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Abstract

A common belief is that the multi-orbital character of the high-Tc iron-based super-
conductors plays a major role in the physical processes. In this thesis we apply two
methods to assess the strength of electronic correlations in these materials. We use a
local slave spin method to show the presence of a strong mass renormalization, as well
as the emergence of an orbital selective phase, with co-existence of weakly and strongly
correlated electrons. In order to include the momentum dependence of the self-energy
and estimate its impact on the correlations, we consider the effect of spin fluctuations.
Furthermore, motivated by a recent experiment carried out on iron selenide, we in-
vestigate whether a small energy difference between the xz and yz iron d-orbitals in
the nematic phase of the system, can be accompanied by a large discrepancy in their
quasiparticle weights, thus in their degree of correlation. We show qualitatively that
indeed, if the system in the nematic state is close to a magnetic instability, such an
effect can be observed.
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Chapter 1

Introduction to the iron-based
superconductors

Superconductivity was first discovered in the beginning of the 20th century, more
specifically in 1911 by H. K. Onnes [1], while he was studying solid mercury and its
resistance at cryogenic temperatures, using liquid helium. He found that at T=4.2K
the resistance suddenly dropped to zero. Since then more materials exhibiting this
abnormal behavior were found, but it was only in the 1950’s when the scientific com-
munity managed to explain the mechanism leading to it. After the important input by
V. L. Ginzburg and L. Landau with their theory [2] at the beginning of the decade, it
was in 1957 when J. Bardeen, L. Cooper and J. R. Schrieffer formulated the so-called
BCS theory of superconductivity [3], that microscopically described the phenomenon
as the generation of electron pairs (“Cooper pairs”) mediated by phonons.

All the materials that had been found to be superconducting exhibited this behav-
ior below a critical temperature that was of the order of a few Kelvins. In 1986, though,
G. Bednorz and K. A. Muller discovered superconductivity in ceramics [4] and shortly
after more compounds of copper and oxygen were found with transition temperatures
exceeding T = 100K [5]. These constitute the family of the so-called cuprates. The
most surprising aspect of these materials is that magnetism exists close to supercon-
ductivity, despite their antagonistic nature and it turns out that the electron pairing is
not mediated by phonons. This means that there must be another mechanism leading
to superconductivity and scientists have struggled to come up with a theory for it.

1.1 Fe-based superconductors

In 2008 Y. Kamihara et al. found that LaFeAsO becomes superconducting at T=26K
[6], and that finding opened the road for the discovery of multiple iron-based materi-
als that exhibit high critical temperature superconductivity (Tc>50K). Even though
the iron-based superconductors (FeSC) for now do not reach the critical temperatures
of the cuprates, they both belong to the family of the “unconventional superconduc-
tors”, meaning superconductors that are not related to phonon-mediated interactions.
The full understanding of the pairing mechanism associated with the FeSC is very
important, because it can set the basis for theoretical predictions of more compounds,
exhibiting superconducting properties, even in room temperature.

1



2 CHAPTER 1. INTRODUCTION TO FESC

1.2 Crystal and electronic structure

There are various types within the family of the FeSC, but they all share a common
feature in their crystal structure. The chemical block that appears in all of them is a
layer (actually a tri-layer that we call FeX), which consists of a plane of iron atoms,
above and below which there is an atomic layer of elements within the pnictogen or
chalcogen groups, such as As, P, S, Se and Te. The planes of those elements above
and below the iron one are arranged in an alternating pattern, as shown in Fig.1.1.
According to the relevant group of the X element, the compounds are categorized into
iron-pnictides and iron-chalcogenides.

In some compounds these tri-layers appear subsequently one after the other, cre-
ating in this way the whole structure. In other compounds there is a different layer
separating the FeX blocks between them. The existence of those “bridging” layers and
their amount in the chemical composition give rise to certain families within the FeSC.
The ratio between the different element concentrations can be directly read off from
the formula of each compound and that is identified as the family name, for example
FeSe is part of the 11-family, while SrFe2As2 is part of the 122-family. In figure 1.1 we
can see some examples of the most commonly met families, where the FeX tri-layer is
illustrated with a yellow stripe.

Figure 1.1: Crystal structure of some FeSC. From their formulas we can read off the
families they belong to: FeSe 11, LiFeAs 111, SrFe2As2 122, LaFeAsO/SrFeAsF 1111.
From [7].

The average distance between the iron atoms in plane throughout all of those
compounds is ∼5.6Å, while the distance in the perpendicular axis scales with the
number of atomic planes forming the primitive cell, and it is ∼6Å for the 11-family,
∼6.5Å for the 111, ∼8.5Å for the 1111 and ∼12-13Å for the 122 one [8].

The electronic structure of any material determines most of its properties and
in our case the FeSC are semimetals. In the language of the semiconductors there
is a lower band called the valence band and an upper band called the conduction
band. In the semimetals those two bands are horizontally displaced and they exhibit
an overlap in energy so that there is a transfer of electrons from the valence band to
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(a) (b)

Figure 1.2: (a) Sketch of semimetalic band-structure illustrating the valence and con-
duction bands related to the hole and electron pockets. (b) Spectra of LaFePO from
ARPES measurements combined with calculated band dispersions through density
functional theory (DFT). We can see the two hole pockets that appear around the Γ
points and the electron one around the M point (Γ and M points defined in Fig.1.3.
Figure (b) taken from [10].

the conduction one until they are at the same level, as shown in Fig.1.2a. This means
that in the presence of some external field, there will be current coming from holes in
the valence band and current coming from electron transport in the conduction band.
Those features of the FeSC become clear from Fermi surface measurements through
angle-resolved photoemission spectroscopy (ARPES), where one finds both electron
and hole “pockets” [9]. To understand what that means we need to remind ourselves of
the concept of the Fermi surface, which is nothing more than a boundary in reciprocal
momentum space, where the unit cell of the k-space lattice is the Brillouin Zone (BZ).
The shape of the Fermi surface is derived from the occupation (and non-occupation)
of the electronic energy bands, according to the symmetries and periodicities of the
crystalline lattice. A hole pocket appears when a dispersion band crosses the Fermi
level in two subsequent points leaving an empty region above the level, while an electron
pocket appears when the subsequent crosses leave a filled region below the Fermi level
(Fig.1.2b).

As mentioned above, the atoms of the element X in the tri-layer FeX are positioned
above and below the iron plane in a tetrahedral way, so the crystallographic unit cell
consists of 2 Fe atoms. However, as shown in Fig.1.3, the primitive cell can be folded
and by rotating its axes by a π/4 rotation we get the 1 Fe unit cell which has half the size
of the initial one. The physics is the same, the use of the two different representations
is a matter of convention and Fig.1.3 shows the Fermi surface in the 1 Fe/cell and
the 2 Fe/cell BZs. The advantage of the unfolded version is that it simplifies the
calculations since the energy bands needed to describe the systems are now reduced to
half. (Note that the band-structure shown previously in Fig.1.2b is drawn using the 1
Fe/cell representation.)

ARPES measurements combined with first-principle band-structure calculations
show that all the various families of FeSC, despite their structural differences, exhibit
very similar Fermi surfaces, which in 3D consist of hole cylinders around the Γ = (0,
0) point and electron cylinders around the M = (π/α, π/α) point of the 2 Fe/cell
BZ, as illustrated in Fig.1.4a [9, 11, 12]. This form of the Fermi surface makes it clear
that there is a two-dimensional character in the electronic structure, and that there
is a dominance of the FeX tri-layer introduced above. Thus the 2D cut of the Fermi
surface consists of hole and electron “pockets” around the Γ and M points as shown
in Fig.1.4b from ARPES. The two-dimensional nature of the FeSC comes out more
formally from density functional theory (DFT) calculations, where it becomes clear
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that close to the Fermi energy and over a logical range, the states that constitute the
electron bands are of predominantly iron character and specifically originate from the
3d valence electrons of the Fe layers. The next closest contribution comes from the
electrons of the X element in the tri-layer, which lie within the bandwidth of the 3d
Fe electrons.

Figure 1.3: (a) Specific case of FeAs tri-layer, the blue line encloses the 2 Fe crystal-
lographic unit cell and the green line the 1 Fe unit cell. (b)-(c) Fermi surface in the
1 and 2 Fe unit cell respectively. The black circles denote hole pockets while the grey
and red ellipses are electron pockets. From [11].

(a) (b)

Figure 1.4: (a) The Fermi surface of LaOFeAs exhibiting hole cylinders around the
Γ point and electron cylinder around M. From [13]. (b) Fermi surface measurement
in 2D in the 2 Fe/cell BZ through ARPES, illustrating two hole pockets around the
Γ point and an electron pocket around M. The axes are in momentum space and the
units are π/α, with α being the lattice constant. From [10].

All the above lead to the conclusion that the relevant physics in a low energy range
comes solely from the d-orbital valence iron electrons, and so we can approximate the
crystal structure with an effective two-dimensional iron plane. Calculations within the
context of DFT support that all five d-orbitals of iron have weight around the Fermi
level region [14, 15] and so we need to include them in any model we make. Those
orbitals are the xz, yz, x2− y2, xy and z2 and they are schematically shown in Fig.1.5,
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where it becomes obvious that in the case where we have C4 rotational symmetry the
xz and yz orbitals are degenerate. From DFT calculations it is shown that all those
d-orbitals are relevant and this multi-orbital character of the systems we will deal with
gives rise to very interesting phenomena, that will be the main focus of this thesis.

Figure 1.5: Sketch of the 5 Fe d-orbitals dxz, dyz, dx2−y2 , dxy, dz2 .

1.3 Phase diagram and critical temperatures

After the discovery of the first iron-based superconducting compounds, naturally the
community got interested in exploring their behavior upon changing different parame-
ters. The variation of the chemical composition by electron and hole doping, combined
with temperature variation, gave rise to the very informative FeSC phase diagrams.
These exist in different forms depending on the compound in question, but they all
follow a similar pattern. In Fig.1.6 we give a general phase diagram plot, including
the main phases that can appear in the FeSC. There are three characteristic transition
temperatures that (may) appear:

• A structural transition of the lattice from tetragonal to orthorhombic with critical
temperature TS , related to a nematic order (the term will be introduced in this
section).

• A magnetic transition with critical temperature TN .

• A superconducting transition with critical temperature TS .

The existence of all the transitions mentioned above depends on the particular
material. Another major difference among the various compounds is the possible ex-
istence of an overlap area between the magnetic and the superconducting region. We
will give a small overview of each region that appears in the phase diagram.
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Figure 1.6: General phase diagram of the FeSC. Around zero doping there is a magnetic
region (SDW) and superconductivity emerges upon electron or hole doping, with a
possible area of co-existence between the two phases. At temperatures higher than
the critical one for magnetic ordering, there is also a regime where the system exhibits
nematic order. From [16].

Normal state

In their normal state all compounds are paramagnetic, since the iron atoms have
magnetic moments with spin projections in random configurations, thus resulting in a
zero total magnetization. As we already mentioned earlier in this chapter, the FeSC far
from any transitions exhibit concrete band-structures and Fermi surfaces. However, it
has been shown experimentally that in many cases they behave as “bad metals”, which
means that they appear to have large electrical resistivity [17]. This is related to the
existence of strong correlation effects, leading to an electron mass renormalization. We
will present these experimental findings in detail in chapter 2. The FeSC in most case
can be described within a Fermi liquid theory context and, as we will discuss in the
following chapters, it can be shown that some of them are actually in proximity to a
Mott insulating phase, a state of matter that will be introduced in chapter 2.

Spin density wave state

The main dome in the FeSC phase diagram is the one located near zero doping, and
it is related to the magnetic state of the system. We, therefore, call this transition a
Neel transition, with critical temperature TN . The magnetic phase has been studied
in detail and the main idea is to relate the state with an ordering vector, arising from
the geometry of the Brillouin zone. The usual path is to study the spin susceptibil-
ity and figure out the origin of the main contributions to it. It turns out that the
dominant contributions come from the so-called nesting vectors Q, which are vectors
that connect parallel regions in the Fermi surface map [18]. This Q will then be the
ordering vector of the spin density wave (SDW), which is nothing more than the mag-
netic state of the system. In the typical FeSC Fermi surfaces the dominant nesting
vectors are Q = (0, π) and Q = (π, 0), giving rise to a competition between the align-
ment and the anti-alignment of spins for the lowering of the system’s energy. In the
absence of a preceding nematic state, the system under the critical temperature TN

spontaneously chooses one of the two ordering vectors and in Fig.1.7 the two possible
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(a) (b)

Figure 1.7: Antiferromagnetic spin configuration on the 2D lattice with ordering vector
(a) Q = (0, π) and (b) Q = (π, 0).

antiferromagnetic “stripe” orders are shown. The system, then, exhibits ferromagnetic
alignment along one axis of the 2D plane, and anti-ferromagnetic alignment along the
perpendicular axis. Moreover, combinations of Q = (0, π) and Q = (π, 0) have been
proved to give rise to other, more complicated magnetic states, depending on the spe-
cific band-structure and other parameters like the filling of the compound [19]. We are
not going to get into the details of those states in this thesis.

Nematic state

In some FeSC compounds, there is a critical temperature above the one of the magnetic
transition, which signals the breaking of rotational symmetry and the transition of the
system from a tetragonal C4 symmetric to an orthorhombic C2 symmetric state. It is
worth noting that the actual structural distortion is relatively small and the anisotropy
induced between the x and y axis is of the order of 0.3%. Surprisingly, though, ac-
cording to experimental findings the energy splitting of dxz and dyz is significantly
larger, leading to the conclusion that it is probably the electronic degrees of freedom
inducing the structural transition, and not lattice vibrations [20]. In this nematic, as
it is named, phase one can find non-zero order parameters related both to charge and
spin fluctuations. A divergence of charge fluctuations induces different occupations for
the dxz and dyz orbitals, while the one of spin fluctuations leads to a spontaneous sym-
metry breaking between the Q = (0, π) and Q = (π, 0) ordering vectors, introduced
earlier. From symmetry considerations it is known that the appearance of one of these
orders will directly induce the other one [21]. This complication makes it really hard to
distinguish and state which is actually the driving mechanism for nematicity. The spin
fluctuations scenario is the most commonly supported one, due to the proximity of the
nematic to the magnetic phase. In the presence of nematicity preceding magnetism,
the system has already “chosen” a preferred ordering vector and the spin density wave
appears naturally upon temperature lowering. It is clear that the understanding of
the nematic state’s driving mechanism will be a very good starting point towards the
understanding of the spin density wave and the superconducting phases that appear
in the phase diagram.

Superconducting state

By increasing the doping in the electron-doped case (and reducing it in the hole-doped
one) below some critical temperature Tc the system enters the superconducting phase,
which is eventually the most interesting one. The situation now is different than in the
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conventional BCS superconductivity, since the phonon mediated pairing mechanism
cannot account for the large critical temperatures appearing in the FeSC. There must
be another pairing mechanism and the fact that magnetism exists side-to-side with
superconductivity points towards the direction of magnetic interactions inducing the
electron coupling. In BCS theory the superconducting gap is given by [22]:

∆(k) = −
∑
kk′

Vkk′
∆(k′)

2Ek
tanh

(
Ek′

2T

)
(1.1)

with Ek =
√
ξ2
k + |∆(k)|2, where ξk are the eigenenergies of the system’s initial Hamil-

tonian and Vkk′ is the interaction parameter. In the case of conventional superconduc-
tors Vkk′ = V < 0 and subsequently ∆(k) = ∆o, so the gap is isotropic. In the case
of unconventional FeSC superconductors, though, if we assume that spin fluctuations
induce the coupling then we can allow for a repulsive pairing interaction Vkk′ > 0, as
long as the gap changes sign across the points of the Fermi surface. In such a situation
∆(k) = −∆(k+Q) and Q is a nesting vector of the Fermi surface, a concept we already
introduced when talking about the spin density wave phase. The existence of such a
nesting vector can cause a divergence in the spin susceptibility leading to the pairing
of electrons through this mechanism.

The possible nesting vectors, in combination with the multi-orbital character of
the Fermi surface, give rise to multiple possibilities for the structure of the supercon-
ducting gap, the most common of which is shown in Fig.1.8b. The simple s-wave form
is not met in the case of the FeSC since it implies a constant interaction, while the
spin fluctuation mediated mechanism demands a sign change of Vkk′ along the Fermi
surface.

Figure 1.8: Sketch of (a) usual s-wave gap structure, which is related to a constant
V < 0 and is not met in the FeSC, (b) s+−-wave gap structure, where there is a sign
change of the interaction parameter along the Fermi surface and is the most commonly
met structure in the FeSC. From [22].
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1.4 Thesis outline

This thesis is focused on the study of electronic correlations in the FeSC. In Chapter
2 we start by giving an overview of the existing theories on the strength of correlations
in these materials and the role they play in the electronic properties. We also present a
number of relevant experiments highlighting the evidence for relatively strong correla-
tions and for orbital selectivity, a concept we will focus on. Before we proceed with our
models and calculations, we introduce some necessary theoretical background related
to the Fermi liquid theory and the Mott insulators. Next we move on to Chapter 3,
where we formulate the slave spin method to deal with strongly correlated fermions
and show our results on the exhibited orbital selectivity in the normal and nematic
phase. The slave spin method is very powerful but it describes only local interactions,
neglecting momentum dependence. Therefore, it is interesting to explore the effect of
k-dependence on the electronic correlations and on nematicity. To do so in Chapter
4 we implement another method, where spin fluctuations play an important role and
the calculation of the system’s self-energy will provide the information on the degree of
correlations. Finally, in Chapter 5 we give some concluding remarks, together with
an outlook on future studies related to the topics covered in this thesis.
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Chapter 2

The role of electronic correlations

The physical mechanisms responsible for the properties of the FeSC, have been a
field of intense debate and the role of electronic correlations one of the main issues
of disagreement in the community. The reason is that there are many conflicting
evidences, some pointing towards the direction of weak and others of strong coupling.

The scenario of weak coupling is mainly supported by the success of DFT (density
functional theory) calculations to reproduce band-structures and Fermi surfaces of the
FeSC systems, which are signs of metallicity and of minor correlations. Moreover, a
common belief that the magnetic phase emerges from metallic itinerant carriers has
been promoted, due to the existence of nesting vectors on the Fermi surface, which are
the same as the antiferromagnetic ordering vectors [15].

On the other hand, the supporters of the strong correlations scenario base their
assumption mainly on the fact that strong band renormalization has been observed
in relevant experiments. Also, the metallicity in the normal state of some FeSC com-
pounds is actually a bad metallicity, since large electrical resistivity has been mea-
sured [23, 24]. In addition to the above, the scenario is related to the fact that there
has always been an effort to create a unified theory for iron-based superconductors and
cuprates. It is true that their phase diagrams are very similar and that makes it is
easy to jump to the conclusion that their electronic properties also behave similarly.
The cuprates are strongly correlated materials that become Mott insulators, so it has
been proposed that electronic correlations play a major role in the FeSC as well. In
this picture, the electrons are mostly localized and the interactions appear in the form
of a Heisenberg model [24].

To address the system from one or the other side, different approaches are needed.
For weak correlations, the interaction is seen as a small parameter and thus can be
treated perturbatively, while for strong correlations the interaction is a significant
parameter and the problem is usually addressed through Hubbard physics [25].

However, recent experiments have shown that maybe the truth lies somewhere
in between of the two approaches, with the multi-orbital character of the FeSC being
a dominant parameter. It has been observed that several compounds, upon tuning
some parameters, enter a so-called orbital selective Mott phase (OSMP). In this phase,
it appears that certain orbitals get very strongly renormalized, thus become “heavier”
and act as localized [26]. At the same time, other orbitals remain relatively “light”
and so they keep an itinerant behavior. The determining parameters are the relevant
energy scales, the kinetic energy (related to the hopping terms and the associated
bandwidth), Coulomb repulsion U , Hund’s coupling J and temperature T , as well as
the total electron filling n. Under a certain tuning of those parameters, the system
can enter a Mott insulating phase, meaning that the orbitals will get localized and

11
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the compound will act as an insulator [27]. At a different point in the parameters
phase space, this can happen only for certain orbitals and not for others. We will give
a detailed description of Mott insulators later in this chapter. The OSMP, however,
refers to a situation where all the orbitals exhibit an individual band renormalization,
different among them, even with none of them actually entering the Mott phase.

In the following section we will give a short overview of various experiments that
have been carried out, which provide an insight on the strength of the electron-electron
correlations in the iron pnictides as well as the emergence of the OSMP. Next,
we discuss the specific case of iron selenide (FeSe) and its unique properties, by
looking at a recent experiment, which has motivated the part of our studies related
to the nematic phase. Following that, we introduce the concept of Mott insulators
and give a small description of those materials. Finally, in the end of this chapter
we include a section about the basic concepts of Fermi liquid theory. The goal of
this chapter is to provide the reader with the necessary experimental and theoretical
background, in order to proceed to the specific models and calculations of the following
chapters.

2.1 Experiments on the iron pnictides

Various types of experiments have been carried out during the past years on different
compounds of FeSC. We are going to show the results obtained from certain of them
in order to discuss the role of correlations. However, we are not going to go into the
details of the experimental setups and measuring processes. We will rather focus on
the information we can gain from them.

Optical conductivity measurements provide a signature of -at least- not weak
correlations in compounds of the iron pnictides family [28]. From such experiments we
can calculate the quantity Kexp ∝

∫
dωσDrude(ω) (where σDrude is the measured Drude

part of the optical conductivity), which is associated with the kinetic energy related to
the coherent part of the spectrum. The ratio of this with the kinetic energy Kband of
the non-interacting system, Kexp/Kband, gives a measure of the degree of correlations.
As we can see in Fig.2.1a this ratio is a lot smaller than 1, indicating the existence of
mediocre or strong correlations in the compound.

Next we look at a measurement of the specific heat as a function of tem-
perature and we focus on its slope at low temperatures. This slope is identified with
the Sommerfeld coefficient, which is proportional to the quasiparticle density of states
at the Fermi energy γ ∝ N∗(εF ) [29]. If there is mass enhancement, then the density
of states is equally enhanced, according to N∗(εF )/N(ε) = m∗/m, meaning that the
same will hold for the Sommerfeld coefficient. Looking at the inset of Fig. 2.1b, we
see that at low temperatures upon hole doping γ is growing, giving an indication for
the existence of strong electronic correlations [30].

The experiments we mentioned so far are very indicative in order to estimate
the correlations’ size. Another feature, however, of the FeSC that we will address
now is the orbital selectivity, which we already introduced in the beginning of the
chapter. This becomes evident if we look at the quasiparticle mass enhancement as a
function of electron filling, where a discrepancy appears between the values calculated
within different experimental methods. We give in Fig.2.2 a compact plot, including
results from specific heat, optical conductivity, ARPES (angle resolved photo-emission
spectroscopy) and quantum oscillations measurements.

Let us, for example, compare the black dots related to the specific heat, with
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(a) (b)

Figure 2.1: (a) Optical conductivity as a function of frequency. The ratio Kexp/Kband

is related to the strength of electron-electron correlations. From [31]. (b) Temperature
dependence of the heat capacity of doped Ba1−xKxFe2As2 single crystals. The inset
focuses on the low temperature region, where we see how the slope changes with
doping [30].

the blue triangles related to optical conductivity in Fig.2.2. We notice that upon
increasing the hole doping, the black dots have a strongly increasing tendency, while
the blue triangles remain almost constant. The argument behind this bizarre result
is that there is coexistence of electrons with different mass renormalization, so the
behavior of the system is not orbitally uniform. To justify that, we carefully specify
the actual measured object of each experiment. In the specific heat case, the measured
parameter is the Sommerfeld coefficient, which as we discussed above is proportional
to the mass enhancement m∗/m. On the other hand, though, in the case of optical
conductivity the relevant parameter is the ratio Kexp/Kband, where Kband is calculated
theoretically and is proportional to the inverse of the mass enhancement (m∗/m)−1.
This means that what we are actually comparing is γexp/γDFT and (Kexp/Kband)

−1.
If the mass renormalization of all the orbitals was the same, then the two ratios would
be equal. However, if the different orbitals exhibit different renormalization, then
the density of states, which determines γexp/γDFT , is proportional to

∑
k(m

∗/m)k,
while Kband, determining Kexp/Kband, is proportional to

∑
k(m/m

∗)k. If we look
carefully at the two expressions we will see that γexp/γDFT will be dominated by
the largest mass enhancements, so the heaviest quasiparticles and Kexp/Kband by the
lightest ones [32]. Therefore, in Fig.2.2 the black dots will correspond to the strongly
renormalized orbitals, while the blue triangles to the weakly renormalized ones, causing
a discrepancy and providing evidence for the OSMP.

A similar picture holds for the ARPES (angular resolved photo-emission
spectroscopy) measurements. In Fig.2.2 there are two different types of such re-
sults, the red squares named “ARPES whole” and the red crosses named “ARPES
sheets”. As we already stated, we are not going to enter into the details of the experi-
mental methods, however we can say that using the ARPES results and comparing with
the DFT ones, one can gain information about the individual orbitals as well [33, 34].
In“ARPES whole” the DFT band-structure is renormalized by a global factor to match
the experimental results. On the other hand, the “ARPES sheets” points come from a
comparison with DFT calculations on the individual Fermi sheets. Thus, the mass en-
hancement can be different depending on the sheet, and so on the relevant dominating
orbital. As we see in the figure, upon electron doping all Fermi sheets exhibit similar
mass enhancement, but moving towards the hole-doped side we observe a large differ-
entiation among them. Finally, quantum oscillations measurements also illustrate
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the effect of orbital selectivity as seen by the yellow crosses in Fig.2.2.

Figure 2.2: Experimental results from specific heat, optical conductivity, ARPES and
quantum oscillations measurements in doped BaFe2As2. The mass enhancement in-
creases with decreasing filling and there is a big discrepancy among the various tech-
niques, attributed to the co-existence of strongly and weakly correlated electrons. In
the background there is the experimental phase diagram. From [32].

2.2 The special case of FeSe

Among the various types of FeSC that have been discovered in the past recent years,
iron selenide (FeSe) stands out due to its special properties. First of all, we must
mention that it is structuraly the simplest FeSC compound, obtained by simple rep-
etition of FeSe tri-layers. One of its most prominent characteristics is the absence of
the spin density wave phase [35]. At T' 90K the material undergoes a tetragonal to
orthorhombic structural transition and enters a nematic phase. Upon the breaking
of rotational symmetry the system exhibits strong electronic anisotropy and so it has
been studied a lot in order to gain information about the origins of nematicity. The
parent compound, below T' 9K enters the superconducting phase. This is a relatively
low temperature, compared to those reached for other FeSC compounds. However, it
has been shown that under pressure and by intercalation, the superconducting critical
temperature can be significantly enhanced, reaching almost 50K. Moreover, it has been
reported that monolayers of FeSe epitaxially grown on SrTiO3 surfaces can lead to a
Tc of over 100K [36].

The most commonly accepted explanation for driving the Cooper pairing has
been the one of spin fluctuations. This is most easily described by the weak coupling
approach of electronic correlations that we introduced earlier in this chapter. This
method combined with DFT analysis has managed to give some qualitative results in
agreement with experiments, it has failed however to account for the Fermi surface and
band-structure of FeSe as measured from ARPES. These experimental results, upon
comparison with DFT, reveal that the electronic bands in FeSe get renormalized and
the renormalization factor varies among the different orbitals [37,38].

As discussed earlier, there is evidence for orbital selective physics in FeSC sys-
tems, with electrons of one orbital character being weakly correlated, while electrons
of other orbital characters strongly correlated. This could then also lead to orbital se-
lective superconductivity, with Cooper pairs being created from electrons of a specific
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Figure 2.3: (a) FeSe’s gap function around the α and ε Fermi surface pockets. The
dots are experimental data and the solid lines come from conventional spin fluctuation
calculations. (b) Same plot, but now the solid lines represent results from spin fluctu-
ation calculations including the orbitally dependent quasiparticle weights. We see the
agreement between experiments and theoretical results. From [40].

orbital origin, giving rise to highly anisotropic gap structures. If that is the case, the
superconducting gap should be large only for those regions on the Fermi surface where
this specific orbital dominates. However, until recently orbital selective Cooper pairing
had never been observed experimentally.

A recent study using Bogoliubov quasiparticle interference (BQPI) has provided
evidence for strong orbital selectivity effects [39]. The focus of this work was to search
for such orbital selective Cooper pairing in FeSe, by imaging impurity-scattered quasi-
particles through BQPI. Once again, we will not discuss the details of the experimental
measurement but rather focus on the results. In the nematic orthorhombic phase the
Fermi surface of FeSe consists of a hole band around Γ = (0, 0), named α and an
electron band ε around X = (π, 0). Conventional spin fluctuation calculations support
a structure where the gap is weak and almost isotropic on the α-band, while being
strong and anisotropic on the ε one, but with the anisotropy exhibiting the opposite
orientation of the one found experimentally as seen in Fig.2.3(a). In this work though
(more details can be found in [39–41]), the orbital selective pairing was included in the
calculations and the results shown in Fig.2.3(b), are in very good agreement with the
experiments. This constitutes evidence of an orbital selective Cooper pairing mech-
anism in FeSe. The authors of this study, though, used a rather phenomenological
approach, where they chose the quasiparticle weights related to each orbital, by fitting
them to the collected data. Then they included those renormalization factors into the
spin fluctuation pairing theory and it turned out that the results were surprisingly close
to reality. From the calculations, they conclude that the xy orbital is most strongly
renormalized, in agreement with experiments. Moreover, it is shown that the xz and
yz orbitals, despite their very small energy splitting due to nematicity, exhibit a large
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difference in their quasiparticle weights, such that Zyz ' 2Zxz. Obviously, the chal-
lenge now is to give a microscopical explanation of orbital selectivity and obtain the
orbitally dependent renormalization through a consistent theoretical approach. We
will explore this problem in the following chapters of this thesis.

2.3 Mott insulators

In this section we will introduce the concept of Mott insulators by looking at the simple
case of a single band system. From non-interacting band theory we know that when
such a system contains a number of electrons equal to the number of sites (so it is at
half-filling) it behaves like a metal. That is because it has a partially filled band, so
an electronic excitation can happen with zero energy cost.

However, in this picture we assume that electron interactions are weak and we
ignore them. If instead the system is strongly correlated, meaning that a single-particle
description is insufficient, electronic interactions play a dominant role in its proper-
ties. In principle, the delocalization of electrons is favored by the kinetic energy, but
when strong correlations come in play the situation becomes more complicated. Now
Coulomb repulsion between electrons makes the double occupancy of a state unfavored,
so there is a competition between kinetic energy and Coulomb interaction. When the
later becomes larger than the former, the energy gets minimized by localization of the
electrons in different sites, thus the system becomes insulating. This state is then called
Mott insulator after N. Mott who discovered it [42]. It is important to mention that
the Mott transition can happen only at half-filling, where there are no more sites for
the electrons to move without an energy cost. Away from half-filling the correlations
hold a major role in the electronic properties but will never lead to a complete Mott
localization.

In order to illustrate the mechanism of the Mott insulators, we give in Fig.2.4 a
sketch of the density of states (DOS). At zero interactions the DOS consists of two
degenerate bands, whose shape is defined by the hoppings of the Hamiltonian. Usually
in a single band case the hopping term is of the form Ek = −2t(cos kx + cos ky), by
assuming only nearest neighbor interactions. The size of the bands is related to the
bandwidth W . By tuning up the interactions the two bands are no longer degenerate
and start to split, with the difference between them being equal to the interaction
strength [25]. At some critical value Uc a gap appears, separating the two bands and
that is the Mott gap. These separated energy bands are the so-called upper and lower
Hubbard bands. As it can be more clearly seen in the figure, the Mott gap is equal
to the difference between the interaction and the bandwidth ∆Mott = U −W and the
transition happens when it becomes zero ∆Mott = Uc −W = 0→ Uc = W . Of course
this is not exact, because the size of the Hubbard bands is only approximately equal
to W , but it gives a good estimate for the Mott gap.

When the system is multi-orbital the situation becomes complicated because now
there are more degrees of freedom. There is the individual on-site energy of each orbital
and the various hoppings that one has to take into consideration and that is why in
this case an integer filling (rather than only half-filling) can lead to a Mott insulator.
A parameter that has a major effect in the multi-orbital systems is Hund’s coupling.
According to Hund’s rule, it is favorable for electrons to have their spins aligned. Thus
they start occupying different orbitals and if the number of electrons is larger than
the number of orbitals, then they start doubly occupying them. We will not get into
the details of the multi-orbital systems but one can find, for example from [43], that
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Figure 2.4: Density of states sketch of a metal to Mott insulator transition. The
horizontal axis is the DOS and the vertical the energy. At U = 0 the system is a
metal with two spin degenerate bands. As we increase the interactions the bands are
no longer degenerate and after a critical Uc they separate creating between them the
Mott gap.

Hund’s coupling J modifies the Mott gap equation into ∆Mott = U + (N − 1)J at
half-filling and ∆Mott = U − 3J away from half-filling.

2.4 Fermi liquid theory

In the previous section we discussed Mott insulators and how they can appear by tuning
the interactions in strongly correlated metals. Some metals exhibit correlations, but not
strong enough to cause carrier localization and these materials are usually described
within Fermi liquid theory. It is a phenomenological approach and the main logic
behind it is that a gas of interacting fermions is in correspondence with a gas of non-
interacting ones [44]. There are though certain conditions: (1) the system must be at
low energy and temperature, (b) the system can not be close to any phase transition and
(c) there must be “adiabatic continuity”. This last condition means that starting from
a non-interacting system in an excited state, if we begin increasing the interactions
slowly enough for the occupation numbers to stay the same (adiabatically), we will
end up in an excited state of the interacting system. The quantum numbers of the
interacting system will remain the same as the ones of the non-interacting one.

In a free electron gas the excitations are given by different configurations of the
single-particle eigenstates and are related to the creation and annihilation of fermions.
In the interacting system, within the context of Fermi liquid theory, the excitations
are identified as quasiparticle states, which are not the exact eigenstates of the system.
They have a finite lifetime which should be large enough to ensure a well-defined energy
but also shorter than any decay processes originating from electron-electron scattering.
It can be shown that the inverse lifetime is proportional to the quasiparticle energy
(with respect to the Fermi level):

1

τk
∝ ξ2

k, (2.1)

if ξk < T . When the temperature exceeds the quasiparticle energy, the typical excita-
tion energy is kBT (with kB the Boltzmann constant) and thus we can write:

1

τk
∝ T 2. (2.2)
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We see that the closer we get to the Fermi level the larger the lifetime gets, so the
Fermi liquid picture is consistent at small energy scales and the same holds for tem-
perature, which must be smaller than the Fermi energy. Indeed this is a fairly good
approximation since the typical metal’s Fermi energy is a relatively large scale, leaving
room for some temperature variation.

According to the above statements, an excitation of the interacting system can
be viewed as a free quasiparticle with a finite lifetime. The information about the
interactions must then be encoded is some effective parameters. In order to understand
this we look at the Green’s function:

G(k, ω) =
1

ω − ξk − Σ(k, ω)
, (2.3)

where ω is the frequency, ξk the free electron energy (with respect to the Fermi level)
and Σ(k, ω) the self-energy, an object that shifts the particle’s energy due to interac-
tions with its environment. Often the self-energy is calculated using the random phase
approximation (RPA), a method that includes only the most divergent of all possible
diagrams. We are interested in the low frequency region and in momenta close to the
Fermi momentum kF . We know that at the Fermi wave number the real part of the
particle’s energy vanishes, so we first separate the real from the imaginary part of the
self-energy and we get ξkF +ReΣ(kF , 0) = 0. Now we can expand the real part of the
denominator of the Green’s function in powers of the small k − kF and ω:

G(k, ω) =
1

ω − [ξk +ReΣ(k, ω)]− iImΣ(k, ω)
'

' 1

ω − ω∂ωReΣ(k, ω)
∣∣ω=0

k=kF
− (k − kF )∂k(ξk +ReΣ(k, ω))

∣∣ω=0

k=kF
− iImΣ(k, ω)

=

= Z

[
ω − ξ̃k +

i

2τ̃k(ω)

]−1

. (2.4)

In the above expression we have defined the quasiparticle weight Z as:

Z−1 = 1− ∂ωReΣ(kF , ω)
∣∣
ω=0

, (2.5)

with the effective energy:

ξ̃k = (k − kF )Z∂k(ξk +ReΣ(k, 0))
∣∣
k=kF

. (2.6)

However, usually the effective energy is given by:

ξ̃k =
1

m∗
(k − kF )kF , (2.7)

where m∗/m expresses the effective mass. This quantity encapsulates the effect of
electron-electron interactions, which limit the particle’s motion thus making it more
“heavy”. So from the last two expressions we get for the effective mass:

m

m∗
= Z

(
1 +

m

kF
∂kReΣ(k, 0)

∣∣
k=kF

)
. (2.8)

If the self-energy does not depend on momentum, which will be our assumption in
Chapter 3, the effective mass is equal to the inverse of the quasiparticle weight:

m∗

m
=

1

Z
. (2.9)
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We still have not said anything about the imaginary part of the self-energy which
is defined through:

1

τ̃k(ω)
= −2ZImΣ(k, ω). (2.10)

In order for the Fermi liquid picture to hold, the imaginary part should be a small
quantity, so that the Green’s function and the spectral function exhibit a Lorentzian
with a sharp peak related to the quasiparticle. In an interacting system, Z is always
less than unity (0 < Z < 1), however the spectral function upon integration should be
equal to one, which means that there is a residual part of the function arising from
excitations which are not related to the Green’s function’s pole. This is the incoherent
part of the spectrum and is usually seen as a background contribution that in some
cases can be neglected, but in others becomes important and should always be treated
carefully.
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Chapter 3

Slave spin method

In the previous chapter we gave an overview of the dominating theories related to the
electronic correlations and their role in the behavior of the FeSC. In this chapter we will
explore the limit of strong correlations, and the electronic interactions will be a domi-
nant factor, so they cannot be treated as a small parameter. We will assume that the
self-energy is local, thus its momentum dependence will be omitted. The system will
be described within Fermi liquid theory, with the strong correlations causing electrons
to become incoherent. A crucial ingredient in the description will be the multi-orbital
character of the FeSC’s electronic structure, which is responsible for many interesting
properties.

The physics of strongly correlated systems with electron-electron correlations lead-
ing to Mott localization, cannot be described in the context of a single-particle picture,
excluding the traditional mean-field methods like Hartree-Fock. It has been a common
trend when dealing with such systems to make use of the so-called “slave” particle
approaches. The slave boson technique, for example, has been widely implemented
in similar situations [45]. Within this approach, the physical fermion of the system is
represented by a pseudo-fermionic variable and a bosonic one (the “slave” particle). An
appropriate mean-field approximation is then performed, decoupling those two degrees
of freedom, with the pseudofermion describing the itinerant quasiparticle fraction and
the boson the localized one. However, in order for the new Hamiltonian to contain
the physics of the original one, some constraints need to be fulfilled and this technique
brings up the issue of necessitating two constraints and also vastly enlarging the prob-
lem’s Hilbert space [46]. The technique we choose to treat the system is the slave spin
method (SS) [47–49], which has two advantages: (1) we only need one constraint to
solve the problem, (2) it can be easily applied to multi-orbital models. We will follow
the formulation introduced in [46, 47] and address the problem on a local mean-field
level.

3.1 Model for slave spin representation

As it is customarily done in the context of correlated electrons, we will describe the
system with the Hubbard model:

Ĥ =
∑

ijmm′σ

tmm
′

ij d†imσdjm′σ +
1

2

∑
ijkl

∑
mm′nn′

∑
σσ′

V mm′nn′
ijkl d†imσd

†
jm′σ′dkn′σ′dlnσ. (3.1)

where tmm
′

ij is the hopping integral and V mm′nn′
ijkl the interaction parameters. In order to

treat the interaction term, we limit our focus to a subset of bands near the Fermi energy.

21
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That is because the ones coming from deep shells are completely filled and the ones of
high energy above the Fermi one are completely empty, so none of them contribute to
the interactions. A crucial step now is to consider only on-site interactions between the
electrons. In the case of the FeSC there are five d-orbitals involved, and the relevant
interactions are V mmmm

iiii = U , V mm′m′m
iiii = U ′, V mmm′m′

iiii = J and V mm′mm′
iiii = J ′. Let

us give some insight on the physical mechanisms related to each of those interactions.

• The on-site intra-orbital Coulomb repulsion U is present between two electrons
on the same orbital, which as imposed by the Pauli exclusion principle must have
opposite spin.

• Since we are looking at a multi-orbital system, electrons on different orbitals will
also interact and repel each other and now those electrons can have either equal
or opposite spin. This inter-orbital repulsion that we call U ′ must be smaller
than U (U ′ < U) since the distance of the electrons has now increased compared
to them “sitting” on the same orbital.

• We know from atomic physics that Hund’s rule indicates that the spin alignment
in different orbitals is favored in a multi-orbital system. That, together with
the fact that electrons obey the anti-commutation relation and in principle can
interchange orbital positions, give rise to the Hund’s coupling parameter J , which
lowers the energy of the system for electron spin alignment in different orbitals.

• There is a last possible process which is that two electrons on the same orbital
as a pair hop to another orbital (pair-hopping) and they repel each other with
an interaction parameter J ′.

From now on we will take J ′ = J , which is a condition imposed by the orbital rotational
symmetry of the system [50]. We arrive, then, at the final form of the multi-orbital
Hubbard model:

Ĥ =
∑

ijmm′σ

tmm
′

ij d†imσdjm′σ + U
∑
m

nm↑nm↓ + U ′
∑
m 6=m′

nm↑nm′↓ +

+(U ′ − J)
∑

m<m′,σ

nmσnm′σ − J
∑
m 6=m′

d†m↑dm↓d
†
m′↓dm′↑ + J

∑
m 6=m′

d†m↑d
†
m↓dm′↓dm′↑ (3.2)

The orbital rotational symmetry existing in the materials we examine, additionally
implies U ′ = U − 2J [50].

We want to describe our strongly correlated system and the appearance of heavy
quasiparticles, which renormalize the kinetic energy. In order to do so, we need to
apply a suitable mean-field theory and we use, as mentioned above, the slave spin
method. The main idea is that we place our problem into an enlarged Hilbert space,
containing as many fermionic degrees of freedom as the original, plus for each one of
them a spin-1/2 variable. We refer to these quasi-fermions with fiσ and to the slave
spin with Sziσ. Note that both carry a spin index and the slave spin component should
not be confused with the physical spin, as it is nothing more than an auxiliary variable.
Therefore, the states that are contained in this new space are:

| nfiσ = 1, Sziσ = +1/2
〉

| nfiσ = 0, Sziσ = −1/2
〉

| nfiσ = 0, Sziσ = +1/2
〉

| nfiσ = 1, Sziσ = −1/2
〉

(3.3)
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We have defined the slave spin so that “up” is related to an occupied electronic state,
while “down” to an empty one. This means that the last two states are unphysical
since they do not correspond to a state in the original space, while the first two are
equivalent to | ndiσ = 1

〉
and | ndiσ = 0

〉
respectively. In order to exclude the unphysical

states we impose the following constraint:

f †iσfiσ = Sziσ +
1

2
. (3.4)

It is important here to notice that the electron number operator ndiσ is equivalent to

the auxiliary fermions number operator nfiσ, and so from the constraint we see that
ndiσ can be written in terms of the slave spin z-component as ndiσ = Sziσ + 1

2 . This is
going to be very useful in the following sections when we will rewrite the Hamiltonian
in the new space.

3.2 One orbital case

As explained in the previous chapters, the FeSC are of multi-orbital character since all
the five 3-d iron orbitals should be included in any representation, in order to capture
all the physical processes. However, it is a lot more instructive to start by introducing
the Hamiltonian for the one orbital case, which simplifies a lot the problem because
the orbital degrees of freedom are now absent. Let us take a look at and explore the
single-band Hubbard model:

Ĥ =
∑
ijσ

tijd
†
iσdjσ + U

∑
i

ni↑ni↓, (3.5)

where niσ = d†iσdiσ. We can re-write the Hamiltonian in its particle-hole symmetric
form (see Appendix A for the whole derivation of the following expression):

Ĥint =
U

2

∑
i

(∑
σ

(ndiσ −
1

2
)
)2

=
U

2

∑
i

(∑
σ

Sziσ

)2
, (3.6)

where we took advantage of the expression ndiσ = Sziσ + 1
2 we wrote in the end of the

previous section.
We now need to rewrite the electronic operator of the original Hamiltonian into a

composite one that will include a “fermionic” and a “spin” part, each related to the two
different degrees of freedom we introduced. When we actually attempt to formulate it,
we come across a complication related to the spin part of the operator because there
is not a unique choice that would give the correct result upon acting on any of the
system’s states. To go past this issue we write diσ → fiσOiσ and = and we choose the
most general expression for the spin part of the composite operator:

Oiσ =

(
0 ciσ
1 0

)
= S−iσ + ciσS

+
iσ, (3.7)

with ciσ for now being an arbitrary complex number (for a detailed derivation see
Appendix B).

We have now everything we need to write the final form of the Hamiltonian in
this formalism and the enlarged Hilbert space:

Ĥ − µN̂ =
∑
<ij>σ

tijO
†
iσOjσf

†
iσfjσ +

U

2

∑
i

(∑
σ

Sziσ

)2
− µ

∑
iσ

nfiσ. (3.8)
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3.2.1 Mean-field approximation

We have now formulated our model and it is quite obvious that not only we did not
solve the problem, but it appears that we have complicated it even more by enlarging
the Hilbert space and by creating a hopping term where both pseudo-fermions and
spins appear. At this point we make the crucial step and declare that pseudo-fermions
and spin degrees of freedom should be decoupled, thus we can perform a mean-field ap-
proximation by decoupling the auxiliary fermions and the slave-spin degrees of freedom
in the following way:∑

<ij>σ

tijO
†
iσOjσf

†
iσfjσ '

∑
<ij>σ

tij
〈
O†iσOjσ

〉
f †iσfjσ +

∑
<ij>σ

tijO
†
iσOjσ

〈
f †iσfjσ

〉
. (3.9)

Now we can write the Hamiltonian as the sum of a “fermionic” and a “spin” one. The
thing to notice is that each of those Hf and Hs contains as coefficients expectation
values related to the other Hamiltonian, so in that sense they are coupled and depend
on each other.

We will then need to treat the constraint on average by introducing a Lagrange
multiplier λ that will not be dependent on the site or the spin index, since for now we
are dealing with uniform phases. Hence, we include the constraint in the Hamiltonian
by adding the equal-to-zero term:

λ
(∑
i,σ

(Sziσ +
1

2
)−

∑
i

nfi
)

= 0 (3.10)

and it can now be written as the sum of a fermionic and a spin Hamiltonian H =
Hf +Hs:

Hf =
∑

<ij>,σ

tij(Qijf
†
iσfjσ + h.c.)− (µ+ λ)

∑
i

nfi ,

Hs =
∑

<ij>,σ

(JijO
†
iσOjσ + h.c.) + λ

∑
i,σ

(
Sziσ +

1

2

)
+
U

2

∑
i

(∑
σ

Sziσ
)2
, (3.11)

where the hopping renormalization factor is Qij =
〈
O†iσOjσ

〉
s
, the slave-spin exchange

constant Jij = tij
〈
f †iσfjσ

〉
f

and from the constraint
〈
nfiσ
〉
f

=
〈
Sziσ
〉
s

+ 1
2 , so those are

three coupled self-consistent equations.
The pseudo-fermionic Hamiltonian has a simple form and can be easily treated,

the spin one on the other hand is still complicated so it needs further manipulation. At
this stage we will make the last approximation and assume that the spin Hamiltonian
describes a single site, which “feels” an effective field arising from the average values of
the operators on all the other sites. In other words, we need to perform a single-site
mean field approximation and assuming translational invariance we decouple the spin
operators as:

O†iσOjσ '
〈
O†iσ
〉
Ojσ +O†iσ

〈
Ojσ

〉
. (3.12)

Now we can write the spin Hamiltonian in the following way:

Hs =
∑
i

H i
s =

∑
i,σ

(
hiσO

†
iσ + h.c.

)
+ λ

∑
i,σ

(
Sziσ +

1

2

)
+
U

2

∑
i

(∑
σ

Sziσ
)2
, (3.13)
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where

hiσ = hσ =
∑
j

Jij
〈
Ojσ

〉
s

=
〈
Oiσ
〉
s

∑
j

〈
f †iσfjσ

〉
f

=
〈
Oiσ
〉
s

∑
k

εk
〈
f †kσfkσ

〉
f

=
〈
Oiσ
〉
s
ε̄.

(3.14)
The kinetic energy per spin for the pseudo-fermions ε̄ can be calculated independently
through the auxiliary fermion’s Hamiltonian. We now relate the renormalization of the
kinetic energy with the quasiparticle weight and remembering what we learned from
the Fermi liquid theory in chapter 2 we get Z =

〈
Oiσ
〉2

.
A last point we should take a look at is that so far ciσ has been a general undefined

complex number. In order to make it more specific we can use our knowledge for the
quasiparticle weight in the non-interacting limit, which we know should be equal to one
Z(U = 0) = 1. In the non-interacting limit the spin index is redundant since spin-up
and spin-down are indistinguishable and also we can omit the site index. Then the
spin Hamiltonian reduces to the simple expression:

Ĥs = hO† + h∗O + λSz =

= h

(
0 1
c∗ 0

)
+ h∗

(
0 c
1 0

)
+ λ

2

(
1 0
0 −1

)
=

(
λ
2 α

α∗ −λ
2

)
, (3.15)

where α = h + ch∗. If we now diagonalize the Hamiltonian we get that the ground
state is given by:

∣∣GS〉 =

(
λ/2−ε0
N

−α∗

N

)
(3.16)

and the corresponding eigenvalue is: ε0 = −
√

λ2

4 + |α2|, with N =
√
−2ε0

(
λ
2 − ε0

)
.

We now calculate on the ground state the expectation values:

< Sz >= 1
2

(
λ/2−ε0
N −α∗

N

)( 1 0
0 −1

)( λ/2−ε0
N

−α∗

N

)
⇒

< Sz >= − λ
4ε0

(3.17)

and

Z =< O >2=
|cα∗ + α|2

4ε20
= 1. (3.18)

Taking into consideration the constraint expression and denoting n =
∑

σ nσ the elec-
tron density, we get:

nσ − 1
2 =< Sz >= − λ

4ε0
⇒
(
nσ − 1

2

)2
= λ2

16ε20
⇒

n2
σ − nσ = − |α|2

|cα∗+α|2 ⇒
1

(c+1)2
= nσ(1− nσ), (3.19)

where we have assumed that c is a real number and we end up with the final expression:

cσ =
1√

nσ(1− nσ)
− 1. (3.20)
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If we substitute nσ = 1/2 in the expression above we can easily see that for the half-
filled case the coefficient is c = 1. We have dropped the i index, because the spin
Hamiltonian can be written as a sum of the independent Hamiltonians for each site,
and from now on we will also drop the σ index, since in the cases we are looking at
the density n does not depend on it.

3.2.2 Procedure and quasiparticle weight calculation

In the last section we introduced the slave spin mean field approximation and we
formulated our model. Coming now to the practical part, in order to obtain the
quasiparticle weight for different parameters, that will offer us an insight into the
system’s behavior towards the Mott transition, the problem can be solved iteratively.
This process includes several steps and below we give an explicit description of each of
them.

• The first thing we need to do is calculate the kinetic energy per spin for the
pseudo-fermions so we need to diagonalize the fermionic Hamiltonian.

That can be easily done in this case by Fourier transforming (FT) and assuming only
nearest neighbor interactions (NNI):

Hf =
∑

<ij>,σ

tij(Qijf
†
iσfjσ + h.c.)− (µ+ λ)

∑
i

nfi
FT
=⇒

Hf =
∑

<ij>,σ

tij
(
Qij

∑
k

eikrif †kσ

∑
k′

e−ik
′rjfk′σ+h.c.

)
−(µ+λ)

∑
i

∑
k

eikrif †kσ

∑
k′

e−ik
′rifk′σ

NNI
==⇒

Hf =
∑
k,σ

(
Zεk − (µ+ λ)

)
f †kσfkσ, (3.21)

where εk = −2t
(

cos(kx) + cos(ky)
)
. Now we can easily calculate ε̄, considering that〈

f †kσfkσ
〉
f

= εfermi = 1
/(
e(Zεk−(µ+λ))/kT + 1

)
and so:

ε̄ =
1

V
∑
k

−
2t
(

cos(kx) + cos(ky)
)

e(Zεk−(µ+λ))/kT + 1
, (3.22)

with V being the normalization factor.

• The next step is to get into the self-consistency process. Following the usual
path when dealing with such situations, the starting point is to guess an initial
value for Z. From 3.14 we then obtain the parameter h =

√
Zε̄, using the

guessed value for Z.

• Our goal, however, is to actually calculate Z, so using the guessed value we will
iteratively calculate all the parameters necessary to determine Z and adjust the
guessed value to the calculated one, until we reach convergence. To do all that
we must first write the spin Hamiltonian in matrix form and diagonalize
it.

The basis we will use is: 
↑↑
↑↓
↓↑
↓↓

 , (3.23)
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where in every element the first arrow corresponds to the state with real spin up and
the second to the one with spin down. The arrow is related to the slave spin, so to
the existence of an electron in each state. For example the second element of the basis
| ↑↓> reads “spin up occupied - spin down not occupied” and the third element | ↓↑>
“spin up not occupied - spin down occupied”. We need to write all the operators that
appear in eq.3.13 in the enlarged space and we use the tensor product relation (we
write it in the simple case of 2x2 matrices, but it is generalized to n-dimensions):

A = B ⊗ C =

(
B11C B12C
B21C B22C

)
. (3.24)

Applying it to our operators we get:

Sz↑ ⊗ I↓ =
1

2


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , I↑ ⊗ Sz↓ =
1

2


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 , (3.25)

O↑ ⊗ I↓ =


0 0 c 0
0 0 0 c
1 0 0 0
0 1 0 0

 , I↑ ⊗O↓ =


0 c 0 0
1 0 0 0
0 0 0 c
0 0 1 0

 , (3.26)

O†↑ ⊗ I↓ =


0 0 1 0
0 0 0 1
c 0 0 0
0 c 0 0

 , I↑ ⊗O†↓ =


0 1 0 0
c 0 0 0
0 0 0 1
0 0 c 0

 , (3.27)

(∑
σ

Sziσ
)2

=


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 . (3.28)

Combining all these we can write Hs as the following matrix:

Hs =


λ+ U

2 h(c+ 1) h(c+ 1) 0
h(c+ 1) 0 0 h(c+ 1)
h(c+ 1) 0 0 h(c+ 1)

0 h(c+ 1) h(c+ 1) −λ+ U
2

 . (3.29)

Now we can numerically diagonalize Hs.

• Next we calculate the expectation value of Oσ and from that Z =
〈
Oσ
〉2

, as
well as the expectation value of Sz in order to fulfill the constraint on average
in each circle of the process. We repeat the procedure iteratively until Z
converges.

• A last point we should be careful with is that during the process of calculating
Z we do not end up with the wrong electron density/chemical potential. When
we examine the case of half-filling, so for n = 1→ nσ = 1

2 , according to the way
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we wrote the Hamiltonian, the chemical potential is zero and from that in order
to obtain particle-hole symmetry we also need to have zero Lagrange multipliers,
so µ = λ = 0. However, when we explore cases away from half-filling, if we
are not careful we will end up with a converged quasiparticle weight Z that will
be wrong, because the self-consistency circles of computation have moved the
electron density away from the desired value. In order to deal with this problem
we need within every cycle of our iteration to adjust λ, as well as µ in
a way that the constraint of Eq.(3.4) is satisfied and the density is the one we
want. Then we can recalculate c, n and Z accordingly until the correct converged
value for the quasiparticle weight is obtained.

3.2.3 Results for the one orbital case

As we already mentioned in the previous section the energy dispersion in this one band
case is εk = −2t

(
cos(kx)+cos(ky)

)
and for half-filling we get µ = 0. The corresponding

band-structure along a certain path and the Fermi surface are given in Fig.3.1 and we
see that the bandwidth is W = 8eV .

(a) (b)

Figure 3.1: (a) Band-structure of the single-band case along the path ΓXMΓ with
Γ = (0, 0), X = (π, 0),M = (π, π). (b) Fermi surface of the single-band case, where
the C4 symmetry of the system is evident.

From now on and throughout this chapter we will be using a momentum grid of
size 100x100 and, until mentioned otherwise, the temperature will be kT = 1meV ,
which is a low enough energy scale. Following the procedure described in section 3.2.2
for the case of half-filling n = 1 → nσ = 1

2 , we get that the quasiparticle weight
decreases with increasing interaction strength. That is what we expected since tuning
up the Coulomb repulsion makes the electrons gradually “freeze” in their positions and
localization gets favored over itineracy. That is related to the appearance of heavy
quasi-particles with increased effective mass and correspondingly decreased weight. As
we keep tuning up the interaction strength, the Z-factor eventually drops to zero for the
critical value Uc ' 13.2eV , as shown in Fig. 3.2. That is then the critical interaction
for the transition to the Mott insulator phase.

At this point, it is important to mention that this result is in very good agreement
with dynamical mean-field theory (DMFT) [46], as well as slave-boson techniques and
results using the Gutzwiller approximation [45]. Therefore, we are confident that the
slave spin method is indeed an appropriate one for the case of strongly correlated FeSC,
in order to follow their transition into a Mott insulating phase.
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Figure 3.2: Single orbital case at half-filling. The quasiparticle weight drops with
increasing interaction strength, until it reaches zero and enters the Mott insulating
phase at Uc ' 13.2eV .

We are interested now in exploring the behavior of the system away from half-
filling. If we move the chemical potential away from µ = 0, we will subsequently also
move the density away from n = 1, always keeping in mind that we should adjust
accordingly the Lagrange multiplier λ (which will now be non-zero), in order to get
the correct filling and keep the constraint fulfilled. By reducing slightly the filling,
we see in Fig.3.3 that the quasiparticle weight still drops with increasing interaction
strength, but Z does not vanish at any point. After a critical interaction it saturates
at a small value, meaning that the system has large effective mass but not a divergent
one, so there is not complete Mott localization. If we start moving even further from
half-filling, we observe from Fig.3.3 a reduction in the Z factor suppression, which now
drops until a point and then saturates at a mediocre value. Finally, if we take the
density to very low values, we see that the quasiparticle weight is almost unaffected
by the interactions and stays very close to the Z = 1 value of the non-interacting
metallic electron gas. Concluding from all the above, we can understand that in order
to get into the Mott insulating phase (so obtain Z = 0), an integer number of electrons
per site is necessary and as we go further away from the half-filled case, the effect of
localization becomes less and less evident.

Once again, a comparison with the results obtained through the slave boson tech-
nique [45] leads to very good agreement between the two methods. This is one more
piece of evidence supporting the adequacy of the slave spin method in the description
of strongly correlated systems.
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Figure 3.3: Single orbital case away from half-filling. The system never enters the
Mott insulating phase and as we move further away from half-filling, the quasiparticle
weight tends to saturate at higher values. This is in agreement with the statement we
made in chapter 2, that Mott localization necessitates an integer number of electrons.

3.3 Multi-orbital case

In the previous section we derived the slave spin formalism for the simplified single
orbital case. We know, however, that this is far from reality since the multi-orbital
character of the FeSC not only is present, but there are many indications pointing
out that it is the determining factor in any attempt to explain their unconventional
behavior. In this section we will explore the model for the multi-orbital case and, on
the practical front, use explicit band representations that are relevant for the FeSC. We
will particularly try to understand and explain the role of Hund’s coupling and how it
dominates in these materials, giving rise to orbital selectivity. Therefore, we start by
formulating the Hamiltonian in the slave spin context and then we move on to specific
cases, leading finally to the five orbital model which we know is the appropriate one.
At the end, we will approach the nematic state and explore its interesting features,
motivated by the experiment on FeSe introduced in chapter 2.

3.3.1 Mean-field approximation

Let us (at least for now) ignore the two last terms of equation 3.2, the spin-flip and pair-
hopping, and focus on the remaining multi-orbital Hamiltonian. This approximation
has been shown to bring no qualitative changes in the results [46]. Thinking in the
same way as in the single band case and keeping in mind that now all terms will carry
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orbital indices (m,m′), we end up with the mean-field equations:

Hf =
∑

i 6=j,mm′σ
tmm

′
ij

√
ZmZm′f

†
imσfjm′σ +

∑
imσ

(εm − λm − µ)nfimσ, (3.30)

Hs =
∑
m,σ

[
(hmO

†
mσ + h.c.) + λm(Szmσ +

1

2
)
]

+ Ĥint[S], (3.31)

Ĥint[S] = U
∑
m

Szm↑S
z
m↓ + U ′

∑
m 6=m′

Szm↑S
z
m′↓ + (U ′ − J)

∑
m<m′,σ

SzmσS
z
m′σ, (3.32)

hmσ =
∑
m′

〈
Om′σ

〉
s

∑
j(6=i)

tmm
′

ij

〈
f †imσfjm′σ

〉
f
, (3.33)

Zm = |
〈
Omσ

〉
|2. (3.34)

Note that in the expression for the fermionic Hamiltonian, we have explicitly written
down the on-site energy term (related to the crystal field splitting). The reason is that
the Z-factor renormalization should apply on the kinetic energy only, hence this term
should be separated. The constraint as well as the gauge number will both now be
orbitally dependent:

〈
nfimσ

〉
f

=
〈
Szimσ

〉
s

+ 1
2

cimσ = cm = 1√〈
nfimσ

〉
(1−
〈
nfimσ

〉
)
− 1 (3.35)

It is obvious that at the specific case of a two band model, the indices can take
two values m,m′ = 1, 2 and they correspond to the xz and yz orbitals, that as we know
from the bibliography, are the most relevant ones. So now we will have to calculate
two quasiparticle weight factors, Z1 and Z2. Similarly if we include five orbitals in
our analysis, the indices will take five values m,m′ = 1, 2, 3, 4, 5 corresponding to the
xz, yz, x2 − y2, xy, z2 orbitals, and naturally there will be five quasiparticle weight
factors Z1, Z2, Z3, Z4 and Z5 to be calculated.

3.3.2 Two orbital case - Procedure and quasiparticle weight
calculation

We start the exploration of the multi-orbital model by the simplest case, the two
orbitals, which is still a simplification, but is more realistic than the single orbital one.
Again we are thinking in a way analogous to the one band case, but now we have to
be careful because performing a Fourier transform, assuming only nearest neighbor
interactions, is not enough to diagonalize the fermionic Hamiltonian Hf . We arrive at:

Hf =
∑

kσ

(
Z1ε1(k)nfk1σ + Z2ε2(k)nfk2σ +

√
Z1Z2ε12(k)(f †k1σfk2σ + f †k2σfk1σ) +

+(E1 − λ1 − µ)nfk1σ + (E2 − λ2 − µ)nfk2σ

)
. (3.36)

We choose to use the dispersion relations as derived within the Raghu model [51],
which includes nearest and next nearest neighbor hopping with the two orbitals being
the xz and yz. The advantage of this model is that, even though it oversimplifies the
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picture and ignores the effect of the other orbitals, it reproduces with good agreement
the Fermi surfaces obtained from band-structure DFT calculations:

ε1(k) = −2t1 cos(kx)− 2t2 cos(ky)− 4t3 cos(kx) cos(ky), (3.37)

ε2(k) = −2t2 cos(kx)− 2t1 cos(ky)− 4t3 cos(kx) cos(ky), (3.38)

ε12(k) = −4t4 sin(kx) sin(ky), (3.39)

where t1 is the nearest neighbor hopping between orbitals lying on the same axis,
t2 the nearest neighbor hopping between orbitals lying on parallel axis, t3 the next
nearest neighbor hopping between similar orbitals and t4 the next nearest neighbor
hopping between different orbitals, with the values t1 = −1, t2 = 1.3, t3 = t4 = −0.85.
The different hopping parameters are shown in a sketchy way in Fig.3.4(c), and the
band-structure and Fermi surface of the model in Fig.3.4(a)-(b).

We know, from symmetry considerations, that there is no crystal field splitting
between the xz and yz orbitals in the normal state and they are degenerate in energy,
so the on-site energy term is a constant diagonal term in the Hamiltonian, that can
be shifted according to our choice. From now on we will take the on-site energies
E1, E2 = 0 for simplicity. We have to calculate the coefficients h and they will be given
by:

h1σ =
√
Z1ξ1 +

√
Z2ξ12, (3.40)

h2σ =
√
Z1ξ21 +

√
Z2ξ2, (3.41)

where

ξ1 =
∑

k ε1(k)
〈
f †k1σfk1σ

〉
f
, ξ2 =

∑
k ε2(k)

〈
f †k2σfk2σ

〉
f
,

ξ12 =
∑

k ε12(k)
〈
f †k1σfk2σ

〉
f

=
∑

k ε12(k)
〈
f †k2σfk1σ

〉
f

= ξ21 (3.42)

and we can calculate them after diagonalizing Hf .
As we did for the one band case, we will solve the problem self-consistently, so

we need to write down the spin Hamiltonian in matrix form and diagonalize it. Of
course now the inclusion of two orbitals in the representation makes the Hilbert space
significantly larger, but still it is easy to deal with it on an analytic level. The basis
we will use is given in equation 3.43, where in every element the first pair is related
to the first orbital xz and the second pair to the second orbital yz. Again, the first
arrow of each pair corresponds to the state with real spin up and the second to the one
with spin down. We give again an example to lift any doubts concerning the physical
meaning of the representation, so let us focus, as an example, on the element | ↓↑, ↑↑

〉
.

This reads “first orbital (xz): spin up not occupied - spin down occupied & second
orbital (yz): spin up occupied - spin down occupied”.
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| ↑↑, ↑↑
〉

| ↑↑, ↑↓
〉

| ↑↑, ↓↑
〉

| ↑↑, ↓↓
〉

| ↑↓, ↑↑
〉

| ↑↓, ↑↓
〉

| ↑↓, ↓↑
〉

| ↑↓, ↓↓
〉

| ↓↑, ↑↑
〉

| ↓↑, ↑↓
〉

| ↓↑, ↓↑
〉

| ↓↑, ↓↓
〉

| ↓↓, ↑↑
〉

| ↓↓, ↑↓
〉

| ↓↓, ↓↑
〉

| ↓↓, ↓↓
〉



(3.43)

(a) (b)

(c)

Figure 3.4: (a) Band-structure of the Raghu model, with the chemical potential µ =
1.45 specified by the dashed line. We see that the bandwidth is W = 12eV . (b) Fermi
surface at µ = 1.45, where we can see the C4 symmetry of the system. Blue color
corresponds to the dxz and red to dyz, so at each point the color indicates the relevant
dominant orbital. (c) Sketch of the hopping parameters in the two orbital Raghu model
including only dxz, dyz. With green color is denoted the projection of the xz orbital on
the xy plane and with white the one of yz. All the hoppings contained in the model
are illustrated with arrows on the plane. The plot in (c) is taken from [51].
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Following the method we used in the one band case, we write all the operators
that appear in Hs in the enlarged space of the two orbitals, so that they are all 16x16
matrices. We will indicatively write down one of the terms and the rest is calculated
in the same way:

∑
m,σ

hmOmσ = (h1O1↑⊗I1↓)⊗I2+I1⊗(h2O2↑⊗I2↓)+(I1↑⊗h1O1↓)⊗I2+I1⊗(I2↑⊗h2O2↓) =



0 h2c2 h2c2 0 h1c1 0 0 0 h1c1 0 0 0 0 0 0 0
h2 0 0 h2c2 0 h1c1 0 0 0 h1c1 0 0 0 0 0 0
h2 0 0 h2c2 0 0 h1c1 0 0 0 h1c1 0 0 0 0 0
0 h2 h2 0 0 0 0 h1c1 0 0 0 h1c1 0 0 0 0
h1 0 0 0 0 h2c2 h2c2 0 0 0 0 0 h1c1 0 0 0
0 h1 0 0 h2 0 0 h2c2 0 0 0 0 0 h1c1 0 0
0 0 h1 0 h2 0 0 h2c2 0 0 0 0 0 0 h1c1 0
0 0 0 h1 0 h2 h2 0 0 0 0 0 0 0 0 h1c1

h1 0 0 0 0 0 0 0 0 h2c2 h2c2 0 h1c1 0 0 0
0 h1 0 0 0 0 0 0 h2 0 0 h2c2 0 h1c1 0 0
0 0 h1 0 0 0 0 0 h2 0 0 h2c2 0 0 h1c1 0
0 0 0 h1 0 0 0 0 0 h2 h2 0 0 0 0 h1c1

0 0 0 0 h1 0 0 0 h1 0 0 0 0 h2c2 h2c2 0
0 0 0 0 0 h1 0 0 0 h1 0 0 h2 0 0 h2c2

0 0 0 0 0 0 h1 0 0 0 h1 0 h2 0 0 h2c2

0 0 0 0 0 0 0 h1 0 0 0 h1 0 h2 h2 0



,

where the I1,2↑,↓ are 2x2 identity matrices corresponding to the up or down-spin state
of orbital 1 or 2. The I1,2 are 4x4 identity matrices, corresponding to orbital 1 and
2 respectively. So looking at the example (h1O1↑ ⊗ I1↓) ⊗ I2, we see that the term in
the parenthesis is acting on the first orbital and the other term on the second orbital.
Inside the parenthesis, the first term acts on the up-spin and the second term on the
down-spin. Similarly to the above, we can obtain all the operators appearing in Hs to
finally end up with:
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Hs =

D1 h2(c2 + 1) h2(c2 + 1) 0 h1(c1 + 1) 0 0 0
h2(c2 + 1) D2 0 h2(c2 + 1) 0 h1(c1 + 1) 0 0
h2(c2 + 1) 0 D3 h2(c2 + 1) 0 0 h1(c1 + 1) 0

0 h2(c2 + 1) h2(c2 + 1) D4 0 0 0 h1(c1 + 1)
h1(c1 + 1) 0 0 0 D5 h2(c2 + 1) h2(c2 + 1) 0

0 h1(c1 + 1) 0 0 h2(c2 + 1) D6 0 h2(c2 + 1)
0 0 h1(c1+1) 0 h2(c2 + 1) 0 D7 h2(c2 + 1)

0 0 0 h1(c1 + 1) 0 h2(c2 + 1) h2(c2 + 1) D8

h1(c1 + 1) 0 0 0 0 0 0 0
0 h1(c1 + 1) 0 0 0 0 0 0
0 0 h1(c1 + 1) 0 0 0 0 0
0 0 0 h1(c1 + 1) 0 0 0 0
0 0 0 0 h1(c1 + 1) 0 0 0
0 0 0 0 0 h1(c1 + 1) 0 0
0 0 0 0 0 0 h1(c1 + 1) 0
0 0 0 0 0 0 0 h1(c1 + 1)




h1(c1 + 1) 0 0 0 0 0 0 0
0 h1(c1 + 1) 0 0 0 0 0 0
0 0 h1(c1 + 1) 0 0 0 0 0
0 0 0 h1(c1 + 1) 0 0 0 0
0 0 0 0 h1(c1 + 1) 0 0 0
0 0 0 0 0 h1(c1 + 1) 0 0
0 0 0 0 0 0 h1(c1 + 1) 0
0 0 0 0 0 0 0 h1(c1 + 1)
D9 h2(c2 + 1) h2(c2 + 1) 0 h1(c1 + 1) 0 0 0

h2(c2 + 1) D10 0 h2(c2 + 1) 0 h1(c1 + 1) 0 0
h2(c2 + 1) 0 D11 h2(c2 + 1) 0 0 h1(c1 + 1) 0

0 h2(c2 + 1) h2(c2 + 1) D12 0 0 0 h1(c1 + 1)
h1(c1 + 1) 0 0 0 D13 h2(c2 + 1) h2(c2 + 1) 0

0 h1(c1 + 1) 0 0 h2(c2 + 1) D14 0 h2(c2 + 1)
0 0 h1(c1 + 1) 0 h2(c2 + 1) 0 D15 h2(c2 + 1)
0 0 0 h1(c1 + 1) 0 h2(c2 + 1) h2(c2 + 1) D16



,

where the first matrix corresponds to rows 1 to 8 and the second one to rows 9 to 16
of the total matrix Hs. The diagonal elements are:

D1 = (λ1 + λ2) + 1
2 [U + U ′ + (U ′ − J)], D2 = λ1,

D3 = λ, D4 = (λ1 − λ2) + 1
2 [U − U ′ − (U ′ − J)],

D5 = λ2, D6 = 1
2 [−U − U ′ + (U ′ − J)],

D7 = 1
2 [−U + U ′ − (U ′ − J)], D8 = −λ2,

D9 = λ2, D10 = 1
2 [−U + U ′ − (U ′ − J)],

D11 = 1
2 [−U − U ′ + (U ′ − J)], D12 = −λ2,

D13 = (λ2 − λ1) + 1
2 [U − U ′ − (U ′ − J)], D14 = −λ1,

D15 = −λ1, D16 = (−λ1 − λ2) + 1
2 [U + U ′ + (U ′ − J)].
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3.3.3 Five orbital case - Procedure and quasiparticle weight
calculation

We move on to the five band case, where the situation is similar to the one treated
on the two orbital level, with the fermionic hamiltonian Hf being now a 5x5 matrix
that needs to be diagonalized. We chose to use the Ikeda five-band model [52], which
includes the dxz, dyz, dx2−y2 , dxy, dz2 Fe-orbitals. The band-structure and Fermi surface
calculated within this model are shown in Fig.3.5, where we can see that the bandwidth
is W ≈ 4eV .

(a) (b)

Figure 3.5: (a) Band-structure of the five orbital Ikeda model along the path ΓXMΓ
with Γ = (0, 0), X = (π, 0),M = (π, π). (b) Fermi surface of the Ikeda model, where
the C4 symmetry of the system is evident. The colors indicate which orbital is the low
energy dominant one at each FS point.

Once again the final form of the Hamiltonian arrises after performing a Fourier
transform and we get the expression:

Hf =
∑

kσ

[
(Z1 − λ1 − µ)ε1(k)nfk1σ + (Z2 − λ2 − µ)ε2(k)nfk2σ +

+(Z3 − λ3 − µ)ε3(k)nfk3σ + (Z4 − λ4 − µ)ε4(k)nfk4σ + (Z5 − λ5 − µ)ε5(k)nfk5σ +

+
√
Z1Z2ε12(k)(f †k1σfk2σ + f †k2σfk1σ) +

√
Z1Z3ε13(k)(f †k1σfk3σ + f †k3σfk1σ) +

+
√
Z1Z4ε14(k)(f †k1σfk4σ + f †k4σfk1σ) +

√
Z1Z5ε15(k)(f †k1σfk5σ + f †k5σfk1σ) +

+
√
Z2Z3ε23(k)(f †k2σfk3σ + f †k3σfk2σ) +

√
Z2Z4ε24(k)(f †k2σfk4σ + f †k4σfk2σ) +

+
√
Z2Z5ε25(k)(f †k2σfk5σ + f †k5σfk2σ) +

√
Z3Z4ε34(k)(f †k3σfk4σ + f †k4σfk3σ) +

+
√
Z3Z5ε35(k)(f †k3σfk5σ + f †k5σfk3σ) +

√
Z4Z5ε45(k)(f †k4σfk5σ + f †k5σfk4σ)

]
,(3.44)

where we have named the orbitals xz ≡ 1, yz ≡ 2, x2 − y2 ≡ 3, xy ≡ 4 and z2 ≡ 5
and the dispersion relations in the Ikeda 5-band model are found in [52]. Now the
coefficients hm that we need to calculate will be:



3.3. MULTI-ORBITAL CASE 37

h1σ =
√
Z1
∑

k ε1(k)
〈
f †k1σfk1σ

〉
f

+
√
Z2
∑

k ε12(k)
〈
f †k1σfk2σ

〉
f

+
√
Z3
∑

k ε13(k)
〈
f †k1σfk3σ

〉
f

+

+
√
Z4
∑

k ε14(k)
〈
f †k1σfk4σ

〉
f

+
√
Z5
∑

k ε15(k)
〈
f †k1σfk5σ

〉
f

=
∑5

m=1

√
Zmξ1m,

h2σ =
∑5

m=1

√
Zmξ2m,

h3σ =
∑5

m=1

√
Zmξ3m,

h4σ =
∑5

m=1

√
Zmξ4m,

h5σ =
∑5

m=1

√
Zmξ5m, (3.45)

with ξlm =
∑

k εlm(k)
〈
f †klσfkmσ

〉
f

and ξmm ≡ ξm =
∑

k εm(k)
〈
f †kmσfkmσ

〉
f
. The basis

we will use is a 45 vector, where each element includes the physical spin up - spin down
pair for each of the five orbitals xz, yz, x2 − y2, xy and z2. We write down the first 16
elements and then the rest continue in the same pattern ending up with 1024 elements:

| ↑↑, ↑↑, ↑↑, ↑↑, ↑↑
〉

| ↑↑, ↑↑, ↑↑, ↑↑, ↑↓
〉

| ↑↑, ↑↑, ↑↑, ↑↑, ↓↑
〉

| ↑↑, ↑↑, ↑↑, ↑↑, ↓↓
〉

| ↑↑, ↑↑, ↑↑, ↑↓, ↑↑
〉

| ↑↑, ↑↑, ↑↑, ↑↓, ↑↓
〉

| ↑↑, ↑↑, ↑↑, ↑↓, ↓↑
〉

| ↑↑, ↑↑, ↑↑, ↑↓, ↓↓
〉

| ↑↑, ↑↑, ↑↑, ↓↑, ↑↑
〉

| ↑↑, ↑↑, ↑↑, ↓↑, ↑↓
〉

| ↑↑, ↑↑, ↑↑, ↓↑, ↓↑
〉

| ↑↑, ↑↑, ↑↑, ↓↑, ↓↓
〉

| ↑↑, ↑↑, ↑↑, ↓↓, ↑↑
〉

| ↑↑, ↑↑, ↑↑, ↓↓, ↑↓
〉

| ↑↑, ↑↑, ↑↑, ↓↓, ↓↑
〉

| ↑↑, ↑↑, ↑↑, ↓↓, ↓↓
〉

.

.

.



. (3.46)

Now, in order to get the hamiltonian Hs in matrix form we have to write down
all the operators in the enlarged space of the five orbitals, with two slave spins for each
of them, so as we mentioned above we have a 45x45 = 1024x1024 space. We will once
again explicitly write down one of the terms and the rest is calculated in the same way:

∑
m,σ

hmOmσ = (h1O1↑ ⊗ I1↓)⊗ I2 ⊗ I3 ⊗ I4 ⊗ I5 + (I1↑ ⊗ h1O1↓)⊗ I2 ⊗ I3 ⊗ I4 ⊗ I5 +

I1 ⊗ (h2O2↑ ⊗ I2↓)⊗ I3 ⊗ I4 ⊗ I5 + I1 ⊗ (I2↑ ⊗ h2O2↓)⊗ I3 ⊗ I4 ⊗ I5 +

I1 ⊗ I2 ⊗ (h3O3↑ ⊗ I3↓)⊗ I4 ⊗ I5 + I1 ⊗ I2 ⊗ (I3↑ ⊗ h3O3↓)⊗ I4 ⊗ I5 +

I1 ⊗ I2 ⊗ I3(h4O4↑ ⊗ I4↓)⊗ I5 + I1 ⊗ I2 ⊗ I3(I4↑ ⊗ h4O4↓)⊗ I5 +

I1 ⊗ I2 ⊗ I3 ⊗ I4 ⊗ (h5O5↑ ⊗ I5↓) + I1 ⊗ I2 ⊗ I3 ⊗ I4 ⊗ (I5↑ ⊗ h5O5↓), (3.47)

where the I1,2,3,4,5↑,↓ are 2x2 identity matrices corresponding to the spin state of each
orbital, while the I1,2,3,4,5 are 4x4 identity matrices corresponding to the orbitals 1,2,3,4
and 5 respectively. This means that in a specific operation, for example the I1 ⊗
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(h2O2↑ ⊗ I2↓) ⊗ I3 ⊗ I4 ⊗ I5, the orbitals 1,3,4 and 5 do not get affected. By writing
all the operators in that form the Hs matrix is constructed.

3.3.4 Results for the multi-orbital case

We have formulated our model and we our now going to look into the results we get
for the quasiparticle weights in various situations.

Degenerate bands with only intra-orbital hopping

Before we move on to the explicit models discussed in the previous section, we calculate
as a first check the Z-factors for the simplest cases, where the two and five bands
respectively are degenerate and there is no hopping between different orbitals (just
simple hopping within each orbital of the form used in the single band case).

• Only intra-orbital interactions

We will start by looking at the case where there are no interactions between the
orbitals (U ′ = 0 and J = 0), so there is only the intra-orbital Coulomb U . Following
the procedure described in section 3.3.3, we find, as expected, that in both cases the
quasiparticle weights are degenerate between the orbitals and the trend is identical to
that of the one band case at half filling (so at n = 2 for the two bands and n = 5
for the five bands). That is because what we practically have now is two and five,
respectively, copies of the single band model. In Fig.3.6a we see those plots on top of
each other and it is obvious that they are identical.

• Intra- and inter-orbital interactions

The natural next step is to add interactions beyond the intra-orbital Coulomb repulsion
U . For the degenerate two orbital model, with only intra-orbital hopping, we add inter-
orbital interactions through U ′ and J (we remind the reader that U ′ = U − 2J , so it
is not a free parameter) at half-filling and check how the quasiparticle weights change
behavior compared to the previous case. We notice from Fig.3.6b that for J = 0, the
effect of adding U ′ is to push the critical interaction strength for the Mott transition
at much higher values. To explain this we look at the physical picture and notice
that the ground state degeneracy has now increased, because it is proportional to the
orbital number. This means that there is also an increase of the hopping channels with
no energy cost, thus the “fight” for the energy gain between the particles’ itineracy
and the localization, now needs a much higher interaction strength to be won by the
localization (leading to the Mott phase). By tuning the Hund’s coupling J away from
zero we observe in Fig.3.6b the opposite effect. The critical U value is now lowered
and the reason is that Hund’s rule favors the parallel alignment of the electron spins,
so the degeneracy of the ground state is again reduced. More explicitly this can be
seen in terms of the “Mott gap” and if we remind ourselves of the analysis we made
in chapter 2, indeed at half-filling the criterion for transition into the Mott phase is
∆Mott = U + (N − 1)J −W = 0, with N being the number of orbitals and W the
bandwidth.

• Dependence on number of orbitals

Another interesting parameter to explore is the number of orbitals N . We take the case
where the bands are degenerate with only intra-orbital hopping, including both intra-
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(a) (b)

Figure 3.6: (a) Quasiparticle weight of two and five degenerate bands, with only intra-
orbital hopping and interactions. The plot lines are on top of each other and they
are identical to the single orbital figure. (b) Quasiparticle weight of two degenerate
bands, with only intra-orbital hopping but both intra- and inter-orbital interactions.
Tuning up the value of Hund’s coupling J pushes the critical interaction strength for
transition to the Mott insulating phase towards lower values, so it favors localization.
The temperature is kT = 1meV .

and inter-orbital interactions through U and U ′, but with Hund’s coupling J = 0.
We calculate the quasiparticle weights versus interaction strength for one, two, three
and five orbitals. The combined plot 3.7 illustrates that, by increasing the number of
orbitals, the critical interaction Uc for entering the Mott phase increases. This behavior
can be understood again within the context of the ground state degeneracy, which
becomes larger with increasing orbital number, thus creating more hopping channels
and making the localization harder. Consequently, a stronger interaction parameter is
needed to induce the Mott insulator transition.

Figure 3.7: Critical interaction strength for different number of orbitals at half-filling.
With increasing orbital number the critical U is increased as well.
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(a) (b)

Figure 3.8: (a) Quasiparticle weight in the Raghu model at half-filling n = 2 for Hund’s
coupling J = 0 and J = 0.25U . (b) Same calculation away from half-filling at n = 1.5.
We see that at the second case there is no Mott localization, since the filling is not an
integer number. Temperature kT = 1meV .

Raghu model for the two orbital case

Next we would like to move on to a more concrete, realistic band-structure, that
includes off-diagonal hopping terms, and for that we use the Raghu model, introduced
in section 3.3.2. At half-filling we first examine the J = 0 case and we see from
Fig.3.8 that the system experiences a Mott transition at a large interaction strength,
however we should keep in mind that the Raghu model also has a large bandwidth
W = 12eV and the ratio between those two parameters is actually what determines the
degree of correlation. If we add a non-zero Hund’s coupling J = 0.25U , the observed
quasiparticle weight with respect to the interaction strength now drops faster and
Uc(J = 0.25U) ' 2.5Uc(J = 0). The explanation for this behavior is the one we gave
also for the oversimplified band, related to the ground state degeneracy. Moving away
from half-filling and repeating the same calculations for the case where n = 1.5, we
arrive at a situation where the quasiparticle weight drops with increasing interaction,
but never reaches zero as shown in Fig3.8. Rather it saturates at a mediocre value, in
agreement with the statement that the Mott Insulator can appear only when there is
an integer electron filling, otherwise the particles will never completely “freeze” in their
positions. The system has strongly correlated electrons with large mass renormalization
but not an infinite one.

Ikeda model for the five orbital case

Now we finally move on to a realistic model of a five orbital band structure and specif-
ically we use the Ikeda model, already discussed in section 3.3.3. Now the orbitals
are not degenerate (apart from the xz and yz), but they are rather split by a crys-
tal field energy term. We use the filling n = 6, which is the one related to the parent
compound, for this model. For the Hund’s coupling parameter we chose J = 0.25U , ac-
cording to other studies [46,53], and we get that with increasing interaction strength,
the system enters an orbital selective Mott phase (OSMP), where the quasiparticle
weights for the five orbitals are split. We can interpret this behavior by thinking that
at around U ' 2.5eV there is a crossover from a weakly correlated system to a more
strongly correlated one, where the five Z-factors saturate in different values, as shown
in Fig.3.9. Therefore, we have now shown the emergence of this coexistence state,
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already introduced in chapter 2 from relevant experiments, where some electrons are
weakly correlated and other strongly. We observe that the xy orbital is the most
strongly correlated one, in accordance with experimental findings. This orbital differ-
entiation of the correlation strength has been proposed, also, from other methods, such
as DMFT [54] and variational Montecarlo studies [55].

Figure 3.9: Ikeda model at n=6 filling with J = 0.25U at kT = 1meV . Upon increasing
interaction strength, the system undergoes a transition from a weakly correlated metal
into an OSMP with strong correlations.

• Behavior of individual orbital fillings

An interesting thing to look at is how the densities of each orbital evolve with growing
interaction strength. We can see in Fig.3.10 that the xy orbital has a density closest
to half-filling (n = 2nσ = 1, with nσ we practically denote n/2, since we are looking at
the paramagnetic phase), and so lives in proximity to the Mott insulating phase. This
result is in agreement with the fact that dxy is the most strongly correlated one. We
also notice that at the crossover’s critical interaction strength U ' 2.5eV the xz/yz and
the x2 − y2 orbitals switch order, following the behavior of the relevant quasiparticle
weights. So when the system passes into the OSMP, the density of the xz/yz orbitals
gets lowered, so closer to half-filling and accordingly the quasiparticle weights become
smaller, thus there is stronger renormalization. The opposite happens to the x2 − y2

orbital.
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Figure 3.10: Individual orbital occupations at total filling n=6 and J=0.25U. We see
that the most correlated xy orbital has its density close to half-filling, as expected.

• Effect of electron filling

We are now interested in exploring the effect of the electron filling in the quasiparticle
weights. So far we have used n = 6 that is according to the bibliography the relevant
one for the FeSC parent compounds [52], but what happens when we move away from
this value? Below we plot the Z-factors versus interaction strength for n = 5.81 and
n = 6.13. We note here that we chose this range because we know it’s the one where
the interesting features of the phase diagram appear [19]. What we observe from
Fig.3.11, is that as we lower the electron density, so we hole dope the system towards
half filling, the renormalization increases and correlations become stronger. Naturally,
as we electron dope the system by increasing the filling, the opposite effect happens
and the coupling is now weaker. However, it is clear that the discrepancy between
those two different cases is not very large.

The tendency observed by varying the doping seems logical once we remind our-
selves that as the system approaches half-filling, it is actually approaching the Mott
insulator phase. In order to prove the above statement we make an additional calcula-
tion at half-filling n = 5. The result can be seen in Fig.3.11c and indeed at the critical
interaction Uc = 2 the system experiences a transition into a Mott phase, with all the
Z-factors becoming equal to zero.
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(a) (b) (c)

Figure 3.11: Quasiparticle weights for doping away from the parent compound’s n = 6.
(a) n = 5.81 (b) n = 6.13 (c) n = 5. We see that for the last case which is at half-filling
the system enters a Mott insulating phase.

(a) (b)

Figure 3.12: (a) Quasiparticle weights for filling n = 5.81 at kT = 50meV . (b)
Quasiparticle weights for filling n = 6.13 at kT = 50meV . We see that the temperature
increase has a prominent effect especially in dxy that gets completely localized, in both
limits of doping.

• Effect of temperature

Thinking in a similar spirit as we did when varying the electron filling, we now check
what result we get for moving on the temperature axis. Up until now we have been
using T ' 11.6K → kT = 1meV , that is a low enough value for the Fermi liquid theory
to be valid. We know, though, that in the phase diagram of the FeSC the temperature
parameter reaches values as high as kT = 50meV [19]. For that reason, we calculate
now the quasiparticle weights as a function of interaction strength at kT = 50meV , for
fillings n = 5.81, n = 6 and n = 6.13. Upon plotting the results in Fig.3.12a,3.12b and
3.13a we come across a significant change, since for all the three fillings the weight of
the “heaviest” quasiparticle dxy gets now massively suppressed and becomes zero. This
means that this orbital is now completely localized and has entered a Mott insulating
phase, while the others are still mass-renormalized but not localized. To understand
this we plot in Fig.3.13b, for the case of n = 6, the evolution of the individual orbital
occupations and see that for the dxy the filling after the critical value U ' 2.6eV
becomes nyz = 1, thus this individual orbital indeed is at half-filling and that is why
it obtains a zero quasiparticle weight.
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(a) (b)

Figure 3.13: (a) Quasiparticle weights for filling n = 6 at kT = 50meV . (b) Individual
orbital fillings for the same case exhibiting that the complete suppression of the dxy
Z-factor goes side-to-side with its orbital occupation reaching the “half-filling” value
nxy,σ = 0.5.

• Renormalized band-structure and Fermi surface

In the slave spin formalism, the quasiparticle weights enter in the Hamiltonian as
pre-factors, which renormalize the hopping terms. This means that in the interacting
situations, where the Z-factors are less than unity, the hoppings will now be smaller
than in the non-interacting limit, leading to a reshaping of the band-structure. Our un-
derstanding of the model tells us that the bands will now be squeezed and to see that,
we plot the renormalized band-structure for different critical interaction strengths in
Fig.3.14. Indeed there we observe the expected tendency of the bandwidth, decreasing
as we increase U . If we remind ourselves of the experimental overview we gave in chap-
ter 2, we will find that our results confirm the ones from various measurements. For
example, with ARPES one actually performs measurements of energy dispersions, so
our results are in agreement with the strong band renormalization and mass enhance-
ment found there. The same applies for example for the specific heat measurements,
where the Sommerfeld coefficient is proportional to the density of states. The exhibited
band renormalization from such measurements also validates our results through the
slave spin method. In complete accordance, the Fermi surface map follows the same
tendency and the pockets (mainly the central ones) now get reshaped as we can see in
Fig.3.15.
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U=0 U=2

U=3 U=4

Figure 3.14: Band-structure renormalization. At U = 0 the bandwidth is W ' 4eV
and as we tune up the interactions to U = 2, 3, 4eV we see a gradual “squeezing” of
the total band-structure, meaning a decrease in the bandwidth, which at U = 4eV
becomes a bit larger than W = 1eV .

U=0 U=2

U=3 U=4

Figure 3.15: Fermi surface renormalization. The central pocket’s width is notably
suppressed, but small reshaping of the other pockets is observed.
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3.4 Nematic state

As we have already pointed out in chapter 2, we are interested in the nematic state,
where the system undergoes a structural transition generated by electronic interac-
tions, making the x and y directions inequivalent. This is related to the lifting of the
degeneracy between the xz and yz orbitals. Ideally, in order to explore this state we
should reconstruct all of our band representation. However, as we analyzed earlier,
the actual structural distortion is very small, while compared to that, the energetic
splitting between dxz and dyz is relatively large. This makes us conclude that the main
effect of nematicity can be captured simply by adding “by hand” a small splitting in
the xz and yz energies. In this section, motivated by the experiment on FeSe and its
relevant analysis in [39] discussed in chapter 2, we will attempt to look into the effect
of such a small energy splitting on the quasiparticle weights. The reader should keep
in mind that the band we are using is not the specific one for FeSe, but it is a generic
band, representative of FeSC systems. Nevertheless, what we would like to explore
is the possibility of a small energy splitting generating a large Zxz,Zyz discrepancy,
within the slave spin approach, and that should not depend highly on the details of
the band-structure.

The first step is to figure out in which form we should add the splitting and
what value we should ascribe to it. We return to the experimental data and the
information we obtain indicate that at the Γ = (0, 0) point of the Brillouin zone, the
measured energy difference between dxz,dyz is approximately 20meV [39]. This will be
our guideline for the following calculations.

• s-wave nematic order

The simplest way to include nematicity in our system is through an s-wave type split-
ting by writing Ho = δo(nxz − nyz). This is an on-site energy term, so it will not be
renormalized by the quasiparticle weights. Motivated by the experimental result [39],
we start by setting δo = 10meV , so that the energy difference between the two orbitals
is ∆o = 2δo = 20meV . We see in Fig.3.16a that the calculated Zxz and Zyz exhibit a
very small difference. However, there is an effect we did not take into consideration.
Even though Ho does not get renormalized, the whole band-structure will be renor-
malized by the Z-factors, meaning that the value we ascribe to δo is related to the
non-interacting case. In the experiments, though, the measured quantities obviously
correspond to reality, which is far from the non-interacting limit. Consequently, at
U 6= 0 the energy splitting of dxz and dyz will be smaller than ∆o and we name it ∆̃o.
In order to look into that we repeat the previous calculation with a larger δo = 50meV .
Fig.3.16b shows that the Z-factor difference has now increased (Zxz/Zyz ≈ 0.78 at the
OSMP), but it is still not as large as we would anticipate.

We plot the band-structure for the latest case with δo = 50meV in Fig.3.17a.
Indeed at U = 0 the difference of the xz and yz energies at the Γ point is ∆o =
2δo = 100meV . At the interacting situation with U = 4, though, we observe in
Fig.3.17b that ∆̃o ≈ 50meV , due to the feedback effects of the orbitally dependent
quasiparticle weights. This means that in order to get the 20meV energy splitting, we
should start with a δo > 10meV so that upon renormalization ∆̃o = 20meV . We can
say, nonetheless, that with 10meV < δo < 50meV , the Z-factors will not exhibit the
discrepancy we would like to observe for the xz and yz orbitals.

This motivates us to take a step back and reconsider the way we introduced the
nematic order in the Hamiltonian. If we return to the experimental situation, we
realize that there, they report a modulation of the energy difference between dxz and
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(a) (b)

Figure 3.16: Ikeda model at n=6 filling, with J = 0.25U and xz/yz s-wave split for (a)
δo = 15meV , (b) δo = 50meV . We see that for the case with larger δ, there is a larger
splitting between Zxz and Zyz, but still it is not significantly large.

(a)

(b) (c)

Figure 3.17: Band-structure around the Fermi energy of the Ikeda model with an
additional s-wave nematic order term, δo = 50meV . (a) Non-interacting limit U = 0.
(b) Interacting case with U = 4eV at the ΓXMΓ cut. (c) U = 4eV at the ΓYMΓ
cut. We observe at the Γ point the renormalization of the Exz,Eyz difference ∆o =
100meV , which becomes ∆̃o ≈ 50meV (notice the different scale in the two plots).
Ẽxz(Γ)− Ẽyz(Γ) ≈ 50meV ,Ẽyz(X)− Ẽxz(Y ) ≈ 60meV .
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dyz across the Brillouin zone, in agreement with other experimental findings [39,56,57].
In fact, they find that at the M point, the dxz and dyz bands are split by ∼ 20meV ,
but the order is now reversed. At Γ the xz orbital’s energy is higher than the yz, but at
M it is the other way around. In Fig.3.18 we see the results of ARPES measurements
from [57] around the M point. We can see that there is an electron pocket crossing the
Fermi level around that point and a hole pocket at lower energies. After performing
an analysis, the description of which is not relevant for this thesis, the writers of this
paper identify the electron pocket being of yz orbital origin and the hole one of xz.
Within this analysis, they report that the energy difference we see in Fig.3.18 is also
related to the structural distortion, so only a fraction of the ∆E we see should be
identified with the orbital order splitting. The appearance of this degeneracy lifting
in the nematic phase is more clearly illustrated in Fig.3.19, where they also plot the
measured energy dispersion as a function of temperature. There we see that below
T = 90K, which is the critical temperature for the nematic transition, there is an
observed lifting of the dxz, dyz energy degeneracy (we focus on the e′l and e′′h bands).
The same group performed one year later more ARPES measurements on FeSe [56]
and managed to obtain the band-structure picture around the Γ point. In Fig.3.20 we
see that at T = 160K, so above the nematic transition, the xz orbital (red color in
the third panel) appears to have larger energy than the yz one (green color). Upon
cooling, we can see that at T = 30K, dyz moves upward, while dxz moves downward,
having eventually reversed order compared to the M point discussed before.

Figure 3.18: The two first plots are ARPES images demonstrating an electron pocket
crossing the Fermi energy and a hole pocket in lower energies, around the M point.
The second plot is a high-contrast figure. The third one is a schematic illustration of
the band dispersions. We see that Eyz > Exz. From [57].

Figure 3.19: Lifting of the dxz, dyz degeneracy upon temperature lowering, below the
nematic transition. From [57].
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Figure 3.20: ARPES images and schematic band dispersions around the Γ point, for
T = 160K and T = 30K. We see that upon cooling below the nematic transition,
the energy of dyz moves upwards, while the one of dxz moves downwards, leading to
Eyz > Exz at the Γ point. From [56].

When comparing our results with the experimental data, though, we should be
very careful. When they are naming the k-points they are looking at, they use the
folded Brillouin zone, the correspondence of which with the unfolded one was intro-
duced in chapter 1. The M point in this scheme is translated to our model as following:
when they compare the dxz with the dyz energy at the M point, we should be com-
paring the dyz energy at the X = (π, 0) point with the dxz one at the Y = (0, π)
point. These results are in agreement with the findings of [39], that we introduced in
chapter 2. There, as we have explained earlier, they renormalize the band by includ-
ing quasiparticle weights in the Hamiltonian, which they calculate by fitting to the
experimental data. The band-structure they obtain is shown in Fig.3.21, where we can
see the dxz, dyz band inversion between the Γ point and the combination of X and Y
points, in the way we explained above.

Figure 3.21: Renormalized band-structure including Z-factors fitted to the experimen-
tal data. Red corresponds to dxz and green to dyz. We observe the band inversion
between the Γ point (where Exz(Γ) > Eyz(Γ)) and the X−Y points combination (with
Exz(Y ) < Eyz(X)). From the Supplementary Material of [39].

Looking at dxz in Fig.3.17c and dyz in Fig.3.17b, we can see that Ẽxz > Ẽyz and
∆̃o ≈ 60meV . This means that the s-wave approach of the nematic order is insufficient,
since it can not induce a change in the energy bands’ order across the Brillouin zone.
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• d-wave nematic order

Indeed, the on-site energies of the two orbitals will be non-degenerate and that is
captured in the s-wave form of the nematic order we gave above. However, the exper-
imentally calculated band-structure indicates, as we noted, that the splitting between
the xz, yz orbitals is not the same along the Brillouin zone, but it changes as a func-
tion of momentum. This can be captured by adding in the Hamiltonian a d-wave term
Hb = δb(cos kx − cos ky)(nxz + nyz), where with δb we denote the “bond-order”, which
is actually a hopping term. This means that in our slave spin representation it should
be included in the Hamiltonian together with the other hopping terms, and thus get
renormalized by the Z-factors. It is obvious that ∆̃b (the energy difference of dxz and
dyz at U 6= 0) will be different than ∆b (the energy difference of dxz and dyz at U = 0),
so we choose to implement the above for δb = 50meV . We arrive at the result of Fig.
3.22a, which shows that Zxz/Zyz ≈ 0.73 at the OSMP.

We will once again look into the band-structure to gain some more information
about the actual energy difference our choice has promoted. First, as a check we take
the non-interacting case. We expect that at the Γ point, the dxz and dyz bands will
be degenerate, because Ebxz(Γ) = Ebyz(Γ) = δb(1 − 1) = 0 and so ∆b(Γ) = 0. On

the other hand, Ebyz at the X point must be different from Ebxz at the Y point, since

Ebyz(X) = δb(−1 − 1) = 50 · (−2) = −100meV and Ebxz(Y ) = δb(1 + 1) = 50 · 2 =
+100meV , inducing a difference ∆b(XY ) = |Exz − Eyz| = 200meV . These can be
verified from Fig.3.23a,3.23b, where we can see the degeneracy at Γ and the 200meV
difference between the red line in Fig.3.23a and the blue one in Fig.3.23b at the X and
Y points respectively.

Next we can look into the interacting case (U = 4) and let us start from the Γ
point. We see in Fig.3.23c that the degeneracy is now lifted and ∆̃b(Γ) ≈ 20meV .
Even though Ebxz(Γ) = Ebyz(Γ) = 0, these objects are not equivalent to the Ẽxz(Γ) and

Ẽyz(Γ) we see in the band-structure. That is the result of the feedback effects of the
quasiparticle weights, which are now unequal for dxz and dyz. Hence, when they are
included in the Hamiltonian they renormalize the two bands differently, giving rise to
the degeneracy lifting at Γ, where we observe that Ẽyz > Ẽxz. Comparing now Ẽyz
at X with Ẽxz at Y , we observe that ∆̃b(XY ) ≈ 30meV and the order is now indeed
reversed, with Ẽxz > Ẽyz. However, we obtain the wrong order, because according to
the experiment Ẽxz > Ẽyz at the Γ point and Ẽxz < Ẽyz at the X-Y points.

It looks like the correct approach demands a negative δb and we plot in Fig.3.22b
the quasiparticle weight as a function of interaction for δb = −50meV . In this case
Zxz > Zyz, which is in contrast to the experimental findings. However, as we expected
the band-structure exhibits now the correct order. If we look at Fig.3.23g,3.23h, we
can observe that we have obtained the exact same results as in the previous case
(where δb = 50meV ), but now the blue and red bands are switched, so at the Γ point
Ẽxz > Ẽyz and from the comparison of the X and Y points Ẽxz < Ẽyz. We have
arrived at a result where ∆̃b(Γ) ≈ 20meV and ∆̃b(XY ) ≈ 30meV , which is very close
to the experiment. To the contrary, though, the Z-factors have the wrong order, so we
conclude that a d-wave nematic order cannot account for the experimental data.
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(a) (b)

Figure 3.22: Ikeda model at n=6 filling with J = 0.25U and xz/yz d-wave splitting,
for (a) δb = 50meV , (b) δb = −50meV . We observe that the two results are identical,
but the Zxz and Zyz have been switched. The experimental results indicate that the
correct order is Zxz < Zyz, so the one of δb > 0. This choice, though, does not generate
the correct band-structure.

• s+d-wave nematic order

At this point, motivated by the analysis made on the experimental results of [39] and
the insufficiency of the s and d-wave splittings to produce a large Zyz −Zxz difference,
we implement a combination of an s and a d-wave type splitting. The relevant term
in the Hamiltonian will now be Hob = δo(nxz + nyz) + δb(cos kx − cos ky)(nxz − nyz)
. As before, the “bond-order” δb is a hopping term and therefore the relevant term
must be renormalized by the Z-factors. On the other hand, δo is related to an on-site
term, so it does not get renormalized. We remind the reader that the experimental
findings suggest that both at the Γ and the M point (translated to combination of
X and Y in our representation), there is an energy splitting of the order of 20meV
between dxz and dyz, related to the orbital ordering. Moreover, there is a change in the
order of the relevant bands, with the dxz one being higher than the dyz one at the Γ
point and the opposite happening at the M point. Following the analysis made for the
simple s- and d-wave types, we conclude that the appropriate form of the Hamiltonian
includes a positive δo and a negative δb. Choosing the actual values for those objects
becomes very complicated due to the feedback effects. We need a large δo so that
upon renormalization it will lead to the correct energy splitting, but we also need a
large negative δb to create the band reversion at the M point. After studying various
combinations, we conclude that the one generating the experimental energy splittings
consists of δo = 70meV and δb = −80meV . In Fig.3.24 the band-structures along
the ΓXMΓ and ΓYMΓ paths are illustrated, where we can indeed see that ∆̃ob(Γ) '
25meV and ∆̃ob(XY ) ' 20meV . We plot in Fig.3.25 the quasiparticle weights as a
function of interaction and we observe that at the OSMP, where the Zxz, Zyz difference
is largest, their ratio is Zxz/Zyz ' 0.78. This value is not in agreement with the
experimental situation, where this ratio was < 0.5. Therefore, even upon including an
s+d-wave type nematic order which induced the correct form of the band-structure,
we did not manage to verify the suggestion of [39] on the Zxz, Zyz ratio, within the
slave spin method.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.23: Band-structure around the Fermi energy of the Ikeda model with an
additional d-wave nematic order term (a)-(d)δb = 50meV , (e)-(h)δb = −50meV . First
and third line correspond to U = 0. Second and fourth line to U = 4eV .
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(a) (b)

Figure 3.24: Band-structure around the Fermi energy of the Ikeda model with an
additional s+d-wave nematic order term, where δo = 70meV and δb = −80meV . At
the Γ point the energy difference of dxz and dyz is ' 25meV , and comparing the energy
of dxz at the Y point with dyz at the X point, we see that their difference is ' 20meV .
These values reproduce the experimental findings and the correct order is observed.

Figure 3.25: Ikeda model at n=6 filling with J = 0.25U and xz/yz s+d-wave split, δo =
70meV , δb = −80meV , at kT = 1meV . We see that even at the OSMP the difference
between Zxz and Zyz does not reach the large values observed in the experimental
results, where Zxz/Zyz < 0.50.

3.5 Discussion

In this chapter we looked into the limit of strong electronic correlations in the FeSC.
To this end, we implemented the slave spin method and showed the emergence of
an OSMP in FeSC compounds. Upon increasing the strength of interactions there
is a crossover from a weakly correlated metallic state to an OSMP, where there are
stronger correlations accompanied by a significant differentiation among the orbitals’
quasiparticle weights. This co-existence of strongly and weakly correlated electrons



54 CHAPTER 3. SLAVE SPIN METHOD

can explain the results of various experiments, introduced in chapter 2, exhibiting
such large discrepancies in their measurements.

In the last section of the chapter we studied the nematic phase. Motivated by
experimental results on FeSe and a suggestion on their interpretation by [39], we con-
sidered whether a small energy splitting between the xz and yz orbitals could induce
a large difference in their quasiparticle weights. We found out that incorporating the
appropriate term in the Hamiltonian, gave rise to a notable discrepancy in Zxz and
Zyz, but not as large as [39] suggested. This disagreement between experimental in-
terpretation and theoretical results could be related to the method we used. Within
the slave spin approach, the interactions are treated in a local level, thus we have been
ignoring the momentum dependence of the self-energy. In the following chapter we will
explore this limit, by implementing a different method.



Chapter 4

Momentum dependence of the
self-energy

In the previous chapter, we introduced the slave spin technique in order to investigate
the quasiparticle weights of FeSC compounds, by assuming strong correlations. Using
this method we showed the emergence of an OSMP, which has appeared in a number of
experiments [32–34]. However, we could not reproduce the suggested results from [39]
on the nematic phase of FeSe. This could be related to the fact that the slave spin
method captures the properties of the system arising from local interactions. It has
been shown, though, that the nematic phase of FeSe is in close proximity to a magnetic
one [35,58,59]. Under ambient pressure FeSe does not exhibit a magnetic transition, but
upon applied pressure a magnetic dome appears. Antiferromagnetic spin fluctuations
have been studied in the nematic phase with ambient pressure and it appears that
they are existent and strong. There are competing magnetic states, leading to a final
picture with no long range magnetic order, and with the nematic state present until
low temperatures. Therefore, momentum dependence seems to be a parameter that
we should not neglect when working on FeSe.

In this chapter we will explore this momentum dependence of the self-energy and
assume that spin fluctuations play a major role in the system’s physical processes.
We will, once again, attempt to extract the quasiparticle weights in this context, and
we will do it through the calculation of the self-energy. The two methods (slave spin
and self-energy) tackle the same problem by encapsulating different physical processes,
therefore a direct comparison of their results is inconsistent. It is interesting, however,
to study both of them, for the normal as well as the nematic state that we have focused
on throughout this thesis.

We will apply a two orbital model, as the five orbital problem is computationally
very demanding. This allows us to obtain qualitative results concerning the effects of
nematicity on the quasiparticle weights.

4.1 Susceptibility calculation

Before we are ready to explore the self-energy of the system, we have to define and cal-
culate certain quantities. We are going to look into the susceptibility, which describes
the response of the system under an applied field. To do so we need to introduce the fol-
lowing correlators, the density-density (“charge”) and the spin-spin (“spin”) correlation
functions, defined as:

[χdd](q, τ) =
〈
TτN (q; τ)N (−q, 0)

〉
, (4.1)

55
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[χij ](q, τ) =
〈
TτS

i(q; τ)Sj(−q, τ)
〉
, (4.2)

where the multi-orbital density and spin operators are:

N̂µσ(q) =
1

V
∑
k

c†k−q,µσ(τ)ck,µσ(τ), (4.3)

Ŝiµ1µ2(q) =
1

2V
∑
k

(
c†k−q,µ1↑(τ)c†k−q,µ1↓(τ)

)
σi

(
ck,µ2↑(τ)
ck,µ2↓(τ)

)
. (4.4)

In the above expressions, V is a normalization constant, the index i corresponds to
the direction of an external magnetic field and σi are the Pauli matrices. Here and
throughout the whole chapter, the greek letters (µ, ν) denote orbital indices, while σ
is the particle’s spin and k its momentum. At this point it is useful to introduce a
generalized correlation function as the following:

[χ]µ1σ1;µ2σ2
µ3σ3;µ4σ4(q, iωn) =

1

V

(∑
k

〈
Tτ c
†
k−q,µ1σ1(τ)ck,µ2σ2(τ)c†k,µ3σ3(0)ck−q,µ4σ4(0)

〉)
. (4.5)

For the charge susceptibility there are four contributions arising from the different spin
configurations:

χc =
1

2

(
[χ]µ1↑;µ2↑µ3↑;µ4↑ + [χ]µ1↑;µ2↑µ3↓;µ4↓ + [χ]µ1↓;µ2↓µ3↑;µ4↑ + [χ]µ1↓;µ2↓µ3↓;µ4↓

)
. (4.6)

The 1
2 in the above expression is a convention and it appears in order for χc to reduce

to its known form in the presence of SU(2) (rotational) symmetry. The system we want
to study is two dimensional, since it can be described by a 2D iron plane, as explained
in chapter 1. The electrons will, then, all be on that plane, with their spin pointing
anywhere in three dimensions. We can described the spin direction simply by two
orthogonal directions and we chose the longitudinal and the transverse one. We are
interested in the normal paramagnetic state, so we expect all the spin-spin correlation
functions to give the same result, due to symmetry. A factor of 1

2 will appear for the
same reason as for χc. For the longitudinal susceptibility we get:

[χzz]µ1;µ2
µ3;µ4(q; τ) =

〈
TτS

z
µ1;µ2(q; τ)Szµ3;µ4(−q; 0)

〉
=

=
1

4V
∑
kk′

〈
Tτ
(
c†k−q,µ1↑(τ)ck,µ2↑(τ)−c†k−q,µ1↓(τ)ck,µ2↓(τ)

)
·
(
c†k′+q,µ3↑ck′,µ4↑−c

†
k′+q,µ3↓ck′,µ4↓

)
=

=
1

2

(
[χ]µ1↑;µ2↑µ3↑;µ4↑ + [χ]µ1↑;µ2↑µ3↓;µ4↓ − [χ]µ1↓;µ2↓µ3↑;µ4↑ − [χ]µ1↓;µ2↓µ3↓;µ4↓

)
. (4.7)

We also give the expression for the transverse susceptibility:

[χ+−]µ1;µ2
µ3;µ4(q; τ) =

〈
TτS

+
µ1;µ2(q; τ)S−µ3;µ4(−q; 0)

〉
=

=
〈
Tτ

1√
2

(
Sxµ1;µ2 + iSyµ3;µ4

)
(q; τ)

1√
2

(
Sxµ1;µ2 − S

y
µ3;µ4(−q; 0)

)〉
=

=
1

4

(
1

2V
∑
kk′

〈
Tτ c
†
k+q,µ1↑(τ)ck,µ2↓(τ)c†k′−q,µ3↓ck′,µ4↑

〉)
. (4.8)
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4.1.1 Bare susceptibility

We will first calculate the bare susceptibility, which means that we are going to neglect
the interactions and assume a free electron gas. We start from the following formula:

[
χ0
]µ1;µ2
µ3;µ4

(q, τ) =
1

V
∑
k,k′

σ1,σ2,σ3,σ4

∑
µ1,µ2,
µ3,µ4

〈
Tτ
(
c†k−q,µ1σ1(τ)ck,µ2σ2(τ)c†k′+q,µ3σ3(0)ck′,µ4σ4(0)

)〉
0
.

(4.9)

In order to deal with such expressions we use Wick’s theorem, according to which a
higher-order Green’s function, involving more than one particle, can be factorized into
products of single-particle Green’s functions [44]. The Matsubara Green’s function is
defined as: [

G0
kσ

]
µ1µ2

(τ − τ ′) = −
〈
Tτ ck,µ2σ(τ)c†k,µ1σ(τ ′)

〉
. (4.10)

If we now make use of the theorem, take all possible pairings of products of single-
particle Green’s functions and carefully carry along the signs, arising from the operator
commutations we end up with:[

χ0
]µ1;µ2
µ3;µ4

(q, τ) = − 1

V
∑

k,σ1,σ2

[
G0
k,σ2

]
µ2;µ3

(τ)
[
G0
k−q,σ1

]
µ1;µ4

(−τ), (4.11)

where we already took into account spin-rotational symmetry and set σ1 = σ4, σ2 = σ3.
The next step is to perform a Fourier transform and move to Matsubara frequency
space, where the above expression takes the following form:

[
χ0
]µ1;µ2
µ3;µ4

(q, iqn) = − 1

βV
∑

ikn,k,σ1σ2

[
G0
k,σ2

]
µ2;µ3

(ikn)
[
G0
k−q,σ1

]
µ1;µ4

(ikn + iqn). (4.12)

The parameter β = 1/kT , with k being Boltzmann’s constant and T the temperature,
while ikn is a fermionic frequency and iqn a bosonic one. Performing now the Matsub-
ara sum over the fermionic frequency ikn and using

[
G0
k,σ

]
µµ′

(ikn) = 1/
(
ikn−Eµµ

′
(k)
)
,

we obtain the final expression for the bare susceptibility:

[χ0]µ1;µ2
µ3;µ4(q, ω) = − 1

V
∑
k,s,p

αµ2s (k)αµ3∗s (k)αµ4p (k−q)αµ1∗p (k−q)
nf (Ep(k − q))− nf (Es(k))

ω + iη+ + Ep(k − q)− Es(k)
.

(4.13)

Here we have already performed the analytic continuation and gone from the imaginary
bosonic Matsubara frequencies to the real ones by iqn → ω + iη+. With nf (E) we
denote the Fermi distribution function nf (E) = 1/(eE/kT +1) and V is the system size,
while the α factors arise from the diagonalization of the Hamiltonian and are related
to its eigenvectors. The relevant bare susceptibility diagram is illustrated in Fig.4.1.
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Figure 4.1: Bare susceptibility bubble

Thinking in the same spirit and using again Wick’s theorem we can rewrite, for ex-
ample, also the transverse susceptibility of Eq.(4.8), in order to use it in the following
sections.

4[χ+−
0 ]µ1;µ2

µ3;µ4(q; τ) = − 1

2V
∑
kk′

〈
Tτ ck′,µ4↑c

†
k−q,µ1↑(τ)ck,µ2↓(τ)c†k′+q,µ3↓

〉
=

= − 1

2V
∑
kk′

〈
Tτ ck′,µ4↑c

†
k−q,µ1↑(τ)

〉〈
Tτ ck,µ2↓(τ)c†k′+q,µ3↓

〉
=

= − 1

2V
∑
k

〈
Tτ ck−q,µ4↑(−τ)c†k−q,µ1↑

〉〈
Tτ ck,µ2↓(τ)c†k,µ3↓

〉
=

= − 1

2V
∑
k

[
G0
k−q↑

]
µ1;µ4

(−τ)
[
G0
k↓
]
µ3;µ2

(τ) (4.14)

As we mentioned in the beginning of the chapter, we will focus on the two band
case and we remind ourselves of the Raghu model, already introduced in chapter 3.
The Hamiltonian is:

H =
∑
kσ

(
d†xσ(k) d†yσ(k)

)( εx(k)− µ εxy(k)
εxy(k) εy(k)− µ

)(
dxσ(k)
dyσ(k)

)
, (4.15)

where:

εx(k) = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky, (4.16)

εy(k) = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky,

εxy(k) = −4t4 sin kx sin ky,

with t1 = −1, t2 = 1.3 and t3 = t4 = −0.85.
In Fig.4.2a we plot the bare susceptibility at zero frequency on the whole Brillouin

zone, and we see that the system is C4 symmetric and that there is a modulation of χ0

across the zone. The highest values are located around the X = (π, 0) and Y = (0, π)
points and naturally on their symmetric ones. In Fig.4.2b we plot χ0 along the ΓXMΓ
path. We observe that at X = (π, 0) there is indeed a susceptibility peak, already
making obvious that ΓX is an important vector, reminding us of the nesting vectors
analysis we made in chapter 1.
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(a) (b)

Figure 4.2: Bare susceptibility for the Raghu model with U = 2.5eV (a) on the whole
Brillouin zone, (b) along the ΓXMΓ path. We observe the distinct peak of the sus-
ceptibility on the X point. The same peak appears on the Y point, in agreement with
the C4 symmetry of the system.

4.1.2 RPA susceptibility

In the previous section we calculated the bare susceptibility, by completely ignoring the
electron-electron interactions. However, if we want to include those in our description
the situation becomes very complicated, and we are unable to solve the problem. A
way to tackle this issue is to use the random phase approximation (RPA) and instead of
summing over infinite diagrams, keep only the bubble and ladder type ones. Using the
equation of motion technique (for a derivation see Appendix C), we get the expression
for the generalized RPA susceptibility:

[χRPA]µ1σ1;µ2σ2
µ3σ3;µ4σ4(q, iωn) = [χ0]µ1σ1;µ2σ2

µ3σ3;µ4σ4(q, iωn) +

+[χ0]µ1σ1;µ2σ2
ν1σ1;ν2σ2 (q, iωn)[V]µ1σ1;µ2σ2

ν3σ3;ν4σ4 [χRPA]ν3σ3;ν4σ4
µ3σ3;µ4σ4(q, iωn) (4.17)

Figure 4.3: RPA susceptibility equation

The first step in order to solve this equation is to write down in a diagrammatic form
all the different interaction lines that appear in our problem. We need to keep in
mind the multi-orbital character of the system and make sure that, at the interaction
vertices, momentum is conserved as well as spin, since the interactions do not include
processes that can flip the spin projections of the electrons. The possible interaction
lines connect either electrons with same spin projections or with opposite ones, and
the various orbital combinations give rise to different lines, as it is more clearly shown
in a diagrammatic form in Fig.4.4.
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We now introduce an intuitive way of understanding the possible interaction lines
that come in play. We can first split the general interaction vertex into three contribu-
tions, according to the spin structure, as V = V1 +V2 +V3. So, as shown in Fig.4.4, V1

corresponds to scattering of equal spin, longitudinal spin fluctuations, V2 corresponds
to scattering of opposite spin, longitudinal spin fluctuations and V3 corresponds to
transverse spin fluctuations.

Figure 4.4: The three interaction channels related to the spin structure. The total
interaction vertex is V = V1 + V2 + V3.

The next step is to split each one of these three channels into the different contributions
related to orbital structure. In order to do that, we first remind ourselves of the
interaction Hamiltonian in the Hubbard model we have been using throughout this
thesis.

Ĥint = U
∑
m

nm↑nm↓ + U ′
∑
m 6=m′

nm↑nm′↓ + (U ′ − J)
∑

m<m′,σ

nmσnm′σ−

−J
∑
m 6=m′

d†m↑dm↓d
†
m′↓dm′↑ + J

∑
m 6=m′

d†m↑d
†
m↓dm′↓dm′↑ (4.18)

Looking very carefully at the form of the interaction Hamiltonian, we make a splitting
for the three interaction channels defined above, according to the orbital configurations.
By looking at those diagrams, illustrated in Fig.4.5, and comparing with the interaction
Hamiltonian, we get the expressions for all the terms appearing in each of the three
interaction channels:

[
V1

]µµ
µµ

= 0,
[
V1

]νν
µµ

= U ′ − J,
[
V1

]µν
µν

= 0,
[
V1

]νµ
µν

= J − U ′

[
V2

]µµ
µµ

= U,
[
V2

]νν
µµ

= U ′,
[
V2

]µν
µν

= J ′,
[
V2

]νµ
µν

= J

[
V3

]µµ
µµ

= −U,
[
V3

]νν
µµ

= −J,
[
V3

]µν
µν

= −J ′,
[
V3

]νµ
µν

= −U ′ (4.19)
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Figure 4.5: Each line corresponds to the orbital structure of the 1st, 2nd and 3rd inter-
action channel respectively.

At this point and before we calculate the charge and spin susceptibilities, we can exploit
the spin rotational symmetry the system exhibits in the paramagnetic state. It it easy
to conclude that the only components of the bare susceptibility which are going to be
non-zero, are the ones satisfying σ1 = σ4, σ2 = σ3. We will now show in detail how one
can compute the charge susceptibility, and then the spin one can be derived following
the same method. Replacing in the generalized RPA equation the interaction lines
present in our model, as they were defined above, and picking only the terms which
contribute to the charge susceptibility we arrive at:

χc =
1

2

(
[χ]µ↑;µ↑ν↑;ν↑ + [χ]µ↑;µ↑ν↓;ν↓ + [χ]µ↓;µ↓ν↑;ν↑ + [χ]µ↓;µ↓ν↓;ν↓

)
(4.20)

[χ]µ↑;µ↑ν↑;ν↑ = [χ0]µ↑;µ↑ν↑;ν↑ + [χ0]µ↑;µ↑ν↑;ν↑
(
− U [χ]ν↓;ν↓ν↑;ν↑ − U

′[χ]µ↓;µ↓ν↑;ν↑ − (U ′ − J)[χ]µ↑;µ↑ν↑;ν↑
)

+

+[χ0]µ↑;µ↑µ↑;µ↑
(
− U [χ]µ↓;µ↓ν↑;ν↑ − U

′[χ]ν↓;ν↓ν↑;ν↑ − (U ′ − J)[χ]ν↑;ν↑ν↑;ν↑
)

+

+[χ0]µ↑;µ↑µ↑;ν↑
(
− J [χ]ν↓;µ↓ν↑;ν↑ − J

′[χ]µ↓;ν↓ν↑;ν↑ + (U ′ − J)[χ]ν↑;µ↑ν↑;ν↑
)

+

+[χ0]µ↑;µ↑ν↑;µ↑
(
− J [χ]µ↓;ν↓ν↑;ν↑ − J

′[χ]ν↓;µ↓ν↑;ν↑ + (U ′ − J)[χ]µ↑;µ↑ν↑;ν↑
)

(4.21)
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[χ]µ↑;µ↑ν↓;ν↓ = [χ0]µ↑;µ↑ν↓;ν↓
(
− U [χ]ν↓;ν↓ν↓;ν↓ − U

′[χ]µ↓;µ↓ν↓;ν↓ − (U ′ − J)[χ]µ↑;µ↑ν↓;ν↓
)

+

+[χ0]µ↑;µ↑µ↑;µ↑
(
− U [χ]µ↓;µ↓ν↓;ν↓ − U

′[χ]ν↓;ν↓ν↓;ν↓ − (U ′ − J)[χ]ν↑;ν↑ν↓;ν↓
)

+

+[χ0]µ↑;µ↑µ↑;ν↑
(
− J [χ]ν↓;µ↓ν↓;ν↓ − J

′[χ]µ↓;ν↓ν↓;ν↓ + (U ′ − J)[χ]ν↑;µ↑ν↓;ν↓
)

+

+[χ0]µ↑;µ↑ν↑;µ↑
(
− J [χ]µ↓;ν↓ν↓;ν↓ − J

′[χ]ν↓;µ↓ν↓;ν↓ + (U ′ − J)[χ]µ↑;µ↑ν↓;ν↓
)

(4.22)

[χ]µ↓;µ↓ν↑;ν↑ = [χ0]µ↓;µ↓ν↓;ν↓
(
− U [χ]ν↑;ν↑ν↑;ν↑ − U

′[χ]µ↑;µ↑ν↑;ν↑ − (U ′ − J)[χ]µ↓;µ↓ν↑;ν↑
)

+

+[χ0]µ↓;µ↓µ↓;µ↓
(
− U [χ]µ↑;µ↑ν↑;ν↑ − U

′[χ]ν↑;ν↑ν↑;ν↑ − (U ′ − J)[χ]ν↓;ν↓ν↑;ν↑
)

+

+[χ0]µ↓;µ↓µ↓;ν↓
(
− J [χ]ν↑;µ↑ν↑;ν↑ − J

′[χ]µ↑;ν↑ν↑;ν↑ + (U ′ − J)[χ]ν↓;µ↓ν↑;ν↑
)

+

+[χ0]µ↓;µ↓ν↓;µ↓
(
− J [χ]µ↑;ν↑ν↑;ν↑ − J

′[χ]ν↑;µ↑ν↑;ν↑ + (U ′ − J)[χ]µ↓;µ↓ν↑;ν↑
)

(4.23)

[χ]µ↓;µ↓ν↓;ν↓ = [χ0]µ↓;µ↓ν↓;ν↓ + [χ0]µ↓;µ↓ν↓;ν↓
(
− U [χ]ν↑;ν↑ν↑;ν↑ − U

′[χ]µ↑;µ↑ν↑;ν↑ − (U ′ − J)[χ]µ↓;µ↓ν↑;ν↑
)

+

+[χ0]µ↓;µ↓µ↓;µ↓
(
− U [χ]µ↑;µ↑ν↓;ν↓ − U

′[χ]ν↑;ν↑ν↓;ν↓ − (U ′ − J)[χ]ν↓;ν↓ν↓;ν↓
)

+

+[χ0]µ↓;µ↓µ↓;ν↓
(
− J [χ]ν↑;µ↑ν↓;ν↓ − J

′[χ]µ↑;ν↑ν↓;ν↓ + (U ′ − J)[χ]ν↓;µ↓ν↓;ν↓
)

+

+[χ0]µ↓;µ↓ν↓;µ↓
(
− J [χ]µ↑;ν↑ν↓;ν↓ − J

′[χ]ν↑;µ↑ν↓;ν↓ + (U ′ − J)[χ]µ↓;µ↓ν↓;ν↓
)

(4.24)

Now we can make use of the fact that the bare susceptibility bubble does not depend
on the spin configuration, as is obvious from the expression 4.13. Thus, we can sum
the previous expressions and group them to get:

χc = χ0 + [χ0]µµνν

[
− U

(
[χ]ν↓;ν↓ν↑;ν↑ + [χ]ν↑;ν↑ν↑;ν↑ + [χ]ν↓;ν↓ν↓;ν↓ + [χ]ν↑;ν↑ν↓;ν↓

)
−

−U ′
(
[χ]µ↓;µ↓ν↑;ν↑ + [χ]µ↑;µ↑ν↑;ν↑ + [χ]µ↓;µ↓ν↓;ν↓ + [χ]µ↑;µ↑ν↓;ν↓

)
− (U ′ − J)

(
[χ]µ↓;µ↓ν↑;ν↑ + [χ]µ↑;µ↑ν↑;ν↑ + [χ]µ↓;µ↓ν↓;ν↓ + [χ]µ↑;µ↑ν↓;ν↓

)]
+

+[χ0]µµµµ

[
− U

(
[χ]µ↓;µ↓ν↑;ν↑ + [χ]µ↑;µ↑ν↑;ν↑ + [χ]µ↓;µ↓ν↓;ν↓ + [χ]µ↑;µ↑ν↓;ν↓

)
−

−U ′
(
[χ]ν↓;ν↓ν↑;ν↑ + [χ]ν↑;ν↑ν↑;ν↑ + [χ]ν↓;ν↓ν↓;ν↓ + [χ]ν↑;ν↑ν↓;ν↓

)
− (U ′ − J)

(
[χ]ν↓;ν↓ν↑;ν↑ + [χ]ν↑;ν↑ν↑;ν↑ + [χ]ν↓;ν↓ν↓;ν↓ + [χ]ν↑;ν↑ν↓;ν↓

)]
+

+[χ0]µµµν

[
− J

(
[χ]ν↓;µ↓ν↑;ν↑ + [χ]ν↑;µ↑ν↑;ν↑ + [χ]ν↓;µ↓ν↓;ν↓ + [χ]ν↑;µ↑ν↓;ν↓

)
−

−J ′
(
[χ]µ↓;ν↓ν↑;ν↑ + [χ]µ↑;ν↑ν↑;ν↑ + [χ]µ↓;ν↓ν↓;ν↓ + [χ]µ↑;ν↑ν↓;ν↓

)
+ (U ′ − J)

(
[χ]ν↓;µ↓ν↑;ν↑ + [χ]ν↑;µ↑ν↑;ν↑ + [χ]ν↓;µ↓ν↓;ν↓ + [χ]ν↑;µ↑ν↓;ν↓

)]
+

+[χ0]µµνµ

[
− J

(
[χ]µ↓;ν↓ν↑;ν↑ + [χ]µ↑;ν↑ν↑;ν↑ + [χ]µ↓;ν↓ν↓;ν↓ + [χ]µ↑;ν↑ν↓;ν↓

)
−

−J ′
(
[χ]ν↓;µ↓ν↑;ν↑ + [χ]ν↑;µ↑ν↑;ν↑ + [χ]ν↓;µ↓ν↓;ν↓ + [χ]ν↑;µ↑ν↓;ν↓

)
+ (U ′ − J)

(
[χ]µ↓;ν↓ν↑;ν↑ + [χ]µ↑;ν↑ν↑;ν↑ + [χ]µ↓;ν↓ν↓;ν↓ + [χ]µ↑;ν↑ν↓;ν↓

)]
(4.25)

From this equation we can now identify the elements of the charge vertex as:

[
V
]νν
νν

= −U,
[
V
]νν
µµ

= −2U ′ + J,
[
V
]µν
νµ

= −2J + U ′,
[
V
]µν
µν

= −J ′, (4.26)

and in matrix form we write:
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VC = −


U 0 0 2U ′ − J
0 J ′ 2J − U ′ 0
0 2J − U ′ J ′ 0

2U ′ − J 0 0 U

 . (4.27)

In complete analogy, and keeping in mind that in the normal paramagnetic state all
spin-spin correlation functions are equal (

〈
SzSz

〉
=
〈
SxSx

〉
=
〈
SySy

〉
), we get for the

spin vertex:

VS =


U 0 0 J
0 J ′ U ′ 0
0 U ′ J ′ 0
J 0 0 U

 . (4.28)

We remind ourselves that the system exhibits spin rotational invariance, and if we make
use of the relation σ2

x = σ2
y = σ2

z we will end up with the condition χzz = 2χ+−. As we

already mentioned in chapter 3, the so-called orbital rotational symmetry imposes the
conditions J ′ = J and U = U ′ + 2J [50]. Hence, we have now reduced the interaction
parameters from four to two (U, J).

Moving on to the practical part, we would like to compute the susceptibility and
it becomes a lot less costly to do so, if we write χRPA (we now take a general case) in
matrix form:

χRPA = χ0 + χ0 · V · χRPA, (4.29)

where, for example, in the case of a two orbital model:

χ0 =


[χ0]11

11 [χ0]11
12 [χ0]11

21 [χ0]11
22

[χ0]12
11 [χ0]12

12 [χ0]12
21 [χ0]12

22

[χ0]21
11 [χ0]21

12 [χ0]21
21 [χ0]21

22

[χ0]22
11 [χ0]22

12 [χ0]22
21 [χ0]22

22

 . (4.30)

The bare bubble as mentioned earlier is given by:

[χ0]µ1;µ2
µ3;µ4(q, ω) = − 1

V
∑
k,s,p

αµ2s (k)αµ3∗s (k)αµ4p (k−q)αµ1∗p (k−q)
nf (Ep(k − q))− nf (Es(k))

ω + iη+ + Ep(k − q)− Es(k)
.

(4.31)

Now we can solve the RPA equation, simply by using matrix inversion, a compu-
tationally easy process.

(1− χ0 · V) · χRPA = χ0 ⇒ χRPA = χ0 · (1− χ0 · V)−1 (4.32)
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4.1.3 Magnetic transition

We would like to find out what is the critical interaction strength for entering the
magnetic phase in the Raghu model. This information will then guide us towards
the appropriate choice for the interaction strength according to the state we want to
study. Both for the normal and the nematic state, we should use values lower than
Uc, but for the nematic case the chosen U should be very close to Uc, according to
the analysis we made earlier on the proximity of the nematic phase to the magnetic
one. The transition happens when spin susceptibility diverges at a particular point in
momentum space. From the bare susceptibility analysis, we saw that at X = (π, 0)
there was a distinct peak and this motivates us to look for the divergence at that point.
We would like, first, to explore the effect of Hund’s coupling on the critical interaction,
as a test for the validity of our results. We expect that Uc for the magnetic transition
will be smaller in the presence of a non-zero Hund’s coupling, because J favors the
spin alignment, according to Hund’s rule. Thus, the magnetic ordering should appear
at a lower Coulomb interaction strength.

We plot in Fig.4.6a the RPA spin susceptibility at X = (π, 0) as a function of
interaction U , for Hund’s coupling J = 0. We find that the critical value for the
magnetic transition is Uc ' 3.69eV . In Fig.4.6b, χRPAs (ω = 0) is illustrated along the
ΓXMΓ path of the Brillouin zone, for U = 3.69eV . We observe that the divergence
at the X point is present. Next, we add a non-zero Hund’s coupling and we chose the
value we have been using in chapter 3 as well, J = U/4. To confirm our expectation for
the result, we plot in Fig.4.7a the RPA spin susceptibility at X versus the interaction
U . The critical value is indeed smaller than in the J = 0 case, Uc ' 3.005eV . In
addition, to give the complete picture we plot in Fig.4.7b the spin susceptibility on the
ΓXMΓ path and identify the divergence at the X point.

(a) (b)

Figure 4.6: RPA spin susceptibility for J = 0 (a) at the X point as a function of U
and (b) along the ΓXMΓ path for U = 3.69eV ' Uc, where we identify the divergence
at the X point.
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(a) (b)

Figure 4.7: RPA spin susceptibility for J = U/4 (a) at the X point as a function of
U and (b) along the ΓXMΓ path for U = 3.005eV ' Uc, where again we can see the
divergence at the X point.

4.2 Self energy calculation

In the short Fermi liquid theory introduction we gave in chapter 2, we showed that
in order to calculate the quasiparticle weights of a system, the calculation of the self-
energy is necessary. The self-energy is related to the correction of a particle’s energy
due to its interactions with the system it belongs to. The relevant diagram is drawn
in Fig.4.8 and the formula in orbital space will then be the one of equation 4.33.

Figure 4.8: Self energy diagram

Σν1ν4(k, iωn) =
∑
ν2ν3

∑
µ1µ2µ3µ4

∑
q,iqn

[V]ν1ν2µ4µ3 [χRPA]µ1µ2µ3µ4(q, iqn)[V]µ2µ1ν3ν4 G
0
ν2ν3(k + q, iωn − iqn)

(4.33)

The crucial point now is to explore this diagram and explicitly write down all the
possible orbital and spin configurations that exist. We make use of the three interaction
vertices we defined above as V1,V2,V3, and we keep in mind that the incoming and
outgoing spin of the whole diagram should remain unchanged. Moreover, due to spin
rotational symmetry, the lowest propagator G0 will carry only one spin index. We see
that between the various combinations which come out, only four of them are non-zero
as illustrated in the following graph.
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Figure 4.9: Interaction vertex

Figure 4.10: The 3 types of susceptibility

Next we would like to give a proper definition for the susceptibilities χ1, χ2, χ3 which
came out of our derivation, and we look at their diagrams in Fig.4.10. We notice that
they are related to the charge and spin susceptibilities, which we calculated above,
through linear combinations:

χ1 = χC + 1
3χ

S ,

χ2 = χC − 1
3χ

S ,

χ3 = 2
3χ

S , (4.34)
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where the charge and spin susceptibility diagrams are:

Figure 4.11: Charge and spin susceptibility

We have made use of the spin rotational symmetry and we wrote down χS as three
times the χzz component. The expression for χ3, though, comes out instead using the
transverse spin susceptibility, in the form it was defined in Eq.(4.14). As we explained
earlier, the transverse and longitudinal susceptibilities are related through χzz = 2χ+−,
so χS = 3χzz = 6χ+−. From Eq.(4.14) we see that χ3 = 4χ+− = 4

6χS = 2
3χS .

What we want to eventually calculate using this method is the quasiparticle
weights. In chapter 2 we gave a short analysis on Fermi liquid theory and we showed
that the quasiparticle weight formula is:

Z−1
ν1ν4 = 1− ∂

∂ω
ReΣν1ν4(kF , ω)

∣∣
ω=0

. (4.35)

For now and in order to speed up the process it is more useful to calculate directly the
derivative rather than the self-energy itself:(

∂Σν1ν4(kF , iωn)

∂(iωn)

)
ωn=0

=

∑
ν2ν3

∑
µ1µ2µ3µ4

∑
q,iqn

[V]ν1ν2µ4µ3 [χRPA]µ1µ2µ3µ4(q, iqn)[V]µ2µ1ν3ν4

∂

∂(iωn)

(
G0
ν2ν3(kF + q, iωn + iqn)

)∣∣
ωn=0

.

(4.36)

The Green’s function is given by:

G0
ν2ν3(kf + q, iωn + iqn) =

∑
s

αν2∗s (kf + q)αν3s (kf + q)

iωn + iqn − Es(kf + q)
. (4.37)

Finally, the quantity we want to calculate will be:

(
∂Σν1ν4(kF , iωn)

∂(iωn)

)
ωn=0

=

∑
ν2ν3

∑
µ1µ2µ3µ4

∑
q,iqn

[V]ν1ν2µ4µ3 [χRPA]µ1µ2µ3µ4(q, iqn)[V]µ2µ1ν3ν4

∑
s

αν2∗s (kf + q)αν3s (kf + q)

(iqn − Es(kf + q))2

(4.38)
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Each point of the Fermi surface is related to a band crossing the Fermi level in the band-
structure, and this band is unique for each point. Since the self-energy is an object
which carries one momentum index, we understand that for a momentum k = kF it
will be diagonal in band space (and consequently its derivative as well). Thus, we
transform from orbital to band space, through the expression:(

∂Σm(kF , iωn)

∂(iωn)

)
ωn=0

=
∑
ν1ν4

αν1m (kF )

(
∂Σν1ν4(kF , iωn)

∂(iωn)

)
ωn=0

αν4m (kF ) (4.39)

4.3 Quasiparticle weights

We are now ready to implement all the above and calculate the quasiparticle weights for
the Raghu model. We must be very careful, though, when identifying those numbers.
After evaluating numerically the derivative of the self-energy, we obtain two Z-factors
for each momentum point. However, we have explicitly stated that this method is only
valid for energies close to the Fermi level, hence only one of those Z-factors is relevant.
It is the one related to the band which is crossing the Fermi energy. It is obvious that
the calculation of the quasiparticle weights is physically valid only on the Fermi surface
(FS) momentum points.

When we attempt to implement numerically the expression 4.38 we come across
a complication. Performing the summation over the bosonic frequency iqn appearing
in the denominator of the Green’s function derivative, we obtain unphysical results.
That is because for certain combinations of frequencies and energies the denominator
becomes zero (or very close to zero). We overcome this issue by adding to the fre-
quencies a small positive parameter η, which ensures that the system does not come
across a divergence. In order to estimate the value we should ascribe to to η, we make
the following check. We plot in Fig.4.12 the quasiparticle weight at a Fermi surface
point as a function of η, for different system sizes N and we find that, after a point, Z
converges. We also show the temperature we are using, to keep track of the relevant
energy scales. The saturated values of Z for a varying N seem to be very close to
each other, with a discrepancy of the order of 10−3. Therefore, in order to speed up
the process and lower the computational cost, we choose to use a 60x60 grid, with
η = 0.06eV , which is larger than the temperature, but still of the same order. In the
following calculations of this chapter we will be using those parameters and we will
be summing over 51 Matsubara frequencies, which we found to be enough to give a
converged result.

In chapter 3, we plotted in Fig.3.4 the band-structure of the Raghu model and we
saw that the system around the Γ and M points exhibits hole pockets on the FS, while
around the X and Y points, electron pockets. We will start by looking at the central
hole pocket, located around the Γ point. In the left part of Fig.4.13a we illustrate
eight points around this FS sheet and in Fig.4.13b we show the relevant calculated
quasiparticle weights for each of those points and for different values of the interaction
strength. The main trend is that with increasing U the system becomes gradually
more and more correlated. We remind ourselves that the magnetic transition takes
place at Uc ' 3.005eV , so the results for U = 4eV are not meaningful, and we observe
that indeed for that value at some points the Z-factors get very suppressed.

Moving on, we take nine points on the other FS pockets, the ones around X,M
and Y . We show which are those points in the right part of Fig.4.13a and next in
Fig.4.13c the relevant quasiparticle weights are illustrated. We observe, again, the
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gradual suppression of the Z-factors upon tuning up the interactions. Moreover, we
can see more clearly now the unphysical results (Z > 1) obtained for U = 4eV , where
the system has undergone the magnetic phase transition.

kΤ=0.0258

Figure 4.12: Quasiparticle weight on a FS point with varying the small parameter η as
well as the grid size NxN. We see the saturation of Z after a critical η and we choose
for our calculations to use N = 60 and η = 0.06eV . The relevant time scale is also
illustrated.

Apart from the suppression of the quasiparticle weights with increasing interaction
strength, a very important piece of information to extract from those graphs, is the
confirmation of the C4 symmetry. Indeed, the Z-factors for the k-points on the FS
connected through a C4 (so 90o) rotation, are equal. On top of that, we see from
Fig.4.13c that there is reflection symmetry as well. Upon reflection with respect to
the x and y axis, the results then should be the same and we can see that from the
comparison of Zk1 and Zk3, as well as Zk7 and Zk9. We are not going to comment
on the exact numbers obtained, because as we mentioned in the beginning of this
chapter, we are making a qualitative study, using the simplified two orbital model.
The important things to keep from those results are (1) the evident suppression of Z
with increasing U , approaching the magnetic transition and (2) the satisfaction of the
system’s symmetries.
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(a)

(b) (c)

Figure 4.13: (a) Left part: eight points on the central pocket of the FS, around the
Γ = (0, 0) point. Right part: nine points on the pockets of the FS, located around
the X = (π, 0),M = (π, π), Y = (0, π) points. (b) The quasiparticle weights on each
of the eight points of (a)-left part, for interaction strength U = 1, 2, 3, 4eV . (c) Same
as (b) for the nine points of (a)-right part. There is suppression of the Z-factors with
increasing U and for U = 4eV , which is larger than the magnetic transition critical
value, unphysical values are obtained (In (c) some of the unphysical data points for
U = 4eV do not appear in the plot, because they are larger than the axis limit). The
system’s C4 and reflection symmetries are also evident.
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4.4 Nematic state

Already from chapter 2 we stated that we are interested in the nematic phase and
specifically, we are motivated by experiments carried out in FeSe. In chapter 3, while
studying the slave spin method, we devoted a section on nematicity. Our goal was
to investigate whether, by adding a small splitting in the dxz, dyz energies, we can
obtain a large difference in their calculated quasiparticle weights. However, we were
unable to reproduce this tendency, we found that the Z-factor discrepancy was indeed
present, but significantly smaller than the anticipated one. We will now address this
problem within the self-energy calculation technique. We keep in mind that here we are
using a two orbital model, which is not the appropriate one for the FeSC description.
Nevertheless, if we manage to reproduce the tendency proposed in [39], we will be
confident to proceed to the complicated five band model calculation and hopefully
achieve to reproduce those findings quantitatively as well.

Since we are using this simplified model, we will include nematicity in our Hamil-
tonian through the simplest s-wave form, introduced in chapter 3. We are aiming to
a qualitative result, so incorporating the complications of a more appropriate s+d-
wave, would be at this point unnecessary. We remind the reader that the new term in
the Hamiltonian will be Ho = δo(nxz − nyz). The bandwidth of the Raghu model is
W ' 12eV and we know that the relevant energy scale is ∝ δo/W , thus we choose a
seemingly large δo = 100meV compared to what we were using for the Ikeda model,
which has W ' 4eV at the non-interacting limit. Apart from the bandwidth argument,
another parameter determining this choice of δo is, again, the fact that we are making
a qualitative study, so actual numbers are not so important at this point.

The addition of the nematic term in the Hamiltonian leads to a modification of
the Fermi surface, as shown in Fig.4.14a. As it is expected, the electron pocket around
X becomes larger, since the yz orbital, which is the dominant in that pocket, has
lowered its energy. The opposite happens for the pocket around Y , which is related to
the xz orbital. As a consequence of the FS reshaping, there is no guarantee that the
susceptibility divergence will appear at the same points as it did in the normal state
(X = (π, 0), Y = (0, π)). We know that now the system does not exhibit C4 symmetry,
therefore it will pick a“preferred”direction, where the susceptibility peak will be larger.
Already from the new FS form we expect that the peak will be on the x-axis, because
in that direction there is better nesting, as shown schematically with the horizontal
arrows in Fig.4.14a. Thus, the first step is to identify the new divergence point and we
plot in Fig.4.14b the RPA spin susceptibility in the whole Brillouin zone. We see that
indeed the largest value appears on the x-axis, however, it seems to emerge at a point
prior to the X one. We plot in Fig.4.14c χsRPA along the ΓXMΓ path and we see that
the divergence point is (3.013, 0). Moving on, after identifying the susceptibility peak,
we calculate the critical interaction for the magnetic instability. The result is shown
in Fig.4.14d, from where we extract the critical value being Uc = 3.0214eV .

Now we are ready to proceed to the quasiparticle weight calculation and we do
it for the central hole pocket located around the Γ point, where we take again eight
points around the pocket as shown in the left part of Fig.4.13a. However, now C4
symmetry is broken, but there is C2 as well as reflection symmetry, thus those points
are now related according to that. We see in Fig.4.15a that there are three sets of
results, each of them containing information for more than one FS point. For example,
the green data points corresponding to k5, are also the results for k1, since those points
are related through a 180o rotation. From the FS plot we know that the pocket around
Γ is dominated by dxz along the “right” and “left” areas, and by dyz along the “up” and
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(a) (b)

(c) (d)

Figure 4.14: Nematic state with δ = 100meV . (a) Reshaped Fermi surface, the electron
pocket around X dominated by the yz orbital has become larger and the opposite
happens for the one around Y dominated by xz. (b) Spin susceptibility on the Brillouin
zone, where we identify the largest peak lying on the x-axis. (c) Spin susceptibility
along the ΓXMΓ path, with the peak appearing at (3.0147,0). The interaction used
for (b) and (c) was U = 2.5eV . (d) Spin susceptibility as a function of interaction.
The divergence related to the magnetic instability appears at Uc = 3.0214eV .

“down” areas. Therefore, the most straightforward way to compare the Z-factors of the
two orbitals is to look at a FS point lying on the x-axis and one lying on the y-axis.
We observe that the closer the system gets to the critical interaction for the magnetic
transition, the largest the Z-factor difference among the various k-points becomes. We
plot in Fig.4.15b the ratio between the quasiparticle weight on the k1 point located
on the x-axis and the k3 one located on the inequivalent y-axis. Their ratio remains
almost equal to 1 up until U/Uc ≈ 0.80 and after that it drops rapidly becoming, for
values very close to Uc, Zk3/Zk1 ≈ 0.30. Therefore, we understand that this effect is
very sensitive to the distance from Uc and when this distance becomes significantly
small the Z-factor discrepancy grows vastly.
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(a)

(b)

Figure 4.15: Nematic state with δ = 100meV . (a) Quasiparticle weights as a function
of U on eight k-points around the central FS pocket of Fig.4.14a, as illustrated in the
left part of Fig.4.13a. We observe the increase in the Z-factor discrepancy between the
k5 and k7 (equivalent to k1 and k3 points respectively) as the system approaches the
magnetic transition. (b) Ratio of Zk3 and Zk1 versus interaction strength. At low U
values the ratio is very close to 1, but by tuning up the interactions there is a sudden
drop reaching Zk3/Zk1 ≈ 0.30 for U very close to Uc.
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4.5 Discussion

In this chapter we explored the momentum dependence of the self-energy and extracted
the quasiparticle weights accordingly, which in this case become k-dependent as well.
Assuming that spin fluctuations are dominant, we used the RPA approximation to
calculate the spin susceptibility and from that the self-energy. We showed that within
this approach by increasing the interaction strength, the system becomes more and
more correlated. This picture is in agreement with the results of the local mean-
field slave spin technique and also with various experiments introduced in chapter
2. Next, we addressed the nematic state having in mind the analysis of the authors
of [39] on FeSe, which suggested that a small difference in the energies of dxz and
dyz is related to a large discrepancy in their quasiparticle weights. Following studies
proposing that FeSe’s nematic state is in proximity to a magnetic instability [35],
we showed qualitatively that if the system’s interactions are indeed very close to the
critical Uc of the magnetic transition, then there is a rapid growth observed in the
difference between the relevant Z-factors.



Chapter 5

Conclusion and outlook

In this thesis we discussed the role of electronic correlations in the iron-based su-
perconductors. We introduced the existing theories related to the strength of those
correlations and we presented relevant experiments, illustrating prominent effects of
the FeSC.

More specifically we focused on three topics: (1) the strong mass renormalization
and (2) orbital selectivity in the FeSC, as well as (3) the nematic phase of FeSe and its
interesting properties. This material, in contrast to the usual FeSC, does not exhibit
a magnetic ordering, but rather its nematic phase is present until low temperatures.
In [39] that motivated our study on FeSe’s nematicity, the authors suggest that the
small energy splitting of the xz and yz orbitals in the nematic state, appears to induce
a large difference in the two relevant quasiparticle weights. We tried to look into this
peculiar result and find a way to interpret it by some physical mechanism. In order to
address those three topics we needed to figure out the correct representation.

In the first project of the thesis, we implemented the slave spin technique in or-
der to look into the strong electronic correlations. This is an approximate method
including mean-field approaches. Using this technique, we showed that upon tuning
up the interaction strength, the system becomes increasingly more correlated. Fur-
thermore, including the orbital degree of freedom and looking at a realistic five band
model, we proved the emergence of an orbital selective Mott phase, favored by Hund’s
coupling. There the FeSC system saturates in a state where the orbitals exhibit dif-
ferent renormalization and that is interpreted as a signal for co-existence of weakly
and strongly correlated electrons. These results are in agreement with experimental
findings. Moving on, we looked into the nematic state, in relation to the FeSe mea-
surements. We achieved to reproduce the band-structure effects generated from the
experimental data [39, 56, 57], but we were unable to show that they are related to a
large discrepancy in Zxz and Zyz. Therefore, we considered some experimental and
theoretical studies which suggest that FeSe’s nematic phase is in proximity to a mag-
netic one [35], meaning that there are strong antiferromagnetic spin fluctuations and
k-dependance becomes important. Thus, maybe the local slave spin approach is not
the adequate one for the nematic phase of that material.

In order to account for spin fluctuations, we looked into the momentum depen-
dence of the self-energy and accordingly extracted the quasiparticle weights. In this
project, we applied a simplified two orbital model, thus we made a qualitative analy-
sis. We proved that there is mass renormalization upon tuning up the interactions in
the normal state, in agreement with the slave spin results. Following, we focused on
the nematic state and we showed that indeed, if we use an interaction which is very
close to the one inducing the magnetic instability, the Z-factors of dxz and dyz become
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significantly different with their ratio being < 0.5, supporting the suggestion of [39].
Thinking into future perspectives, the obvious next step is to perform the self-

energy calculation for a realistic five band model and try to obtain quantitative results.
Another interesting path would be to estimate the self-energy in a self-consistent way.
In our method we calculated Σ in a first order approach, however a more complete
picture will be given with the self-energy entering the Green’s function and then being
calculated self-consistently. In this spirit, we could then utilize the Z-factor renormal-
ized band-structure to study the spin density wave state and also the superconducting
one. Furthermore, thinking in the slave spin technique, it would be very interesting to
obtain results by including more sites. Incorporating a large grid would be numerically
impossible, but using a small cluster with for example four sites could be feasible. That
way we would break the locality of the slave spin approach (to some degree) and we
would still make use of its advantage in reproducing orbital selectivity.
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Appendix A

Particle-hole symmetry

In the single band Hubbard model, with hopping only between nearest neighbors, we
will show that the interaction Hamiltonian:

Ĥint = U
∑
i

ni↑ni↓ (A.1)

can be written in the equivalent form:

Ĥint =
U

2

∑
i

(∑
σ

(ndiσ −
1

2
)

)2

, (A.2)

by rescaling the chemical potential, according to its value related to half-filling. We
start with the full Hamiltonian:

Ĥ =
∑
ijσ

tijd
†
iσdjσ + U

∑
i

ni↑ni↓ =
∑
ijσ

tijd
†
iσdjσ + U

∑
i

d†i↑di↑d
†
i↓di↓ (A.3)

and we apply the particle-hole transformation:

d†iσ → diσ̄

diσ → d†iσ̄. (A.4)

The Hamiltonian transforms as follows:

Ĥ − µN̂ =
∑
ijσ̄

tijdiσ̄d
†
jσ̄ + U

∑
i

di↓d
†
i↓di↑d

†
i↑ − µ

∑
iσ̄

diσ̄d
†
iσ̄ =

= −
∑
ijσ

tijσd
†
iσdjσ + U

∑
i

(1− d†i↓di↓)(1− d
†
i↑di↑)− µ

∑
iσ

(1− d†iσdiσ) =

= −
∑
ijσ

tijσd
†
iσdjσ + U

∑
i

(1− d†i↑di↑ − d
†
i↓di↓ + d†i↓di↓d

†
i↑di↑)− µ

∑
iσ

(1− d†iσdiσ) =

= −
∑
ijσ

tijd
†
iσdjσ + U − U

∑
iσ

niσ + U
∑
i

ni↑ni↓ − 2µ+ µ
∑
iσ

niσ =

= −
∑
ijσ

tijd
†
iσdjσ + U

∑
i

ni↑ni↓ + (µ− U)
∑
iσ

niσ + U − 2µ. (A.5)

From this expression we can we see that for µ = U/2 we obtain the initial Hamiltonian,
which means that this is the value related to particle-hole symmetry. So, if we rescale
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the chemical potential according to this value, we can end up with the equivalent
expression for the interaction Hamiltonian:

Ĥint =
U

2

∑
i

(∑
σ

(ndiσ −
1

2
)

)2

=
U

2

∑
i

(ndi↑ + ndi↓ − 1)2 =

=
U

2

∑
i

(ni↑ + ni↓ + 2nni↑ni↓ + 1− 2ni↑ − 2ni↓) =

U
∑
i

ni↑ni↓ −
U

2

∑
i

ni↑ −
U

2

∑
i

ni↓ +
U

2
, (A.6)

where the last term U/2 is just a constant shift, not changing any physical properties
of the Hamiltonian. This expression now implies that the chemical potential value
related to half-filling will be µ = 0. Note that in the above calculations we used the
fermionic properties:

{d†iσ, djσ′} = δijδσσ′

n2
iσ = niσ (A.7)



Appendix B

Spin-part of the composite SS
operator

In the main text we define the composite operator of the slave spin representation as
diσ → fiσOiσ and accordingly d†iσ → d†iσO

†
iσ, with diσ being the annihilation operator

of the original Hamiltonian. The operator Oiσ is the spin-part of the composite one
and in the main text we wrote it as:

Oiσ =

(
0 ciσ
1 0

)
= S−iσ + ciσS

+
iσ, (B.1)

calling Oiσ a generic spin-1/2 operator and letting ciσ being an arbitrary complex
number. The reason behind this generic choice is that there is a number of possible
operators that would act on the states in the correct way. We are going to show that
indeed Oiσ, in the form we wrote it, is a valid choice. We know that the d-operator
acting on the states of the original Hamiltonian gives:

diσ
∣∣ndiσ = 0

〉
= 0, diσ

∣∣ndiσ = 1
〉

=
∣∣ndiσ = 0

〉
, (B.2)

d†iσ
∣∣ndiσ = 1

〉
= 0, d†iσ

∣∣ndiσ = 0
〉

=
∣∣ndiσ = 1

〉
. (B.3)

Now if we apply the composite operator on the corresponding states in the enlarged
space (as defined in the main text) we must get:

fiσOiσ
∣∣nfiσ = 0, Sziσ = −1/2

〉
= 0,

fiσOiσ
∣∣nfiσ = 1, Sziσ = 1/2

〉
=
∣∣nfiσ = 0, Sziσ = −1/2

〉
≡
∣∣ndiσ = 0

〉
,

f †iσO
†
iσ

∣∣nfiσ = 1, Sziσ = 1/2
〉

= 0,

f †iσO
†
iσ

∣∣nfiσ = 0, Sziσ = −1/2
〉

=
∣∣nfiσ = 1, Sziσ = 1/2

〉
≡
∣∣ndiσ = 1

〉
. (B.4)

We will look at each of those equations one by one. The f-operator is a quasi-fermionic
operator, so it satisfies all the above equations. In order for them to be correct, the
spin operator needs to obey:

Oiσ
∣∣Sziσ = 1/2

〉
=
∣∣Sziσ = −1/2

〉
=

(
O11 O12

O21 O22

)
·
(

1
0

)
=

(
0
1

)
⇒ O11 · 1 +O12 · 0 = 0⇒ O11 = 0

O21 · 1 +O22 · 0 = 1⇒ O∗21 = 1 (B.5)

81



82 APPENDIX B. SPIN-PART OF THE COMPOSITE SS OPERATOR

and:

O†iσ
∣∣Sziσ = −1/2

〉
=
∣∣Sziσ = 1/2

〉
=

(
O∗11 O∗21

O∗12 O∗22

)
·
(

0
1

)
=

(
1
0

)
⇒ O∗11 · 0 +O∗21 · 1 = 0⇒ O∗21 = 1

O∗12 · 0 +O∗22 · 1 = 0⇒ O∗22 = 0 (B.6)

The other two equations are satisfied directly by the f-operator, leaving then O12 to
be a free parameter. For that reason we end up with the general expression:

Oiσ =

(
0 ciσ
1 0

)
, (B.7)

with ciσ an undefined complex number.



Appendix C

RPA susceptibility expression

We will derive the random phase approximation (RPA) susceptibility expression, given
in the main text, using the equation of motion technique, following the derivation
of [44]. We will derive the expression for the charge susceptibility and the spin one
follows in the same way. We start by a generic Hamiltonian describing an electron gas:

H = H0 +Hint =
∑
k

εkc
†
kck +

1

2

∑
kk′,q 6=0

Vqc
†
k+qc

†
k′−qck′ck, (C.1)

where we have excluded the q = 0 term because it is cancelled by the positive back-
ground. Now we define the charge-charge correlation function:

χ(q, t− t′) = −iθ(t− t′)
∑
kk′

〈
[(c†kck+q)(t), (c

†
k′ck′−q)(t

′)]
〉

(C.2)

Looking at the term χk(q, t− t′) we calculate the equation of motion:

i∂tχk(q, t− t′) =

= δ(t− t′)
∑

k′
〈
[(c†kck+q)(t), (c

†
k′ck′−q)(t

′)]
〉
− iθ(t− t′)

∑
k′
〈
[−[H, c†kck+q](t), (c

†
k′ck′−q)(t

′)]
〉
.

(C.3)

In order to proceed we will make use of the commutation relations:

[c†kck+q, ρ(−q)] = c†kck − c
†
k+qck+q,

[H0, c
†
kck+q] = (εk − εk+q)c

†
kck+q,

[Hint, c
†
kck+q] = −1

2

∑
k′,q′ 6=0 Vq′{c

†
k+q′c

†
k′−q′ck′ck+q + c†k′+q′c

†
k−q′ck+qck′ −

−c†k′+q′c
†
kck+q+q′ck′ − c†kc

†
k′−q′ck′ck+q−q′}. (C.4)

In order to treat the last term we will now apply the random phase approximation
(RPA), which is a mean field approximation, so:

c†νc
†
µcµ′cν′ ' c†νcν′

〈
c†µcµ′

〉
MF

+
〈
c†νcν′

〉
MF

c†µcµ′ + const, (C.5)

where we have neglected the exchange terms, which are related to a quantum correc-
tion. Now using RPA and writing

〈
c†kck′

〉
=
〈
nk
〉
δk,k′ , we transform to frequency space

and the equation of motion takes the form:

(ω + iη + εk − εk+q)χk(q, ω) = −
(〈
nk+q

〉
−
〈
nk
〉)(

1− Vq
∑
k′

χk′(q, ω)

)
. (C.6)
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This is the expression for a specific k-point, so summing over k we obtain the final
RPA equation:

χRPA(q, ω) = − 1

V
∑
k

χk(q, ω) =
1

V
∑
k

〈
nk
〉
−
〈
nk+q

〉
ω + εk − εk+q + iη

(
1 + Vqχ

RPA(q, ω)

χRPA(q, ω) =
χ0(q, ω)

1− Vqχ0(q, ω)
. (C.7)
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