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Abstract

In this thesis, an exponential form of DDM-basis BCJ master numerators is obtained
through CHY. The numerators are dimensionally agnostic and can be represented by
half-ladder diagrams. They are crossing symmetric in n − 2 of the external particles
and the two remaining can have any spin s = 0, 1/2, 1 and be massive k2

1 = k2
n = m2.

We also present a diagrammatic algorithm, to obtain the numerators, which improves
the efficiency of the state of the art. Using the exponential form of the numerators
we calculate the three-point amplitude for two massive spin s particles and a graviton
M(1s, 2s=2,3s). The expression obtained matches recent work on minimally-coupled
massive particles and the results here could provide an avenue to obtain general spin
results at higher n, since double-copy constructions are very natural in the CHY for-
malism.
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Chapter 1

Introduction

With powerful colliders such as the LHC producing increasingly precise data on particle
scattering, theorist are faced with an intriguing proposition: Should we push our current
calculational methods to its limits to obtain ever more accurate theoretical predictions,
or should we instead focus on developing new techniques and hope that they help us
make a computational leap that would have been unattainable using the old methods?

One of the first hints that the standard Feynman diagram approach used for over
half a century is not the most efficient way to calculate amplitudes was provided by
Parke and Taylor [1] through Maximally Helicity-Violating (MHV) amplitudes. Using
the spinor helicity formalism these amplitudes can be written in one line even when
considering a large number of particles, n, in the scattering process. The result is
astonishing when considering that for just n = 7 one would have to draw 154 (planar)
Feynman diagrams and go through a very large number of calculations. Feynman
diagrams still present a great amount of upside, e.g. by being very intuitive in their
construction and they have an enormous amount of applications to this day, but the
prospect of developing new methods is fascinating.

Since the detection of gravitational waves by the LIGO collaboration in 2016 [2] a
part of the amplitudes community has raced to produce theoretical predictions for grav-
itational scattering of massive objects using modern amplitude methods, considering
for instance the interaction between two massive spinning black holes [3–9].

One framework which has not been used much yet in this application was devel-
oped by Cachazo, He and Yuan (CHY) [10–15] using the Scattering Equations with
generalization to massive particles being proposed in [16–19] as well as loop-level con-
structions in [20–22]. The formalism is very double-copy friendly so producing tree level
gravitational amplitudes can be done easily. An example of this is the generalization of
the KLT relations [23–27] in the CHY integrand [12]. Using this natural double-copy
construction the scattering amplitudes for massive scalar particles interacting gravita-
tionally have been studied using CHY [18,19, 28].
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2 CHAPTER 1. INTRODUCTION

Until recently however, the formalism has been constrained to integer spin particles
and so a general spin result has not been obtainable. Calculations including fermions
have been performed using ambi-twistor strings, however. The CHY formalism’s rela-
tion to string theory has been explored by many, see for instance [29], and was recently
exploited by [30,31] to introduce a way to incorporate fermions. The spin 1/2 particles
are included by modifying an algorithm developed in a recent series of papers [32, 33]
which constructs BCJ master numerators in the Del-Duca, Dixon and Maltoni (DDM)
basis [34]. These numerators can then be used in the CHY formalism to compute
amplitudes with external fermions.

In this thesis we rewrite the half-ladder BCJ numerators by combining terms into
an exponential. This exponential representation is very compact and by providing
an algorithm to compute the numerators we take the computational efficiency from
O[(n− 1)!] [31] to O[(n− 2)!]. The numerators can be used to build amplitudes with 2
massive external particles and spin s = 0, 1/2, 1 while the remaining n− 2 particles are
massless and have spin 1. We provide various direct checks for the s = 1/2 case using
massive Dirac spinors, and since we do not use the 10d Majorana-Weyl spinors or the
dimensional reduction procedures of [31], the results in this thesis provide the first direct
calculations of amplitudes with Dirac spinors in the CHY formulation. Furthermore
the general spin three-point gravitational amplitude M(1s, 2s=2,3s) obtained using the
numerators matches the minimally coupled amplitude obtained in [35].

Thesis outline
The structure of this thesis will be as follows. First, we introduce the notion of color-
ordered Feynman diagrams in chapter 2. This is then followed by chapter 3 on both
massless and massive spinor-helicity. We then introduce the CHY formalism in chapter
4 and extend it to include massive particles in chapter 5 while calculating examples
along the way. In chapter 6 we then discuss the color/kinematics duality and describe
how to obtain half-ladder BCJ numerators using the algorithm of [32, 33]. In the final
stages of this chapter we introduce the massless fermion numerators and in chapter 7
we extend them to include masses and check their validity, finding agreement with the
literature. Finally in chapter 8 we introduce the exponential numerators and provide
the algorithm that computes them.



Chapter 2

Scattering amplitudes and Feynman
diagrams

In this chapter, we present the subject of scattering amplitudes and review how these
are calculated using traditional Feynman diagram methods. This will serve as a gateway
into new amplitude methods such as the spinor helicity formalism and the approach
developed by Cachazo, He, and Yuan (CHY). Furthermore we present the basics of
color ordered amplitudes, which will become pivotal later in this thesis. The material
covered in this chapter can be found in a plethora of textbooks and where no references
are provided we refer to the great texts by H. Elvang and Y. Huang, M. Srednicki, L.
Dixon, and M. Schwartz [36–39].

2.1 Scattering amplitude and color-ordering

When looking at particle collisions, be it at the LHC in collider experiments or analyzing
binary black hole systems by considering them as fundamental particles, the object
used to calculate the quantum mechanical probability for a specific process is called
the differential cross section. While many other types computations and contributions
have to be made before one could analyze the outcome of e.g. collisions at the LHC,
with especially computer algorithms doing the brunt of the work, theorists focus on the
scattering amplitude from which the scattering cross-section can be computed.

As a simple example we could look at a scattering process 1 + 2 → 3 + · · · + n with
all momenta treated as outgoing and momentum conservation dictating ∑i pi = 0. This
scattering process can be described by evolving the initial (asymptotic) state evaluated
at ti = −∞ and computing the overlap with the final (asymptotic) state at tf = ∞. The
evolution operator is referred to as the S-Matrix and it can be further deconstructed

3



4 CHAPTER 2. SCATTERING AMPLITUDES AND FEYNMAN DIAGRAMS

into a non-interaction part 1 and an interaction part T .

S = 1+ iT. (2.1.1)

The scattering amplitude is calculated using the interacting part. Denoting the final
state by ψf and the initial state by ψi

〈ψf |T |ψi〉 ≡ (2π)4δ(4)
(∑

i=1
pi

)
iAn, (2.1.2)

where the 3+1 dimensional δ-function serves to impose the momentum conservation
constraint.

Calculating scattering amplitudes in quantum field theories cannot be done exactly
so traditionally one uses Feynman diagrams to calculate contributions order by order
and sum over all contributions. The leading order is called tree level, since there are no
self-interactions and these would be drawn using loops. In this thesis the main objective
will be tree-level amplitudes and furthering techniques to calculate them, especially
focusing on going beyond standard Feynman diagrams. In Yang-Mills theories one
further has to consider a degree of freedom, color. The color gauge group is SU(Nc)
and the generators of SU(Nc) in the fundamental representation are Nc ×Nc matrices
T a obeying

Tr
(
T aT b

)
=δab

[T a, T b] =i
√

2fabcT c,
(2.1.3)

with a = 1 . . . N2
c − 1, and fabc are the structure constants which we can obtain from

the generators
fabc = − i√

2
Tr
[
T a, [T b, T c]

]
. (2.1.4)

When converting Feynman diagrams to mathematical expressions, combinations of
these color factors show up at every vertex and so the color degree of freedom seems to
add a lot of complexity to the calculations. Luckily the full scattering amplitude can
be completely decomposed into color- and kinematic dependent parts1

Atree
n =

∑
σ∈Sn/Zn

(
Tr[T aσ(1) · · ·T aσ(n) ]Atree

n (σ(1), . . . , σ(n))
)
, (2.1.5)

where the An’s are gauge invariant objects known as partial or color ordered amplitudes.
This decomposition helps our search for simplicity by greatly reducing the amount of
work required to calculate the full amplitude since most of the work can be focused on

1Note that we have suppressed powers of the coupling here. We will do this in the remainder of the
thesis.
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obtaining color-ordered amplitudes, for which the Feynman rules are easier. Similarly
one can show that at leading order, only the planar graphs contribute, further simpli-
fying the calculations. For convenience we note that the color ordered amplitudes obey
the following properties

• Cyclic:
An(1, 2, . . . , n) = An(2, . . . , n, 1). (2.1.6)

• Reflection:
An(1, 2, . . . , n) = (−1n)An(n, . . . , 2, 1). (2.1.7)

• Photon decoupling identity:

0 = An(1, 2, 3, . . . , n)+An(2, 1, 3, . . . , n)+An(2, 3, 1, . . . , n)+· · ·+An(2, 3, . . . , 1, n).
(2.1.8)

• Kleiss-Kuijf (KK) relations

An(1, {α}, n, {β}) = (−1)|β| ∑
σ∈ OP({α},{βT })

An(1, σ, n), (2.1.9)

where OP denotes ordered permutations, meaning permutations of the joined set
{α} ∪ {β}T , which preserves the original individual orderings of {α} and {β}T .

• Linearized gauge invariance

An(k, ε)
∣∣∣∣
εi→aki

= 0, (2.1.10)

with a an arbitrary constant.

We can also define color factors [40]

c{1,σ,n} ≡
(
fa1aσ(2)b1f b1aσ(3)b2 · · · f bn−3aσ(n−2)an

)
, (2.1.11)

which obey Jacobi relations because of the their group theoretical structure. Taking
e.g. n = 4 we have [41]

cs + ct + cu ∼ (f 12afa34 + f 23afa14 + f 31afa24) = 0. (2.1.12)

Del Duca, Dixon, and Maltoni (DDM) [34] showed that the KK-relations and the
Jacobi identities reduce the basis necessary for the color-ordered amplitudes, so that
(2.1.5) can be expressed as
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An =
∑

σ∈Sn−2

fa1aσ(2)b1f b1aσ(2)b2 · · · f bn−3aσ(n−2)anAn(1, σ, n). (2.1.13)

In section 6 this basis is going to be important when calculating BCJ numerators.
We will now use the color ordered Feynman rules to calculate an example of four-point
scattering.

2.2 Example in pure Yang-Mills
First we are going to need the color ordered Feynman rules for gluons. We will work
in Feynman gauge, take all momenta to be outgoing and use the rules stated in [38]

k1; ν

k2; ρ

k3; µ = i√
2

{ηνρ(k1 − k2)µ + ηρµ(k2 − k3)ν + ηµν(k3 − k1)ρ} ,

λ ρ

µ ν

= iηµρηνλ − i

2 (ηµνηρλ + ηµληνρ) ,

kµ ν
= −iη

µν

k2 .

The diagrams contributing to A(1, 2, 3, 4) at lowest order are shown in Figure 2.1
with the contribution to the amplitude for each individual diagram obtained by gluing
together appropriate vertex factors and propagators and then contracting with the
polarization vectors of the external particles.

For the s-channel diagram the contribution to the amplitude is

iAs = i√
2

{(ε1 · ε2)(k1 − k2)α + ε2,α(ε1 · (k2 − k)) + ε1,α(ε2 · (k − k1))}

×
(

−iη
αβ

s12

)

× i√
2

{(ε3 · ε4)(k3 − k4)β + ε4,β(ε3 · (k4 + k)) + ε3,β(ε4 · (−k − k3))} .



2.2. EXAMPLE IN PURE YANG-MILLS 7

k1
k2

k
k3
k4

λ

α

ν

β

µ

ρ

k2 k3

k

k4k1

ν

β

µ

α

ρλ

λ ρ

µ ν

k1
k2

k4
k3

Figure 2.1: s and t channels plus the contact diagram

Which we can simplify slightly

iAs = i

2s12

{
(ε1 · ε2)(k1 − k2)β + εβ

2 (ε1 · (k2 − k)) + εβ
1 (ε2 · (k − k1))

}
× {(ε3 · ε4)(k3 − k4)β + ε4,β(ε3 · (k4 + k)) + ε3,β(ε4 · (−k − k3))}

= i

2s12

{
(ε1 · ε2)(k1 − k2)β + 2εβ

2 (ε1 · k2) − 2εβ
1 (ε2 · k1)

}
× {(ε3 · ε4)(k3 − k4)β + 2ε4,β(ε3 · k4) − 2ε3,β(ε4 · k3)} .

(2.2.1)

where we have used transversality εi ·ki = 0 and momentum conservation at the vertices
in the following way

k1 + k2 + k = 0 ⇒

k2 − k = 2k2 + k1,

k − k1 = −2k1 − k2.
,

k3 + k4 − k = 0 ⇒

k4 + k = 2k4 + k3,

−k − k3 = −2k3 − k4.
.

Similarly we can construct the s-channel amplitude by taking 2 ↔ 4

iAt = i

2s14

{
(ε1 · ε4)(k1 − k4)β + 2εβ

4 (ε1 · k4) − 2εβ
1 (ε4 · k1)

}
× {(ε3 · ε2)(k3 − k2)β + 2ε2,β(ε3 · k2) − 2ε2,β(ε2 · k3)} .

(2.2.2)

Finally the contact diagram is

iAc =i
(

(ε1 · ε3)(ε2 · ε4) − 1
2(ε1 · ε4)(ε2 · ε3) − 1

2(ε1 · ε2)(ε3 · ε4)
)
. (2.2.3)
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We will not perform further simplifications in this section, but just note that the color-
ordered amplitude then can be calculated through A = As + At + Ac. At this point
we want to emphasize that even though the simplifications made here were somewhat
straight forward it quickly gets more complicated as the number of particles increases
[36]:

g + g → g + g 3 diagrams
g + g → g + g + g 10 diagrams
g + g → g + g + g + g 38 diagrams
g + g → g + g + g + g + g 154 diagrams.

Similarly the simplifications of the expressions become increasingly tedious. In the
following chapters we will proceed to look at methods to remedy these problems such
as spinor helicity and CHY.



Chapter 3

Spinor-Helicity

In the previous chapter we saw the capabilities of the classic Feynman diagram approach
to calculating scattering amplitudes. The expressions obtained are often large and
unwieldy and the spinor helicity (SH) approach does away with some of these limitations
by choosing a specific (helicity) basis for the amplitudes. This will enable us to efficiently
get results for a number of scattering cases and will in particular be useful later on in
the thesis for doing numerical checks. First we will go through conventional massless
SH methods as presented in [36,38] and then extend this to massive particles following
the approaches described in [7, 9, 42].

3.1 Massless

The usual approach to SH is by looking at the massless Dirac equation i/∂Ψ = 0 and
to then solve this using a plane wave expansion of Ψ, see for instance [36]. We will use
a different approach here and instead only assume four dimensions, on-shellness and
momentum conservation i.e.

d = 4, pµ
i piµ = 0,

∑
i

pi = 0, (3.1.1)

This is the method used by [42]. We can then go on to define the Pauli matrices

σµ

αβ̇
= (1αβ̇, σ

1
αβ̇, σ

2
αβ̇, σ

3
αβ̇),

(σ̄µ)α̇β = (1α̇β,−(σ1)α̇β,−(σ2)α̇β,−(σ3)α̇β),
(3.1.2)

where

σ1 =
0 1

1 0

 , σ2 =
0 −i
i 0

 , σ3 =
1 0

0 −1

 . (3.1.3)

9



10 CHAPTER 3. SPINOR-HELICITY

The spinor indices α and β̇ can be raised and lowered using the two-dimensional Levi-
Civita symbol εαβ satisfying εαβ = −εβα. We can use this to define momentum bi-spinors
from the four-momenta pµ

pαβ̇ ≡ pµσ
µ

αβ̇
, pα̇β ≡ pµ(σµ)α̇β. (3.1.4)

Here it can be constructive to actually write out e.g. pαβ̇ as a matrix

pαβ̇ =p01αβ̇ − p1σ
1
αβ̇ − p2σ

2
αβ̇ − p3σ

3
αβ̇

=
 p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

 .
We are also going to work with slashed momenta, so let us define them in terms of the
gamma matrices

/p = pµγ
µ = pµ

 0 σµ

αβ̇

(σµ)α̇β 0

 =
 0 pαβ̇

pα̇β 0

 . (3.1.5)

In the massless case, the on-shell condition means that the degenerate momentum bi-
spinor matrix can be decomposed as an outer product of two Weyl spinors. This is just
a standard linear algebra statement known as rank factorization, which goes as follows:
an m × n matrix M of rank r can be decomposed into M = AB where A is an m × r

matrix and B is an r × n matrix.

Example

Take the 2 × 2 matrix

M =
2 0

2 0

 .
It has det(M) = 0 and rank(M) = 1 so we should be able to deconstruct it into

an outer product of two vectors a and b. This can be done by taking a =
2

2


and b =

1
0

 since

a⊗ b =
a1b1 a1b2

a2b1 a2b2

 =
2 0

2 0

 = M.
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Again, since taking the determinant of the momentum bispinors gives

det pαβ̇ =

∣∣∣∣∣∣
 p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

∣∣∣∣∣∣
= (p0 − p3)(p0 + p3) + (p1 + ip2)(−p1 + ip2)
= p2

0 − p2
1 − p2

2 − p2
3 = p2 = m2.

(3.1.6)

pαβ̇ has rank 1 and we can decompose it into an outer product of the two Weyl spinors
λa and λ̃β̇

1: Furthermore we can also define a bra-ket notation for the Weyl spinors.

pαβ̇ = λαλ̃β̇ ≡ |p〉α [p|β̇,
pα̇β = λ̃α̇λβ ≡ |p]α̇ 〈p|β .

(3.1.7)

To make things a little clearer we can again write out the first line explicitly p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

 =
λp1λ̃p1 λp1λ̃p2

λp2λ̃p1 λp2λ̃p2

 .
This can then in turn be solved to give explicit representations of the massless spinors.
In numerical calculation it is easy to first create massless four-momenta satisfying mo-
mentum conservation and then from there calculate the spinors

λα =
√

p0 + p3

p1+ip2√
p0+p3

 , λ̃α̇ =
√

p0 + p3

p1−ip2√
p0+p3

 . (3.1.8)

We can use the bra-ket notation to define spinor (bracket) products 〈kp〉 ≡ 〈k|α|p〉α

and [kp] ≡ [k|α̇|p]α̇. From eq (3.1.7) we can see that applying the Levi-Civita symbol
on a ket turns it into a bra εαβ |p〉β = εαβλβ = λα = 〈p|α. The reverse applies to the
kets as well and this implies antisymmetri of the bracket products e.g.

〈kp〉 = 〈k|α|p〉α = εαβ |k〉β |p〉α = −εβα |k〉β |p〉α = −〈p|β|k〉β = − 〈pk〉 . (3.1.9)

Let’s summarize

1We have suppressed an index refering to the momentum p for clarity
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εαβ |p〉β = 〈p|α , εαβ 〈p|β = |p〉α ,

εα̇β̇[p|β̇ = |p]α̇, εα̇β̇|p]β̇ = [p|α̇, (3.1.10)

〈kp〉 = − 〈pk〉
[kp] = −[pk]

 ⇒ 〈pp〉 = [pp] = 0.

The above identities can then be used to see what happens when we act on the
spinors |p〉α, |p]α̇ with the momentum bispinor

pα̇β |p〉β = |p]α̇ 〈p|β |p〉β = 0, [p|α̇pα̇β = [p|α̇|p]α̇ 〈p|β = 0,

〈p|α pαβ̇ = 〈p|α |p〉α [p|β̇ = 0, pαβ̇|p]β̇ = a |p〉α [p|β̇|p]β̇ = 0.
(3.1.11)

since /p was expressed purely in terms of the momentum bispinors the identities corre-
spond to 0 pαβ̇

pα̇β 0

|p]β̇

0

 = /pv+(p) = 0,
(
〈p|α 0

) 0 pαβ̇

pα̇β 0

 = ū+(p)/p = 0, (3.1.12)

 0 pαβ̇

pα̇β 0

 0
|p〉β

 = /pv−(p) = 0,
(
0 [p|α̇

) 0 pαβ̇

pα̇β 0

 = ū−(p)/p = 0, (3.1.13)

where we have defined the incoming and outgoing (anti) four-spinors v±, ū± in terms
of the two-spinors [36]. This is of course nothing more than the usual Dirac equation in
the momentumbasis for the four-spinors, but using the SH notation there is no reason
to work with the four-spinors and for a lot of the work done in this thesis it is more
convenient to just use the Weyl spinors. When translating amplitude expressions such
as (2.2.1) we are going to need expression for the polarization vectors as well as a way
to express the momenta in terms of SH variables. To start we note that we never see
products of the kind [p|α̇ |k〉β unless there is a Pauli matrix contracting with the spinor
indices [p|α̇(σ̄µ)α̇β |k〉β, so a common way to write the slashed momenta (eq. (3.1.5)) is
by abusing notation slightly

/p = pαβ̇ + pα̇β = |p〉α [p|β̇ + |p]α̇ 〈p|β . (3.1.14)

It will always be obvious how the spinors should be contracted. We can use this to
form expressions for the momenta, since contracting both sides of the above with the
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σ and σ̄ matrices and using Tr[σµσν ] = 2ηµν

pµ = 1
2[p|α̇(σ̄µ)α̇β |p〉β ≡ 1

2[p|σµ|p〉,

pµ = 1
2 〈p|α (σµ)αβ̇|p]β̇ ≡ 1

2〈p|σµ|p].
(3.1.15)

Similarly we can construct polarization vectors related to particles with momentum p

and using a reference momentum q 6= p satisfying q2 = 0 [7]

εµ
+(p) = 1√

2
〈q|σµ|p]

〈qp〉
, εµ

−(p) = − 1√
2

[q|σµ|p〉
[qp] ,

/ε+(p) =
√

2 |q〉[p| + |p]〈q|
〈qp〉

, /ε−(p) = −
√

2 |p〉[q| + |q]〈p|
[qp] .

(3.1.16)

We note that these polarization vectors automatically obey transversality pi · ε±
i = 0.

Also, taking the difference between two polarization vectors we find

εµ
+(p, q′) − εµ

+(p, q) = 1√
2

(
〈q′|σµ|p]

〈q′p〉
− 〈q|σµ|p]

〈qp〉

)

=
√

2 〈q′q〉
〈q′p〉 〈pq〉

pµ,

which vanishes in the final amplitude because of gauge invariance, i.e. A
∣∣∣
εi→εi+aki

= A.
Since the spinors are two-dimensional, three spinors can never be linearly independent
and we will always be able to form one spinor as a linear combination of the two others

|k〉 = α |i〉 + β |j〉 , (3.1.17)

we can find the coeffecients α and β by multiplying both sides of the above by 〈i| and
〈j|:

〈ik〉 = β 〈ij〉
〈jk〉 = α 〈ji〉

 ⇒ − |k〉 〈ij〉 = |i〉 〈jk〉 + |j〉 〈ik〉 .

This of course holds for the square brackets as well. If we then group all the terms
on side of the equals sign and multiply by a fourth spinor 〈l|, we obtain a very useful
equation known as the Schouten identity

〈li〉〈jk〉 + 〈lj〉〈ik〉 + 〈lk〉〈ij〉 = 0,
[li][jk] + [lj][ik] + [lk][ij] = 0,

(3.1.18)
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Lastly we note the following identities that often come in handy2

sij = (pi + pj)2 = 2pi · pj = 〈i|j|i] = 〈ij〉 [ji],
〈i|σµ|j] = [j|σµ|i〉,

[i |nm| k] = [in] 〈nm〉 [mk].
(3.1.19)

3.2 The little group
First note that under the rescalings |p〉α → w−1 |p〉α and [p|β̇ → w[p|β̇ the momentum
bispinor is left invariant pαβ̇ → pαβ̇.

The subgroup of the Lorentz group that leaves the momentum invariant is known
as the little group. For a massive particle, one can always transform to a center of mass
frame where the particle lies still, i.e. pµ = (m 0 · · · 0 0). This vector is invariant to
SO(D − 1) rotations, hence the little group for massive particles in four dimensions is
SO(3) ∼ SU(2) [9].

For massless particles we cannot go to a center of mass frame since the particles are
traveling at speed v = 1 (for c = 1), and so the best we can do is go to a frame where
the particle is invariant to rotations around some axis, say z.

Example

Take the null vector pµ =
(
2E 0 0 2E

)
. From this we can form explicit repre-

sentations of the SH variables

pαβ̇ =
2E 0

0 0

 , |p〉α =
√

2E
1

0

 , [p|β̇ =
√

2E
1

0

 .
The momentum is obviously invariant to rotations in the xy-plane. Performing a
rotation around z-axis should leave this momentum invariant. Using the SL(2,C)
represenation of the Lorentz group we can rotate using the transformations

Λα
β =

ei φ
2 0

0 e−i φ
2

 , Λ̃β̇
α̇ =

e−i φ
2 0

0 ei φ
2

 ,
from which we get

|p〉α → |p〉′
α = ei φ

2 |p〉α , [p|β̇ → [p|′β̇ = e−i φ
2 [p|β̇, pαβ̇ → pαβ̇.

The rotations in the above example are nothing but U(1) ∼ SO(2) transformations
and so they exactly form the little group for massless particles in four dimensions, while

2Here the commonly used notation 〈i|σµ|j] ≡ 〈pi|σµ|pj ] has been adopted
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we in general can identify the little group in D dimensions for massless particles to be
SO(D − 2).

3.3 Yang-Mills example

In this section we will demonstrate how to use the massless spinor helicity variables
to simplify scattering amplitudes by looking at the amplitude A(1+, 2+, 3−, 4−) with
the following reference momenta q1 = 4, q2 = 4, q3 = 1, q4 = 1. The only non-zero
momentum/polarization products are

k2 · ε+
1 = − 1√

2
〈24〉 [12]

〈14〉
, ε+

2 · ε−
3 = − 〈34〉 [12]

〈24〉 〈13〉
,

k3 · ε+
1 = − 1√

2
〈34〉 [13]

〈14〉
, k1 · ε+

2 = 1√
2

〈14〉 [12]
〈24〉

,

k3 · ε+
2 = − 1√

2
〈34〉 [23]

〈24〉
, k2 · ε−

3 = − 1√
2

〈23〉 [12]
[13] ,

k4 · ε−
3 = 1√

2
〈34〉 [14]

[13] , k2 · ε−
4 = − 1√

2
〈24〉 [12]

[14] ,

k3 · ε−
4 = − 1√

2
〈34〉 [13]

[14] .

First we consider the s-channel expression (2.2.1)

As = 1
2s12

{
(ε1 · ε2)(k1 − k2)β + 2εβ

2 (ε1 · k2) − 2εβ
1 (ε2 · k1)

}
× {(ε3 · ε4)(k3 − k4)β + 2ε4,β(ε3 · k4) − 2ε3,β(ε4 · k3)} .

Since most of the polarization products vanish, this then reduces to

As = − 2
s12

(ε+
2 · ε−

3 )(k2 · ε+
1 )(k3 · ε−

4 )

= 1
s12

〈34〉2 [12]2
〈14〉 [14]

= 〈34〉4

〈12〉 〈23〉 〈34〉 〈41〉
.

where we have used momentum conservation 〈34〉 [14] = 〈23〉 [12]. Both the t-channel
and contact diagrams vanish since all the products are zero

At = 0, Ac = 0.
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The total color ordered amplitude is then obtained by summing over all contributions
coming from the 3 channels

Atree
4 (1+, 2+, 3−, 4−) =

∑
planar diagrams

A4 = 〈34〉4

〈12〉 〈23〉 〈34〉 〈41〉
. (3.3.1)

This results is known as an MHV - or Parke-Taylor amplitude [1]. In general one has
for MHV and anti-MHV3 amplitudes [36, 38]

MHV ≡ Atree
4 (1+, 2+, 3+, . . . , i−, . . . , j−, . . . , n+) = 〈ij〉4

〈12〉 〈23〉 · · · 〈n1〉
,

MHV ≡ Atree
4 (1−, 2−, 3−, . . . , i+, . . . , j+, . . . , n−) = [ij]4

[12][23] · · · [n1] .
(3.3.2)

The simplicity of these results is astonishing given the computational complexity it
took to get here through Feynman diagrams. This results is one of the many reasons
physicists search for new and more efficient methods to compute scattering amplitudes.

3.4 Massive spinor-helicity

Let us now turn our attention to massive particles. Assuming the massive momenta
are on shell this in turn corresponds to the condition

det
(
pαβ̇

)
= m2, (3.4.1)

whichs means pαβ̇ has full rank and the decomposition in terms of two Weyl spinors
breaks down. Instead we can expand the momentum in terms of two matrices each
with rank 14 pαβ̇ = M1 +M2 where M1 = λ1

αλ̃β̇,1 and M2 = λ2
αλ̃β̇,2 or more concisely

pαβ̇ = λa
αλ̃β̇,a = λa

αεabλ̃
b
β̇ = −λα,aλ̃

a
β̇,

pα̇β = λ̃α̇
b λ

β,b = −λ̃α̇,aεabλ
β,b = −λ̃α̇,bλβ

b ,
(3.4.2)

where the a = 1, 2 and b = 1, 2 are SU(2) little group indices that are raised and
lowered using the 2 dimensional Levi-Civita symbol just like the spinor indices. Under

32 postive helicity particles
4We have again suppressed an index p on the Weyl spinors for clarity



3.4. MASSIVE SPINOR-HELICITY 17

an SU(2) transformation we see that the momentum is invariant

λβ,a → Ua
b λ

β,b, λ̃α̇,c → U c
d λ̃

α̇,d,

pα̇β = −εcaλ̃
α̇,Kλβ,a → −εcaU

c
dU

a
b λ̃

α̇,dλβ,b = −εdbλ̃
α̇,dλβ,b = pα̇β.

(3.4.3)

where we have used one of the defining proporties of SU(2), namely the invariance
of εca under SU(2) transformations, εcaU

c
dU

a
b = εdb. We now turn to establish the

fundamental properties from the new massive SH variables. Since for square matrices
det(AB) = det(A) det(B) we can extract

det(λ) = M, det
(
λ̃
)

= M̃, with MM̃ = m2, (3.4.4)

where we in the remaining will set M = M̃ = m. This can the be used in con-
junction with the transformation property of the Levi Civita symbol εi1i2...inB

i1i2...in
j1j2...jn

=
εj1j2...jn det(B) to show that

λα,bλ
β,b = λa

αεabλ
β,b = −εβγεabλ

a
αλ

b
γ = εβγεγα det(λ) = mδβ

α,

λ̃α̇,bλ̃β̇,b = −λ̃α̇,bεbaλ̃
a
β̇ = −εβ̇γ̇εbaλ̃

α̇,bλ̃γ̇,a = εβ̇γ̇ε
γ̇α̇ det

(
λ̃
)

= mδα̇
β̇ ,

λβ,aλc
β = −εαβλa

αλ
c
β = − det(λ)εac = −mεac,

λ̃a
β̇λ̃

β̇,c = εβ̇α̇λ̃a
β̇λ̃

c
α̇ = det

(
λ̃
)
εac = mεac.

(3.4.5)

From which the two-dimensional Dirac equation can be recovered

pα̇βλd
β = λ̃α̇

aλ
β,aλd

β = −mεadλ̃α̇
a = mλ̃α̇,d,

pαβ̇λ̃
β,d = −λα,aλ̃

a
β̇λ̃

β,d = −mεadλα,a = mλd
α,

λα,dpαβ̇ = λα,dλa
αλ̃β̇,a = −mεdaλ̃β̇,a = −mλ̃d

β̇,

λ̃d
α̇p

α̇β = λ̃d
α̇λ̃

α̇
aλ

β,a = εabλ̃
d
α̇λ̃

α̇,bλβ,a = mεabε
dbλβ,a = −mλβ,d.

(3.4.6)

Since we are at some point going to convert between two and four dimensional rep-
resentations of the spinors, let us compare the above with the four-dimensional Dirac
equation (

/p−m
)
ua(p) = ūa(p)

(
/p−m

)
= 0,(

/p+m
)
va(p) = v̄a(p)

(
/p+m

)
= 0,

(3.4.7)

where m is shorthand for mass matrix m⊗

δβ
α 0
0 δα̇

β̇

. If we identify
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ua(p) =
 λa

α

λ̃α̇,a

 , ūa(p) =
(
−λα,a λ̃a

α̇

)
,

va(p) =
−λa

α

λ̃α̇,a

 , v̄a(p) =
(
λα,a λ̃a

α̇

)
,

(3.4.8)

we have e.g. for ua(p) and ūa(p)−mδβ
α pαβ̇

pα̇β −mδα̇
β̇

 λa
β

λ̃β̇,a

 =
pαβ̇λ̃

β̇,a −mλa
α

pα̇βλa
β −mλ̃α̇,a

 =
0

0

 , (3.4.9)

(
−λα,a λ̃a

α̇

)−mδβ
α pαβ̇

pα̇β −mδα̇
β̇

 =
(
mλβ,a + λ̃a

α̇p
α̇β −mλ̃a

β̇
− λα,apαβ̇

)
=
(
0 0
)
. (3.4.10)

Just like for the massless spinors, it is often more convenient (and nicer) to work in a
bra-ket notation, so let us summarize the above results using it.

|pa〉α ≡ λa
α, 〈pa|β ≡ λβ

a , |pa]α̇ ≡ λ̃α̇,a,

pαβ̇ = |pa〉α[pa|β̇, pα̇β = |pa]α̇〈pa|β, mδα̇
β̇ = |pa]α̇[pa|β̇,

pα̇β|pa〉β = m|pa]α̇, pαβ̇|pa]β̇ = m|pa〉α, 〈pa|αpαβ̇ = −m[pa|β̇,

〈pakb〉 ≡ 〈pa|β|kb〉β, [pakb] ≡ [pa|β̇|kb]β̇, 〈papb〉 = −mεab,

[pa|β̇ ≡ λ̃β̇,a, mδβ
α = |pa〉α〈pa|β, [pa|α̇pα̇β = −m〈pa|β,

[papb] = mεab.

(3.4.11)

As opposed to the spinor index which we saw we could suppress in the massless case,
since it was always clear how to contract the spinors, the little group index follows along
in all our calculations. The introduction of all of this notation warrants an example.
Since it will be useful to us later on, let us look at the color ordered three-point quark-
quark-gluon amplitude. The three-vertex rule is just γµ [7] so denoting quarks and
antiquarks with underscores and bars respectively, the amplitude with one positive
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helicity gluon is

A(1a, 2+, 3b) =

2+

1a 3b

= ūa
1/ε

+
2 v

b
3. (3.4.12)

Inserting the expression for our massive spinors as well as the gluon polarization we
obtain

A(1a, 2+, 3b) = (−〈1a| + [1a|)
(√

2 |q〉[2| + |2]〈q|
〈q2〉

)(
−|3b〉 + |1b]

)
= −

√
2

〈q2〉
(
〈1aq〉[23b] + [1a2]〈q3b〉

)
.

This can be put into an even more compact form if we use the identities just established.
Let us go through the calculations as an exercise

A(1a, 2+, 3b) = −
√

2
〈q2〉m

(
mδb

d〈1aq〉[23d] +mδa
c [1c2]〈q3b〉

)
= −

√
2

〈q2〉m
(
mεdcε

cb〈1aq〉[23d] +mεcdε
da[1c2]〈q3b〉

)
= −

√
2

〈q2〉m
(
εcd[23d]〈3c3b〉〈1aq〉 + εcd〈1a1d〉[1c2]〈q3b〉

)
,

where we have used the identities εabε
bc = δc

a and 〈papb〉 = −mεab as well as the
antisymmetry of the Levi-Civita symbol and the spinor products. Using the definition
of the slashed massive momenta we can combine the first term into an angle-square
bracket, on which we can then employ momentum conservation, the schouten identity
and then expand back into bra-ket products

A(1a, 2+, 3b) = −
√

2
〈q2〉m

(
[2|3|3b〉〈1aq〉 + εcd〈1a1d〉[1c2]〈q3b〉

)
= −

√
2

〈q2〉m
εcd[1c2]

(
〈3b1d〉〈1aq〉 + 〈1a1d〉〈q3b〉

)
=

√
2

〈q2〉m
εcd[1c2]〈1a3b〉〈1dq〉

= −
√

2〈1a3b〉[2|1|q〉
m 〈2q〉 .

We now have an expression that explicitly contains a mass term and the result matches
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the one obtained in [7].
Having established both massless and massive spinor helicity techniques we will now

turn to another method the CHY formalism. The spinor helicity methods will prove
useful when we want to check the results we obtain later in the thesis, especially for
numerical checks.



Chapter 4

Massless CHY

In this section we present the approach to scattering amplitudes developed by Cachazo,
He and Yuan (CHY) in an impressive series of papers [10–15]. The method is based on a
set of relations known as the scattering equations and provide the scattering amplitudes
for a large number of different theories, but have until just recently been reserved for
particles with integer spin s ≤ 2. The formalism provides an incredible efficient way
to calculate d-dimensional covariant scattering amplitudes. In this thesis the focus
is on tree level scattering but it should be mentioned that extensions to loop level
exist [20, 21]. Furthermore a double cover approach has been developed in [43–45] and
it is exceptionally suited for phrasing the CHY amplitudes in a factorized form, see for
instance [46–49].

We focus on the single cover in this thesis and the chapter will go as follows. First
we present the formalism and the scattering equations. We then go through the proof of
the diagrammatic rules obtained in [50] and combine them with the CHY monodromy
relations found in [51]. Following this we present the integrands for various theories
and perform explicit calculations of different amplitudes. The checks performed in
Mathematica are based of the algorithm used in [21].

4.1 The scattering equations

Cachazo, He and Yuan found that d-dimensional scattering amplitudes can be calcu-
lated through the integral

A(1, . . . , n) =
∫

dΩCHY IL × IR (4.1.1)

21
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where the left and right handed integrands IL and IR depend on the field theory in
question and the CHY measure is

dΩCHY = (zr − zs)2(zs − zt)2(zt − zr)2 ∏
i=1

i 6=r,s,t

dzi δ(Si). (4.1.2)

The Si’s in the deltafunction are the scattering equations and they encode n on shell-
momenta {kµ

1 , . . . , k
µ
n} in terms of auxiliary variables zi ∈ CP1 that corresponds to

punctures on the Riemann sphere.

Si(z) ≡
∑
j=1
j 6=i

2ki · kj

zi − zj

= 0, i = 1, ..., n. (4.1.3)

In the massless case the mandelstam variables are sij = 2ki · kj so we can express it in
a somewhat neater form

Si(z) ≡
∑
j=1
j 6=i

sij

zij

= 0, (4.1.4)

where we have also defined the shorthand zij ≡ zi − zj. At a first glance, we have
n equations, but because of SL(2,C) invariance of Si we get three extra constraints,
reducing the number of independent equations to n− 3:

0 =
∑

i

Si, 0 =
∑

i

Sizi, 0 =
∑

i

Siz
2
i . (4.1.5)

First let us show that the scattering equations Si = 0 are invariant under a Möbius
transformation of the auxiliary variables zi → azi+b

czi+d
. The transformation takes

Si =
n∑

j=1
j 6=i

sij

zi − zj

→ S ′
i =

n∑
j=1
j 6=i

sij

azi+b
czi+d

− azj+b

czj+d

.

Putting the fractions in the denominator on a common divisor we get

S ′
i =

n∑
j=1
j 6=i

sij

(azi+b)(czj+d)−(azj+b)(czi+d)
(czi+d)(czj+d)

=
n∑

j=1
j 6=i

sij

(ad−bc)(zi−zj)
(czi+d)(czj+d)

=
n∑

j=1
j 6=i

sij(czi + d)(czj + d)
(zi − zj)

,

where we have used the fact that for a Möbius transformation ad − bc = 1 in the last
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line. We then have

S ′
i =(czi + d)

n∑
j=1
j 6=i

sij(czj + d)
(zi − zj)

=(czi + d)

dSi + c
n∑

j=1
j 6=i

sij(zj)
(zi − zj)



=(czi + d)

dSi + c
n∑

j=1
j 6=i

sij(zj − zi)
(zi − zj)

+ czi

n∑
j=1
j 6=i

sij

(zi − zj)


=(czi + d)2Si.

(4.1.6)

In the second line we expanded zj = zj −zi+zi and in the last line we used the definition
of Si and ∑

j sij = 0 for the last and middle term respectively. The constraints on
the solutions 4.1.5 follows from this. The first one can also easily be shown through
symmetry of the numerator and antisymmetry of the denominator

n∑
i=1

Si =
n∑

i=1

n∑
j=1
j 6=i

sij

zij

= −
n∑

i=1

n∑
j=1
j 6=i

sji

zji

= −
n∑

i=1

n∑
j=1
j 6=i

sij

zij

= 0.

The second constraint follows from the first
n∑

i=1
ziSi =

n∑
i=1

n∑
j=1
j 6=i

zisij

zij

=
n∑

i=1

n∑
j=1
j 6=i

(zij + zj)sij

zij

=
n∑

i=1

n∑
j=1
j 6=i

(
zijsij

zij

)
+

n∑
j=1
j 6=i

zj

n∑
i=1

(
sij

zij

)

= −
n∑

i=1

n∑
j=1
j 6=i

zjsji

zji

= −
n∑

i=1

n∑
j=1
j 6=i

zisij

zij

= 0,

where the first term in the second line vanishes due to momentum conservation and the
last line vanish from symmetry/antisymmetry of the numerator/denominator. Lastly
the third condition is

n∑
i

z2
i Si =

n∑
i

n∑
j=1
j 6=i

zizjsij

zij

= 0,

which is zero, again by use of antisymmetry. Having now shown the extra conditions
relating the scattering equations to each other, we end up with n − 3 independent re-
lations. The delta function in the CHY measure means that the integral is completely
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localized under the support of the scattering equations and just turns into a sum over
solutions [40] however in this thesis we will not explicitly solve the scattering equations,
but instead employ a diagrammatic expansion which we will derive in section 4.2. It
might however, provide some insight to look at how finding the solutions could be done
by e.g. looking at the case with n = 4.

Since we only have 1 independent solution, let us set z1 = ∞, z2 = 1 and z4 = 0.
For this specific choice of variables we clearly have S1 = ∑

j=2,3,4
s1j

z1−zj
= 0 ∀ zj since

z1 = ∞ and we don’t get any relations that let us determine z3 from this. We just need
one of the remaining equations to determine z3, e.g. S4:

S4 =
∑

j=2,3

s4j

z4 − zj

= s42

z4 − z2
+ s43

z4 − z3
= −s42 − s43

z3
= 0

⇒ z3 = −s43

s42
,

which indeed provides a solution to the remaining scattering equations

S2 = = s23

z2 − z3
+ s24

z2 − z4
= s23

1 + s43
s42

+ s24 = s23s24

s42 + s43
+ s24 = −s14s24

s14
+ s24 = 0

S3 = s32

z3 − z2
+ s34

z3 − z4
= − s32

s43
s42

+ 1 − s34s42

s43
= s14s42

s14
− s42 = 0.

This turns cumbersome quickly as n becomes large and as already mentioned we will
instead employ a diagrammatic method. For numerical calculations finding solutions
through the above method is however very feasible. We will now turn to explore the
integral used to calculate the amplitudes and then derive integration rules for it.

4.2 CHY integration rules

In this section we go through the derivation in [50] which presents a powerful way
of obtaining scattering amplitudes from the CHY integral that has a diagrammatical
formulation in terms of four-regular n-gons. Some of the expansions were already done
in [16,17], but the great insight of C. Baadsgaard et al. was to notice the diagrammatic
nature of this expansion.

Using the integration rules found in this section we avoid having to explicitly sum
over the solutions to the scattering equations. Since solving the scattering equations
used to be the bottleneck of the theory [40] this partly solves that problem, especially
since the integration rules are easily implemented in a computer program such as Math-
ematica.

At large n however, the procedure still becomes cumbersome and the resulting



4.2. CHY INTEGRATION RULES 25

expressions become large and unwieldy and as we will see later in this thesis, methods
suchs as expressing the result in terms of BCJ-numerators can greatly simplify the
calculations.

Möbius invariance of the integrand

Before looking at the integration rules themselves we will quickly show what conse-
quence requiring Möbius invariance of the CHY integral has. First note that since
Si → (czi + d)2Si under a SL(2,C) transformation (see (4.1.6)) the CHY integration
measure transforms as

dΩCHY = z2
rsz

2
stz

2
tr

∏
i=1

i 6=r,s,t

dzi δ(Si) → z2
rsz

2
stz

2
tr

(czr + d)4(czs + d)4(czt + d)4

∏
i=1

i 6=r,s,t

dzi

(czi + d)2
δ(Si)

(czi + d)2

= dΩCHY
∏

i

1
(czi + d)4 ,

where we have used the fact that

zrt = (zr − zt) →azr + b

czr + d
− azt + b

czt + d
= (azr + b)(czt + d) − (azt + b)(czr + d)

(czr + d)(czt + d)

= aczrzt + adzr + cbzt + bd− acztzr − adzt − cbzr − bd

(czr + d)(czt + d)

= 1
(czr + d)(czt + d)zrt,

as well as δ(f(z)α) = |α|−2δ(f(z)) on the Riemann sphere and the Jacobian dz′
i

dzi
=

d
dzi

(
azi+b
czi+d

)
= a

czi+d
− c(azi+b)

(czi+d)2 = 1
(czi+d)2 . So for the amplitude to remain invariant under

SL(2,C) transformations we need the integrand I = IL × IR to transform according to

I → I
∏

i

(czi + d)4. (4.2.1)

All CHY amplitudes can be put into the form [50]

An [H(z)] =
∫

dΩCHY H(z), (4.2.2)

where H(z) is a function of the punctures zi

H(z) =
∏
i,j
i<j

z
cij

ij , with cij ∈ Z and cij = cji. (4.2.3)
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The Möbius transformation of the integrand (4.2.1) dictates that every variable has to
come with weight −4, meaning we require ∑j=1

j 6=i
cij = −4 . For this reason, we will be

able to represent integrands as 4-regular n-gons.

Derivation of the rules

We will now derive the integration rules. Working with integrands of the form (4.2.3)
and using the constraints (4.1.5) to gauge fix three of the punctures

zr = z1 = ∞,

zs = z2 = 1,
zt = zn = 0,

(4.2.4)

while also defining
G(z) ≡ lim

z1→∞
H(z)z4

1 . (4.2.5)

Combining (4.2.2) with (4.2.4) and (4.2.5) we end up with an integral of the form

An [G(z)] =
∫
G(z)

n−1∏
i=3

dziδ(Si)

= 1
(2πi)n−3

∮
S3=S4=···Sn−1=0

G(z)∏n−1
i=3 Si

n−1∏
i=3

dzi,

(4.2.6)

where the δ-function integrals can be viewed as contour integrations around the residues
of Si. We can then use the global residue theorem which states that the residues at
the solutions to the scattering equations are equal to minus the sum of the remaining
residues.

The remaining poles lie in the function G(z) when factors (zi − zj)−1 tend to zero,
so finding the sum of theses residues, gives us the residues of Si. Let us consider the
case where zi → zn = 0 for i ∈ τ where τ is a subset of Zn/{1, 2}. We will assume that
τ has at least one member, a, other than n. We then define

za = ε, zi = εxi for i ∈ τ,

so that to order ε

zij =


zi (1 + O(ε)) for i /∈ τ ∧ j ∈ τ

−zj (1 + O(ε)) for i ∈ τ ∧ j /∈ τ

εxij for i, j ∈ τ

, (4.2.7)

where xij ≡ (xi −xj). Since G(z) consisted of products of zij, we see that it now factors
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into a function of the xi’s with i ∈ τ as well as a function of the remaining zi’s (with
i /∈ τ of course). We also get a factor of ε from every factor xij when both i, j ∈ τ

G(z) = εgĜ(z)G̃(x) (1 + O(ε)) (−1)ninv . (4.2.8)

Where g counts the number of ε factors we get from the zij = εxij

g =
∑

i,j∈τ
i<j

cij. (4.2.9)

G̃(x) includes the products of xij while Ĝ(z) includes the remaining products zij not
included in τ

G̃(x) =
∏

i,j∈τ
i<j

x
cij

ij ,

Ĝ(z) = lim
zi→0∀i

G(z)∏
i,j∈τ
i<j

z
cij

ij

.

(4.2.10)

Lastly the factor ninv counts the number of zij’s where i ∈ τ and j /∈ τ . The measure
can be written in terms of the new variables

n−1∏
i=3

dzi = dε ε|τ |−2 ∏
i∈τ{/{1,2}

dzi

∏
i∈τ/{a,n}

dxi , (4.2.11)

with τ { meaning the complement of τ and the dε comes from setting za = ε. Similarly
the scattering equations can be expanded in the new variables as well. Here we again
have two cases

Si = S̃i

ε
(1 + O(ε)) , S̃i =

∑
j∈τ
j 6=i

sij

xij

, for i ∈ τ,

Si = Ŝi (1 + O(ε)) , Ŝi =
∑
j∈τ
j 6=i

sij

zij

+
∑
j∈τ

sij

zi

, for i /∈ τ,
(4.2.12)

where the last sum in Ŝi comes from the fact that zj → 0 for j ∈ τ . Just as with G(z)
we can now express Si in terms of the new functions. We get a prefactor, since every
term where i ∈ τ comes with a 1

ε
. Notice here that getting τ factors of 1

ε
is overcounting

(since n ∈ τ but we are excluding it from the product), so we have to subtract one,
leaving 1

ετ−1 = ε1−τ

n−1∏
i=3

Si = ε1−|τ |(1 + O(ε))S̃a

∏
i∈τ{/{1,2}

Ŝi

∏
i∈τ/{a,n}

S̃i. (4.2.13)
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Combining (4.2.8), (4.2.11) and (4.2.13) to leading order in ε

∮
S3=···Sn−1=0

dε (−1)ninv

(2πi)n−3

∏
i∈τ{/{1,2}

dzi

∏
i∈τ/{a,n}

dxi
Ĝ(z)G̃(x)

S̃a
∏

i∈τ{/{1,2} Ŝi
∏

i∈τ/{a,n} S̃i

εg+2|τ |−3.

(4.2.14)
Letting ε → 0 we can read of the pole dependence on g by looking at the last term.
For higher order poles the Monodromy relations will be used and so for the integration
rules we will only focus on first order poles which shows up at g = 2 − 2|τ |. One can
show that1 ∑

i∈τ

S̃ixi = sτ .

We can now rewrite the integral using the global residue theorem. Letting ε → 0 the
integral factorizes and we will have one of the residues being at S̃i = 0 ∀ i ∈ τ/{a, n}.
For this specific residue we have

sτ =
∑
i∈τ

S̃ixi =
∑

i∈τ/{a,n}
S̃ixi

︸ ︷︷ ︸
0

+ S̃nxn︸ ︷︷ ︸
0

+S̃axa = S̃a.

This in turn means that the factor of 1
S̃a

turns into a propagator connecting the lines
in the subset. Denoting the integrand by I, the residue is then

Res(I) = (−1)ninv

(2πi)n−4
1
sτ

∮ ∏
i∈τ{/{1,2}

dzi
Ĝ(x)
Ŝi

∮ ∏
i∈τ/{a,n}

dxi
G̃(z)
S̃i

. (4.2.15)

In the above, the rescaled variables x have seperated completely from the non-rescaled
ones, z, so if we iterate this procedure until all the n − 3 integrations have been per-
formed, the propagators will either be nested or disjoint. Every time the global residue
theorem is used we pick up a factor (−1) leaving us with a (−1)n−3 on the final re-
sult. Lastly we sum over all residues. From this we are now ready to write down the
integration rules

1For an inductive proof see Appendix A
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Integration rules

• For an n point amplitude represent the integrand by placing the points in
an n-gon pattern.

• For each factor (zij)−1 draw a line between points i and j.

• For each factor (zij) draw a dashed line between points i and j.

• Find all subsets of vertices τ ⊂ {1, 2, . . . , n} that are connected by 2τ − 2
lines. Due to momentum conservation, complimentary subsets are equiva-
lent.

• Identify all compatible subsets that are remaining. Form groups comprised
each of n−3 of the subsets in every way possible. Compatible is here taken
to mean subsets that are either disjoint or nested.

• The above groups containing subsets {i, j, . . . , k} now each contribute a
factor 1

sij...k
.

• The integral is then the sum over the contribution of all the groups multi-
plied by a factor (−1)ninv+n−3.

4.3 Integrands and examples
Having now derived a diagrammatic way to obtain expressions from the CHY integral it
is time to explore the rules for different theories. We will start off by going through ϕ3-
theory since it turns out to be remarkably simple. In this case the number of diagrams
needed does in fact not depend on the number of points, which is in in stark contrast
to the Feynman diagrammatic expansion.

For the n-point tree level amplitude Aϕ3
n (1, 2, 3, . . . , n) the left and right integrands

are
Iϕ3

L = PT(1, 2, 3 . . . , n), Iϕ3

R = PT(1, 2, 3, . . . , n), (4.3.1)

where PT(1, 2, 3 . . . , n) denotes a Parke-Taylor factor

PT(1, . . . , n) ≡ 1
(z1 − z2)(z2 − z3) · · · (zn − z1)

= 1
z12z23 · · · zn1

. (4.3.2)

So the amplitude is obtained through the integral

Aϕ3

n (1, 2, 3, . . . , n) =
∫

dΩCHY
1

z2
12z

2
23 · · · z2

n1
. (4.3.3)
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As an example, let us consider n = 4. Using the integrations rules just established, the
integrand I = IL × IR then corresponds the diagram

I(z) = 1
z2

12z
2
23z

2
34z

2
41

→

1

2 3

4

. (4.3.4)

Taking the set {1, 2, 3, 4} we now look at subsets containing τ number of points,
where the weight of lines in the subset equals

w = 2τ − 2. (4.3.5)

The smallest possible subset contains two points and then needs weight +2. For the
four-point diagram in 4.3.4 the subsets are

{1, 2}, {2, 3}, {3, 4}, {4, 1}.

The subsets now have to be combined. They are compatible if they are disjoint (no
point is present in both subsets) or if they are completely joint/nested (one subset is
contained in the other). Before we combine them we also have to take momentum
conservation into account so {1,2} is for instance complementary to {3,4} and only one
of them has to be counted. Now the subsets left are {1, 2} and {4, 1}. None of them are
compatible so the integral can then be evaluated by summing the compatible subsets
according to the rule {i, j} → 1

sij
. We get

1

2 3

4

→ − 1
s12

− 1
s14

, (4.3.6)

which under support of the scattering equations is also the d-dimensional four-point
tree-level amplitude

Aϕ3

4 (1, 2, 3, 4) = − 1
s12

− 1
s14

. (4.3.7)

As already mentioned, these rules are easily implemented in Mathematica and so
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we can e.g. similarly obtain the five and seven-point amplitudes

Aϕ3

5 (1, 2, 3, 4, 5) =

1

2
3

4

5

= 1
s12s34

+ 1
s15s34

+ 1
s12s45

+ 1
s15s23

+ 1
s45s23

.

Aϕ3

7 (1, 2, 3, 4, 5, 6, 7) =

1
2

3 4 5

6
7

= 1
s12s34s56s127

+ 1
s17s34s56s127

+ 1
s17s23s45s167

+ 1
s23s45s67s167

+ 1
s17s23s56s234

+ 1
s17s34s56s234

+ 1
s17s23s167s234

+ 1
s17s34s167s234

+ 1
s23s67s167s234

+ 1
s34s67s167s234

+ 1
s12s34s67s345

+ 1
s12s45s67s345

+ 1
s12s34s127s345

+ 1
s17s34s127s345

+ 1
s12s45s127s345

+ 1
s17s45s127s345

+ 1
s17s34s167s345

+ 1
s17s45s167s345

+ 1
s34s67s167s345

+ 1
s45s67s167s345

+ 1
s17s23s45s456

+ 1
s17s23s56s456

+ 1
s12s45s127s456

+ 1
s17s45s127s456

+ 1
s12s56s127s456

+ 1
s17s56s127s456

+ 1
s12s34s56s567

+ 1
s12s34s67s567

+ 1
s23s56s234s567

+ 1
s34s56s234s567

+ 1
s23s67s234s567

+ 1
s34s67s234s567

+ 1
s12s45s67s123

+ 1
s23s45s67s123

+ 1
s12s45s456s123

+ 1
s23s45s456s123

+ 1
s12s56s456s123

+ 1
s23s56s456s123

+ 1
s12s56s567s123

+ 1
s23s56s567s123

+ 1
s12s67s567s123

+ 1
s23s67s567s123

.

The number of Feynman diagrams needed to compute the n-point amplitude for bi-
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adjoint scalar field theory is given by the function [22]

C(n) = (2n− 5)!!2n−2

(n− 1)! (4.3.8)

meaning we would have had to draw 42 Feynman diagrams instead of just one CHY
diagram, to calculate the seven-point amplitude. The above is of course the simplest
example imaginable and in [52] all the known left and right CHY integrands were
presented. The ones relevant for this thesis are shown in Table 4.1.

Theory IL IR

pure bi-adjoint scalar PT(α) PT(β)
pure color-ordered Yang-Mills PT(α) Pf ′Ψ

gravity theory Pf ′Ψ Pf ′Ψ

Table 4.1: Form of the integrands for various theories.

Note that the Parke-Taylor factor PT(α) implies the color order (α1, α2, . . . , αn) of
the partial Yang-Mills amplitude. Even without knowing what the quantities in table
mean, the double copy approach of obtaining graviton amplitudes from Yang-Mills by
replacing the factors containing color information, PT(α), with kinematic factors, Pf ′Ψ,
is seen to come out naturally in the CHY formalism. We will explore this in detail in
chapter 6.

The Pfaffian of an (2N × 2N) matrix Ψ is defined as

Pf Ψ = 1
2NN !

∑
σ∈S2N

sgn(σ)
N∏

i=1
Ψσ(2i−1),σ(2i), (4.3.9)

and Pf ′(Ψ) is the reduced Pfaffian, obtained by removing the i and j’th rows and
columns from the matrix Ψ and dividing by the punctures corresponding to those rows
and columns2:

Pf ′ ≡ (−1)i+j

zij

Pf Ψi,j. (4.3.10)

Lastly, Ψ is a skew-symmetric matrix

Ψ =
A −CT

C B

 , (4.3.11)

2If e.g. j > n then zij → zi(j−n). This will be the case when reducing Ψ in order to obtain
scalar-gluon amplitudes
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with entrances

Aij =


sij

zij
, if i 6= j

0, if i = j
,

Bij =


εij

zij
, if i 6= j

0, if i = j
,

Cij =


εkij

zij
, if i 6= j

−∑
l 6=

εkil

zil
, if i = j

,

(4.3.12)

where εij ≡ εi · εj and εkij ≡
√

2εi · kj. We note that this definition of the dot products
is consistent with the one used in [28] and gives the correct normalization of the CHY
amplitudes when comparing them to expressions obtained through Feynman diagrams.
One problem with this way of casting the matrix elements, is that the integrand as
stated, is not term-wise Möbius invariant. This problem was solved in [51] by rewriting
the diagonal elements of the C matrix. First notice that for i 6= l we have

εkil

zai

+ εkilzla

zaizil

= εkilzil

zaizil

+ εkilzla

zaizil

= εkil(zi − zl) + εkil(zl − za)
zaizil

= −εkilzai

zaizil

= −εkil

zil

.

So the diagonal terms of C can be rewritten

Cii =
∑
l 6=i

εkil

zai

+ εkilzla

zaizil

=
∑
l 6=i

εkilzla

zaizil

, (4.3.13)

where the first term vanishes because of momentum conservation.
∑
l 6=i

εkil = −εkii = 0.

This form of the C matrix is manifestly Möbius invariant and the reduced Pfaffian is
guaranteed to be term-wise Möbius invariant. When actually calculating amplitudes
we have to make choices for a. Since a 6= i, we can for instance choose a = 2 when
i = 1 and a = 1 when i > 1, giving us a concrete Möbius invariant representation of
the diagonal elements:

Cii =


∑n

l=3
εk1lzl2
z21z1l

, i = 1∑
l /∈{1,i}

εkilzl1
z1izil

, i > 1
. (4.3.14)

In the Mathematica code used for a large part of the thesis this implementation has
been chosen, but we want to stress that taking a different value of a, while not changing
the end result, can have a large effect on the simplicity of the intermediate steps. For
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the sake of concreteness let us consider the simple example of n = 3. Here we have a
6 × 6 matrix Ψ. The elements are

A11 = A22 = A33 = 0, A12 = −A21 = s12

z12
, A13 = −A13 = s13

z13
, A23 = −A32 = s23

z23

B11 = B22 = B33 = 0, B12 = −B21 = ε12

z12
, B13 = −B13 = ε13

z13
, B23 = −B32 = ε23

z23

C12 = εk12

z12
, C13 = εk13

z13
, C23 = εk23

z23
, C21 = εk21

z21
, C32 = εk32

z32
, C31 = εk31

z31

C11 = εk13z32

z31z13
, C22 = εk23z31

z12z23
, C33 = εk32z21

z13z32
.

(4.3.15)
We can then explicitly write out the matrix Ψ and show its reduction. If we reduce Ψ
by e.g. {i, j} = {1, 3} this corresponds to.

Ψ =



0 s12
z12

s13
z13

− z23εk13

z12z13
εk21

z12
εk31

z13

− s12
z12

0 s23
z23

− εk12

z12
z13εk23

z12z23
εk32

z23

− s13
z13

− s23
z23

0 − εk13

z13
− εk23

z23
− z12εk32

z13z23
z23εk13

z12z13
εk12

z12
εk13

z13
0 ε12

z12
ε13
z13

− εk21

z12
− z13εk23

z12z23
εk23

z23
− ε12

z12
0 ε23

z23

− εk31

z13
− εk32

z23
z12εk32

z13z23
− ε13

z13
− ε23

z23
0


,

→ Ψ1,3 =


0 − εk12

z12
z13εk23
z12z23

εk32
z23

εk12
z12

0 ε12
z12

ε13
z13

− z13εk23
z12z23

− ε12
z12

0 ε23
z23

− εk32
z23

− ε13
z13

− ε23
z23

0

 .

Taking the reduced Pfaffian of this 4 × 4 matrix

Pf ′Ψ1,3 = (−1)4

z13

1
8
∑

σ∈S4

sgn(σ)
2∏

i=1
Ψ1,3

σ(2i−1),σ(2i), (4.3.16)

the group S4 has 24 elements, but amazingly there are only three distinct elements in
the sum (since factors like εij and εklm commute), and each element shows up exactly
eight times, canceling the prefactor in front so we are left with

Pf ′Ψ1,3 = 1
z13

(
Ψ1,3

14 Ψ1,3
23 − Ψ1,3

13 Ψ1,3
24 + Ψ1,3

12 Ψ1,3
34

)
= ε12εk32

z12z23z13
− ε13εk23

z12z23z13
− ε23εk12

z12z23z13
.

(4.3.17)
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The amplitude is then (under support of the scattering equations)

AYM
3 (1, 2, 3) = PT(1, 2, 3)Pf ′Ψ1,3

= 1
z2

12z
2
23z

2
13

{−ε12εk32 + ε13εk23 + ε23εk12}

=

1

2

3

{−ε12εk32 + ε13εk23 + ε23εk12}

= −ε12εk32 − ε13εk21 + ε23εk12,

(4.3.18)

where we have used momentum conservation εk23 = −εk21 − εk22 and transversality
εk22 = 0 in the last line. As a simple check we can compare this to the three-gluon
amplitude calculated through Feynman diagrams. This can be obtained by taking the
gluon three-vertex from chapter 2 and contracting with the external polarization vectors

iAYM
3 (1, 2, 3) = i√

2
{(ε12)ε3 · (k1 − k2) + (ε23)ε1 · (k2 − k3) + (ε13)ε2 · (k3 − k1)}

= i {−ε12εk32 − ε13εk21 + ε23εk12} ,
(4.3.19)

where we have used momentum conservation in the following way

k1 + k2 + k3 = 0 ⇒


k1 − k2 = −2k2 − k3

k3 − k1 = −2k1 − k2

k2 − k3 = −2k3 − k1

. (4.3.20)

The CHY result matches the Feynman diagram approach as expected. We again note
that dot product convention used, εkij ≡

√
2(εi ·kj), is exactly the one needed to get the

same normalization as the amplitude obtained through Feynman diagrams. At three
points we do not encounter any higher order poles in the integrands, but as they arise
already at four points, we will now give a prescription to remove them.

4.4 Monodromy relations

As already mentioned, we sometimes have to deal with higher order poles in the inte-
grands. The trick is to multiply the integrand by something that is equal to 1 (under
integration) which removes the pole. The identities used for this are known as the
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monodromy relations and were first described in CHY by [51]:

1 = Id{1,...,k} ≡ −1
PT(1, . . . , n)

1
s1···k

×
∑

σ∈
(

{2,...,k}
∼

{k+1,...,n−1}
)PT(1, σ1, . . . , σn−2, n)

s1···k +
∑

{i,j}|σi>σj

sσiσj

 .
(4.4.1)

with ∼ denoting the shuffle product exluding the identity. By shuffles, we mean all
permutations which preserve the relative ordering of the original sets. The last sum
depends on the number of elements that trade places.

A higher order pole is defined (see the derivation of the rules) to be subset with
k points that have weight w > 2k − 2 and are called problematic k-tuples. It will be
instructive to look at examples of how the identity is applied, so we will go through
both a four- and five-point example before we proceed with calculating Yang-Mills and
gravity amplitudes.

Four-point example

One diagram that shows up in the calculation of the four-point pure gluon amplitude
is also an example of a problematic integrand:

1
z3

12z23z3
34z14

→

1

2 3

4

.

Here we have a higher order pole in the subsets {1, 2} and {3, 4} since they have weight
w = 3 > 2. This statement is equivalent to the points 1 and 2 being connected by
three lines and likewise for the points 3 and 4. The two subsets {1, 2} and {3, 4} are
complimentary though, so only one of the poles has to be removed. The monodromy
identity here reads:

Id{1,2} = − 1
PT(1, 2, 3, 4)

1
s12

∑
σ∈
(

{2}
∼

{3}
)PT(1, σ1, σ2, 4)

s12 +
∑

{i,j}|σi>σj

sσiσj

 .

Since the shuffling excludes the identity, the only Parke-Taylor factor in the sum is the
one with 2 and 3 mixed: PT(1, 3, 2, 4). Also, since 3 and 2 trade places, the mandelstam
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variable in the last sum is ∑{i,j}|σi>σj
sσiσj

= s23. All in all the identity reads

Id{1,2} = − (−z12z23z34z14)
( 1
s12

)( 1
z13z23z24z14

)
(s12 + s23)

=
(
s12 + s23

s12

)
1

2 3

4

.

Notice how we have adopted canonical ordering for all the zij’s and have adjusted
the signs accordingly. We have drawn the punctures in terms of a diagram, since we
can then easily read of where to remove and add lines when multiplying this with the
problematic diagram. It is clear that this factor removes the ”bad” lines and introduces
two new ones at the expense of some mandelstam factors. Applying the identity gives

Id{1,2}
1

z3
12z23z3

34z14
=
(
s12 + s23

s12

) 1
z2

12z13z23z2
34z24z14

→
(
s12 + s23

s12

)
1

2 3

4

.

The remaining diagram is easily evaluated using the derived integration rules since
the only contributing set (again using the complementary condition as well as needing
weight w = 2) is {1, 2} so we end up with the following diagrammatic reduction

1

2 3

4

→
(
s12 + s23

s12

)
1

2 3

4

→ −
(
s12 + s23

s2
12

)
= s13

s2
12
. (4.4.2)

The application of the identity is very algorithmic and makes us able to use the inte-
gration rules for any integrand. Before we proceed with the full four-point Yang-Mills
let us apply the monodromy relations to a harder problematic diagram.

Five-point example
An example of a problematic five-point diagram could for instance be

1
z3

12z23z2
34z

2
45z15z35

→

1

2
3

4

5

.
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We again have a problematic 2-tuple for the subset {1, 2}. The identity here reads

Id{1,2} = − 1
PT(1, 2, 3, 4, 5)

1
s12

∑
σ∈
(

{2}
∼

{3,4}
)PT(1, σ1, σ2, σ3, 5)

s12 +
∑

{i,j}|σi>σj

sσiσj

 .

Explicitly writing out the sum we get

Id{1,2} = − 1
PT(1, 2, 3, 4, 5)

1
s12

(
PT(1, 3, 2, 4, 5) (s12 + s23) + PT(1, 3, 4, 2, 5)

(
s12 + s2(34)

))
= (−z12z23z34z45z51)

( 1
z13z32z24z45z51

s12 + s23

s12
+ 1
z13z34z42z25z51

s12 + s234

s12

)

= s12 + s23

s12

1

2
3

4

5

+ s12 + s234

s12

1

2
3

4

5

,

where we have denoted the two sets that we shuffle by coloring them. Using the identity
on the five-point diagram we can now use the last line of the above to again easily see
where to remove and add lines:

Id{1,2}

1

2
3

4

5

= s12 + s23

s12

1

2
3

4

5

+ s12 + s234

s12

1

2
3

4

5

.

Again we see that employing the identity, exactly cancels the higher order pole in
exchange of an appropriate combination mandelstam variables. If any of the remaining
diagrams had contained higher order poles after applying the identity, the procedure
would just have to be repeated until all the problematic poles are removed.

4.5 Four-point Yang-Mills
Having shown how the procedure works we will now compute a few examples. One
benefit of the monodromy relations is that the identity is fairly simple to employ in
a computer program and in the remaining we’re going to use a Mathematica code to
compute most of the CHY diagrams needed. The first example we will go through is the
color ordered four-point pure gluon amplitude. The CHY integral we need to compute
is

AYM
4 (1, 2, 3, 4) =

∫
dΩCHY PT(1, 2, 3, 4)Pf ′(Ψi,j). (4.5.1)
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We choose to reduce Ψ by {i, j} = {1, 2} and for the sake of concreteness we write out
Ψ1,2

Ψ =



0 s12
z34

− εk13
z13

− εk23
z23

εk34z14
z13z34

− εk32z12
z13z23

εk43
z34

− s12
z34

0 − εk14
z14

− εk24
z24

− εk34
z34

− εk42z12
z14z24

− εk43z13
z14z34

εk13
z13

εk14
z14

0 ε12
z12

ε13
z13

ε14
z14

εk23
z23

εk24
z24

− ε12
z12

0 ε23
z23

ε24
z24

εk32z12
z13z23

− εk34z14
z13z34

εk34
z34

− ε13
z13

− ε23
z23

0 ε34
z34

− εk43
z34

εk42z12
z14z24

+ εk43z13
z14z34

− ε14
z14

− ε24
z24

− ε34
z34

0


.

The amplitude resulting from the Pfaffian of this can be expanded as [40]

A4 = α1ε12ε34 + α2ε13ε24 + β1ε12 + β2ε13 + distinct cyclic, (4.5.2)

where the coefficients can e.g. be found by differentiating the integrand w.r.t. the
specific polarization-products in front, so obtaining the first two

α1 = ∂ε12∂ε34A4 = s12

1

2 3

4

= s13

s12
,

α2 = ∂ε13∂ε24A4 = −s12

1

2 3

4

= 1,

(4.5.3)

where the monodromy relations have been applied to the problematic diagram α1. For
the two remaining terms we only differentiate once, so we have to subtract the terms
that would contribute to α1 and α2,

β1 =∂ε12A4 − α1ε34

=εk34εk42

1

2 3

4

− εk32εk42

1

2 3

4

− εk32εk43

1

2 3

4

= − εk32εk41

s14
+ εk32εk43 − εk34εk42

s12
,

(4.5.4)
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β2 =∂ε13A4 − α2ε24

=εk24εk43

1

2 3

4

+ εk23εk42

1

2 3

4

+ εk23εk43

1

2 3

4

=εk21εk43

s12
+ εk23εk41

s14
.

(4.5.5)

So that in total we have the amplitude

AYM
4 =

[
ε13ε24 + 1

s12
{ε12ε34s13 + ε12 (εk32εk43 − εk34εk42) + ε13εk21εk43}

+ 1
s14

{ε13εk23εk41 − ε12εk32εk41}
]

+ distinct cyclic.
(4.5.6)

Taking the above and expressing it in massless SH variables with reference vectors
q1 = 4, q2 = 4, q3 = 1 and q4 = 1 we obtain an exact match with the anti-MHV result
from section 3.3.

AYM
4 (1−, 2−, 3+, 4+) = [34]4

[12][23][34][41] .

4.6 Four-point scalar Yang-Mills

One could also have considered mix of particles e.g, two scalars interacting with two
gluons, i.e. A(1ϕ, 2g, 3g, 4ϕ). Since the scalars have no polarization this amounts to
setting ε14 = 1 and ε12 = ε13 = ε24 = ε34 = 0. One way this could be obtained is
by embedding a D-dimensional space into D + 1 dimensions, with the D-dimensional
polarization denoted by ε and (D + 1)-dimensional denoted by ε̃. Then setting ε̃1 =
(0 · · · 0, 1), ε̃2 = (ε2, 0), ε̃3 = (ε3, 0) and ε̃4 = (0 · · · 0, 1). Note that the momenta all lie
in the D-dimensional subspace and so ki · ε1 = ki · ε4 = 0 ∀ i.

Another interpretation is that it reduces the complexity of the Pfaffian even more
since the polarizations of the 1’st and n’th particles all lie in the n+ 1 and 2n rows and
columns of Ψ [18, 28]. So we can just reduce Ψ further by removing rows and columns
n+ 1 and 2n and multiply by 1

z1n
. The general n-point scalar-gluon amplitude is then

A(1ϕ, 2g, . . . , (n− 1)g, nϕ) =
∫

dΩCHY PT(1, . . . , n)Pf ′(Ψi,j,n+1,2n),

where the four subscripts on Ψ mean that we have reduced it by the i’th, j’th, (n+1)’st
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and (2n)’th rows and columns.

Pf ′(Ψi,j,n+1,2n) = (−1)i+j

zijz1n

Pf (Ψi,j,n+1,2n).

So at four points, taking {i, j} = {1, 4} we find

A(1ϕ, 2g, 3g, 4ϕ) =εk24εk32

1

2 3

4

− εk24εk34

1

2 3

4

ε23s14

1

2 3

4

− εk23εk34

1

2 3

4

= − εk21εk34

s12
− εk24εk32 − εk23εk34 + ε23 (s12 + s14)

s14
.

This can be put into a form which will be useful for us later on by using momentum
conservation on the polarization products, as well as on the mandelstam variables s12 +
s13 + s14 = 0

A(1ϕ, 2g, 3g, 4ϕ) = − εk21εk34

s12
− εk24εk32 − εk23εk34 − ε23s13

s14

=εk21εk34s13

s12s14
+ εk24εk31 + ε23s13

s14
.

From which we obtain

A(1ϕ, 2g, 3g, 4ϕ) = s13

s14

{
εk21εk34

s12
+ εk24εk31

s13
+ ε23

}
. (4.6.1)

Next let us turn to the more involved example of four gravitons.

4.7 Four-point gravity

Since gravity amplitudes come from the product of two reduced pfaffians (or a single
determinant if the reduced legs are the same for both pfaffians), we can again write the
amplitude in terms of polarization products and coefficients, but this time we have to
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include all permutations and not just cyclic ones.

M4 =α1ε
2
12ε

2
34 + α2ε12ε13ε34ε24 + α3ε

2
12ε34 + α4ε12ε23ε14

+ α5ε
2
12 + α6ε12ε13 + α7ε12ε34 + distinct permutations.

(4.7.1)

Here it is important to note that the gravitons are decomposed according to hµν
i ≡ εµ

i ε
ν
i .

The coefficients can again be found by differentiating and we have to remember to
subtract contributions of the first coefficients on the latter ones.

α1 =1
4∂

2
ε12∂

2
ε34M,

α2 =∂ε12∂ε34∂ε13∂ε24M,

α3 =1
2∂

2
ε12∂ε34M,

α4 =∂ε12∂ε23∂ε14M − Perm[α2, (1324)]ε34,

α5 =1
2∂

2
ε12M − α1ε

2
34 − α3ε34,

α6 =∂ε12∂ε13M − Perm[α4, (12)]ε24 − Perm[α4, (132)ε34] + α2ε34ε24,

α7 =∂ε12∂ε34M − Perm[α4, (132)]ε13 − Perm[α4, (24)]ε14 + α2ε13ε24,

− Perm[α4, (124)]ε24 − Perm[α4, (1234)]ε23 + Perm[α2, (12)]ε23ε14.

(4.7.2)

Here we have adopted the notation Perm[a, b] to denote the permutation of a by the
cycle b. The coeffecients result in the following CHY-diagrams

α1 =s2
12

1

2 3

4

, α2 = −2s2
12

1

2 3

4

,

α3 = − 2εk32εk43s34

1

2 3

4

+ 2εk34εk42s34

1

2 3

4

− 2εk32εk42s34

1

2 3

4

,

α4 = − 2εk32εk43s34

1

2 3

4

2εk34εk42s34

1

2 3

4

− 2εk32εk42s34

1

2 3

4

,
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α5 =εk2
32εk2

42

1

2 3

4

+ εk2
32εk2

43

1

2 3

4

+ εk2
34εk2

42

1

2 3

4

− 2εk32εk34εk42εk43

1

2 3

4

− 2εk32εk34εk2
42

1

2 3

4

+ 2εk2
32εk42εk43

1

2 3

4

,

α6 = − 2εk23εk32εk2
42

1

2 3

4

− 2εk23εk32εk2
43

1

2 3

4

+ 2εk24εk34εk42εk43

1

2 3

4

+ 2εk23εk34εk42εk43

1

2 3

4

− 2εk24εk32εk2
43

1

2 3

4

+ 2εk23εk34εk2
42

1

2 3

4

− 2εk24εk32εk42εk43

1

2 3

4

− 4εk23εk32εk42εk43

1

2 3

4

,

α7 = − 2εk14εk23εk32εk43

1

2 3

4

− 2εk13εk24εk34εk42

1

2 3

4

+ 2εk14εk23εk34εk42

1

2 3

4

+ 2εk13εk24εk32εk43

1

2 3

4

2εk13εk24εk32εk42

1

2 3

4

− 2εk14εk23εk32εk42

1

2 3

4

.
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Evaluation of the diagrams using the integration rules and the appropriate monodromy
relations then gives the following coefficients in terms of polarizations and momenta

α1 =s13s23

s34
, α2 = 2s23,

α3 =2(εk32(εk42s34 − εk43s24) − εk34εk42s23)
s34

,

α4 =2(εk32(εk42s34 + εk43s42) − εk34εk42s14)
s14

,

α5 = − (εk31)2(εk42)2

s24
− (εk32)2(εk41)2

s14
− (εk34εk42 − εk32εk43)2

s34
,

α6 =2
(
εk23εk32(εk41)2

s14
− εk21εk43(εk32εk43 − εk34εk42)

s34
− εk31εk42(εk23εk42 − εk24εk43)

s24

)
,

α7 =2
(

−εk13εk24εk31εk42

s24
− εk14εk23εk32εk41

s14
+ (εk13εk24 − εk14εk23)(εk34εk42 − εk32εk43)

s34

)
.

To check this result, we can compare it to the MHV amplitude. Experimenting with
different helicity configurations we find the configuration that simplifies the result the
most is the same one we used for the four-point Yang-Mills amplitude. The full expres-
sion has more than 300 terms, but simplifies in Mathematica to

M(1−, 2−, 3+, 3+) = − 〈12〉 〈13〉 [34]6
〈14〉 [12][13][14][24]2 .

Using 〈14〉[24] = −〈13〉[23] and s12 = 〈12〉 [21] this can be written in a more suggestive
form

M(1−, 2−, 3+, 3+) = −s12
[43]4

[12][24][43][31]
[34]4

[12][23][34][41] ,

which is in accordance with the expected KLT relation [36]

M(1−, 2−, 3+, 3+) = −s12A(1−, 2−, 4+, 3+)A(1−, 2−, 3+, 4+).

The fact that we can get the tree level four-point graviton amplitude in a covariant form
so easily is quite remarkable since just writing the contribution from each of the four
Feynman diagrams for the same amplitude would take up about 1 page per diagram [36].

4.8 Four-point scalar graviton amplitude

Our final example is calculating the amplitude for two scalars interacting with two
gravitons. This is done by repeating the steps of section 4.6 but this time with the
gravity integrand. Taking {i, j} = {1, 4} and again also removing the parts of Ψ con-
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taining information about the scalar polarization ”vectors” the amplitude is calculated
through

M(1s, 2h, 3h, 1s) =
∫

dΩCHY
1
z4

14
det(Ψ1,4,5,8).

And we find the following contributions under integration and support of the scattering
equations

M(1s, 2h, 3h, 1s) =

1

2 3

4

εk2
24εk

2
32 +

1

2 3

4

2ε23εk24εk32s23 +

1

2 3

4

εk2
23εk

2
34

+

1

2 3

4

εk2
24εk

2
34 +

1

2 3

4

2εk23εk24εk
2
34 +

1

2 3

4

ε2
23s

2
23

−

1

2 3

4

2εk2
24εk32εk34 −

1

2 3

4

2 (εk23εk24εk32εk34 + ε23εk24εk34s23)

−

1

2 3

4

2ε23εk23εk34s23

.

After expanding the diagrams using the integration rules and the necessary monodromy
relations we find the full scalar-graviton amplitude

M(1s, 2h, 3h, 1s) =2ε23 [εk24εk32 + εk23εk34 + εk24εk34] + ε2
23 (s14 + s13 + s12)

+ 1
s14

(
2εk23εk24εk32εk34 − (εk24)2(εk32)2 − (εk23)2(εk34)2

+ 2ε23εk24εk32s13 + 2ε23εk23εk34s12 + ε2
23s13s12

)
− 1
s13

(
2(εk24)2εk32εk34 + (εk24)2(εk32)2 + (εk24)2(εk34)2

)
− 1
s12

(
2εk23εk24(εk34)2 + (εk23)2(εk34)2 + (εk24)2(εk34)2

)
,

which we have checked numerically in four dimensions to be equal to
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M(1s, 2h, 3h, 1s) = s13s12

s14

[
εk21εk34

s12
+ εk24εk31

s13
+ ε23

]2

. (4.8.1)

This concludes our chapter on massless CHY. As we have seen the diagrammatic
expansion greatly eases the calculation of amplitudes, especially since the rules can be
implemented in Mathematica. The amount of diagrams needed is still quite large and
the expressions are somewhat unwieldy. In Chapter 6 we will see how to simplify the
calculations even further by introducing BCJ numerators. So far all the particles in
our amplitudes have been massless, but now we turn to constructing amplitudes with
massive external particles.



Chapter 5

Adding massive particles

Over the past years, there has been some development to include massive particles in the
CHY formalism. S. Naculich, L. Dolan, and P. Goddard pioneered early formulations
[17–19] and these were discussed and elaborated in [28]. We will take the approach by
Naculich and discuss how to incorporate masses into the diagrammatic rules described
in chapter 4. The focus will mostly be on 2 external massive particles but we will
include a small discussion on the consequences of including more than 2 masses. After
introducing the modified massive scattering equations we show Möbius invariance and
calculate some examples using the results obtained with scalars in chapter 4.

5.1 Massive scattering equations
Since the scattering equations are the defining elements of the formalism, an obvious
approach is to redefine them in a way that includes masses, while still retaining Möbius
invariance. The following discussion is inspired by [28]. Take the massive equations to
be

Ei(z) ≡
∑
j=1
j 6=i

2ki · kj + 2∆ij

zij

= 0, i = 1, ..., n, (5.1.1)

where for n massive particles ∆ matrix is symmetric and related to the masses of
the particles

∆ij = ∆ji,
n∑

i=1
i 6=j

∆ij = m2
j . (5.1.2)

For two massive particles (m1,m2) and four total particles this would look like

m2
1 = ∆12 + ∆13 + ∆14,

m2
2 = ∆12 + ∆23 + ∆24

47
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and for three (m1,m2,m3) with five particles we get

m2
1 = ∆12 + ∆13 + ∆14 + ∆15,

m2
2 = ∆12 + ∆23 + ∆24 + ∆25,

m2
3 = ∆13 + ∆23 + ∆34 + ∆35.

One problem is now that we have to many matrix elements to fix them all and we have
to make a choice for some of them. A convenient choice is obviously to set some of
them to zero, so taking ∆14 = ∆15 = 0 we get the simple invertible relations

m2
1 = ∆12 + ∆13,

m2
2 = ∆12 + ∆23,

m2
3 = ∆13 + ∆23,

with solutions
∆12 = m2

1 +m2
2 −m4

3
2 ,

∆13 = m2
1 −m2

2 +m4
3

2 ,

∆23 = −m2
1 +m2

2 +m4
3

2 .

As pointed out by [28] this has the interesting consequence that for one massive particle
e.g. m2

1 6= 0 and m2 = m3 = 0 we get three non-zero ∆’s, namely ∆12 = m2
1

2 , ∆13 = m2
1

2

and ∆23 = −m2
1

2 . The situation gets a lot easier when just looking at 2 massive particles
with equal mass, e.g. m1 = mn = m. In this case it is sufficient to consider ∆1n =
∆n1 = m2 and set the remaining ∆’s to zero. Furthermore the usual sub-matrices of Ψ
are all unchanged except for the matrix A (4.3.12) [18].

Aij =


2ki·kj

zij
, if i 6= j

0, if i = j
→ Aij =


2ki·kj+2∆ij

zij
, if i 6= j

0, if i = j
.

The trick is now to remove the 1st and nth row and column of Ψ when taking the reduced
Pfaffian. Since these entrances are the only ones where the ∆’s show up we obtain

Pf ′
massiveΨi,n = Pf ′

masslessΨi,n. (5.1.3)

The solutions to the scattering equations themselves are of course changed. In the
diagrammatic expansion we have used in this paper, this corresponds to the propagators
stemming from the massless diagrams being replaced in the following way
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s1n → 2k1 · kn + 2m2 = s1n,

s1i → 2k1 · ki = s1i −m2, for i 6= {1, n},
sin → 2ki · kn = sin −m2, for i 6= {1, n},
sij → 2ki · kj = sij, for i, j 6= {1, n}.

(5.1.4)

Since the massive version of the scattering equations has to hold under Möbius
transformations, just as the massless ones, let us prove that the massive scattering
equations indeed are invariant, before we calculate a few amplitude examples. The
proof follows analogously to the one performed for the massless version.

5.2 Proof of Möbius invariance for the massive scat-
tering equations

Here we show that the massive scattering equations Ei = 0 hold under a SL(2,C)
transformation of the auxiliary variables. The transformation takes

Ei =
n∑

j=1
j 6=i

sij + ∆ij

zi − zj

→ E ′
i =

n∑
j=1
j 6=i

sij + ∆ij

azi+b
czi+d

− azj+b

czj+d

.

This is similar to the Möbius tranformation of the massless scattering equations and so
can be similarly rewritten.

E ′
i =

n∑
j=1
j 6=i

(sij + ∆ij)(czi + d)(czj + d)
(zi − zj)

=(czi + d)

dEi + c
n∑

j=1
j 6=i

(sij + ∆ij)(zj − zi + zi)
(zi − zj)



=(czi + d)

dEi + c
n∑

j=1
j 6=i

(sij + ∆ij)(zj − zi)
(zi − zj)

+ czi

n∑
j=1
j 6=i

(sij + ∆ij)
(zi − zj)


=(czi + d)2Ei,

where we have used the definition of the scattering equations in the first line and in
the end term on the last line as well as momentum conservation on the middle term∑n

j=1
j 6=i

ki · kj = k2
i = −m2

i and the definition of the ∆-matrix ∑n
j=1
j 6=i

∆ij = m2
i . Since

Ei = 0 then E ′
i = 0 and so the transformation leaves the equations invariant. We also
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see that the Möbius weight of this version of the scattering equations is the same as in
the massless case.

5.3 Massive four-point scalar Yang-Mills and scalar
graviton amplitudes

In the following we will take the results from section 4.6 and 4.8 and do the replacements
(5.1.4) to obtain amplitudes with massive scalars. We will denote the massive legs by
boldface. The massless amplitudes were

A(1s, 2g, 3g, 4s) = s13

s14

{
εk21εk34

s12
+ εk24εk31

s13
+ ε23

}
,

M(1s, 2h, 3h, 4s) = s13s12

s14

[
εk21εk34

s12
+ εk24εk31

s13
+ ε23

]2

,

and doing the replacements s12 → s12 − m2, s13 → s13 − m2 and s14 → s14 we obtain
the amplitudes with massive scalars

A(1s, 2g, 3g,4s) = u−m2

t

[
εk21εk34

s−m2 + εk24εk31

u−m2 + ε23

]
,

M(1s, 2h, 3h,4s) = (u−m2)(s−m2)
t

[
εk21εk34

s−m2 + εk24εk31

u−m2 + ε23

]2

,

(5.3.1)

where s ≡ s12, u ≡ s13 and t ≡ s14. This result is the same obtained by [18, 28]
and here it was pointed out that the graviton-scalar amplitude obtained obeys the KLT
squaring relation from [12, 24–27]

M(1s, ρh, ns) =
∑

α∈Sn−3
β∈Sn−3

An(1s, α, (n− 2)g, ns) ×mn[1, α, (n− 2), n|1, β, (n− 1), n]−1×

An(1s, β, (n− 1)g, ns),
(5.3.2)

where mn[1, α, (n− 2), n|1, β, (n− 1), n] is the matrix array obtained by integrating the
product of two Parke-Taylor factors with orderings (1, α, (n−2), n) and (1, β, (n−1), n).



5.3. MASSIVE FOUR-POINT SCALAR YANG-MILLS AND SCALAR GRAVITON AMPLITUDES51

In the four point case it is just mn(1, 3, 2, 4|1, 2, 3, 4) = 1
s14

, so

M(1s, 2h, 3h,4s) =s14A(1s, 2g, 3g,4s)A(1s, 3g, 2g,4s)

=t× (u−m2)
t

[
εk21εk34

s−m2 + εk24εk31

u−m2 + ε23

]

× (s−m2)
t

[
εk31εk24

u−m2 + εk34εk21

s−m2 + ε23

]

=(u−m2)(s−m2)
t

[
εk21εk34

s−m2 + εk24εk31

u−m2 + ε23

]2

,

which exactly reproduces the graviton result from (5.3.1). In the remainder of this thesis
we will turn to computing amplitudes through BCJ numerators since these will reduce
the amount of CHY diagrams needed for each calculation. The procedure described
in this chapter will be important later on when we want to consider massive BCJ
numerators.
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Chapter 6

Color/Kinematics duality and BCJ
numerators

In this chapter we discuss the color/kinematics duality [53–55] and review a powerful
algorithm to calculate BCJ numerators presented in [31–33] that turns out to work,
not only for gluons, but for two external fermions as well. The approach comes from
an expanded Pfaffian and is the first CHY formulation of fermions. We want to stress
that [30,31] use 10d Majorana-Weyl spinors, and that much of the work in this chapter
is focused on showing that we obtain correct numerators for the Dirac spinors. This
extension to fermions is very promising since a lot of papers lately have been focused
on scattering of massive general spin particles with gluons and gravitons [3–5,7], and it
is our hope that the CHY formalism might provide new insights on these calculations.

The BCJ numerators greatly reduce the number of CHY diagrams needed for cal-
culations but also introduces a new type of diagram needed to calculate the numerators
themselves. In the last chapter of this thesis we will present a novel algorithm designed
by us to compute the numerators which is more efficient than the one presented in this
chapter. Our brief introduction of the color/kinematics duality is based on the great
review [41] as well as the texts [36, 39, 56].

6.1 Review of the color/kinematics duality
Through the usual Feynman construction of scattering amplitudes we know that at tree
level, the full n-point color dressed amplitude can be written as a sum over all cubic
trees with n external legs1.

An =
∑

i∈cubic

cini

Di

. (6.1.1)

1Many processes would have quartic interactions as well. This is usually dealt with by turning the
contact diagrams into diagrams with two cubic vertices multiplied by appropriate propagators. We
will not use this approach however, and so won’t worry about this in the remainder of the thesis.

53
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Here Di denotes the propagators for the corresponding diagram, the ni = ni(ε, k)
contain all the kinematic information, while the ci are the color factors described in
chapter 2. As an example the four-point pure gluon amplitude can be organized as2 [41]

A(g, g, g, g) = csns

s
+ ctnt

t
+ cunu

u
. (6.1.2)

The kinematic numerators aren’t completely unique because of the Jacobi identity
obeyed by the color factors. This can be seen by performing the transformation ni →
ni + si∆

A → A′ =cs (ns + s∆)
s

+ ct (nt + t∆)
t

+ cu (nu + t∆)
u

=A + (cs + ct + cu) ∆ = A.
(6.1.3)

The ∆ can be an arbitrary function and so it is referred to as generalized gauge trans-
formation [36]. Since the numerators themselves aren’t physical observables, the fact
that they aren’t unique is not a concern and as we will see later when we actually cal-
culate the numerators, we always obtain the correct amplitude even if the numerators
don’t exactly match the literature. The great insight of Bern, Carassco, and Johansson
(BCJ) was to suggest that because of the non-uniqueness of the kinematic numerators
one will always be able to write them in a form which satisfies a Jacobi identity similar
to the one for the color factors

ns + nt + nu = 0 ⇔ cs + ct + cu = 0. (6.1.4)

This is known as the color/kinematics duality. Furthermore this implies that since
the kinematic and color numerators obey the same identities we can exchange one set
of numerators with the other. This exercise leads to the ”double copy”, where one
can obtain the tree-level gravity amplitude from the gluon amplitude through a simple
replacement:

Mn = An|ci→ñi
=

∑
i∈cubic

ñini

Di

, (6.1.5)

at four points taking ñi = ni we for instance get

M4 = n2
s

s
+ n2

t

t
+ n2

u

u
. (6.1.6)

It is apparent that finding these kinematic numerators could have the potential to ease
many amplitude calculations, especially with regards to gravitational interactions.

2We have suppressed powers of the coupling here.
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6.2 DDM expansion

As already explained in chapter 2, Del Duca, Dixon, and Maltoni (DDM) showed that
because of the relations between the color factors, the full amplitude can be expanded
into a KK basis of color factors and partial amplitudes

An =
∑

σ∈Sn−2

fa1aσ(2)b1f b1aσ(2)b2 · · · f bn−3aσ(n−2)anAn(1, σ, n). (6.2.1)

The An(1, σ, n)’s are color ordered Yang-Mills amplitudes and the color factors in this
basis can be represented by the half-ladder (multi-peripheral) diagrams

1

σ(2)

. . .

σ(3)

n

σ(n− 1)

.

Exchanging the color factors with kinematic numerators in (6.2.1) gives an expression
for the graviton amplitude

Mn =
∑

β∈Sn−2

N(1, β, n)An(1, β, n). (6.2.2)

The (n − 2)! numerators N(1, β, n) can then also be associated with the half-ladder
diagrams and are referred to as DDM-basis numerators [31–33] and we will use capital
N throughout the remainder of this thesis to denote them. The remaining numerators
can be found from these through Jacobi identities and so we can think of them as master
numerators. As proposed by Cachazo, He and Yuan in [12] the CHY formalism naturally
extends this. For instance we can consider the pure graviton amplitude obtained by
reducing rows 1 and n in the CHY integral

Mn =
∫

dΩCHY Pf ′(Ψ1,n) × Pf ′(Ψ1,n). (6.2.3)

Similarly using (6.2.2) and taking the Yang-Mills integrand

Mn =
∫

dΩCHY
∑

σ∈Sn−2

N(1, β, n)PT(1, σ, n) × Pf ′(Ψ1,n). (6.2.4)

This points to the fact that we can expand the Pfaffian into kinematic (numerator)
parts and Parke-Taylor (zi dependent) parts. Having 1 and n fixed corresponds to
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reducing Ψ by {i, j} = {1, n} i.e.

Pf ′(Ψ1,n) =
∑

β∈Sn−2

N(1, β, n)PT(1, β, n), (6.2.5)

where the equality only holds under the support of the scattering equations, momentum
conservation, and transversality. Using superscripts to denote the particle spin, we have
for spin 1 the Pfaffian

Pf ′(Ψ) = N(11, 21, 31, 41)PT(1, 2, 3, 4) +N(11, 31, 21, 41)PT(1, 3, 2, 4). (6.2.6)

Multiplying by the Parke-Taylor factor needed go obtain the usual YM integrand we
have an expression for the four-point color ordered gluon amplitude which doesn’t
involve actually calculating the Pfaffian

AYM(1, 2, 3, 4) = N(11, 21, 31, 41)PT(1, 2, 3, 4)2 +N(11, 31, 21, 41)PT(1, 3, 2, 4)PT(1, 2, 3, 4)

= N(11, 21, 31, 41)

1

2 3

4

−N(11, 31, 21, 41)

1

2 3

4

= −N(11, 21, 31, 41)
( 1
s12

+ 1
s14

)
+N(11, 31, 21, 41)

( 1
s14

)
= ns

(1
s

+ 1
t

)
+ nu

(1
t

)
= ns

s
− nt

t
,

where we have defined ns ≡ −N(11, 21, 31, 41) and nu ≡ N(11, 31, 21, 41) and used the
Jacobi identity. The other color ordered amplitude is calculated likewise

AYM(1, 3, 2, 4) = N(11, 31, 21, 41)PT(1, 3, 2, 4)2 +N(11, 21, 31, 41)PT(1, 3, 2, 4)PT(1, 2, 3, 4)

= N(11, 31, 21, 41)

1

2 3

4

−N(11, 21, 31, 41)

1

2 3

4

= −N(11, 31, 21, 41)
( 1
s13

+ 1
s14

)
+N(11, 21, 31, 41)

( 1
s14

)
= −nu

(1
u

− 1
t

)
− ns

(1
t

)
= nt

t
− nu

u
.
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This gives us the full color dressed amplitude:

AYM(1, 2, 3, 4) = csA
YM(1, 2, 3, 4) − cuA

YM(1, 3, 2, 4)

= cs

(
ns

s
− nt

t

)
− cu

(
nt

t
− nu

u

)
= cs

ns

s
+ cu

nu

u
+ ct

nt

t
,

as expected from eq (6.1.2). Seeing how to expand the amplitudes in terms of the
numerators we will now turn to actually calculating them.

6.3 Graphical evaluation of BCJ numerators
In [57] an algorithm describing a way to obtain BCJ numerators in the DDM-basis was
presented. A graphical version of the algorithm was later put forth in [30–33]. Here
we review the graphical rules and show how to calculate simple three- and four-point
spin 1 numerators. The advantage of this approach is that the numerators turn out to
easily be extended to particles 1 and n being fermions.

One major disadvantage of this method is that we not only have to consider the
color order (CO) but also the reference order (RO). Although we will not go further into
the proof of these rules, we note that they were obtained by using a Laplace expansion
of the Pfaffian. When doing the expansion one has to choose a row along which to
expand. This choice breaks the symmetry between the chosen row and the remaining
and is the origin of the reference order [31].

The RO breaks the crossing symmetry between the numerators e.g. using the no-
tation N{RO}(1s,CO, ns), with s being the spin of the particle,

N{β}(1s, 21, 31, 4s)
∣∣∣∣
2↔3

6= N{β}(1s, 31, 21, 4s).

To restore it one could for instance average over all RO’s, so a crossing symmetric
numerator would be

N(1s, 21, 31, 4s) =
∑

β∈Sn−2

N{β}(1s, 21, 31, 4s). (6.3.1)

Let us now present the graphical rules used to obtain the numerators from [31–33]

Graphical Rules
Step 1: Draw increasing trees

• Draw all the increasing trees according to the color order 1 ≺ α(2) · · · ≺ α(n −
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1) ≺ n, where an increasing tree is a tree where all edges i j satisfy i ≺
j in (1, α, n).

• The ”baseline” (1, ρ, n) of the individual trees is the path connecting points 1 and
n.

• For each tree, draw the ”ordered splitting paths” given a reference order:

1. Draw a path from the first element of RO towards the baseline, which will
end on the baseline or a previously traversed ordered splitting path.

2. Repeat until all vertices are traversed.

Step 2: Read of contributions from the diagrams

• The numerator is then found by taking the baseline and ordered splittings path
contributions to be (−1)n−|ρ|Bs(1, ρ, n) and εifj · · · fk · kl.

• Sum all trees to get the full numerator.

where the linearized (momentum space) field strength tensor fi is given by

fi ≡ fµν
i = pµ

i ε
ν
i − pν

i ε
µ
i , (6.3.2)

and the baseline factor for spin 1 particles is3

Bs=1(1, ρ, n) = ε1 · fρ(b1) · fρ(b2) · · · fρ(b|B|) · εn. (6.3.3)

Three-point spin 1 numerator
The rules are most easily learned by applying them to examples. Taking the three point
spin 1 numerator which only has one color order and one reference order N{2}(11, 21, 31).
Here the following trees contribute

1

2

3 1 2 3

,

with the factors

N{2}(11, 21, 31) = −(ε1 · ε3)(ε2 · k1) + (ε1 · f2 · ε3)
= −(ε1 · ε3)(ε2 · k1) + (ε2 · ε3)(ε1 · k2) − (ε1 · ε2)(ε3 · k2).

(6.3.4)

3In section 6.4 we look at the fermionic baseline factor
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Under the support of the scattering equations we can the calculate the color ordered
three-point gluon amplitude

A(1g, 2g, 3g) =N{2}(11, 21, 31)PT(1, 2, 3)2

=N{2}(11, 21, 31)

1

2

3

= − (ε1 · ε3)(ε2 · k1) + (ε2 · ε3)(ε1 · k2) − (ε1 · ε2)(ε3 · k2),

which is in accordance with the amplitudes calculated both through the Feynman dia-
gram and CHY approaches, see equations (4.3.19) and (4.3.18).

Four-point spin 1 numerator

For the n = 4 case the simplest tree contributing to N{2,3}(11, 21, 31, 41) is the one where
the baseline is just (1,2,3,4):

1 2 3 4

. (6.3.5)

All vertices have been traversed so the only contribution we get is from the baseline:

N{2,3}[T1] = (−1)4−4ε1 · f2 · f3 · ε4.

For a baseline of length three we could have either (1,2,4) or (1,3,4). Let us draw them
below

1 2

3

4 1

2

3 4

.

Since our color order is {2, 3} we need the edge to satisfy 2 ≺ 3, meaning the 2 on the
second diagram can only be connected to 1, while the point 3 on the first diagram can
be connected to either 2 or 1, leaving us with three trees:

1 2

3

4 1 2

3

4 1

2

3 4

.
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The contributions from the three trees are then (in the order they have been drawn):

(−1)4−3 (ε1 · f2 · ε4)(ε3 · k1), (−1)4−3 (ε1 · f2 · ε4)(ε3 · k2), (−1)4−3 (ε1 · f3 · ε4)(ε2 · k1).

The remaining trees have the simplest baseline of just (1,4), but here the RO comes
in to play when connecting the two remaining points. With a RO of {2, 3} we have to
look at 2 first and connect it to 1. The 3 can then be connected to either 1 or 2, giving
us 2 different diagrams:

1

2 3

4 1

2 3

4

.

The important thing to note is that because of the RO there are two distinct paths on
the second diagram. The contributions are

(−1)4−2 (ε1 · ε4)(ε2 · k1)(ε3 · k1), (−1)4−2 (ε1 · ε4)(ε2 · k1)(ε3 · k2).

Had we used the RO {3, 2} we would have the diagrams,

1

2 3

4 1

2 3

4

contributing

(−1)4−2 (ε1 · ε4)(ε2 · k1)(ε3 · k1), (−1)4−2 (ε1 · ε4)(ε3 · f2 · k1).

The three point numerator with a specific reference order is then obtained by summing
all the contributions

N{2,3}(11, 21, 31, 41) =ε1 · f2 · f3 · ε4 − (ε1 · f2 · ε4) (ε3 · k1) − (ε1 · f2 · ε4) (ε3 · k2)
+ (ε1 · ε4) (ε2 · k1) (ε3 · k1) + (ε1 · ε4) (ε2 · k1) (ε3 · k2)
− (ε1 · f3 · ε4) (ε2 · k1) ,

which can be simplified slightly to a form which will be convenient for us later



6.3. GRAPHICAL EVALUATION OF BCJ NUMERATORS 61

N{2,3}(11, 21, 31, 41) =ε1 · f2 · f3 · ε4 − (ε1 · f2 · ε4) (ε3 · k12)
− (ε1 · f3 · ε4) (ε2 · k1) + (ε1 · ε4) (ε2 · k1) (ε3 · k12) ,

(6.3.6)

where kij...n ≡ (ki + kj + · · · + kn). We have similarly written the 6 diagrams con-
tributing to the numerator N{2,3}(11, 31, 21, 41) in Figure 6.1. Reading of the diagrams

1 2 3 4 1 2

3

4 1

2

3 4

1

2

3 4 1

2 3

4 1

2 3

4

Figure 6.1: Trees contributing to N{2,3}(11, 31, 21, 41).

we have

N{2,3}(11, 31, 21, 41) =ε1 · f3 · f2 · ε4 − (ε1 · f2 · ε4) (ε3 · k1) − (ε1 · f3 · ε4) (ε2 · k1)
+ (ε1 · ε4) (ε2 · f3 · ε1) + (ε1 · ε4) (ε2 · k1) (ε3 · k1)
− (ε1 · f3 · ε4) (ε2 · k3) ,

and again simplifying

N{2,3}(11, 31, 21, 41) =ε1 · f2 · f3 · ε4 − (ε1 · f2 · ε4) (ε3 · k1) − (ε1 · f3 · ε4) (ε2 · k13)
+ (ε1 · ε4) [(ε2 · f3 · k1) + (ε2 · k1) (ε3 · k1)] .

(6.3.7)

One could of course also have chosen the other RO. To get a result which is crossing
symmetric 2 ↔ 3 an average over the two RO’s can be performed. For an approach
which doesn’t include averaging over the RO’s we refer to [31] or chapter 8 of this thesis.
We now turn to external fermions.
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6.4 Fermionic BCJ numerators

In [30, 31] it is proposed that to extend numerators to include two external fermions,
we have to change the baseline factor. In that paper 10 dimensional Majorana-Weyl
spinors are used, but in this section we show that the generalization to d-dimensional
Dirac spinors works as well, with the only other condition being the Clifford algebra
{γµ, γν} = 2ηµν . We will use the baseline factor

Bs=1/2(1, ρ, n) = ū16fρ(2) · · · 6fρ|B|ξn, (6.4.1)

where ū1 is a 4 dimensional incoming Dirac spinor and ξn is related to the outgoing
spinor vn,

ū1/k1 = 0, /knvn = 0, vn = /knξn. (6.4.2)

The fermionic field strength tensor is given by

6f i = 1
2fi,µνΣµν = i

8fi,µν [γµ, γν ] = i

2
/ki/εi. (6.4.3)

where this form of the spin matrix Σµν = i
4 [γµ, γν ] will be useful later on. In the

following we are going to check that this constructions works by calculating the three-
and four-point numerators and comparing them to the results found in [7, 56] while
also checking that they give the correct final amplitude. We will be very explicit in our
calculations since to our knowledge this is the only place where these are available.

Three-point massless numerator

Since the only change compared to the gluons is to the baseline factor, the replacement
is simply

N{2}(1
1
2 , 21, 3 1

2 ) = ū16f 2ξ3 − ū1ξ3(ε2 · k1). (6.4.4)

This is of course not the standard way of expressing the numerator but it can be put in
to a form that matches the expression obtained in equation (3.4.12) through repeated
use of the Clifford algebra {γµ, γν} = 2ηµν , momentum conservation and the equations
of motion. Note in particular how the Clifford algebra leads to the frequently used
identity

ki · εj = ki,µεj,νη
µν = 1

2ki,µεj,ν{γµ, γν} = 1
2
/ki/εj + 1

2/εj
/ki. (6.4.5)
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For the three point numerator we then obtain

N{2}(1
1
2 , 21, 3 1

2 ) = 1
2 ū1/k2/ε2ξ3 − ū1ξ3(ε2 · k1)

= −1
2 ū1/ε2/k2ξ3 − ū1ξ3(ε2 · k1)

= 1
2 ū1/ε2/k1ξ3 + 1

2 ū1/ε2/k3ξ3 − ū1ξ3(ε2 · k1)

= −1
2 ū1/k1/ε2ξ3 + ū1ξ3(ε2 · k1) + 1

2 ū1/ε2/k3ξ3 − ū1ξ3(ε2 · k1)

= 1
2 ū1/ε2v3,

where we have used momentum conservation ∑i /ki = 0 and the identity (6.4.5) repeat-
edly. As already stated, this matches the color ordered qgq amplitude obtained through
a Feynman diagram calculation in (3.4.12).

Four-point massless numerator

The four point numerator is more involved and so we will go through it slowly. Choosing
RO {2, 3} the numerators can similarly be obtained by reading of the diagrams from
the previous section

N{2,3}(1
1
2 , 21, 31, 4 1

2 ) =ū16f 26f 3ξ4 − (ū16f 2ξ4) (ε3 · k12) − (ū16f 3ξ4) (ε2 · k1)
+ (ū1ξ4) (ε2 · k1) (ε3 · k12)

=ū16f 26f 3ξ4 + (ū16f 2ξ4) (ε3 · k4) − (ū16f 3ξ4) (ε2 · k1)
− (ū1ξ4) (ε2 · k1) (ε3 · k4) .

(6.4.6)

Again, this is in a non-standard version of the four-point numerator so we want to
check that the result can be put into a form like the one in [7, 56]. Here the massless
numerator was written as N(1 1

2 , 21, 31, 4 1
2 ) = −1

2 ū1/ε2/k12/ε3v4. In order compare this to
(6.4.6), we will look at a term of the form ū1/ε2/k1/ε3v4. By the identity (6.4.5) and the
equations of motion

ū1/ε2/k1/ε3v4 = ū1/ε2/k1/ε3/k4ξ4

= ū1{/ε2, /k1}/ε3/k4ξ4 − ū1/k1︸ ︷︷ ︸
0

/ε2/ε3/k4ξ4

= 2ū1/ε3/k4ξ4 (ε2 · k1) .
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Again applying (6.4.5), momentum conservation −/k4 = /k1 + /k2 + /k3 and the equation
of motion

ū1/ε2/k1/ε3v4 = 4ū1ξ4 (ε3 · k4) (ε2 · k1) − 2ū1/k4/ε3ξ4 (ε2 · k1)
= 4ū1ξ4 (ε3 · k4) (ε2 · k1) + 4ū16f 3ξ4 (ε2 · k1) + 2ū1/k2/ε3ξ4 (ε2 · k1) .

Focusing on the last term we get

2ū1/k2/ε3ξ4 (ε2 · k1) = 2ū1/k2/ε3ξ4 (ε2 · k12)
= ū1/k2/ε2/k12/ε3ξ4 + ū1/k2/k12/ε2/ε3ξ4

= ū1/k2/ε2{/k12, /ε3}ξ4 − ū1/k2/ε2/ε3/k12ξ4 + ū1/k2/k1/ε2/ε3ξ4

= −4ū16f 2ξ4 (ε3 · k4) + 2ū16f 2/ε3/k34ξ4 + ū1/k2/k1/ε2/ε3ξ4

= −4ū16f 2ξ4 (ε3 · k4) − 4ū16f 26f 3ξ4 − ū1/ε2/k2/ε3/k4ξ4 + ū1/k2/k1/ε2/ε3ξ4

= −4ū16f 2ξ4 (ε3 · k4) − 4ū16f 26f 3ξ4 − ū1/ε2/k2/ε3v4 + s12ū1/ε2/ε3ξ4,

where we have used transversality ε2 · k2 = 0 in the first line and ū1/k2/k1 = −ū1/k1/k2 +
2ū1(k2 · k1) = s12ū1 in the last line. This leads to

1
4 ū1/ε2/k12/ε3v4 =ū1ξ4 (ε3 · k4) (ε2 · k1) + ū16f 3ξ4 (ε2 · k1) − ū16f 2ξ4 (ε3 · k4)

− ū16f 26f 3ξ4 + 1
4s12ū1/ε2/ε3ξ4.

So the numerator we found can be expressed in a way which looks more like what we
would expect from a Feynman diagram calculation

N{2,3}(1
1
2 , 21, 31, 4 1

2 ) = −1
4 ū1/ε2/k12/ε3v4 − 1

4s12ū1/ε2/ε3ξ4. (6.4.7)

It matches the expression in [7,56] except for the last term. For theN{2,3}(1
1
2 , 31, 21, 4 1

2 )
numerator the calculation is similar. Using the result from the spin 1 calculation, we
can readily read of the contribution

N{2,3}(1
1
2 , 31, 21, 4 1

2 ) =ū16f 26f 3ξ4 − (ū16f 2ξ4) (ε3 · k1) − (ū16f 3ξ4) (ε2 · k13)
+ (ū1ξ4) (ε2 · f3 · k1) + (ū1ξ4) (ε2 · k1) (ε3 · k1)

=ū16f 26f 3ξ4 − (ū16f 2ξ4) (ε3 · k1) + (ū16f 3ξ4) (ε2 · k4)
+ (ū1ξ4) (ε2 · f3 · k1) + (ū1ξ4) (ε2 · k1) (ε3 · k1) .

Just like before, we will look at a term of the form ū1/ε3/k1/ε2v4 to relate this to the
results from [7, 56], N(1 1

2 , 31, 21, 4 1
2 ) = −1

2 ū1/ε3/k13/ε2v4. Following the procedure from
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above and using the same identities we obtain

ū1/ε3/k1/ε2v4 = ū1/ε3/k1/ε2/k4ξ4

= 2ū1/ε2/k4ξ4 (ε3 · k1)
= 4ū1ξ4 (ε2 · k4) (ε3 · k1) − 2ū1/k4/ε2ξ4 (ε3 · k1)
= 4ū1ξ4 (ε2 · k4) (ε3 · k1) + 4ū16f 2ξ4 (ε3 · k1) + 2ū1/k3/ε2ξ4 (ε3 · k1) .

Focusing on the last term through similar considerations we get

2ū1/k3/ε2ξ4 (ε3 · k1) = 2ū1/k3/ε2ξ4 (ε3 · k13)
= ū1/k3/ε3/k13/ε2ξ4 + ū1/k3/k13/ε3/ε2ξ4

= ū1/k3/ε3{/k13, /ε2}ξ4 − ū1/k3/ε3/ε2/k13ξ4 + ū1/k3/k1/ε3/ε2ξ4

= −4ū16f 3ξ4 (ε2 · k4) − 4ū16f 36f 2ξ4 − ū1/ε3/k3/ε2v4 + ū1/k3/k1/ε3/ε2ξ4.

We can use this to obtain the numerator by noticing that the last term can be rewritten

ū1/k3/k1/ε3/ε2ξ4 = − 4ū1ξ4(ε2 · k14) (ε3 · k1) − 4ū1ξ4(ε2 · f3 · k1) − s13ū1/ε2/ε3ξ4,

So that the numerator can be expressed as

N{2,3}(1
1
2 , 31, 21, 4 1

2 ) = −1
4 ū1/ε3/k13/ε2v4 + 1

4s13ū1/ε2/ε3ξ4. (6.4.8)

Both of the numerators obtained here are in agreement with the ones found in [7,56]
except for an overall normalization and the factors proportional to the propagators s12

and s13. We see however that when calculating the color ordered qggq amplitude using
the expansion (6.2.5) the extra terms vanish. Under support of the scattering equations:

A(1q, 2g, 3g, 4q) = PT(1, 2, 3, 4)
∑

β∈S2

N{2,3}(1
1
2 , β, 4 1

2 )PT(1, β, 4)

= N{2,3}(1
1
2 , 21, 31, 4 1

2 )

1

2 3

4

+N{2,3}(1
1
2 , 31, 21, 4 1

2 )

1

2 3

4

= n2q
s

( 1
s12

+ 1
s14

)
+ n2q

u

1
s14

+ 1
4 ū1/ε2/ε3ξ4

{
s12

( 1
s12

+ 1
s14

)
+ s13

s14

}

= n2q
s

s12
− n2q

t

s14
,

where we have defined n2q
s ≡ −N{2,3}(1

1
2 , 21, 31, 4 1

2 )−2s12ū1/ε2/ε3ξ4 and n2q
u ≡ N{2,3}(1

1
2 , 31, 21, 4 1

2 )−
2s13ū1/ε2/ε3ξ4 and used the Jacobi identity n2q

t = −n2q
s − n2q

u as well momentum conser-
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vation. This behavior was expected since in general the numerators aren’t unique.



Chapter 7

Including massive fermions in CHY

As described in chapter 5 we know that the reduced Pfaffian is not affected when
including two massive particles if the rows and columns we reduce the Pfaffian by
matches the labels of the massive particles. Since the DDM-expansion of the Pfaffian
(6.2.5) used to get the numerators fixes the 1st and nth particle, this means that the
expansion should hold for k2

1 = k2
n = m2, which in turn points to the numerators

obtained through the graphical rules also being correct, even when the external particles
are massive. Since this is the first time this has been done we will be careful and go
through every calculation slowly.

In this section we provide various checks that this is in fact the case for the fermionic
numerators. Unlike the approach in [31] where 10d Majorana-Weyl spinors are used,
everything here will be d-dimensional and because of the Pfaffian reduction there is
no need to use dimensional reduction to describe massive particles. At a low number
of points analytical checks are feasible, but going to n ≥ 5 we instead turn to the
massive spinor helicity methods described in chapter 3. The spinor helicity basis is
a powerful way to provide numerical checks since all-multiplicity results exist for the
specific amplitudes we look at in this thesis [7].

7.1 Analytical checks of the massive BCJ numera-
tors

In this section we check that the three- and four-point numerators obtained from the
graphical rules match those of [7, 56]. We find that the numerators are the same up to
a factor which vanishes when calculating the amplitude just like for the massless case.
This behavior is expected since in general the kinematic numerators are not unique. As
already stated, the massive numerators are equal to the massless ones. However when
rewriting the expressions to compare them with the literature, the equations of motion

67
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change to the massive

ū1(/k1 −m) = 0, (/kn +m)vn = 0, vn = (/kn −m)ξn. (7.1.1)

We will use boldface to denote the massive legs. The identity (6.4.5) obtained
using the Clifford algebra still holds and will be used frequently.

Three-point massive

At three-points the massive calculation is only slightly more complicated than the
massless case. Since we only have to change ε1 → ū1, ε3 → v3 and f → 6f the initial
expression for the master numerator is easily obtained.

N(1 1
2 , 21,3

1
2 ) = ū16f 2ξ3 − ū1ξ3(ε2 · k1)

= −1
2 ū1/ε2/k2ξ3 − ū1ξ3(ε2 · k1).

Similarly to the massless expression, we then rewrite this using momentum conservation
and the Clifford algebra (6.4.5)

N(1 1
2 , 21,3

1
2 ) = 1

2 ū1/ε2/k1ξ3 + 1
2 ū1/ε2/k3ξ3 − ū1ξ3(ε2 · k1)

= −1
2 ū1/k1/ε2ξ3 + ū1ξ3(ε2 · k1) + 1

2 ū1/ε2/k3ξ3 − ū1ξ3(ε2 · k1).

The two terms proportional to (ε2 · k1) cancel and the equations of motion ū1/k1 = ū1m

can be applied to the first term which yielding

N(1 1
2 , 21,3

1
2 ) = 1

2 ū1/ε2 (/k3 −m) ξ3

= 1
2 ū1/ε2v3.

Since the Parke-Taylor factor integrates to 1 in the three point case, this also gives the
expression for the color ordered qgq amplitude just like in the massless case. The result
is again in agreement with the corresponding Feynman diagram calculation.

Four-point massive

Turning to the four-point case the computations become increasingly tedious but follow
the same pattern: use momentum conservation, the Clifford algebra and the equations of
motion. Just like for the massless case, we want to compare the results obtained through
the graphical rules with the expression from [7, 56], N(1 1

2 , 21, 31,4 1
2 ) = −1

2 ū1/ε2(/k12 +



7.1. ANALYTICAL CHECKS OF THE MASSIVE BCJ NUMERATORS 69

m)/ε3v4 and N(1 1
2 , 31, 21,4 1

2 ) = −1
2 ū1/ε3(/k13+m)/ε2v4, where these BCJ numerators were

found by reading of the Feynman diagram computations. For the first numerator this
means that we are looking for an expression similar to

ū1/ε2(/k12 +m)/ε3v4.

Since this is the first place the checks are performed, we will be very deliberate in
showing every step of the calculations. First we split up the above expression into

ū1/ε2(/k12 +m)/ε3v4 = ū1/ε2(/k1 +m)/ε3/k4ξ4 + ū1/ε2/k2/ε3/k4ξ4 −mū1/ε2(/k12 +m)/ε3ξ4.

We will start out by looking at the first term.

ū1/ε2(/k1 +m)/ε3/k4ξ4 =ū1/ε2/k1/ε3/k4ξ4 +mū1/ε2/ε3/k4ξ4

=2ū1/ε3/k4ξ4 (ε2 · k1)
=4ū1ξ4 (ε3 · k4) (ε2 · k1) − 2ū1/k4/ε3ξ4 (ε2 · k1)
=4ū1ξ4 (ε3 · k4) (ε2 · k1) + 4ū16f 3ξ4 (ε2 · k1) + 2ū1/k2/ε3ξ4 (ε2 · k1)

+ 2mū1/ε3ξ4 (ε2 · k1) ,

where we have used the Clifford algebra and the equations of motion in the first line
and momentum conservation in the third. The expression is already reminiscent of
the one obtained through the graphical rules. Focusing on the two last terms A(m) ≡
2ū1/k2/ε3ξ4 (ε2 · k1) + 2mū1/ε3ξ4 (ε2 · k1)

A(m) =2ū1/k2/ε3ξ4 (ε2 · k1) +mū1{/ε2, /k1}/ε3ξ4

=ū1/k2{/ε2, /k12}/ε3ξ4 +mū1/ε2/k1/ε3ξ4 +m2ū1/ε2/ε3ξ4

=ū1/k2/ε2{/k12, /ε3}ξ4 − ū1/k2/ε2/ε3/k12ξ4 + ū1/k2/k1/ε2/ε3ξ4 +mū1/ε2/k1/ε3ξ4 +m2ū1/ε2/ε3ξ4

= − 4ū16f 2ξ4 (ε3 · k4) − 4ū16f 26f 3ξ4 − ū1/ε2/k2/ε3/k4ξ4 + ū1/k2/k1/ε2/ε3ξ4 +mū1/ε2/k1/ε3ξ4

+m2ū1/ε2/ε3ξ4

= − 4ū16f 26f 3ξ4 − ū1/ε2/k2/ε3/k4ξ4 + s12ū1/ε2/ε3ξ4 +mū1/ε2/k12/ε3ξ4,

where we have used the transversality condition and the Clifford algebra in the first
line. In the second line we used the Clifford algebra twice on the first term and then
finally in the last line we have s12 = 2k1 · k2 +m2. Using this we can find an expression
for ū1/ε2(/k12 +m)/ε3/k4ξ4 in terms of the numerators obtained through the increasing tree
algorithm:

ū1/ε2(/k12 +m)/ε3/k4ξ4 =4N{2,3}(1
1
2 , 21, 31,4

1
2 ) + s12ū1/ε2/ε3ξ4 +mū1/ε2/k12/ε3ξ4

=4N{2,3}(1
1
2 , 21, 31,4

1
2 ) +

(
s12 −m2

)
ū1/ε2/ε3ξ4 +mū1/ε2 (/k12 +m) /ε3ξ4.
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So that finally

ū1/ε2 (/k12 +m) /ε3v4 = 4N{2,3}(1
1
2 , 21, 31,4

1
2 ) +

(
s12 −m2

)
χ1/ε2/ε3ξ4.

From this we can get the massive numerator

N{2,3}(1
1
2 , 21, 31,4

1
2 ) =ū16f 26f 3ξ4 + (ū16f 2ξ4) (ε3 · k4) − (ū16f 3ξ4) (ε2 · k1)

− (ū1ξ4) (ε2 · k1) (ε3 · k4)

= − 1
4 ū1/ε2(/k12 +m)/ε3v4 − 1

4(s12 −m2)ū1/ε2/ε3ξ4.

(7.1.2)

The calculation is very similar for the other numerator here the expression is similar
to the one for the already calculated, except having 2 → 3 and 3 → 2. We then note that
performing this replacement in the expansion for first other numerator only changes the
final answer by replacing 2 → 3 and 3 → 2, so we can use the expression just obtained,
i.e.

1
4 ū1/ε3(/k13 +m)/ε2v4 =1

4 ū1/ε2(/k12 +m)/ε3v4

∣∣∣
{2,3}→{3,2}

= − ū16f 36f 2ξ4 − (ū16f 3ξ4) (ε2 · k4) + (ū16f 2ξ4) (ε3 · k1)

+ (ū1ξ4) (ε3 · k1) (ε2 · k4) − 1
4(s13 −m2)ū1/ε3/ε2ξ4.

Then using momentum conservation on the fourth term and noticing that the last term
can be manipulated slightly

1
4(s13 −m2)ū1/ε3/ε2ξ4 = − 1

4(s13 −m2)ū1/ε2/ε3ξ4 − (ū1ξ4)(k1 · k3)(ε2 · ε3).

This leads to

1
4 ū1/ε3(/k13 +m)/ε2v4 = −N{2,3}(1

1
2 , 31, 21,4

1
2 ) + 1

4(s13 −m2)ū1/ε2/ε3ξ4.

So the expression for our massive numerator is

N{2,3}(1
1
2 , 31, 21,4

1
2 ) =ū16f 36f 2ξ4 − (ū16f 2ξ4) (ε3 · k1) + (χ̄16f 3ξ4) (ε2 · k4)

+ (ū1ξ4) (ε2 · f3 · k1) + (ū1ξ4) (ε2 · k1) (ε3 · k1)

= − 1
4 ū1/ε3(/k13 +m)/ε2v4 + 1

4(s13 −m2)ū1/ε2/ε3ξ4.

The expressions for both numerators match the literature [7, 56] apart from the
normalization and the extra factors proportional to the massive propagators e.g. s12 −
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m2 = (k1 +k2)2 −m2 = 2k1 ·k2, which vanishes when calculating the color ordered qggq
amplitude

A(1q̄, 2g, 3g,4q) =PT(1, 2, 3, 4)
∑

β∈S2

N{2,3}(1
1
2 , β,4

1
2 )PT(1, β, 4)

=N{2,3}(1
1
2 , 21, 31,4

1
2 )

1

2 3

4

+N{2,3}(1
1
2 , 31, 21,4

1
2 )

1

2 3

4

=n2q
s

( 1
s12 −m2 + 1

s14

)
+ n2q

u

1
s14

+ 1
4 ū1/ε2/ε3ξ4

{
(s12 −m2)

( 1
s12 −m2 + 1

s14

)
+ (s13 −m2)

s14

}

= n2q
s

s12 −m2 − n2q
t

s14
.

Here we have again defined n2q
s ≡ −N{2,3}(1

1
2 , 21, 31,4 1

2 ) − 1
4(s12 − m2)ū1/ε2/ε3ξ4 and

n2q
u ≡ N{2,3}(1

1
2 , 31, 21,4 1

2 ) − 1
4(s13 − m2)ū1/ε2/ε3ξ4 and used the Jacobi identity n2q

t =
−n2q

s − n2q
u and massive momentum conservation s12 + s13 + s14 = 2m2. Having shown

that the numerators found reproduce QCD amplitudes at four points, we will not turn
to massive spinor helicity to obtain results for amplitudes containing more particles.

7.2 Checking using massive spinor-helicity

Not only does calculating the six numerators themselves turn into a lot of work at five
points, but checking them all using the methods already discussed becomes a large task.
We then instead turn to the massive spinor-helicity techniques developed by [42] and
presented in section 3.4. Here we will briefly discuss the techniques and then use them
to numerically compare our result with the all-multiplicity result obtained by [7]. The
spinors ū, v can be formed from the massive spinor-helicity variables

vb
n = −|kb

n〉 + |kb
n],

ūa
1 = −〈ka

1 | + [ka
1 |,

(7.2.1)

while the auxiliary spinor ξn has to obey (/kn −m)ξc
n = vc

n. There are different choices
for the representation of the spinor, but we will work with

ξb
n = −

(
|kb

n〉
m

+ 2 |kb
n]
m

)
, (7.2.2)
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since
(/kn −m)ξc

n = −2εab |na〉[nbnc]
m

+ εab|na]〈nbnc〉
m

+ |nc〉 + 2|nc]

= −2εabε
bc |na〉 − εabε

bc|na] + |nc〉 + 2|nc]
= −|nc〉 + |nc] = vc

n.

Now we can calculate the helicity basis expression for the numerator obtained by the
graphic rules. First we plug in the SH variables

N(1a, 2+, 3b) =ū16f 2ξ3 − ū1ξ3(ε2 · k1)

= 1√
2 〈q2〉m

{
−2[1a2] 〈2q〉 [23b] − 〈1a3b〉〈q|1|2] + 2[1a3b]〈q|1|2]

}
.

We can then collect the first term in an angle-bracket product 〈i|j|k], use momentum
conservation and then expand it again, using /ki = |i〉[i| + |i]〈i| for massless particles
and /ki = |ia〉[ia| + |ia]〈ia| = εab|ia〉[ib| + εab|ib]〈ia| for the massive particles,

N(1a, 2+, 3b) = 1√
2 〈q2〉m

{
−2[1a|2|q〉[23b] + 2[1a3b]〈q|1|2] − 〈1a3b〉〈q|1|2]

}
= 1√

2 〈q2〉m

{
−2εcd[1a1c]〈1dq〉[23b] − 2εcd[1a3c]〈3dq〉[23b]

+ 2[1a3b]〈q|1|2] − 〈1a3b〉〈q|1|2]
}
.

Then using [iajb] = mεab as well as εabεbc = δa
c on the first term and the Schouten

identity on the second term

N(1a, 2+, 3b) = 1√
2 〈q2〉m

{
−2εacεcdm〈1dq〉[23b] − 2εcd[1a3c]〈3dq〉[23b]

+ 2[1a3b]〈q|1|2] − 〈1a3b〉〈q|1|2]
}

= 1√
2 〈q2〉m

{
−2m〈1aq〉[23b] − 2εbcεcdm[1a2]〈q3d〉 + 2[1a3b]〈q|3|2]

+ 2 [1a3b]〈q|1|2] − 〈1a3b〉〈q|1|2]
}

= 1√
2 〈q2〉m

{
−2m〈1aq〉[23b] − 2m[1a2]〈q3b〉 − 〈1a3b〉〈q|1|2]

}
.

Lastly we notice that the first two terms correspond exactly to the calculation in section
3.4. Reusing the result obtained there, we find agreement with [7]

N(1a, 2+, 3b) =〈1a3b〉〈q|1|2]√
2 〈q2〉m

. (7.2.3)

Let us try the same thing for four point, N{2,3}(1a, 2−, 3+, 4b). We need an expression
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for the field strength tensor. Depending on the helicity of the particle we find

6f−
i = 1

2
/ki/ε

−
i = |i〉〈i|√

2
, 6f+

i = 1
2
/ki/ε

+
i = −|i][i|√

2
.

Using this we can find spinor helicity expressions for all the terms contributing to the
four-point numerators

ū16f−
2 6f+

3 ξ4 = 0,

ū16f−
2 ξ4

(
ε+

3 · k4
)

= 〈1a2〉 〈24b〉〈q3|4|3]
2m〈q33〉

ū16f+
3 ξ4

(
ε−

2 · k1
)

= − [1a3][34b][q2|1|2〉
m[q22]

ū1ξ4
(
ε−

2 · k1
) (
ε+

3 · k4
)

= 1
m[q22]〈q33〉

{
[1a4b]〈q3|4|3][q2|1|2〉 − 1

2〈1a4b〉〈q3|4|3][q2|1|2〉
}
,

(s12 −m2)ū1ε
−
2 ε

+
3 ξ4 = 2εcd[21c]〈1d2〉

m[q22]〈q33〉
{
〈1a2〉[q23]〈q34〉 − 2[1aq2]〈2q3〉[34b]

}
.

As described in chapter 3, the reference vectors aren’t unique and so we can use this to
set q2 = 3 and q3 = 2. Then after using momentum conservation and putting everything
on a common denominator the BCJ numerator can be written as

N{2,3}(1a, 2−, 3+, 4b) =[3|1|2〉
ms23

{
−1

2 〈1a2〉 〈24b〉[32] + [1a3][34b]〈23〉

− [1a4b]〈2|4|3] + 1
2〈1a4b〉〈2|4|3]

}
=[3|1|2〉
ms23

{1
2〈24b〉〈1a|2|3] − [34b]〈2|3|1a]

− [1a4b]〈2|4|3] + 1
2〈1a4b〉〈2|4|3]

}
.

Now we note that

1
2〈1a4b〉〈2|4|3] = −m

2
{
[4b3]〈1a2〉 + [1a3]〈4b2〉

}
− 1

2〈24b〉〈1a|2|3]

−[1a4b]〈2|4|3] = m
{
[4b3]〈1a2〉 + [1a3]〈4b2〉

}
+ [34b]〈2|3|1a].

(7.2.4)

After plugging in the above and using momentum conservation this leads to the nu-
merator

N{2,3}(1a, 2−, 3+, 4b) = [3|1|2〉
2s23

{
[4b3]〈1a2〉 + [1a3]〈4b2〉

}
. (7.2.5)

This again matches the expression from [7]. To check the numerators at higher n,
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we will use the all-multiplicity result, also from [7] obtained using BCFW recursion.
Here the all plus amplitude with 2 quarks is given by

A(1a, 3+, 4+, . . . , n+, 2b) =
im〈1a2b〉[3|∏n−2

j=3

{
/p13...j/pj+1 + (s13...j −m2)

}
|n]

(s13 −m2)(s134 −m2) . . . (s13n−1 −m2) 〈34〉 〈45〉 . . . 〈(n− 1)n〉
,

(7.2.6)
where /pij...k

= /pi
+ /pj

+ · · · + /pk
. For 3 gluons, since n = 5, this is

A(1a, 3+, 4+, 5+, 2b) =
im〈1a2b〉[3|∏3

j=3

{
/p13...j/pj+1 + (s13...j −m2)

}
|5]

(s13 −m2)(s134 −m2) 〈34〉 〈45〉

=
im〈1a2b〉[3|

{
/p13/p4 + (s13 −m2)

}
|5]

(s13 −m2)(s134 −m2) 〈34〉 〈45〉
.

We can then do the relabeling 1 → 1, 2 → 5, 3 → 2, 4 → 3, 5 → 4 to get the result in
the notation that we have used throughout

A(1a, 2+, 3+, 4+, 5b) =
im〈1a5b〉[2|

{
/p12/p3 + (s12 −m2)

}
|4]

(s12 −m2)(s123 −m2) 〈23〉 〈34〉
.

The all minus helicity configuration is easily obtained through the exchange 〈〉 ↔ []

A(1a, 2−, 3−, 4−, 5b) =
im[1a5b]〈2|

{
/p12/p3 + (s12 −m2)

}
|4〉

(s12 −m2)(s123 −m2)[23][34] . (7.2.7)

We have implemented the massive spinor helicity variables in Mathematica and nu-
merically checking against (7.2.7), we find agreement by using our numerators and
calculating the color ordered qgggq amplitude through

A5 =
∫

dΩCHY
∑

β∈S3

N(1a, β, nb)PT(1, β, n)

Finally we want to note that in the paper where these massive spinor helicity variables
were introduced [42], a Compton amplitude between two massive spin s ≤ 1 particles
was introduced:

M(1s, 2+, 3−,4s) = 〈3|1|2]2−2s

(s−m2)(u−m2) (〈43〉 [12] + 〈13〉 [42])2s , (7.2.8)

where the bold notation here just means that the little group indices of the massive
particles are symmetrized. Using the numerators from this section, we would expect
this expression to hold. Since we already know the numerators in the spin 1/2 case, a
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simple calculation gives

M(1a, 2+1, 3−1, 4b) =
∫

dΩCHY
∑

α∈S2

PT(1, α, n)
∑

β∈S2

N(1, β, n)PT(1, β, n)

= − N(1a, 2+, 3−, 4b)
s−m2 − N(1a, 3+, 2−, 4b)

u−m2

= 〈3|1|2]
2(s−m2)(u−m2)

(
〈4b3〉[1a2] + 〈1a3〉[4b2]

)
,

which matches 7.2.8. For the two other cases numerical checks find agreement as well.
Interestingly, in [9] using similar considerations, they give an amplitude which also
works for non-fundamental spin s > 2. We haven’t been able to cast the numerators in
a form which reproduces that result and it seems like non-fundamental spin is out of
reach using CHY for now.

Feeling assured that the numerators obtained reproduce QCD amplitudes in ac-
cordance with the literature, we still face some issues. Particularly the subject of the
reference order, which makes the calculation much more tedious. If we instead could
have obtained a crossing symmetric numerator much work would be saved. In the
next chapter we present a novel algorithm that produces the numerators much more
efficiently since it is manifestly crossing symmetric in the n− 2 massless gluons.
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Chapter 8

Exponential BCJ numerators

In this chapter we present a powerful diagrammatic algorithm for calculating n point
DDM-basis master numerators which only requires (n− 2)! diagrams (plus relabeling),
with the current state of the art being (n − 1)!. The algorithm was constructed by
noticing that the numerators discussed in chapters 6-7 can be put in to an exponential
form. Then by performing an average over all reference orders, we obtain a numerator
which is crossing symmetric.

Furthermore, the generalization to external massive particles of spin s = 0, 1/2, 1
still holds. This thesis provides a first presentation of the algorithm, so we want to make
every aspect of the construction very clear. We start off by motivating the exponential
numerators at three-point. Then the algorithm is presented and we show how it is used
at three, four, five, and six points checking the results as we go. At the end we provide
a brief analysis of the numerators obtained and discuss their relation to current topics
in the amplitudes field.

8.1 Three-point motivation

We begin by looking at the three-point numerator, since they only have one reference
order and so are automatically crossing symmetric. First of all, let us recall the three-
point numerators obtained in chapter 6 and add the numerator with scalars at the end
points

N(10, 21, 30) =(ε2 · k1),

N(1 1
2 , 21, 3 1

2 ) =ū16f 2ξ3 − ū1ξ3(ε2 · k1),
N(11, 21, 31) =(ε1 · f2 · ε3) − (ε1 · ε3)(ε2 · k1).

(8.1.1)

77
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The structures of all three numerators are very similar. Note in particular how we can
rewrite the last two

N(1 1
2 , 21, 3 1

2 ) =(ε2 · k1)
{
ū1

[
1− 6f 2

(ε2 · k1)

]
ξ3

}
,

N(11, 21, 31) =(ε2 · k1)
{
ε1 ·

[
1− f2

(ε2 · k1)

]
· ε3

}
,

(8.1.2)

with 1 ≡ ηµν . We can take this further by writing this in terms of the spin matrix Σ. In
this way we can even include the scalar numerator by defining the scalar polarizations
through the dimensional reduction procedure described in section 4.6 with ε̃1 · ε̃3 = 1

N(10, 21, 30) =(ε2 · k1)
{
ε̃1 ·

[
1+ i

f2,µνΣµν
s=0

2(ε2 · k1)

]
· ε̃3

}
,

N(1 1
2 , 21, 3 1

2 ) =(ε2 · k1)

ū1

1+ i
f2,µνΣµν

s= 1
2

2(ε2 · k1)

 ξ3

 ,
N(11, 21, 31) =(ε2 · k1)

{
ε1 ·

[
1+ i

f2,µνΣµν
s=1

2(ε2 · k1)

]
· ε3

}
,

(8.1.3)

where

Σµν
s=0 =iηµν ,

Σµν

s= 1
2

= i

4[γµ, γν ],

Σµν
s=1 =i [ηµρηνσ − ηµσηνρ] ,

(8.1.4)

and the energy-momentum tensor is traceless fµνη
µν = 0. As explained in the

introduction of this thesis a lot of interest has been cast on gravitational scattering
lately [3–6], so in light of this we will assume εi ·εi = 0, since for gravitational amplitude
obtained using double copy the polarization vectors obey hµν

i = εµ
i ε

ν
i and hµ

i,µ = εi·εi = 0.
In this setting we then also have f 2 = fi,µνf

νσ
i = 0 leading to an even more compact

rewriting of the numerators in terms of an exponential. Finally we can define spin
dependent variables ζi(s) so that

N(1s, 21, 3s) =(ε2 · k1)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2(ε2 · k1)

]
× ζ3

}
, (8.1.5)

with ζ(s) in general behaving as
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spin 0: ζ1 = ε̃1, ζn = ε̃2, × → ·,
spin 1/2: ζ1 = ū1, ζn = ξn, × → ×,

spin 1: ζ1 = ε1, ζn = ε2, × → ·.
(8.1.6)

To be explicit, let’s insert the ζ’s and spin operator definitions

N(10, 21, 30) =(ε2 · k1) {ε̃1 · ε̃3} ,

N(1 1
2 , 21, 3 1

2 ) =(ε2 · k1)
{
ū1 exp

[
− 6f 2

(ε2 · k1)

]
ξ3

}
,

N(11, 21, 31) =(ε2 · k1)
{
ε1 · exp

[
− f2

(ε2 · k1)

]
· ε3

}
,

(8.1.7)

This exponential form is the main reason the algorithm is so efficient and using equation
(8.1.5) as motivation we will in the next section present an algorithm which produces
n point exponential numerators. The rules work for n− 2 external massless gluons and
2 scalars or fermions with k2

1 = k2
n = m2.

8.2 Algorithm for exponential BCJ numerators
• Draw a baseline containing points 1 and n

1 n

• At n points we now have (n− 3) levels in the diagram and the remaining points
have to be placed by filling each level from the bottom and up. Diagrams are
build in 3 steps.

• Step 1: Inserting points into the diagram

1. The baseline can contain m0 = 0, 1, 2 . . . , (n − 4) points. Place the points
corresponding to each particle’s place on the line. Placing e.g. the third
particle:

1 n3 .

2. The first level has to contain at least 2 points. It is the only level with this
restriction. Placing e.g. the 4th and 2nd particles:

1 n3
42
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3. Continue to fill the levels until reaching the last level. The (n− 3)rd level is
the last. Only the (n − 1)th particle can be in this level and it can only be
there when the (n− 2)nd particle is on the (n− 4)th level.

• Step 2: Connecting the points

1. Connect all points on the same level with a horizontal line.

2. Take the far left point on each level and connect it to one of the levels below
by drawing an angled line to the left and hitting the first point showing up
on the lower level. If there are more points on this lower level, continue the
line to the point farthest to the left on the level.

1 n3
42

3. Only points from the first level can connect to the points 2, . . . , (n − 3) on
the baseline.

4. A level is not allowed to contain a single point if it is connected to a level
above it which has two or more points.

• Step 3: Read of contributions and multiply them

1. Contribution from baseline

– For r points, excluding 1 and n, with i < j < ... < r, the contribution is:

(εi·k1)(εj·k1i) . . . (εr·k1ij...(r−1))
{
ζ1 × exp

[
ifi,µνΣµν

s

2εi·k1

]
× exp

[
ifj,µνΣµν

s

2εj ·k1i

]
× · · · × exp

[
i fr,µνΣµν

s

2εr·k1ij...(r−1)

]
× ζn

}

2. Contribution from other levels.

– All horizontal lines with points i < j < · · · < r contribute a lower point
crossing symmetric numerator N(i1, j1, . . . , r1), with N(i1, j1) ≡ (εi ·εj).

– Starting at the first level and working up, all the remaining lines con-
sisting of i < j < · · · < r < s points contribute εs · kij...r unless the sth

point has already been traversed, then the contribution is ks · kij...r.

3. To find the numerical coefficient, consider each diagram as as tree with roots:
the baseline is the root and the connected points on the levels form the tree.
A subtree or a branch is then a horizontal line that is connected to another
horizontal line. The overall numerical coefficient is given by ∏i

1
T

1
Bi

, with T
being the number of points in the full tree and Bi is the number of points in
the branches. If there are no branches on a tree then Bi ≡ 1.
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4. Taking ml as the number of points in the lth level, the overall sign of the
diagram is given by (∏l=1(−1)ml+1).

As an example we have the following decomposition of a diagram into trees and
branches

Diagram:
1 n

3 5
2

4 , Tree:
3 5

2
4 , Branch:

3 5

so the overall numerical factor is 1
4 × 1

2 = 1
8 and the sign is positive (−1)2+1 ×

(−1)2+1 = 1.

• The numerator is the sum over all the ways of constructing the diagrams. Note
that the diagram with all points on the baseline isn’t constructed by the rules
but still contributes.

8.3 Three- and four-point checks

To show how the algorithm works, we will work through three and four points and then
perform checks that we reproduce the master numerators found in chapters 6 and 7.
At three points we only have one diagram since the baseline takes particles 1 and 3 and
the first level needs at least 2 particles to be a valid contribution.

N(1s, 21, 3s) =
1 32

= (ε2 · k1)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2(ε2 · k1)

]
× ζ3

}
. (8.3.1)

This is easily checked to be the correct numerator, since it clearly matches the
results (8.1.5). At four points we get one more diagram, specifically the diagram with
two points in the first level. The diagrams and expression is:

N(1s, 21, 31, 4s) =
1 42 3

+
1 4

2 3

=(ε2 · k1)(ε3 · k12)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f3,µνΣµν

s

2ε3 · k12

]
× ζ4

}

− 1
2(k1 · k2)(ε2 · ε3)(ζ1 × ζ4).

(8.3.2)
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To prove that this gives the correct numerator we choose a specific spin, e.g. s = 1/2
and notice that the four-point numerator (6.4.6) can be put into an exponential form
as well

N{2,3}(1
1
2 , 21, 31, 4 1

2 ) =ū16f 26f 3ξ4 + (ū16f 2ξ4) (ε3 · k12) − (ū16f 3ξ4) (ε2 · k1)
− (ū1ξ4) (ε2 · k1) (ε3 · k12)

=(ε2 · k1)(ε3 · k12)
{
ū1 exp

[
− 6f 2
ε2 · k1

]
exp

[
− 6f 3
ε3 · k12

]
ξ4

}
.

(8.3.3)

The numerator with R.O. {3, 2} is identical to the above expression apart from a small
correction which we can find through

N{3,2}(1
1
2 , 21, 31, 4 1

2 ) −N{2,3}(1
1
2 , 21, 31, 4 1

2 ) = −(k1 · k2)(ε2 · ε3)(ū1ξ4),

which means the full crossing symmetric numerator is N = 1
2
∑

β∈S2 N{β}

N(1 1
2 , 21, 31, 4 1

2 ) =(ε2 · k1)(ε3 · k12)
{
ū1 exp

[
− 6f 2
ε2 · k1

]
exp

[
− 6f 3
ε3 · k12

]
ξ4

}

− 1
2(k1 · k2)(ε2 · ε3)(ū1ξ4),

finding agreement with equation (8.3.2). These numerators were very easy to come
by and the checks were similarly simple. Before moving to n = 5, let us employ the
exponential numerators to calculate the four point scalar-gluon amplitude from chapter
5. Inserting the spin definitions for scalar particles we obtain the following numerator

N(10, 21, 31,40) =(ε2 · k1)(ε3 · k12) − 1
2(k1 · k2)(ε2 · ε3),

from which we can get the other numerator just from exchanging 2 ↔ 3

N(10, 31, 21,40) =(ε3 · k1)(ε2 · k13) − 1
2(k1 · k3)(ε2 · ε3).

The amplitude calculated under support of the massive scattering equations is easily
obtained and matches equation (5.3) as expected

A(1ϕ, 2g, 3g, 4ϕ) =(−1)
2 PT(1, 2, 3, 4)

∑
β∈S2

N(10, β,40)PT(1, β, 4)

=N(10, 21, 31,40)
( 1
s−m2 + 1

t

)
−N(10, 31, 21,40) 1

s−m2

=(u−m2)
t

[
2(ε3 · k4)(ε3 · k1)

(u−m2) + 2(ε2 · k1)(ε3 · k4)
(s−m2) + (ε2 · ε3)

]
.

(8.3.4)
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8.4 Five-point check
At five-points the diagrams begin to become more complicated. Here we have the
following diagrams contributing to the numerator

N(1s, 21, 31, 41, 5s) =
1 52 3 4

+
1 52

3 4 +
1 53

2 4

+
1 54

2 3 +
1 5

42 3 +

1 5

4

2 3

=(ε2 · k1)(ε3 · k12)(ε4 · k123){
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f3,µνΣµν

s

2ε3 · k12

]
× exp

[
i
f4,µνΣµν

s

2ε4 · k123

]
× ζ5

}

− 1
2

{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× ζ5

}
(ε2 · k1)(k3 · k12)(ε3 · ε4)

− 1
2

{
ζ1 × exp

[
i
f3,µνΣµν

s

2ε3 · k1

]
× ζ5

}
(ε3 · k1)(k1 · k2)(ε2 · ε4)

− 1
2

{
ζ1 × exp

[
i
f4,µνΣµν

s

2ε4 · k1

]
× ζ5

}
(ε4 · k1) (k1 · k2)(ε2 · ε3)

+ 1
3(ζ1 × ζ5)(k1 · k2)N(21, 31, 41)

− 1
3(ζ1 × ζ5)(k1 · k2)(ε2 · ε3)(ε4 · k23).

(8.4.1)

The result is of course crossing symmetric, so e.g. the numerator N(1s, 31, 21, 41, 5s)
is obtained through relabeling 2 ↔ 3. This is very compact compared to the 24×6 = 144
diagrams needed to compute all the numerators through the rules of chapter 6.

To show that this indeed gives the correct referenced ordered numerator, we will do
the same exercise we did for four points, namely pick a specific spin and calculate the ex-
ponential numerator with color order {2, 3, 4} and then look at different reference orders.
Finally we will sum over the R.O’s to obtain a crossing symmetric result. Taking s = 1
and reference order {2, 3, 4} and using the notation N5|YM

{RO} ≡ N{RO}(11, 21, 31, 41, 51) we
find

N
5|YM
{2,3,4} = (ε2·k1)(ε3·k12)(ε4·k123)

{
ε1 · exp

[
− f2

ε2 · k1

]
· exp

[
− f3

ε3 · k12

]
· exp

[
− f4

ε4 · k123

]
· ε5

}
.

The numerator N5|YM
{2,4,3} is very similar to this, so to compute the correction obtained
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from changing the reference order we take

N
5|YM
{2,4,3} −N

5|YM
{2,3,4} = −

{
ε1 · exp

[
− f2

ε2 · k1

]
· ε5

}
(ε2 · k1)(ε4 · ε3)(k3 · k12).

A similar prescription works for the one other of the reference orders

N
5|YM
{3,2,4} −N

5|YM
{2,4,3} = −

{
ε1 · exp

[
− f4

ε4 · k123

]
· ε5

}
(ε4 · k123) (ε3 · ε2)(k2 · k1).

The remaining have even more corrections. We can express them in a compact way
using the two above numerators already calculated

N
5|YM
{3,4,2} −N

5|YM
{3,2,4} = −

{
ε1 · exp

[
− f3

ε3 · k1

]
· ε5

}
(ε3 · k1) (ε4 · ε2)(k2 · k1),

N
5|YM
{4,2,3} −N

5|YM
{2,4,3} = −

{
ε1 · exp

[
− f3

ε3 · k12

]
· ε5

}
(k1 · k2)(ε2 · ε4)(ε3 · k12)

+ (k1 · k2)(ε1 · ε5) ((ε3 · ε4)(ε2 · k3) − (ε2 · ε3)(ε4 · k3))
,

N
5|YM
{4,3,2} −N

5|YM
{4,2,3} = −

{
ε1 · exp

[
− f4

ε4 · k1

]
· ε5

}
(k1 · k2)(ε2 · ε3)(ε4 · k1).

So that an expression for the five-point RO averaged numeratorsN5|YM = 1
6
∑

σ∈S3 N
5|YM
{σ}

can be obtained by combining all the terms

N5|YM =(ε2 · k1)(ε3 · k12)(ε4 · k123)
{
ε1 · exp

[
− f2

ε2 · k1

]
· exp

[
− f3

ε3 · k12

]
· exp

[
− f4

ε4 · k123

]
· ε5

}

− 1
2

{
ε1 · exp

[
− f2

ε2 · k1

]
· ε5

}
(ε2 · k1)(ε4 · ε3)(k3 · k12)

− 1
3

{
ε1 · exp

[
− f3

ε3 · k12

]
· ε5

}
(k1 · k2)(ε2 · ε4)(ε3 · k12)

− 1
3

{
ε1 · exp

[
− f4

ε4 · k123

]
· ε5

}
(ε4 · k123) (ε3 · ε2)(k2 · k1)

− 1
6

{
ε1 · exp

[
− f3

ε3 · k1

]
· ε5

}
(ε3 · k1) (ε4 · ε2)(k2 · k1)

− 1
6

{
ε1 · exp

[
− f4

ε4 · k1

]
· ε5

}
(k1 · k2)(ε2 · ε3)(ε4 · k1)

+ 1
3(k1 · k2)(ε1 · ε5) ((ε3 · ε4)(ε2 · k3) − (ε2 · ε3)(ε4 · k3)) .

This is however, not in the form given by the algorithm. We can show that it can be
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rewritten by employing the easily checkable identity

(εi · k1,abc···z)
{
ε1 · exp

[
− fi

εi · k1,abc···z

]
· ε6

}
=(εi · k1)

{
ε1 · exp

[
− fi

εi · k1

]
· ε6

}
+ (εi · kabc···z)(ε1 · ε6),

Using this we can rewrite the numerator into a form which is almost the same as the
one obtained through the algorithm

N5|YM =(ε2 · k1)(ε3 · k12)(ε4 · k123)
{
ε1 · exp

[
− f2

ε2 · k1

]
· exp

[
− f3

ε3 · k12

]
· exp

[
− f4

ε4 · k123

]
· ε5

}

− 1
2

{
ε1 · exp

[
− f2

ε2 · k1

]
· ε5

}
(ε2 · k1)(ε3 · ε4)(k3 · k12)

− 1
2

{
ε1 · exp

[
− f3

ε3 · k1

]
· ε5

}
(ε3 · k1)(ε2 · ε4)(k1 · k2)

− 1
2

{
ε1 · exp

[
− f4

ε4 · k1

]
· ε5

}
(ε4 · k1) (ε2 · ε3)(k1 · k2)

+ 1
3(k1 · k2)(ε1 · ε5) [(ε3 · ε4)(ε2 · k3) − (ε2 · ε4)(ε3 · k2) − (ε2 · ε3)(ε4 · k3)

− (ε2 · ε3) (ε4 · k23)]

.

This matches the result (8.4.1) if we notice that N(21, 31, 41) = (ε3 · ε4)(ε2 · k3) − (ε2 ·
ε4)(ε3 · k2) − (ε2 · ε3)(ε4 · k3). The result have been slightly tedious to check, which
points to the efficiency of our algorithm compared to the one described in chapter 6.
For completeness we will now present the diagrams and terms obtained at n = 6.

8.5 Six-point diagrams

Below we have listed the 24 diagrams contributing at six points. As one might imagine,
the check here is even more tedious than at n = 5 and since not much new insight is
gained from it, we have left it for Appendix B but we note that the expression also
has been checked in Mathematica. The diagrams and their corresponding contributions
are:

1 62 3 4 5
=(ε2 · k1)(ε3 · k12)(ε4 · k123)(ε5 · k1234){

ζ1 × exp
[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f3,µνΣµν

s

2ε3 · k12

]
× exp

[
i
f4,µνΣµν

s

2ε4 · k123

]
× exp

[
i
f5,µνΣµν

s

2ε5 · k1234

]
× ζ6

}
,
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1 62 3
4 5 = − 1

2(k4 · k123)(ε4 · ε5)(ε2 · k1) (ε3 · k12)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f3,µνΣµν

s

2ε3 · k12

]
× ζ6

}
,

1 62 4
3 5 = − 1

2(k3 · k12)(ε3 · ε5)(ε2 · k1)(ε4 · k12)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f4,µνΣµν

s

2ε4 · k12

]
× ζ6

}
,

1 62 5
3 4 = − 1

2(k3 · k12)(ε3 · ε4)(ε2 · k1) (ε5 · k12)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× exp

[
i
f5,µνΣµν

s

2ε5 · k12

]
× ζ6

}
,

1 63 4
2 5 = − 1

2(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)
{
ζ1 × exp

[
i
f3,µνΣµν

s

2ε3 · k1

]
× exp

[
i
f4,µνΣµν

s

2ε4 · k13

]
× ζ6

}
,

1 63 5
2 4 = − 1

2(k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k13)
{
ζ1 × exp

[
i
f3,µνΣµν

s

2ε3 · k1

]
× exp

[
i
f5,µνΣµν

s

2ε5 · k13

]
× ζ6

}
,

1 64 5
2 3 = − 1

2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)
{
ζ1 × exp

[
i
f4,µνΣµν

s

2ε4 · k1

]
× exp

[
i
f5,µνΣµν

s

2ε5 · k14

]
× ζ6

}
,

1 62
3 4 5 =1

3(k3 · k12)N(31, 41, 51)(ε2 · k1)
{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× ζ6

}
,

1 63
2 4 5 =1

3(k1 · k2)N(21, 41, 51)(ε3 · k1)
{
ζ1 × exp

[
i
f3,µνΣµν

s

2ε3 · k1

]
× ζ6

}
,

1 64
2 3 5 =1

3(k1 · k2)N(21, 31, 51)(ε4 · k1)
{
ζ1 × exp

[
i
f4,µνΣµν

s

2ε4 · k1

]
× ζ6

}
,

1 65
2 3 4 =1

3(k1 · k2)N(21, 31, 41)(2ε5 · k1)
{
ζ1 × exp

[
i
f5,µνΣµν

s

2ε5 · k1

]
× ζ6

}
,

1 6
2 3 4 5 = − 1

4(k1 · k2)N(21, 31, 41, 51)(ζ1 × ζ6),

1 62
3 4

5

= − 1
3(k3 · k12)(ε3 · ε4)(ε5 · k34)(ε2 · k1)

{
ζ1 × exp

[
i
f2,µνΣµν

s

2ε2 · k1

]
× ζ6

}
,

1 63
2 4

5

= − 1
3(k1 · k2)(ε2 · ε4)(ε5 · k24)(ε3 · k1)

{
ζ1 × exp

[
i
f3,µνΣµν

s

2ε3 · k1

]
× ζ6

}
,

1 64
2 3

5

= − 1
3(k1 · k2)(ε2 · ε3)(ε5 · k23)(ε4 · k1)

{
ζ1 × exp

[
i
f4,µνΣµν

s

2ε4 · k1

]
× ζ6

}
,
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1 65
2 3

4

= − 1
3(k1 · k2)(ε2 · ε3)(ε4 · k23)(ε5 · k1)

{
ζ1 × exp

[
i
f5,µνΣµν

s

2ε5 · k1

]
× ζ6

}
,

1 6
2 3 4

5

=1
4(k1 · k2)N(21, 31, 41)(ε5 · k234)(ζ1 × ε6),

1 6

2 4

3 5
=1

4(k1 · k2)(ε2 · ε4)(k1 · k3)(ε3 · ε5)(ζ1 × ζ6),

1 6

2 5

3 4
=1

4(k1 · k2)(ε2 · ε5)(k1 · k3)(ε3 · ε4)(ζ1 × ζ6),

1 6

2 3

4 5
=1

4(k1 · k2)(ε2 · ε3)(k1 · k4)(ε4 · ε5)(ζ1 × ζ6),

1 6
2 3

4
5

= − 1
4(k1 · k2)(ε2 · ε3)(ε4 · k23)(ε5 · k4)(ζ1 × ζ6),

1 6
2 3

4
5

= − 1
4(k1 · k2)(ε2 · ε3)(ε4 · k23)(ε5 · k23)(ζ1 × ζ6),

1 6
2 4

3 5

=1
8(k1 · k2)(ε3 · ε5)(ε2 · ε4)(k3 · k2)(ζ1 × ζ6),

1 6
2 3

4 5

=1
8(k1 · k2)(ε4 · ε5)(ε2 · ε3)(k4 · k23)(ζ1 × ζ6).
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We want to again emphasize the efficiency of this approach with the 24 diagrams being
less than the 120 needed using the method in [31] and being much less than the 120 ×
24 = 2880 diagrams one would have to draw using the algorithm from section 6.

8.6 Analysis and further checks

The diagrams used so far have all been colored to make each contribution to the nu-
merators clear. We want to emphasize however, that colors are not needed since each
diagram represents a unique expression. To provide further checks of the diagrammatic
rules we have sampled multiple expressions and diagrams at 7 points and the algorithm
produces correct results each time. Examples of 7 point diagrams that we have checked
are for instance

1 7
654

2 3

,

1 7

6

54

2 3
,

1 7

6

54

2 3
, (8.6.1)

Note that just performing a small permutation, in this case moving the 6’th point, gives
vastly different contributions. The above diagrams have the following expressions (in
the order drawn)

1 : − 1
6(k1 · k2)(k1 · k4)N(41, 51, 61)(ε2 · ε3)(ζ1 × ζ7),

2 : 1
6(k1 · k2)(k1 · k4)(ε4 · ε5)(ε2 · ε3)(ε6 · k45)(ζ1 × ζ7),

3 : 1
6(k1 · k2)(k1 · k4)(ε4 · ε5)(ε2 · ε3)(ε6 · k23)(ζ1 × ζ7),

(8.6.2)

It would be interesting to examine exactly what type of gravitational amplitude one
gets from performing double copy computations using the numerators presented in this
chapter. The general spin s three point amplitude for instance can be calculated using
an expansion similar to equation (6.2.4) 1

M(1s, 22, 3s) =
∫

dΩCHYN(1s, 21, 3s)PT(1, 2, 3) 1
z2

13
Pf Ψ1,3,4,6

= −(ε2 · k1)2
{
ζ1 × exp

[
i
f2,µνΣµν

s

(ε2 · k1)

]
× ζ3

}
.

(8.6.3)

1Notice this notation for the reduced matrix Ψ which was established in section 4.6. One can think
of the integral here as the double copy computation M(1s, 22, 3s) ∼= A(1s, 21, 3s) × A(10, 21, 30).
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This exactly matches the covariant result from [5,35] which is calculated in the minimal
coupling framework. Exploring the connection to these results would be an interesting
topic of future research. Furthermore, so far we have only provided a prescription
for obtaining the exponential numerators and checked that they provide the correct
amplitudes, so another point to explore would be to explain on a phenomenological level
why the exponential terms arise (and why some of the terms don’t include exponentials).
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Chapter 9

Conclusion and discussion

In this thesis we have provided a novel algorithm that produces BCJ DDM-basis master
numerators in an exponential form using the CHY formalism. The algorithm builds on
the great work by [32, 33] and improves the efficiency of the current state of the art,
see Table 9.1. We have also shown that the numerators obtained work for the external
particles having s = 1, 1/2, 1 and also with k2

1 = k2
n = m2.

Source [32,33] [31] This thesis
Efficiency O[(n − 1)! × (n − 2)!] O[(n − 1)!] O[(n − 2)!]
Fermions No 10d Majorana-Weyl spinors d-dimensional Dirac spinors
Masses No By dimensional reduction Yes

Table 9.1: Comparing the numerators from this thesis to the literature

The fermion baseline factor used in this thesis was presented in [30, 31] and the
calculations made there used 10 dimensional Majorana-Weyl spinors. In this thesis we
have shown that up to at least 5 points the generalization to Dirac spinors is straight-
forward1. Analytical checks were performed up to 4 points by comparing with QCD
amplitudes and the remaining checks were numerical using the massive spinor helicity
formalism developed in [42].

Both the inclusion of Dirac spinors and the extension to massive particles were
made without using a dimensional reduction procedure since the reduction of the CHY
Pfaffian makes sure the numerators hold for massive external particles as well. To our
knowledge this thesis is the first time amplitudes containing (massive) Dirac spinors
have been calculated explicitly using CHY. Furthermore we have not been able to find
any other works describing exponential versions of BCJ-numerators.

So far we have checked our algorithm up to 6 points, since going above this would
require implementing it in a computer program which we have not had time to do yet.

16 points has also been checked numerically in 4 dimensions by a collaborator.

91
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We note that using the exponential numerators and the double cover formalism, the
massive factorization procedure from [28] has been generalized to fermions [58].

In the works [9,42] expressions for general spin amplitudes were bootstrapped using
massive spinor helicity. These expressions also work for non-fundamental spin, i.e.
s > 2. Using CHY the amplitudes for fundamental spin can be replicated, but the
expressions do not generalize to s > 2 and so it seems like more modifications are
needed before CHY can be used in these applications. The fact that one can obtain
amplitudes that work in general for s = 0, 1

2 , 1 using the BCJ numerators from this
thesis is however very promising.

It would be interesting to examine exactly what type of gravitational amplitude one
gets from performing double copy computations using these numerators. The fact that
the general spin s three point graviton amplitude exactly matches the work by [5, 35]
is intriguing. These general spin amplitudes are of particular interest to many in the
amplitudes community at the time of writing because of the observation of gravitational
waves at LIGO and the need for predictions of spinning black hole scattering. We
hope that the results obtained here will be useful in these applications since the CHY
formalism provides an angle of attack which has not been explored much.



Appendix A

Identity used in derivation of CHY
integration rules

We want to show that ∑i∈τ S̃ixi = ∑
i,j∈τ
j 6=i

sij. First we can generally write:

∑
i∈τ

S̃ixi =
∑

i,j∈τ
j 6=i

sij

xij

xi

=
∑

i,j∈τ
j 6=i

sij

xij

(
xi + xi

2

)

=
∑

i,j∈τ
j>i

sij

≡ sτ

The second to last equality can be seen inductively by assuming τ = {1, 2, 3}:

∑
i,j∈τ
j 6=i

sij

xij

(
xi + xi

2

)
=
{
s12

x12

(
x1 + x1

2

)
+ s13

x13

(
x1 + x1

2

)
+ s21

x21

(
x2 + x2

2

)
+

s23

x23

(
x2 + x2

2

)
+ s31

x31

(
x3 + x3

2

)
+ s32

x32

(
x3 + x3

2

)}

we then use xij = −xji and sij = sji.

∑
i,j∈τ
j 6=i

sij

xij

(
xi + xi

2

)
=
{
s12

x12

(
x1 + x1

2

)
+ s13

x13

(
x1 + x1

2

)
− s12

x12

(
x2 + x2

2

)
+

s23

x23

(
x2 + x2

2

)
− s13

x13

(
x3 + x3

2

)
− s23

x23

(
x3 + x3

2

)}
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and combine terms with the same factors of sij

xij
:

∑
i,j∈τ
j 6=i

sij

xij

(
xi + xi

2

)
=
{
s12

x12

(
x1 − x2

2

)
+ s12

x12

(
x1 − x2

2

)
+ s13

x13

(
x1 − x3

2

)
+

s13

x13

(
x1 − x3

2

)
− s23

x23

(
x2 − x3

2

)
− s23

x23

(
x2 − x3

2

)}
= s12 + s13 + s23

=
∑

i,j∈τ
j>i

sij

We see that every terms shows up twice and, since xij ≡ (xi −xj), all the factors except
the sij cancel



Appendix B

Six-point exponential check

In the following we show how the analytical checks were performed for n = 6 and s = 1.
The expressions are very large (both in width and in length) so to accommodate them
on the page we have used a smaller math font. The final expression was checked in
Mathematica as well. To make the notation easier let it be implicit that the CO is
{2, 3, 4, 5} and we will just the denote the RO from now on. The starting point is the
numerator

N{2,3,4,5} = (ε2 ·k1)(ε3 ·k12)(ε4 ·k123)(ε5 ·k1234)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
Just like for the 4 and 5 point numerators we can then find corrections from changing

the reference order. This has to be done 24 times

N{2,3,5,4} − N{2,3,4,5} = (k4 · k123) (ε4 · ε5) ((ε3 · k12) ((ε1 · f2 · ε6) − (ε1 · ε6)(ε2 · k1)) + (ε1 · f3 · ε6)(ε2 · k1) − ε1 · f2 · f3 · ε6)

= − (k4 · k123) (ε4 · ε5)(ε2 · k1) (ε3 · k12)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· ε6

}
N{2,4,3,5} − N{2,3,4,5} = (k3 · k12) (ε3 · ε4) ((ε5 · k1234) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f5 · ε6)(ε2 · k1) − ε1 · f2 · f5 · ε6)

= − (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k1234)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
N{3,2,4,5} − N{2,3,4,5} = (k2 · k1) (ε2 · ε3) ((ε5 · k1234) (ε1 · f4 · ε6 − (ε1 · ε6) (ε4 · k123)) + ε1 · f5 · ε6 (ε4 · k123) − ε1 · f4 · f5 · ε6)

= − (k2 · k1) (ε2 · ε3) (ε4 · k123) (ε5 · k1234)
{

ε1 · exp
[

−
f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
N{2,4,5,3} − N{2,4,3,5} = (k3 · k12) (ε3 · ε5) ((ε4 · k12) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f4 · ε6)(ε2 · k1) − ε1 · f2 · f4 · ε6)

= − (k3 · k12) (ε3 · ε5) (ε4 · k12) (ε2 · k1)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
N{2,5,3,4} − N{2,3,5,4} = (k3 · k12) (((ε3 · ε5) (ε4 · k123) − (ε4 · ε5)(ε3 · k4) + (ε3 · ε4)(ε5 · k4)) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1))

+(ε3 · ε5)(ε1 · f4 · ε6)(ε2 · k1) − (ε3 · ε5)(ε1 · f2 · f4 · ε6))
= (k3 · k12) (ε3 · ε5) {(ε4 · k123) [ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)] + (ε1 · f4 · ε6)(ε2 · k1) − ε1 · f2 · f4 · ε6}

+ (k3 · k12) {ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)} [(ε3 · ε4)(ε5 · k4) − (ε4 · ε5)(ε3 · k4)]

= − (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k123)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− (k3 · k12)(ε2 · k1)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· ε6

}
[(ε3 · ε4)(ε5 · k4) − (ε4 · ε5)(ε3 · k4)]

N{2,5,4,3} − N{2,5,4,3} = (k3 · k12) (ε3 · ε4) ((ε5 · k12) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f5 · ε6)(ε2 · k1) − ε1 · f2 · f5 · ε6)

= − (k3 · k12) (ε3 · ε4) (ε5 · k12) (ε2 · k1)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}
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N{3,2,5,4} − N{3,2,4,5} = (k4 · k123) (ε4 · ε5) ((ε3 · k12) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f3 · ε6)(ε2 · k1) − ε1 · f2 · f3 · ε6)
+ (k4 · k123) (ε4 · ε5) (k1 · k2) (ε1 · ε6)(ε2 · ε3)

= − (k4 · k123) (ε4 · ε5) (ε2 · k1) (ε3 · k12)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· ε6

}
+ (k4 · k123) (ε4 · ε5) (k1 · k2) (ε1 · ε6)(ε2 · ε3)

N{3,4,2,5} − N{3,2,4,5} =(k1 · k2)(ε2 · ε4) ((ε5 · k1234) (ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1)) + (ε1 · f5 · ε6)(ε3 · k1) − ε1 · f3 · f5 · ε6)

= − (k1 · k2)(ε2 · ε4) (ε5 · k1234) (ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}

N{3,4,5,2} − N{3,4,2,5} =(k1 · k2)(ε2 · ε5) ((ε4 · k13) (ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1)) + (ε1 · f4 · ε6)(ε3 · k1) − ε1 · f3 · f4 · ε6)

= − (k1 · k2)(ε2 · ε5) (ε4 · k13) (ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}

N{3,5,2,4} − N{3,2,5,4} =k1 · k2 (ε1 · f3 · ε6 (ε2 · ε5 (ε4 · k123) − ε4 · ε5ε2 · k4 + ε2 · ε4ε5 · k4) − ε2 · ε5ε1 · f3 · f4 · ε6

+ ε3 · k1 (ε2 · ε5ε1 · f4 · ε6 + ε1 · ε6 (− (ε2 · ε5) (ε4 · k123) + ε4 · ε5ε2 · k4 − ε2 · ε4ε5 · k4)))
=(k1 · k2)(ε2 · ε5) {(ε4 · k123) [ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1))] + (ε1 · f4 · ε6)(ε3 · k1) − ε1 · f3 · f4 · ε6}

+ (k1 · k2) {(ε1 · f3 · ε6) [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]}
− (k1 · k2) {(ε1 · ε6)(ε3 · k1) [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]}

=(k1 · k2)(ε2 · ε5) {(ε4 · k123) [ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1))] + (ε1 · f4 · ε6)(ε3 · k1) − ε1 · f3 · f4 · ε6}
+ (k1 · k2) {[(ε1 · f3 · ε6) − (ε1 · ε6)(ε3 · k1)] [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]}

= − (k1 · k2)(ε2 · ε5)(ε4 · k123)(ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− (k1 · k2)(ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]

N{3,5,4,2} − N{3,5,2,4} =(k1 · k2)(ε2 · ε4) ((ε5 · k13) (ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1)) + (ε1 · f5 · ε6)(ε3 · k1) − ε1 · f3 · f5 · ε6)

= − (k1 · k2)(ε2 · ε4) (ε5 · k13) (ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}

N{4,2,3,5} − N{2,4,3,5} = (k1 · k2) ((ε5 · k1234) ((ε2 · ε4)(ε1 · f3 · ε6) + (ε1 · ε6) ((ε3 · ε4)(ε2 · k3) − (ε2 · ε4) (ε3 · k12) − (ε2 · ε3)(ε4 · k3)))
− ε1 · f5 · ε6 (− (ε2 · ε4) (ε3 · k12) + (ε3 · ε4)(ε2 · k3) − (ε2 · ε3)(ε4 · k3)) − (ε2 · ε4)(ε1 · f3 · f5 · ε6))

=(k1 · k2)(ε2 · ε4) {(ε5 · k1234) [(ε1 · f3 · ε6) − (ε1 · ε6)(ε3 · k12)] + (ε1 · f4 · ε6)(ε3 · k12) − ε1 · f3 · f5 · ε6}
+ (k1 · k2) {(ε1 · f5 · ε6) − (ε1 · ε6)(ε5 · k1234)} [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

= − (k1 · k2)(ε2 · ε4)(ε5 · k1234)(ε3 · k12)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− (k1 · k2)(ε5 · k1234)

{
ε1 · exp

[
−

f5

ε5 · k1234

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

N{4,2,5,3} − N{4,2,3,5} = (k3 · k12) (ε3 · ε5) ((ε4 · k12) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f4 · ε6)(ε2 · k1) − ε1 · f2 · f4 · ε6

+ (k1 · k2) (ε1 · ε6)(ε2 · ε4))

= − (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
+ (k3 · k12) (ε3 · ε5) (k1 · k2) (ε1 · ε6)(ε2 · ε4)

N{4,3,2,5} − N{4,2,3,5} =(k1 · k2)(ε2 · ε3) ((ε5 · k1234) (ε1 · f4 · ε6 − (ε1 · ε6)(ε4 · k1)) + (ε1 · f5 · ε6)(ε4 · k1) − ε1 · f4 · f5 · ε6)

= − (k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k1234)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
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N{4,3,5,2} − N{4,3,2,5} =(k1 · k2)(ε2 · ε5) ((ε4 · k13) (ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1)) + (ε1 · f4 · ε6)(ε3 · k1) − ε1 · f3· f4 · ε6

+ (k1 · k3)(ε1 · ε6)(ε3 · ε4))

= − (k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
+ (k1 · k2)(ε2 · ε5)(k1 · k3)(ε1 · ε6)(ε3 · ε4)

N{4,5,2,3} − N{4,2,5,3} =(k1 · k2) ((ε2 · ε5)(ε1 · f3 · ε6)(ε4 · k1) + (ε2 · ε5)(ε1 · f3 · ε6)(ε4 · k3)
+ (ε1 · f4 · ε6) (ε2 · ε5 (ε3 · k12) − (ε3 · ε5)(ε2 · k3) + (ε2 · ε3)(ε5 · k3))
− (ε2 · ε5)(ε1 · f3 · f4 · ε6) + (k1 · k3)(ε1 · ε6)(ε2 · ε5)(ε3 · ε4) − (ε1 · ε6)(ε2 · ε5)(ε3 · k1)(ε4 · k1)
− (ε1 · ε6)(ε2 · ε5)(ε3 · k2)(ε4 · k1) + (ε1 · ε6)(ε3 · ε5)(ε2 · k3)(ε4 · k1) − (ε1 · ε6)(ε2 · ε5)(ε3 · k1)(ε4 · k3)
− (ε1 · ε6)(ε2 · ε3)(ε4 · k1)(ε5 · k3))

=(k1 · k2)(ε2 · ε5) {(ε4 · k13)(ε1 · f3 · ε6) + (ε3 · k12)(ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6

−(ε1 · ε6) [(ε3 · k1)(ε4 · k1) + (ε3 · k2)(ε4 · k3) + (ε3 · k1)(ε4 · k3)]}
+ (k1 · k2) {(ε1 · f4 · ε6) − (ε1 · ε6)(ε4 · k1)} [(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]
+ (k1 · k3)(ε1 · ε6)(ε2 · ε5)(ε3 · ε4)

=(k1 · k2)(ε2 · ε5) {(ε4 · k13)(ε1 · f3 · ε6) + (ε3 · k12)(ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6

−(ε1 · ε6) [(ε3 · k12)(ε4 · k13) − (ε3 · k2)(ε4 · k3)]}
+ (k1 · k2) {(ε1 · f4 · ε6) − (ε1 · ε6)(ε4 · k1)} [(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]
+ (k1 · k2)(k1 · k3)(ε1 · ε6)(ε2 · ε5)(ε3 · ε4)

=(k1 · k2)(ε2 · ε5) {(ε4 · k13) [(ε1 · f3 · ε6) − (ε1 · ε6)(ε3 · k12)] + (ε3 · k12)(ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6}
+ (k1 · k2) {(ε1 · f4 · ε6) − (ε1 · ε6)(ε4 · k1)} [(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]
+ (k1 · k2)(k1 · k3)(ε1 · ε6)(ε2 · ε5)(ε3 · ε4) + (k1 · k2)(ε2 · ε5)(ε1 · ε6)(ε3 · k2)(ε4 · k3)

= − (k1 · k2)(ε2 · ε5)(ε3 · k12)(ε4 · k13)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− (k1 · k2)(ε4 · k1)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

+ (k1 · k2)(k1 · k3)(ε1 · ε6)(ε2 · ε5)(ε3 · ε4) + (k1 · k2)(ε2 · ε5)(ε1 · ε6)(ε3 · k2)(ε4 · k3)

N{5,3,4,2} − N{5,3,2,4} =(k1 · k2)(ε2 · ε4) {(ε5 · k13) (ε1 · f3 · ε6 − (ε1 · ε6)(ε3 · k1)) + (ε1 · f5 · ε6)(ε3 · k1) − ε1 · f3 · f5 · ε6}
+ (k1 · k2)(ε2 · ε4)(k1 · k3)(ε1 · ε6)(ε3 · ε5)

= − (k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k13)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
+ (k1 · k2)(ε2 · ε4)(k1 · k3)(ε1 · ε6)(ε3 · ε5)

N{4,5,3,2} − N{4,5,2,3} =(k1 · k2)(ε2 · ε3) ((ε5 · k14) (ε1 · f4 · ε6 − (ε1 · ε6)(ε4 · k1)) + (ε1 · f5 · ε6)(ε4 · k1) − ε1 · f4 · f5 · ε6)

= − (k1 · k2)(ε2 · ε3) (ε5 · k14) (ε4 · k1)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}

N{5,3,2,4} − N{5,2,3,4} =(k1 · k2)(ε2 · ε3) {(ε1 · f4 · ε6) (ε5 · k14) + (ε1 · f5 · ε6) (ε4 · k123) − ε1 · f4 · f5 · ε6

+ (ε1 · ε6) ((k1 · k4) (ε4 · ε5) − (ε4 · k123) (ε5 · k1) − (ε4 · k1)(ε5 · k4))}
=(k1 · k2)(ε2 · ε3) {(ε1 · f4 · ε6) (ε5 · k14) + (ε1 · f5 · ε6) (ε4 · k123) − ε1 · f4 · f5 · ε6

+ (ε1 · ε6) ((k1 · k4) (ε4 · ε5) − (ε4 · k123) (ε5 · k14) + (ε4 · k23)(ε5 · k4))}
=(k1 · k2)(ε2 · ε3) {(ε5 · k14) [(ε1 · f4 · ε6) − (ε1 · ε6)(ε4 · k123)] + (ε1 · f5 · ε6) (ε4 · k123) − ε1 · f4 · f5 · ε6}

+ (k1 · k2)(ε2 · ε3) (ε1 · ε6) ((k1 · k4) (ε4 · ε5) + (ε4 · k23)(ε5 · k4))

= − (k1 · k2)(ε2 · ε3)(ε4 · k123)(ε5 · k14)
{

ε1 · exp
[

−
f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
+ (k1 · k2)(ε2 · ε3) (ε1 · ε6) ((k1 · k4) (ε4 · ε5) + (ε4 · k23)(ε5 · k4))
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N{5,2,3,4} − N{2,5,3,4} =(k1 · k2)(ε2 · ε5) {(ε4 · k123) (ε1 · f3 · ε6) + (ε3 · k12) (ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6}
+ (k1 · k2) {(ε2 · ε4)(ε1 · f3 · ε6)(ε5 · k4) − (ε4 · ε5)(ε1 · f3 · ε6) (ε2 · k4) − (ε3 · ε5)(ε1 · f4 · ε6)(ε2 · k3)
+ (ε2 · ε3)(ε1 · f4 · ε6)(ε5 · k3)}
− (k1 · k2) (ε1 · ε6) {(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3) − (ε2 · k4) (ε3 · k12)]
− (ε4 · k123) [(ε3 · ε5)(ε2 · k3) − (ε2 · ε5) (ε3 · k12) − (ε2 · ε3)(ε5 · k3)]
+ (ε5 · k4) [(ε2 · ε4) (ε3 · k12) − (ε3 · ε4)(ε2 · k3) + (ε2 · ε3)(ε4 · k3)]}

=(k1 · k2)(ε2 · ε5) {(ε4 · k123) [(ε1 · f3 · ε6) − (ε2 · ε5) (ε3 · k12)] + (ε3 · k12) (ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6}
+ (k1 · k2)(ε1 · f3 · ε6) [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5) (ε2 · k4)]
+ (k1 · k2)(ε1 · f4 · ε6) [(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]
− (k1 · k2) (ε1 · ε6) {(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3) − (ε2 · k4) (ε3 · k12)]
− (ε4 · k123) [(ε3 · ε5)(ε2 · k3) − (ε2 · ε3)(ε5 · k3)]
+ (ε5 · k4) [(ε2 · ε4) (ε3 · k12) − (ε3 · ε4)(ε2 · k3) + (ε2 · ε3)(ε4 · k3)]}

=(k1 · k2)(ε2 · ε5) {(ε4 · k123) [(ε1 · f3 · ε6) − (ε2 · ε5) (ε3 · k12)] + (ε3 · k12) (ε1 · f4 · ε6) − ε1 · f3 · f4 · ε6}
+ (k1 · k2) {(ε1 · f3 · ε6) − (ε1 · ε6)(ε3 · k12)} [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5) (ε2 · k4)]
+ (k1 · k2) {(ε1 · f4 · ε6) − (ε1 · ε6)(ε4 · k123)} [(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]
− (k1 · k2) (ε1 · ε6)(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3)]
− (k1 · k2) (ε1 · ε6)(ε5 · k4) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

= − (k1 · k2)(ε2 · ε5)(ε3 · k12) (ε4 · k123)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− (k1 · k2)(ε3 · k12)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5) (ε2 · k4)]

− (k1 · k2)(ε4 · k123)
{

ε1 · exp
[

−
f4

ε4 · k123

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

− (k1 · k2) (ε1 · ε6)(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3)]
− (k1 · k2) (ε1 · ε6)(ε5 · k4) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

N{5,2,4,3} − N{5,2,3,4} = (k3 · k12) (ε3 · ε4) {(ε5 · k12) (ε1 · f2 · ε6 − (ε1 · ε6)(ε2 · k1)) + (ε1 · f5 · ε6)(ε2 · k1) − ε1 · f2 · f5 · ε6}
+ (k3 · k12) (ε3 · ε4) (k1 · k2) (ε1 · ε6)(ε2 · ε5)

= − (k3 · k12) (ε3 · ε4)(ε2 · k1)(ε5 · k12)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}
+ (k3 · k12) (ε3 · ε4) (k1 · k2) (ε1 · ε6)(ε2 · ε5)

N{5,4,2,3} − N{5,2,4,3} =(k1 · k2)(ε2 · ε4) {(ε1 · f3 · ε6)(ε5 · k13) + (ε1 · f5 · ε6) (ε3 · k12) − ε1 · f3 · f5 · ε6}
+ (k1 · k2)(ε1 · f5 · ε6) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]
+ (k1 · k2)(ε1 · ε6)(ε5 · k1) [(ε3 · ε4)(ε2 · k3) − (ε2 · ε3)(ε4 · k3)]
+ (k1 · k2)(ε1 · ε6)(ε2 · ε4) {(k1 · k3) (ε3 · ε5) − (ε3 · k12) (ε5 · k1) − (ε3 · k1)(ε5 · k3)}

=(k1 · k2)(ε2 · ε4) {(ε1 · f3 · ε6)(ε5 · k13) + (ε1 · f5 · ε6) (ε3 · k12) − ε1 · f3 · f5 · ε6}
+ (k1 · k2) {(ε1 · f5 · ε6) − (ε1 · ε6)(ε5 · k1)} [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]
+ (k1 · k2)(ε1 · ε6)(ε2 · ε4) {(k1 · k3) (ε3 · ε5) − (ε3 · k12) (ε5 · k13) + (ε3 · k2)(ε5 · k3)}

=(k1 · k2)(ε2 · ε4) {(ε5 · k13) [(ε1 · f3 · ε6) − (ε3 · k12) (ε1 · ε6)] + (ε1 · f5 · ε6) (ε3 · k12) − ε1 · f3 · f5 · ε6}
+ (k1 · k2) {(ε1 · f5 · ε6) − (ε1 · ε6)(ε5 · k1)} [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]
+ (k1 · k2)(ε1 · ε6)(ε2 · ε4) {(k1 · k3) (ε3 · ε5) + (ε3 · k2)(ε5 · k3)}

= − (k1 · k2)(ε2 · ε4)(ε3 · k12)(ε5 · k13)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− (k1 · k2)(ε5 · k1)

{
ε1 · exp

[
−

f5

ε5 · k1

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

+ (k1 · k2)(ε1 · ε6)(ε2 · ε4) {(k1 · k3) (ε3 · ε5) + (ε3 · k2)(ε5 · k3)}

N{5,4,3,2} − N{5,4,2,3} =(k1 · k2)(ε2 · ε3) {(ε5 · k14) (ε1 · f4 · ε6 − (ε1 · ε6)(ε4 · k1)) + (ε1 · f5 · ε6)(ε4 · k1) − ε1 · f4 · f5 · ε6}
+ (k1 · k2)(ε2 · ε3)(k1 · k4)(ε1 · ε6)(ε4 · ε5)

= − (k1 · k2)(ε2 · ε3)(ε4 · k1)(ε5 · k14)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
+ (k1 · k2)(ε2 · ε3)(k1 · k4)(ε1 · ε6)(ε4 · ε5)
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The reference order averaged numerator is then easily obtained, and after grouping
similar terms we have

24NY M
6 =24(ε2 · k1)(ε3 · k12)(ε4 · k123)(ε5 · k1234)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 12 (k4 · k123) (ε4 · ε5)(ε2 · k1) (ε3 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· ε6

}
− 8 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k123)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 4 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
− 8 (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k1234)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 4 (k3 · k12) (ε3 · ε4)(ε2 · k1)(ε5 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}
− 6(k1 · k2)(ε2 · ε5)(ε3 · k12) (ε4 · k123)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k1)(ε4 · k123)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k12)(ε4 · k13)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− 6(k1 · k2)(ε2 · ε4)(ε5 · k1234)(ε3 · k12)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4) (ε5 · k1234) (ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4)(ε3 · k12)(ε5 · k13)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4) (ε5 · k13) (ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− 6 (k2 · k1) (ε2 · ε3) (ε4 · k123) (ε5 · k1234)

{
ε1 · exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k1234)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k123)(ε5 · k14)

{
ε1 · exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
− 8(k3 · k12)(ε2 · k1)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· ε6

}
[(ε3 · ε4)(ε5 · k4) − (ε4 · ε5)(ε3 · k4)]

− 6(k1 · k2)(ε3 · k12)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5) (ε2 · k4)]

− 2(k1 · k2)(ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]

− 6(k1 · k2)(ε4 · k123)
{

ε1 · exp
[

−
f4

ε4 · k123

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

− 2(k1 · k2)(ε4 · k1)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

− 6(k1 · k2)(ε5 · k1234)
{

ε1 · exp
[

−
f5

ε5 · k1234

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

− 2(k1 · k2)(ε5 · k1)
{

ε1 · exp
[

−
f5

ε5 · k1

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

− 6 (k1 · k2) (ε1 · ε6) {(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3)] + (ε5 · k4) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]}
+ 3 (k1 · k2) (ε1 · ε6) [(k4 · k123) (ε4 · ε5)(ε2 · ε3) + (ε2 · ε4) (k1 · k3) (ε3 · ε5)]
+ 3 (k1 · k2) (ε1 · ε6) (k3 · k12) [(ε3 · ε5)(ε2 · ε4) + (ε3 · ε4)(ε2 · ε5)]
+ 2(k1 · k2)(ε1 · ε6) [(k1 · k3)(ε2 · ε5)(ε3 · ε4) + (ε2 · ε5)(ε3 · k2)(ε4 · k3) + (ε2 · ε4)(ε3 · k2)(ε5 · k3)]
+ 2(k1 · k2) (ε1 · ε6) (ε2 · ε3) [(k1 · k4) (ε4 · ε5) + (ε4 · k23)(ε5 · k4)]
+ (k1 · k2)(ε1 · ε6) [(k1 · k3)(ε2 · ε5)(ε3 · ε4) + (ε2 · ε3)(k1 · k4)(ε4 · ε5)]
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We will simplify this using the following identities

(εi · k1)
(

εj · k1,abc···z
){

ε1 · exp
[

−
fi

εi · k1

]
· exp

[
−

fj

εj · k1,abc···z

]
· ε6

}
=(εi · k1) (εj · k1a)

{
ε1 · exp

[
−

fi

εi · k1

]
· exp

[
−

fj

εj · k1a

]
· ε6

}
+ (εi · k1) (εj · kbc···z)

{
ε1 · exp

[
−

fi

εi · k1

]
· ε6

} (B.0.1)

(εi · k1,abc···z)
{

ε1 · exp
[

−
fi

εi · k1,abc···z

]
· ε6

}
= (εi · k1)

{
ε1 · exp

[
−

fi

εi · k1

]
· ε6

}
+ (εi · kabc···z)(ε1 · ε6) (B.0.2)

(εi · k1γ)
(

εj · k1,abc···z
){

ε1 · exp
[

−
fi

εi · k1γ

]
· exp

[
−

fj

εj · k1,abc···z

]
· ε6

}
=(εi · k1) (εj · k1a)

{
ε1 · exp

[
−

fi

εi · k1

]
· exp

[
−

fj

εj · k1a

]
· ε6

}
+ (εi · kγ) (εj · k1)

{
ε1 · exp

[
−

fj

εj · k1

]
· ε6

}
+ (εi · k1) (εj · kbc···z)

{
ε1 · exp

[
−

fi

εi · k1

]
· ε6

}
+ (ε1 · ε6)(εi · kγ) (εj · kabc···z)

(B.0.3)

Using the identities we have the following simplifications[
− 6(k1 · k2)(ε2 · ε5)(ε3 · k12) (ε4 · k123)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k1)(ε4 · k123)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k12)(ε4 · k13)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− 2(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− 6(k1 · k2)(ε3 · k12)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5) (ε2 · k4)]

− 2(k1 · k2)(ε3 · k1)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· ε6

}
[(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]

− 6(k1 · k2)(ε4 · k123)
{

ε1 · exp
[

−
f4

ε4 · k123

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

− 2(k1 · k2)(ε4 · k1)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· ε6

}
[(ε2 · ε3)(ε5 · k3) − (ε3 · ε5)(ε2 · k3)]

]
[

= − 12(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
+ 8(k1 · k2)(ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· ε6

}
N(21, 41, 51)

+ 8(k1 · k2)(ε4 · k1)
{

ε1 · exp
[

−
f4

ε3 · k1

]
· ε6

}
N(21, 31, 51)

− 2(k1 · k2)(ε1 · ε6)(ε2 · ε5)(ε3 · k2)(ε4 · k3)
− 6(k1 · k2)(ε1 · ε6)(ε3 · k2) [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]

+ 6(k1 · k2)(ε1 · ε6)(ε4 · k23)N(21, 31, 51)
]
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[
− 8 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k123)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k123

]
· ε6

}
− 4 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
− 8(k3 · k12)(ε2 · k1)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· ε6

}
[(ε3 · ε4)(ε5 · k4) − (ε4 · ε5)(ε3 · k4)]

− 8 (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k1234)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 4 (k3 · k12) (ε3 · ε4)(ε2 · k1)(ε5 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}]
=
[

− 12 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)
{

ε1 · exp
[

−
f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
− 12 (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}
+ 8(k3 · k12)(ε2 · k1)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· ε6

}[
N(31, 41, 51) − (ε3 · ε4)(ε5 · k34)

] ]
[

− 6(k1 · k2)(ε2 · ε4)(ε5 · k1234)(ε3 · k12)
{

ε1 · exp
[

−
f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4) (ε5 · k1234) (ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4)(ε3 · k12)(ε5 · k13)

{
ε1 · exp

[
−

f3

ε3 · k12

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− 2(k1 · k2)(ε2 · ε4) (ε5 · k13) (ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}]
[

= − 12(k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k13)
{

ε1 · exp
[

−
f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− 8(k1 · k2)(ε2 · ε4)(ε3 · k2)(ε5 · k1)

{
ε1 · exp

[
−

f5

ε5 · k1

]
· ε6

}
− 8(k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k24)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· ε6

}
− 6(k1 · k2)(ε1 · ε6)(ε2 · ε4)(ε3 · k2)(ε5 · k234)

− 2(k1 · k2)(ε1 · ε6)(ε2 · ε4)(ε3 · k2)(ε5 · k3)
]

[
− 6 (k2 · k1) (ε2 · ε3) (ε4 · k123) (ε5 · k1234)

{
ε1 · exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k1234)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k123)(ε5 · k14)

{
ε1 · exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
− 2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
− 6(k1 · k2)(ε5 · k1234)

{
ε1 · exp

[
−

f5

ε5 · k1234

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

− 2(k1 · k2)(ε5 · k1)
{

ε1 · exp
[

−
f5

ε5 · k1

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

]
[

= − 12(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)
{

ε1 · exp
[

−
f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
− 8(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k23)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· ε6

}
− 8(k1 · k2)(ε5 · k1)

{
ε1 · exp

[
−

f5

ε5 · k1

]
· ε6

}
[(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3) + (ε2 · ε3)(ε4 · k23)]

− 6 (k1 · k2) (ε1 · ε6)(ε2 · ε3)(ε4 · k23)(ε5 · k234)
− 6(k1 · k2)(ε1 · ε6)(ε5 · k234) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]

− 2(k1 · k2)(ε1 · ε6)(ε2 · ε3)(ε4 · k23) (ε5 · k4)
]
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All in all the simplifications add up to

24NY M
6 =24(ε2 · k1)(ε3 · k12)(ε4 · k123)(ε5 · k1234)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· exp

[
−

f4

ε4 · k123

]
· exp

[
−

f5

ε5 · k1234

]
· ε6

}
− 12 (k4 · k123) (ε4 · ε5)(ε2 · k1) (ε3 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f3

ε3 · k12

]
· ε6

}
− 12 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f4

ε4 · k12

]
· ε6

}
− 12 (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k12)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· exp

[
−

f5

ε5 · k12

]
· ε6

}
− 12(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f4

ε4 · k13

]
· ε6

}
− 12(k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k13)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· exp

[
−

f5

ε5 · k13

]
· ε6

}
− 12(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· exp

[
−

f5

ε5 · k14

]
· ε6

}
+ 8(k3 · k12)(ε2 · k1)

{
ε1 · exp

[
−

f2

ε2 · k1

]
· ε6

}[
N(31, 41, 51) − (ε3 · ε4)(ε5 · k34)

]
+ 8(k1 · k2)(ε3 · k1)

{
ε1 · exp

[
−

f3

ε3 · k1

]
· ε6

}[
N(21, 41, 51) − (ε2 · ε4)(ε5 · k24)

]
+ 8(k1 · k2)(ε4 · k1)

{
ε1 · exp

[
−

f4

ε4 · k1

]
· ε6

}[
N(21, 31, 51) − (ε2 · ε3) (ε5 · k23)

]
+ 8(k1 · k2)(ε5 · k1)

{
ε1 · exp

[
−

f5

ε5 · k1

]
· ε6

}[
N(21, 31, 41) − (ε2 · ε3)(ε4 · k23)

]
− 6(k1 · k2)(ε1 · ε6)(ε5 · k234) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3) + (ε2 · ε4)(ε3 · k2) + (ε2 · ε3)(ε4 · k23]
− 6(k1 · k2)(ε1 · ε6)(ε3 · k2) [(ε2 · ε4)(ε5 · k4) − (ε4 · ε5)(ε2 · k4)]
− 6 (k1 · k2) (ε1 · ε6)(ε4 · ε5) [(ε2 · k3)(ε3 · k4) − (k3 · k4)(ε2 · ε3)]
− 6 (k1 · k2) (ε1 · ε6)(ε5 · k4) [(ε2 · ε3)(ε4 · k3) − (ε3 · ε4)(ε2 · k3)]
+ 6(k1 · k2)(ε1 · ε6)(ε4 · k23)N(21, 31, 51)
+ 3 (k1 · k2) (ε1 · ε6) (k4 · k123) (ε4 · ε5)(ε2 · ε3)
+ 3 (k1 · k2) (ε1 · ε6) (k3 · k12) (ε3 · ε5)(ε2 · ε4)
+ 3 (k1 · k2) (ε1 · ε6) (k3 · k12) (ε3 · ε4)(ε2 · ε5)
+ 3(k1 · k2)(ε1 · ε6)(ε2 · ε4) (k1 · k3) (ε3 · ε5)
+ 3(k1 · k2)(ε1 · ε6)(k1 · k3)(ε2 · ε5)(ε3 · ε4)
+ 3(k1 · k2) (ε1 · ε6) (ε2 · ε3) (k1 · k4) (ε4 · ε5)

Now notice that the 4 point pure gluon numerator can be written as
6N(21, 31, 41, 51) = − 3(k3 · k2)(ε2 · ε5)(ε3 · ε4) − 6(ε3 · ε4)(ε2 · k3)(ε5 · k4) + 6(ε2 · ε5)(ε3 · k2)(ε4 · k23)

− 6(ε3 · ε5)(ε2 · k3) (ε4 · k23) − 6(ε4 · ε5) [(ε2 · k4)(ε3 · k2) − (ε2 · k3)(ε3 · k4) + (k3 · k4)(ε3 · ε2)]
+ 6(ε3 · ε2)(ε4 · k23)(ε5 · k3) + 6(ε3 · ε2)(ε4 · k3)(ε5 · k4) + 6(ε4 · ε2)(ε3 · k2)(ε5 · k4)

So we can put a part of the expression in a more convenient form
+ 3 (k1 · k2) (ε1 · ε6) (k3 · k2) (ε2 · ε5)(ε3 · ε4) + 6 (k1 · k2) (ε1 · ε6)(ε3 · ε4)(ε2 · k3)(ε5 · k4)
− 6(k1 · k2)(ε1 · ε6)(ε4 · k23)(ε2 · ε5)(ε3 · k2) + 6(k1 · k2)(ε1 · ε6)(ε4 · k23)(ε3 · ε5)(ε2 · k3)
+ 6 (k1 · k2) (ε1 · ε6)(ε4 · ε5) [(ε2 · k4)(ε3 · k2) − (ε2 · k3)(ε3 · k4) + (k3 · k4)(ε2 · ε3)]
− 6(k1 · k2)(ε1 · ε6)(ε2 · ε3)(ε4 · k23)(ε5 · k3) − 6 (k1 · k2) (ε1 · ε6)(ε5 · k4)(ε2 · ε3)(ε4 · k3)

− 6(k1 · k2)(ε1 · ε6)(ε3 · k2) [(ε2 · ε4)(ε5 · k4)] + 6(k1 · k2)(ε1 · ε6)(ε5 · k234)
[
N(21, 31, 41) − (ε2 · ε3)(ε4 · k23

]
+ 3 (k1 · k2) (ε1 · ε6) (k4 · k123) (ε4 · ε5)(ε2 · ε3) + 3 (k1 · k2) (ε1 · ε6) (k3 · k12) (ε3 · ε5)(ε2 · ε4)
+ 3 (k1 · k2) (ε1 · ε6) (k3 · k1) (ε3 · ε4)(ε2 · ε5) + 3(k1 · k2)(ε1 · ε6)(ε2 · ε4) (k1 · k3) (ε3 · ε5)
+ 3(k1 · k2)(ε1 · ε6)(k1 · k3)(ε2 · ε5)(ε3 · ε4) + 3(k1 · k2) (ε1 · ε6) (ε2 · ε3) (k1 · k4) (ε4 · ε5)

= − 6(k1 · k2)(ε1 · ε6)N(21, 31, 41, 51)

+ 6(k1 · k2)(ε1 · ε6)(ε5 · k234)
[
N(21, 31, 41) − (ε2 · ε3)(ε4 · k23)

]
+ 6(k1 · k2)(ε1 · ε6) (k1 · k3) (ε2 · ε5)(ε3 · ε4)
+ 3 (k1 · k2) (ε1 · ε6) (k4 · k123) (ε4 · ε5)(ε2 · ε3) + 3 (k1 · k2) (ε1 · ε6) (k3 · k12) (ε3 · ε5)(ε2 · ε4)
+ 3(k1 · k2)(ε1 · ε6) (k1 · k3) (ε2 · ε4)(ε3 · ε5) + 3(k1 · k2) (ε1 · ε6) (k1 · k4) (ε2 · ε3)(ε4 · ε5)
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Putting it all together we have the final numerator

NYM
6 =(ε2 · k1)(ε3 · k12)(ε4 · k123)(ε5 · k1234){

ε1 · exp
[
− f2

ε2 · k1

]
· exp

[
− f3

ε3 · k12

]
· exp

[
− f4

ε4 · k123

]
· exp

[
− f5

ε5 · k1234

]
· ε6

}
− 1

2 (k4 · k123) (ε4 · ε5)(ε2 · k1) (ε3 · k12)
{

ε1 · exp
[
− f2

ε2 · k1

]
· exp

[
− f3

ε3 · k12

]
· ε6

}
− 1

2 (k3 · k12) (ε3 · ε5)(ε2 · k1)(ε4 · k12)
{

ε1 · exp
[
− f2

ε2 · k1

]
· exp

[
− f4

ε4 · k12

]
· ε6

}
− 1

2 (k3 · k12) (ε3 · ε4)(ε2 · k1) (ε5 · k12)
{

ε1 · exp
[
− f2

ε2 · k1

]
· exp

[
− f5

ε5 · k12

]
· ε6

}
− 1

2(k1 · k2)(ε2 · ε5)(ε3 · k1) (ε4 · k13)
{

ε1 · exp
[
− f3

ε3 · k1

]
· exp

[
− f4

ε4 · k13

]
· ε6

}
− 1

2(k1 · k2)(ε2 · ε4)(ε3 · k1)(ε5 · k13)
{

ε1 · exp
[
− f3

ε3 · k1

]
· exp

[
− f5

ε5 · k13

]
· ε6

}
− 1

2(k1 · k2)(ε2 · ε3)(ε4 · k1) (ε5 · k14)
{

ε1 · exp
[
− f4

ε4 · k1

]
· exp

[
− f5

ε5 · k14

]
· ε6

}
+ 1

3(k3 · k12)(ε2 · k1)
{

ε1 · exp
[
− f2

ε2 · k1

]
· ε6

}[
N(31, 41, 51) − (ε3 · ε4)(ε5 · k34)

]
+ 1

3(k1 · k2)(ε3 · k1)
{

ε1 · exp
[
− f3

ε3 · k1

]
· ε6

}[
N(21, 41, 51) − (ε2 · ε4)(ε5 · k24)

]
+ 1

3(k1 · k2)(ε4 · k1)
{

ε1 · exp
[
− f4

ε4 · k1

]
· ε6

}[
N(21, 31, 51) − (ε2 · ε3) (ε5 · k23)

]
+ 1

3(k1 · k2)(ε5 · k1)
{

ε1 · exp
[
− f5

ε5 · k1

]
· ε6

}[
N(21, 31, 41) − (ε2 · ε3)(ε4 · k23)

]
+ 1

4(k1 · k2)(ε1 · ε6)
{

(ε5 · k234)N(21, 31, 41)) − N(21, 31, 41, 51) − (ε5 · k4)(ε2 · ε3)(ε4 · k23)
}

+ 1
4(k1 · k2)(ε1 · ε6) {(k1 · k4) (ε2 · ε3)(ε4 · ε5) − (ε5 · k23)(ε2 · ε3)(ε4 · k23)}

+ 1
4(k1 · k2)(ε1 · ε6) (k1 · k3) [(ε2 · ε5)(ε3 · ε4) + (ε2 · ε4)(ε3 · ε5)]

+ 1
8 (k1 · k2) (ε1 · ε6) {(k4 · k23) (ε4 · ε5)(ε2 · ε3) + (k3 · k2) (ε3 · ε5)(ε2 · ε4)}

(B.0.4)
Which is the same numerator obtained through the rules in chapter 8.
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