (chapter
12). The simulation results feature an almost perfectly spherical ionization and pressure shock front. Both the ionization- and shock front
are very sharp, with the gradient over just a couple of cells. For the
early phase, the analytical Spitzer solution holds to a good approximation. In the simulation result, the ionization front moves a bit too

14.3 performance characteristics

fast compared to the Spitzer solution. The reason for this is still unknown, but it might be due to the fact that the ionization front grows
to the size of the initial Strömgren radius in just a single time step, or
possibly because the interpolation between rays and cells allows ionized HII to diffuse out in front of the ionization front. The deviation
is however comparable to other state-of-the-art ionization codes that
participate in the benchmark.
14.3

performance characteristics

Performance test of the unigrid solution as a whole show that hundreds of ray directions × frequencies can be calculated in one time
step of the hydro simulation. The isolated performance of the ray-cell
intersection tests, which is an obvious potential bottleneck in the full
AMR solution, is shown to also be adequate to cover hundreds of
angle×frequencies. Performance of the full AMR solution as a whole
is however not good enough yet. The main bottleneck is that the raycell intersections are stored in a structure with indirect referencing
to heap-allocated arrays of ray indices. With some restructuring of
the code, this structure can be replaced by a flat cell-ray lookup table (just a two-dimensional integer array), which should decrease
the time spent on memory allocation and lookup considerably. Regarding parallelization, there is also an important performance issue
for large-scale simulations. Presently, all CPUs have knowledge of
all rays, which implies a non-sparse all-to-all communication step.
This is unnecessary. Only those rays that could potentially hit a box
enclosing the domain owned by a given CPU needs to be known.
The difference is mainly in bandwidth, since statistically every CPU
will likely create rays that hit every other CPU’s domain. The bandwidth difference is that between a true all-to-all communication step
sending
O(ncpu nray ) rays, and for the sparse communication sending

1

3
O ncpu
nray

rays, where ncpu is the number of CPUs and nray is the

total number of rays used in the simulation.
14.4

conclusion and future work

In summary, a diffusive ray tracing radiative transfer solver for RAMSES,
which handles absorption and reemission, as well as ionization has
been successfully created and tested. There are still some issues that
need to be taken care of regarding the validity of the solver. These include correct handling of boundary conditions on the Feautrier solver,
and a closer look at the energy balance in the ionization solver to understand why the ionization front moves slightly too fast. There are
also some performance improvements that need to be addressed, in-
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cluding less reliance on indirect indexing of heap allocated arrays,
and a sparser communication of ray geometry.
Using the solver for both diffusive radiation and point sources is
presently possible, but in a large-scale simulation it requires a huge
number of rays, as the geometrical attenuation of radiation from point
sources needs to be represented statistically by the decreasing number of rays with distance. This situation can be improved, in part by
varying ray directions randomly over time to get better coverage statistically. The signal might also be attenuated by using the HealPix
algorithm to recursively define new equal-area rays as the distance to
the source increases.
The work in this thesis is mainly concerned with the ray tracing
and book-keeping parts of solving the radiative transfer problem. The
interaction between the radiation and the medium has so far been
treated minimally with constructs like constant opacities and gray
blackbody radiation. However, the framework is in place for multiwavelength radiative transfer. Since the non-equilibrium chemical network solver KROME is currently being integrated into RAMSES, the next
obvious steps are to derive the optical properties from the chemical
abundances, and to choose frequencies suitable for representing for
example reprocessing of visible and UV light into infrared light, and
/ or to treat spectral lines with an opacity sampling method.
In the near future the integration of either pre-created lookup tables, or directly coevolution of the MESA stellar structure code, will
make it possible to include correct protostellar luminosities, both as
bolometric flux, and in the UV. In combination with the radiative
transfer presented in this thesis it will open up a new chapter in the
use of RAMSES in Copenhagen, with realistic radiative feedback, crucial in the correct description of high mass star forming regions.

Part VI
APPENDIX

A

D E TA I L S O F M E M O R Y L AY O U T

a.1

module raydomain

For changing between domain decompositions.
ray_geom_t

ray geometry

r

real (:,3)

Ray direction vectors

p

real (:,3)

Ray affine displacements

ixr, iyr, izr

integer (:)

Virtual coordinate axes

iaxis

integer (:,3)

(ixr, iyr, izr)

nray

integer

Number of rays

ndep

integer (:)

Number of points along each
ray

Table 2: Ray Geometry Structure

cell_rays_t

cell-ray intersections

irays

integer (:)

Indicies of intersecting rays

dist

real (:)

Distance along ray to
intersection

rpc

real (:,3)

Coordinate of ray center
within cell

class

integer

Classification of ray for
intersection test

nrays

integer

Number of intersecting rays

Table 3: Cell-Ray Intersection Structure

89

90

details of memory layout

ray_point_t

a single point along a ray

iray

integer

Index of the ray to which the
point belongs

cell_level

integer

Level of refinement of the cell
in which the point resides

d

real

Specific density

t

real

Temperature

s

real

Distance along ray to this
point

Table 4: Cell-Ray Intersection Structure

global of the module
ray_geom

Ray_Geom_t

Global ray geometry

cell_rays

Cell_Rays_t (:)

Local cell intersections by rays

rp_cell

Ray_Point_t

Points along rays in cell
domain

rp_ray

Ray_Point_t

Points along rays in ray
domain

q_cell

real (:)

Heating rates in the cell
domain

np_ray

integer (:)

Number of ray points to send
to each process when going to
the ray domain

ray offsets

integer (:)

Offsets in memory for sending
ray points

np_cell

integer (:)

Number of ray points to
receive from each process
when going to the ray domain1

cell_offsets

integer (:)

Offsets in memory for
receiving ray points

Table 5: Globals of the Ray_Domain module
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