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Abstract

On a helical metal, where the electrons spin is locked to its momentum, quantities accessible
to spin-(un)resolved STM measurements, such as the modifications of the local density of states
(LDOS) are studied. The distinct influence of respectively a scalar potential, a classical magnetic
and a quantum magnetic impurity on the LDOS is calculated. These are shown to give rise to
distinguishable features in an LDOS measurement.

The induced modifications of the LDOS by the quantum magnetic impurity has similarities
with both the scalar potential and the classical magnetic impurity. This is because the first
non-vanishing irreducible self energy (i.e. order J? in the coupling) behaves as a complez scalar
potential. Hence an helical electron upon scattering on a quantum magnetic impurity twice, has
its overall backscattering suppressed despite an arbitrary intermediate scattering.

Further the quantum magnetic impurity induce the Kondo problem for any electron-hole asym-
metry and enhance the LDOS response resonances amplitudes. However for electron-hole symmetry
it vanish.



Motivation

Recently a new quantum phase have been discovered theoretically and experimentally verified. This
so-called topological phase, inhere profound new fundamental physics. For instance, the magnetic
monopole[34] may be induced by an electric charge near the surface of a topological insulator.
These topological insulating materials may also host the anticipated Majorana fermion, which
might pave the way for topological quantum computing and in general a technical revolution in
spinotronics.

Consider the 1 dimensional edge of a 2 dimensional bulk topological insulator surface. An
electron propagating on the edge, can either propagate forward or backward, when scattering off
an impurity on the edge. If the impurity is a scalar, then the surface electron is enforced to keep
propagating in the forward direction! But instead of an edge, consider a 2 dimensional surface of
a 3 dimensional bulk topological insulator. It is not at all obvious, in which direction of the 27
scattering angles the scattered surface electron will propagate.

Exactly this notion will be adopted in this thesis. That requires a scrutiny of the metallic 2
dimensional surface, dubbed the helical metal, on such a 3 dimensional topological insulator. Not
only the scalar potential mentioned above will be introduced to the surface, but also two magnetic
ones. A classical magnetic and a quantum magnetic impurity. The latter is the one the focus is
directed towards along the whole thesis. Several articles have already investigated the properties
of the helical metal contaminated with a scalar and a classical magnetic impurity, but very few
regarding the quantum magnetic one. It is interesting to investigate the consequences of a helical
metal embedded with a quantum magnetic impurity, because the impurity is time-reversal invari-
ant as the non-magnetic scalar. On the other hand, it is also a magnetic impurity as the classical
magnetic impurity, but this conversely is a time-reversal breaking impurity. So one may already
speculate, that some of the surface electronic properties induced by the quantum impurity may be
similar to those induced by the time-reversal preserving scalar. Whereas others be similar to those
induced by the classical magnetic impurity.

First a gentle introduction on the topological insulators will presented in section 1.1. Here no
mathematical rigor will be used, but only experiments conducted so far, in order to illustrate this
new topological quantum phase, will be discussed.

In order to understand the basic electronic properties of the helical metal in presence of the
impurities, the helical metal without any impurities have to be introduced, so the exciting spin-
texture can be used later. This will be the beginning of section 2, where after the focus will be
directed towards the impurities, and especially the dynamical spin-flip behavior of the quantum
magnetic impurity.

This behavior certainly have some influence of the modification of the electron states near the
the quantum impurity, which will be the topic in section 5. These modification are accessible to the
local STM probe, for which it will be derived, what to be measured in an STM experiment. These
modifications basically just reflect the scattered surface electrons off the impurity, which again is

vi



a consequence of the dynamical quantum impurity spin treated in section 2. This is supposed to
be envisioned by the Fourier transform of the local density of states (FT-LDOS) which section 6
deals with. But in order to derive all this, the full surface electronic Green function is needed.
Therefore the T-matrix is also needed, which will be derived in section 4.

To understand these induced surface properties on the helical metal, which indeed has a special
Fermi surface, it is also necessary to compare the obtained results, to the analog ones obtained on
metals we have a well know knowledge of. Therefore the conventional Rashba metal, conventional
Dirac metal and the conventional metal will be introduced along the development, in the relevant
contexts.
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Chapter 1

Introduction - basic topological
concepts

In the following chapter it will be explained with words, what distinguish a topological insulator
from a trivial insulator. It will be supported by a review of experiments, that confirm such a
topological insulator exist. Hereafter, in section 1.1, the origin of the topological insulator will be
explained by phenomenological arguments of the formation of solids. This results in an effective
Hamiltonian that the describes the low-energy physics of such a topological insulator.

In condensed matter physics[33, 23| electrons and atoms organize into states of matter such as
crystalline solids, magnets, superconducting states and etc. All these can be described by a certain
pattern of symmetry breaking. For example a solid breaks translation symmetry (even though the
interaction between unit cells are translation invariant), a magnet breaks rotation symmetry (even
though the interactions are isotropic) and the superconducting state breaks the gauge symmetry.
This pattern of symmetry breaking leads to a unique ‘order parameter’, which can be used to
formulate a ‘Landau-Ginzberg’ effective field theory determined by the quite general properties:
dimension, symmetry and the order parameter itself. This scheme captured all states of condensed
quantum matter until the discovery, in 1980, of the Quantum Hall effect which cannot be grasped
in this way.

In order to comprehend it; consider all possible Block Hamiltonians of many-body systems, all
with a finite energy gap separating the ground state from the exited states. One can ‘smoothly’
deform the Hamiltonians into each other without closing the gap, i.e. in math lingo one interpolate
continuously between them. When doing so all conventional insulators are equivalent, and equiv-
alent to the vacuum, which according to Diracs relativistic quantum mechanics has a energy gap
(for pair production) that separates the conduction band (electrons) and valence band (positrons).
These Hamiltonians now define a ‘topological equivalence class’ which constitutes all these insulat-
ing (topologically trivial) states. The question is now whether all electronic states with a energy
gap are equivalent to this class?

The answer is no, because a 3 dimensional topological insulator is uniquely characterized by
four Z, topological invariants (vg; vy, v2,v3). The value vy = 0 or v; = 1 identifies two distinct
phases of quantum matter states called weak topological insulator phase and a strong topological
insulator (STI) phase, respectively. The rest (vy, vz, v3) can be interpreted as Miller indices, de-
scribing the orientation of the helical surface. The 3 dimensional topological insulator (TI) refer
to the 3 spatial bulk dimensions, but the helical metal surface is 2 dimensional and labeled by the
crystal momentum k. The topological properties of the surface is uniquely determined by the Zo
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Figure 1.1: Schematic Fermi sur- Figure 1.2: Electronic dispersion between two boundary
face on the surface Brillouin zone. TRIM degenerate points I', and I'y, projected into one
The simplest case is a weak topo- dimension. (a) An even number of surface states crossing
logical insulator, where the Fermi the Fermi level Er are not topological protected. (b) An
surface enclose two TRIM. (b) a odd number of surface states crossing the Fermi level Ep
strong topological insulator (STI) are topological protected. From [23].

where the Fermi surface enclose a
single TRIM. (c) Illustrated the sur-
face state of (b) which form a 2 di-
mensional Dirac cone in momentum
space . From [23].

topological invariant vg, that is solely determined by the bulk.

The surface Brillouin zone contain four time-reversal invariant momenta (TRIM) I'y, ', I's and T'y
as illustrated in figure 1.1(a) and (b), which each schematically illustrates a possible electronic con-
figuration yet to be discussed. If surface states are present at the TRIM, then they are guaranteed
to be ‘Kramers’ degenerate due to Kramers theorem. Away from these TRIM-points spin-orbit will
lift the degeneracy, i.e. in between any two TRIM-points the surface states are non-degenerate, but
at the TRIM-points they are double degenerate. Any two TRIM Ty, and I'y, have to be connected
by the energy dispersion curve, because they are points in the Brillouin zone. Now it is just a
matter, whether the Fermi surface contour cross the Fermi level Er an even or odd number times
in between I', and I'y. Between any two I';, and I'y, the energy dispersion of the surface state will
locally look as figure 1.2(a) or (b). That is either an even number of crossings as in figure 1.2(a),
or an odd number of crossings as occur in figure 1.2(b). In the case of an even number, the surface
states can be eliminated by pushing them out of the gap, by some arbitrary perturbation of the
system, and the surface states are thus not robust against perturbations. In the case of an odd
number, the edge/surface states cannot be eliminated, and they are thus robust to perturbations
of the system, i.e. the metallic boundary states are topologically protected.

The topological invariant vy determines whether an even (vg = 0) or odd (vy = 1) number
of TRIM-points are enclosed by the Fermi surface contour. In the latter case the surface states
are topologically protected, but in the former case the states are not. The 3 dimensional bulk
TT determined to be vy = 0 is dubbed a ‘weak topological insulator’. That which is a v9 = 1
is dubbed a ‘strong topological insulator’ (STI), referring to the presence of robust surface states
again perturbations.

The simplest possibility is a single Fermi surface enclosing the I'-point as illustrated in figure
1.1(b) and (c), which at first hand seems to violate the fermion doubling theorem by Nielsen and
Ninomiya. This theorem states, that for a time-reversal invariant system, the Dirac points must
come in pairs. However this theorem is circumvented, since the partner Dirac point resides on



the opposite surface and the system is rendered a vyg = 1 TI. The next simplest case is a Fermi
surface enclosing two TRIM-points in the surface Brillouin zone as illustrated in figure 1.2(a).
This electronic configuration can arise by stacking layers of the 2 dimensional quantum spin Hall
insulator, which gives it a 3 dimensional bulk TI. However, the system is a weak topological
insulator, vg = 0, and thus have no protected surface states. An already well known material for
applications is graphene[20], which has four Dirac points as illustrated in figure 1.3(a). Hence it
belong to the vg = 0 class.

Due to time-reversal symmetry ET(k) = E¥(—k), i.e. except for the spin-degenerate mode at
exactly k = 0, the surface states at opposite momenta have opposite spin. This spin-momentum
locked helical surface, makes the electron spin to rotate 27, when encircling a single circular Fermi
surface. This makes the electron wave function acquire a non-trivial ™ geometric phase called
‘Berry’s phase’. Le. the vyp = 1 supports a surface spin-polarized texture that underlies the m
geometric phase. Conversely, the vg = 0 TI support an even multiply of 7, which is a 0 or 2«
electron wave function phase. The latter would be the case for a conventional spin-orbit material
such as gold Au(111), where a free-electron like surface state is split into two parabolic spin-
polarized sub-bands, that are shifted in k-space relative to each other, see figure 1.3(c). This
is caused by Rashba spin-orbit effect[8, 24], which creates two concentric spin-polarized Fermi
surfaces. The one has opposite in-plane spin-rotation of that of the other, as in figure 1.3(b).
Hence it is a vg = 0 TI. The former case is characterized by a unique 7 Berry phase, which has
important consequences for the STI behavior in presence of magnetic field.

Figure 1.3: (a) Brillouin zone of graphene from ref|25], (b) Fermi surface of gold Au(111) from
ref[44] and (c) surface band structure of gold Au(111) from ref[44].

A fundamental consequence of the topological classifications of gapped band structures, is the
existence of gapless conducting surface states at interfaces where the topological invariant changes.
Ie. at the interface between a STI (vo = 1) and the vacuum (vy = 0), topological protected
gapless/massless relativistic Dirac fermions appear. For simplicity, only STT’s with a single Dirac
node such as the BisSes-family' and its derivatives will be considered from now on. Further, only
one Dirac-partner - i.e. only one surface of the 3 dimensional STI - will be investigated in the
experiments to be mentioned.

Non-trivial Zy topological surface states - what is called the helical surface states - has spin-
momentum locking in a left and right helical fashion of the electron and hole states, respectively.
It is this spin-momentum locking mechanism that underlies the non-trivial 7 phase. In this regard
the spin non-degenerate helical metal posses® 1/2 degrees of freedom of that of a conventional
Dirac metal. A conventional Dirac metal is in thesis defined as a 2 dimensional free-electron gas

1The 2nd generation of STT’s referred to as the BixSes-family consist of SboTes, BixTes and BixSes.
20r phrased equivalently; the T1 have 1 spin-degree of freedom on each surface - from the one Dirac partner on
each surface - whereas the conventional Dirac metal has 2 degrees of freedom on each side.



with double spin-degeneracy at every state k and a linear Dirac dispersion®. Hence the Fermi

surface illustrated in figure 2.4 is identical to the conventional metal (yet to be introduced), but
not to that of the helical metal. Conversely the dispersion relation illustrated in figure 2.2, which
is identical to the helical metal, but not to that of the conventional metal. Exactly[46, 19] these
topological features: the number of Dirac nodes (i.e. the number of helical surface states) and the
7 Berry phase associated with these are completely fixed by the topology of the TT’s bulk electronic
structure which is uniquely determined by the Zs invariant.

On the other hand the details of the surface band dispersion, the surface-and bulk Fermi level,
the Dirac-point binding energy Fp and the helical surface spin-texture can vary significantly due
to the influence on the bulk crystal symmetry and atomic potentials. These are therefore material
dependent properties. Quite generally, the larger the bulk band gap is, the less pronounced warp-
ing effects it has. For example the ‘small-gap’ STI BisTes has bulk band gap ~ 0.18 eV, whereas
the ‘large-gap’ STI BisSes has bulk band gap ~ 0.35 eV. The former is very warped but the latter
less.

Angle resolved photoemission spectroscopy (ARPES) is an ideal tool for probing[12, 44, 27, 26,
47] the topological signatures of the non-trivial Zs invariant vy = 1, which are an odd number
of Dirac nodes, a spin-momentum locked Fermi surface and the m Berry phase associated with it.
High-resolution ARPES performed with modulated photon energy allows for a clear isolation of
the surface states from that of the bulk conductance (BCB) and valence band (BVB) states. This
is so because the the former do not disperse along a direction perpendicular to the surface, whereas
the latter do. ARPES cannot detect states of higher energy than the Fermi energy Fr, since the
technique use a photon to kick out a occupied electron*. First a scan of the undoped BiyTes over
the surface Brillouin zone measures the number of Dirac nodes. As illustrated in figure 1.4(b)
only a single Dirac node is present in the surface Brillouin zone, which indicates it to be a strong
topological insulator (STI). In the vicinity of the node, the bulk and surface dispersion along the
symmetry directions K — T' — K and M — I" — M are measured in figure 1.4(a). Clearly the bulk
conductance band (BCB) dispersion is seen to have a V-shape, the bulk valence band (BVB) to
be M-shaped and the surface state band (SSB) to be V-shaped with apex at the Dirac point of
binding energy Fy. This indicates a linear massless Dirac fermion state with velocity of 4.05 x 10°
m/s (2.67 eV-AA) and 3.87 x 10° m/s (2.55 eV-AA) along the I' — K and T' — M respectively. A
cut of the Fermi surface illustrated in figure 1.4(c) for different photon-energies incident on the
sample along k., shows the inner Fermi surface changing shape from being a left-pointing triangle
to a snowflake like to a right-pointing triangle. This reveals that this pocket disperse with k.
(perpendicular direction to surface) and hence this is the bulk conductance band (BCB). Likewise
the outer warped Fermi surface does not change and hence it belongs to the surface band.

ARPES in spin-resolution mode measures the distribution of spin-polarization on the Fermi
surface, and hence enable an estimate of the geometric phase from the observed surface spin-
momentum locking. The spin texture of two different Fermi surface maps - the one above the
‘Dirac’ I'-point is illustrated in figure 1.7(a), and the other below as in figure 1.7(b). These show
the spin momentum-locking profile. In figure 1.7(c) the evolution of the spin-texture phase is
illustrated as a function of energy (left axis) away from the Dirac node and the corresponding
measure of the warping factor (right axis) where w = 0, w = 1 and w > 1 imply circular, hexagonal
and snowflake-shaped Fermi surface respectively. The sign 4+ and — of w indicates the spin-texture
helicity for left-handed helicity (LHC) and right-handed helicity (RHC), respectively. At the zero
energy and spin-degenerate I'-point, the spin-texture inversion takes place, i.e. the Fermi surface

3Now three different 2 dimensional metals are introduced. The ‘conventional spin-orbit metal’, ‘conventional
Dirac metal’ and the unconventional ‘helical metal’. Later also a ‘conventional metal’ will be introduced
4As will be discussed later STM(S) is able to detect hole states.



turns from a + to — helicity. Far away from the Dirac node the spin-texture is highly warped. This
arise from nonlinear spin-orbit terms of both the Rashba and Dresselhaus type due to the crystal
symmetry and potential. Without these effects, i.e. in the low energy range near the Dirac point,
the surface states form a cone that is isotropic in momentum space (k,, k,), and hence generates
a circular Fermi contour. Spins tangentially on such a circular Fermi surface lead to a non-trivial
7 geometric phase and hence one can measure the topological invariant to be vy = 1.

In a trivial vg = 0 TI the surface states will be gapped away by random disorder perturbations.
Hence one should not see any surface states in such a trivial TI. But if one gradually transform
a trivial TT into a non-trivial vg = 1 STI, then spin non-degenerate surface states should apear
together with a bulk band gap. Such a topological phase transition is actually what ref [47] show
to take place at doping d ~ 0.6 for the material® BiTI(S;_sSes)2 as ¢ varies from 0.0 to 1.0. As
seen in figure 1.8 for § = 0.0 the BiTI(S;_sSes)2 is a trivial vy = 0 spin-orbit band insulator with
double spin degenerate bulk states and no surface states. But it changes into a non-trivial vy = 1
STI with non-gapped metallic spin non-degenerate surface states and a fully insulating bulk states

at composition § = 1.0.
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Figure 1.4: (a) Band dispersion along K —I"' — K and M — I" — M directions. The energy scales
are labeled: Dirac point binding energy Ey = 0.34 ¢V, BCB bottom binding energy F; = 0.045
eV, bulk energy gap EFs = 0.165 €V and energy separation between BVB top and Dirac point
E3 = 0.13 eV. (b) Wide-range Fermi surface maps covering three Brillouin zones, where the red
hexagon represent the surface Brillouin zone. (c) Photon energy dependent Fermi surface maps.
All from ref [12]

Many of the proposed exotic topological effects such as exiton condensation & charge fractionali-
zation[36] require the system to be in the ‘topological transport regime / charge neutral regime’[25,
46, 7, 45], which occur when the Fermi surface Er lies in between the bulk conduction band
minimum (BCM) and bulk valence band maximum (BVM), while exactly at or near the Dirac
point which is guaranteed to be right at the I'-point for any time-reversal-preserving perturbation.
In other words, the bulk to surface carrier density has to be minimized. In a conventional quantum
Hall system, the density of states at the Fermi level can be turned by a magnetic field. But this
cannot be done for a STI, since it would break time-reversal symmetry, which is required in order
to be a STI. So a method that respects time-reversal symmetry is needed. It is well know that

SBiTI(S1_sSes)2 is a fully turnable topological insulator analog of BizSes.



3D topological

a 25— - — |n§u!§1tor
Bi; sa7sCag :.:,:ese?_”.
., 20 9
= 5X
& s} r
E B'a QSbDAl
x 10t ~a :
5B} 50355M, n0s7 183 ]
\ .
0 @@ A @
b 0.3[ : ;
— 02 Bi,Ses, F\?
T oo :
6 0.1 .®
2 p-type
8 0.0 2
=) n-type [
g -0.1+¢ fT)
S 02l@
*a Bi, ,Ca,9e;
-0.34 — -
o~0 x - 0.03 é - 0.0025 & =0.005

Charge compensation

Figure 1.5: Turning of the bulk Fermi level. (a) Resis- Figure 1.6: Turning the density

tivity at temperature 7' = 4 K measured for samples of of electrons to the spin-degenerate
BiySes (filled circles, no arrow labels) that are bulk electron point. (a), (b) and (c) ARPES
doped due to varying concentrations of Se vacancies (x) or measurements of the Fermi surface

bulk hole doped though Ca/Bi substitution (4). These are of Bis_sCasSes (111) after doses of
compared to the bulk insulating state of BiggSbg.1 (black NO: from 0 L to 2 L. (d)-(i) show
square), which is intrinsic and hence not due to disorder the band dispersion after doses.
(b) Hall carrier density of the samples in (a). From ref [25] From ref [25]

undoped BisSe; and BiyTes are n and p-type semiconductors owning to excess of Se and Te site
defects, respectively. Therefore trace amounts of carriers of opposite sign, i.e. hole and electron
carries respectively, need to be introduced to compensate the carrier excess. They also need to be
non-magnetic in order to respect time-reversal symmetry. By doping the BizSes by substitution of
Ca for Bi, the bulk Fermi level can be changed, and the system undergoes a metal-insulator-metal
transition as seen by monitoring the low temperature resistivity in figure 1.5(a). The resistivity
peak occur for a concentration of Ca = 0.25%, and above or below the electrical conduction is
supported by hole and electron carries respectively. This can be understood by the sign of the Hall
carrier density measured simultaneously in figure 1.5(b). The bulk Ca doping succeeds® in pushing
the Fermi level into the bulk band gap, so the bulk is fully insulating. But the relative position
of Er to the surface Dirac point in the ground state is about 0.35 eV and 0.18 eV for BiySes and
BisTes respectively. Therefore Bij g975Cag.gg2595€3 is not yet in the desired topological transport
regime. Dosing N O3 molecules on the surface does not affect the carrier density in the bulk, hence
the bulk remains insulating and the binding energy of the Dirac point level is shifted towards the
surface Fermi level Ep. This brings the system in the desired region as in figure 1.6. The former

6 Actually the Er will raise back to the § = 0 level after approximately 18 hours due to band bending effects|25,
26, 12, 46, 7] and cause problems for applications of TI’s. This effect is almost non-existent in graphene for which
various applications already exist[20].



method was for the large-gab STI BisSes, and to be honest, this is actually not possible in pure
BisTes. Here an isolated Dirac node is not accessible, when tuning the chemical potential near it,
since multiple bulk bands co-exist near the node. However, by intercalating some additional layers
of Ge-Te into the material, then obtaining BisTes - (GeTe)q 5 restore an nearly ideal isolated Dirac
cone and the just mentioned method is applicable.
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Figure 1.7: The spin-texture phase diagram (a) and (b). The spin inversion happens
when the chemical potential cross the Dirac point at k = 0. (c¢) The in-plane and out-
of-plane (insets) spin evolution of the helical surface states. From ref [47]
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1.1 Effective model of a 3 dimensional Topological Insulator

The effective model of the 3 dimensional topological insulators presented in this section follow ref
[30, 33, 48, 44] to a very large extend with the needed supplements for a novice in band theory.

By applying a simple algorithm invented in ref [19] the alloy Bi,Sb;_, was the first 3 dimen-
sional material predicted to be a STI. The algorithm is in essence able to determine the topological
invariant Z,, that determine whether a material with an arbitrary complex electronic structure is
a trivial insulator or a non-trivial insulator. However the alloy Bi,Sb;_, contain random disorder,
has a complex electronic structure and contain five or more dispersion branches that makes it
uneasy to capture in a simple qualitative model and understand the underlying physics. Further
it has a rather small bulk band gap, that makes it difficult to handle experimentally in order to
reach the desired topological phase/transport regime. Hence this 1%¢ generation material is not the
standard reference, but instead the 2"¢ generation considered below due to their simplicity.

The search for a simple TI in which one is able to understand the basic physics and capture
qualitatively the salient low-energy features in a effective model; one has to look for stoichiomet-
ric crystals with well-defined electronic structure, where the conduction and valence bands have
opposite parity, that can be inverted by a large spin-obit coupling (SOC). The algorithm ref [19]
applies only for such band inversion-symmetric materials and therefore theoretical and experimen-
tal focus was directed towards the ShoTes, SboSes, BisTes and BisSes crystals. It turn out in ref
[48, 44] that the spin-orbit coupling in SbySes is not strong enough to induce such a required band
inversion, and hence it is just a trivial insulator. But the rest class SboTes, BisTes and BiySeg
turn out all to be non-trivial strong topological insulators. This class is the second generation of
strong topological insulators and are all very similar and therefore dubbed the BisSes family.

The effective model for the BisSes family is the same for all, and they will only be distincted
by some parameters that enter the Hamiltonian. In what follows the reference crystal is BisSes.



The derivation first presented in ref [48, 44] apply the algorithm in ref [19] to the electronic orbitals
together with k-p theory and ab initio calculations to fit the parameters. The arguments presented
here follow ref [30] in a phenomenological model of the electronic orbitals, but leave out the details
of k - p theory and ab initio calculations presented in ref [30, 48, 44]. The method of ref[30]
automatically incorporate the cubic k3-order correction, that was ignored in ref [48] but derived
in ref [18] first. These phenomenological arguments of the band inversion driven by spin-orbit
coupling, will provide the understanding of the origin topological insulators.

The crystal structure of the BipSes family is rhombohedral with space group D3,;(R3m). In
figure 1.9(a) is visualized the 3 dimensional bulk crystal atomic structure. Its layered structure
is stacked along the z-axis in figure 1.9(c), and the x,y-plane view on a single layer is illustrated
in figure 1.9(b) within which the lattice forms triangles. The three primitive lattice vectors 1, t2
and t3 delimits the unit cell that contain 5 atoms; two equivalent Bi atoms (Bil and Bil’ ), two
equivalent Se atoms (Sel and Sel’) and one inequivalent (to the other Se atoms in regard to crystal
symmetry) Se atom Se2 which together form the unit cell that can be represented as a quintuple
layer marked as the red box. The crystal structure is such, that the coordinate system is placed
with origo I' as inversion center. The z-axis is defined to be the trigonal axis (threefold rotation Rj
symmetry), x-axis the binary axis (twofold rotation Ry) and the y-axis as the bisectrix axis (in the
reflection plane). The bulk Brillouin zone is determined by the crystal symmetries which are the
following just mentioned and the bulk Brillouin zone of this lattice is shown in figure 1.9 with the
four time-reversal invariant momenta (TRIM) I'(0,0,0), L(~,0,0), F(7,n,0) and Z(w,m, 7). The
projection of these on the bulk surface fixes a hexagonal surface Brillouin zone of the (111)-surface
on which the M, K and T are the high-symmetry points.
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Figure 1.9: Crystal structure from ref [48]. Figure 1.10: Bulk Brillouin zone of BisSes
(a) Crystal structure of BiySes with primi- with four inequivalent TRIM points I, L, F’
tive lattice vectors t1,to and t3 and the quin- and Z. The blue hexagon illustrate the 2
tuple layer marked by a red box. (b) Top dimensional Brillouin zone of the projected
view along the z axis of the quintuple layer (1,1, 1) surface in which the high-symmetry
and (c) side view of the quintuple layer. points I, K and M are labled. From ref [48]

The bulk topology is nessecary to understand, because it is solely that, which is responsible
for all the topological properties of the TI. The bulk topology is specified by four topological



Figure 1.11: The evolution[30] of
BisSes electronic orbitals from non-
interacting Bi and Se p-orbitals to in-
clude (I) the hybridization of Bi or-
bitals with Se orbitals, (II) the for-
mation of ‘chemical’ bonding and anti-
bonding states due to inversion sym-
metry, (III) crystal field splitting and
lastly the influence of (IV) SOC.

) (n (1) (v)

invariants (vg;v1v2v3). The physical origin to the non-trivial vy = 1 topological nature is very
nicely understood by looking at the evolution of the band structure exactly at the I'-point. Imagine
the non-interacting atoms, see figure 1.11(I) from the atomic p-orbitals of Bi and Se atoms, and
subsequently adding chemical bonding, see figure 1.11(II), crystal field, see figure 1.11(III), and
at last spin-orbit coupling (SOC) in figure 1.11(IV) which ends with the final configuration of
conduction and valence bands. The subtle point is that, it is the states right at the I'-point and
none of the other TRIM.

As told above the electronic structure of the non-interacting atoms are p-orbitals. This is so
because the electronic configuration of Bi is 6s%p® and that of Se is 4s24p*, hence the outermost
shells are p-orbitals and only those are taking into account. That these are the only relevant ones,
is evident by acknowledge the bonding between two neighbor quintuple layers are rather weak and
probably of the van der Waals type. Therefore the surface of a BisSes family will have such a layer
as the outermost one after cleavage. On the other hand, the largest energy scale of the problem
is that of strong chemical bonding within one quintuple layer, and hence the analysis simplifies to
this unit cell. This contains 5 atoms each with p.,p, and p, orbitals which makes 15 orbitals as
long as spin is ignored. Denote the orbitals by |A,a) with A = Bil,Bil’,Sel,Sel” and Se2 and
a = Py, py and p,. Within the unit cell the repeated layers of Bi and Se have a large coupling
in between, which results in the Bi-orbitals being pushed up in energy to form hybridized states
|B.) and |B,,), but the Se-orbitals are pushed down in energy and yield three states |S,),|S.,) and
|S0,) as illustrated in figure 1.11(1).

The existence of the inversion symmetry, makes it possible to recombine the orbitals of the unit
cell according bonding and anti-bonding states of definite parity given by

1 1 /
ﬁ E(|Sa> F 1S4))

In a real crystal there is chemical bonding between the bonding and anti-bonding states, which
here is formed by a coupling between |B,(S,)) and |B.,(S.,)). When this is taking into account,
the anti-bonding state is found to have higher energy than the bonding state. This is showed in
figure 1.11(II), where the |P1}) and |P2,) are found to be closest to the Fermi surface and hence
it is only on them the analysis focus on henceforth.

The point-group symmetry of the atomic plane, makes the z-direction different from the x,y-
plane, which cause a crystal field split between p, and p, , orbitals. The end result is that |P1])

IP1%) = —=(1Ba) F|B) » |P22) =
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is the lowest lying conduction state and |P1,) the highest valence state as illustrated in figure
1.11(III). This is the atomic ‘stage’ before SOC is considered.

When turning on spin-orbit coupling (SOC), it becomes necessary to consider spin o = (1, ).
Before the onset of SOC the orbitals |[P1},0) and |P2,,0) are all double spin-degenerate. But
turning on the SOC, Hgoc, spin and orbital angular momentum will be coupled, since the SOC
HamiltonianaH soc = A5 - L connects spin and ang. momentum by the coupling parameter
A = 1 10U

52z g with U being the potential of the atoms. Therefore it is convenient to transform
moc T T

the p, and p, into orbitals with definite orbital angular momentum as

IA,p+,0>:%(IA,pm,ﬂHIA,py,@) ; \A,p—70>:%(IAypx,U%ilA,py,U))

with A = P1% or P2~. The basis now consists of {|A, p+,0),|A,p—,0),|A,p.,0)} out of which one
can construct eigenstates by making linear combinations of these (total angular momentum along
z shall be conserved) with the linear coefficients containing all the information about the SOC.
The SOC couples |A,p., ) (|A, p2, 1)) to |[A;py, LY(JA, p—, 1)) which cause a level repulsion be-
tween these states and makes | P27, :I:%) go up and |P17, j:%) go down in energy for the strength
A above some critical value ). i.e. A > .. Hence the state |P17, :I:%) is the highest valence state
and | P27, :I:%) is the lowest conduction state, see figure 1.11(IV). Since these have opposite parity
and went from being the lowest conduction state and highest valence state respectively, their bands
crossed due to the strong SOC and hence a band inversion has occurred for A > A.. This band
inversion is the very reason why the BisSes family members are topological insulators! The order
is reversed for A\ < A so that P2}, +3) stay the highest valence state and |P1F,+1) the lowest
conduction state, and hence no band inversion occurs. In this case the algorithm ref [19] declare
that the material in question will not be a TT - it is so to speak a trivial insulator. This is exactly

the reason why SboSes is a trivial insulator.

By applying the symmetry operations available for this crystal, one can derive the most gen-
eral bulk Hamiltonian possible. By projecting this bulk Hamiltonian into the basis consisting of
|P1T,+1) and |P27,+1) one can derive a effective surface Hamiltonian for the slab” z > 0. The
effective Hamilton for the surface states U is given by

A
Hyr(k) = Eo(k) + vk (Tuky — Tyks) + 5(ki + k)T, (1.1)
where the Pauli matrix 7 is proportional to the real spin of the surface electrons and the first term
2
Ey(k) = ;'n‘* only cause a constant shift in energy and hence generates particle-hole asymmetry.

If it is set zero, Eg(k) = 0, then Hg,, is particle-hole symmetric and thus zero-energy states
is supposed to exist. The linear ‘Rashba’ term Hy = vi(7:ky — 7yks) respects U(1) rotational
symmetry and hence cause isotropic 2 dimensional fermions on the surface. Due to the isotropy
the Fermi surface at any energy is a circle and the Fermi velocity vy, = vg(1 + ak?) contain a
square momentum dependence, but due to the C3 symmetry it is identical in the ' — K and I' — M
directions.

The warping term H,, = 5(k3 + k3 )7, contain a O(k®) correction. This is only invariant under
threefold rotation and hence it is the only term responsible for the hexagonal warping of the
otherwise circular Fermi surface caused by Hy. Since 7, is odd under mirror-operation the warping
vanish along the I' — M but is maximum along the I' — K.

In the limit & — O the linear Rashba term dominates and the surface states show linear dispersion
with helical spin-texture which has opposite helicity on each side of the node.

"Likewise for the partner Dirac node on the opposite surface

11



Chapter 2

Model of the homogeneous helical
metal

The higher-momentum regions with the complex warped Dirac cone has very interesting physical
consequences, but this also makes numerical simulations necessary. Hence the consequences due
to the new energy dispersion and spin-momentum locking mechanism is easily blurred. This thesis
adopts another stance towards the understanding of the consequences due to these new surface
features, namely that everything is to be kept simple enough to see the new underlying mechanisms
in full glory. In adopting this stance the ‘warping model’ will briefly be introduced and then the
simpler ‘Dirac model’ will be invoked and used moreover. The understanding of the helical metal
can be deepened further, by comparing the results on the helical metal with the analogous ones
on a metal that is familiar to us. Therefore the conventional spin-orbit metal and conventional
Dirac metal were considered before, when the new topological concepts were introduced. Another
metal, actually the most simple and familiar one, the conventional metal will be introduced next
and when necessary considered analog to the helical metal.

Now the simplest possible toy model of a strong topological insulator will be introduced. Con-
sider the simplest Zo STI, i.e. having the topological invariant vg = 1. It consist of a single surface
Dirac node at the ‘Kramer/Dirac’ I'-point guaranteed (by the Zs inv.) to be at k = 0 in presence
of time-reversal preserving perturbations. The 2 dimensional helical metallic surface state band
(SSB) form a ideal Dirac-cone energy dispersion centered in the I'-point, and with symmetric mo-
mentum cut-off. Hence the surface band dispersion has a X-shaped form. Further, the surface
band is filled up to the Fermi energy p which can attain any value within the band, so the surface
band may be particle-hole symmetric when p = 0 or asymmetric when g # 0, and hence the system
can enter the topological transport regime by setting |u| = 0.

As explained in the introduction section 1 in figure 1.4(a), undoped BisSes family materials do
not have a symmetric BCB — Ep and EFp — BV B energy distances. However, the doped onces may
achieve it, if the Fermi level is placed! exactly mid the bulk gap and subsequently NO, dosing?
drives the Ep to the vicinity of the Fermi level. Hence to achieve the X-shaped surface band for
the undoped materials, the system is required to be driven into the topological transport regime. If
one doesn’t want this to be the experimental system; i.e. one doesn’t want the Fermi level together

Lthe carrier doped, Ca and Sn substituted Bi atoms, materials only shift its Fermi level into the bulk and hence
the band cut-off at the bulk valence maximum (BVM) and bulk conduction band minimum (BCM) will still not be
symmetric around T'.

2the NO3 dosing cause the Dirac point to raise towards the Fermi level

12
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k
Figure 2.1: Tllustration Figure 2.2: Dispersion Figure 2.3: Quadratic
of the [-shaped bulk va- relation of the Dirac dispersion relation of the
lence band and the X- model and the conv. conventional metal.
shaped surface band. Dirac metal.

with the Dirac node to lie exactly at the gap center, or if one wants the Fermi level not to lie exactly
at the Dirac node (which would have to lie exactly at the gap center), then the carrier doped and
NO, dosed material cannot achieve the X-shaped Dirac dispersion with symmetric cut-off.

Is the chosed model of the X-shaped surface band, illustrated in figure 2.1, then experimentally
unrealistic? No, a recent new compound?® (Sb, Bi; _,)Tes has the X-shaped surface band as desired.
Since? it is a desident of the mother compound BisTes, they have the same crystal symmetries
and thus the same effective model Eqn. (1.1). But the atomic potentials (the addition of Sb for
Bi atoms) change the M-shaped bulk valence band (BVB) and the V-shaped surface band, into
a [)-shaped bulk valence band and a X-shaped surface band as desired. This means that even
though the 2"¢ generation BiyTes family materials cannot provide a symmetric band cut-off, then
this is realizable in the upcoming generation of materials.

The chosen model impose some constraints on the effective Hamiltonian Eqn. (1.1). These are
a constant Fermi velocity vy, — vp and Ey(k) — 0, i.e. the Dirac node is defined to be the energy
reference Ep = 0, with a negative and positive energy Dirac cone extending from this origo and a
arbitrary Fermi level p.
The symmetric cut-off mentioned above is chosen k, € [-Dgssp/vr, Dssp/vr| and
ky, € [—~Dssp/vr, Dssp/vr] exactly such, to include only momentum contributions from the sur-
face band and no higher momenta where the surface band hybridize with the bulk valence and con-
duction band. Hence this model includes the warping effect and is here called the ‘warping model’.
However, most of the thesis further delimits the momentum range by a cut-off k, € [-D/vp, D/vp]
and k, € [-D/vp, D/vp] to be the low-energy/long-wavelength range of the effective model, i.e.
the region in momentum space (k;, k) where the surface states form a cone that is isotropic, and
hence generates a circular Fermi contour. In the ‘Dirac model’ the helical metal has only in-plane
spin-momentum locking with the spins tangentially on the Fermi surface®. Le. the effective Hamil-
tonian Eqn. (1.1) will be reduced further to the low-energy limit (A — 0) where only the linear
‘Rashba’ term H, governs the Hamiltonian.

3Presented at a talk given by Qikun Xue at the Workshop and school on topological aspects of condensed matter
physics undertaken July 2011 in Trieste, Italy

4This argument was presented by Liang Fu to my question exactly on whether the effective model Hamiltonian
would be the same as for the BixTes family materials.

5Such a spin-momentum lock leads to a non-trivial = geometric phase and the model of the surface band thus
inhere a perfect topological invariant vg = 1
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The bare Hamilton

H= Z Z CI(,O'[H(k)(TO'/ - /L]Ck,a/ (21)

!’
k 5,0

written in the ‘spin’ o-basis ¢ = {1,]}. The operator cle /cko creates/destroys a massless
fermion on the 2 dimensional helical surface with momentum k, which has azimuthal angle ¢, =
tan™!(k,/k,) and the k sum runs over states in the surface Brillouin zone.

2.1 The warping model

In the ‘warping model’ the bare Hamiltonian includes a linear ‘Rashba’ term Hj and a cubic
‘warping’ term H,,

H(k) = Ho(k) + Hy(k) = vp(k x 7) - £+ Me® cos(3¢y)7° = (Akg cos(3¢w) v (~iks ~ ky))

vr(ik, — k)~ cos(3¢x)
(2.2)

where 7 denotes spin Pauli-matrix vector and vg denotes the Fermi velocity. Introducing the
transformation matrix[29]

O ' ' "
_ cos iexp (—igy)sin
Ulk) <z exp (idi) sin % cos & (2:3)
where tan 0 = k2/(k? cos 3¢) with the characteristic wave-vector k. = y/vr/A. The transforma-
tion matrix U(k) diagonalize Hy such that H(k) = UT(k)H (k)U (k) = €(k)7* with eigenvalues
e(k), = ne(k) and e(k) = \/(vrk)? — (M3 cosdi)? . The bare Hamiltonian Eqn. (2.1) will be
denoted in its diagonal n-basis, in which n = {+, -1}, as

Ho(k) = > &(K)yél (2.4)
k,n

in terms of the new eigenvectors
Gn =D UKoy o Gy => UK)y e, (2.5)
4 o

and eigenenergy &(k), = ne(k) — p. Note that a tilde superscript * will denote a vector or matrix
in n-basis n = {4+, —} with + helicity of the upper and lower energy dispersion cone respectively.
Vectors and matrices having no tilde superscript will denote the object being in the o-basis with
o ={1:,).} where 1, / |, being the eigenspinor of the s* spin-operator. The energy spectrum is
illustrated in figure 1.7(c).

2.2 The Dirac model

In what follows the ‘Dirac model’ will be a further simplification of the effective Hamiltonian Eqn.
(2.2) by introducing D << Dggp a symmetric momentum cut-off k, € [-D/vp, D/vp] and

ky € [-D/vp,D/vp| exactly such, that the dispersion is isotropic in momentum space, and the
helical surface spin-momentum locking is in-plane with the spin tangentially on the circular Fermi
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surface contour. I.e. instead of Eqn. (2.2), the low-energy/long-wavelength and no warping limit
(A — 0 and 0k — 7/2) the Hamiltonian reads

H(k) = Ho(k) = vp(k x 7) - 2 (2.6)

The transformation matrix

1 1 iexp (—igk)

now only depends on the angle ¢y, and the bare Hamiltonian Eqn. (2.1) in n-basis is
2&7 )i (28)

in terms of the new eigenvectors
Ck N Z Cx ,0 ¢k ’ 5k/ n T Z UT ((rbk/ )17/0/ Cy’ o (29)
o_/

and eigenenergy &(k), = €(k),, — p with the linear Dirac dispersion e(k), = nupk only depends
on k = |k| the magnitude of the momentum. In figure 2.2 this spectrum is illustrated; it forms a
positive n = + and negative ) = — energy cone centered at the Dirac I-point at k = (0,0) with
electrons filled up to the Fermi level u, somewhere within the surface state band truncated by
k € [-D, D]. Also a probing frequency (in units of energy) w and & = w+ p is shown. For a Fermi
level > 0 a probe frequency w > 0 probe a hole-state, whereas w < 0 probe an electron-state.
When w = 0 then @ = p which means, that the Fermi surface is probed, whereas w = —p (for
@ > 0) probe the spin-degenerate point of zero energy. The cone index n = =+ corresponds to
the helicity (4 left and — right handedness of the spin-momentum locking) of the electron spin-
distribution Eqn. (2.21) on the Fermi surface. For example the +helicity of a Fermi surface on a
+ cone is illustrated in figure 2.5.

The bare Matsubara Green function, found by standard equation of motion technique, in the
o-basis

iwnd, . +uvp(k X T 1) 2
(i@ )? — €2

GO(ko K 0 3in) = Gy = GOk, K i), (2.10)

with € = vp k and © = w + pu. The bare Matsubara Green function in the the 7-basis
GOk, K 1 i) = GO(k, K 5in),, (2.11)

(1) GO (k, K 5 icop ) U (¢k/)) / (2.12)

nn

(07
(01 @0E (ks i@.)0(0) =
(

nn
Wy —€ >
'Lwn+e 7777/

The first equality sign illustrate the notation, that any object as a A, A -matrix component will
either be written O(A, A') or O, ,+ depending on which is most convenient at hand.
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2.2.1 Fermi surface on a helical metal vs. a conventional metal

In the introduction section 1 the conventional spin-orbit metal[24] was introduced. Its surface

states are spin non-degenerate and have quadratic dispersion relation ¢+ (k) = ¢ + h(f% At

that point it was convenient to use it to compare with the helical metal, because both of them
have spin non-degenerate spin-momentum locked surface states. At that time it was learnt that the
former is a non-trivial vg = 1 and the latter a trivial vg = 0 TI, so the desired distinction between
them was clarified. Graphene was also mentioned, in order to show the difference between a vy = 1
and vy = 0 TI, but since graphene has four Dirac cones, intervalley-and intracone scattering occur,
which makes the comparison to a vg = 1 TI with a single Dirac cone complicated. Therefore the
helical metal will not be compared to graphene anymore.

In the rest of the thesis, it is the consequences of a non-degenerate spin-momentum locked
Fermi surface that is in focus. Therefore in order to see the effects of such a Fermi surface, the
helical metal will be compared to metals which doesn’t have such a Fermi surface spin-texture. The
conventional Dirac metal which has a linear dispersion e(k), = nk, see figure 2.2, but its surface
states are double spin degenerate, as illustrated in figure 2.4. Hence is has 2 times the degrees of
freedom of that, of the helical metal, and it would be the best metal to compare with in many
cases. However this metal will not be used in most contexts, but instead the conventional metal.

Conventional Metal

The conventional metal is here defined as a 2 dimensional free electron gas with double spin
degeneracy and quadratic dispersion relation "*+(k) = n . The dispersion is illustrated in figure
2.3 and the Fermi surface spin-texture in figure 2.4.

Using this metal as a reference instead of the obvious choice of the conventional Dirac metal,
cause the appearance of certain effects due to the difference between the energy dispersions; namely
the one having a quadratic dispersion and the other two n = {4, —} Dirac cones. However the
effects due to the different dispersion relations will turn out not to blur the important information
residing from the different spin degeneracy which is seeked. It will be clear that whenever a certain
quantity of the helical metal is compared to that from the conventional, the information residing
from the dispersion can be distangled from that contained in its spin degeneracy.

Td)ﬂ where d is dimension
d = 2 and L length of surface. To convert a dimensionless sum over discrete k states to an integral,

one Substitutes
/ 2 / 2
Z AQk (27‘1’)2

In an conventional metal every k state is (2s + 1) = 2 spin degenerate where s = 1/2 denotes the
spin of the surface electron. Therefore a sum over states {k, o} can be converted to an integral as

2
Z = (25+1)L2/ ((;7:){2 :/deg(e)

ko

d
The volume in reciprocal k-space associated with one state is AQy = (2

and the density of energy states (DOS) g(e) can be obtained with the knowledge of the relation
between k and the spectrum ey, i.e. k(ex) and dk = g—ide, as

= Z d(ex —€) =(2s+1) L2/ ((;Tl){zé(ek —€) = %mhf (2.13)
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i.e. a constant in 2 dimensions and with unit of inverse energy.

The helical metal in the Dirac model

The topological insulator is different, since the surface states are non-degenerate and two en-
ergy cones, a positive and negative i.e. n = {4+, —} respectively, are linear ‘Dirac’ energy-spectra
€;(P) = nvr |p| anchored at the common ‘Dirac’ I'-point in reciprocal space p = (0,0).

Its linear spectrum® €, (p) = nvp [p| where p denotes the linear momentum p = —ihV of the
surface/conduction electrons.

Now define k = vpp with units of energy and set the Fermi velocity vp =1 and h = 1 will be
the convention onwards. The dispersion will then be €,(k) = nk , with k in units of energy and
n = {+, —} denote the helicity of the corresponding positive or negative energy-cones.

The volume in reciprocal (units of energy) k-space associated with one state is
AQy = U% AQp = ”222 (27)? where L is sample length and vr the Fermi velocity. To convert a
dimensionless sum over discrete k states to an integral, one substitutes

Z /AQk vlF 2; (1;1)2/(327:){2 (2.14)

2

Note that (2)27%2 and d’k has dimension energy? making >k dimension-
less. In a helical metal every k state is non-degenerate, with a single helicity index 7 corresponding
to the energy cone it propagate at. Therefore a sum over states {k,n} can be converted to an

integral as

has dimension energy ~

%: = (&)2;/ ((2127:){2 = (&)2;/ dw 7y () (2.15)

In all calculations (L/vph)2 = 1, but when an expression is returned into a physical one, it is
necessary to reintroduce for ever k-sum performed a factor (L/vph)>.
The density of energy states (DOS) per helicity 7 is

L\ [ d%k
w) = zk: 5(ey(k) —w) = (M) / Wé(w —en(k)) (2.16)

And the total DOS

Zgn (U h)2 %@(D = lwl) (2.17)

is linear on a 2 dimensional helical surface with unit of inverse energy.
Let the system be prepared at zero temperature, 7' = 0, and the whole surface state band filled
with N electrons up to the chemical potential /Fermi level p. The number of surface electrons

N= [T aogmee) = [ dwg) = (;)DQ“ (21)

SHere p is chosed to be momentum instead of the letter k used in the former sections. This make the shift in
units more clear, than it would be if k was used instead of p.
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where np(w) is the Fermi-Dirac distribution.

The spin-distribution on a Fermi surface with helicity » and momentum k, is the average of
spin-operator 5 acting on the free conduction electrons in state 7, k, thus (n, k|s|k,n). The state
Ik, 7) is a plane wave with (k',7'|k,n) = (7' |n) ® K |k) = 0, nOk i A general state in k, 7-basis,
|k, n), with the specific + helicity and momentum k, |k, +), expressed in the o-basis spanned by
the eigenstates {1,,} = {1, ).} of the Pauli-spin operator s is

MH:;WwM$m=$wm—wmmm (2.19)
+| = ;U(%)w(a»k\ = %((kﬁ | 4 et (k, ] |) (2.20)

The free conduction electron spin-operator components and its expectation values are

) = gt +ie ). (ko) =0
e, +) = 2}0k>%eMmmx fl, 157k, ) = & sin 6
e t) = 5 il ) =P, (k) = g coso

so the free conduction electron spin expectation value on the circular Fermi surface with helicity
n = + and momentum k = |k|, illustrated in figure 2.5, is given by

Sin(Z)k
(k,+|5k,+) = 5 | —cos Dk (2.21)
0

Notice that this is a momentum dependent spin expectation value. Likewise the surface of the
same magnitude of momentum k, but opposite helicity n = —, has spin expectation values

— sin ¢k
<k7 *|'§|ka 7> = 5 COS ¢k = 7<+a k|‘§|k> +> (222)
0

The momentum dependent spin expectation value on the +helicity surface rotates clockwise in
a left-handed coordinate system (k,,k,), whereas on the — helicity surface it rotates counter-
clockwise. The coordinate system (k,, k,) is specified by the crystal and the I — K is chosen to be
the z axis and I' — M as the g.
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Figure 2.4: TIllustration of the Fermi sur-
face of a conventional metal and conven-
tional Dirac metal. The double arrows on
each point around the circle illustrates the
double spin-degeneracy for each k-state on
the Fermi surface.

Figure 2.5: Illustration of the n = + Fermi sur-
face of a helical metal. The single arrow on each
point around the circle illustrates the spin non-
degeneracy for each k-state on the Fermi surface.
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Chapter 3

The inhomogeneous helical metal

For a homogeneous system momentum k is a good quantum number. By introducing a single local
impurity at r = 0 translational invariance is broken due to scattering off the impurity, and hence
momentum is not a good quantum number anymore. Therefore two momentum indices appear on
the scattering process Vy , in an inhomogeneous system. A general impurity Hamiltonian, Hmp,
in o-basis will be expressed in the 7-eigenbasis as

Himp = Zc V””P K, K)o = Zc B V”"Pk K)ekrn = Himp (3.1)

oo n'm

where the impurity expressed in the 7-basis
vime (k' k) = UK )V (K K)U (k) (3.2)

in the warping model and V™ is given in units of energy. When Eqn. (3.2) is used in the
Dirac model, the transformation matrix and dispersion relation defined in section 2.1 reduces to
Uk) = U(éx) and e(k) — e(k) to those defined in section 2.2.

In what is to come three types of impurities will be considered. A scalar potential, a classical
magnetic and a quantum-mechanical magnetic impurity/Kondo model. The scalar (sc) potential
and the quantum magnetic (qm) impurity are similar, in the sense, that they both preserve time-
reversal symmetry. However, the former cannot mediate a spin flip of the conduction electrons,
whereas the latter can by simultaneously flipping its own impurity spin, as long the total spin is
conserved in order to respect time-reversal symmetry. The classical magnetic (cl) impurity breaks
time-reversal symmetry and can flip the electron spin, but the impurity magnetic-direction stay
fixed.

The scalar potential substitutes V" (¢,+, ¢1) in Eqn. (3.2) with

Crsc - Vo [1+ e Px=0) i (e—itk _ oidy
V(o 6x) = Vo (e 0n) = VU (61 )7U () = (z (e — ¢l ) §+e—i<¢k—¢k/>) (3.3)

Note that the scalar is not a identity matrix in 7-basis.

The classical magnetic impurity stay fixed in the magnetic-direction S = |S \5‘ , which couples
to the electron spin o and creates the B-field that cause the spin-flip. The impurity substitutes
Vimp-(¢,0, ¢y) in Eqn. (3.2) with

VCI((bk’ s Qbk) = Si%i(ﬂ/)k/ s ¢k) (3.4)
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where the Einstein summation convention is implied.

Consider a magnetic impurity spin S; embedded on the surface of conducting quasi-electrons.
The Kondo/exchange Hamiltonian provides the exchange coupling between the free conduction
electrons and the spin of the impurity. The coupling J is isotropic, since the coupling between the
electrons and the impurity-spin, is the same for all incident electron momenta and spin directions.
This makes the impurity substitutes V" (¢,+, ¢1) in Eqn. (3.2) with

VI (s, ) = —J Fe.e( D, dxc) - Sa (3.5)
—JT (¢, Px) - S (3.6)

where Sy = %% is the impurity spin, allowed to be half-integer spin, independent of the electron

spin space and T is a vector with the Pauli matrices as its components.

The 5c.c(¢y k) = 37(¢dy Px) is the conduction electron spin in the 7-basis, which form a rotated
Pauli-matrix vector 7(¢y/, ¢x) = UT (¢, )7U(¢x) which is momentum dependent. The subscripts
on the spin operators d and c.e denoting the impurity spin and conduction electron spin, respec-
tively, will henceforth be ignored, so S; = S and 5., = 5. On the form Eqn. (3.6), the factor
% from the electron spin operator S..(¢y/, ¢x) = %7%(¢k/7(]5k) in Eqn. (3.5) is absorbed into the

coupling as J = J?

Further Eqn. (3.6) can be expressed on another form by defining S* = 1(S” +i5¥) and
expanding V9" (¢, ¢x) on the impurity spin-flip operators ST, S~ and the non spin-flip operator
S#. Doing this yields

f/qm((bkl ) ¢k) = _J%(qbkl 3 ¢k) : S =-J (%_(¢k’ 5 ¢k) ST + 7:+(¢k/ ) ¢k) S+ + %Z((bk’ ) ¢k) SZ) (37)

where the coefficients in front of S~, S* and S* are denoted likewise 7—, 7" and 7#, which contain
the information of the conduction electrons in 7-basis, when the impurity-spin is either spin-
flipped or not. These are summarized in table 3.1 and given in the n-basis. They describe the spin-
momentum locked relation the conduction/surface electrons are enforced to obey, when propagating
on the helical surface. The impurity-spin operator S is conversely given in the o-basis, the direction
of which, is determined relative to the fixed sample orientation of k, (I' — K) and %, (I' — M).
This means, that for a fixed direction of impurity spin magnetic moment M along the 2 direction
(perpendicular to the surface Brillouin zone), the conduction electrons experience this impurity spin
magnetic moment differently, depending on the direction of propagating inwards (k;) or outwards
(ks) when scattering upon it.

(' Px) T 7t 7
F i eiPx —_i e~y %(1 el(¢k—¢‘k/ ))
Fo 1 emilonto) 1 (e—iqsk 4 e*ld)kf)
P RICET N 1 = (ewk + ei%')
F__ —i e i e—idx S e~ Oty

Table 3.1: Table of the components 7(¢,, #x) which are the coefficients in front of S, St and
S%, respectively. The rows corresponds to the (77/, n)-matrix components, whereas the columns to
the coefficient being —, + or z. For example the (2,2)-entry is the 7} _ (¢, i) = e~ U Pt
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3.1 Transition amplitudes

The interesting feature of the helical metal is, that the Fermi surface enforces the electron to
propagate in a helical spin-texture, i.e. the electron spin point in a certain direction depending on
its momentum. Further, the quantum/Kondo impurity is introduced to the surface of the helical
metal. This is able to flip its impurity spin, depending on which electron with a certain spin, is
scattering off it. As used in several transport experiments, one can apply an electric field, which
distort the Fermi surface in k-momentum space and here by create an excess of electrons with some
preferred momenta. But applying such an electric field to the helical Fermi surface, one creates an
excess of electrons with a preferred momenta which also have a preferred spin-direction associated
with the distorted helical Fermi surface. One can imagine this excess of propagating electrons with
a preferred spin direction, can flip the impurity one by one. Hence it might turn out, that the
helical surface with a dilute contamination of quantum impurities, all will point its impurity spin
in the same direction after sufficiently many helical electrons have propagated over the surface.
This will polarize the surface, because all surface impurities point in the same direction. Such
an effect might be useful in applications such as spintronics. Guided by this idea, the transition
amplitudes of the quantum impurity will be derived below.

In his 1964 paper[28] Kondo calculated by Eqn. (3.8) the various transition probability rates in
both 1% and 2"¢ Born approximation for a conduction electron scattering off a quantum/Kondo
impurity. Here only the 15 Born approximation will be calculated, since it is a simple task, and it
is sufficient in order to understand the consequence of the helical spin-momentum locking texture.
The squared matrix element w;_, s given by Fermi’s Golden Rule, from an initial state ¢ to a final
state f, is up to second order in perturbation given as

2

/ ’

H

27 ! nm*mi

m

5(Ef - By

I
N
=¥

Hpl +Z(’m"”“+wﬁﬂﬂﬂ>&@—m (3.8)
N v oy Elequzé

15* Born Approx
24 Born Approx

where the matrix element H]/-l = (j|H'|l) of the perturbing Hamiltonian and E; the eigenenergy of
the eigenstate |j) hence H|j) = E;|j).

The 1! Born approximation involves only a single direct-energy conserving transition between
states |k, n; S, M) — |k'7n,; S, M/> where the states are product-states of the independent con-
duction electron state |k,n) and impurity state |S, M), thus |k,n) ® |S,M) = |k,+;S5,M). The
impurity spin S will be suppressed, since it does not change, whereas the impurity spin magnetic
moment M is allowed to change and is therefore not suppressed.

The transition Eqn. (3.8) is restricted by §(E; — E;) to occur between energy-conserved states,
the energy of which, is solely determined by the electron energy dispersion. The helical metal due

to its linear Dirac dispersion €, (k) = nk restricts the transition by d(e, (k) — ¢,/ (k")), which enforce

n=mn and k = k', i.e. to scattering between same helicity states and k = |k| = |k'| = k', but in
general ¢ # ¢p/. As a consequence hereof only the transition from state k', ) to [k ,n) will be
considered, and for simplicity only the n = + helicity, since we imagine all the states up to the
chemical potential p filled, and the Fermi surface at & = |k| is somewhere in the n = + helicity
cone as illustrated in figure 2.2 and 2.5.
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3.1.1 1% Born approximation - an electron scattering off a scalar poten-
tial

What to expect? The common heuristic argument, presented in the introductory of most arti-
cles on topological insulators, would be: ‘each momentum state k has a well-defined spin locked
tangentially in-plane and no out-of-plane spin component. Since the scalar is only a potential, it
cannot flip the spin of the conduction electron. Hence the electron cannot backscatter, but forward
scattering is allowed, because the former require a spin-flip interaction whereas the latter does not.
However, the spin-polarization distribution Eqn. (2.21) is actually the average expectation value
of the spin operator (+,k|s|k,+), which cause a finite overlap of spins-states not opposite of each
other. But still the forward scattering is maximum and backward scattering is zero.’
The 1%¢ order matrix element squared

sc _
Wi kst k' =

2
= T IVor (i )
= 21‘/02 C082 ((bk _ d)k/ ) (39)

2 ;o~
TV (00 i)k 4

h 2
is the only diagram for an initial electron state on the + helicity cone. The argument presented
above explain the case of scalar potential scattering, since by Eqn. (3.9) the scattering angle

Oq = itmpuritynonspin — flipmatrizelementsquaredphiy — ¢, in forward direction ¢x = ¢,/ has
maximum matrix element squared, but backward scattering ¢x = m + ¢,/ has zero.

3.1.2 1° Born approximation - an electron scattering off a quantum
impurity

What to expect in this case? Here the common heuristic argument would be: ‘the exchange
coupling —J7 - S can either make a simultaneously flip of both impurity and electron spin by S+
and 7%, or make a non-flipping transition by S? and 72. Both the spin non-flip and spin flip
transition would be allowed.’

The ‘impurity non spin-flip’ matrix element squared

qm

2T
M+, k—M;+.k f‘

(M 4 177 (9 dn) e 5 M) P
2

— % — J(M|S*|M)7 (s, dic) |2

_ 2 2 . Pk — Py ?

== (J M) sin <2)

I £ e :

= 2hJ le( 5 )

which is the only diagram for S = %, M = :i:%, when the initial state of the conduction electron is
the + helicity cone, and the impurity spin is not allowed to flip. From Eqn. (3.10) the scattering
angle ¢q = ¢x— ¢y in forward direction ¢ = ¢,/ has zero matrix element, but backward scattering
¢k = T + ¢, has maximum matrix element squared. The angle dependence of the ‘non spin-flip’
transitions wiﬁk_)+’k, and w%ﬁ+7k_)M;+,k, is plotted in figure 3.1. One easily concludes, that the
common heuristic argument presented above, does not explain the quantum spin-flip scattering
case Eqn. (3.10).

(3.10)
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To resolve this misconception the calculation Eqn. (3.10) will be carried out again, but twice.

First Eqn. (3.10) will explicitly be written as its column eigenvector |k, +) = <(1)) which yields

[(M;+,K [VI™ (e, ) [k, +5 M)[* = | = J(M]S*|M)(+,K |7 (¢, drc) [k, +) [
2
_ 2 (s )+ %Z(¢k’;¢k)+—> (1)
‘( sup o) (L oges Tt ) (o

2

= (= M)? |7 (b, bc) 4+

- (JM)Qsin2 <¢k _2¢k’>

B Pk — @
= 4 sin ( 5 k> (3.11)

The second way will use the fact, that instead of the Hamiltonian expressed in 1 space as Eqn.
(3.6), it could just as well have been written in o space as

H= Z MGt ke VI, i) = —J7 - 8 (3.12)

(e
0,0
and

w5 )5 )

is a superposition of eigenstates of the s* operator in o space. Now it is more clear how the
‘non-flip’ operator acts on the helical metal, since the same calculation yields

[+ K [V (G i) e, 4 M) = | = T(MS?[M) (4, K |72 ke, +)
2
_ 2 1 . i s 1 0 1 1
~ 0| Z e (o 5) 75 (seta)

:(JM)251n (¢k 2¢k )

= Z sin (¢k _2¢k ) (3.13)

To see what has happened, let the state initially, for instance, be ¢ = 0 so k = k, and the state
is kg, +) = %(\kz,ﬂ —ilky, 1)) = |ks,dy) which is an eigenstate of the 7Y operator, because
TY|ky, +) = —|ks, +). But the ‘non-flip’ operator 7% acts on this state as

T kg, +) = T%|ks, Ly) = |kz, Ty), L.e. actually as a spin-flip operator on the state |k, +).

This is actually not that surprising since the quantization of the helical metal is in the x,y plane
and not the z axis as usual. The important lesson is that the n-helicity index is a superposition of
physical spin, o, states thus the the state ket is
k,+) =, Ul(¢x) 1ok, o) = %(|k,¢> —ie" x|k, ])). In the o-basis the electron spin operator
s* does not flip the spin of a electron in its eigenstate |k, o), whereas s* and s¥ do. But a state
|k, +) that is a superposition of |k, o) states feels s* as flipping according to
sk, +) = %(|k,T> + ie~?x|k,])) the phases of its superpositioned states which cause the ket
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s?|k) and bra (+,k| to be orthogonal and hence (+,k|s*|k,+) = 0. Further note that neither
st, i = m,y,z flip the helicity of the |k,+) state. All this explain (M;+,k|S*s*|k,+, M) =
(M|S?|M) (+,k|s’|k,+) = 0 which say that forward scattering of the state |k, +) is not allowed.

20 0
The ‘impurity spin-flip’ matrix element squared

Wt = U M+ K V(e w5 M
= 2T~ T+ MIST DI (60 0P
- 2% _ I+ M|ST|M) P
- 2% (_Z)Z - %JQ (3.14)
is the only diagram for S = %,M = f%, when the initial state of the conduction electron is the
+ helicity cone, and the impurity spin is allowed to flip from M = —% tol+ M = % Also

the relation (j,m'[J*|j,m) = /(G Fm)(j £m +1)8; ;6, .., was used. From Eqn. (3.14) the
matrix element squared 11}31”1\4;+7k_> Mop i S independent of any angle.

Note that the matrix element squared Eqn. (3.10) is highly dependent on the scattering angle.
This is in contrast to the case of scattering off the qm-impurity on both the conventional metal
and conventional Dirac metal, which are independent of any angle. If one write down a table of
the conventional metal analog to the table 3.1 of the helical metal. Then all the entries would be
a constant independent of angles and therefore the matrix elements would also be independent of
angles. In Eqn. (3.8) the 1% Born approximation has no reference to the dispersion relation of the
relevant surface nor the Fermi-Dirac distribution. So only the spin-texture of the surface in question
is involved in the 1%¢ Born approximation. This is the reason why both the conventional metal and
the conventional Dirac metal would give the same 1°! Born approximation matrix elements, since
they share the same double spin-degeneracy. In the 2"¢ Born approximation the energy dispersion
and the filling (due to the Fermi-Dirac distribution) of the Fermi surface becomes relevant, so this
approximation would not necessarily give the same result as for the helical metal.

However, the matrix element Eqn. (3.14) is also independent of angles like the case of a
conventional metal, but the mechanism for this is of a entirely different nature. This is because
the impurity spin-flip ST cause the electron in state |k, +) with spin in the x,y-plane to align its
spin along the impurity spin z-direction by the act of 77|k, +) = | 1.)ie~**x. The projection of
this on the x,y-plane (+k| 1,)i e ?« = je~®x is identical up to a phase-factor i e~***. Because
the modulus square of a phase factor is a constant, then |(+k|7F|k, +)|? is a constant independent
of angles.

3.1.3 The inverse lifetime of an electron state

An electron state |k, +) can scatter out of its state to another [k, +). The possible ways this can

. . o ege . _ l _ _l qm
be done for a qm-impurity initially with S = 5 and M = —3 was calculated to be Wars s Mt X!
and wi™ , i.e. the impurity spin not flipped and flipped, respectively. Summing over

Mt k—1+M;+ k
these possibilities gives the inverse lifetime —m of the state |k, +). This summation corresponds
.

to not knowing about the impurity spin polarization, since it is summed over, and hence it gives
the rate the electron is scattered out of state |k, +), the in inverse of which, gives the lifetime of
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Figure 3.1: 1%¢ Born approximation matrix elements: aw?® for the scalar (purple line) With

+ k—+,k
, quantum impurity matrix element (blue line) with b = J2 is

plotted as a function of scattering angle ¢q = dx — ¢’

_ _4n
@ =37 and wa+k—>M+k

that state. Hence the inverse lifetime

Loy Xy
- 7+_)k 7] M;k,-‘r—)M’;k/,'f]/

Tk+

k',n K, MM'=1 -1
" Qi 2 ’
= Z ST = IR S Mk, (e, () — e (k)
’ 1=1,2,3
gy
’ i o ~i 2 ,
= Z ST |- A IS MY [, )] S ey () — e ()
1=1,2,3
QYA Vi
2T 2 j ’ ’ i ~j ’ ’ e ,
=77 (MIS7|M WM |S* M) (k + |7 [k, ) (ko |77k, +)0 (e, (K ) — €4 (k)
X, 5i=123
MM =3~

/

2 Oij - =i
=TT T i)y T O i)y 40y (K) — e (R)

MM’:% =
2
=2 S LGy [0y () — ey (8) (3.15)
K = 123

is the inverse lifetime of an electron in state |k,+). At the fifth equality sign above, the relation

Eqn. (3.16) was used
Tr[pS's’]  1Tr[pr'r?] 1Tr[sy] 1285 4y (3.16)
Z 4 zZ 4 z 12 1 '

. e_ﬁeﬂ 0 0
p= 0 e—BGu =T

an identity operator due to the fact that the energy of the impurity spin configurations are identical
€y = ¢4 = 0 and defined to be zero as reference energy. Hence the partition function Z = Trp] = 2

(8'57) =

since the density operator is
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for a spin-half impurity.
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Chapter 4

The T-matrix method

It was previously found, that both the electron spin and impurity spin can flip. The calculation
was purely based on theoretical calculations of the first order matrix elements squared from Fermi’s
Golden rule. But can such spin flips possibly be detected in any experiments?

Since the helical metal, as it name suggests, is a metal, current flow across the surface. One obvious
experimental probe would of course be transport measurements. But unfortunately the state-of-
the-art transport experiments cannot reliably separate the bulk and surface carriers. Hence no
reliable transport measurements have been published yet.

Therefore this experimental probe will not be considered any further in this thesis, except in
section 4.1. Here the transport time of an surface electron, on the surface of a conventional and a
helical metal, contaminated with a single potential or a quantum impurity, will be calculated. The
different results of this physical measurable quantity, are direct manifestations by the impurities
on different Fermi surfaces. Since the different Fermi surfaces have different spin-textures, the
impurities allow different scattering vectors, which will reflect the previous calculated square matrix
elements.

STM which is a local probe is the choice for experimental investigation that will be considered
in this theses in section 5 and 6. As will be show later, the STM response signal is directly related
to the surface electronic Green function. So in order to determine the Green function of the surface
electrons, the T-matrix induced by the relevant impurities have to be derived. This T-matrix is
the primary aim of the forthcoming section 4.

The T-matrix for multiple scatterings on a single local 6(r) impurity is determined by solving
T = i + Zkk,y G?clknggk' (4.1)

with X, ,/ being the irreducible impurity induced self-energy and repeated indices is implicit
summed over.

The retarded T-matrix (superscript R will be suppressed in all relevant quantities) derived in
appendix D for the scalar and classical magnetic impurity follow immediately ref[9, 22], since the
first order self-energy ¥.(1):imP = VimP ig the only irreducible one. Hence

125 (@, Vo) = HVL;)Q@)UT(%')U(%) (4.2)
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and

S-7—g@)|SP

T}iék(a)as) = UT<¢k') 1_ g(d))2|5|2

Ul(éx) (4.3)

As will be shown in section 5, STM directly probe the local density of states (LDOS) which
is solely determined by the T-matrix of the conduction electrons. Therefore STM is a direct
(indirectly though the FT-LDOS i.e. Fourier transformed LDOS) probe of the electrons scattering
off the impurity.

It is exactly this dynamical information of the impurity, that is the interest in this thesis, so
the ordinary Kondo physics will be left out'. Hence the energy and momentum dependence of the
T-matrix is the primary goal to obtain in section 4.1 and the 2"¢ order in the coupling J i.e. 2"¢
order in the T-matrix will suffice. Further in section 4.2, the 3" order T-matrix will be derived,
because this will reveal whether the Kondo problem arise on the helical surface or not. When
this is the case the STM signal will be enhanced, which might pave the way to possibly detect
the presence of a quantum impurity on the helical surface. The relevant information for this, is
solely contained in the imaginary part of the self-energy. Therefore a scrutiny of this part will be
given, but the real part of the self-energy will be left, in A.3.5, without any comments except a
consistency check of the symmetries it is required to obey, in appendix A.3.4.

To my knowledge, no literature treating the Kondo problem with the perturbative method on
the helical surface has been published yet. This will be derived here.

4.1 Quantum impurity induced 2"? order self-energy

The strategy|17] is to expand the full Green function? G(knr;k'n'7) =< TT[\Ifnk(T)\I!I]/k, ()] > in
powers of the exchange coupling Eqn. (3.6) where UT(k) = 1T (k)U (k) is the eigenvector in 7-basis
and (k) = {ckr, ek} in the o-basis. Both external and internal states are labled identical, with
the convention that an incoming state is primed, whereas an outgoing state is unprimed. Thus the
full Green function is given by the formal expression

é(km" klan,)
2P PP [Can [Canar <misgm) sG>
n=0k; - k n1-e '... '11 “in
x < T, [wf (kl) (kl,k YW, (K) . (K, )~;ﬂnn(kmk ), (K,) qzn(k)qz;,(k’)] >0.cdd

In figure 4.1 the diagrams up to and including 3"¢ order is illustrated. The zeroth order term
(n = 0) is the bare Green function. The first order in the coupling J (n = 1) vanish, because it is
the average of the impurity spin < 7,[S’] >=< S} >= 0 and due to the same reason all diagrams
containing a fermion loop also vanish. In second order such a diagram with a Fermi loop exist, and
2 of these diagrams are shown in the third order diagrams. Hence the second order contribution

IFor example the physics of Kondo screening and spin-spin correlations have been published in ref[41, 14, 15, 39].
But still, the Kondo problem has not been investigated much on the surface of a STI. Rather the attention have
been directed towards the W'TT graphene.

2Note that that any Green function is denoted C(v; V/) =<Tr [A(V)B(V,)] > for any incoming quantum number
v and outgoing v
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Figure 4.1: The expansion including zeroth, 1%¢ ,2"¢ and some of the 3" order contributions.
Modified[17]

to the full Green function is formally

é(2)(kn k,’I]/'T — T,)

SE SIS S [an [ a2 < misimstn) >

kiks k) k), M2 g n/zk 1

/

X < T (W, (k)7 (e KW, () W, ()7 (o, )W (05) % W (R)W T, ()] S,

which only include a single diagram. It will be used that the bare Green function is diagonal in
both momentum space k and 7 quantum number and also depends only on the time-difference and
momentum magnitude, i.e. the bare Green function has the form

Go(klnl; k2172;7'177'2) = Go(k}lnl, ]i)Q’f]Q;’Tl — Tg) = Gnlnz(kl’Tl - 7'2), S = T1 — T2. Therefore the
irreducible self-energy to second order is

SOk Ky im—m) = Y. > (=)< T,[Si(r1)S5(m2)] > xFh, (S, b, ) GO,y (R s)7r (s D)

ki mmn2 ik Shi
4

ZZ Z 5kz Tom ¢k7¢k1) 7]1172(k17 ) 77 n (¢k17¢k)

ky ”]1772'Lk 0

Z Z Z "7"71 (bk’d)kl "71772(k17 ) (¢k1’¢k )

ki mim2 :=0

where the time-difference is s = 7 — 75 and Eqn. (3.16) was used in the first equality sign. The
only term dependent on time is the bare Green function. Since it is only on time-difference, a
single Matsubare frequency will appear, and thus the 2" order self-energy in Matsubare frequency
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is

N , B . . ;o

S (1en, K o) = / ds e 5 (len, K’ )
0

;1] Z Z Z 77771 d)k ¢k1 nlﬁz(kl’lwn) (¢k17¢k )

k; mmn2 i=1
2 3
= S S 0600, Y (U606 k150U (0x) | (FU (@)
mnz oo’ =1 ki
D NS (g i
= (_g(Z Wn)) 4 ZZ (U (¢k)7 )7](,— 600'/ (T U((bk/))g’n/
oo’ 1=1
_n2 3 .
= (-9 "5 3 (W) U60),,
i=1
= —g(iG) 7 (U (00U (6y),,

where it was used that

g(i@n)T _ZU (k1) GO (k30 0,)UT (k) = /delk /27r d%lU(k VGO (ki @n)UT (k)
n 1 15 n 1 0 o 1 0 o 1 1 n 1

_ / ?kl e[GO (v i )] 7 (4.4)
0 i

and %Tr[é’o(kl; )] = (m“;’%w will be left unintegrated for a moment.
n 1

The self-energy in real frequency space is the analytic continuation of the Matsubara frequency
dependent self-energy, thus the retarded irreducible self-energy to 2% order

~ ’ ’ ~ ’ ’ 3
5 (k. ;@) = B (kn, Ky siin — @ +i07) = —g(@)* (UN(@)U(0x)) . (45)
with the notation g(&) used in ref[9], which is the retarded and integrated function Eqn. (4.4)

—9(@) = —g(ie — o +i0™)
dky | 1

:/ S by S Te[GO ey — w0 +707)
0o 27

/ dklk‘ w+i0t
0 2m  (wHi0+)? — k2

_ ;—;’ (1n = em - ) + @S2 el - D))
Hom - ja)
< ‘—1’+|°”|> oD — |@]) (4.6)

The remarkable simple expression Eqn. (4.5) can be used to analytically calculate the T-matrix
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in n-basis to 2"¢ order in the coupling strength J, by noting that

2
/ / 99k 1t () GO s i@ — & + 1 0F)U () = —g(@)7° (4.7)
as just described by Eqn. (4.4) and (4.6).

The Einstein summation convention is implicit used when repeated internal indices appear and
each internal momentum-variable sum are carried out as just mentioned.

To(@) = S3H,@) + £, @) 6, @) S2,@) + 52, @) 6L @) 52, (@) 64, @) S2@) + -

= —9(@)7* 20N Gy U (n) + (g@)ﬁj) Ut (U(0r) G0 (g ) Ulend) +

=—g(@)7°

= —g(@)ﬁ%UT(abkf)U(dm) (1 + % (—g(@))>7?) + (Z)? (—g(@))27%)* + - )
_ 34
1= Se@) 7

= —g(@)J? Ut (1)U (9x) (4.8)

To summarize the results with real physical units; the retarded 2"¢ order irreducible self-energy?®

(k) = ~29(@) I U (640 )U () (19)
2@ (kK ;@) = —Zg( ) J? 70 (4.10)

where 79 is the identity matrix. $® is in unit of energy due to the g-function Eqn. (4.13) which
has unit of inverse energy and the coupling J with unit energy. The retarded T-matrix* to 2"¢
order is

3.(5) T2
=) . o 19(@) J

Tklk(w7 J) - _1 - %g(w)z J2 U <¢k ) (¢k) (411)
3.(5) T2

@) (- 9@ 7
T J)=———"F"""F— 4.12
k(w ) 1_ %g((j})Q J2 T ( )
in unit of energy. Note that the sole frequency dependence is contained in the g-function®
L\ /& |D? i|@|
V)= |— —In|— -1+ — D —|& 4.1
1) = (=) (gm|2 -1+ %) e - a0 (4.13)

with @ = w + p in unit of energy, L? surface area, Vx Fermi velocity and D being the ultra-
violet energy (unit of energy) cut-off chosen to be the symmetric bandwidth in the Dirac model.
The factor (L/vph) has unit of inverse energy and the characteristic energy is defined ¢, = (vph/L).

By noting that the quantum impurity induced T-matrix in o-basis Eqn. (4.12) is diagonal in
spin o, it may be tempting to conclude, that no spin-flip can occur and hence no backscattering as

. imp.
well. But the calculated square matrix elements War ks Mt k! and wM kMK show that,

Snote that 2 (@) = Ul ) S5 @)U (sx0)'-
4note that Tf,)k(cb) = U(d’k’)Tf’)k(‘:’)U(d’k)T-
5Note that in ref[9, 22] gl 221(©) = —g(®)
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this is indeed not the case. As explained in section (3.1.3), summing over these gives the inverse
lifetime of the state |k, +). In the 1°* Born approximation the quantum impurity induced T-matrix
is T(k,m;k ,n;0) = @) (k,n; k', 1’ ;@) (since the leading order MR = vanlsh) and the inverse
lifetime of the state |k,7) on the energy-shell @ is defined as—= (w) = —(2/R) [ (kn; kn; @)] i
connecting only same initial and final eigenstates {k,n}. Therefore

S[EP (ks kn; @) Y Z (f1cs D )y GO (K 300 = @ +107) 0 P (s, D) )

//7;1

2 ) ~ , ~ ~ )
-y Z 17 (s re )2, SIGOK i — @ +707) 0]

k/n/ i=1

20 3 ) ,
= _ﬁ SN F b b ) 6@ — e (k) (4.14)

K T[/ i=1

When setting on-shell (@ = = ¢,(k)) the inverse lifetime of state |k, 7)
1 2

ey~ R SIE® (oo e (k)]

*%J ZZ | (1, D)2, O(en (k) — e () (4.15)

k/17/ i=1

This is exactly Eqn. (3.15) if also the 1/7 _ was calculated.
From Eqn. (4.15) the square matrix elements® from state [k, 7) to |k',7) can be extracted to yield

N1, 27 S — b
qm ~ 2 .92 k
Uy = " p 2 Z|71(¢ka¢k’)nn| =~ (H—sm (2)> (4.16)
off a quantum impurity and
sc 27TV2 1 ~ 27TV2 (bk — ¢ ’
wk,n—>k,,n = ho Z TO(¢k7 ¢k/)7777|2 = TFLO C052 <2k (417)

off a scalar potential.

As noticed above, only matrix elements between eigenstates on the energy-shell occuri.e. n = n/
so the diagonal elements |%>‘(¢k,¢k/)m] | for A = 0,1,2,3 are allowed, but the non-diagonal
elements are forbidden due to the delta function é(e,(k) — ¢,/ (k')). This direct-energy conserving
delta function is the same for the conventional Dirac metal (but not the conventional metal) and
the the vercities of the helical metal reduces to 32>, |7(x, b1 )y |2 = 37'7?7], and
7O (s Gu )y’ I* = Tgn, on a conventional Dirac metal. Le. no angle dependence is present for
both impurities and hence the square matrix elements on the conventional Dirac metal

21 J?
qm 0
k,’l’]*)k m 3 4h Tnn/ (418)
off a quantum impurity and
27V 2
sc _ 0,0
k,’l’]—)k/,n = 45 7'1717/ (419)

6The Eqn. (4.17) can be derived by use of the optical theorem.

33



off a scalar potential. So on the conventional Dirac metal, except for the couplings J and Vj,
then no difference between Eqn. (4.19) and Eqn. (4.18) appears, which is obvious not the case
on the helical metal Eqn. (4.17) and Eqn. (4.16), where the scalar forbid backscattering, but
the gqm-impurity explicitly enhance it. In figure 4.2 the square matrix elements as a function of
scattering angle are plotted for the scalar and gqm-impurity, respectively. This agree with the
theory of topological insulators. This in supposed to be understood in the sense that, the modulus
square matrix elements reflects the fact, that the helical surface lock momentum orthogonal to
spin, and the scalar potential and the quantum-impurity both preserve time-reversal symmetry,
but the former cannot flip spin whereas the latter can.

e For same helicity n = 77/:

— The scalar cannot (zero matrix element) backscatter, whereas the quantum-impurity
can (maximum square modulus matrix element). This is due to the former cannot flip
the spin, whereas the latter can.

— Both the scalar potential and the quantum-impurity can (finite matrix element squared)
forward scatter, since it does not require a spin-flip.

If this degradation did not happen, the lifetime (the inverse of Eqn. (4.15)) would be infinite, but
due to Eqn. (4.16) it is finite, which for an electron on the -+helicity Fermi surface acquires a
inverse life time

1 127V2 ( L )2 [
N = IUSC / = = e — - 4.20
) 2 e T8 \ur ) 2m (420
for the scalar case, and scattering off the qm-impurity yields an inverse lifetime
1 32002 (L \° p
_ gm - _ 2207 (_Z ) & 4.21
e (1) Z Y=k T8 h <FwF> 27 (421)

n' kK

which is 3 times longer than the scalar case. This inverse lifetime only tell how fast the |k, +) state
is lost, but not how much momentum is degraded in the process.

Therefore a factor (1 — cos(¢x — ¢y/)) is inserted into the expression for the relaxation rate
entering the Bolzman Eqn. descriptive of transport. If the electron forward scatter, the k state is
destroyed, but momentum is almost conserved. Conversely if the electron backscatter the momen-
tum is changed a lot. In the latter case the conductivity is largely affected, but in the former it is

not. The inverse transport time T%, i.e. the time entering the expression for conductivity, is given
by

1 . 12rVE (L 2 I
_ s (] — b)) = — ) = 4.22
for the scalar case and
1 72mJ2 ( L \? pu
[ — am , 1— 3 — / = — _— —_— 4.23
7_J:‘,:l,(qm (/”/) n/z]; wk,n—>k N ( cos (¢k d)k )) ]_6 h (h’l}p) 27'(' ( )

for the quantum case. Since the qm-impurity allow backscattering, it is 7 times larger than the
scalar case, which does not allow backscattering. In the k integral it was used that
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fOD (”"27;’“ S(u—k)= 4-. Since fO% d;b“/ = 0% d;j);;/ (1 —cos (¢x — ¢,)) = 1 the inverse transport

time is identical to inverse the lifetime for the conventional Dirac metal

1 1 122V2 ( L \° p
= = wse o, (1— —p ) =20 () & 4.24
i) T () z; o (=08 (0= ) = 4 (hw) o 2
',
for the scalar case and
L L S (et = ST (B A (o)
() T () o=k T \hor ) 2 '

’I’]l 7k/

for the quantum case.

In the case of a scalar potential, the transport lifetime on the helical metal is a factor 4 larger
than on the conventional Dirac metal! For the quantum impurity this difference is not quite that
remarkable, but a factor % larger on the helical metal than the conventional Dirac metal. In any
case, this enhancement is solely due to the helical metal Fermi surface. This have non-degenerate
surface states with spin locked tangentially to the Fermi surface momentum, which is inherent in
the transformation matrix U (k).

In the introduction to this section, it was speculated whether the helical metal could be used
in any applications as spintronics. Now it is clear, that it might be. The factor of 16 times larger
transport lifetime on the helical metal, than on the conventional metal, makes such necessary
concepts as a large coherence time possible. Also the angle dependent square matrix elements

qm qm . . . . .
Mkt Mk 4 and Wt b Ma1 4 suggest that it might be possible to control the impurity.
05 7

03F

Figure 4.2: Plot of the square matrix element QWy Ly of the qm-impurity with a = 4A/27.J% and

ﬂwicn_)k, ; for the scalar potential with 3 = 4h/27V{ as function of scattering angle ¢q = ¢x — ¢y’
Blue/red line is for n = n =+ and green /yellow line is for n = n = — of the gm-impurity /scalar.
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4.2 Quantum impurity induced 3" order self-energy

The 3. order irreducible self-energy (the one surving diagram in third order in figure 4.1) is

SO e Y Y Y [ an < s Sy i) >

kikoksks mim2n3na i,5,l=1

£s(T13)€id!
x 7o 0k, 0k1)GO (ki ko; 713) 7, (Pka, oks)G n3n4(k37/€4,732) (¢k4,¢k) (4.26)

where” 7, — 75 = T, and define T2 = 0 as reference and the notation s(-) = sign(-). Using that
the n-basis is eigenbasis and homogeneity of the bare propagator thus

GO (ks ks Tap) = GO, (K Tap)3 (S — €5)
= Gona (ko Ta6)6nanﬁ5(ka - kﬂ) (4.27)

and[17]
éOVla (ko Taﬁ) = [@aﬁ(l —Na) + G),Bana] e~ taTos (4.28)

with shorthand notation &, = &, (ko) = €, (ka) — tts 1o = nr(&s) = 1/(e%> + 1) and O,5 =
©(Tap) where O(-) is the Heaviside step-function. After performing the k; and k4 sums the 73
dependent part of Eqn. (4.27) is separated from the rest, which is lumped together with the 7
vercities, then

(3
2§(7’7)7k/77/ (Tl ] 7'2)

TDID> z o ([ @ i B it

kiks nin2nsna i,5,l= 1

X (0K, K1)8r 70, (0K, OK3)Ogn, 7o (PKs, 9K )

PP of ELTENS

kiks mim2msna i j =1

Xﬁ%m((bk’ d)kl) mnz 772?73 (¢k17¢5k3) nsm

Where the 73 integration will be carried by using Eqn. (4.28), s(713) = ©13 — ©31 and that only
terms 013030013 = O135 and O31030031 = O3; contribute, when 73 integrating since terms
—013030031 = 03,0303 =0

((bk?n (bk )

77477

B N -
ans (kl, kg; 7'1) = / dT3 Gom (kl; 7'13) Gona (]{33; 7'30) sgn(7'13)
0

T1 B
= (1 — nl)(l _ n2)e*€171 / drs <€(£1*§3)TS _ 1) + n1(1 _ nz)e*&ﬁ / dry (6(51*53)"'3 _ 1)
0

1
_ (1 - nl)(l - n2) (6—637’1 _ e—flﬁ) + ni(1—ny) (651(5—71)6—52,3 _ 6—537'1)
§&1—&3 §&1—§&3

7If not the Hamilton (2.6) was diagonalized, then the 37¢ order self-energy imaginary time-integration would not
be possible to carrie out. This was the lesson to be learnt, after the first attempt to calculate =) by using (2.6)
undiagonalized. The form of the bare Green function, when using (2.6), made the k-integration very easy and hence
it was a tempting strategy, but unfortunately it left the imaginary time-integration undefined.
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Now, define
ga(n) = —(1 —ng)e tm (4.30)
and using (1 — ng)e ¢? = n, and nyee? =1 — n, then
1
&1 —&

and the definition of a eigenstate Green function propagator in Matsubara frequency

My, s (K1, k3 71) = (1 =2n3)g7(m1) — (1 = 2n1)g3(73)) (4.31)

1

B
~0 (- ~0 Wy T
) d N 4.32
ga(l ) A Tlga(Tl) € an Ea ( )

therefore

p . 1 1-2n3 1-2m
M, . (K1, k331 = dr M, ., (k1, k3; tWnTL — — 4.33
nuns (K1, k33 i wn) /O 71 My, (1, kg5 1) € A (iwn—§1 iwn—§3> (4.33)

The symmetry of the dummy labels 11,73, k; and ks makes

. 1-2 1
D > My (ks kgiiwn) =23 3 = 7?331,%7& (4.34)

7113 ki,k3 7113 ki,k3

Beside a factor 2, Eqn. (4.34) is on the same form as that of the conventional metal[17], except
that the energy dependence &, is the Dirac spectrum, whereas that of the the conv. metal is the
quadratic one independent of spin &, = £. However, this factor 2 may very well be an error,
because the diagram is identical for both the helical and conventional metals and yet only Eqn.
(4.29) the time-integration over time-ordered bare Green function matrix components has been
performed. These are both diagonal, the helical metal in 1 and the conventional metal in o, so
the result Eqn. (4.34) should be that of the conventional metal, if one substitutes  — o and
&, — & Anyway, this factor is kept even though it might be an error. First because the possible
error cannot be found, and secondly leaving it in the expression doesn’t change the physics of the
final result X (1, w) except for a real constant.

Equation Eqn. (4.34) is inserted back into Eqn. (4.29) as the Matsubare frequency dependence
of the self-energy and summed over 7, and 74

3 .
(3 . T i .
Z]E(n),k'n' (i kn) = (_J)S Z Z Z §€ Jle%(kl’k?);an)

kiks n1m2n3n4 1,5,l=1

X,]N—;nl ((bk’ ¢k1)57717]2 71%27]3 (¢k17 ¢k3)6773774 71717477’ (¢k37 ¢k )

3 .
= (TP YD D S My (ki wa) Ty, (9K, 0K, (0K, Bka) 7 o (s, 0K )

kiks mins3 i,5,l=1

Since® the transformation matrix only depends on azimuthal angle ¢y and M), ,, (k1, k3;iw,) only
depends on magnitude k, = |ka/|, the 2D polar k-integration is carried out in two steps - first the
angle integration leaving the magnitude integration to come after the 7 sums have been carried
out. The relation

o d¢ka - t 500’ -
Z/@ o M’V]l’l’]g (klaki’);lwn)Uo’na (¢k"‘)U77aU’(¢ko‘) = 2 ZMUNB (k17k3;2wn) (435)
Na

N

8Note that this simplification of the integration can only be done when no warping is present.
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valid for a being 1 or 3 will be used twice subsequently in Eqn. (4.35) after the vercities are written
explicitly as 7¢ = UT(¢k,)7U(¢k,) as will be elucidated now

$(3)

Ekn,kln’(iwn = Z Z Z 761JZM771773 klak37lwn)

ki1ks m1n3 i,5,l=1
x (U*<¢k>TiU(¢>kl>)m (U (¢1,)77U (6x,))

3 .
:—JS/%kl/dk%g eiﬂ >

1= 1 ooy
], 0203

(UT(QZ)k (Z/d¢kl ans(klvk?)alwn)( 0ﬂ1(¢k1) n101(¢k1))>

n2M3 (UT (¢k3)TlU(¢k’ ))77377'

5 .
001 E’Il MUlTIS (khk?’;l Wn)

X7l . <Z/ dd)ks Usyns (95) n303(¢k3))> (rlU(qbk/))UBn,

3

—o [ [ 3 1S W), S
) "

d
XT(JHUQ (Z/;b;Sans(khki’);iwn) (U02n3(¢k3)U;303<¢k3))> (TlU((bk’))znﬁ,
n3

s )
2273 > g My ng (K1,ks;iwn )

5 [ dky dk3 ~ i
=] 7]{;1 kg Z Z Zans kl,k:;,’Lwn)

oo
1,5,l= 1 oars T3

0'0'1 60’20’3
(UT((ZSk) )770 7-Uj'1<7'2 (T U(d)k,))qgn/
dk dk

= —J3 / 71161 / 73163 Z ang(k‘l,k?,;iwn)

113

T eI (U ()T T 7 U (¢ ))nn’

dk dk .
/ 73]@3 Z Mnlng (kl, k3; an)

27
mn1M3

() (U (607U (640)),,,

s
s
I |

“:M“

ET‘

Z'2
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S
I
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8
S(S +1 dk dk
=2 [T [ S 3 My (e hasicsn) (U (@000 (6),,
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and it was used that Zij,lzl edlrizizt = Z?,j,l:l i (eijl)QTO = i67°, Using explicitly &, =
&no (ko) = N ko — p and i wy, + p = 1O, with @, = wy, —ip and the anti-symmetry (1 —2n(—z)) =
—(1 — 2n(z)) (since n(—z) = 1 — n(—=x)) where (1 — 2n(z)) = tanh (2/2T) which at near zero
temperature (T = 0)

tanh (2/2T) = s(x) the sum becomes

1—2n3
ZMm% k’l,k‘?,,lwn —22 53 i 51

m11M3 113

s(nz ks — p 1

=2
m k1 —ms3 k‘3 TWn — Mk

5(n3 g3 — 1

2mn maq — 773Q3z¢n mq

1 -
= 2ﬁ Z Mmﬂa (qla ds;i ¢n) = D2 p(Zd)n) (436)

113

Ep(i¢n)

which is a factor, ﬁ, with dimension energy square-inverse times a dimensionless sum of the

parameters ‘dimensionless momentum’ ¢; = % in the range ¢; € [0,1], ‘dimensionless chemical
potential’ A = £ in the range A €] — 1,1[ and ‘d1mens10nless Matsubara frequency’ ig, — ¢+i0"

when performlng the analytic continuation with ¢ = 5 = 5+ 4% = ¢+ Ain the range be]l—1,1]
with ‘dimensionless probe frequency’ ¢ = % in the range ¢ €] — 1,1[. However, for a certain
chemical potential ; only probing frequencies ¢ that obey |¢| < 1 are allowed in the subsequently
derivations. Nevertheless only values ¢, A << 1 are sensible when the model are to resemble the
low-energy approximation of the real physical systems Bis X3, X = Se, Te. Define

N dkq dks
R(iwy,) = 5/0 o —k /0 —k‘g Z My, s (B, k33 i dn)

7113
d d L~
=D4/ cn / £Q3D2 ZMU1U3((]17QS§Z¢n)
711M3
1
d 1q ) -
=0 [ o [ SBauplida) = RGid) (437
o <7 0o 2m

then the 3.order self-energy, with Eqn. (4.36) and Eqn. (4.36), is expressed shortly as

4
ESL/@%)ZLSJF )JS( L > D? /0 dqlq %qw( bn) 7O

2 hvp 27 2m
S(S+1) 5 L\ -
- " 4.
5 J Fom R(ichy) T (4.38)
2
For both integrals a factor ( hﬁp has been reintroduced - one for each dimensionless k-sum -,

performed - in order to express it in right dimension of energy.
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The SEG) will come from Jp whereas RE(®) from Rp which are given formally by

s(n3qs — ) 7
& A) = —= P (—m)d(d — .
Sp(¢, A) %j =g 6 —may) (4.39)
Ro(p\) = S Smas =N 1 44
PL&A) mzn; mar—"mM343¢ —m q1 (4.40)

where ¢ is parametrized as ¢ = q~5(¢7)\) = ¢ + A. The derivation of R(i (;n) in (4.38) is carried
out in the appendix A. The resulting imaginary and real part are summerized in section 4.2.1 and
A 3.5 respectively.

4.2.1 Imaginary part of the self-energy

The imaginary part of the retarded 3. order self-energy in the o-basis® is finally (Eqn. (4.38) with
Eqn. (A.3.9))

4
(3) S(S + 1) 3 L (\’r ~ 0 4.4
, _ L _ A1
Sy (1w, T) T or) S (1,0, T)O(D — |&|) 7 (4.41)
where
o|D 1 D+ |& » Vw2 + T2 Va2 4+ T2
Y (p,w, T) = %D 1- lul _ 1@l og + |{t)| - 5(,u)g log vt log ver iz (4.42)
T D D2 D — @] D D D
Remember the retarded 2. order self-energy in the o-basis
2 (,w) = —S(S +1)J2g™ (@) ©(D — |@]) 7° (4.43)
with
L\ (&, (D? 1
)= — —In(— -1 i — |& 4.44
o0 = () (m (2 -1) +iglal) (144)
thus the imaginary part of the retarded 2. order self-energy in the o-basis is
2
an® _ S8+ LY. -0
ST (u,w) = 1 J hom |o|©(D — |©]) T (4.45)
The imaginary part of the total irreducible self-energy up to 3. order is
(1,2,3) _ (2) (3)
%Ek,k’ (1w, T) =87 (1, w) + ST K (p,w)
S(S +1) - -
Sy, ( z ) @le(D - @)
o 2 B B @1 o D+ |®]
th ™ D2 D5
—s(u )% <1og Ve g YT T ) 70 (4.46)

R S R
oo (1 w) = UGB ),
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Kondo[28, 40, 17] showed that, at low temperatures conventional metals contaminated with
dillute magnetic impurities,, show non-trivial resistance behaviour due to the conduction electrons
scatter off the impurities. In this low temperature regime, the low-energy physics of an isolated
impurity is determined by a single energy scale Tk being the Kondo temperature (in units of
energy). In the conventional metal for temperatures T << Tk the impurity is fully screened by
the conduction electrons which form a collective many-body state of spin zero with the impurity
spin. The Kondo temperature Tk o< g(u)~! €T s proportional to the inverse DOS g(u) at
the Fermi level and depends exponentially on the inverse coupling J and inverse g(u). But for
systems[40, 43] with a vanishing DOS at the Fermi level, this standard picture has to be revised.
These concern'® pseudo-gap systems'! which has a power-law DOS §(w) ~ |w|” for » > 0 and
hence also include the helical metal, since it has exponent r = 1.

Here a perturbation expansion of the Green function were used, hence it really doesn’t make
sense to compare the result with for example a renormalization-group flow diagram. Such matters
are carried out elsewhere[41, 14, 15, 39]. But instead Eqn. (4.46) can be compared to the similar
perturbation result of a conventional metal. For the conventional metal, the imaginary part of the
self-energy up to third order goes as

SE et K) = =720 (1= 2700 (7)) (1.47)

with g(u) = go a constant (units of inverse energy), Eqn. (2.13), independent on the Fermi level
. This leads to the Kondo temperature

T < T]c(onv.metal = g(u)fl 672-‘76‘) i (448)
It is seen that Eqn. (4.46) on the Fermi surface (w — 0) goes as
(1,2,3)
C‘}Zk7k’ (,U, Oa T)

D+l 21

o =%5(n) | L_~7 [23(D) = 23()] + J3(u) log ~2J5(u) In (4.49)
Q1 1L Aq &, P1 A1
I

2
when written in terms of the DOS, Eqn. (2.17), at the Fermi surface g(u) = lul ( L ) O(D —p)

27 \ hvp

2
depending on the Fermi level p and on a constant DOS §(D) = DI ( L ) determined by the

27 hvp

cut-off D. Notice that every term in Eqn. (4.49) are marked by a Greek letter, because we need
to keep track on the different terms.

It is seen that Eqn. (4.49) has a large similarity to Eqn. (4.47). The overall prefactor g; and
that p; of the logarithmic correction A; both have same negative sign, and depends linearly on
the DOS at the Fermi surface of the respective metals. The 2"¢ order term, i.e. p; and II;, is

10The hard-gap system, such as s-wave superconductors, with g(u) = O for energies smaller than the energy gap
A, ie. w < A, belong to these systems.

HPpseudo-gap systems include some zero-gap semiconductors and p & d-wave superconductors( r = 2 and r = 1
respectively).
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I3 (u, 0) identical to the %Zii?nv‘metal with a substitution of the DOS at the Fermi level of the

respective metals. However, since g(u) = go is a constant independent of the Fermi surface, then
for a given coupling J the %Zgyzv‘metal is a constant independent on the Fermi level p. But since
the helical DOS §(y) depends linear on p for a given .J the IX()% (1, 0) — 0 for 4 — 0 i.e. turning
the system in the topological regime. This is indeed reasonable, since the phase-space at = 0
consist of a single k-state and thus no scattering to other states can occur.

The 37 order expansion, however, distinguish the metals with more than a substitution of the
DOS at the Fermi surface of the respective metals which characterize the 2"? oder self-energy. This
discrepancy is due to the A; and ®; terms and the log-correction dependence A;. The A; term is
a new feature which for |u| < |D| enhance the log-correction effect I'; since they share the same
sign. For a Fermi level |u| = |D| at the cut-off D, it vanish and the logarithmic correction A; and
®; are left as the only 3"¢ order terms. The ®; term is also a new feature, which for |u| << |D|
vanish and the log-correction A\; and A; are left as the only 374 order terms. But for a Fermi level
|| = | D], at the cut-off D it blows up and compete with the log-correction I';. ®; has a different
sign than both A; and T'y, hence it compete with them, on determine the effective sign of the 37¢
order contribution. When @, is absent the sign in front of the 3"% order, i.e. A; and I'y, is negative,
thus having a negative, J < 0, coupling increases the effective coupling |J.¢f| > |J| which leads to
anti-ferromagnetic ordering. And having a positive coupling, J > 0, decrease the effective coupling
Jerf < J which leads to ferromagnetic ordering. This is in accord with the definition of the Kondo
Hamilton, Eqn. (3.6), —J7(¢,/, #x) - S which favor anti-ferromagnetic ordering for negative cou-
plings J < 0, and favor ferromagnetic ordering for positive couplings J > 0. The former tend to
drive the system into the phase, where the conduction electrons screen the impurity, whereas the
latter drives it into the unscreened phase. The above scenario was when ®; is zero, but because
of its opposite sign, the scenario of the resulting effective coupling J.ss may be different when @
is non-zero, which only happens for |u| ~ |D|. In this case it may change the sign of the effective
coupling otherwise determined by A; and I';.

Because we’re about to scrutinize I for the Kondo problem, i.e. the breakdown of the pertur-
bation expansion of the Green propagator, the 37¢ order terms are required to be less than the 2"¢
order IT;-term in Eqn. (4.49) in order to find the breakdown. This gives the Kondo temperature
Ty and a restriction on the possible coupling J values. Due to the rather akward 3" order terms
Ay, ®; and T'y, which each dominates in the different domains of |@| < |D|, the analysis have to
be devided into three cases: =0, || = |D| and 0 < |u| << |D| and further only the effect on
the Fermi surface,'? i.e. only w = 0, will be treated. The other cases for a general w # 0 can be

seen on the plots of (—(iffiii?ﬁie*“ in figure A.1(a) and (b) where (a) is for high temperature

T = D and (b) is for low temperature 7' = 0.0005 D.
Instead of expressing Eqn. (4.49) in terms of DOS it reads

325 (1,0.7)

II>

02

Ag P2 P2 Az

D - L\’ L\>. D L\’ 24 T2
—_— |~~~ T hvp 21 \hwp D — || hvp T T
S —

Iy

2For a given u = po ARPES is actually only able to probe the occupied electronic states w < 0 but STM(S) also
the empty hole states w > 0.
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Case u = 0: Setting the Fermi level at the spin degenerate Dirac I'-point and probing it w — 0
makes &5 — 0, I's — 0 and A, a constant Jg(D), but the overall prefactor oo — 0 hence

SESE’?’)’R(O, 0,7) = 0. The temperature dependence (the figure A.1(a) and (b) are identical here)

is absent and no restriction on J is required which makes the Kondo problem non-existing.

Case |u| = |D|: Setting the Fermi level at the cut-off 4 = D makes Ay — 0 and the denominator

in ®3 to D — |u| — 4 a infinitesimal ¢ ultraviolet divergence and Ay — In D2]?§T2 . Now the overall

sign of the 3" order is determined by a competition between I and I'; dependent on temperature
T since each having opposite signs.
If the temperature is high as T = D in figure A.1(a) I's << Iy and 'y can be ignored. Thus

D[ L\ 2D

3223(D,0) o — D[ | 1+ (=) log ==
S, (D,0) H\H/+27rth og =
2

02
P2

The ®5 blows up and the Kondo problem is present even for a large temperature. Requiring the
274 order term II, to be larger than the 3"¢ term ®, leads to the restriction

or (hwp\® 1 §(D)
J<< = (=5 = 4.51
D ( L ) log% log% ( )

that the coupling have to be smaller than a infinite large positive number. That J > 0 is required
in this limit, makes the effective coupling J.¢s (of adding the contribution from II5 to As) Jepr > J
increase. This enhance the screening phase, and that is in accord with the definition of the Kondo
Hamilton mentioned above.

If instead the temperature is low D >> T — 0 as in figure A.1(b) I's >> II; and Il can be
ignored. Thus

35 (D,0,T) x —J2|D| | 1 —J(
’ —_—— |

02 2

g )len pe e

hvp T T2
—_——
P2 A2

I

The T'y blows up and the Kondo problem is present for low temperature. Requiring the 2"¢ order
term II; to be larger than the 37? term I'y leads to Kondo temperature

T << Ty = D eDE/mop®s (4.52)
gD) 1
= W629(D)‘] (453)

43



Case 0 < |u| << |D|: This is the physical and experimental realistic situation, where the Fermi
level is much less than the cut-off |u| << |D| which makes the &3 — 0 and A, to a constant

D[/ L\? L\ |yl 24 T2
an(L23)R o Ty o _ g2 1 712 B O (N T (o I Y i
N k,k ('u’ ’ )O(WM \1—[/ s h’UF h’UF ™ . T2
2
A2

Ao P2

I

For higher temperatures 7' >> || one may neglect I', and requiring the 2"¢ order term Il to be
larger than the 3"¢ term Ay leads to the restriction

i h’UF 2 ~
—— | — ) =-2g(D .
J >> D(L) g(D) << 0 (4.54)

being less than a very large negative number. For low temperatures 7' << |u| one may neglect
A, and requiring the 2"¢ order term II, to be larger, than the 3"¢ term I'y leads to the Kondo
temperature

g(p)

1
W) gt 4.
(L/pr)Qe 7 (4.55)

T << Tk = |y TR/ M7 —

The new terms A; and ®; (or identically As and @) are unwanted artifacts of the theory, which
arise due the ultraviolet cut-off D. These could possibly be removed from the theory if higher orders
were summed. In the real physical situation where 0 < |u| << |D| and for low temperatures these
artifacts becomes negligible as shown above and hence the 3"¢ order contribution is only the log-
singularity I's which give rise the the Kondo problem & temperature Eqn. (4.55) in the helical
metal. This Eqn. (4.55) is very similar to the Kondo temperature Eqn. (4.48) on the conventional
Metal. Both depends exponentially on the inverse coupling and inverse DOS at the Fermi level of
the respective metals but Eqn. (4.55) is inverse proportional to DOS at the Fermi level whereas
Eqn. (4.55) depends linearly.

4.3 Analysis of T-matrix

In principle the irreducible self-energy Y™ = £ 4+ ¥3) including the 2" and 3" order con-
tributions, should be used to construct the T-matrix upto 3" order, which again determine the
full Green function as desired. The value of the coupling strength J, should be sufficiently small,
such that the 3" order term is just a correction to the 2"¢ oder, because otherwise the full Green
function cannot be expanded as treated in this thesis. However, in all quantities to be calculated
the correction from the X(3) will be ignored and only X will be used, and hence the T-matrix is
Eqn. (4.12) or Eqn. (4.11) with a J determined below.

The reason for this is two-fold; first the 2% order T-matrix is much more simple, than that
including the 3" order, and if the 3"¢ order contribution should be included, it would be nothing
but a slight correction to the 2" order term. So it can just as well be ignored. More importantly;
the 3"¢ order term was calculated in order to show, whether the Kondo problem arise on the helical
metal or not. In section 4.2.1 it was found, that for a |u| # 0 the Kondo problem arise, which
has the overall effect of changing the coupling J to a effective J.s;. Thus for a given temperature
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T and a chosed coupling J, then by lowering temperature T', has the equivalent effect, of using a
effective Jey; which |Jess| > |J|, instead of J.

This is the important point; for a coupling J, the 2"¢ order T-matrix is used too calculate the
relevant quantities. But having in mind ,that the onset of the Kondo problem, by imagine the
temperature T, enforce a new coupling |Jer¢| > |J|. So this enforce the simplification argued in
the first reason, which at first hand seemed quite superficial. So instead of carrying a temperature
T and coupling coupling J along in all calculations and plots in addition to x and w, now only a
single effective coupling J is the parameter, which can be enhance by a effective |Jesr| > |J|. If
the temperature T' is lowered. In section 5 and 6 it will be learnt what this enhancement of the
coupling has on the physical quantities LDOS and FT-LDOS which is detected in the lab by the
experimental STM(S) probe.

The T-matrices Eqn. (4.11), (4.3) and (4.2) are all on the form Zf’l?"l’z = P (&, JYU T (¢ )U (1)
with J substituted by either V or S for the scalar and classical mégnetic impurity respectively.
define the t-factor as the energy dependent part of the T-matrix, which can be completely sepa-
rated from the momentum matrix, which in o-basis is 70 and in 7-basis UT(¢y/)U(¢,/). That is
for the scalar impurity

N Vor?
toe(@0, V) = ———— 4.56
for the quantum impurity
—3%9(@)
tom(@,J) = — 42— 4.57

for the magnetic impurity only the part of #(©,S), which is identical to that of the quantum-
impurity, t4,, when the magnetic strength is scaled S? = %J 2 will be considered. The reason for
this, will actually be very obvious in section 6. Hence for the classical magnetic impurity

e [ 39
ta(@,8) = <1SIJW) (4.58)
= tym (@, J) (4.59)

Therefore no analysis of ¢, (&, S) will be carried out independently, but indirectly though the
analysis of t¢m (@, J) All t-factors have the common g-function dependency Eqn. (4.13).

4.3.1 The t-function

In figure 4.3(a) a contour plot of the & and R parts of the denominators of ¢, (@, J) as a function
of @ and J. Because R[1 — 3(g(@)J)?] = R[1 — 2(g9(—@)J)?] and S[1 — 2(g(@)J])?] = —S[1 -
3(g(—@)J)?] only the blue contours of R[1 — 3(g(@)J)?] is plotted for positive @/e, > 0 and
red contours of I[1 — 3(g(w)J)?] for & < 0 due to the simplicity of the plot. Also the solution
R[1 — 3(g(@)J)? = 0 is drawn as a black dashed line whereas S[1 — 2(g(@).J)?] = 0 is drawn as
green dashed line.

Large-energy /frequency solutions near the cut-off D/e. i.e. |@| ~ 90 — 100 exist, however, since
only experimentally realistic situations restricts |w| << D, only low-frequency solutions |©| < 30
is considered and hence shown. The same reason applies in the scalar case shown in figure 4.4.
The quantum magnetic impurity ¢,,,-function has singularities where R[1 — 3(g(@)J)?] = 0 if also
the imaginary part S[1 — 2(g(@).J)?] is close to zero. A bound state exist, when such a singularity
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is encountered. But from figure 4.3(a) for J < 0.426 no solutions of R[1 — 3g%(©).J)?] = 0 exists,
and hence no bound states can exist for these values. For J > 0.426 solutions (black dashed line)
to R[1 — 2(g(@)J)? = 0 exists, but only for @ = 0 is S[1 — 2(g(@).J)?] = 0. Hence for @ # 0
no bound states really exist, however, for the coupling strength J becoming stronger, quasi-bound
states can exist since S[1 — 2(g(@)J)?] = 0 and R[1 — 2(g(©)J)?] = 0 approach each other. In the
scalar case the situation much similar as seen in figure 4.4.

o) L B

o
—

2

Figure 4.3: Contours of (black dashed)
.- - Rl - 2(9(@)J)*] = 0 and (green

- dashed) S[1 — 2(g(@)J)?] = 0 plotted
- for |@|/e. < 30. The contours of (
- blue ) R[1 — 2(g(©)J)?] and ( red )
S[1 — 2(g(@)J)?] are plotted for 0 <
W/e. < 30 and 0 > @w/e. > —30, re-
spectively, and as a function of J/e..
All contours have D/e, = 100 and as
a function of J/e.. The straight black
lines lines J/e. = 0.426 and @w/e. =
11.48 together and for J/e. = 0.5 and
w/e. = £11.48 +16.16 together are to
guide the eye for the solution Re[l —
$(g(@))2] = 0.
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The value J = 0.5 is chosen, because a solution R[1 — 2(g(©).J)?] = 0 exist for

@ = +11.48 and & = £16.16 as illustrated by the straight lines in figure 4.3. The R[1 — 2(g(©)J)?]
and
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Figure 4.5: t9-function: Blue line Figure 4.6: t*°-function: Blue line R[1+
R1 — 3(g(@)J)?] and red S[1 — g(@)Vp] and red line 3[1 + g(©)Vp] as a
i;g(d))J)z} as a function of @/e. for function of @/e. for V/e. = 0.5.
J/e. = 0.5.

S[1 — 2(g(w)J)?] for the specific J = 0.5 is plotted in figure 4.5(a) Likewise the scalar strength
Vo = 0.5 is chosen to be the same as the quantum impurity coupling, since it neither encounter any
singularities in the denominator which is reflected in figure 4.4 by the fact that R[1 + g(@)vo] # 0
when S[1 + g(@)vo] = 0 and vise versa. The only values for which S[1 — 2(g(@).J)?] = 0 exist, is
for @ = 0, but here R[1 — 3(g(@)J)?] # 0. If a larger J > 0.5 was choosen, the R[1 — 2(g(©).J)?]
would approach zero.

A plot of the real and imaginary parts of the total factor ¢(©, J) is presented in figure 4.7 for the
gm-impurity and the scalar in figure 4.8, both for J = Vj = 0.5. This show that the ¢-function
does not encounter a singularity. Again if a larger value J =V > 0.5 was chosen, the hills/ valleys
would be larger positive/negative and approach/get further away from the & = 0 point and reverse
if a smaller value J = Vi < 0.5 was chosen.
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Figure 4.7: t?™-function: blue line Figure 4.8: t*¢-function: blue line
R[t?™ (@, J)] and red line [t (@, J)] for R[t°¢(0,Vo)] and red line S[t*(w,Vp)]
J/e. = 0.5. for Vo/e. = 0.5.
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Chapter 5

Basic STM

In 1981 Binning and Roher developed the scanning tunneling microscope (STM) and spectroscopy
(STS) which consist of a sharp metallic tip mounted on a piezoelectric drive. The tip acts as a
local probe which can be scanned in the x,y-plane by the X and Y actuators in a given height z
above the sample by the Z actuator, see figure 5.1(b). Applying a bias voltage, eV, between the

(a)

z, Height

Figure 5.1: Principle of STM/STS, (a) tunneling process and (b) Schematic setup of the STM/STS.
Adapted from ref [16]

metallic tip and the conducting sample while approaching the tip within a few angstroms from the
sample surface results in a measurable tunneling current.

Hence, see figure 5.1(a), the phenomenon behind STM(S) is quantum tunneling of electrons between
two electrodes (i.e. the tip and sample which for simplicity are assumed to have same work function
¢) separated by a thin potential barrier (e.g. the vacuum) of width d and also height ¢.

The electron wave functions, ¥; and Wy, decays exponentially into the vacuum barrier and overlaps
spatially allowing electrons to tunnel between electrodes. Applying a bias voltage determines the
relative heights of the electrodes chemical potential, p; and po, thus determining the preferred
tunneling direction. A positive bias voltage applied to the sample, drives the electrons to tunnel
from tip into unoccupied electron-states in the sample and vice verse.

The tunneling Hamilton formalism[4, 16, 17] launched by Bardeen[5] and Tersoff & Harmann[38]
provides to understand tunneling of single-particle states through a junction. If the temperature
and applied bias is sufficiently low, the tunneling of quasipariticles from the two isolated materials
can reasonably be treated as in thermal equilibrium. Further, the current amplitude is so low that
the tunneling process can be described by a single-particle electron process and correlations in the
barrier can be neglected, thus a linear-response technique can be used to calculate the current.
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The transfer of particles across the barrier is then described by the phenomenological tunneling
Hamilton
Hy = ZT)\pc;f)cA + H.c. (5.1)
Ap

where ¢y destroys a particle in the quantum state A in the sample whereas C;T: creates an particle in
state p in the tip. The tunneling matrix 75, depends on the specific tunneling junction geometry

and the electronic-state quantum numbers. Linear-response gives a tunneling current

I x / dw [f(w = eV) = f(W)] D [Ta,[?ALP (w — eV) A (w) (5.2)

A,p

The current Eqn. (5.2) is determined by three factors: the tunneling matrix, |T,|?, that measures
the overlap of wave-functions. The energy window [f(w —eV') — f(w)] of available states weighted
by the respective density of states ALP(w — eV)AS™™ "(w) in the tip and sample at the relevant
energies. The single-particle spectral function of the isolated tip (A%?) and sample (A" )
materials in principle a priori convey all tip-geometry and surface effects.

The expression Eqn. (5.2) is phenomenological and applies to any type of tunneling junction.
If the tip is a simple metal where one can assume the tip density of states to be constant and
tunneling matrix independent of A so

Z \Tkp|214:f”(w — eV) = constant
P

then the differential conductance - the derivative of the current with respect to the bias voltage -
becomes

(%i x /dw (_W(W&—ue‘/)) ZAiample(w) (5.3)

A

For low temperatures T — 0, —w ~ §(w — eV) then Eqn. (5.3) becomes

dI sample
T~ EA:AA P (w = eV) (5.4)

However, in order to understand a local probe such as STM(S), it is convenient to express it in
terms of the sample real-space spectral function. The differential tunneling conductance
dI

sample Cy — _ R
7dV(r)O(§>\:A>‘ (r,r;w=¢€V) =p(r;w=c¢eV) (5.5)

is proportional to the LDOS, p(eV,r), at bias energy eV and the tip position r.
The LDOS is in turn related to the sample electronic Green function

sample -1 sample .
p(rw)| oy = Z AT (1, 15 0)umev = T Z S (e, v w + 101 ) [wmer (5.6)
A A

Hence STM(S) by measuring the tunneling current between metallic tip and sample as function
of bias voltage and tip position (which is controlled with atomic resolution) provides a real-space
‘topological’ image' of the sample LDOS.

Ltopology here is not to be confused with any topological aspects mentioned before. This has only to do with
the r-image topological landscape of the electronic LDOS.
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A STM(S) measurement of the local tunneling conductance % is taken over a predetermined
Lx L grid of points that cover a region approximately 600AAx600AA. Assuming that the tunneling
conductance is proportional to the underlying density of states of the sample layer the expression
(5.5) is valid?. These measurements, (5.5), give a STM(S) map of the local tunneling density of
states p(r;w) for probing frequencies w = eV of the external bias voltage. The Fourier transformed,
FT-LDOS, of this LDOS map in a continuum limit

plq;w) = /ere’iq'”p(r; w) (5.7)

What will be discussed in the section 6 is the |p(q;w)| factorization into a quasi particle spectrum
Q-structure and a ¢-function of the scattering impurity and in section 5.1 the LDOS (5.5). Note
that appendix C in detail explain the connection between the long distance expansion of the LDOS
oscillations and the FT-LDOS. Hence it connects this chapter 5 with chapter 6.

After decades of STM(S) investigation of superconducting materials, it is by now a well ac-
cepted interpretation[13] that LDOS oscillations results from surface quasi particle interference
due to impurity induced scatterings. FT-LDOS data can be analyzed in terms of a set of probe
frequency-dependent wave vectors q,(w) which connect the tips of the constant energy contour
(CEC) specified by the quasi particle dispersion relation w = €,x. That this is necessarily so
becomes clear when considering the full retarded Green function

G(r,r;w) = Go(r,r ;w) + 6G(r, T ; w) (5.8)
where the homogeneous (impurity free surface) bare Green function in Dirac model approximation[9]

- 2
roL w ~ - ~ _ 1 ~

Golrr's2) = = (@ p) + @) px 1) () G=wtn (5.9)
4 UFh

in units of L=2energy~!. The unnormalized distance (probe to local impurity) vector is denoted
p =r —r which normalized has the unit vector p = % and the magnitude denoted p = |p|. The
functions

fol@, p) = s(@)Yo(|@lp) —iJo(|&]p)O(D — @),
) = Y1([@lp) + s(@)J1(|w]p)O(D — [w]) (5.10)

are both symmetric in frequency w. The J, and Y,, denote the Bessel functions of first and second
kind of order n. The local bare propagator for r = r

Go(r,1;@) = —g(@)1 (5.12)

since p = 0 whenever r = r’ and this holds for all r = r’ and g(@) is given by Eqn. (4.13).
This give a bare spin-unresolved LDOS

i) = S TrGofrd) = 10D~ o) (777 ) = @) (5.13)

2If this is not the case a momentum-dependent tunneling matrix element would enter in (5.3) and give rise to a
tunneling matriz element form factor in the FT-LDOS.
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i.e. independent on distance r from the impurity site but linear dependent on frequency |©] so
po(@) is a homogeneous shift for a given frequency and given in units of in units of L2 energy .

On the other hand the bare FT-LDOS

po(k,w) o< §(k)

has no k-resolution in units of energy—!.

On the contrary, the gm-correction Green function which contain the information on multiple
scatterings of the local d(r) impurity

dG(r,r;0) = Go(r; @) Timyp. (©)Go(—1; @) (5.14)

arise due to scatterings (described by the T-matrix) induced by impurity and is given in units of
energy . Thus, it’s now rather obvious that the spin-unresolved FT-LDOS (the Fourier trans-

formed LDOS Eqn. (5.6)) 2

5p(q,iwy,) = /dr exp (iq-r)Tr[dp(r,r;iv,)]

L\ 1 [ d*k
=—) — Tr[§ Gk, k + q;iw,) — (60 Gk, k — q;i@p))" 5.15
(5) 57 [ GeTrlaG0cics qiim) - GGk - qiz)] (619
inhere the information of scattering between quasi particle-states with wave vector q = k; — ky
(and wavelength A\ = 27/¢). These scatterings modulate the LDOS in r-space in a manner which
corresponds to this interference pattern produced by the quasi particle scattering. Since the STM
can measure the differential conductance Eqn. (5.5) that is proportional to the LDOS, the STM(S)
observes these spatial modulations and thus indirectly reveal the scattering vectors by its Fourier
transform.

To summarize; a FT-LDOS of STM(S) image from a homogeneous( impurity free ) surface
does not have any k-space resolution at all since no quasi particle interference pattern is produced.
Only when impurities are introduced to a surface interference pattern which modulate the electronic
state LDOS appear and hence a FT-LDOS with k-resolution as well. An impurity is needed in
order to induce scatterings and this information is contained in the T-matrix and hence in the
full Green propagator which determine the LDOS Eqn. (5.6). FT-STM data can be analyzed in
terms of a set of frequency-dependent wave vectors q,(w) which connect the tips of the CEC (since
energy-conservation has to be respected by requirement) specified by the quasi particle dispersion
relation w = €, k.

3Note the Green function depends on two k-momenta which in necessary since the presence of the impurity break
translation-invariance of the sample. Since the scattering is energy-elastic all fermion lines have the same frequency
label w therefore it enters dG(r,r;®). But the trace(Tr) over spin is necessary because the scattering allow for
spin-inelastic processes. However, the total (electron and impurity) spin is conserved so the perturbation from the
impurity preserve TR-symmetry
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5.1 LDOS

The system properties directly accessible to STM(S) measurements that will be treated here are
obtained by spin-unresolved and spin-resolved LDOS. By knowing the modifications to the bare
Eqn. (5.13) LDOS surface electron LDOS induced by the different impurities it will be possible to
determine

(i) the stability of the LDOS near the Dirac-point, in the sense, whether the presence of impurities
open a gab in the LDOS or not.

(ii) whether quasi-bound states appear or not. These can only be quasi-bound states and not
real bound-states, because the analysis of ¢"P--function in section 4.3.1 showed that neither
t'™P- had any singularities for a finite coupling.

(iii) the difference between the nature of the impurities on the surface.
(iv) Friedel oscillations in the LDOS which are intimately related to the possible scattering vectors.

The first two subjects of investigation (i) and (ii) are relevant[9, 10, 3, 2, 1] for the proposed
applications of TIs to spintronics and to perform topological quantum computing. Because these
are supposed to exploit the ‘topological protection’ enjoyed by the Dirac node and surface states
in presence of time-reversal symmetric perturbations. In that regard it is also useful to know the
stability when a time-reversal breaking perturbation is introduced. Knowing about (iii) make it
possible to determine the nature, i.e. being magnetic or non-magnetic, of the impurities embedded
on a given helical surface. This is possible because the spin-unresolved and spin-resolved LDOS
will tell the difference between them, and hence experimental STM map data can fit to these
expressions, which will tell the nature of the impurities at the sample surface at hand.

The LDOS Friedel oscillations (iv) attenuate in a power-law decay rate, and hence this decay
rate reveal which scattering pairs (ky,k;) that contribute to the LDOS interference pattern. This
together with (iii) should be reflected in the FT-LDOS analysis which is also interpreted to reveal
the possible scattering channels.

The relevant derived quantities that answer these questions (i), (ii) and (iii) all depend on the
given impurity energy dependence which as shown in section 4.3 is completely determined by the
t-function for the impurity in question. As shown, it depends solely on the probing frequency /bias
voltage w and Fermi level p though @ and the impurity strength V,S or J. Therefore these
quantities for the quantum magnetic impurity may be changed by the appearance of the Kondo
problem for |u| # 0, which is modulated here by an enhancement of the effective coupling J.
Conversely (iv) will not be affected by the arise of the Kondo problem, because it only depends on
the long-distance behavior of Eqn. (5.5).

These questions (i),(ii),(iii) and (iv) have been published in ref [9, 10, 3, 2, 1, 49, 42, 31] on the
scalar potential and the classical magnetic impurity. For the quantum-impurity only (iv) has been
analyzed by slave-boson mean-field theory in ref [39]. To my knowledge, on the questions (i),(ii)
and (iii) regarding the quantum impurity, no published work exist so far. Therefore these matters
concerning the quantum magnetic impurity presented in this thesis will be the first published.

The inclusion of the 37 order term to the self-energy of the qm-impurity will show a strong
dependence of the p and w which is not present in the 2" order. If the T-matrix to 3"¢ order
T = T®@ + 7TG) had been calculated and used, the ¢t?"-function would inhere this information
and hence the LDOS as well. But only 7 = T® is calculated, because the difference in LDOS
spin-unresolved and spin-resolved turn out to be able to differentiate between all the impurities and
hence T' = T +T®) is not needed. Therefore the effect of the Kondo problem will be modulated
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by increasing J which suffice to answer (i),(ii) and (iii) in this physical condition of temperatures
below the Kondo temperature.

The quantities directly accessible to STM that will be considered here are the following ones:
full spin-unresolved LDOS

p(r,w) = i%TrG(r,r;w) = j%TT Go(r,r;w) — l%TréG(r,r;w) = po(w) + dp(r;w)
71' T T

with po(w) given by Eqn. (5.13). The correction - dp(r,w) - spin-unresolved LDOS

-1
dp(r;w) = —STroG(r,r;w) (5.16)
T
and further the LDOS of spin up(+)/down(-) states in spatial direction i =1,2,3
, -1 70 4 78 p(r;w) 1 Tt
il — I . _ ’ T N
Pl (r;w) = - STr {G(r,r,w) ( 5 )] 5 T 7T\ST7“ G(r,r;w) 5 (5.17)

so the spin +-resolved LDOS in the i’th-spin direction projected onto the j’th axis is p’, (r;; @) at
a given probe energy/frequency .

In order to calculate Eqn. (5.16) and (5.17) which is in the r-representation the T-matrix in
k-representation for the scalar potential Eqn. (4.2), classical magnetic impurity Eqn. (4.3) and
the quantum magnetic impurity Eqn. (4.11) need to be Fourier transformed because it enter Eqn.
(5.8) though

(5G(r,rl;d)) = /d2r1/erQGo(r,r1;@)Timp,(rl,rg;&))Go(r%rl;cD) (5.18)

The scalar potential and classical magnetic impurity are readily Fourier transformed because their
bare propagators are in the o-basis. Hence
TP (r,r'5@,U) = / Kins / e eI pime (1 1 0, U) = 67 (@, U)5(x)8(r) (5.19)
) ) ) (27{_)2 (27T)2 ) ) ) ) .
where U symbolize the strength of the scalar vy or classical magnetic S for the representative
impurity considered. Also t*"P-(®,U) represent the t-function for Eqn. (4.56) for the scalar, but
for the classical magentic impurity it has the expression

195, 8) = 940, 8) + 193.8) . 19(B.8) = —D yh(5.8) = —— 9@
B 1E) N A B )L
(5.20)
and t§'(@, S) is t-function Eqn. (4.58) for the classical magnetic impurity.
The correction to the local full Green function in r-representation is then
5Gimp. (I', r, L:)) U) = / d2r1 / d2r2GO (ra ry, ('D)szp (r17 ro, ('Da U)GO(TQa r, (':))
=" (5, U) G(r,0,0)G°(0,r, o) (5.21)

where from Eqn. (5.9)

=

GO(I‘,O,(:)) = (fo((.:),T) + fl((:),T') (f' X 7_—)2)

o

GO(O,I‘,(I)): (fo(a)vr)ffl((‘va) (fX%)z)

|
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By doing this for the scalar potential its correction to the full Green function in r-representation
becomes

0G*(r,r, 00, J) = t°(w, J)‘ | (fo( r) — ff(o?,r)) (5.22)

Likewise for the classical magnetic impurity

\~|2

5G (r, 1, @, 5) = 15 (w, ST (f3(@r) = f1(@7) + Ad0GH (@, S, 1) (5.23)
where
ASGN (@, S, 1) = t5( ,S)%

FT-8) + (T 2)(8-2) + (7-8)(S 1) — (£ x 2 7)((F % 2) - 8)] + 2ifo f1[(7-£)(S-2) — (7 2)(S - 1)] | (5.24)

depends on the frequency @ but also in addition of the magnetic direction S and the position of
the probe # = (7, 74,0) in the x,y-plane.

The quantities Eqn. (5.16) and (5.17) are the physical ones in the o-basis. However, the Green
function for the quantum impurity is only expressible in terms of the Greens functions in the
n-basis.
3G (k,K ;&) = U(gi)d G (k, K 3 0)U () = U(1) GO (ks 0) T (k, K5 0) GO (k5 0)U T (0 )

d’k; / d’k,

(@, T)GO (@) GOk )—tq’”(@,J)/W GGk ki VGO (o, K 3 )

(5.25)

since T (k, k ;@) = t9(@, J)U (¢ )U (¢ ) and the bare Green function G (k; @) = 0y 1, GO (k, ki; ©)
as is evident by Eqn. (2.10). Now

. 5 e Pk [ PR e 5 T S o ;o
6Gq (I',I‘,(.(J,J):tq (W?J)/(ZT‘.)Q/(QTF;QB(]( ka O)Go(k,kl;w)/(277)2/(27‘_)226(1‘20 k )GO(kQ;kyw)

=", J)GO(r,0;0)G°(0,1;0) = t9™(w, J)— (f3(@,r) — fi(@,7)) (5.26)

of
16 (

The Green function of quantum impurity Eqn. (5.26) and the scalar potential Eqn. (5.22) is
on the same form, but differentiated by the t-function belonging to the respective impurity. This
is of cause necessarily so, because the T-matrix was on the same form only differentiated by the
t-function carrying the information of energies @ and the impurity strength J and Vj, respectively.
The correction of the full Green function of the classical magnetic impurity Eqn. (5.23) is, on the
other hand, on a different form than the two others by the same argument.

5.1.1 p charge/spin-unresolved LDOS:

The scalar potential:
The spin-unresolved/charge channel LDOS for the scalar potential

Psc(r;0,J) = po(@) + dpse(r; @, J) (5.27)
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with the change in the LDOS

1 4
Souclrsin ) = =23 5@, D) S (73Gr) - ) (7 ) LI] (5.25)

m UFh

which is neither symmetric or anti-symmetric in frequency @ nor strength J. Here and in rest of
the thesis the potential strength V will be set equal to the quantum coupling J, so Vj = J to
simplify the forthcoming analysis.

The quantum magnetic impurity:
The spin-unresolved LDOS for the qm-magnetic impurity

Paqm (T30, J) = po(@) + 6pgm (r; @, J) (5.29)
with the change in LDOS
oty = 2 [m @ 12t Ly
6pqm(rawa J) - ﬂ_\S t (wv‘]) 16 (fO( ) fl( )) ’UFFL LQ (530)

being symmetric in both frequency @ and coupling strength .J.

The classical magnetic impurity:
When the classical magnetic strength is scaled S? — %J 2 (this will be the convention in the
rest of the thesis) then Eqn. (5.23)

6G (r,1;@,J) = 6GT™ (v, 150, J) + ASG (@, \/3/4T 8, T (5.31)

and t§(@, \/3/4J) = t9(&, J). The change in the LDOS becomes
dpa(r;@0,J) = dpgm(r; @, J) (5.32)

since Tr[ASG (@, \/3/4JS,1)] = 0 because each term involves a T'r[r’] = 0 for i = 1,2,3. Hence
the classical and quantum magnetic impurities have identical spin-unresolved LDOS responses
Eqn. (5.30).

pet(X: ) = Py (x:3) (5.33)

Since po(r, @) = po(®) is independent of distance, all LDOS’ dependence on magnitude distance
r = y/r2 + 72 only appear in §pimyp. as f§(@,7) — f7(@,r) and gives rapid oscillations in dpiy,. as
a function of w for a given distance r. However, these ‘Friedel’ oscillations only appear slow in the
total LDOS p = pg + dpimp. due to the much larger magnitude of py than §pipmp..

The effect of prolonging/shrinking the distance |r| is to diminish/enlarge the magnitude of the

amplitudes of the oscillations. Likewise by turning the coupling strengths J up/down shift the
resonances to smaller/larger |@| i.e. towards/away the @, and amplify/attenuate the resonance
peak magnitudes.
For larger values of the fy/; argument |@|r the total LDOS approach the bare, i.e. pimp. — po
and the oscillations disappear. These considerations make it natural to plot LDOS only in the low
distance and low frequency ranges while keeping the coupling strength J fixed at a representative
value.
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These effects mentioned are visualized in figure 5.2 which show total-LDOS p;,(r; @) along
an arbitrary line (dpimp.(r; @) is rotational symmetric) in the (r,r,)-plane. Figures 5.2(a) to (e)
exhibits the effect of turning the impurity strength J for a fixed distances e¢.r = 1. For lager cou-
pling J, resonance peaks for all impurities arise; the scalar L%e.p,. has for all J a larger resonance
peak than that of the classical and quantum magnetic ones L26Cpcl and L2ecpqm. Remember that
these are identical in the unresolved case and hence only the L?e.pgm is plotted. The resonance
peaks are solely determined by the minimum of the denominator of the t™P-function. From figure
4.3 and 4.4 it is evident that the zero-solution to the real part of the ¢-function denominator for
lager J need smaller &. This is exactly reflected in the figures 5.2(a) to (e). From figure 4.6 and
4.5 for a larger .J, the R[t™P] approach zero while J[t"P] stay unchanged and therefor the peak
intensity amplifies. The effect of prolonging the distance from r = 1 to r = 4 while keeping fixed a
certain strength J = 4 is showed in figures 5.2(e) to (h), and is solely determined by the functions
foyi(@,r).

The results Eqn. (5.27) and (5.32) first derived in ref [9] and the Fridel oscillation in ref [10] (to
be discussed lated) have been extended from a local impurity d(r) to a finite one. This properly
account[3, 2, 1, 49] for the experimental date for certain triangle defects appearing in the topology
map of BisSes. Also the the low-energy resonances that disrupt but not destroy the LDOS near
the defect appearing in figure 5.2 agree with the experimental data.

If the quantum impurity exist on the surface of a STI its coupling would have to be very small
and probably no resonance peaks would appear in an STM measurement. However, as shown in
section 4.2.1 the Kondo problem arise when lowering the temperature which is effectively the same
as enhance the coupling value J. So as the LDOS Eqn. (5.33) shown in figure 5.2, resonance
peaks arise for sufficiently high values of J and hence resonance peaks might be detectable for
temperatures T' < Tk below the Kondo temperature.

5.1.2 p', spin-resolved LDOS:

The scalar potential:
For the scalar potential the spin-resolved LDOS

. r;w),J
o w(r:5,) = LoD (5.34)
Notice that any pi. . (r;;@,J), i.e. LDOS %-spin resolution in every i’th-direction (i = ,y, 2)
projected onto anywhere in the (ry,r,)-plane are identical. Due to Eqn. (5.34) the resonance
peak in Eqn. (5.27), which was showed to appear in figure 5.2 for a sufficient large J, is double
spin-degenerate.

The quantum magnetic impurity:
The + spin-resolved LDOS pém, ., in spin-direction ¢ for the quantum impurity is

i ~ m I‘;(:);J
pqm,i(r;w,J):7pq (2 ) (5.35)

Ag for the scalar, all the pf]m’i(rj;@, J), i.e LDOS +-spin in every i’th-direction (i = z,y, 2)
projected onto the (7, r,)-plane are identical. But different from the scalar case, the spin-resolved
LDOS is symmetric in frequency

Py, (1536, J) = Pl 1 (rj5 =@, J)
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Figure 5.2: Plot of LDOS LZ%e.po, L%€.psc and L%e.pom as a function of @/e. with D/e. = 100.
Figures (a) to (e) have a fixed distance r/e. = 1 but increasing J, whereas figures (e) to (h) have
a fixed coupling J but increasing distance r/e..
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and coupling ' _
Pam, (530, J) = pgp 4+ (rj5 @, =J)

but also notice that (which will be evident below)
pf]m, i(r; d}a J) 7é pél, j:(r; [I}, J)

which is the first discrepancy between the the quantum and the classical magnetic impurity con-
sidered until now. Due to Eqn. (5.35) the resonance peak in Eqn. (5.29), which was showed to
appear in figure 5.2 for a sufficient large J, is double degenerate.

The classically magnetic impurity:
For the classical magnetic impurity* the spin-resolved LDOS

i - Pgm (50, J
Pcz,i(I‘;w,J) = %
1 7t
F-QTr {Gd(r,r;w, J)Q] (5.36)
s
#0

Notice that the pili(rj; @, J) depends on the +-spin in the 7’th direction and the j’th axis to which
it’s projected onto. This feature is different from both the scalar potential and quantum magnetic
impurity. The Eqn. (5.36) means that the resonance peaks are split into two spin-polarized reso-
nance state peaks on either side of w = 0, i.e. appear symmetric on the electron and hole side.
First, pﬁlyi(r%y_plme;@, J) both the + and — z-spin projected LDOS are indifferent onto any-
where in the x,y-plane, which is exhibited in figure 5.3 together with the sum of the spin-resolved
along the same direction pZ (rq y—plane; @, J) = p§17+(rz,y,plane;®, J)+ Pa, _(ra y—plane; @, J).
Second, pg’l’i(ri;&), J) the + x-spin projected onto the x-axis is exhibited in figure 5.4 together
with the sum of the spin-resolved along the same direction pfl,i(rw;@,J) = pfl7+(r$;@, J) +
pacﬁl, 7(rw§ (Dv ‘])

Third, ple’i(ry;d;,‘]) the £+ x-spin projected onto the y-axis is exhibited in figure 5.5 together
with the sum of the spin-resolved along the same direction pf; L (ry;0,J) = pg ,(ry;@,J) +
pfl, — (ry§ w, J)

At last, in figure 5.6 is illustrated the transformation of p% ,(r;;@,J) into p% ,(ry;@,J) and in
figure 5.7 the transformation p® ,(r,;@,J) into p* ,(ry;@,J). Each graph is for a fixed distance

magnitude e.r = e.|r| = 1 but at different azimuthal angle ¢, = tan=! (:—y)

For Eqn. (5.35) and Eqn. (5.36) all resonance peaks appear symmetric around @ = 0 deter-
mined by the #"™P-function, which is a result of the Dirac model having a symmetric band cut-off.
This is not the case for real BisSes and BiyTes materials, and further the Fermi level may be u # 0.
Both are effects that cause the resonance peaks not to be situated symmetric on the electron and
hole side.

Depending on the probe, using either the spin-unresolved or spin-resolved LDOS makes it pos-
sible to distinguish between a scalar potential, classical-and quantum magnetic impurities in which
a experiment can use to fit. For the scalar and classical magnetic impurity this have been done as

4The results are derived from the Hamilton H = (k x 7). whereas Biswas[9] use H = 7-k. The results p% (rz,®)
and p% (ry,) derived below is the reverse results, i.e. p% (ry,®) and p% (rz,o) respectively, of those of Biswas.
However this cause no trouble since as noticed by Zitko[41], the results are identical for both STI low-energy
Hamiltonians. L.e. for H = (k x 7). where the spins are rotated by 90 degrees around the z-axis as compared to
H=7 k.
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LDOS spin - resolved
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Figure 5.3: Dashed blue: L?e.pZ , thick purple: L?e.p? ., thick dashed green: L%e.p® , as a
function of @/e. for D/e. = 100, e.r = 1 and coupling constant J/e. = 3. Notice that both z-spins

+ retain the same values when projected everywhere in x,y-plane (here at the x-axis).

LDOS x —spin —resolved proj. on x —axis
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Figure 5.4: Show the x-spin projected LDOS at point on the x-axis. Dashed blue: L%e.p%, thick
purple: L265pi7cl, thick dashed green: Lzecpgcl as a function of & /e for D/e. = 100, e.r = 1 and

coupling constant J/e. = 3.
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LDOS x —spin resolved proj. on y—axis
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Figure 5.5: Show the x-spin projected LDOS at point on the y-axis. Dashed blue: L%e.p%, thick
purple: L2ecpﬁ_7cl, thick dashed green: L2ecp’i7cl as a function of &/e. for D/e. = 100, e.r = 1 and
coupling constant J/e. = 3.

LDOS x —spin resolved proj. on r =r(cos 6-,sin 0-)
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Figure 5.6: Show the x-spin projected LDOS L2ecpi7cl at point (ry,7ry) = (r cos ¢r, rsin ¢y ) in the
2, ry-plane as a function of @/e. for D/e. = 100, e.r = 1 and coupling constant J/e. = 3. Red:
¢r = 0, yellow: ¢, = 7/6, green: ¢, = /3 and blue: ¢, = 7/2.
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LDOS x —spin resolved proj. on r =r(cos 6-,sin 0-)
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Figure 5.7: Show the x-spin projected LDOS LQEpr_d at point (ry,ry) = (7 cos ¢r, rsin ¢y) in the
%, ry-plane as a function of @/e. for D/e. = 100, e.r = 1 and coupling constant J/e. = 3. Red:
¢r = 0, yellow: ¢, = 7/6, green: ¢, = /3 and blue: ¢, = 7/2.

mentioned above.

Even though the impurities considered here are point-like, then to simplify the arguments for
the results obtained, consider two counter-propegating helical wave-vectors: As illustrated in figure
5.8 a magnetic wall with edge along the y-axis and a incoming wave ¥, along the x-direction with
spin pointing in the negative y-direction is flipped by the magnetic wall to be aligned in the positive
y-direction and traveling back W5 in the negative x-direction.

The interference ¥ = ¥, + ¥y, indicated with dark blue spiral-arrows, between these two helical
wave-vectors can be shown to have a constant spin-unresolved LDOS, but a spin-spiral LDOS in
the xz-plane as illustrated in figure 5.8 by the dark blue spinning arrows. The former STM probe
- the charge/spin-unresolved LDOS measures the charge density at a given point r for a bias
energy /probe frequency @. The latter STM probe - the spin-resolved LDOS dp’, measures the
interference in the ¢’th spin channel of the 4 spin-polarization for a bias energy/probe frequency
@.

Since the magnetic wall break time-reversal symmetry by allowing a spin-flip process, then the
interference pattern of the two orthogonal waves cause a standing wave that is open in a spin-
channel, but is constant in the charge channel. Conversely for the scalar that respect time-reversal
symmetry but cannot flip the spin, this interference result in a constant charge density/spin-
unresolved LDOS but the spin-channel annihilates to zero.

This considerations make it plausible that dp for Eqn. (5.27),(5.30) and Eqn. (5.32) together with
the vanishing of §p’. in Eqn. (5.34) and Eqn. (5.35) but oscillations in Eqn. (5.36).
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Figure 5.8: A magnetic wall setup from ref [31]: Incoming (blue line) ¥; along x-direction with
spin in negative y-direction. It scatter off the wall, with magnetic moment pointing in positive
z-direction, which flips its spin to point along the positive y-direction and to propagate Wy back
(red line) along the negative x-direction. The interference (purple line) ¥ = ¥; 4+ ¥; cause a
constant charge channel but standing wave in the spin-channel.

Figure 5.9: Constant energy contours (CEC) with energy E; of BisSes in (a) and BiyTes in (b). (a):
E1/mV = 380, By/mV = 700, Es/mV = 740, Ey/mV = 860. (b): E1/mV = —50, Ey/mV = 110,
E3/mV = 230, E4/mV = 340. Note that ref[42| have k,(I' — M) and k,(I' — K) whereas I have
ky(I' = M) and k(T — K).
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Figure 5.10: Experiment in ref[42]. (a) STM topography of BizSe3(111) film, (b) Energy disp.
deduced from standing waves on the step-edge, (c¢)-(j) dI/dV maps and LDOS oscillations for
different bias voltages of (a). (k)-(n) LDOS oscillations of BisTes for different bias voltages. The
red lines in (d),(f),(h),(j),(k),(1),(m) and (n) are fitted curves to the respective LDOS oscillations.

5.2 The importance of the CEC geometry on possible scat-
tering pair states (ky, k;)

The interference pattern between an incoming k; and outgoing k; wave-vector leads to ‘Friedel
oscillations’ that modify the LDOS at scattering vectors q = k; — k;. The experiments in ref[1] of
Sn and Cd-doped single crystals of BisTes, which are widely believed to be of scalar nature, show
strongly damped oscillations in the spin-unresolved/charge density LDOS. This feature together
with (see section 6.2) the absence of the scattering angle q = 2kp at twice the Fermi momentum
vector [22, 21, 50, 35, 31, 37], and the ‘anomalies’ in the FT-LDOS along I'— K different from the I'—
M direction, when the warping effect is present, are all attributed to the forbidden backscattering
vector q in the FT-LDOS. In topological lingo, this strongly suggest that the surface states enjoy a
topological protection by time-reversal symmetry on the helical metal for time-reversal preserving
disorder like the scalar.

The last two notions, the absence of backscattering and the anomalies when the FS is non-
circular, bear to mind, that the geometry of the Fermi surface at constant energy contour (CEC)
has an important influence on the possible scattering vectors between pair of states (ky,k;) that
contribute to the LDOS response. Such pairs (ky,k;) can either be time-reversal pairs, i.e.
k7,7 = | — ks, 1), denoted TRP, or they are non-time-reversal pairs, i.e. |kr, 1) # | — ky, ),
denoted non-TRP.

In order to establish the connection between the strong attenuation/damping and the possible
scattering vectors; first a review of the possible LDOS attenuations/decay rates for a helical metal
will be presented and compared with a conventional metal. Next in section 6 an explanation
of the quasi particle interference (QPI) will be presented - an explanation that tacitly takes for
granted the common interpretation of the notion of ‘absence of backscattering’ associated with the
suppression standing wave-osculations in the LDOS. Finally, in section 6, the very notion of the
absence of backscattering will be examined in detail both of the helical and the conventional metal.

Note that the notion of the absence of the scattering vector q rely on a interpretation of FT-
LDOS, which is crucial to investigate since the scalar and qm-impurity have the same attenuation
of the Friedel oscillations, which should mean by ref[31], that they both do not backscatter. But
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remember that it was derived in section 3.1 and 4.2, that the gqm-impurity does indeed backscatter
and the scalar doesn’t, hence the above picture seems misleading.

The helical 2 dimensional surface band dispersion has ¢, (k) = ny/k2 + (\k3 cos(36x))? when
the warping is included. Let the lower = — band be filled completely and the upper n = + band
partly, then the CECs with energy E; for BioSes and BiyTes are illustrated in figure 5.9(a) and (b),
respectively. Scattering on the helical 2 dimensional surface requires a d(ey (k;) — €1 (ky)) between
incoming k; and outgoing ks wave-vectors, due to which the energy-elastic scattering enforce k;
and ky to be on the same contour of constant energy (CEC).

Instead of considering a point-like impurity scattering as this thesis only concerns, then for the
sake of argument, lets consider an ‘edge-setup’. This will make the physical scattering situation
much more simple and therefore the physical arguments about the ‘influence of the CEC-geometry
on possible scattering pairs (ky,k;)’ easier. The edge-setup where the edge step

Vik,) = -V for k,>0
00 for k., <0

a positive constant V' > 0.

The main difference between an edge-setup from that of a point-impurity scatter, is the requirement
of conservation of momentum along the edge, which is along &, in this example, and the dominant
contribution to LDOS comes from pairs of stationary points, where the momentum transfer q =
k; — k; is orthogonal to the edge, i.e. ¢, = kf — k! in this example. These constraints give more
possible stationary scattering pairs (k/,k?), but make the calculations easier.

_ The stationary-phase approximation|37| says, that the pairs (ky,k;) such that ka e+ (ky) and
Vi, e+ (k;) are parallel contribute most to the LDOS response. In other words, pairs composed of
points whose tangents to the CEC are parallel will dominate the LDOS response. Further due to
the edge-setup, scattering vectors q = k¢ — k; which are orthogonal to the edge will contribute to
the LDOS response. IL.e. the scattering vectors in this setup have to be g, = kg; — k¢, and all the
possible pairs for BizSes and BiyTes in this setup, are indicated by red dots on the CEC for each
energy F; in figure 5.9 and will be discussed below.

So along the edge klflc — k; = ¢y is conserved and interference between k/ and k’ creates a
2
kL —ki
spin-unresolved /charge density LDOS dp(@,r) with the generic form® Eqn. (5.37) is in principle a
sum over all the possible oscillations from the scattered surface state pairs( k%, k/ ) on the CEC.

standing wave oscillation in the k, direction with a spatial period of for a given k,. The

2 21,/ , , ,
Sp(@,r) = g / (gﬂl)‘z ((;Tl;zei(kk)""Tr[Go(a;;k)T(w;k,k)[Go(az;k )] (5.37)

Hence those pairs who varies much over a small range in k, will have rapid phase e'ks=ki) ogcil-
lations in the LDOS Eqn. (5.37) contribution and cancel each other at large k,. But those whom
are stationary in respect to small variations in k, will have slow-varing phases e!(s—ki) that add
constructively and contribute to the final LDOS.

In figure 5.9(a) are marked the contributing scattering pairs in this setup for BisSes and in Eqn.
(5.38) the pairs are listed for the E;’th CEC. Likewise in figure 5.9(b) are marked the contributing
scattering pairs in this setup for BisTes which for the E;’th CEC and listed in Eqn. (5.39). For
the last two CECs E3 and E4 the pair (ki, —k;) vanish because the SSs along I' — M hybridize

Swhich is actually the retarded expression of (5.15).
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into the BCB states and hence cannot be separated from them anymore.

El : (k, —k)
FEs: k,—k
BisSez { (k, —k) (5.38)
3 (k, —k)
E,: (k, —k)
and
E1 . (kl, —kl)
Esy: ki, -k ko, —k- ks, -k
Bi2T63 2 ( 1 1) ) ( 29 3) ) ( 3 2) (539)
Es: (ko, —ks) , (ks3, ko)
By (ka, —ks) ,  (ks,—ky)

Now ref [42] expand the LDOS Eqn. (5.37) in k, around the stationary scattering pairs listed
above, and obtain a power-law decay of the standing waves for each pair (k¢,k;). The exponent
index « of the power-law is the decay rate which goes as % along the x-axis of the spin-unresolved
LDOS. The stationary scattering pairs (ky,k;) are found to decay with rate o as

(k,—k)and (k;,—k;) , with a= g (5.40)

1
(kg7 —kg) and (k3, —kg) s with o = 5 (541)
(1{47 —k5) and (klg,7 —k6> 5 with a=1 (542)

respectively. Hence in an experiment for bias/probe energies® w the LDOS oscillation in z-direction
should show power-law rate a as

&ﬁ%{w§E4 . a=3 (5.43)
and for
w g El 9 o = %
BiyTesw<E; , a=3 coexistwith a=3 (5.44)
w 2 E4 , o= 1

which is in agreement with the experimental STM differential conductance measurements Eqn.
(5.5) resented in figure 5.10 for several bias voltage w . In figure 5.10 the standing Friedel oscillations
are measured for BisSes in figure 5.10(c) to 5.10(j) and for BipTes in figure 5.10(k) to 5.10(n). For
each bias voltage w a red curve is fitted to the experimental measured oscillation. One can see
that for bias voltage w in figure 5.10(c) to 5.10(j) of BisSes fits well/perfect with the predicted
decay rate values of « in Eqn. (5.43). Likewise for BiyTes, one can see that for bias voltage w in
figure 5.10(k) to 5.10(n) the fitted curve agree well with the predicted decay rate values of « in
Eqn. (5.44).

The conventional metal reported in ref [13] has o = %, which is attributed backscattering at
q = 2kp. Hence the decay rate for BisSes, which is much faster in a wide energy range than

6Note that it is only w and not & because the CECs in figure 5.9(a) and (b) already have been added and
subtracted the Dirac point level energy of BixSes and BixTes respectively.
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the conventional metal, is attributed to the absence of the backscattering vector q = 2kp. This
suppression of the oscillating standing wave reveal the topological protection of the SSs on the
helical metal, which do not occur for the conventional metal. This is not the case for BisTesz which
has the same decay rate as the conventional metal for some energies.

As mentioned above, the stationary-phase approximation[37] just used, only take into account
pairs of ky and k; such that Vi, e, (ky) and Vi, ey (k;) are parallel, i.e. a pair is composed of
two points on CEC whose tangents are parallel. Such a pair can either be between a time-reversal
symmetric pair (denoted TRP) for which |ks,1) = | —k;,]), or a non time-reversal symmetric pair
(denoted non-TRP) in which |k, 1) # | — ks, ),

By introducing this discrepancy between the contributing scattering pairs on the CEC, ref [31]
extend the analysis of ref [42] presented above, to be able to determine the dominant leading term in
the LDOS decay rate for both TRPs and non-TRPs These are summarized in table 5.1 for the edge-
setup. This agree with the results presented before, since only the pairs Eqn.(5.40) are TRP and
the rest Eqn.(5.41) and Eqn.(5.42) are non-TRP. From the o determined in Eqn.(5.40),Eqn.(5.41)
and Eqn.(5.42) one can see in table 5.1 that these agree with each other on the spin-unresolved
LDOS decay rates. Ref[31] also calculated the decay rates « for a point-impurity scattering which
are summarized in table 5.2. In both tables the conventional metal decay rate is also tabulated.

This distinction between TRP and non-TRP is only introduced, in order to illustrate the simple
Fermi surface (or CEC) of the Dirac model considered in this thesis. In this Dirac model, the Fermi
surface is circular and only one TRP exist and none of the non-TRPs, because only one pair of
states with parallel tangents to the circular Fermi surface can be found. Or one can say that many
exist, but they are identical because no particular can be picked out. The table 5.2 of the decay
rates from pairs in an point-impurity scattering, can now be reduced to table 5.3 for the circular
Fermi surface and with the quantum magnetic impurity included form the derivations developed
in this thesis.

Table 5.1: Table from ref [31] of « for edge impurities
change in LDOS (kf,k;)  « for spin-unresolved §p « for spin-resolved dp’

scalar TRP 3/2 -
non-TRP 1/2 -
classical magnetic TRP 3/2 1/2
non-TRP 1/2 1/2
conv.metal 1/2

Table 5.2: Table from ref [31] of « for point impurities.
change in LDOS (ky,k;) o for spin-unresolved ép « for spin-resolved dp’

scalar TRP 2 -
non-TRP 1 -
classical magnetic TRP 2 1
non-TRP 1 1

conv.metal 1

The decay index « tabulated in table 5.3 for the quantum impurity induced oscillations are the
long-distance and low-frequency behavior of the derived Eqn. (5.30) dpgm. And notice that Eqn.
(5.35) is tabulated as a blank, because it is only the change in the spin-resolved LDOS that is of
significance, i.e. (5pf1m =0.
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Table 5.3: Table of « for point-impurities in the Dirac model.
change in LDOS  (ky,k;) « for spin-unresolved dp « for spin-resolved dp°

scalar TRP 2 -

classical magnetic TRP 2 1

quantum magnetic TRP 2 -
conv.metal 1

The fast decay rate a = 2 of the spin-unresolved LDOS for the scalar potential and quantum
magnetic impurity are identical and none of them are spin-resolvable 6p’. = 5pf1m = 0. The only
published paper treating the quantum impurity regarding this subject is in ref [39], who perform a
slave-boson mean-field analysis in the no-warping limit, i.e. the Dirac model as tabulated in table
5.3. Quoting the abstract of ref [39]

the pattern of Friedel oscillation in the helical surface is identical to that of
the graphene surface, displaying the inverse-square behavior ~ r~2 if the intervally
scattering is not introduced in the graphene case. However, introduction of the magnetic
field leads the electron density of states from the inverse-square physics to the inverse
behavior ~ r~! in the topological insulator’s surface while it still remains as ~ =2 in

the graphene Kondo effect.

This is partly in agreement with table 5.3, that the quantum-impurity behaves as the scalar, i.e.
a = 2, when no magnetic field is applied. However, ref [39] find that it behaves as o = 1 when ap-
plying a finite magnetic field in the z-direction. Under such a field the quantum magnetic impurity
should intuitively transform into that of the classical magnetic impurity, and hence keep the decay
index a = 2 according to table 5.3 of the classical magnetic impurity. But instead, according to
the abstract of ref [39], they find the decay index to be « = 1. No more comments will be said
regarding the result in ref[39], since only the absence of magnetic field is considered in this thesis.

In the literature, the o = 2 decay rate is completely attributed to the absence of backscatter-
ing. As calculated in section 3.1.1 the scalar makes no backscattering transitions, and hence to
attribute the @ = 2 to the absence of backscattering is plausible. However, in section 3.1.2, 3.1.3
and 4.1 it was derived, that the quantum magnetic impurity indeed backscatter, and hence the
argument presentended in literature of a o = 2 decay as necessarily being caused by a absence of
backscattering seems to be wrong.

To try to resolve this paradox the understanding of how FT-LDOS is supposed to reveal scattering
vectors will be treated in section 6, but here an explanation on why the quantum impurity resemble
the scalar in regard to LDOS is presented.

Both the spin-unresolved and spin-resolved LDOS are determined by the full Green function
and hence by the T-matrix. Both the scalar and quantum magnetic impurity T-matrix could be
expressed as

T (@, J) = (@&, YU ($1)U (1) (5.45)
with ‘imp.” denoting either ‘scalar’ or ‘qgm-imp.’. Le. a separation into a t-function t"™?(@,.J)
containing the whole frequency & and impurity strength J dependence, and a matrix U (¢ )U (¢, )

in n containing the whole information on the incoming k and outgoing K scattering vectors. So the
T-matrix for the scalar and qm-impurity, have the same momentum and spin part U (¢x)U (/) in
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common, but are differentiated in the energy ¢-function being either ¢°¢ or t9™. This is the reason
why, the correction Green function for both the scalar and the qm-impurity could be written

G (v, 1,0, J) =t (w, J)% (fo(@,r) = fi(@,r)) (5.46)

which is again a separation into the ¢*™P-function (still the only quantity that differentiates them)
-2
but now a distance r dependent identity matrix % (fg (@, ) — 2@, r)) It is the latter that de-

termines the LDOS Friedel oscillating behavior, whereas it is the denominator of the #™P-function
that determines the resonance peaks in Eqn. (5.27) and Eqn. (5.30) or Eqn. (5.34) and Eqn.
(5.35). Therefore the decay rate « of the oscillations are the same in both the spin-unresolved and
spin-resolved LDOS.
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Chapter 6

Spin-unresolved FT-LDOS on a
helical metal

Note that appendix C explain in detail the connection between the long distance LDOS expansion
with leading decay rate o and the FT-LDOS. Hence it connects chapter 5 with this chapter 6..

The LDOS indirectly gives the quasi-particle interference (QPI) image by its Fourier transform
(FT-LDOS). For simplicity only the spin-unresolved FT-LDOS is derived. This should, according
to the literature, reveal the information of scattering vectors on the helical surface for a constant
energy contour.

A signature revealing a backscattered wave is seeked. Because if such one undoubtedly exist,
a FT-LDOS plot would be expected to distinguish, between a scalar and a quantum magnetic
impurity on the surface of a helical metal, since the former does not backscatter whereas the
latter does. Since a scalar on a conventional metal backscatter, it might reveal such a signature.
Therefore the case of scattering off a scalar potential on the conventional and helical metal in
the simple Born approximation will be considered. This will result in a desired signature of the
FT-LDOS response for each metal. This is used widely in the literature to argue for the absence
of backscattering on a helical metal in the presence of time-reversal symmetric perturbations.

Using this signature, an explanation of a experimental recorded QPI will be presented - an
explanation that tacitly take for granted the common interpretation of the notion of ‘absence of
backscattering’ associated with the suppression standing wave-oscillations in the LDOS.

At last the FT-LDOS response for the scalar and magnetic impurities will be treated in with
the full T-matrix.

In principle all that is needed is the spin-unresolved FT-LDOS defined as the retarded quantity
§p(q,w) = dp(q,iw, — w +i0") (6.1)

where by definition

op(q, iwy,) = /dr exp (iq-r)Tr[0p(r,r;iw,)]

1 [ d%k , (LY
= Z/WTT [6G(k7k+q; iwn) — (0 G(k, k — q;iwy,)) ] (FwF) (6.2)

is in units of inverse energy and * denotes complex conjugation. This is derived in appendix B.
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The FT-LDOS above is the physical one in the o-basis. However, the qm-impurity Green
function is only expressible in the 7-basis. Hence the Green function in 7-basis shall be transformed
back to the o-basis as

§ Gk, k + q;idy,) = U(dk)d Gk, k + q;i@,)UT (¢rerq)
= U(w)GO(k;icn) T(k, k + q; i, J) GO (k £ ;360,) U (fretq)
=t (i@, J)GO (k3 i, ) GO (k + q;i0,) (6.3)

To account for all impurities Eqn. (6.3) is inserted in Eqn. (6.2) which gives the FT-LDOS for
all impurities on the same form

L

50(gy n) = S[E™P (i, J)q, )] (M> (6.4

Both the P (iw,, J)-function and the Q-structure depend on the Matsubara frequency &, and
bandwidth cut-off which is D/e. = 100. This will not be a label in neither the ¢-function nor
Q-structure. However, the Q-structure is the only quantity depending on momentum q, but solely
as |q| = ¢ i.e. it is isotropic in momentum space. This is obvious, because the Fermi surface is
circular, hence no specific points on the circle circumference can be distinguished from the others.
Due to the isotropy the quasi particle interference image (QPI) will be plotted along some arbitrary
direction in the (g, gy)-plane. The Q-structure is identical for all impurities and is expressed as

2 2
Q(q, i) = /(‘217:)‘2 Tr(Go (ks i) Go(k + qs in)] = % <—F(z) +In (g% + 1)) (6.5)

with z = 2“;”, F(z) = (=1 - 2%)g(z) and g(z) = \/% tan—! (\/ﬁ)
However, the t-function contain only frequency the @ and impurity the strength J. It is solely this

t-function that differentiates the scalar from the magnetic ones. The scalar has retarded ¢-factor

J
lse " 5 J)=— = 6.6
&) = gt (6.6)
and the two magnetic impurities have identical retarded ¢-functions
—3a(D)J?
tqm((:}, J) = ﬂ =t (‘:)7 J) (67)

when the classical magnetic strength is scaled S? — %J 2 and therefore the magnetic impurities
are considered together as one.

6.1 FT-LDOS in the Born approximation

We seek a fingerprint that reveal whether an electron has backscattered upon a given impurity or
not. This information is stored in the FT-LDOS response signal, and for the scalar, luckily all
what’s needed is the information inherent in the Q-structure. The basic different characteristics
of the FT-LDOS response €)(q, ) for a scalar on the conventional and helical metals in the Born
approximation will be derived.

The scalar T-matrix in this approximation becomes 7' = J i.e. equal to the scalar potential J
and hence the scalar t-factor becomes t¢.(w, J) = J a real constant. In this approximation - valid

70



for weak scatters - the difference is simply and easily understood, since only the real potential J
and S is needed. If instead a strong scatter was considered both the real and imaginary parts
of full T-matrix ¢t-factor Rt(w, J) and St(w, J) would sample with IQ and RS, thus blurring the
FT-LDOS response for ¢ < 2kp which will turn out to be the region of interest. The difference in
FT-LDOS response between the helical and conventional metal is thus easily to grasp in the this
approximation.

6.1.1 On a conventional metal

The conventional metal[11, 4] is defined as a gas of free conduction electrons, where the surface

states have a quadratic dispersion relation e(k) = %, &(k) = e(k) — p and each k-state is double
spin degenerate. In appendix B.3 the FT-LDOS is derived to be on the same form as that of the
helical metal Eqn. (6.4). The FT-LDOS response on a conventional metal is

6PConv.Metal (q, iwn) =g [tsc(i(«:}n, J)Qme.Metal (q; Z(Z)n)] = J% [QConv.Metal(Q7 Z‘Dn)] (68)

where the last equality sign is valid only in the Born approximation for a scalar potential. Further
the retarded Q-structure is

812N f
——20__  for q > 2k,
%[QConv.Metal(q;w)] = lal \ q2—4k3 (69)
0 for q < 2k,

with k, = krpy/w/pu+1 and Ny = - being the single spin electron density of states. When
probing the Fermi surface on a conventional metal, i.e. w = 0 then k, = kp, and the FT-LDOS
response vanish because

%QConv.NIetal(q;w”w:O =0 for q< 2]{5}7‘

and it has a singularity exactly at ¢ = 2kp as illustrated in figure 6.1. This turn out to be quite a
different signature than that on helical metal as explained in section 6.1.2.
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Figure 6.1: Plot of pcony. aretar(q,0)/8m2NEJ as a function of q/kp.

This singularity at ¢ = 2k is in the conventional metal case a direct manifestation of backscat-
tering from state k to —k through scattering vector ¢ = 2kgr. To see this, lets begin the derivation
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of Eqn. (6.4) in another way, than that undertaken in appendix B.3.
5pConv.Metal(Q7 w, J) = % [tsc(wa J)Q(Q7 w)] = J% [Q(qv w)}

d’k 1
:J47T/W5(w—e(k))m , wW=w+p

This show directly that the resonance peak singularity of m is exactly where
e(k — q) = e(k) i.e. for scattering vector ¢ = 2kr between states k to —k.

6.1.2 On a helical metal

The t-function and Q-structure in Eqn. (6.5) depends on the Matsubara frequency @,,. Since the

physical FT-LDOS response Eqn. (6.4) is a retarded quantity, then analytic continuation of the

t-function and 2-structure is necessary to perform. The analytic continuation of the Matsubare

frequency reads i@, — @ + 0% in which ™ (i0, — © +i0") = t"™P-(©) are the retarded t-

functions discussed in section 4.3. The same analytic continuation prescription reads

@Wn — —i@w + 07, which means when performing the analytic continuation the z-parameter
Z:2d;n_>—i2dj+2~0+%—i2d (6.10)

q q q q

which is valid for ¢ # 0. This will always be the case for Eqn. (6.4), since the contribution ¢ = 0
is solely contained in the impurity free FT-LDOS response po(k,®). In the Born approximation
for a scalar t5.(@,J) = J and the FT-LDOS response simplifies to

2
5p(q,iw) = JS[Qneticar (q,10)] (UFLH) (6.11)

where the retarded Q-structure on a helical metal Eqn. (6.5) is given by

S [Qneticai(q, @) = {/ ——Tr[Go(k;ic, — @ +i0T)Go(k — q; i, — ©+1i0T))
f < 2%
- o= (6.12)
%[F(z — —z—)] +7 for g > 2w

What one should notice is that, the FT-LDOS response S [Qpericai(q,@)] is a constant # 0 for
g < 20 and exactly at ¢ = 20 has a no singularity. This is FT-LDOS response (or QPI) is
illustrated in figure 6.2 for two frequencies @ = 0.1 and @ = 0.4. Exactly the momentum q,, = 2@
is that, at probe bias w, which &nericat(%2) = w < qu = 2(w + p) = 20 the FT-LDOS responce
is not singular. When probing the Fermi surface w = 0 then @ = p and this scattering vector is
q = 2u i.e. in other words equal to twice Fermi energy.

This is completely in contrast to the FT-LDOS response on a conventional metal analyzed in
section 6.1.1. Here the S [Qconv. mretai(q, @)] is = 0 for ¢ < 2k, and exactly at ¢ = 2k,, entertain a
singularity as illustrated in figure 6.1. For exactly this scattering vector, the FT-LDOS response
on the conventional metal is singular, since this momentum g, is the one (%) = w at probe bias
w 80 Eeonv.metal (%) = w <+ qu = 2k,. At this momentum both the real and imaginary part of
Qeonv.metai(q;w) has a singularity as derived in appendix B.3. When probing the Fermi surface
this is also exactly the ¢ = 2kp.
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Figure 6.2: Plot of 6p(q;@)/Je.? as a function of non-scaled momentum g/e.. The vertical lines
are g/e. = 2-0.1 = 0.2 and ¢/e. = 2-0.4 = 0.8 and hence marks the important ¢ = 20. D/e. = 100.
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Due to the linear Dirac spectrum it will be convenient to scale the the momentum ¢ — ¢ 20
which cause all FT-LDOS responses to have the ¢ = 2w point to be at ¢ = 1 for all probing
frequencies @. This scaling makes the helical FT-LDOS response, i.e $ [Qperical(q20, )], a finite
constant # 0, for ¢ < 1 and exactly at ¢ = 1 to have no singularity i.e. being finite. So instead of
figure 6.2, the FT-LDOS response when momentum scaled as ¢ — ¢ 2@ becomes as illustrated in
6.3.

dp/d e

30¢

25F

20F
15+

10[

05

“““““““““““““““‘q[dimleSS]
05 10 15 20 25 30 35

Figure 6.3: Plot of dp(q - 20;@)/Je;? as a function of scaled dimensionless ¢ momentum. The
vertical line is ¢ = 1 and D/e. = 100.

To conclude about the response FT-LDOS for backscattering upon the two metal surfaces. On
the conventional metal the singularity at q, = 2k, is a direct manifestation of backscattering from
state k to —k through scattering vector q,, = 2k, as illustrated in figure 6.1. The reverse is true
when scattering upon a scalar impurity (i.e. a time-reversal invariant perturbation) on a helical
metal surface, i.e backscattering is suppressed and hence the FT-LDOS response at backscattering
vector q,, = 2w is not singular as is exhibited in figure 6.2.

This is consistent with the common heuristic argument presented in section 3.1.1 and 3.1.2,
that on a helical metal a time-reversal-invariant impurity, is not able of mediate a electron spin-flip
- such as a scalar potential - cannot backscatter from state k to —k. However, in the conventional
metal a scalar may backscatter. Thus the presence of a singularity at q,, in the FT-LDOS response
signal is, in the literature, widely accepted to signify a backscattering vector q,,.
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6.2 Quasi particle interference image on a helical metal

The QPI intensity patterns from ref [6] in figure 6.4(f)-(j) of Mn-and Ca doped BiyTes including
warping effects, are seen to be isotropic in the low-energy regime in figures 6.4(i) and (j). These
originate from the conic Fermi surface in figure 6.5(c), which has only one stationary scattering
vector marked with the red arrow. Note that the pink arrow marked in figure 6.5(c) do not
contribute (in the stationary phase approximation), because as discussed in section 5.2 only one
time-reversal symmetric pair (TRP) exist on the circular Fermi surface in the Dirac model as
tabulated in table 5.3. The pink arrow is a non time-reversal symmetric pair (non-TRP) and
hence its contribution is vanishing, compared to the only TRP which is the red arrow figure 6.5(c).
However, for higher energies on the warped Fermi surface in figure 6.4(f)-(h), the QPI patterns
are anisotropic with intensity peaks along the I' — M directions, but absent peaks along the I' — K
directions. This is the ‘anomaly’ mentioned in the introduction of section 5.2. These originate from
the anisotropic and warped Fermi surface in figure 6.5(c), which have several stationary scattering
vectors (marked 6.5(c)) nesting points on the Fermi surface connected by high JDOS intensities
marked in figure 6.5(d), with a green arrow along I' — M while indicated with a dark-and light
blue arrow in figure 6.5(c). These green,blue and red arrows are the dominant scattering vectors,
because as discussed in section 5.2, they connect ‘stationary’ points on the warped and conic Fermi
surfaces (i.e. the CEC’s in the terminology of section 5.2).

Consider the high-energy warped Fermi surface first, i.e. the QPI patterns in the figures 6.4(f)-
(h) and the corresponding possible scattering vectors in figure 6.5(c). The contribution these green
and blue scattering vectors give to the QPI pattern can be calculated with JDOS (join density
of states) with the approximation JDOS(E,q) = [5, d*kp(E,k)p(E, k + q) with p(F, k) being
the energy and momentum resolved LDOS. This approximation completely ignores the warped
surface spin-texture/dependence illustrated with grey symbols in figure 6.5(c). However, the JDOS
calculation gives the QPI pattern in 6.5(d) with high intensities along both the ' — K and ' — M
direction.

The absence of QPI intensity peaks along the I' — K direction in figure 6.4(f)-(h), are at-
tributed to the full spin-texture marked with grey symbols in figure 6.5(c). This can be captured
by calculating the spin-dependent scattering probability SSP(E,q) in the ‘warping model’ intro-
duced in section 2.1. This is given by SSP(E,q) = [, d’k|(+;k|k + q; +)|?p(E. k + p) where
lk,+) =>, Uf(k)+o|k, o) denotes the helical spin state with the transformation matrix U (k) that
diagonalize the full Hamiltonian Hy(k) + H,, (k) containing both the Rashba Hy(k) and warping
H,, (k) Hamiltonians and given by Eqn. (2.3). The resulting SSP calculation is given in figure
6.5(e). This SSP produced QPI pattern have peaks along I' — M, but those along I' — K are
absent. This QPI pattern resembles pretty well the observed QPI in figure 6.4(f)-(h).

6.2.1 QPI on a helical metal in the Dirac model

Now consider the low-energy conic Fermi surface, i.e. the QPI pattern in figure 6.4(i) and (j) of
the scalar Ca-doped BisTes in the top row of figure 6.4(i) and (j), and the magnetic Mn-doped
BisTes in the mid row of figure 6.4(i) and (j).

As already noticed above, it is pretty clear that the the QPI is isotropic for a point-like scalar
impurity. But in the case of a classical magnetic impurity, it is not intuitively clear, that this is also
the case and it produce the same QPI as the scalar even when warping is included. Because it break
time-reversal symmetry by allowing the surface electrons to backscatter and hence one expects it
to show interference. But remember, it was derived in section 5.1.1, that in the charge/spin-
unresolved LDOS channel no such constructive interference occur - the standing wave is strongly
attenuated with a decay rate of a = 2 as both the scalar and qm-impurity. It was derived that for
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Figure 6.4: From ref [6]. (a) to (¢) Show real space LDOS on the surface of Ca-doped BiyTes at
different energies. (f) to (j) The Fourier transform of the LDOS (FT-LDOS) of the Ca-and Mn

doped BisTesz and Mn-doped BisSes.
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Figure 6.5: Origin of QPI patterns in figure ref 6.4 from ref [6]. FT-LDOS (FT of STM measured
dI/dV) maps of Mn and Ca doped BisTes (a) along (I'— M) and (b) along (I'— K). (a) and (b) is
a map of the full warping dispersion relation. (c¢) The band structure measured by ARPES from
conic to hexagonally warped constant energy contours of BisTes. The associated spin-texture is
imposed with gray symbols in the inputs describing the Fermi surface of the conic and warped. The
red arrow on the conic Fermi surface transform into symmetric modes in the (I' = M) and (I — K)
directions shown in (a) and (b), respectively, which is seen in (a) and (b) where the red arrow is
imposed on the dispersion. On the warped Fermi surface, the dark and light blue arrows indicate
scattering vectors along I' — K calculated by JDOS are shown in (b). Also the scattering vector
marked with a green arrow along I' — M is shown in (a). The scattering peaks calculated with
JDOS (d) and SSP (e). (f) Azimuthally averaged radial QPI profile on the conic Fermi surface in
Mn-and Ca doped BiyTez. The theoretical calculated FT-LDOS on (g) a trivial( conventional in
figure 6.1 ) metal and (h) a helical metal as illustrated in figure 6.3.
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a classical magnetic impurity in the charge/spin-unresolved LDOS Eqn. (5.30)

- 20 et B2 2 - L\ -
0pa(r;@,J) = ——3 ltc (wa)T6<f§(W7T)—f12(W7T)) ol = 0pgm (r; 0, J) (6.13)
which except for the ¢! function is the same as that of a scalar Eqn. (5.28)
~ 20 sc(,~ |(:}‘2 2/~ 2/~ L 2
5psc(T§W7J):_;\f t (w’J)TG (fo(WaT)—fl(Wﬂ")) P> (6.14)

and all the impurities, in the charge/spin-unresolved channel, share the same distance

@] (f3(@,r) — fE(@,r)) dependence that determines the decay rate to be a = 2.

But in the spin-resolved mode calculated in section 5.1.2 the spin-resolved LDOS Eqn. (5.36)
pil)i(rj;w, J) depends on the +-spin polarization in the ¢’th direction and the j’th axis to which
it’s projected onto. This feature is different from both the scalar potential and quantum magnetic
impurity and was illustrated in figure 5.3,5.4 and 5.5. In this STM spin-resolved mode calculated
in ref [22], standing waves are not suppressed and hence the decay rate is & = 1 as tabulated
in table 5.3. However, in a spin-resolved FT-LDOS response singularities would occur for the
classical magnetic case, but not for the scalar (and quantum magnetic case). This would show a
different QPI pattern than that observed in the spin-unresolved one in figure 6.4. So in summery;
the classical magnetic impurity keep the isotropic QPI as the scalar which is illustrated in figure
6.4(1) and (j). For the same reason, the QPI pattern in the higher-energy regime in figure 6.4(f)
- (h) for the scalar and magnetic doped materials have the same QPI pattern when probed with
spin-unresolved FT-LDOS.

Now take a look on the radial QPI profile on the conic Fermi surface in figure 6.5(f), which
exhibits a small cusp at the ¢ = 2kp for both scalar Ca and magnetic Mn doped BisTes. The
reddish curves in figure 6.5(f) are from the Mn doped BiyTes of the mid row in figure 6.4(i) and
(j), and blueish curves in figure 6.5(f) are from the Ca doped BizTes of the top row in figure 6.4(i)
and (j).

The FT-LDOS response at ¢ = 2k is a certain signature, that depends strongly on the type
of metal with a circular Fermi surface. This is illustrated in figure 6.5(g) for a conventional metal
and in figure 6.5(h) on a helical metal. It is pretty clear that the cusps in figure 6.5(f) does not
originate from a FT-LDOS response from a conventional metal but on a helical metal, since the
intensity peak of a conventional metal reported in ref [32] are much more strongly peaked and
resembles that of figure 6.5(g). As shown in section 6.1.1 FT-LDOS with a singularity peak as
in figure 6.5(g) for a conventional metal is associated directly with a backscattering and it simply
follows as the Fourier transform of a LDOS with a decay rate a = 1. The other FT-LDOS response
with no singularity peak as in 6.5(h), simply follows as the Fourier transform of a LDOS with a
decay rate a = 2. In the literature regarding a helical metal, exactly this is often associated with
the absence of backscattering.

In order to understand this cusp, we’ll have to calculate the full FT-LDOS Eqn. 6.4

5p(, iwn, J) = St (idy,, J)QUq, icn)] <hfF> (6.15)

with the retarded #™P-(©,J) = t"™P (i, — © + i0",.J) coming from the full T-matrix series of
the respective impurities. Since it is not the Born approximation anymore, but the full T-matrix
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Figure 6.6: Plot of FT-LDOS along a line in the g5, ¢, plane as a function of @ for J/e. = 0.5 in
figure 6.6(a) and J/e. = 2 in figure 6.6(b) . Green contour |5s.p(q2&,@)|/Je.? and blue contour
|8qmp(q20,@)|/Je 2.

now, then the t-factor is restored as t;,, (@, J) given in section 4.3 which for the scalar impurity

J

tse(@,J) = T4 79

(6.16)

and the quantum impurity

—2J%9(@)

gm0, J) = —F5———
(@ J) 1—372g(0)2

(6.17)

and the classical magnetic impurity tq (@, J) = t4m (@, J) is the same as the quantum magnetic
impurity and hence their spin-unresolved FT-LDOS QPI plots are identical, hence only one of
them is shown. The t-factor thus contains both a real and imaginary part, which samples with the
imaginary and real part of the Q-structure.

The radial FT-LDOS responce plots along any line in the ¢, ¢,-plane of scalar and magnetic (the
quantum and classical have same response) impurities are illustrated in figure 6.6(a) for J/e. = 0.5.
and figure 6.6(b) for J/e. = 2. From figure 6.6(a) and 6.6(b) one see, that the resonance peak
at some w < 0 is at the same frequency for both the scalar and magnetic impurities. This peak
occur closer to w = 0 for larger couplings J. For a given coupling J the response of the scalar and
magnetic impurities are almost identical away from the resonance peak. Regardless the coupling J,
for @ > 0 the scalar has no resonance peak but the magnetic peak has a resonance peak symmetric
around @ = 0. These resonance peak intensities grow as the coupling J increases. This means, for
low temperature the Kondo problem sets in and raise the effective coupling, which gives rise to a
larger peak intensities.

From figure 6.6(a) and 6.6(b) the cusp at ¢ = 2kpr( i.e. ¢ = 1 in the figure) very difficult
to see. Therefore the radial FT-LDOS response plots along any line in the g, gy-plane of scalar
and magnetic impurities in figure 6.7 for J/e, = 0.5. The figure 6.7(a) and 6.7(b) show the
scalar FT-LDOS |dps.(q2&,0)| as a function of scaled ¢ — ¢2& for positive @ > 0 and negative
@ < 0 frequencies @, respectively. The figures 6.7(c) and 6.7(d) show the magnetic FT-LDOS
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Figure 6.7: Plot of |d,.p(¢ 2w, )| in 6.7(a) for @ > 0 and 6.7(b) for & < 0. Plot of |§,,q40(q 20,
&,0)

in 6.7(c) for @ > 0 and 6.7(d) for @ < 0. Note that 0,,490(q20,0) = Sgmp(q20,0) = b p(q2
and all are for J/e. = 0.5

[0pmag.(q 20, )| as a function of scaled ¢ — ¢ 2w for positive @ > 0 and negative @ < 0 frequencies
w, respectively.

The radial FT-LDOS response plots along any line in the ¢, g,-plane of scalar and magnetic
impurities in figure 6.8 for J/e. = 2. The figures 6.8(a) and 6.8(b) show the scalar FT-LDOS
[0psc(q20,0)| as a function of scaled ¢ — ¢ 2% for positive @ > 0 and negative @ < 0 frequencies
@, respectively. The figures 6.8(c) and 6.8(d) show the magnetic FT-LDOS |0pm44.(¢ 20, )| as a
function of scaled ¢ — ¢ 2w for positive @ > 0 and negative @ < 0 frequencies @, respectively.

In summery; if one is to be able to distinguish between a scalar potential and a magnetic FT-
LDOS response for a given Fermi level p, one have to probe frequencies w such that © = p+w > 0.
These possibilities are summarized in table 6.1.

This is also what have been done experimentally in ref [6] as seen in figure 6.5(f). From figure
6.5(b) one read that the Dirac energy is Ep = —100 mV and the Fermi level is g = 140mV, which
is just before warping sets in as seen in figure 6.5(a) and (b). The blueish curves and reddish
curves in figure 6.5(f) are for w > —|u|, which is the crucial condition derived above. Hence the
theoretical prediction of the radial FT-LDOS plot, would be, that the scalar and classical magnetic
cusp should resemble those depicted in figure 6.6(a) and 6.6(b), i.e. figure 6.7 and 6.8, depending
on the strength of the impurity couplings. However, from figure 6.5(f) one can hardly distinguish
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Figure 6.8: Plot of |d,c.p(¢ 2w, )| in 6.8(a) for @ > 0 and 6.8(b) for & < 0. Plot of |0mqgp(q 20, 0)|
in 6.8(c) for @ > 0 and 6.8(d) for @ < 0. Note that d,nagp(q20,0) = dgmp(q20,0) = dap(q20,0)
and all are for J/e, = 2

Table 6.1: Table of probing possibilities when @ > 0

Fermi level w probing states
nw=0 w>0 unocc. states (electrons)
w>0 w > —p occ. states (electrons), Fermi surface or unocc. states (electrons)
nw<0 w > |y unocc. states (high placed holes)
1 w>—p
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the cusp deformation of the scalar (Ca) doped from that of the magnetic (Mn) doped material, in
the conic Fermi surface regime. So the conclusion must be, that it is too difficult experimentally
to determine the difference between a scalar and a classical magnetic impurity in the conic Fermi
surface regime at the present state of the art experiments. To my knowledge, ref [6] is the only
experimental article of STM(S) in this regime, and they discuss the experimental difficulties of
probing these states. But one should notice, as discussed in section 5.1, that it is necessary to
understand and experimentally control these low-energy states, if one wish to exploit the helical
metal for technical applications and to provoke exotic topological quantum phenomena not yet
discovered.

Further ref [22] show that the spin-resolved FT-LDOS of both the scalar and the quantum
magnetic impurity vanish completely, but the classical magnetic impurity has FT-LDOS response
with singularity at ¢ = 2k for every spin-polarization. As for the LDOS response this happens
because the T-matrix for the scalar and quantum impurity have the same spin and momentum
dependence Ut(k)U(k'). However, the T-matrix are differentiated by an energy dependent t-
function ¢*¢(w, J) and t9™(®, J), which in the case of the quantum impurity contain the information
about the intermediate scatterings. Notice that these intermediate scatterings are allowed to scatter
in any direction.
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Chapter 7

Discussion

In this chapter, some of the physical features induced by the impurities will be repeated. This will
be done, while keeping track of the similarities or differences between the non-magnetic opposed to
magnetic impurities and the time-reversal preserving opposed to time-reversal breaking impurities.

The resonance peaks in the spin-unresolved LDOS response in Eqn. (5.34) for the scalar, Eqn.
(5.35) for the quantum magnetic impurity and Eqn. (5.36) for the classical magnetic impurity are
fully determined by the ¢-functions: ts.(w,J) Eqn. 4.56, tgm (@, J) Eqn. 4.57 and ty (@, J) Eqn.
(4.58). None of these encounter any singularities, and therefore are the resonance states not real
bound states, but quasi-bound states that depend strongly on the coupling J.

It the was found, that both the quantum magnetic and the classical magnetic impurity backscat-
ter, but the scalar does not. Therefore, at first hand, one would expect the interference of the
classical and quantum magnetic impurities relative to the scalar would be enhanced, because they
both backscatter, but the latter not. The classical magnetic impurity backscatter, because it break
time-reversal symmetry, whereas the quantum impurity preserve time-reversal symmetry while it
backscatter. The backscattering vector is the crucial in this context, as explained in section 5.2,
since this vector connect points on the Fermi surface, that are time-reversal pairs (TRP). Scattering
between such time-reversal pairs dominate the power-low in LDOS and hence also the FT-LDOS
response. However, it was found that this, is not the case, but the charge/spin-unresolved LDOS
interference is suppressed as a decay rate o = 2 for all of the impurities, because they all share the
generic form

~ 2 L~ |(I)|2 2/~ 2/~ L ?
5psc/qm/cl(r;w7 J) = _;% tsc/qm/c (w, J)W (fO (wa T) - fl (wa T)) ( )

o (7.1)

But the energy dependence & and J that appear as t°¢/9"/<!(%,.J) differentiates the scalar by
t5¢(@, J) from the magnetic impurities t9™ (&, J) = t<(@,J). In figure 5.2 the spin-unresolved
LDOS for the impurities are illustrated.

This cause the scalar to have a single spin double-degenerate resonance peak, because it cannot
be spin-resolved due to

i ~ se(r; @05 J
e s (r:0,7) = Lol T) &

The magnetic impurities have two resonance peaks located symmetric around @ = 0, i.e. symmetric
on the electron and hole side. As for the scalar, the two quantum magnetic impurity resonance
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peaks are also spin double-degenerate, since it cannot be spin-resolved due to

; - Pam (1503 J)
Pém,i(r;w, J)= qu (7.3)
For a given coupling J the two resonance peaks of the magnetic impurities are merging each other
due to t9 (@, J) = t°/(@, J). Unlike the time-reversal preserving impurities, the scalar and quantum
impurity, the two resonance peaks of the classical magnetic impurity split into two spin-polarized
peaks, since the spin-resolved LDOS is

; m(r;w,J) 1 '
P, + (150, J) = % F-STr [Gcl(r,r;w, J);] (7.4)

3

#0

This strongly depends on projection into (r4,r,)-plane of the spin ¢ = z,y, 2z polarization. The
6ple’ 4 (r;@, J) decay with o = 1 which is associated with a backscattering channel that has opened
via a spin-flip process due to the classical magnet breaking time-reversal symmetry.

Since the quantum impurity is allowed to backscatter, it would be expected that this would be
reflected in the spin-channel as 6pf1m7 + hence having a decay a = 1 in which the standing waves
in the spin-channel is slowly attenuated. But instead §pém7i(r;(b, J) = 0 because of Eqn. (7.3),
and hence the oscillations in the spin channel is strongly damped as o = 2. This is the same decay
rate as for the scalar case.

The unresolved-LDOS measure the charge or spin-unresolved interference. The attenuation/decay
of these ‘Friedel’ oscillations progress in a power-law long-distance expansion as r~% with distance
r and decay rate index «. The interference of scattering vectors (off the impurity on the surface)
creates these standing waves. If they interfere destructively, the standing wave will be suppressed
and hence decay faster than a standing wave that is not suppressed. The Fourier transform of this
real-space LDOS interference pattern is the FT-LDOS. This reveal which scattering vectors that
was involved in the LDOS oscillations.

On the conventional metal in the 1°¢ Born approximation, electrons scattering off a point-like
scalar potential creates a spin-unresolved LDOS oscillation, which has a long-distance asymptotic
expansion with slow decay rate @« = 1 (as tabulated in table 5.2 section5.2 and in table C.1
sectionC.1) due to its generic form hge cony. (T, 1) = % The Fourier transform of this has
the characteristic shape, as illustrated by the blue curve in figure C.2, of a singularity peak at
q = 2kp (i.e. ¢ =1 in the figure). This resembles the FT-LDOS (of the full distance dependent
LDOS) plotted as the blue curve in figure C.3. Therefore one associate a LDOS decay rate o = 1
with a singularity at ¢ = 2kp in the FT-LDOS response as illustrated in figure C.3.

The singular resonance peak at ¢ = 2kp is the resonance peak singularity of m which
occur for a scattering vector q = 2k between states k to —k.

On the other hand, in the 1%* Born approximation scattering off a point-like scalar potential on
the helical metal creates a LDOS oscillation which has a long-distance asymptotic expansion with

fast decay rate o = 2 (as tabulated in table 5.2 section5.2 and in table C.1 sectionC.1) due to its
sin (2|p|r)

57— The Fourier transform of this has the characteristic

generic form Eqn. (C.1.7) hg(r, u) =
shape, as illustrated by the red curve in figure C.2, of a not singular cusp at ¢ = 2kp (i.e. ¢ =11in
the figure) in the FT-LDOS response. This resembles the FT-LDOS (of the full distance dependent
LDOS) plotted as the red curve in figure C.4. Therefore one associate a LDOS decay rate a = 2
induced by a scalar potential with a not singular cusp at ¢ = 2kp in the FT-LDOS response as
illustrated bu the red line in figure C.4.
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It has not a singular resonance peak at ¢ = 2kp, because the backscattering vector q = 2k
has been suppressed by the helical spin-texture, since the backscattering vector is between states
which are time-reversal partners and hence orthogonal.

In the 1*¢ Born approximation scattering off a local quantum magnetic impurity on the helical
metal creates a LDOS oscillation which has a long-distance asymptotic expansion with a fast decay
rate o = 2 (as tabulated in table 5.2 section5.2 and in table C.1 sectionC.1) due to its generic form
Eqn. (C.1.13)

ham (e, 1) = 3¢ ( = Glyin) _ e (B/ 1) sin ol
acteristic shape, as illustrated by the black curve in figure C.2, of a not singular but deformed cusp
at ¢ = 2kp (i.e. ¢ = 1 in the figure) in the FT-LDOS response. This resembles the FT-LDOS
(of the full distance dependent LDOS) plotted as the black curve in figure C.4. Therefore one can
associate a LDOS decay rate o = 2 induced by a quantum magnetic impurity with a deformed
cusp at ¢ = 2kp in the FT-LDOS response as illustrated by the black line in figure C.4.

The reason why the quantum magnetic impurity decay with o = 2 as the scalar, but have a
cusp deformation instead of a cusp, is because of the second order irreducible self-energy (see the
diagram in figure 7.1)

) . The Fourier transform of this has the char-

3
SO (kK w) oc J2Y D" (S77) 7 (Gae, b, ) GO (ks i o — @ + 1077 (G1e, By )
N——

)
ki ,J x8i

o —g(@)J2U N (¢1)U (1)

This quantum impurity induced self-energy has momentum and spin dependence UT(¢w)U(¢y/),
which is the same as the scalar induced ©(Y). However, its energy dependence g(@) is complex
function of @ whereas the scalar energy dependence is a real constant.

This effect arise due to the sum over impurity configurations. The average of impurity spin
< 848% >oc §; 5, cause an incoming surface electron k' interacting with the vertex in 7-basis
7(¢x,, Py’ ) going out into a intermediate fermion state ki in an arbitrary direction and spin,
but on hitting the next vertex 7%(¢y, @y, ), it is rotated back to same helicity 7. The di%
sum the contributions from all intermediate states, and the sum over vertex i = 1,2,3 ensures
that all the possible spin-rotations in-and-out are included. However, this ends effectively with
g(@0)J2UT(¢x)U(¢ys) which resembles that of the scalar, except for the energy dependence g(@)
which arise because of all the intermediate scatterings. It is exactly this sum over intermedi-
ate states and spin-flippings, that differentiates the quantum magnetic impurity from the scalar.
Therefore this energy dependence manifest itself in the T-matrix Eqn. (5.45) as the ¢-function

2 o
tgm(@,J) = 1:?}% which is different from t,.(@,J) =

over intermediate states.

1++9(@) since the scalar did not sum

_ To conclude: because the T-matrix for the scalar and the quantum impurity have
T % tse/gm(@, J)UT(¢x)U (¢ ), the spin-unresolved LDOS for them both can be expressed as

: 2 ysesampety s IO (g - L\
Opsc/qm (0@, J) = == |0/ U@, ) (3 (@,7) = [ (@, 7)) (UFh> (75)
and likewise the spin-unresolved FT-LDOS as
L 2
3000t pam = S[° i, 1a, 80)] () (7.)
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Figure 7.1: Diagram of the quantum impurity second order irreducible self-energy (2 (k, k/) —

Also the spin-unresolved LDOS and FT-LDOS response for classical magnetic impurity is Eqn.
(7.5) and (7.6), respectively, in the Full T-matrix expansion since only the part
T < tear(@, HNUT(i)U (¢ ) of its T-matrix is picked out and tq (0, J) = tgm (@, J).

In the 1% Born Approximation the induced the surface properties of the quantum magnetic
impurity compared to the scalar and classical magnetic imp.:

o Since T3¢, = JUT(¢)U(¢y) (. tee(@,J) = J) and T, = S (@,J) oc J2U (¢u)U (¢y)
spin-unresolved LDOS response Eqn. (7.5) of the scalar and the quantum magnetic impurity
has the long-distance generic form hg.(r, 1) (Eqn. (C.1.7)) and hgp(r, ) (Eqn. (C.1.13)),
respectively, and both have fast decay rate « = 2 which gives a not singularity at ¢ = 2kp
in the FT-LDOS as illustrated by the black and red lines in figure C.2 and C.4. These long-
distance LDOS expansions are plotted in figure C.1, and for both time-reversal invariant
impurities on the helical metal, i.e hso(r, 1) and hgm(r, i), decay faster than the scalar on
the conventional metal hge gm (v, ) with o = 1 which gives a singularity at ¢ = 2kp in the
FT-LDOS as illustrated by the blue black and red lines in figure C.2 and C.3.

— The T-matrix Tl‘:i{qm o Ut (¢ )U(¢y) makes both time-reversal preserving impurities
to have vanishing spin-resolved LDOS 5pgc/qm(r, @) =0 and FT-LDOS
0pke.qm(Q,@) = 0 as opposed to the time-reversal breaking impurity dpl,(r,@) # 0
which decays slow as o = 1 and FT-LDOS dp;(q,&) # 0. Further the time-reversal
breaking impurity have vanishing spin-unresolved LDOS dp¢(r,&) = 0 and FT-LDOS
dpe(q, @) = 0 in the 1%* Born approximation.

e However, the energy dependence of the self-energy $(2) (@, J) o g(&) arise due to the inter-
mediate spin-flip scattering and differentiate the quantum magnetic impurity from the scalar
potential by deforming the not singular cusp at ¢ = 2kp in the spin-unresolved FT-LDOS
(black and red lines in figure C.2 and C.4). Hence this is a consequence of its magnetic na-
ture, since the scalar is non-magnetic and cannot backscatter. The cusp deformation comes
from the S[E@ (@, J)R[@[* (f2(@,7) — f2(@,7))] ~ cos (2|@|r)r—2

All these features of the surface properties induced by the impurities in the 1°* Born approximation
are summarized in table 7.2.

In the full T-matrix expansion the induced the surface properties of the quantum magnetic
impurity compared to the scalar and classical magnetic impurity:

e In the spin-unresolved/charge channel the T-matrix expansion for the two magnetic impu-
rities, i.e the classical and quantum magnetic, becomes identical ¢ (@, J) = tgm (@, J) and
hence the LDOS Eqn. (7.5) and FT-LDOS Eqn. (7.6) responses are equal. The LDOS
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response is illustrated in 5.2 and all impurities, i.e. scalar classical and quantum magnetic,
have long-distance LDOS expansion with a leading decay rate of a = 2 as tabulated in table
7.1. The FT-LDOS responses are illustrated in figure 6.6,6.7 and 6.8. From these FT-LDOS
response plots one see, that the classical magnetic impurity develop a cusp deformation
identical to the quantum magnetic one.

e The full T-matrix expansion differs between the non-magnetic and magnetic impurities, so
the scalar t-function is different from the magnetic ones t.(@, J) # ta(@,J) = tem (@, J).
This makes the scalar FT-LDOS response dependent on bias frequency @, as illustrated in
figure 6.6,6.7 and 6.8 for J > 0, which were not the case in the 15 Born approximation
illustrated by the red line in figure C.4. Since t4.(w,J) have a ® and < part the FT-LDOS
develops a cusp deformation similar to the magnetic onces for & < 0 (for J > 0).

— The situation is reverse for J < 0 where the scalar potential FT-LDOS get a cusp
deformation similar to the magnetic onces for @ > 0, but have a non-deformed cusp for
w < 0 which differentiate the scalar from the quantum magnetic impurity.

All these features of the surface properties induced by the impurities in the full T-matrix expansion

are summarized in table 7.2.

Table 7.1: Table of a for point-impurities in the Dirac model and full T-matrix.
change in LDOS  (ky,k;) « for spin-unresolved dp « for spin-resolved dp°

scalar TRP 2 -

classical magnetic TRP 2 1

quantum magnetic TRP 2 -
conv.metal 1

Table 7.2: Table of the Dirac models LDOS and FT-LDOS responses in the 15 Born Approx. and
the full T-matrix for the scalar on a conventional metal and the scalar and magnetic impurities on
a helical metal. A blank entry means that the response is not calculated whereas a ‘-’ means that
the response is vanishing and s(J) = sign(J).

LDOS FT-LDOS at q = 2kp
r%:op(r) | rT*:0p'(r) ép(q) ép*(q)
se.conv 1.BA 1 singl.
’ full T 1 singl.
se.hel 1.BA 2 - not singl. cusp for © = £s(J) -
U Al T 2 - not singl. but defm. cusp for © = —s(J) -
1.BA 2 - not singl. but defm. cusp for & = +s(J) -
qm’hd'full T 2 - not singl. but defm. cusp for & = £s(J),ta (@, J) = tgm(@, J) -
cLhel 1.BA - 1 - singl.
T full T 2 1 not singl. but defm. cusp for & = +s(J), ta(@,J) = tgm (@, J) | singl.

The argument presented in section 3.1.1 and 3.1.2 declare, that,

For scattering upon a scalar impurity (i.e. a time-reversal invariant perturbation) on
a helical metal surface, backscattering is suppressed and hence the FT-LDOS response
at backscattering vector q = 2k is not singular as is exhibited in figure 6.2. Likewise
is the decay rate fast a = 2 , because the backscattering vector is forbidden and
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hence the standing wave oscillations (i.e. interference of the scattering vectors) strongly
attenuated. Conversely, the presence of a singularity at ¢ = 2k in the spin-unresolved
FT-LDOS response signal is associated with a slow a = 1 decay rate because the
backscattering vector is allowed, and therefore the standing waves is not attenuated.

This argument is only correct if one know the impurity to be a scalar. Because the argument use
the knowledge, that a @ = 1 from a backscattering vector gives a singularity in the FT-LDOS.
This much is true. But one is not entitle to conclude, that just because the LDOS oscillation
decay with a = 2 and correspondingly no singularity in the FT-LDOS, then no backscattering has
occurred. Because both time-reveal preserving impurities have o« = 2 (and the Fourier transform
of that has no singularity), and since we now know that the quantum impurity in fact backscatter.
So the quantum impurity is a counter example against the argument. It indeed backscatter in
the intermediate scatterings, but have a fast decay rate a = 2 and correspondingly no singularity
in FT-LDOS response because the overall scattering vector between the incoming and outgoing
vectors is like the scalar ©(2) o« UT(¢y)U(¢y+) The intermediate scattering information is hidden
in the energy dependence of ¥(® o (%) which the decay rate do not take into account, because
only the distance dependence matter. But Eqn. 7.1 show that this information can be separated
from the energy dependence, which gives the cusp deformation.

The flaw of the argument presented above happens in the following case: By just knowing that
a single local and time-reversal invariant impurity is present (ex. by STM maps or performing
ARPES of the dispersion) on the surface of a helical metal, one cannot deduce that it is a scalar
potential by measure a decay rate a = 2. This is because the quantum magnetic impurity is also
time-reversal invariant and its LDOS decay with the same rate.

However, one can identify which of the time-reversal impurities is present on the helical metal
by measureing the LDOS response resonances for probe frequencies w > 0 and w < 0. Figure 5.2
show that the quantum magnetic impurity have symmetric resonance peaks, whereas the scalar
potential only have a single peak at @ < 0 for a repulsive potential. If the potential is attracthive
then tha resonance peak would occur at w > 0.

This difference in the LDOS responses are reflected in the FT-LDOS where probing @ < 0
a small cusp deformation at ¢ = 2kp occur, depending on whether the time-reversal invariant
perturbation is a scalar or a quantum magnetic impurity, as seen on figure 6.6, 6.7 and 6.8. For
a attractive scalar J < 0, the situation is reversed, so probing @ > 0 has a small FT-LDOS cusp
deformation at ¢ = 2kp but the @ < 0 only has a cusp.

Neither can the spin-resolved FL-LDOS distinguish between the scalar potential and quantum
magnetic impurity, because the FT-LDOS response of them both is zero, as derived by ref [22].
Actually ref [22] only derived the results for a scalar and classical magnetic impurity, but since
the scalar and quantum impurity is derived here to be proportional to each other, then the spin-
resolved FT-LDOS of the scalar, will also be the same for the quantum magnetic impurity. The
spin-resolved LDOS and FT-LDOS responses can exclusively differentiate between time-reversal
preserving and breaking impurities, because the form have vanishing responses whereas the latter
not.

By the spin-unresolved LDOS and FT-LDOS responses no difference among the magnetic impu-
rities exist because their t-functions tg., (0, J) =t (@, J) are identical. This cause the symmetric
resonance peaks in the LDOS response and the symmetric cusp deformations in the FT-LDOS re-
sponse. Hence it would be tempting to use the cusp deformation as a signature of backscattering,
but since the scalar also develop one, such a signature would be ambiguous.
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The resonance peaks of the spin-unresolved LDOS and FT-LDOS are all determined by the
t-functions Eqn. 4.56, 4.57 and (4.58) for the respective impurities. A general feature is that all the
resonances of the scalar, classical magnetic impurity and the quantum magnetic impurity (when
274 order T-matrix 79 (&, J) is used) derived in this thesis depend on probe energy /frequency
@ = w + p. This has the consequence that, two different systems prepared such that @) = @9 = &g
for some fixed energy wy. For two systems where:

System 1. has half-filling, i.e. p; = 0, and probing away/not directly on the Fermi surface, i.e.
W1 7’5 0,

System 2. has finite-filling, i.e. ps # 0, and probing on the Fermi surface, i.e. wy = 0. Now if it
happen that the values @wg,w; and po are such that 0y = wy = pg, i.e g = W1 = Wq, then both
systems have identical LDOS and FT-LDOS observables.

The feature just mentioned has the consequence that for the quantum impurity (when n@™" (@, J)
is used) all resonance peaks appear symmetric around @ = 0 determined by the ¢t*"P-function, which
is a result of the Dirac model having a symmetric band cut-off. This is not the case for real BisSes
and BisTes material and further the Fermi level may be p # 0. Both are causes, that cause the
resonance peaks not to be situated symmetric on the electron and hole side.

When the quantum impurity induced 3"¢ order self-energy is taking into account, the above
feature is not the case any more, and in this sense, it captures the effect of the Fermi level p and
the states that is being probed, i.e. w < O,w = 0 or w > 0. However the band cut-off is still
symmetric and in this respect the Tqm’(?’)(u,w, J,T) do not look identical to the real BizSes and
BisTes materials. But as argued in defend of the Dirac model in section 2, is not a big worry since
it captures the low-energy physics of these material and later generations of material can be doped
in such a way that the Dirac model becomes very close to a real material.

Recall from section A.3 on the symmetry of 4 (u,w, J,T) for u # 0 and w # 0. Symmetry
consideration of Eqn. (4.40) and (4.39) show that the retarded
¥ for a certain @ = &(w, u) = @(wo, to) = @o, have to obey

REE) (@(wo, po)) = —R5® (@(~wo, —Ho0)) (7.7)
ST (@(wo, o)) = +SBP (@ (—wo, —p0))

This is supposed to be understood such that two same-valued w; and —wy are parametrized such
W1 = @(wr, p1) = O(—wo, —po) = —&p do not (of cause unless wy = —wp and 1 = —po simultane-
ously) have the above derived asymmetry and symmetry relations respectively, i.e

REP (@(wo, o)) # —RED (@(wr, 1)) (7.9)
ST (@(wo, o)) # +SE (@ (w1, 1)) (7.10)

To conclude, the symmetry-feature here is explicit dependent on the parameters wy, pg entering
the parametrization w(wyg, po) = @o. This is a new feature arising in the 3.order self-energy that
is mot present in the 2.order self-energy, where 2(2)(&)) only depends on the value of © = w + p.
ILe. any two different systems prepared such that &, = @y = @ for some fixed energy @wy have
Y@ (@) = 2@ (@y). This means the () (w, 1) depends highly on the Fermi level x and which
state is probed i.e. on w. In () () it is any & and hence no specific reference to the Fermi level.
Notice that this is only for the quantum magnetic impurity.

Before one gets too excited about the quantum magnetic impurity on the helical metal, one
should notice that it actually might not exist at all. The helical metal has very large spin-orbit
coupling in the bulk, because that was the very reason why, the band inversion could take place in
the first instance, and hence drive it to the non-trivial vy = 1 topological phase. But it happens,
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that a surface which has a large spin-orbit coupling also has a strong anisotropy, i.e. an easy axis in
the surface plane. So it cost some energy to align a spin in a different direction that this east axis,
and hence the concept of a free localized spin do not make sense anymore. The Kondo/exchange
Hamiltonian that was used in this thesis, exactly rely on the existence of such a free spin. But if
the Kondo temperature is larger, than the energy cost to flip against the easy axis, then the free
localized spin concept is restored.
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Chapter 8

Conclusion

In this thesis the first and basic question was, what are the restrictions on the electron scatter-
ing imposed by the helical spin-momentum locking, when a helical electron scatter off a single
local impurity. The impurities considered are a scalar potential (time-reversal preserving and non-
magnetic), a classical magnetic (time-reversal breaking and magnetic) and assuming the existence
of a quantum magnetic (time-reversal preserving and magnetic) impurity. It was further investi-
gated how these imposed restrictions influenced the spin-unersolved and spin-resolved LDOS and
FT-LDOS responses, which are measureable by a STM probe. The results presented for the scalar
and classical magnetic impurity was derived in ref [9, 22, 31], but those of the quantum magnetic
impurity are not published except for the LDOS oscillation decay rate in ref [39].

In order to determine the restrictions on the scattering, the 1% Born approximation of Fermi’s
golden rule for the scalar potential and quantum magnetic impurity were calculated for an incoming
+ helicity cone surface electron with momentum k. In section 3.1.1 the squared matrix element
for the scalar potential Eqn. (3.9) wj_ck_>+ i 18 illustrated in figure 4.2. Especially the scalar are
allowed to forward scatter, but direct backward scattering is suppressed as expected.

In section 3.1.2 the possible matrix elements squared for a spin-half S = % quantum magnetic
impurity were calcluated. The ‘impurity non spin-flip’ transition rate Eqn. (3.10) w}" kMoK
is highly scattering angle dependent, and in particular the direct forward scattering is forbidden but
backward scattering allowed. On the other hand the ‘impurity spin-flip’ matrix element squared

gm .
Eqn. (3.14) Wirt ke Mg i independent of angles.

. . . . . . qm _ qm . .
Summing over the impurity spin-polarizations Wy gy = ZM’M/:%ﬁ% Wit ge 4 sm’ xS il-
lustrated in figure 4.2, and note especially that the quantum magnetic impurity is allow to scatter

any angle.

These matrix elements squared enter the inverse transport time T—L, i.e. the time entering the
expression for the conductivity, and it is given by Eqn. (4.23) and (4.22) on the helical metal for
the scalar potential and quantum magnetic impurity, respectively. Likewise on the conventional
Dirac metal the transport time Eqn. (4.24) and (4.25), respectively. In section 4.1 it was derived
that in the case of a scalar potential, the transport lifetime on the helical metal is a factor 4 larger
than on the conventional Dirac metal. For the quantum impurity this difference is not quite that
remarkable, but a factor % larger on the helical metal than the conventional Dirac metal. In any
case, this enhancement is solely due to the helical metal Fermi surface, which in the ‘Dirac model’
has non-degenerate surface states with spin locked tangentially to the Fermi surface momentum.
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For the quantum magnetic impurity the first non-vanshing irreducible self energy contribution
is the second order diagram illustrated in figure 7.1. It is second order in the coupling J, and
hence the surface electron interacts with it twice. Upon scattering with the impurity, the electron

is allowed to scatter any angle due to the calculated square matrix element wi”l_}k, N which is

plotted in figure 4.2. However, averaging the time ordered impurity spin (S%S7) o §; ; cause the
the overall incoming and outgoing momentum dependence to be exactly as the scalar potential.
The intermediate scattering - in any direction - is summed to a complex energy dependece g(@)
given by Eqn. (4.13). Hence the second order irreducible self energy for the quantum magnetic

impurity flfz(, (@) = —%g(of))JzUT(qSk)U((bk/) is just a complex scalar. Hence despite a arbitrary
intermediate scattering, the overall backscattering is suppressed. This has several consequences
for the measured LDOS and FT-LDOS responses as will be described next.

By measuring both spin-unresolved and spin-resolved LDOS (see figure 5.3, 5.4, 5.5, 5.6, 5.7
and 5.7) and FT-LDOS responses, it is possible to identify which single local impurity is present on
the helical surface, i.e. whether it is a scalar potential, a classical or quantum magnetic impurity.
In table 7.2 all the responses of a surface with one of the respective impurities are summarized.

With spin-resolved LDOS and FT-LDOS it is possible to distinguish between a impurity that
break or preserve time-reversal symmetry, since the former has non-vanshing responces whereas
the latter due to time-reversal preservation vanish. This was showed by ref [22] in the case of the
scalar potential and the classical magnetic impurity, but the case of a quantum magnetic impurity
is derived here in section 5.1.2 for the LDOS response and FT-LDOS response in appendix B.2.2.
It simply follows since the T-matrix for the scalar and quantum magnetic impurity has the same
momentum dependence and is given by Eqn. (4.2) and (4.12), respectively.

With only spin-unresolved LDOS (see figure 5.2) and FT-LDOS responses (see figure 6.2, 6.6,
6.7 and 6.8) it is more complicated to distinguish between the impurities.
In case the classical magnetic impurity és strong enough to open a gap in the dispersion, then by
ARPES or STM measurements of the surface state dispersion, it would be possible to infer that
the impurity present is time-reversal breaking, since the time-reversal preserving impurities cannot
open a gap.
In case the classical magnetic impurity is not strong enough to open a gap in the dispersion, then
no ARPES or STM measurements of the surface state dispersion would possibly reveal that the
impurity present is a time-reversal breaking or preserving impurity. With spin-unresolved LDOS
and FT-LDOS responses it is not possible to distinguis between the magnetic impurities. That is
because the the energy dependence of the T-matrix (see Eqn. (4.58)) for the classical and quantum
magnetic impurites ¢, (@, J) = t4m (@, J) are identical in the spin-unresolved probe. Further, it is
only possible to distinguish between the non-magnetic (scalar potential) and magnetic (classical
and quantum) impurities by probing @ > 0 for a repulsive potental. For these probe frequiencies
the LDOS response for the magnetic impurities have a resonance peak, whereas the non-magnetic
potential has no resonanse peak. In the FT-LDOS response at ¢ = 2, i.e. twice the Fermi energy,
this leads to a cusp deformation for the magnetic impurities, whereas the non-magnetic has a cusp.
For a attractive potental one has to probe @ < 0.

Since the quantum magnetic impurity is a complex scalar, then the decay rate (see table 7.1
and table 7.2) r~¢ of the spin-unresolved LDOS Friedel ocillation is fast o = 2, like that induced
by the scalar potential and classical magnetic impurity. So since the quantum magnetic impurity
is explicity showed by wi"i_}k, o to allow any intermediate scattering, then one cannot conclude,
that a fast a = 2 imply that no backscatter occur. It only imply that a overall backscattering is
suppressed in the case of the quantum magnetic impurity.
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If the temperature is lowered to the Kondo regime, then the spin-unresolved LDOS response res-
onance amplitude induced by the quantum magnetic impurity enhances due to an effectively larger
coupling |Jes¢| > |J|. This will also shift the position of the resonances due to inclusion of Eqn.
4.47 I8RO (p, w, Jers,T), which is strongly dependent on the Fermi level i and the probing/bias
frequency w.

Due to the linear density of states (DOS) Eqn (2.17) of a helical metal, the Kondo problem on
a helical metal is largely influenced by the Fermi level pu. This is unlike the conventional metal
because of its constant DOS Eqn. (2.13). When complete symmetry of holes and electrons p = 0
the Kondo problem vanish, whereas it is present for arbitraty assymetry |u| < |D|. At |u| = |D|
the Kondo problem is present for any temperature and do not arise due to a log-singularity, but
from the ultraviolet energy band cut-off. This seems to be an unphysical artifact of the Dirac
model used in this thesis. However, for 0 < |u| << |D| and low temperatures this artifact becomes
negligible, and the 3"¢ order contribution is the log-singularity only. This give rise to the Kondo
problem & temperature Eqn. (4.55) in the helical metal, which is very similar to that Eqn. (4.48)
on a conventional Metal. Both depends exponentially on the inverse coupling-and DOS at the
Fermi level of the respective metals, but on the helical metal the Kondo temperature is inverse
proportional to the DOS at the Fermi level, whereas on the conventional metal it depends linearly.
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Chapter 9

Prospect

As illustrated in figure 6.4(f), one see that, based on experiments, the FT-LDOS cusp of the scalar
and magnetic cannot be distinguished. Therefore in prospect; it would be interesting to do an
impurity averaging over many uniformly distributed impurities (of the same type) placed at §(r;)
on the surface. This might change the FT-LDOS of the magnetic-impurity, so that the small
cusp deformation would either disappear of smoothly deforms to look like the cusp for the scalar in
the 1% Born approximation. In that case it show that one will not see any difference between them.

Calculate the squared matrix elements in the 2"¢ order Born approximation Eqn. (3.8). This
should be a consistency check on the 3" order self-energy. It will show which wi;", \, or wi/",
matrix elements, that will dominate when approaching the Kondo temperature. Further by the
angle dependence in w;", ,, and wi;", ,, 41 will tell which scattering angles that also get enhanced
by approaching the Kondo temperature.

Calculate the matrix element squared in the 1%¢ order Born approximation in Eqn. (3.8), but
including warping (A # 0) It would tell the same as mentioned just above, but more interestingly,
notice that in the warping model the spin-expectation value on the Fermi surface becomes

. O i Ok
2sin ¢y cos 5 sin =

(+,k|5k, +) a0 = 5 —2 cos ¢y cos %“ sin %“ (9.1)
cos Oy

where tan 0y = k2/(k? cos3¢k). So (+,k|5|k, +)rz0 = cosbx # (+,k|5k,+)[x=0 = 0, which for
angles cosf = 1, the state 7%|k, +) is parallel to (+, k|, which mean that the quantum impurity
in the 1% order Born approximation is allowed to forward scatter for some angles ¢y such that
cosfy = 1. Remember the ‘impurity non spin-flip’ matrix element squared in the Dirac model
(A=0)

m d— b\

qm _ 2 — Y

WA ks Mot K =0 = 2771‘] sin ( 9 ) (9.2)
but this is not the case any more in the warping model where

qm

WALt ke i A0 =T (9.3)

which for sure have an impact on the inverse lifetime and the inverse transport time. One might
speculate that the result would approach, that of the scalar, since it is allowed to forward scatter
which it was not allowed in the Dirac Model.
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Appendix A

3 oder self energy

The dependence of IX3) and RE®) on the parameters A and p have to reflect that Sp and Rp
respectively. Therefore symmetry considerations on Sp and Rp with respect to the parameters
mount to clerify the symmetry-structure of the self-energy but also a consistency controle of the
calculation. In order to survey the resulting IX3)-F(X\ 1) and REC)E(X 1) in the relevant limits
A — 0 and g — 0 in the cases where both limits are taking simultaneously or singly, the derivations

are devided into three cases which should transform into eachother in the relevant limits.

Al For p=0,w+#0

Since w # 0 and 1 = 0 then ¢ # 0 and A = 0 thus ¢ = ¢ # 0. Symmetry consideration of Eqn.

(4.40) and Eqn. (4.39) show that the retarded p have to obey

)
)

Rp(¢) = —Rp(

—¢
Sp(¢) = +Sp(—¢

A1l Sp(o)

Define notation sgn(-) = s(-) and

. 73 1
14 7/¢n = :
(i) mzn:s Mq1 — 13G3 iPn — N1

o k)
g —q3 q+gs3 ion —q1  i0n+ @1

( 1 1 ) 94 ( 1 1 )
q3 - = - q1 -
G1—q3 q1+g3 B+ GB—q

simplify the first integration to yield

Using that

1

1

L dgs N 1 1
\ 5, 13 plig) = o [—2 +aq (log(l + a) —log (=1 + ql)ﬂ <i¢n
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focusing on the imaginary part, the second integral becomes

Ydg ! dgs N 9] ] 9| +1

thus
D|w| lw| 1 D + |w|
& =— [1——=1 1.
SR(w) 5 [ D 5108 5= o] (A.1.3)
A.1.2 Rp(p)
1 1 1 1
Rp(6) = - n )
PL2) <Q1 - q +Q3> (¢— @ ¢9+ta@
Using
1
a — 14 (A.1.4)
q1 — g3 q1 — g3
and
1
q1Q1+Q3 ‘it a
together with
1 1 1 1
Y (g )
(¢—Q1 ¢+Q1> (@) 9l =1 |9l + @
then
1 1 1 1
d R =5 /d ( + > ( + >
/ 1o Rp(9) (¢)as o q1 — g3 q1+qs |¢| —qQ1 |¢>| +q
~ s(0)as (T(6.00) + 206
Here we encounter two equations that will appear several times. Henceforth define
lo la|(1—qgs3) lo lal(1+g3)
1 1 1 1 g e g L
T(a,q5) = /dq1 + - (55) (5555) (A.15)
lal —q1q1—q3  lal+a1q1+as la| — g3 la| — g3
and
lo la|(1—gs) lo lal(1+qg3)
1 1 1 1 g 1+|a g 1—|a
Q(a, gs) = /dql + _ s (i) + (5t55) (A.L6)
lal+q1q1—g3  lal—q1q1 +g3 lal + g3 la| + g3
both for a,b €] — 1,1[/{0}. At last
RR@w) = D? [ 984,90 g — (2 2/1(:1 @@ (0 0+ 22 0) (AL
= o 27TQ3 27TCI1 P ~\ a9 o q3 $\W)q3 DaQB DaQS -1

which is left to be calculated numerically.
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A2 For y#0,w=0

Since p # 0 and w = 0 then ¢ = 0, A # 0 and ¢ = A # 0. The symmetry of Eqn. (4.40) and Eqn.
(4.39) show that the retarded p have to obey

Rp(A) = —~Rp(—A) (A2.1)
Sp(A) = +Sp(=A) (A
A.2.1 Sp(A)
s(13q3 — )
Sp(N) = ———(—7m)0(A —
p(A) 2771611*773%( )8( ma)
nins
- A 3+ A 3 — A A
. [(S(qs ) slas + >>5(>\—q1)+ <8(q$ ) s(as + )>5(A+q1)]
q1— g3 q1+q3 —q1—¢3  —q1+4gs3
then
tdg {5(113 Al 5(Q3+|)\|)]
—q1 Sp(A) = —|A —
/0 27Tq1 P() | | |)\|_q3 |)\‘_~_q3
the first term of which gives rise to a log-singularity from the principal value as
1
dgs s(gs —[A) _ 1
By DB U o 214 20M — [Alog |A| — [A]log (1 — 2|\ 1
s ST o = 5 1+ 21A — M log [\ — [\[log (1~ [X) + 21| 1og
whereas the second term is finite
Ydgs s(gs+A) 1
— g ———"=—11 1 — |A|log (1
s M = g L+ g = Allog (14 )
thus
Dlp| il el (1, D+l T |l
93 — 1 L LG N L § _ - i
SR(p) = 5 {1 5~ p\3 log D= + log D log D (A.2.3)

where T'/D mathematically is the Cauchy-principal infinitesimal parameter (§) that gives the log-
singularity but physically is the ‘dimensionless temperature’.

A.2.2 Rp(N)

s 71q1 — N3g3 A — @1

s(V) (S(%IAI) S(q3+|)\|))+ s(N) <5(q:s+|/\|) S(%IAI))

SN —a@ G -4 @t Al + a1

q1 — g3 q1+ g3
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Using Eqn. (A.1.4) then

/d‘h @1 Rp(A) = s(A) (s(gs + [Al) — s(gs — |)\|))/dq1 (|/\| 1_ P 1_ q1>

+5(Mas | s(gs — [ADT(A, g3) + s(gs + X)X, g3)

2
= s(A) (s(gz + |A]) — s(gz — |A])) log <1 l_)\)\|2)

+5(A)gz [8(g3 — [A)T(A, g3) + s5(g3 + [A)Q(A, g3)

At last

0 or 1 or 4

s(p) (217)7)2 (/01 %qa (s(gs + |pl) — s(gs — Iul))) log (DQMT#J

2 1
s (50) [ e [smg DU 45) + sas + DAL, q3>]

= —s(p) <2€r)2“2 log (D?“—L'QI/LI?)

2 1
w0 (52) [ amsd [smg DTS a5) + (a5 + )25 )

(A.2.4)

which is left to be calculated numerically.

A.3 For y#0,w+#0

Since p # 0 and w # 0 then ¢ # 0, A # 0 and ® = ¢ + A is allowed to take any value between
—1 < ¢ < 1. Symmetry consideration of Eqn. (4.40) and Eqn. (4.39) show that the retarded p,
for a certain ¢ = (¢, \) = d(¢o, Ao) = ¢o, have to obey

Rp(A(h0, M) = —Rp((—¢o, — o)) (A.3.1)
Sp(d(d0, X)) = +Sp(d(—0, o)) (A.3.2)
This is supposed to be understood such that two same-valued ¢1 = ¢(é1, A1) = ¢(—po, —Ao) = —¢o
do not (of cause unless ¢1 = —¢g and A; = —\¢ simultaneously) have the above derived asymmetry

and symmetry relations respectively, i.e

Rp($(d0, Ao)) # —Rp(d(61,\1)) (A.3.3)
Sp($(do, No)) # +Sp(d(¢1, 1)) (A.3.4)

and further generally
Ro(d1) # Rp(¢2) (A.3.5



even for those same-valued ¢; = ¢(¢1, \1) = d(d2, Aa) = P if ¢y # 2 and py # po. To conclude,
the symmetry-feature here is explicit dependent on the parameters ¢g, Ao entering the parametriza-
tion ¢(¢o, \o) = ¢o. This is a new feature arising in the 3.order self-energy that is not present in the
2.order self-energy, where 2(2)’R(¢~5) only depends on the value of ¢ = ¢ + \. Le. any two dlfferent
systems prepared such that ¢; = ¢o = ¢ for some fixed energy ¢ have X(2):R (¢1) (d)g)
This means the X3)7 (w, 1) depends highly on the Fermi level u and which state is probed i.e. on
w. In X)E(3) it is any & and hence no specific reference to the Fermi level.

A.3.1 Sp(p,N)

Sp(on) = 3 2B =N (55 )

nins 71491 — 1343

S [(smg -\ s(q3+A>) 56— a) + (s(q3 ~ N sl )

g1 — g3 q1+ g3 —q1 — Q3 —q1+ g3

)ao-+a)

First integration yield

Yar oy B[ (slas =) slast N gogy (@A) slas =N g g
|| Srmssen =- K 19— |<Js+q3> (¢)+<|¢3qs |a”s|+q3) ”’)}

Using
( _ a3 )_( a3 ~>_ Q3—|<%|Jr |¢~>\~ - _1_ |<Z~5|~
o] — g3 q3 — || g — |6l s — ¢ q3 — |4
and
43 (J3+|¢:5| _ El o 9] _
ol +as  as+19] a3+ |9 a3 + ||
then
L La
; %% %fh Sp(o, )

- 'é'[ /d2q7:’((%—)\)+s(q3+/\)) ';b'/o W (Merd_mod) e

9| +q3 g3 —|9]
|¢| dgs ( g3 — A) 5(Q3+/\)) e }
/ FET A

the first integral

— [ S (sfas =)+ slas + ) =2 - 2N
0 27

the second

/01 (;7(53 (SEF:;;) B S;;]a_—g])) 0(¢) = [log 1 i_ :ﬁ: —s(\) (2 log || — 2log ‘|<5| - )\D] (o)
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the third

" dgs <S(qs—A) s(q3+A)> - 1+ 9] : : :
443 (59 - M) o(—d) = 2L s (21 —92] AN e
/0 3 \olra a1l ) O = [l o ) (2108 16| — 2108|161 + A ) | ©(~0)
thus
0| D o] 1 D+ |&

— ||
—s(ﬂ)%' Klog |°~”|D_“‘ ~log |°"D|) 0(@) — (1og“7’|5”‘ —log g) @(—@)] ]
(A.3.7)

_ [«ID - il ol D+ ol @ vl 2
=5 O(D —|w]) |1 D" D3 log D— |5 s(u)D log o) log D (A.3.8)
D

&|D . R + @] & o NG
:T@(D—|w|) 1——=—-—==1o - log o) —log i)

™ D D3%®p-m *Wp
(A.3.9)

for D > |@|. The three different forms Eqn. (A.3.7),Eqn. (A.3.8) and Eqn. (A.3.9) of SR(u,w)
are all identical but each eludiciate features the others don’t. As will be discussed below the Eqn.
(A.3.7) illustrates well the limits © — 0 and @ — 0 when w # 0. The Eqn. (A.3.8) explictly reveal
the log-singularity when probing the fermi-surface, i.e. the limit w — 0( @ — p ), and the arise of
a temperature (T') dependence is explcitly inserted in Eqn. (A.3.9).

Contourplots of SR(u,w,T) as function of u and w for two extreme temperatures, 7 = 1 D and
T = 0.0005 D, are shown in figure A.1(a) and (b) respectively.

(S
| 9500

“‘ 0 P
L7 ImMR(T=D)/e.?
17 -500

Figure A.1: Plot of SR(u,w,T)/e? as a function of u/e. and w/e,. for a given temperature and
all have D/e. = 100. The upper row (a) and (b) have T' = 1D, the lower row (c) and (d) have

_ : : SE®E (4w, T)
T = 0.0005D. Note that this plot is also a plot of O (oD /)73y
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A.3.2 Consistency check of Sp(u,w)

Symmetry: The general expressions Eqn. (A.3.7),Eqn. (A.3.8) and Eqn. (A.3.9) obey the
symmtry of Eqn. (A.3.2), likewise those of Eqn. (A.1.3) on Eqn. (A.1.2) and Eqn. (A.2.3) on
Eqn. (A.2.2).

The symmetry of SR(u,w) and therefore IXG)%(y, w) has the symmetry Eqn. (A.3.2) which
IL@)E (1, w) respects. This has to be so for every order IX("-F(p, w) for n € Z which is easily
realized by notning that the total self-energy for arbitary number of multiple scatterings entering
the total T-matrix for the corresponding scatterings. For example the first order in the total
T-Matrix 7M+@+@)+ = 5:(1) 4 52 4 $G) 4 ... determines the symmetry and hence each
ith self-energy £(9 have to respect the symmetry of the T-matrix and the rest of orders in the
self-energy. This is also the case of the real part RR(u,w) and hence also SLG)E (1, w).

Limit g — 0: In the topological transport regime approaching the spin-degenerate point. For
i, w > 0 the limit reduces @ — w. Only the ©(@)-part of Eqn. (A.3.7) is picked up and

log m
D

thus Eqn. (A.3.7) reduces to Eqn. (A.1.3). Likewise for p,w < 0 except it is the O(—&)-part.
This is illustrated in figure A.2(a) for a frequency w = wp = 3; the red line SR(u,wo = 3), Eqn.
(A.3.7), intersect the blue dashed line SR(wp = 3),Eqn. (A.1.3), when turning p = pg = 0.

The reason for the second intersection, i.e. u = pp = —6, between the two, in figure A.2(a), is
of a different nature. This is because when the frequency is set wg = 3 and turing yu = pg = —6
makes |@Wg| = |wo + po| = |3 — 6] = 3 = wp and the O(—w)-part (the other do not contribute)

log ‘ ‘WOH“O —log % = 0 thus Eqn. (A.3.7) reduces to Eqn. (A.1.3) which is the intersection.

@l
—log— | =0
e

50

27 puL . 27l w

. . .
-10 -5 5 10 hove -10 -5 5 10 hove

Figure A.2: Plot (a) The red line SR(p,wo = )/e and blue dashed line SR(wp = 3)/e2 as a
function of p/e.. (b) The red line SR(up)/€2 = 3,w) as a function of w/e..

Limit w — 0: Probing the half-filled state corresponds to @ = 0 which can be approched from
two directions for a certain-sign chemical potential. For p > 0( and analog for p < 0), the limit
@ — 0 can be approched from the direction w — —p* (0 = 0%) and w — —p~ (@ = 07) both
from a initial frequency w < 0. The former pick up the ©(w)-part and latter the ©(—&)-part of
Eqn. (A.3.7). The ©(+)-part respectively have || — |1 — p*| ~ |0 = 0 and

7 " - = - =
<log‘|w|l;':u‘10g|wD|)@(:|:(IJ)%<log | — |:F#’log'u p |)@(i(ﬂui))

D D
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This tend towards a log-singularity but a factor |©|> — | — p*|? in Eqn. (A.3.7) kills it. Conse-
quently

SR(pu,w) = 0, for & — 0 (A.3.10)

This is illustrated in both figure A.2(a) and (b). Figure A.2(a) is for at certain w = wy = 3 and
turning g — po = —3 thus &9 — 0 and SR(u,wp) — 0. The reverse is illustrated in figure A.2(b)
for a certain pp = 3 but turning w — wy = —3 thus Wy — 0 and SR(u,w) — 0.

Limit |©| — |p|: Probing the fermi surface corresponds to @ = p which occur when turning
w — 0. The fermi surface can be approched from two directions for a certain-sign chemical
potential.

For p > 0 the limit & — p can be approched from the direction w — 0% (& — u*) and w — 0~
(0 — p7), the former from a initial frequency w > 0 whereas the latter from w < 0 but both
directions pick up the same ©(@)-part of Eqn. (A.3.7). The limits w — 0% makes @ — pu* ~ p
thus

+ +
pE| = p
|l|)’ —log y) O(u*) ~ — <log

—qm<b4“tﬂﬂ—bgg>@@yﬁ—o%

T |l
D] ~tox ) o)

which reduces Eqn. (A.3.7) to Eqn. (A.2.3) as required. For p < 0 a factor +s(u) = — in front of

the ©(—&)-part ensures the right signs of log | 2| and log I,

A.3.3 Rp(\ 9)

s - A 1
§RP(¢>, /\) _ Z (773% ) _
e ML 71303 & —

1 (S(Q3—/\)_5(qg+)\))+ 1 (5(613+)\) S(Q3—)\)>

Q1 — g3 q1+qs (Z~5+q1

o—q q1 — g3 @1+ qs

Using Eqn. (A.1.4) then

/mewM

= (slaa — A = s(as + ]\)) [ das (,@ l_ql 14 1+q>

+30(0) [s(as = NT(,43) + s(g3 + N, 43)] — 13O(=0)[s(g5 — MU, 43) + (g3 + N, 43)]

= (s(g3 — |A]) — s(g3 + |A])) log < 9| )

1— g2
+q30(9)[s(g3 — MT(9, q3) + 5(a5 + NQe, g3)] — ¢30(—) [s(g3 — N, g3) + 5(g3 + N9, g3)]
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At last

RE(p,w)

o 2m 7 2m

Figure A.3: Plot of RR(u,w)/e2 as a function of y/e. and w/e. and both have D /e, = 100.

A.3.4 Consistency check of Rp(u,w)

Symmetry: The general expression Eqn. (A.3.11) obey the symmtry of Eqn. (A.3.1), likewise
those of Eqn. (A.1.7) on Eqn. (A.1.1) and Eqn. (A.2.4) on Eqn. (A.2.1).

Limits ¢ — 0 and @ — 0 : Figure A.4 plot the blue contour RR(u,w) = RR(p) and red
contour RR(u,w) = RR(w), thus illustrates the two limits. This is to be understood such that for
a given chemical potential p = pg then Eqn. (A.3.11), RR(po,w), reduces to that of Eqn. (A.2.4),
RR(po), for w — 0 illustrated by the blue curve. For a given frequency w = wy then Eqn. (A.3.11),
RR(p,wp), reduces to that of Eqn. (A.1.7), RR(wy), for u — 0 is illustrated by the red curve.

10F 3

hve
0

2rlw

Figure A.4: Plot of RR(pu,w)/€2 = RR(u)/e2( blue contour ) and RR(p,w)/e2 = RR(w)/e2 (red
contour).
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A.3.5 Real part of the 3¢ order self-energy

The real part of the retarded 3. order self-energy in the o-basis is finally (Eqn. (4.38) with Eqn.
(A.3.11))

4 2 ~ 12
@R~y _ S(S+1) 5 L D= 2 [ = 0
%Ek’k, (@) = 5 J hor ) 1n2 s(p)p* log Do +E(p,w)| T (A.3.12)

where
=) = [ dandd (e@v) [5(a — W)@, 45) + s(as + 12, g3)]
-0 [s(ta — 1)@ 1)+ la + T a0 (43.13)

The real part of the retarded 2. order self-energy in the o-basis is

2 2
(2),R _ S(8+1) L[ L - D= I~ 0
?REhk, (1, w) = — J Hror wlog el 1)eD—|x|)T (A.3.14)

The real part of the total irreducible self-energy upto 3. order is

1 2 2
w25 () (2

Am B
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Appendix B

Spin-unresolved FT-LDOS

Per definition

op(q,iw,) = /drexp (iq-r)Tr[dp(r,r;iw,)]
, LN\ [ d% [ L\ [d |, L ,
_ iqr _— _— ikr —ik -r k. K :id
/dre r (pr) /(27r)2 (hvp) /(27T)2e e 0 Gk, k ;iw,)
2 2 2
o (L) [ 5 () S
hUF (27‘()2
. LN\ [ dk ([ L\ [d& 1 . L ,
— 1qr _ _— - ikr_—ik -r L~
= /dre (th) /(27T)2 (th> /(271_)2 22,Tr [6 e dG(k,k ;i)

_e—i k~r6i k/ r (5 G(k, k,; id}n)

R}

T[S [eik'”e_ik"réG(k, K i) ||

~——
*

- % (fWLF)Q/ ((2172:){2 /ko, Ir [5(‘1 +k—K)§G(k K ;i) — 6(q—k+k) (5 Gk, K ; zwn))}
2 2
- 2% (hﬁF> /é;;TT’ [0G(k,k+ q;icon) — (0G(k, k — q;i))"] (B.0.1)

s0 6p(q, i@y, ) is in units of energy —*.

) 2 )
The definition of the Fourier transform was f(r) = 75 >, fue %% — (hip) i (gil)‘,z f(k)e ik

in units of L=%energy ! and f(k) = [dr f(r) e~ in units of energy ! with
[dre=ixr = (27)2 (hwp)? 6(K).

B.1 For the scalar potential and quantum magnetic impurity

Both can be expressed as T(k, k + q;iw,) = t(iw,) thk Uperq SO

§ Gk k £ q;ity) = (i) Up, GO (ks i, )UJ Ug,y GO (k % ;i) U}

Pktq

t(i0n ) GO (k3 ic0n ) GO (k =+ ¢; iy, )d (B.1.1)
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which is inserted in
A i) Z/deTr[dG(k k+ g icon)]
q’ n) — (277)2 ) qa n
= t(i& )/dszr (GO (ks ic0,) GO (K + q; iy, ] (B.1.2)
n (27_[_)2 b n k) n b

which is the first term in Eqn. (B.0.1) and the second term

d*k TR

WT’I“ [(5 Gk, k — q;idn)) ]

2
- / éwl;ﬂ [(t(i@n))* (GO (ks i) GOk — q;idon))”

= (t(idn))" / %Tr [(Go(k;iazn)GO(k — q;id,))"

*

}
}
= (t(in))" (/ (‘;?)‘2% (GO (k; i) GO (K — g; im])
)

2 (t (i) (/ %TT (GO (ks i) GO (K + q;i0n)]

2 *
_ ( / (‘217:)‘2%« [t(id3n) GO (ks i) GO + ian>])
= (Aq;i@n))” (B.1.3)

where in (*) it was used that Tr [GO(k; i@, )G (k + q;icn)] = Tr [GO(k;ic,)GO(k — ¢;iwy)] as
will be evident further below but can be understood by shiting k — —k.

To conclude the spin-unresolved FT-LDOS, Eqn. (B.0.1), for a scalar potential and a quantum
impurity becomes

so(aion) = o (Masizn) ~ iz () = miaiasionl ()
=1Im [t(i@n)/ (‘;I;Tr [Go(k;iwn)GO(k+q;i@n)]] (hﬁF)Q
— T [E(i63,) QU iG] <hﬁF>2 (B.1.4)

with (See next subsection
‘Derivation [ d*k Tr[Go(k; id,)Go(k — q; idn)])

Qg i) = / (;17:)‘2 Tr{Go(k: i) Go(k + g iGon)] = % (—F(z) + m% + 1)) (B.1.5)

and the t-factor for a scalar potential

1+ ugR(@)

tsc(wva) (B16)
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and for the quantum impurity:

—3J2a(&
tym (@, ) = — 4 9(@)

= T rer (B.1.7)

B.2 For the classical magnetic impurity

The T-matrix

- S -7 — g(in)|S|?
Tk,k:l:q:U;k( g( )| | )Ud)kj:q

1 — g(iwn)?|S]?

5 Gk, k + q;idn) = Uy, GO(k; i, U

S -7 — g(i,)|S|?
Pk

~0 i i
TS ) Unso GO wicn) U,
=t (i@,,) G° (k3 i, ) T GO (k £ q3in) + ta (i, ) GO (ks icn ) GO (k £ g5 icy,)
(B.2.1)
where the Einstein sumconvention is implicit and of cause in accord with the no. of compotents
in the magnetic Hamilton V,; = S%r’. The t-functions #} (i&,) =

2 .~
%. It will be evident below (See next subsection

‘Derivation [ d*k Tr[Go(k;id,) 7% Go(k — q;i@y,)]")

5’1 .~
Tg@orrsp and Ba(in) =

2
k . ,
0= / d Tr [t (0 ) GO (kyicn) T° GO(k + q; i)

(2m)?
= ¢’k Tr [t (i@,) G° (kyicn) 7' GO(k — q; i) B.2.2
/(2%)2 1 (icon, 31y, q; 1oy, (B.2.2)
So what’s left is this
Ao (q;idy,) —/koTr [0 Gk, k + q;iw,)]
(2m)?
:tg(id;n)/d2kTr (GO (ks ic0,) GO (k + q; in )]
(2m)2 ’ e
= ta(iwn )QAq; iwn) (B.2.3)

and finally redefine t5 (i@, ) = t¢(i®,). To conclude the spin-unresolved FT-LDOS, Eqn. (B.0.1),
for a classical magnetic impurity

plet i) = 5= (Ao(at i) — (Aa(at;i,))") = T [As(s i)
=g [td(mn) / %Tr (GO (ks i) GO (k + q; i )]
= S [te(i0)q; i) (B.2.4)

where the Q-structure is the same as for the scalar and gqm-impurity, but the t-function for the
magnetic impurity

ta(@,S) = <m>

= tym (@, J) (B.2.5)

when the strength is scaled $% = 3.J2.
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B.2.1 Derivation [ d’kTr[Go(k;i@,)Go(k — q;id,)]

Go(k;iw,) = [id}nTO - Ho]f1 = [i(Z)nTO — (ky7Y — kmi)rl

: o~ 0 Yy _ T -~ 0 Yy _ x
T —i— ko kyT _ 1 10, T —i: kot kyT (B.2.6)
(ion)? — k? w2 + k?
with k% = k2 + kg Likewise
Go(k — g;iwn) = [ia}nTO - H0]71 = [i‘:’nTO = (ke — qu)7¥ — (ky — Qy)TI)rl
_ 10n T + (ky — @)Y — (ky — qy)T°
B (i )2 — k2
10n 0 + (ky — qu)7Y — (ky — q,)T"
— 1= z z Y Y B.2.
FERA 20
with (k — q)? = (kx — q)? + (ky — qy)?. The quantity
—@2 + ky (ke — qu) + ky(ky — qy)
A2k Tr[Go(k; i) Go(k — q; idn)] = 2 [ d2k —Ln T Fellle — dz) T Fylly — Gy
/ r[Go(k; iwn)Go( q; ion )] / (@2 + k2) (@2 + (k — q)?)
1 9 k2
=2r d dk ——
11/0 33/ EEE
' 2 2 1
—2r de A% | &k ——5—
o, aee? [
=2-1-(I; = Ip) (B.2.8)

with A% = @2 +2(1—2)¢? and x being the Feynman-Schwinger parameter. The last equallity came
a=1(]_g)f-1

about invoking the Feynman-Schwinger parametrization ﬁ =Tug fol dx W, Lyp =
L(a+p)

FT(B) and shifting momentum k — k + (1 — x)q and retaning only equal powers of k; since odd
powers will vanish when integrating. The factor arose as 2 = Tr[r?] and I',5 with T'(n) being the
usual Gamma-function taking integer argument n evaluates to I'y; = % =1.

Since the integrals I; and Iy only depend on the magnitude of the momentum they’re easily
calculated by shifting to 2-dim polar coordinates: [d’k = [ d¢y fOD dk = 2m fOD dk k

1 2 1 2 2 2
k D+ A D
_ 2 _
= [l e = [ (050 - 50 )

1
=71 | -2 —1—z2tan_1(ﬁ)+2 —1— 22— 22tan" ! (

1

o

=2

+1n(DQ+1)> —7

@n
=7 (-2v—-1—-22tan"! (¥)+1+1H(D72+1)
N vV—1—22 w2
D2
= <—F(z) +1+1In (E + 1)> (B.2.9)

108



with definitions z = 222, F(z) = (=1 — 2%)g(2) and g(2) = \/%_Zztan_l (\/%_ZQ) The integral
was simplified by following approximation \/—1 — 22 — 22 = |z,]\/— & — z—i — 1 & i|2«| when the

ultraviolet band cut-off D >> ¢ and D >> @,, hence z, = % >> 1 and z, >> z. Therefore

1 1
2y/—1—22 — 22tan" ! ( ) & 21 |z tan ! (=)
—1—22—3 Z‘*‘
—1, L 1 -3
Zx Zx

in the limit of small probing frequencies @,, compared to the ultraviolet cut-off D as given above. A

—m. Letting the cut-off approch infinity

. . . .ol 2
similar approximation has been done in fo dz — ﬁ =

the integral

1 [es) 2 1
k 1
I, =2 A2 —— =2 A = B.2.11
2 7r/0 dx /0 dk CEYE 71'/0 dx sAz =7 ( )

To conclude

D2
/d2kTr[G0(k; i0n)Go(k — q; i@, )] = 27 <F(z) +In (=5 + 1)) = 2mAoo(q,i®)  (B.2.12)

n

the last equality expressed the same quantity in notation of ref [22].

In the derivation of the spin-unresloved FT-LDOS it was used that
[ APk Tr[Go(k;ii,)Go(k — q;i@,)] = Q(q;id,). That this is so can easily be seen by shifting
k— -k

/ Pk Tr[Go(k; i) Go(k — q; iy, )]

R /d2k Tr{Go(—k: i) Gol— (K + q); icon)]

B oy —@p + (ko) (= (ko 4 q2)) + (—ky) (—(ky + qy))
=2 / N (N ) 3

o 9, —Wz + ko(ke + 2)) + ky(ky + qy)

*2/‘“‘ @2 + ) @2 + (k + 9)?)

- /ko Tr[Go(k; i, )Go(k + q; i@n)] = Q(q; i@n)
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B.2.2 Derivation [ d’kTr[Go(k;i®,) T Go(k — q; i, )]
The quantity

d’k o
/(ﬁTr[Go(k,zwn)T Go(k — g;iwy)]

2m)
=2 / A’k iy ((2ke = g2) 6y — (2ky — y) 8i) i (ky (ke — 4z) = kalky —gy)) b
(2m)? (@2 + k2) (@02 + (k- q)?)
! d’k (1 —22)q.0;y — (1 — 22)q,0;
9T .~ xViy yYirx
n [ @ i (12 + A7)

B ! d’k 1
=2I"11 iwp, (qm§iy - Qy5ir) ) dz (1 - 293) (27r)2 (k:2 ¥ A2)2

! 2 1 1
=T+ i I ) 1-2 — -
11 Wy, (Qw(szy qy0; z) /0 da ( z) ((27r)2 2 A2)

2r 1 ! (1—2x)
=211 —— = i@ (q20iy — Qy0i s de ————— =0 B.2.13
11 (27’()2 2 w (q Yy Qy ) /(; T On -I-.’E(l _ 1’)(]2 ( )
=0

with A? = &2 + 2(1 — 2)¢?, x the Feynman-Schwinger parameter.
The last equallity came about invoking the Feynman-Schwinger parametrization

1 a—1 1— B—1 T + .
tog7 =Lagp [y dz W, Tup = F(EXO;F&)) and shifting momentum k — k + (1 — z)q and
r(2)

retaning only equal powers of k;. I'ys was evaluated to I'1; = TOrm = 1 with I'(n) being the

usual Gamma-function taking integer argument n and the factor arose as 2 = Tr[7°].
In the derivation of the spin-unresloved FT-LDOS it was used that

a2k e P a2k o .
/ (QT)Q TT[GO(ky’LWn) T GO(k + Q7ZW71)] - / (QT)Q TT[GO(/@,’LW”) T GO(k — q72wn)] =0

. That this is so can easily be seen by shifting k — —k

d’k i
(ﬁTT[Go(kwwn)T Golk + g;ion)]

27)
y / Pk (—i@n) ((2ks + q2) 6y — (2ky + @) 0ix) + i (ky (ke + q2) — ku(ky + qy)) 65
(2m)? (@3 +k2)(@f + (k+q)?)
Lood®k - (1—22)qu0iy — (1 —22)q,0i 0
—2F11/0 dz e Wy, (2 + A2)2
d’k o .
= / 2n)e Tr(Go(k;iw,) T Go(k — q;i0,)] =0 (B.2.14)

So after involking the Feynman-Schwinger parametrization technique and the shift in momentum
k — k — (1 — x)q the two integrals are shown to be identical and zero.
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B.3 FT-LDOS on the conventional metal

In principle all that is needed is the spin-unresolved FT-LDOS defined as the retarded quantity
5p(q,w) = dp(q,iwn, — w+i0T) (B.3.1)

where by defintion
Spavien) = [ drexp(ia: ) Tr plr.riicn)

d’k .
= 27/ Ok Tr [6 Gk, k + q;iw,) — (6 Gk, k — g;iwy))”] (B.3.2)
i
and * denotes complex conjugation.
The conventional metal dispersion relation reads e(k) = —; and (k) = e(k) — p and each
k-state is double spin degenerate. If the states  up to the chemical potential y is filled and this level

defined to be zero energy then 0 = {(kp) = ﬁ - u S op= Qk—m The momentum of a test fermion

with probe energy/frequency w is w = §(ky,) = 5= — p < ky, = kp, /ﬁ + 1, with kp = /2mupu.

When probing the Fermi surface i.e. w =0 then kw = kp. The free conventional 2 dimensional
electron gas propegator

1
GO(k,iwy) = m
(B.3.3)
is diagonal in momentum and spin. Hence
§G(k,k + q;iw,) = GO(k;iw,)T(k, k + q; iw, )G (k + q; iw,)
= 1P (i, ) GO (k3 iw, ) GO (k + q;iwy,) (B.3.4)
since the T-matrix is diagonal. Now Eqn. (B.3.2) the same form for any impurity
8pconv.metal (€3 iwn, J) = S[t"™ (iwn, J)Qeonv.metat (¢ iwn )] (B.3.5)

with the impurity ¢-function discussed in section 4.3. Consider the quantity

d’k 1 1
27)2 an —«f(k‘) iwn —&(k+q)

:2/(‘21?)‘2Wn16(k)mnek+q / da:/ — — 5 (B30)

2m

Q(g; iw) /ééTT[GO(k;iwn)Go( — q;iwy)] = 2/

with A? =i, — 1(1277532, Wy, = Wy, — ip and x being the Feynman-Schwinger parameter.
The prefactor factor arose as 2 = Tr[7°] and the last equallity came about invoking the Feynman-
a—1 1
Schwinger parametrization —=zz = Lag fo dx Wm%{;wﬁ Lup = % and shifting mo-
mentum k — k — (1 — z)q only in the denominator, since the nominator is momentum indepen-
dent. T'(n) denote the usual Gamma-function taking an integer argument n and I'yg is evaluated
__r@ _

tO Fl]_ — W — 1

Note that

[ i ks Goll -+ )] = [ iy ks ) ol — )] = Vi)
— W Jiwg)] = r 3 iWn — q;iwy)] = Jiw
(27)? 0 0 q (27)? 0 0 q q
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and continuing Eqn. (B.3.6) by integrating in scaled momentum 2 dimensional polar (since no

angular dependence) coordinates [ -3 (%)z = 0% ?2‘1’“) I dkk = [ ?2% =2m [J° ?;ﬂ';, with
R = \/ﬁ then
dFL K 2.2m [1 1
Qgyiw) =2- 2m/ dz / /-;2 = e ), e (B.3.7)
n

2m

The retarded (2-structure is Q(q;w) = Q(q;iw, — i0") with real and imaginary components as
given (some algebra is left out) right below. The real component of the retarded Q-structure (below
P define the Cauchy principal value)

2-2m 1 1
mQConv.Metal(q;W) = 7 2 P dz W
2 S i, 202
167Ny ¢ +lalV/a® -4k
lal/a? =4 k2 o <—q2+q\/q2—4k3 for ¢ > 2k,
_ 327N2

q
iR < Tagq?) for q < 2k,

167TN +vZT=d
el Va3 2 (jx+fx2_4) for x > 2

327rNU _1 T

" allke \\/W (m) forx < 2

(B.3.8)

as a function of the dimensionless parameter x = ¢/k, and Ny = > being the single electron
density of states Eqn. (2.13). The imaginary component of the retarded 2-structure

2:2m ! 2(1 - 2)¢?
RAY onv eta. ; - d 6 n- T 5
S Qconv. Metat (g3 W) Rl (w o )
8n2NZ
_ ez for ¢ > 2k,
0 for q < 2k,
812N
_  faarvers fore>2 (B.3.9)
0 for z < 2

In the Born approximation i.e. T ~ J and probing the Fermi surface w = 0 then k, = kg the
FT-LDOS responce Eqn. (B.3.5) pconv.metai(q,0)/872NEvg as a function of ¢/kr is plotted in
figure 6.1. The singular responce in Qoo Metal(¢; w) arise at momenta, g, for which £(%) = w at
probe bias w

() =we
G = 2k, (B.3.10)

momenta for which the real and imaginary part of Q(q;w) has a singularity.
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Appendix C

Connection between LDOS and
FT-LDOS

In this chapter the connection between the long distance expansion of the LDOS oscillations with
leading decay rate « and the FT-LDOS will be elaborated. Hence it connects the chapters 5 and
6.

C.1 Long distance asymptotic expansion - spin unresolved
probes

The spin-unresolved /charge LDOS of the impurities are Eqn. (5.28), (5.30) and (5.32) all have the

form

5,0 (r'@ t]):_zc\\y tsc/qm/cl(aj J)@ L
o T 7716 vph

(3@~ @) (£ )] (C.11)

o]

with ¢*¢/am/¢l differentiating the impurities, but all sharing - (f2(@,r) — f2(@,r)) where the
functions
fo(@,r) = s(@)Yo(l@|r) — iJo(|@|r)O(D — @),
fi(@,r) =i (|@]r) 4 s(@)J1(|@|r)o(D — |@])
(C.1.2)

with Jy,; and Yj/; denoting the Bessel functions of first and second! kind, respectively, to zeroth
or first order.

The J,(x) and Y,,(z) Bessel function of the first and second kind of order n has the asymptotic
expansion

In () ~ - C08 (x — 5 = Z) (C.1.3)
Yo(x) ~ % sin (z — % - %) (C.14)

Lnote that this is called the Neuman function in the thesis
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for large x. In the long distance |@|r ~ 52 then “;’;l ~ 622 and therefore

2(cos(2(b|7‘) isin(2|&7’)>

@1 (f5 @, 7) = fi(@,r) = - (C.1.5)

T r2 r2

for @ > 0 which will be the assumption in the rest.
In the 1%* Born approximation the t-function for the scalar potential becomes

(@, J) = J

a real constant. Hence the spin-unresolved LDOS Eqn. (C.1.1) for the scalar potential becomes

N 2 2sin(2@lr) [ L \* 1 sin(2@r) /L \*
M ~ _— _— = _— _— _1_
0pse(r; 0, ) ~ ] 167 r2 vph J47r2 r2 vph (C16)

which is a ‘fast’ decay rate of & = 2. Therefore the LDOS long-distance expansion generically goes
as

sin (2p|7)
€2r?

hsc<r7 M) = (017)
which is plotted in figure C.1 as the red curve and it is seen that it follow the cyan curve S, (e.r) ™2
with s, = 1. )

In the 1%' Born approximation the classical magnetic impurity has T-matrix Ty (@, J) = J7¢,
with ¢ = x,y, z and the spin-unresolved LDOS and FT-LDOS responses become?

Spa(r; 0, J) =0 , dpa(q;@,J) =0 (C.1.8)

The quantum magnetic impurity is more subtle, because the first order irreducible self-energy
Y1) = 0 vanish and hence in the 15 Born approximation the t-function becomes

3
tm™(@,J) = 23 (@, J) = —ZJQg(&))

which now have a imaginary and real part due to the g-function Eqn. (4.13)

9(@) = (L)2 (ZT In [Dz - 1} + Z'Z") o — |@) (C.1.9)

hvp w

Hence the spin-unresolved LDOS Eqn. (C.1.1) for the quantum magnetic impurity consist of two
parts.
The first part

— 20 92 cos (2|@|r
S (@, TR (|22 (f2(@.r) — f2(@,7))] ~ —2 22 cos @lalr) (C.1.10)

4 42 7  €e2r?
The second part

-3 J%0 2

B Swz2 sin (2|0|r)
4 4rme2

R (@, ))S (|0 (f5(@,7r) — fL(@,7))] ~ In ((D/@)* - 1) (C.1.11)

22
€cr

2The spin-unresolved LDOS and FT-LDOS response for the classical magnetic impurity is Eqn. (7.5) and (7.6)
respectively in the full T-matrix expansion, since only the part T} ,/ o« tq (@, Ut ($1)U(¢y /) of its T-matrix
is picked out and t(@,J) = tgm(®,J). However, in the 1% Born approximation where the T-matrix in not
proportional to the identity matrix, then Eqn. (7.5) and (7.6) cannot be used, but one have to derive the LDOS
and FT-LDOS by their definitions.
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which adds corrections of orders »—7 with j = 2,3,4,5... due to the log-correction. Therefore the
spin-unresolved LDOS Eqn. (C.1.1) becomes

) 2 23 [cos(2|w|r)log((D/<D)2—1) Sin(2@|7")] < L )6

Opam(r;0, J —J —
Pam (30, J) = 16 w4 472 4 r2 hvp

, 1 3@ 2@lr)  log ((D/@)? —1) sin (2|@|r L\°
_p L [COSLL)— 5 (D/2) ~ 1) in 2 |>] (hF) (C.L12)

which is also a ‘fast’ decay rate of @ = 2 as the leading rate. Therefore the LDOS long-distance
expansion generically goes as

(C.1.13)

C

30J [ cos(2|@lr)  log ((D/@)?* — 1) sin (2|@|r)
ham (x, 1) = 4¢2 4312 - 47 €2r?

which is plotted in figure C.1 as the black curve and it is seen that it follow the white curve

. 357 log ((D/@)%— . .
Yam (€cr) ™2 with ygm = ‘iﬁ{w. In table 5.3 in section 5.2 the decay rates are summa-

rized and also in table C.1.

Table C.1: Table of o for point-impurities in the Dirac model and 15 Born approximation.
change in LDOS (k¢,k;) o for spin-unresolved dp  « for spin-resolved 0p*

scalar TRP 2 -

classical magnetic TRP - 1

quantum magnetic TRP 2 -
conv.metal 1

In figure C.2 is plotted the Fourier transform modulus

Rimp. (4, @) |w=0 = Rimp. (d, 1) = ‘f dre=" T hyp, (r,u)‘ of the LDOS long-distance asymptotic ex-
cos (2]u|r)

€T
and decay rate a = 1, the scalar on a helical metal with Eqn. (C.1.7) hs(r, n) = % which
has a = 2 and the quantum magnetic impurity on a helical metal with Eqn.(C.1.13)

pansion (plotted in figure C.1) of: the scalar on a conventional metal with Ase conv. (T, 1) =

~ ~ 1 ~\2 _ . ~ X
g (1, 1) = % coz(eé\:;m _ 0g((D4/:) 1) sule(;\fg)\r) which has a — 2.

The hjmp. (q, 1) Fourier transform of the long-distance LDOS expansion R,y (r, 1) with leading
decay-rate o plotted in figure C.2 should resemble the FT-LDOS in 1% Born Approximation
(derived in section 6.1.1 and 6.1.2 on the conventional and helical metal respectively) illustrated
in figure C.3 and C.4. For all impurities the response signature at ¢ = 1 (i.e. ¢ = 2kp) agree well.
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|himp.(ryll)|; u/€c=1

— (ﬂfc/ZD)hsc,conv.(r)
- hsc(r)

— hgm (1)

,Bsc(fcr)71
Vsc(fcr)72
7qm(€cr)72

0.00015

0.00010 {

0.00005

LLI.AMMMIL WL g r—
200 300 400 500

Figure C.1: The long distance LDOS expansion Ajmyp. (r, ). The scalar on a conventional metal

(blue line) is 5 % hsc,conv. (r, ) which follow the yellow line Bse(€cr) ™ with Bs, = 5% . The scalar

on a helical metal (red line) is h4.(r, ) which follow the cyan line . (e.r) =2 with 75, = 1 and the
quantum magnetic impurity (black line) is Ay, (r, 1) which follow the white line ~ygm (€.r) 2 with

-~ D)2 —
Ygm = %%. The cut-off is D/e. = 100 and the impurity strength J/e. = 1/2

|fdr_e'i ar himp(rr/l”

Nimp(Q, 1), p/ec=1
I hscalar.conv.

— N scalar, helical

— h qm , helical

- g[dimless]
3.0

Figure C.2: The Fourier transform modulus |himp. (q, )| of the long-distance LDOS expan-
sion himp(r, 1) with leading decay-rate «. The scalar on a conventional metal (blue line) is
hse,conv.(Q, t), the scalar on a helical metal (red line) is hsc(q, ) and quantum magnetic impurity
(black line) is hgm(q, pt). The cut-off is D/e. = 100 and the impurity strength J/e. = 1/2
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Figure C.3: Plot of scalar FT-LDOS
PConv.Metal(q,0) /82 NEJ as a function of
q/kr in the 1°* Born Approx. This is fig-
ure 6.1 in thesis.
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Figure C.4: Plot of scalar on a helical metal
(red line) |psc(q2u)/Jme 2| and quantum
magnetic imp. FT-LDOS modulus (black
line) |pgm(q2p)/Jme 2| as a function of di-

mensionless g and u/e. = +1 in the 1%* Born
Approx.



Appendix D

The T-matrix for the scalar potential
and classical magnetic impurities

D.1 T-matrix for a scalar potential

The scalar scattering matrix in 7-basis f/k/’k = Uli/ VorUy is used to calculate the T-matrix in
n-basis

Thne = Viene + Vk’klékl Vi + Vk’kl G, Vierks G Vieok + -

= > UL | Vor® + Vor® Ui, G, U, Vor®
kiko-- N———

=—g(i@, )70
+%TO ka1 ékl Ulil VOTO ng G~k2 Ulig VOTO 4. Uk
—_——— —_————
=—g(iwn )70 =—g(i@y )10

= VUL 70 (14 Vo(—g(i@n))7° + (Vo)* (=g(i@n))*(7°)* + -+ ) Uk

k
o0
— %Uk/ 7_0 (Z .13”) Uk
n=0
0
-V UT/ 0 T U,
at (1 - vo<—g<uvn>>) -
(D.1.1)
where the relation
Z Ukiéki Ul]; = _g(i‘:}n)TO (D.1.2)
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was used several times. In the second-to-last equality the matrix z = Vy(—g(iw,))7° was defined
and the geometric serie becomes
1 70

0 1 0 . 0

_ — —Vo(— - -

=l = = Vo) = s
Hence the the T-matrix in o-basis is

~ V()TO
T =U T Ul = — 97 D.1.3
k'k k'“k'k 1— ‘/()(—Q(an)) ( )

D.2 T-matrix for a classical magnetic impurity

The classical megnetic scattering matrix in 7-basis Vi, = S; Uli, TiUlL and the Einstein sum
conventionen is implicit. It is used to calculate the T-matrix in n-basis

Tone = Viee + Vk/kl Gie, Vi + Vk/klékl Vieaks G Vieok + -+

= Z Ul]:’ STt 4+ Syt UkléklUlil SjTj
Kol —_——

=—g (i@, )10

—l—SiTi UkléklUL SjTj Ukz(N;kQUIi2 SlTl + - | Uk

=—g (i@, )TO =—g(i@, )70

K
=UlLS-7 Zx") Uk
n=0
S -7 — g(ic,)|S|?

= U/, U D.2.1

K ( L—g(i@)?SP ) (D21

Again the relation (D.1.2) was used in each k-sum and the matrix z = (—g(i@,, ))7°S-7 = —g(i@,)S-
O S =

7 in the second to last equality sign give the geometric serie [79 —z] 7! = [r0 — (—g(i©,,))S - 7] 7!

%. In the last equality sign the relation (7-a) (7-b) =a-b+i7 (a x b) for any Pauli
matrix 7 and vectors a and b which makes (S-7)(S-7)=S-S+ir-(SxS) =55 =19 was
used. Hence the T-matrix in o-bais is
ma 7 517_—79(2@”)|S|2
T = Uy Ty Uf = (D.2.2)

1 —g(icon)?|S|?

Note that it was really not necessary to calculate TIZL l‘zg and lefl‘zl” in n-basis. The n-basis is
only introduced in order to be able to calculate the self-energy induced by the quantum mechanical

impurity.
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