UNIVERSITY OF COPENHAGEN

MSc in Physics

The eccentric evolution of

circumbinary gas disks

Marcela Grcic

Supervised by Daniel J. D’Orazio and Martin E. Pessah

August 15, 2022



Marcela Grcic
The eccentric evolution of circumbinary gas disks
MSc in Physics, August 15, 2022

Supervisors: Daniel J. D’Orazio and Martin E. Pessah

University of Copenhagen
Niels Bohr Institute

Masters Degree in Physics
Blegdamsvej 17

2100 Copenhagen



Acknowledgements

I would like to offer a special thanks to my supervisors Daniel J. D’Orazio and
Martin E. Pessah. I greatly benefited from our many discussions and have
been continually supported over the last year. They kept me motivated and
inspired.






Abstract

Gas disks around binaries are ubiquitous in the universe, naturally arising
during the formation of binary stars and playing an important role in the
mergers of black holes. The interaction of these circumbinary disks with the
binary still holds many open questions that are important for understanding
how populations of binaries are sculpted and also the observable signatures of
these systems. Recent numerical simulations of these systems have discovered
a number of surprising features in the response of the gas disk to the binary’s
gravitational potential, including the growth of eccentric modes in the gas disk.
These eccentric features have important consequences for binary evolution
and observability, yet the physical means for their generation is still poorly
understood.

This thesis provides an overview of the differential equations governing eccen-
tricity growth in a circumbinary gas disk. Equations governing the eccentricity
evolution of adiabatic and isothermal disks, 2d and 3d disks, circumprimary
and circumbinary disks are presented. The eccentricity equation is solved for
a locally isothermal circumbinary disk. The number of modes such a disk
can support in terms of the disk thickness and the binary mass ratio is found.
Properties of elementary and higher order modes are explained. The effect of
the disk density distribution on the disk eccentricity is discussed.
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Part 1

Introduction

In this thesis, we explore gas disks in binary systems. Specifically, we describe
the evolution of such a disk through the evolution of its eccentricity.



Binary-disk systems

We first explain the importance of binary systems and disks and what part the
eccentricity of the disk plays in the evolution of such systems.

A binary is a system of two objects that are gravitationally bound. Since all
astrophysical objects interact gravitationally, binaries can range from asteroid
binaries to supermassive black hole binaries. Some of them are well observed,
such as star-planet binaries. Another example is stellar binaries; Tian etal.
(2018) estimate that up to 80% of 0.15 million observed dwarf stars form a
binary system. The existence of solar mass black hole binaries was confirmed
by their merger; LIGO ( Laser Interferometer Gravitational-Wave Observatory)
detected gravitational waves radiated by such mergers (The LIGO Scientific
Collaboration et al., 2021). The existence of supermassive black hole binaries
is not yet confirmed but will be tested by upcoming low-frequency GW experi-
ments such as LISA (Laser Interferometer Space Antenna)(e.g., Amaro-Seoane
etal., 2022) and PTA (Pulsar Time Arrays) (e.g., Arzoumanian etal., 2020;
Lommen, 2012).

Stars and planets are formed out of gas in gas rich environments, so we expect
gas to be present around them and to influence the dynamics of the system.
One example is a planet embedded in a disk around a star; the planet can
grow in mass (because it accretes gas from the disk), and can migrate inwards
(because of angular momentum lost to friction between the planet and the
disk) (Duffell etal., 2020a). In general, an accreting disk can change binary
parameters, such as binary eccentricity, binary mass ratio, or binary separation
(Bogdanovic etal., 2021). Since observational properties of the binary depend
on its orbital properties, the detectability of a binary is influenced by the
disk. The binary can also change the eccentricity and precession frequency of
the accretion disk (D’Orazio etal., 2016). Since the eccentricity evolution of
the disk depends on binary parameters, observations of the disk can provide
information on the binary. In addition, black holes can be observed in the EM
spectrum only if they are accreting gas, and the EM signal properties depend
on the disk orbital parameters (D’Orazio etal., 2013).

Disks around massive black hole binaries (MBHBs) are interesting because they
could provide a way for a MBHB merger to be detected in two different ways.



First, a space based gravitational wave detector LISA (Laser Interferometer
Space Antenna) should be able to detect gravitational waves with frequencies
in range of MBHB merges (10~ — 10~% Hz) ((w.g., Amaro-Seoane etal., 2017;
Klein etal., 2016). Furthermore, those mergers could be observed in the
electromagnetic spectrum as well (Bogdanovic etal., 2021). However, the
possibility of those mergers is under question and is known as the final parsec
problem. Gravitation radiation can cause MBHB merger on timescales shorter
than the Hubble time, but only if the black holes are separated by less than
roughly one-tenth of a parsec. Dynamical friction between the MBH and the
stars surrounding them can only explain how the binary separation gets down
to a few parsecs (Begelman et al., 1980). A process that might make it possible
for the binary separation to go from a few parsecs down to less than a parsec is
an angular momentum transfer involving a circumbinary disk and circumsingle
disks around each black hole (e.g., MacFadyen and Milosavljevi¢, 2008; Cuadra
etal., 2009). Another problem is the value of the Hubble constant; there is
a disagreement between the values of the Hubble constant obtained in two
different indirect ways (Perivolaropoulos and Skara, 2022). The detection
of electromagnetic waves and gravitational waves from the same source is a
direct way of calculating the Hubble constant (Bogdanovic et al., 2021). As we
mentioned, a good candidate for an accreting MBHB.

Ways to approach the problem.

In this thesis, we use hydrodynamic equations to derive an equation that
determines the evolution of the disk eccentricity, and we use analytical and
semi-analytical methods to solve that equation. We now briefly explain the
motivation for choosing this approach.

There are two main categories of approaches one can choose to use to further
the understanding of a binary-disk system; numerical simulations and analyt-
ical formulations of the problem. For example, works such as D’Orazio etal.
(2016) and D’Orazio and Duffell (2021) use numerical simulations to show
that the disk influences the evolution of the binary and vice versa.

The main motivation is to understand binary-disk systems intuitively. Simula-
tions provide results on how a disk will behave in given conditions, but they do



not provide us with an explanation as to why the disk behaves that way. There-
fore, to gain physical insight, we turn to an analytic approach. The basis for an
analytical approach to the eccentricity problem was laid out by Goodchild and
Ogilvie (2006) and expanded by, among many others, Teyssandier and Ogilvie
(2016). They formulated eccentricity equations for accretion disks, showing
the physical processes behind the disk’s evolution. This formulation of the disk
eccentricity problem is used because it applies to a wide range of binary disk
systems; both adiabatic (Goodchild and Ogilvie, 2006) and locally isothermal
disks (Muiioz and Lithwick, 2020); on both circumsingle (Goodchild and
Ogilvie, 2006) and circumbinary disks (Teyssandier and Ogilvie, 2016); on
both steady disks (Mufioz and Lithwick, 2020) and disks that did not yet reach
a steady state (Goodchild and Ogilvie, 2006); on both both 2d and 3d disks
(Teyssandier and Ogilvie, 2016).

Another motivating factor is our wish to compare the behavior of disks with
a great variety of different settings so we need to solve multiple different
eccentricity problem settings efficiently. Currently, the usage of numerical sim-
ulations of accretion disks is limited because the method is time-consuming,
making it hard to explore many different subsets of possible physical parame-
ters. In comparison, using a trustworthy analytical approach makes it possible
to quickly consider a virtually arbitrarily large subset of any parameter or even
all of them.

There is another limit imposed on numerical simulations we wish to find a
way around; the span of physical parameters. So far, only relatively thick disks
have been explored utilizing numerical simulations. Simulations of thin disks
require higher resolution and can result in loss of stability in employed the
numerical methods (Tiede etal., 2020).

To summarize, if we can describe the physics of accretion disks for disk settings
used in numerical simulations and results from both approaches are consistent,
then we are in a position to apply the same analytical approach to disks in
ranges that numerical simulations did not tackle yet.



Layout of the thesis.

First, in chapter (1), we show how the orbit of a precessing body can be
described using eccentricity. In chapter (2), we derive in detail the eccentricity
equation for a 2d adiabatic disk. Next, in chapter (3), we show how to use
a straightforward procedure and results for adiabatic 2d disk to derive the
eccentricity equation for a 2d locally isothermal disk. We also write results
for 3d disks. Then, in chapter (4), we explain how to adapt the eccentricity
equation for disks in different locations; Within and outside the orbit of the
binary. After that, in chapter (5), we list some of the known mechanisms that
cause damping or excitation of the eccentricity and explain how to include
these effects in the eccentricity equation. In chapter (6), we derive boundary
conditions for eccentricity equations. Finally, in chapter (7.1), we define a
stationary eccentricity solutions and show how to write a stationary eccentricity
solution in the form of a Schrodinger equation.

In essence, part II provides a cookbook for writing the eccentricity equation for
any combination of the disk type, forcing effects, and the disk’s location. Once
this is done, we are ready to choose a disk setting and solve the eccentricity
equation.

In part III, we focus on stationary eccentricity solutions for a locally isothermal
circumbinary disk.

In chapter (8), we analyze the work done by Mufioz and Lithwick (2020) for
several reasons. First, we use it as an example of how the prescription form
part II is used to formulate the eccentricity problem. In part II, we show how
to write the eccentricity problem, but we do not show any methods for solving
it. Therefore, we use Mufioz and Lithwick (2020) analysis to learn a numerical
method of solving the boundary value problem and to learn a semi-analytical
method of finding solutions to Schrédinger equation. We then reproduce
solutions from Mufioz and Lithwick (2020) to verify that our understanding of
the methods is correct, and to gain an insight of what the solutions mean.

To analyze a locally isothermal circumbinary disk in more detail, we focus our
attention to areas unexplored by that paper (Mufioz and Lithwick, 2020). In
chapter (9), we look for eccentricity solution for thinner disks and for disks



around binaries whose components have vastly different masses. In chapter
(10), we look for the number of possible solutions of the eccentricity problem,
and find how that number depends on the parameters of the disk and the
binary. In chapter (11), we show how solutions of the eccentricity problem
depend on the density distribution within the disk.



Part Il

Eccentricity equations






Eccentricity as a way of
describing the orbit

1.1 Binary orbit

We are interested in systems consisting of a binary and a disk. A binary is a
system of two gravitationally bound objects. The more massive binary object
is called the primary, its mass is M,,, and its position is r,. The less massive
binary object is called the secondary, its mass is M, and its position is 7;. In
the absence of outer forces acting on the binary, the binary motion is co-planar
(the motion of both bodies is in the same plane at all times), and we can
describe it with a 2d coordinate system. We choose the polar coordinate
system (Appendix A). We put the binary center of mass in the origin so that:

M7, + My = 0. (1.1)

From equation (1.1), it follows that the angle between the position of the
primary and the secondary is always 7:

L(ry,7s) = . (1.2)

In general, both the primary and the secondary move in ellipses of eccentricity
e. We choose the reference direction (for which ¢ = 0) as the direction of the
maximum distance of the primary from the origin. If the semi-major axis of
the primary is a,, its orbit is:

_ap(1—¢?
(@) = s (1.3)
If the semi-major axis of the secondary is as, its orbit is:
S 1 - 2
ry(g) = — 1 =) (1.4)

- 1—ecos(¢p+m)

11
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We define the binary mass ratio as:

S

; (1.5)

I
S

which is always in range:
0<q¢g<1. (1.6)

Equations (1.1) and (1.5) allow us to write the ratio of primary and secondary
semi-major axis as:

ap M
— =aq. 1.7
a M, ! (1.7)
We define binary separation as a:
a = a, + ag, (1.8)

which is the mean value of the maximum and minimum separation of the
primary and the secondary. Total mass of the binary is:

M = M, + M. (1.9)

The orbital frequency of both the primary and the secondary around the origin
(binary orbital frequency) is:

Qp = ——. (1.10)

Binary orbit for ¢ = 0.5 and e = 0.75 is illustrated in figure (1.1).

Chapter 1 Eccentricity as a way of describing the orbit
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Figure 1.1.: Orbits of the primary (pink) and the secondary (blue) binary component.
The center of mass is fixed in the origin. The primary and the secondary
revolve the center of mass in similar ellipses of eccentricity e = 0.75. The
binary mass ratio is ¢ = 0.5, so the semi-major axis of the secondary is
twice the size of the semi-major axis of the primary (equation (1.7)).
The angle between the position of the primary and the secondary is
always 180°, so the elliptical orbit of the secondary is rotated by 180°
with respect to the orbit of the primary.

1.2 A disk around a binary

A gaseous disk can interact with the binary. Depending on the location of
such a disk, we can distinguish between two types of disks; circumbinary
disks and circumsingle disks. A circumbinary disk orbits both the primary and
the secondary object. A circumsingle disk is a disk orbiting only one of the
binary objects. If the circumsingle disk orbits the primary object, it is called
a circumprimary disk. If the circumsingle disk orbits the secondary object,
it is called a circumsecondary disk. A binary-disk system can contain any
combination of these three disks. We assume that the midplane of the disk
lies in the same plane as the binary at all times and we can use the coordinate
system as illustrated in figure (1.1) to model the binary-disk system. A simple

1.2 Adisk around a binary 13
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visualisation of a system with a binary and all three disks types is drawn in
figure 1.2.

® the primary

e o the secondary

LLLLL

| (|l a circumprimary disk
a circumsecondary disk

a circumbinary disk

Figure 1.2.: Three types of disks based on their location; a circumprimary disk is cen-
tered at the location of the primary; a circumsecondary disk is centered
at the location of the secondary; a circumbinary disk is centered at the
binary center of mass.

The pressure of the disk is p(r, ¢, t), its density is 3(r, ¢, t). The gravitational
potential is ®(r, ¢, t). The radial velocity of a disk fluid element is u(r, ¢, t), its
angular velocity is v(r, ¢, t), so the total velocity vector of a disk fluid element
is:

V = uf + vo. (1.11)

1.3 Disk evolution as a function of
eccentricity

The orbit of each fluid element of a gaseous disk can be written in a way similar
to equations (1.3) and (1.4). Meaning, its orbit (¢, t) could be expressed
in terms of semi-major axis ap, eccentricity ep, and the angle of the orbit

pericenter ap:
ap (1 —ed)
1 —epcos(¢—ap)

rp(¢) = (1.12)

However, unlike a point mass primary/secondary, the disk is spread out over
a range of radii. Moreover, the disk is influenced by forces other than the
central gravity force, such as non-central gravity or viscous and pressure forces.

Chapter 1 Eccentricity as a way of describing the orbit



This means that, in general, all orbit parameters such as eccentricity ep vary
within the disk. Therefore, the disk can be divided into ellipses of infinitesimal
width, each of which has a different eccentricity, orientation, and angular
frequency. In this part, we derive an equation that describes the radial and
time dependence of the eccentricity within the disk. From now on, we call
that equation the eccentricity equation.

In chapter (2), we derive the eccentricity equation for a 2d adiabatic disk whose
behavior is governed by only two forces; the force caused by the pressure
gradient within the disk and the force caused by the gravitation potential of
the binary. We ignore self-gravity, viscosity, and any other possible mechanisms
of eccentricity damping and eccentricity forcing. Then, in chapter (3), we
show how to modify the eccentricty equation for a 2d isothermal disk and
3d disks. Next, in chapter (4), we discuss the gravitational potential of the
binary and how this affects the eccentricity equations for a circumbinary and
a circumsingle disk. After that, in chapter (5), we list eccentricity damping
and eccentricity forcing possibilities and explain how to add those terms to the
eccentricity equation. Finally, in chapter (6), we derive boundary conditions
for the eccentricity equation.

1.3 Disk evolution as a function of eccentricity
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Unforced eccentricity
equation for a 2d adiabatic
disk

In order to find the unforced eccentricity equation for 2d adiabatic disks, we
use the procedure described in Goodchild and Ogilvie (2006). We can sum up
the procedure as:

* In section (2.1), we use the mass continuity equation, Newton’s second
law of motion, and the adiabatic gas equation of state to find a system of
four equations that describe the disk.

* Next, in section (2.2), we define an unperturbed state. We find what
equations from section (2.1) look like for the unperturbed state.

* In section (2.3), we define a new order parameter ¢ < 1, and use it to
expand the unperturbed state in a power series:

k
Xunp = ZE Xunp,k-
k

We then find what the two lowest expansion terms’ equations from
section (2.2) look like.

* In section (2.4), we introduce perturbations in such way that the total
value of each quantity X can be written as:

X = Xunp + Xperturbation~
The form of those perturbations is:

! _—i
Xperturbation =Xe ¢~

17



We then find what the perturbed state’s equations from section (2.1) look
like.

* In section (2.5) we expand the perturbed state in terms of ¢, just like we
did with the unperturbed state:

X' =3 X,
k

This allows us to define the eccentricity function in terms of perturbed
quantities. Finally, we solve this chapter’s full set of equations to find an
eccentricity equation that depends only on the disk’s unperturbed state
values.

18 Chapter 2 Unforced eccentricity equation for a 2d adiabatic disk



2.1 Disk governing equations

2.1.1 The continuity equation

The continuity equation shows how a quantity y and its flux Y are influenced
by the generation of that quantity o,:

dy
v . , 2.1
ot % 2.1

We can use the continuity equation for density:
y=p (2.2)

with a density flux:

Since the total mass is conserved, the density generation function is:
o, =0, 2.4
so the density continuity equation is:

dp
a+v< pv) = 0. (2.5)

We rewrite equation(2.5) using the product rule:

D 5 (Vo) + p(V ) = 0. (2.6)

Now we use equations (1.11), (A.9) and (A.10) to write equation (2.6) as:

Op ap . 10 10v|
2t [ui + vo)] [ P+ ¢¢] [ 5, (rw) + r%] =0. 2.7)
We now use equation (A.8) to write:
% 00 000 p[D O
ot “or Trae T v [ar (ru) + 891)]’ (2.8)

which is a mass conservation equation in polar coordinates.

2.1 Disk governing equations
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2.1.2 Equations of motion

Newton’s second law of motion shows how the momentum of a body of mass
m changes when it is influenced by force F':

m— = F. (2.9)
We write mass in terms of volume V' and density p:
m = Vp, (2.10)

and define force volume density as:

. F
= — 2.11
F=7 (2.11)
to write equation (2.9) as:
dv -
_ 7 2.12
ra =7 (2.12)

We consider two forces; gravity and the force caused by the pressure gradient
in the disk:
f==Vp—pVa. (2.13)

If we write the Lagrangian time derivative as:

d 0

%:a—i—(U'V), (2-14)

the motion equation in vector form becomes:
817 - = . —
5 + (U- V)| = =Vp—pVo. (2.15)

Equation (2.15) is the momentum vector continuity equation, its radial com-

ponent is:

ou ou  vou v 10p 09
ou bt Tt il 2.1
8t+uar+ra¢ r pOr  Or’ (2.16)

and its azimuthal component is:

v v wvov w  10dp 109
o o Trae T T prde rde @17
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Equation (2.16) is the radial momentum continuity equation. If there were no
radial forces, the total radial momentum of a fluid element would be conserved.
Similarly, equation (2.17) is the angular momentum continuity equation. If
there were no radial forces, the total angular momentum of a fluid element
would be conserved.

2.1.3 Adiabatic equation of state

A thermodynamic equation of state says that thermodynamic parameters of
a fluid (pressure p, volume V, and temperature 7' ) are not all mutually
independent: Its general form is:

fp,V.T,n) = 0. (2.18)
The general equation of state for an ideal gas is:
pV —nRT = 0. (2.19)

For an ideal gas undergoing an adiabatic or isothermal process, the equation
of state is barotropic, meaning the pressure is a function of density only:

p=p(p). (2.20)

The equation of state for an ideal adiabatic gas is:
p=Kp. (2.21)

Constant + is called the adiabatic index, its value depends mostly on the gas
composition, but it also a function of temperature. Here, we assume that there
is no temperature dependence and that ~ is a function of disk composition
only. K is a constant throughout the process, and its value depends on the
system in question. It can be determined if at any point in time, we know the
pressure, density and the adiabatic constant. We do not know the value of K,
but we can use a trick to write a gas equation that does not include K. First,
we use equation (2.14) to write:

dp -
— = — -0). 2.22
o p(V - ) (2.22)

2.1 Disk governing equations
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Next, we use equations (2.21) and (2.22) to write the time derivative of

pressure as:

d _dpdp _

PP e N ) = T = P
it = dpdi P’ A(=p)(V - 0) = —=pV - ¥ .

d(ru) v
o 99

1 . (2.23)

We then use 2.14 to write the time derivative of pressure in another form:

dp Op , = Op Op wop
Finally, we compare equations (2.23) and (2.24), to write:
op  Op vOp_ _plolru)  Ov
o Yor T rae T T | Tor T ag (2.25)

Equation (2.25) is a continuity equation for pressure in polar coordinates and
shows how the velocity of a fluid can generate pressure.

2.1.4 Disk equations

To sum this section up, we found four equations for the density, radial velocity,

angular velocity, and the pressure of a disk fluid element.

Four equations in polar coordinates that determine the behaviour of a
2d adiabatic disk

p op wvdp p[@ 81}] (2.262)

o P Trae T Trlar Wt ag

ou ou vou v 10p 09

ov ov vdv wv 10p 109
v T il 2.2
8t+u8r+rﬁ¢+ r prop 1 oo (2269

_ v 2.2
ot "ar Trae T T | Tor s (2.26d)
\_ J

dp @_i_g@_ 7p[8(ru)+8v]

Because an ellipse is a perturbed circle, we want to write the orbit of the disk
in terms of a perfectly circular orbit (unperturbed state) and a perturbation to
that orbit.

Chapter 2 Unforced eccentricity equation for a 2d adiabatic disk



2.2 Unperturbed state of the disk

Since we want an unperturbed state to describe a circular orbit, we define it
as the state of a disk that satisfies five conditions. The first condition says that

the Eulerian time derivative is zero:

5% 0. (2.27)

Solutions that do not explicitly depend on time are called steady state solutions,
and equation (2.27) is called the steady-state condition. The second condition

is axial symmetry:
0

3=

the third condition is the lack of radial motion:

0, (2.28)

u=0. (2.29)

and the fourth condition is that there is no vertical motion. For a non-self
gravitating disk, this leads to (Appendix F):

Punp O punp(H/7)?, (2.30)

where H is the disk’s characteristic thickness.
We now apply steady basic state conditions on equations (2.26). The only
non-trivial equation is equation (2.26b) and it reduces to:

2 1 o
_Uunp - 6pump o a unp. (231)

r Punp OT or

To sum up, in this section we learned that the unperturbed state of the disk
can be described with a single equation.

Unperturbed state of a 2d adiabatic disk.

- _ — (2.32)

Equation (2.32) simply states that if there are two radial forces acting on a
fluid element, and if the fluid element is in a steady state, then the sum of
those two forces has to be balanced out by the centripetal force.

2.2 Unperturbed state of the disk
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2.3 Series expansion of the unperturbed
state

Functions u(r, ¢,t), v(r, ¢,t), p(r,¢,t), ®(r,¢,t), and p(r, $,t) are unknown
functions of radius. We expand those functions in a series and approximate
them with their lowest two non-zero terms. Before we can do that, we need
to choose an appropriate order parameter e. Since we already found that
p < p(H/r)?, and for a thin disk we have H/r < 1, a good choice is:

e=H/r. (2.33)
For X = u,v, p, p, ®, p, we write:
Xounp = > € X0 ke (2.34)
k>0

There is no a priori reason for the disk to be asymmetric with respect to z = 0,

SO we write:
X(—H) = X(H). (2.35)
For equation (2.35) to be true, in expansion (2.34) all odd powers of ¢ have to
be zero so:
Xop = Y. Xk (2.36)
k>0,even

In Appendix C we find lowest two nonvanishing terms of expansion for all
quantities. Those are:

2
Vunp = Vo + V2€

Punp = PO + ,0262

(2.37)
Dynp = P + Poe”

Punp = p2€2 + p4€4-

Now we put (Appendix C) equations (2.37) in the unperturbed state equation
that we have obtained (equation (2.32)):

_v% + 209U9€2 B ;16]9262 N I(Dg + €2Dy)

= . 2.38
r po  Or or ( )
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We can define two new functions as:

Q=20 (2.39)
r

and
(%

This allows us to write the lowest order (¢°) of equation (8.10) as:

0P
02=-"— 241
iy 87“ ) ( 4 )
and the next order (¢2) of equation (8.10) as:
P 1
2y = 022 L 0Pz (2.42)
or  po Or
Two lowest order equation for the unperturbed state of a 2d adiabatic
disk
0®Pg
QW= 2.43
iy ar ( 4 a)
P 1
oy, — %2 L 0P (2.43b)
ar  py Or
- J

Equation (2.43a) says that in lowest approximation, the motion of the fluid is
the motion of a particle in a gravitational field of point mass. Equation (2.43b)
says that a non point binary mass distribution and the pressure of the disk
change the angular velocity of the fluid element. In any case, the total motion
of the disk fluid particle is angular, and higher orders of the unperturbed state
expansion just change the magnitude of the angular velocity.

The definition of angular velocity

We should keep in mind that with ; defined as (2.39), and (2, defined as
(2.40):

U2 U2
Quip # Qo+ = 0+ 2. (2.44)

2.3 Series expansion of the unperturbed state
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To see this, we write:

v? (vg+ €v2)? Vi + 26%vvg + €03
Qunp = — = =

T r T (2.45)
= TQO + 27“909262.

However, if we were to define Qg as:

Y%

Qoo = —, (2.46)
T
and €, as: )
gy = 2002 (2.47)
T
we could write: 90
o= 7", (2.48)
(9<I>2 1 3p2
Doy = —= + ——= 2.
Tiig2 Ir % o’ (2.49)
and:
Qunp = Q00 + 52922- (2.50)

2.4 Disk in a perturbed state

We introduce perturbations to the unperturbed state. In analogy to the binary
eccentric orbit, we allow disk perturbations to have both radial and angular
dependency. The perturbation need to satisfy:

Xperturbation<T7 €Z5 = 0) = Xperturbation(ra Qb - 277—)7 (251)

so we can write it as a fourier series of a function that is periodic in ¢ with a
period P = 2m:
Xperturbation = Z fn<r)ein¢ (252)

Term n = 0 results in a radially symmetic movement. Term n = 1 results in
a motion with two angular turning points. Temrs n > 2 result in n angular
turning points. Since we are looking for a solution that is simillar to an ellipse,
the only term we can work with is n = 1. We rename the radial part as:

fi(r) = X"(r), (2.53)

Chapter 2 Unforced eccentricity equation for a 2d adiabatic disk



to write the perturbation as:
Xperturbation = X' (1)e ™. (2.54)
The total state of every quantity X is then:
X = Xunp + Xperturbation = Xunp + X'e 7. (2.55)

So, the total velocity, pressure and density can be written as:

U= Ugpp + e @ =0+0ue =ue (2.56)
V= Uypp + V'€, (2.57)
P = Punp + p’€*i¢’ (258)
and
P = Punp + ,0/€_i¢ (259)

where unperturbed values are given in the previous section. We use equations
(2.56), (2.57), (2.58), (2.59), and equations 2.26 to get equations for per-
turbed values. We keep ( Appendix D) only the lowest two orders of those

expressions:

Equations for perturbed quantities of a 2d adiabatic disk

ou’ ., 1 8]9’ ,0/ apun
i Qe+ 2Qun ) = — = 4+ = P 2.60
ot w p p¥ Punp or p121np or ( Y
/ / '
6(9;; i Qg + u? aar () = T;P (2.60b)
unp
, /
%pt B ip,Qunp n o agunp _ _punp 8(5“ ) . 7:’0/] (260C)
T T T
, /
662; . ip/Qunp + u/ a];unp _ _/ypunp [a(gu ) o Z.U/‘| (2.60d)
T r r
9 J

2.4 Disk in a perturbed state
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2.5 Series expansion of the perturbed
state

A result that will be useful in further derivations is:

881” (7"290) = ; (rQ\/GMr’?’ﬂ) ;\/ GMr=1/? = ;T’Qo. (2.61)

We expand every perturbation X’ in a series just like we did with the unper-
turbed state:
X' =X\ + X5 (2.62)

Now we find lowest two orders of equations (2.60a)-(2.60d). To do that, we
need an estimate of the magnitude of 9/9t. We take it to be of the order ¢2.
Lowest () order of equation (2.60a) is:

Vo Vovy,

— 2 =0 (2.63)
T T
Lowest (%) order of equation (2.60b) is:
1 !
_j% St _ (2.64)

Both of these equations lead to a proportionality of radial and angular velocity
perturbations:
1
uy = Zévé. (2.65)

The radial velocity of a fluid element is:
U R Unmp + Re(uhe ) = Re(upe™™?). (2.66)

The angular velocity of a fluid element is:

- 1 ) 1 .
U R Vynp + Re(vhe %) = Qor + 20 [i): + 6512] — Re(2iupe™ ")
1 [0® 10 0 24 /Po (2.67)
o lpy L [0%, 10p ity g
OT[ +2QO[8T +p08T1+Re(QOT€ )|
so the ratio of the two is:
u_ Re(upe ™) | . (2.68)
o i [+ A ]+ Rl ]
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For an ellipse:

B ap (1 —ed)
rp(¢) = T ep o3 (4 an)’ (2.69)
we can write: d dr do
r r
== ot (2.70)
So:
u dr ap (1 —ed) . _
v dp  (1—-epcos(p—ap))’ win (o =) (2.71)
dr ap sin (¢ — ap) '

%diqb a 1 —2epcos (¢ —ap)’

Comparing equations (2.68) and (2.71), we can see that we can define the
eccentricity of a fluid element as:

—iuy,
Q()T’ .

ep = (2.72)
We call a function that describes the disk eccentricity at any location and at
any time the eccentricity equation E(r,t). To find that function, we use all
perturbed and unperturbed equations, and eliminate all perturbed quantities
except for perturbed velocity. Then we replace velocity with eccentricity
(equation (2.72)) (Appendix D). Finally, we get an eccentricity equation:

Unforced eccentricity equation for a 2d adiabatic disk

2r (2

ot r or

oFE iE8<28<I>2> ' '8[ N
= r + + (i

%2 g 2.
or r2p Or or ] ’ (2.73)

where all unsubscribed values are the lowest order unperturbed values, mean-

ing
Q = Qy,
= (2.74)
P = Po-

2.5 Series expansion of the perturbed state
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Unforced eccentricity
equations for other disks

3.1 A locally isothermal 2D disk

The procedure of deriving the eccentricity equation for a locally isothermal disk
is identical to that of an adiabatic disk. So instead of carefully calculating every
step, we just show what adjustments have to be made to relevant equations
from Part II, Chapter 2. We then use those modified equations to derive the
eccentricity equation. The isothermal equation of state is:

p=pcz, (3.1)

where ¢ is sound speed.

Since, unlike with adiabatic equation, there is no unknown constant that we
need to find a way to get rid of, we just plug equation (3.1) into equations
(2.26a),(2.26b) and (2.26c¢):

Three equations that determine the behaviour of a locally isothermal
disk

Op 00 00 PN Oy Y
8t+u@r+7’8¢_ . 8r(ru>+8¢ (3.2a)
ou ou vdu v*  10(pci) 0P
o Yo Trae T T, or or (3.2b)
v ov wvov wv 19(pct) 109
CANR AN AL DA Vs 2
8t+u8’r+ra¢+ r pr  0¢ r 0¢ (3.2¢)
- J

Unperturbed state conditions (equations (2.27)) reduce the above set of

equation to a single one:
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Unperturbed state of a 2d locally isothermal disk

We know (vertical hydrostatic equilibrium) that:

p=cip, (3.4

and that ¢ oc H/r so the only part of the pressure that we can perturb is the
density:
p=cp. (3.5)

Using the same procedure we used for for the adiabatic disk, we get:

Equations for the perturbed state of a 2d locally isothermal disk

! 2/ / 2
87u — '+ 20 = — 19 (Csp) + po (Cspunp>
ot Punp or p12mp or
/ (363.)
__ 29 (F
Sor \ p
o' .y u 0 9 _ iczp/
5 W Q+ ?E(r Q) = - (3.6b)
810, v ,apunp Punp 8(7’1/) .
)0 YPunp _ olru’) .
9 +u o . 5 " (3.60)
S J

Just like for a 2d adiabatic disk, the lowest order of equations for perturbed
quantities ((¢”) order of equation (3.6a) and (3.6b)) gives:

uy = 2ivy. (3.7)

We define eccentricity E(r, ¢,t) of a 2d isothermal disk in the same way we
did for the adiabatic one:

ugy = irQ F,

1 (3.8)
vy = §TQOE.

Applying a procedure similar top the one for the adiabatic disk (Appendix E),
we get the eccentricity equation for a 2d isothermal disk:
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Unforced eccentricity equation for a 2d locally isothermal disk

3.2 Comparison of eccentricity equations
for 2d adiabatic and 2d isothermal
disks

In this section, we point out the differences between eccentrcity equations for
adiabatic and isothermal disks. First, we compare gas equations of state. The
equation of state for adiabatic gas is:

p=Kp’, (3.10)
and the equation of state for isothermal gas is:
p=cp. (3.11)

From this we see that we can use adiabatic equation of state to get isothermal

equation of state by making a change K — ¢2, and v — 1. We can see that the

two eccentricity equations ((2.73) and (3.1)) are similar. Here, we show that

it is not possible to use any of the two equations to get the other by simply

interchanging c?p < p.

If we were to use adiabatic equation and set v = 1 and K = ¢2, we would be
0

3 . y 2
missing a term —* & (pErf‘aai;

the adiabatic equation, from the start we assumed that K is a constant and

). The reason for this is that in the derivation of

the information on it’s radial derivative is lost.

If, on the other hand, we tried to use isothermal equation and use (cZp —
p) along with (¢(r) — K) = (9c¢2/or — 0), we would not get adiabatic
eccentricity equation either. Specifically, the first pressure term would be

3.2 Comparison of eccentricity equations for 2d adiabatic and 2d isothermal disks
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38E)

reduced by a factor of v; i.e. *-% (pr instead of * (wr

r 87“
for this is that the p factor appears as a result of calculatlng P (as seen in

equation (2.23)), which in the case of an isothermal disk is:
d d(c?
p (Cs p) 2 (312)

?pp: dp pP=CpP =D,

whereas for adiabatic disk, the result is:

d d(Kp”
L= ( p)pzw. (3.13)
dp dp

3.3 3D disks

The method of deriving elementary eccentricity equations for 3d disks (Teyssandier
and Ogilvie, 2016) is identical to the one used for 2d cases. Here, we just list
final eccentricty equations.

Unforced eccentricity equation for a 3d adiabatic disk

oF
QT’QE

|+

10 80

ror p or

The eccentricity equation for a 3d adiabatic disk, compared to the 2d adiabatic
disk equation, has one additional term and different coefficients connected to
the adiabatic index. Likewise, the eccentricity equation for a 3d isothermal
disk has one extra term compared to the 2d equation. Those are the result of
allowing vertical variations of quantities.
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Works such as Ogilvie (2008) and Teyssandier and Ogilvie (2016) discuss
3d disks. These show that 2d and 3d approximations can lead to different
results. However, the exact importance of this choice is not clear. Results from
Teyssandier and Ogilvie (2016) show that the eccentricity profile differs for
2d and 3d disks. This difference is significant for adiabatic disks but not as
large for isothermal disks. Another result shows that in both adiabatic and
isothermal disks, the choice of the dimension can make a difference between
prograde and retrograde modes. Nevertheless, even that possibility depends
on many parameters, including the mode order. From the examples discussed
there, it is clear that there are many contributing factors in determining how
significant the difference between 2d and 3d disks will be. Works such as
Ogilvie (2008) even show that sometimes only a 3d disk can trap modes.
However, that analysis was done for a disk around a single star. It is unclear if
we can apply any of those solutions to our systems.

3.3 3D disks
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Gravitational potential

Now that we have derived the eccentricity equation for adiabatic and locally
isothermal disks, we can see that both equations include a second-order
contribution to gravitational potential ®,. The contribution of higher order
gravitational potential to total disk eccentricity can be described as:

OF
22 p()—
Y

0 | ;009

= —ipE— |r"——| . (4.1)
- or

grav

In this section, we derive a form of equation (4.1) that is easier to use. To do

so, we first remind ourselves of the assumptions we have made before that

allow us to restrict how we model second-order gravitational potential in two

ways. We wrote unperturbed gravitational potential as:
D = Dy + 2D, (4.2)

and one of the unperturbed state requirements was:

To be consistent, our potential model must not depend on the angular coordi-
nate.

4.1 Circular binary.

A circular binary is a binary whose both components (the primary and the
secondary) move in circles. We use equations (1.3) and (1.4), and e = 0 to
find the radius of their orbit around their center of mass:

rp = ap = const, 4.4
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and:

ry = g = const. (4.5)

Their separation is constant:
|7s —7p| = ap + as = a. (4.6)

We use equation (1.7) and (1.8) to write:

= 2% Sn i 4.7)
ap A Zp + . ) .
and:
alM, 4.8)
s M, + My )

In figure (4.1), we illustrate the binary orbit. A fluid element at position
(r, ¢) will feel a gravitational potential that depends on the distance form the
primary d,,, and the distance from the secondary d:

O(r,¢) = — + — : (4.9)

We can use the law of cosines to write:

d12>7s - a}%,s +7° — 2raps cos (¢ — Pps), (4.10)
and:
—GM —G M,
(I)(T’ ¢) = E + .
\/a% + 1?2 = 2ra, cos (¢ — ¢p) \/ag + 12 — 2rag cos (¢s — @)
4.11)

In figure (4.2), we illustrate the relative positions of the primary, the secondary
and the disk fluid element. Equation (4.11) shows that the potential depends
on the angular coordinate, which is at odds with equation (4.3). To find the
potential independent on ¢, we find the mean value of the potential (4.11) at

distance r:
(b(r) = i /2ﬂ- _GMP + _GMS d¢
2m Jo \/az% + 12 = 2ray cos (¢ — ¢y) \/Clg + 72 — 2rag cos (¢s — @)

(4.12)
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Figure 4.1.: Orbit of a circular binary with a binary mass ratio ¢ = 0.5.

The initial angles of the primary and the secondary are irrelevant for integra-
tion over the entire range ¢ € [0, 27]:

O(r) =

1 o ——GM GM,
/ 7 p do.

= +
2m a2 + 1% — 2ray, cos (¢) \/ag + 12 — 2rag cos ()
(4.13)

We use Lagandre expansion to write the subintegral function as:

1 1 L 2
~ ll + cosgb <P ; (3 cos? ¢ — 1)]
\/aas + 712 —2rapscos(¢)  T>ps T>ps 2 TS p
(4.14)
where:
r>p = mazlr, ap), (4.15)

4.1 Circular binary.
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Figure 4.2.: Location of a point (r, ¢) relative to the primary and the secondary binary

object.

s s = mazr, ag,

T<p = man[r,ap),

and

T<s = minr,as).

We use:

2m
dr = 2,
0

21
/ cosTdr = 0,
0

2 9
/ cos” TdT =,
0
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(4.16)

(4.17)

(4.18)

(4.19)



to write:

Averaged gravitational potential of a circular secondary

and:

Average gravitational potential of a circular primary

4.1.1 A circumprimary disk and a small binary mass

ratio

If ¢ < 1, the center of mass is approximately the same as the center of mass of
the primary so the primary is fixed in the origin, and the secondary revolves
around it with a radius a:

ap

—=q¢<L1l—=a,=0

@s (4.22)
ap+as=a— as = a.

G M 172
O (r) = — 1+-—1, 23
(r) - l +4a2] (4.23)
and: )
GM, la GM,
== 14 1%~ C2, (4.24)
so the total potential is:
M, 172 M, M, M, 1GMr?
o) = M | 1) _GMy  GMy  GMy  LGMaT gy o)
a 4 a? r r a 4  a?

4.1 Circular binary.
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Figure 4.3.: An illustration of a disk (orange) around the primary (pink) centered in
the origin. The secondary (blue) moves in a circle of radius a.

and we can identify the second order potential as:

1 GM,r?
o (4.26)

@2 (7’) =

The eccentricity contribution of @, is then:

OF 0 0P 0 2 GM,r 3 GM,r?

22 p)— = —jpE— 222 :—'E—[2— S]z—'E— A
me ot w 87’[T 87’] P 87’r4 a’d 2p2 a3

grav
(4.27)
We find: Mt M OM

M, = M2 = D2 s g 2

G G Mys M, 19 r qQor ™7, (4.28)

so that we can write equation (4.27) in terms of binary parameters:
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The effect of second order gravitational potential on eccentricity of a

circumprimary disk around a circular binary.

4.1.2 A circumbinary disk

A circumbinary disk surrounds both the primary and the secondary so we can

write:
71>’p - T,
reg =T,
” (4.30)
7n<’p == a/p,
T<,S — as.
We write equation (4.20) as:
1 1a?
and equation (4.21) as:
1 1a?
The total gravitational potential is then:
1 1a? 1 1a?
O(r)=-GM,~- |1+ -2L2| —-GM,~ |[1+-=
(r) G prl+4r2] G r[+4r21
1a 1 a?
GM,+ M) G 5 5
= _ Pr ~ 3 [Mpap + Msas]

4.1 Circular binary.
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We use equations (4.7) and (4.8) to write the gravitational potential as:

 G(My+ M) G a>M? a2 M?
(r) = r 4r3 l P (M, + M,)? My (M, + M,)?
__GMy+ M) G @My My a?
a r 43 TP (14 )23 T T (1 + g)2
2 2
__GM@+MQ_4JM23[%?+M£?]
QMTAM QJ?T ’ ’ SR
_ p+Ms) a
_ G(M, + M) Ga*q(M, + M)
N r 4(1 4 q)?r3

_GM Ga’qM

r 4(1+ q)2r3

Comparing equations (4.2) and (4.34), we see that we can write the first order
gravitational potential as:

GM
Qo(r) = ———, (4.35)
and the second order potential as:
Ga*qM

The lowest order orbital frequency is then:

r Or r3

Qo

5 (4.37)

and the eccentricty contribution of the second order gravitational potential is:

oF 0 [ 0P, .0 GM 3qa?
02,0l il (2902 _ ;O |2 GM3qa”
"o P o [r or 1 P o [T 4(1 4 q)%r*
grav (4.38)
. GM3qa? , ,  3qa®
2ipE = 21pEQ)
P T a1 g

or:
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The effect of second order gravitational potential on eccentricity of a

circumbinary disk around a circular binary.

4.2 Gravitational potential in a thin ring
approximation

The approach usually used to get the gravitational potential is to approximate
the gravitational potential of a binary object with the gravitational potential of
a thin uniform ring. This approximation is valid because a fluid element in the
disk precesses with a frequency much smaller than the precession frequency of
the binary element and the fluid element ’sees’ the binary object as a ring of
smeared mass. We show that this approach yields the same potential equation
and write the gravitation potential in terms of Laplace coefficients. This setup
is illustrated in figure (4.4). The gravitational potential at point (r, ¢) caused
by any mass distribution with total mass M, can be expressed as:

Mps (G

O, (. ¢) = /O ~dm. (4.40)

In the case of a thin ring of uniform mass distribution, we can write the mass
differential as:
dm = \dC, (4.41)

where C' is the circumference of the ring and we can write it as:
dC = adpys. (4.42)
We can use the law of cosines to write:

P =al,+ 1% — 2rap cos(dp — ¢py). (4.43)

4.2 Gravitational potential in a thin ring approximation

45



46

Figure 4.4.: Tidal potential of a uniform ring

Next, we can use equations (4.40), (4.41), (4.42) and (4.43) to write the
gravitational potential of the secondary object as:

G M, 4
27\/(1%75 + 12 —2rap s cos(¢ — ¢ps)
/27T GMp,S d¢
0 27'('\/&?)75 + 172 — 2rap s cos(¢)

2
Ppe(r,0) = — [ Ay

(4.44)

We now see that potential (4.44) is identical to what we found for a potential of
a fixed points mass, averaged over all angles of the disk. Instead of expanding
it to a series in terms of radius, this potential is often written in terms of
Laplace coefficients that are defined as:

; 1 g2 cos(jW)
b = [ v 45
5/2() mJo (14+a2—2acosW)s/2" "’ (4.45)

for 0 < o < 1. Comparing equations (4.44) and (4.45), we see that we need a
Laplace coefficient with j =0, s = 0.5.
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A circumprimary disk

If the disk is located inside the orbit of the binary object, the appropriate

choice for « is:

so the Laplace coefficient is:

,
b, ) =

Up,s

a="1, (4.46)
a
1 27 1
— v, .
7T/O (1+(ﬁ)2—2ﬁc08\11)1/2d (4.47)

We use equation (4.47) to write equation (4.44) as:

GM, r
ps(r,0) =~ e b, (a > . (4.48)

p7s p7s

The resulting eccentricity is:

OF o[ ,00 d ( ,—GM,y 0
9 or _ g 272 _ i 2 2 . (0)
2, kg, [r or ] P (T 2a  Or [b1/2]>
grav
) r ab(()) 826(0)
_ iEGMyp [, Oip(@) | 0% (@) (4.49)
2a or or?

2a

iEGMap [, Ob1)p(c) N 2826§%<a)]

Ja @ 0a?

We use a Laplace coefficient identity:

0 0
aabg/)z(a) ta? 82b§/)2(a)
O da?

= abgl/)Q(a), (4.50)

to write equation (4.49) as:

Gravity induced eccentricity for a circumprimary disk in terms of

Laplace coefficients

4.2 Gravitational potential in a thin ring approximation
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A circumbinary disk

If the disk is located outside the orbit of the binary object, the appropriate
choice for « is:

az%ﬁl, (4.52)
so the Laplace coefficient is:
1 2 1
by == [ v 53
172 r ) mJo (14 (%2)2 —2%2 cos U)1/2 7 (4.53)
and the potential is:
GM ,$1(0 ,S
ps(r.0) = =5 PEBL(P). (4.54)
For:
_ Ops
a=—=, (4.55)
r
we write: 5 5 2 g
=2 =_7 (4.56)

da I ap,s/r) __@E'

We preform a calculation similar to one we did for circumsingle discs:

_ p 0 lrz—a&%]

L e _GM2<0>CL>
N ZpEr28a [a8&< 2r bl/Q(r)

__, pdGMz 0 1 9 (a,
= ik 2r2 da | O (rbm( ))
4.57)

CaGMy 9 [9 , (

= —ipE 2572 O ai(abl/Q(a))
(0)

. aGM,y 0 a171/2(04) (0)
:_ZpE 22 % ) bl/?(a)
_ M [Phh(e) W) | k()

2r2 oa? Oa Oa '

We apply the Laplace coefficient identity (equation (4.50)) to write:
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Gravity induced eccentricity for a circumbinary disk in terms of Laplace
coefficients

2r2pQ)

(9£ _ 1GMy,spEay g [b(l) (aw)]
ot 2r2 32\ ’

Equations (4.51) and (4.58) are a compact way to write gravitational eccen-
tricity effects. However, using this form is impractical because the eccentricity
equation (2.73), (3.9), (3.14), and (3.15) require us to be able to distinct two
lowest orders of the gravitational potential.

4.2 Gravitational potential in a thin ring approximation
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Forcing effects

5.1 Eccentricity generation

We define an eccentricity generating function as:

_OE1

=SB (5.1)

§

Eccentricity can be generated by orbital resonances. An orbit of a disk el-
lipse with orbital frequency (2 and apsidial precession 2,,; will experience a
resonance if there are two two positive integers of & and j for which:

k (Q - Qaps) =7 (Q - Qb) . (5.2)

The axis of a closed (periodic) orbit does not change direction (does not

precess) so for period motion, we write:
Qaps = 0. (5.3)

We can define a new qquantity m = j — k, and write equation (5.2) in another

form:
Qi =Dy

L ym, (5.4)
Jj—k
to see that the resonance occurs if the frequency of the disk ellipse is a multiple

of the binary frequency. These resonances are called j : m Lindblad resonances.

Location of these resonances is given by:

e 2/3
Tres = (1 +q) 713 (j]> , (5.5)

so the eccentricity forcing due to &, will be:

(%)

= E&; k6(r — Tres). (5.6)

Lin
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A resonance for k = 1 is called co-rotational resonance because it is a resonance
at a place where the disk ellipse has the same angular frequency as the binary:

Qo = Q. (5.7)

5.2 Eccentricity damping

We discuss viscosity as a way of causing forcing effects. Shear viscosity does
not result in eccentricity forcing, as shown by Ogilvie (2001), but the bulk
viscosity does. We quickly show how. The force on a fluid element caused by
the bulk viscosity is:

—

fb,zx - VT7 (58)

where the function 7 is defined as:

_ awp | Oru) | Qv
T_rQ o +3q5 : (5.9
The change of eccentricity function caused by the bulk viscosity is:
0FE 1 0 4OF
(825) |b n 2r3Qgpo Or <apr 87") ’ (5.10)
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Boundary conditions 6

A general boundary condition states that the Lagrangian pressure perturbation
is zero at both disk boundaries (Muiloz and Lithwick, 2020; Lee etal., 2019):

dP = 0. (6.1)

In Appendix (G), we show that equation (6.1) is satisfied for a adiabatic disk
if:

Boundary condition for a locally isothermal disk

OE

— =0
or ’

and for a locally isothermal disk if:

Boundary condition for a locally isothermal disk

53






Stationary eccentricity and 7
Schrodinger equation

Stationary eccentricity

A stationary eccentricity solution is a solution E(r,t) whose absolute value

does not change in time:
O|E(r,1)]
ot

Since E(r,t) is in general a complex function, we write:

=0, (7.1)

OE*(r,t)E(r,t)
ot

=0. (7.2)
For this to be satisfied, we need:
E(r,t) = E.(r)e™™?, (7.3)

where w(r) is a real function. To see why it needs to be real, we check a

general case of a complex w(r):

w(r) = Wi (1) + wre(r), (7.4)
and:
W (r) = —iwpm(r) + wre(r). (7.5)
In this case:
(i (Nt _ =2 (N (7.6)
and: OE (r DVE(r t
(ha) (rt) _ |Er)2e2m 0t £ 0, (7.7)
t
We use equation (7.3) to write:
aEeg? 0 iw(r) By (r)e " = iw(r)E(r,t). (7.8)
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If we use equation (7.8) in any of the eccentricity equations, we see that
imaginary parts of the solution are due to 0E/0t, pressure and gravitational
potential. Real parts of the eccentricity equation are forcing effects. In a
stationary eccentricity state, the total sum of all forcing effects has to be zero.
In other words, stationary eccentricity is a solution for an unforced eccentricity

equation.

We can write any steady eccentricity equation as:
A E = f(r)E" + f5(r)E, (7.9)

or as:
E+ P(r)E"+Q(r)E = 0. (7.10)

7.1 Schrodinger form

Every equation of the form:
E"+ P(r)E'+Q(r)E =0 (7.11)

can be transformed to a Schrédinger form:

y' + k2 (r)y =0 (7.12)
by using a substitution:
1
B =y -5 / P(r)dr. (7.13)
Function ¢(r) is then:
2 1 / 1 2
k“(r) = Q(r) — §P (r) — ZP (). (7.14)

Since every unforced eccentricity equation can be written in this form, we can
use equations (7.13) and (7.14) to write the eccentricity equation in the form
of a Schrédinger equation.

We now illustrate how the Schrodinger form of the eccentricity equation can
be used to visualise eccentricity solutions on an example of a potential wt

Chapter 7 Stationary eccentricity and Schrédinger equation



whose value is a constant (2,1 for » < 7, and another constant €, » for

r > ry, and whose maximum value is reached at r = rp.y:

QPOtJ? for r < ™
wpot('r) = Qmaxa forr = T max ° (715)

Qp0t727 for r > 9

In figure (7.1), we plot an example of such potential. We choose three radial
points such that r; < r,.. < 7, and three values of potential such that
ont,l < ont,Q < ont,max-

wpot

Qmax

ont,?

ont,l

™ Ta Ty T2 T

Figure 7.1.: An example of a potential that can trap modes in area between r; and
ro.

A trapped mode is possible only for 2,52 < w < Qo1 max. Turning points of
the mode are radial points where w,,. = w (k = 0). Function y(r) oscillates
in range r, < r < r,, and decline from » = r, to » = 0, and from r = r, to

T = OQ.

In figure (7.1), we plot one w value that corresponds to a trapped along with
both turning points r, and ry,.
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We can find three properties of the solution to the eccentricity equation by
plotting the potential. We will illustrate them using the above example:

* A trapped mode is impossible if the potential does not have a maximum
in that range. For a potential in figure (7.1), a trapped mode is not
possible in area 2ry < r < 10rs.

* Next, we can find upper and lower limits on w. Frequency can not be
larger than the maximum value of the potential and can not be lower
than values of potential for both » < R; and r > R,. For a potential in
figure (7.1), the frequency has to be in range 2, < w < Qax-

* Finally, the mode is trapped in the area between turning points. Until we
calculate w, we can not know the exact value of turning points. However,
we can put limits on those values. For a potential in figure (7.1), we can

see that [r,, 7] € [r1, 2]
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Part IIl

Locally isothermal circumbinary disk
In a stationary state

In chapter (8), we reproduce results from Mufioz and Lithwick (2020).

We then explore locally isothermal circumbinary disks around binaries in more
detail. In chapter (9), we look for the lowest eccentricity mode. We first find
its frequencies. We then discuss the location and width of those modes. We
end by summarizing the most important findings.

In chapter (10), we look for higher order (n > 0) modes. We find the number
of modes that a disk can support. After that, we illustrate the properties of
higher order modes on an example of a disk that supports them. We end by

summarizing the most important findings.

In chapter (8), we focus on the disk density profile. We vary the disk density
parameters (torque, cavity size, and cavity slope) to show what effect that has
on eccentricity solutions. After that, we focus on the choice of the density cutoff
function itself to show that it dominates the eccentricity results and explain
why that happens. We end by summarizing the most important findings.






Eccentricity equation and
solutions

In this chapter, we reproduce results for the eccentricity frequency and radial
eccentricity distribution obtained by Mufioz and Lithwick (2020).

8.1 The equation

We use the eccentricity equation for a 2d locally isothermal disk (equation
(3.9)), the gravitational eccentricity effects for a circumbinary disk (equation
(4.39)), and the definition of the stationary eccentricity (equation (7.8)), to
write:

Eccentricity equation for a circumbinary locally isothermal disk.

According to equation (6.3), boundary conditions for a 2d locally isothermal
disk with an inner radius r;, and an outer radius r.,; are:

Boundary conditions for the eccentricty equation.

Differential equation (8.1), together with boundary conditions (8.2) defines

a boundary value problem for eccentricity. The solutions of this problem is
defined by a radial eccentricity profile of the disk E(r), and the frequency
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profile w(r) it precesses with. We are interested in eccentricity modes, solutions
for an eccentricity profile that precesses uniformly (w # w(r)).

g is the lowest order unperturbed orbital frequency (Keplerian frequency):

M
Q) = ,/6;3. (8.3)

We want to express all eccentricity solutions in terms of binary parameters so

|GM
Qb == ?, (84)

to write ), as a function of the binary orbital frequency (2},, binary separation

we use:

a and radius 7:

a3/2
Qo(T) = bm. (85)
The disk height is:
Q
H(r) = -, (8.6)
Cs
and we assume that the disk aspect ratio h:
H
h=— (8.7)
r
is a constant to write:
a3
c(r) = h*r*Q(r) = h*Q} —. (8.8)
T

The positive direction of precession is the direction of the secondary around
the primary. If the eccentricity precesses in the same direction as the binary, the
mode is called a prograde mode. If the eccentricity precesses in the opposite
direction, the mode is called a prograde mode.

8.2 Pressure and binary quadrupole
effects

We make a short analysis of the eccentricity equation for two extreme cases;
one where the motion of the disk is governed solely by pressure and one when
the disk is affected only by the gravitational potential of the binary.
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8.2.1 Binary quadrupole effects

We set the pressure to zero:
¢ =0, (8.9)

to write the eccentricity equation (equation (8.1)) as:

3q 2

2 2
2% QWE(T) = EQ E(T)ma

(8.10)

Equation (8.10) can only be satisfied if the frequency is dependent on radius:

_ 3(] a 2_ 36] C —7/2
w“(r) =i e (%) R Z) (8.11)

This frequency is called quadrupole precession frequency. We can see that
binary quadrupole effects always cause prograde motion (€2, > 0). The
frequency is largest at » = a, and decreases with r. Radial dependence tells us
that if only binary quadrupole effect is present, the eccentricity profile will not
precess with a uniform frequency.

We define the cavity quadrupole frequency wq as the quadrupole induced
frequency ( equation (8.11)) at r = Reay:

3q a \7/?
=0 ) .12
YT Y1+ g2 (Rm> (8.12)

8.2.2 Pressure effects

We set quadrupole effects to zero:
g =0, (8.13)

to write the eccentricity equation (equation (8.1)) as:

25 QwE(r) = 71*887“ lZciri”agY)] +r LZ“(ECE)] E(r)

10 [ dc?

(8.14)
~ lEdTT?’E(T)] :

8.2 Pressure and binary quadrupole effects
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This frequency depends on the density profile. Instead of finding an exact
solution for the frequency in this case, we preform a dimensional analysis of
equation (8.14) to find an expression that we can use for any density profile:

11 E 1 11,6 .
2V OWE(r) = K~ (zcgr?’) + Kor-%2E + Ky--2%3E,  (8.15)
rr T r rr o r

where K, K5 and K3 are unknown constants. All right hand side terms are
proportional to the same combination of functions:

3
2 OWE(r) o 2SE = 22 SE. (8.16)

r

This frequency is also dependent on the radius:

22 h202 e N\ —3/2
. 20 () . 1
W TRg r2Q (1 /a)—3/2 "\a (8.17)

We see that the pressure effect scales with h?. Compared to the binary
quadrupole effect, the pressure effect drops off less steeply.

We define the cavity pressure frequency wp as the pressure induced frequency
(equation (8.17)) at r = Reay:

3/2
wp = h2Q (Ra ) . (8.18)

8.3 Schrddinger equation for eccentricity

We write the eccentricity equation in the form of equation (7.11):

—4 2w ~1/2

5y 5 3q
E// E/ -1 _ = E 2= -1 - —
* [3T z] - l 5" Tt qR a2 0
(8.19)
so that we can use equation (7.13) to find:
E = y(2r)~V2, (8.20)
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and equation (7.14) to find:

E*(r) = 2@? [wWpot (1) — W], (8.21)

S

where the eccentricity potential is:

Eccentricity potential for the eccentricity Schrodinger equation.

—7/2 2
") r / L wr ( r )_3/2 r2’+ ry’ r2y" 3
Wpot (T) = w. — — — ——1.
pot U R 2 \ Rewe oy | 2% oy, 4

(8.22)

We can now write the eccentricity equation in a Schrodinger form:

d?y
yEi k*y = 0. (8.23)

We divide the potential into two parts:

wPOt(T) = wpot,Q (T) + wpot,P<r)a (824)

where wyt  is the quadrupole eccentricity potential:

—7/2
Wpot,q () = wq (RT ) ) (8.25)

and wyot p is the pressure eccentricity potential:

2
_3/2 Z/ E/ 22// 3
oo p(r) = 2 ( r ) re (T ) e ] (8.26)

2 \Reay 2% 25 2% 4

8.4 The density profile

We formulate a density profile by requiring that the density distribution satisfies
three requirements (Mufioz and Lithwick, 2020).

8.4 The density profile
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First, we require that there is no net torque on the outer area of the disk. For

viscosity v oc r~/2, the zero net torque condition is:
S oc V2, (8.27)

Next, we require the density function to produce a net torque L at the binary
separation radius so we modify the density as:

L a
Yy (1 _ aﬂﬁ\ﬁ> . (8.28)

Finally, we want to describe a disk with a central cavity of radius R..,. One
way to impose this condition is:

Y — N (Reav/r)? (8.29)

We set R,y = 2.5a and L = 0.7a2%. The resulting density profile is:

—-1/2 12
E(r) = Xo (;) {1 - 0.7\/31 e (25a/r) (8.30)

In figure (8.1), we plot the density profile (8.30).

0.31

0.0+

10 100
ria

Figure 8.1.: The density profile for a disk with a central cavity.

The scaling constant ¥, is irrelevant for eccentricity solutions; eccentricity
equation (8.1) is linear in ¥, and the Schrodinger form (equation (8.22))
depends only on ratios ¥/ and ¥ /3.
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In figure (8.2), we plot the pressure eccentricity potential (equation 8.26) for
h = 0.2, the quadrupole eccentricity potential (equation (8.25)) for ¢ = 1 and
the total eccentricty potential (equation (8.22)).

0.3
Whot P
it Wpot,Q
0.2 ~ Wpot
- .
S 0.1
0.0
1 2 3 4 5 6 T 8 9 10

r/a
Figure 8.2.: Potentials in units of the binary precession frequency as a function of
radius in unites of binary separation. Quadrupole eccentricity potential

(orange) for ¢ = 1. Pressure eccentricity potential (cyan) for 4 = 0.2).
Eccentricity potential for ¢ = 1 and h = 0.2 (dotted black).

Only a prograde modes with a frequency in range 0 < w < 3, are possible.

8.5 The quantization condition

The first method we use for finding the frequency is the quantization condition.

In general, a quantization condition restricts the eigenvalue through physical
reasoning. Since we are assuming a steady-state, the wave phase wt at each
radius r has to be the same at all times ¢. Nevertheless, a wave reflects off
each barrier, and that reflection causes a phase change. Therefore, in a steady
state, the total sum of all phase changes has to be a multiple of 27. There is

no exact formula for a quantization condition for a potential of arbitrary form.

However, approximate quantization conditions exist. One of them is the WKB
quantization condition, derived assuming that:

1 dk(r)

k(r) dr

< k:(r)l. (8.31)

8.5 The quantization condition
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For a potential with two turning points r, and r,, the WKB condition is:

T 2 N, + N,
/ ’ k(wp,r)dr = MW (8.32)

5 )
where n € Nj is the order of the mode. Nj is the number of turning points
for a potential with finite value at the turning point. This type of scattering
of a wave is called smooth scattering. [V, is the number of turning points for
a potential with infinite value at the turning point. This type of potential is
called a hard wall. From figure (8.2), we can see that Ny, = 2 and N}, = 0, so
we can write:
_2n+1

/Tb k(wp,r)dr = 5T (8.33)

If there is a trapped mode inside this potential, its frequency w has to satisfy the

equation (8.33). It is important to stress that this condition can not be satisfied
for every n. In other words, different potentials allow different numbers of
modes. We can borrow other results from QM to analyze solutions. The lowest
(0-th) mode corresponds to the highest frequency (w,). Every higher mode has
a frequency lower than all the lower modes. In range r, < r < r},, n-th mode
has n nods (radial points where y(r) = 0).

We will apply this formula on two examples.

WKB frequnecies and disperison relation maps

We find frequncies that satisfy the WKB qunatization condition for two binary-
disk settings: [¢, h] = [0.9,0.1], and [¢, h] = [0.9,0.03]. For [q, h] = [0.9,0.1], the
WKB quantization condition can be satisfied for only one frequency (only n = 0
mode is possible). For [¢, h] = [0.9,0.03], the WKB quantization condition can
be satisfied for two frequencies (n = 0 and n = 1 modes are possible).

In left panels of figure (8.3), we plot eccentricity potentials and allowed
frequencies for [¢,h] = [0.9,0.1], and [¢,h] = [0.9,0.03]. In right panels of
figure (8.3), we plot dispersion relation maps (DRMs) for allowed modes and
for several frequencies that do not correspond to allowed modes. In a DRM,
frequencies that correspond to trapped states are closed lines, and frequencies
that correspond to free states are open lines. A state can be trapped, but not
steady, in which case, it is presented as a closed line on a DRM, but does not
satisfy the quantization condition.
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Negative frequencies (light brown lines) correspond to waves approaching
for r > 1, reflecting on r ~ 2.2a (the only barrier for a wave of negative
frequencies), and go back to r > 1. These states are not trapped.

Positive frequencies (dark brown lines) that do not satisfy the quantization
condition correspond to closed lines. These states are trapped but are not

steady.
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Figure 8.3.: Eccentricity potentials and allowed frequencies (left) and dispersion
relation maps (right) for [¢, h] = [0.9,0.1] (upper panels) and [¢, h] =
[0.9,0.03] (lower panels).
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8.6 Numerical results for the eccentricity
boundary value problem

Differential equation (8.1), along with the boundary condition (6.3)) defines
a boundary value problem. To find E(r) and E’(r), we need to integrate
equation (8.1). Values of those two function at the boundaries need to satisfy
equation (6.3)). The only unknown in the eccentricity equation is w. Once we
know w, integrating the eccentricity equation is easy: an ordinary differential
equation such as (8.1) can be integrated from the inner boundary outwards,
and this is known as the initial value problem.

To find w, we integrate equation (8.1) as an initial value problem for a wide
range of guesses for w. Then we see which of those guessed values results in
E(r) and F'(r) that satisfy the boundary conditions. This method is called the
shooting method.

In figure (8.4), we plot frequencies of the lowest mode (wy) for five different
values of disk’s thickness i € 0.01,0.02,0.05,0.1,0.2 and for the binary mass
ratio in range 0.01 < ¢ < 1. We obtain these values by implementing a
numerical shooting method. We refer to solutions obtained by numerically
solving the boundary value problem as numerical BVP solutions.

S 1078
3 Q
—h=0.01
h=0.02
—h=0.05
—h=0.1
104 —h=02
102 10! 10°

q

Figure 8.4.: Lowest mode frequencies wy in units of the binary orbital frequency 2y,
as a function of the binary mass ratio ¢ for ~ = [0.01,0.02,0.05, 0.1, 0.2].

We find values of wy using both the WKB and the shooting method for three
different values of the cavity size R.,, € [2.5a,3.5a,5a] and 0.01 < h < 0.2,
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0.03 < g < 1. Result in figure (8.5). From figure (8.5), we see that the WKB

151 wks F BVP
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mlO 1 o R{'a.\-' =5 ;," Rm\' =5
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102 10! 10° 10! 102
wp/wq

Figure 8.5.: WKB and numerical BVP frequencies of the lowest mode in units of
the cavity quadrupole frequency as a function of the ratio of the cavity

pressure and the cavity quadrupole frequency.

quantization condition gives correct solutions only for wp/wq < 0.1. We also
see that solutions collapse into a single line, indicating that the ratio wp /wq is
the determining factor in solutions for wy. We also see that the cavity size does

not affect results.

We use the shooting method to confirm that the frequency solution for [¢, h| =
[1,0.03] found using the WKB method are correct and, in figure (8.6), we plot
eccentricity profiles E(r) for the two allowed modes. From it, we see that the
n = 1 mode is spread further pout than the n = 0 mode.

|E(r)]

10—3 4

r/a

Figure 8.6.: Eccentricity profiles E(r) for [¢, h] = [0.9,0.03].
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In figure (8.7), we plot eccentricity profiles £(r) and scaled eccentricity profiles
y(r) for wp/wq = 0.05 and for wp/wq = 50. From it, we see that eccentricity
profile spreads further out in the disk for larger wp /wq.
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Figure 8.7.: Eccentricity profiles (left) and scaled eccentricity profiles (right) for
wp/wq = 0.05 (upper panels) and wp/wq = 50 (lower panels). The
radius is scaled with the size of the cavity, and the eccentricity is scaled
to £ = 1 at the inner disk boundary.
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The lowest mode

In this chapter, we allow the disk to be thinner, so we set 107% < h < 0.2, as
opposed to 107* < h < 0.2 used in chapter (8). We also allow the the binary
mass ratio to be smaller, so we set 1076 < ¢ < 1, instead of 0.03 < ¢ < 1 used
in chapter (8).

In figure (8.5), we saw that w, solutions for independent values of 4 and ¢
collapse into a single line if we plot them in a w/wq — wp/wq plot, where:

wp = h*R3/? (9.1)

cav

is the cavity pressure frequency, and:

3q -7/2
wog=-——=R_"/* 9.2
Q 4(1 + q>2 cav ( )
is the cavity quadrupole frequency. We call the ratio wp /wq the cavity frequency
ratio (CFR). To show why wj/wq solutions depend only on the CFR, we write
the eccentricity equation again:
10

222 QwE(r) — [Eczr?’

- ror E(r)

aE(r)] N 74(1(205)

or dr
10 [_dc? 3 ©:3)
-z [EsrgE(r)] +SO2E(r) 1

r Or dr 2(1+4q)?

We use ¢? = h?/r, and equations (9.1) and (9.2) to write (9.3) as:

202 gy = 219 [27»2

wp d(Xr 1)
77’7
wq wq T or

E(r)RY?
v t o PO

cav

aE(r)l
5 o 9.4)
+ P22 e E(r)] RY2 + 2502E(r) R/

WQ r ar cav cav *®
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Equation (9.4) depends on w, ¢ and & only in terms of w/wq and wp/wq. In
addition to equation (9.4), solutions also depend on boundary conditions, so
we write a general frequency solution as:

i = f (Tina Tout, 27 Rcava wP) . (95)
wQ wQ

For a fixed density profile (¥, R..,), and a fixed disk size (ri,, 7out), We write:

@ oy (W) | 9.6)

wQ wQ
We use equation (9.6) as a standard representation of frequency results; we
present results as functions of the CFR throughout this part. New ranges of
h and ¢ set the CFR range as 107% < wp/wq < 10°. In figure (9.1), we show
values of h and ¢ that correspond to CFR = [1075,107%,1072,10°, 10%,10%]. In
pink, we mark the area of h — ¢ that we explored in part 8.
102
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1A

Wl

10

A}
T

Figure 9.1.: CFR as a function of h and gq.

In this chapter we look for the lowest n = 0 mode. In section (9.1), we use
the WKB quantization condition to find the frequency of the lowest mode.
We do it for two reasons. First, to see if the agreement between WKB and
numerical BVP frequency values is true for even thinner disks (lower CFRs).
Second, unlike numerical BVP solutions, the WKB approximation can be used
to gain intuitive understanding of solutions. In section (9.2), we find numerical
solutions for the eccentricity boundary value problem. In section (9.3), we
discuss the location of the mode.
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9.1 WKB frequency

We use the WKB quantization condition (equation (8.33)) to find wy. In the left
panel of figure (9.2), we plot solutions wy/wq as a function of wp /wq. In it, we
see that the function wy/wq = f(wp/wq) has a minimum at wp /wq ~ 0.1. This
suggest that something interesting might be happening with the eccentricity
potential. To examine this further, in the right panel of figure (9.2), we plot the
eccentricity potential (w,.) in same units (wq). We do this for wp /wq ~ 0.1,
which is the value that we approximate as the critical CFR, and for four values
below and above the critical CFR. We see that w,,.;/wq also has a minimum at
wp/wq ~ 0.1. We use this fact to divide the CFR range into 2 parts; the low
CFR range (0 < wp/wq < 0.1) and the high CFR range (0.1 < wp/wq < 00).

We discuss each part separately.
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\
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Figure 9.2.: Left: The frequency of the lowest mode (wy) in units of the cavity
quadrupole frequency (wq), as a function of the cavity frequency ratio
(wp/wq) Right: eccentricity potential (wpot/wq) in units of the cavity
quadrupole frequency ((omegaq)) as a function of radius in units of
the binary separation (a). Eccentricity potentials corresponding to CFRs
larger than the critical one are in blue, and those corresponding to CFRs
lower than the critical one are in red. The critical CFR is in grey. Lowest
mode frequencies (wy/wq) are in thin dashed lines in the same colors as
the corresponding eccentricity potentials.
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9.1.1 Low CFR range

We discuss the frequency value. From the right panel of figure (9.2), we see
that in the low CFR range, wy is near the maximum of the eccentricity potential.
The frequency wy is higher for binaries with larger mass ratio and for thinner
disks. In the left panel of figure (9.2), we see that for wp/wq < 1073, the
solution is:

W
70>1

wQ

; (9.7)

meaning that the lowest mode frequency can grow above the cavity quadrupole
frequency wqg. We expect that a lower pressure influence causes a lower
frequency because the total potential is lower (equation 4.40). Therefore, it
seems counter intuitive that lowering wp increases wy past wq.

We now explain how lowering the pressure eccentricity potential can increase
the frequency. First, we see that a binary mass ratio of ¢ = 1 results in a low
range CFR for h 5 0.1:

0.1 = 1,107 » =X ~ 107",
o (9.8)
[q,h] =[1,0.1] - — ~ 107"
wQ

We change the CFR in a way that we fix the binary mass ratio to ¢ = 1 and
change the value of the disk’s thickness h. In the left panel of figure (9.3), we
plot the eccentricity potential wy.(r) for ¢ = 1 and

h = [0.0001, 0.0005,0.001, 0.005,0.01]. In the right panel of figure (9.3), we
plot pressure eccentricity potential wyo p(r) for

h = [0.0001,0.0005,0.001,0.005,0.01]. In both figures we plot quadrupole
eccentricity potential wp,o, q(r) for ¢ = 1.

From the left panel of figure (9.3), we see that even though w, grows above
the cavity quadrupole frequency (black dot), it does not grow above the
maximum quadrupole frequency (black dotted line).From the right panel of
figure (9.3), we see that the pressure eccentricity potential in the low range
CFR is effectively:

—o0, ifr<ap
wpot,P (T) ~ . (99)
0, otherwise,
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where the value of ap depend on h. In other words, in low range CFR, the
pressure will simply cut off the quadrupole eccentricity potential, creating a
potential well. Lowering » moves the location of the cutoff to the left (inwards
in the disk), where the quadrupole frequency is larger.

0.081 " Wpot,quad
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—0.04 1 |
| ¢=1
—0.06 — . .
1 2 3 4 5

Figure 9.3.: Eccentricity potentials and potential contributions for an equal mass
binary (¢ = 1) and five different values of the disks thickness 4. All plot
in units of binary precession frequency (2},), and as a function of radius
in units of the binary separation (r/a). Left: quadrupole eccentricity
potential to eccentricity potential in dotted black, total eccentricity po-
tential in solid lines. Right:quadrupole eccentricity potential in dotted
black, pressure eccentricity potential in solid lines. In both plots, the
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cavity quadrupole frequency wq is in a black dotted line for reference.

9.1.2 High CFR range

Now we turn to the high CFR range represented by the blue curves with

wp/wq > 0.1 in the right panel of figure (9.2).

9.1

WKB frequency
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A short WKB analysis

From figure (9.2), we see that the lowest mode is trapped far from the potential
maximum, and that the lowest mode will be located in the same place and
have the same width for all high CFRs. We use this fact to preform a short
analysis of the WKB quantization condition. We use ¢? o h?/2 o wp/r and
Q o< r~3/2 to write equation (8.21) as:

K 7”_1/2
,m) = S (. ) =
Kor—1/2
_ Kir [KQr—mwQ 32 (r, S )wp — wo} (9.10)
wp
P p

where K and K, are some constants, and f is a function of the radius and the
density profile. In the high CFR range (wq/wp < 1), we can approximate the
WKB quantization condition as:

T T 1
/ ’ ko(wo, r)dr = / ’ Kir ' f(r,2) — gy = . (9.11)
Ta Ta wp 2

The turning points (r, and r,) are fixed in this regime. The density profile does
not depend on the CFR either. Therefore, when we change the CFR, the only
part of equation (9.11) that changes is wy/wp. So, equation (9.11) is satisfied
when we change the CFR only if:

= _c, (9.12)
wp
where C is an undetermined constant. Equation (9.12) tells us that in this
range, the frequency of the lowest mode is not dependent on the cavity
quadrupole frequency. To explain how this relates to results from figure (9.2),

we write equation (9.12) in another form:

L — ot 9.13)
wq wQ

Equation (9.13) shows that even if the value of the lowest mode frequency wjy

is a small finite value, the ratio wy/wq will be large if wq is small enough. In

other words, the apparent infinite growth of wy in the left panel of figure (9.2)

is a consequence of scaling w, with wq.
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Another way to represent eccentricity results

If we multiply equation (9.4) by wq/wp, we can write it as:

10 OE(r) d B
9520 p(r) — 9 |5,2080) | paa @ e 1y p32
: wp r) ror [ " or ]Rcav +Tdr( ) E(r) Reay

(9.14)

r Or cav

-1
1o [SrE(r)] RYZ + 25Q°E(r) R (““’)
w

which shows that we can write the eccentricity frequency solution as:

“o_ ¢ (“‘“’) . (9.15)
wp wq
We now show that equation (9.15)is a more suitable way to examine the high
CFR range. In figure (9.4), we plot solutions from figure (9.2) in units of wp,
instead of wq. From it, we see that in the high CFR range, the frequency and

the eccentricity potential settle on constant values. Just like wy, the eccentricity
potential seemed to infinitely grow in figure (9.2) because it was scaled with

wQ.
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Figure 9.4.: Left: the lowest mode frequency in units of the cavity pressure frequency,
as a function of the CFR. Right: eccentricity potential in units of the

cavity pressure frequency, as a function of radius in units of binary
separation.

From the left panel, we see that that (as predicted by equation (9.12)) wq/wp
settles on a constant value:

wo

lim — =0.1. (9.16)

wp /w1 Wp

9.1 WKB frequency
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We show why w, comes to be independent on wq, in the high CFR range. First,
we see that a thick disk will be in the high CFR range for ¢ € [0.1, 1]:

g, k] = [1074,0.2] — 22 ~ 107,
wQ
wp

wQ

(9.17)
~ 10"

lq,h] =10.1,0.2] —
We fix h = 0.2 and change the CFR by changing ¢. In figure (9.5), we plot a high
CFR equivalent of figure (9.3). From it, we see that the quadrupole eccentricity
potential is negligible compared to the pressure eccentricity potential:

prt,Q ~ 0'

(9.18)

In the low CFR range, even though the pressure was low, it still affected the
eccentricity potential by causing a cutoff. But here, a low quadrupole value
causes no change in the eccentricity potential. Since the eccentricity potential
in units of wp does not change with the CFR, neither do eccentricity solutions:

Wpot wp Wo wp
= Ffl ] —#f| (9.19)
wp wqQ wp wqQ
0.254 ""Wpot,p h=02 0.251 "WpotP H h=0.2
—q:lO_[’ _qzlo—b -::
—g=10" —g=10"" i
0201 g=10"? 0201 ¢=10"2 i
owp owp
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Figure 9.5.: Eccentricity potentials in units of the binary precession frequency as
a function of radius scaled with the binary separation (r/a) for h = 2
and ¢ = [107%,107%,1072]. Left: pressure eccentricity potential (dotted
black line) and total eccentricity potentials ( solid lines). Right: pressure

eccentricity potential (dotted black line) and quadrupole eccentricity
potentials (solid lines).
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9.1.3 The entire CFR range

We saw that we can write eccentricity frequencies scaled with cavity quadrupole
frequency (w/wgq) as a function of the CFR, and we saw that this representation
is more suitable for the low CFR range. Then, in section (9.1.2) we saw that
we can write eccentricity frequencies scaled with cavity pressure frequency
(w/wp) as a function of the CFR, and that this representation is more suitable
for the high CFR range.

Now, we want to represent the lowest mode frequency solutions for the entire
CFR range. From equation (9.4), we see that it is not possible to write w (or
w/Qy) as a function of the CFR only. This means that we can not represent
solutions with a single line. Therefore, in figure (9.6), we plot frequency
solutions in another way. We plot w/(, as a function of ¢ (107% < ¢ < 1) for
each i in h € [0.2,0.1,0.01, 0.001, 0.0001].
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q

Figure 9.6.: wq in units of €2}, as a function of ¢ for five different values of / (solid
lines). Cavity quadrupole frequency (dotted black line).
We use figure (9.6) to point out the results that we found in this section. First,
wp of a thick disk is less sensitive to changes in the binary mass ratio. We see
how the constant we found before (equation (9.16)) presents itself in this plot;
for h > ¢, wo/wp = 0.1, and R,y = 2.5, we write:
Wo 1

o ~ @hQ' (9.20)

For h = 0.2, wy /Y, &~ 1072, just like we see in figure (9.6) for ¢ < 0.01.
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9.2 Numerical BVP frequency

We use numerical methods to solve the boundary value problem defined by
the differential equation (8.1) and the boundary condition (8.2). Again, we

search for frequency solutions in terms or the CFR.

9.2.1 Low CFR range

We lower the thickness of the disk to 10~* < h < 0.2, and keep the binary mass
ratio in range 0.001 < ¢ < 1. This puts the CFR in range 107° < wp/wq < 102
In figure (9.7), we plot wy/wq (left panel) and wy/wp (right panel) solutions
as functions of wp /wq. In both panels, we plot WKB solutions for comparison.
From both panels of figure (9.4), we see that the agreement between the two

method is excellent for wp /wq < 0.1.
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Figure 9.7.: Comparison of WKB and BVP frequencies as a function of CFR. Left:
lowest mode frequency in units of the cavity quadrupole frequency.
Right: lowest mode frequency in units of the cavity pressure frequency.
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9.2.2 High CFR range

We use figure (9.7) to point out the main difference between the WKB and
the numerical BVP solutions for higher values of the CFR. Numerical BVP
solutions show that, for wp/wq g 10, wy are not dependent on wp (depends
only on wq). This is why in units of wqg, numerical BVP solutions converge to a
constant value of wy ~ 0.18wq. The WKB solutions state the exact opposite; for
wp/wq & 10, wy is not dependent on wq (depends only on wp). This is why in
units of wp, the WKB solutions converge to a constant value of wy =~ 0.1wp.

While discussing the WKB solutions, we showed two important properties of
the high CFR range. First, the pressure eccentricity potential alone leads to a
potential with a local maximum, which is a necessary condition for trapping
modes (right panel of figure (9.3)). Second, WKB frequencies do not grow
infinitely like figure (9.2) suggests. Instead, they settle on a constant value
that is proportional to » and not dependent on ¢ (left panel of figure (9.4)
and figure (9.6)). Knowing this, even if we do not expect WKB frequencies
to be exact, we do expect their general behaviour to be true. Meaning, we
expect that in the limit of small binary mass ratio, the mode frequency will be
a function of the disk’s thickness, and independent of the binary mass ratio:

limwy = f(h) # f(a)- (9.21)

First, we find numerical BVP solutions for a limit of infinite CFR. Then, we
gradually increase the CFR to see if we reach the same limit.

9.2 Numerical BVP frequency
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The limit of an infinite CFR

We find numerical BVP frequencies for a nonexistent quadrupole potential:
q:0—>g—>oo, (9.22)
wQq

and plot an equivalent to figure (9.7). In the left panel of figure (9.8), we plot
frequency solutions wy/wy, as a function of h. In the right panel of figure (9.8),
we plot frequency solutions wy/wp as a function of h.
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Figure 9.8.: Numerical BVP wy frequencies for ¢ = 0 and 0.001 < h < 0.2. Disk
boundaries are 7y, = 1.875a and 7oy, = 10%°a. Left: w in units of the
binary precession frequency, as a function of the disk’s thickness.Right:

wp in units of the cavity pressure frequency, as a function of the disk’s
thickness.

From it, we see that w, is some function of h, which is in agreement with
equation (9.21). In the right panel, we plot frequencies in units of wp. In these
units, the frequency is a constant:

“0 (4 =0)=52-107C. (9.23)
wp

Equation (9.23) is the equation we predicted in the short quantization con-

dition analysis (equation (9.12)), and tells us the value of the undetermined

constant: C' = 5.2 - 1075, This is also the behaviour that the WKB method

predicted (equation (9.16)), but with a different value fo the constant C.
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Since the numerical BVP solutions (figure (8.5)) predicted that:

0018 = 0 — 18" (9.24)
wqQ wp wp
if we set ¢ = 0, we get:
“0 . (9.25)
wp

This is at odds with what we found for ¢ = 0 (equation (9.23)). This indicates
that maybe the CFR of 10? is not high enough to properly observe the pressure
dominant range. Another possible explanation is the dependence on the disk
radius. To examine this further, we find numerical BVP solutions for large
CFRs, and for several values of the disk outer radius.

High, but finite CFR and the dependence on the
outer disk radius

The WKB quantization condition is not a function of the boundary conditions,
so WKB solutions do not depend on them. In general, BVP solutions depend
on the boundary location. Since numerical BVP and WKB solutions are in
agreement for low CFR, and WKB solutions are not dependent on the boundary
conditions, we expect that BVP solutions for low CFRs are not dependent on
the boundary conditions either.

In figure (9.9), we plot numerical BVP solutions for wy/wq (upper panel), and
for wy/wp (lower panel). We do it for 8 different values of the outer disk radius
Tout = [10a, 20a, 30a, 40a, 50a, 100a, 500a, 1000a], and for 10~ twp /wq < 10°. As
expected, the change of the disk outer radius affects solutions in CFR ranges
where the WKB method is completely invalid (wp/wq > 10). We see that
wp/wq solutions get lower with larger r,,,. However, they do not settle on
a constant value like in figure (8.5). Instead, they reach wy/wq = 0.18 at
wp/wq ~ 10, but they start growing again at wp/wq ~ 103. In it, we see a
behaviour similar to WKB solutions (figures (9.2), (9.4)). We also plot the
numerical BVP frequencies that we found for ¢ = 0 and we see that this
frequency is exactly the limiting frequency that we found here.

9.2 Numerical BVP frequency
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Figure 9.9.: Frequnecy dependence as a function of wp /wq for eight values of the
outer disk radius. Upper panel: frequencies in units of the quadrupole
cavity frequency. For larger outer radii, frequencies are smaller, but
they diverge to a cyan line for 74, > 500a. We see that wy/wq = 0.18
behaviour stops for suffienetly large CFR. Lower panel: frequencies
in units of the pressure cavity frequency. We plot the numerical BVP
solution for ¢ = 0 (equation 9.23) in a dashed black line. We see that this
value is in agreement with numerical BVP solutions for wgq/wp > 10°.

We can use figure (9.9) to explain why the outer radius dependence was not
noticed before (Muiioz and Lithwick, 2020); for wq/wp < 10%, the solutions
are not dependent on outer radius, as long as 7., < 100a.
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9.2.3 The entire CFR range

Just like in section (9.1.3), we want to visualise the frequency value without
scaling it with pressure or quadrupole effects.

In figure (9.10), we set . = 450a for two reasons. First, so that we can
compare it directly to figure (8.4). Second, the solutions converge (figure 9.9)
at approximately this value of the outer disk radius so this shows the limiting
(large outer disk radius) behaviour as well.

In it, we see that the converging behaviour of wy to wy = 0.18wq for all h
predicted by Mufioz and Lithwick (2020) lasts only up to ¢ ~ 10~*. For
q < 107, the frequency solutions diverge.

g rim = 1.875a, roy = 450a
-018wq
10—3 ___________________
o]
T _
oo
107 1—
/ LS T T T T
1076 107° 104 1073 1072 107! 1

q

Figure 9.10.: Numerical BVP lowest mode frequency in units of the binary precession
frequency, as a function of the binary mass ratio.

9.2 Numerical BVP frequency
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9.3 Mode location and width

A mode is trapped in area where w < w4, i.€. in between the two radial points
where k(r) = 0. Therefore, a standard dispersion relation map (kr — r plot)
can be used to read the location and the width of a mode. In figure (9.11), we
plot the dispersion map for WKB solutions for wy.
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Figure 9.11.: Dispersion relation maps.

In figure (9.12), we plot the dispersion map for numerical BVP solutions for

wo-. -
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Figure 9.12.: Dispersion relation maps.
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As expected, kr — r lines for low CFR range frequencies are identical.

For high CFR range frequencies, where the BVP and the WKB solution are not
in agreement, kr — r lines still barely differ. To explain this, we turn to the
right panel of figure (9.2). From it, we see that WKB frequencies are such
that the potential below them (as low as wy = 10~%wq) is basically a vertical

line. Because of this, lower frequencies are still localised in the same area.

Since BVP solutions are always lower then WKB solutions, they correspond to
a mode with same turning points as the WKB frequencies.

We can show that in the high CFR range, a mode has to be trapped somewhere
in area between r =~ 2.2a and r ~ 3.8a. From the left panel of figure (9.5), we
see that the eccentricity potential is positive at .2a g r < 3.8a, and negative
elsewhere. Therefore, if a mode exists, it has to be located within this area.

From figures (9.11) and (9.12), we see that increasing the CFR pushes the
n = 0 mode to larger radius and increases its width. We also see that for
higher CFRs, the 0-th mode location and width get more and more insensitive
to changes in the CFR. No n = 0 mode is wider than 2a, or located at r > 4a.

The width of area where the eccentricity has non-zero value is harder to
estimate. In general, the eccentricity radial profile decays for r > r},, where
r > r, is the right turning point, that we can read from (9.12). But, figure
(9.11) we can not say how fast it decays.

9.3 Mode location and width
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9.4 Summary

With respect to the mode location and width, we can divide the CFR range
in two areas. For wp /wq < 0.1, the location and the width of a mode depend
on the CFR. For wP/wq > 0.1, the location and the width of a mode are not
dependent on the CFR. The modes are located in the area between r ~ 2.2a

and r =~ 3.8a.

WKB approximation is invalid for wP/wqg > 0.1. Numerical BVP solutions
depend on the outer disk radius for wP/wq > 10, but converge for a large
outer radius (rou & 500a).

With respect to what effect the change of pressure and quadrupole influence
has on eccentricity results, we can divide the CFR range of a large disk (7out
10%a) into three areas.

The CFR range wp/wq < 10 is the area where frequency solutions sensitively
depend on both h and ¢; we can not write wy & wq NOT Wy X wWp.

The CFR range 10 < wp/wq < 10° is the area of quadrupole dominance
and frequency solutions depend only on ¢: wy ~ 0.2wqg. The CFR range
wp/wq > 10° is the area of pressure dominance and frequency solutions
depend only on h: wy ~ 105wp.
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Higher order modes

In the two examples we discussed in part (8) (figure (8.3)), we saw that one
disk (h = 0.1, ¢ = 0.9) supported just one mode, and the other one (h = 0.03,
g = 0.9) supported two modes. In those two cases, we changed only the
thickness of the disk. Mufioz and Lithwick (2020) state that a quantization
condition can be satisfied by more than one frequency for a thin disk with
h 5 0.05.

In this chapter, we explore the number of possible modes in more detail. We
want to know exactly how many modes a disk can support, and see more
precisely how the disk thickness affects that number. Furthermore, we want to
see if the number of modes can also be changed by changing the binary mass
ratio q.

We are interested in higher modes because their existence means that disks
in identical binary-disk systems can evolve in different ways. They can have
different eccentricity profiles, and those profiles can be localized in different
areas of the disk. In addition, the eccentricity profiles can precess with different
frequencies. Therefore, if we want to find the full set of solutions for the
eccentricity equation, we need to discuss higher order modes as well.

First, in section (10.1), we find the maximum number of possible modes as
a function of i and ¢. Then, in section (10.2), we do an analysis of higher
order mode frequencies and eccentricity profiles. Finally, in section (10.3), we
summarize the main findings.
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10.1 The number of modes

To find the maximum number of modes in terms of 4 and ¢, we use the WKB
quantization condition.

There are two reasons for choosing the WKB quantization condition instead
of numerically solving the BVP. First, the shooting method tends to give the
lowest mode frequency. If we carefully choose several different initial guesses,
we can obtain several different frequencies (if higher order modes are possible).
However, this requires making an estimate of the frequency values for every
combination of h and ¢. In addition to that, even if the shooting method
provides us with different frequencies, we can not that those frequencies are
all possible frequencies. For example, if we get 5 different frequency values
using the shooting method, we can not know if those five are in order (wy,
w1, wa, w3, and wy). If the frequency levels are dense, the shooting method
can find some of the frequencies ( for example wy, wi, wa, wig, and wy1), in
which case the ones in between get "lost’. Unless we plot eccentricity profiles
E(r) for each w, we can not know the order of the mode with that frequency.
Again, this problem can in theory be solved by choosing a wide variety of
initial guesses, but the method would still be impractical and unreliable.

On the other hand, using the WKB approximation condition (equation (8.33))
requires a choice of the mode order, so we always know which mode order we
are working with. The second reason for choosing the WKB quantization is
the fact that, in this section, we are only looking for the number of possible
modes, and not their frequencies. In other words, the difference in the BVP
and WKB solutions is irrelevant at the moment because we are not searching
for values of w, but only for the number of all possible w-s.

We also want to see what h — ¢ areas are areas of the WKB approximation
validity (CFR<0.1). We use:

QQ 2
op_ W B (10.1)
wQ 4 (RCaV/a) QCaV 1 (RCaV/a)

4(1+q)* 4(1+q)*
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to write wp /wq = 0.1 as:

_ 3q RCaV 2
h_¢0.14(1+q)2( o) (10.2)

Equation (10.2) depends on the cavity size R.,, because we defined wp and
wq as the pressure and quadruple frequencies at the cavity radius. Since the
quadrupole and pressure influence are different power laws, their ratio is
dependent on the cavity size. Like in most of this work, we set R.., = 2.5a.

In figure (10.1), we plot the maximum number of allowed modes for 10 <
g < 1and 10~* < h < 0.2. We highlight ¢ — h areas that support a maximum
of 5, 10, 20, 40, or 80 modes. We plot the wp/wq = 0.1 line; the area above it
is the area where the WKB approximation breaks down, the area below it is
the area where the WKB frequencies are exact.

75 > 100

nmax

Figure 10.1.: The highest possible mode order as a function of the binary mass
ratio and the thickness of the disk (colored lines). Lines n.x =
[5, 10, 20, 40, 80] is solid black lines for reference. The area where the
WKB approximation gives correct wg values is below the dotted black
line. The cavity size of the disk is taken to be R.., = 2.5a

In figure (10.2), we plot the same results as in figure (figure (10.1)), but in
linear h and ¢ scales.

10.1 The number of modes
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Figure 10.2.: Maximum number of possible modes as a function of binary mass ratio
and the thickness of the disk for a disk with a cavity size R.., = 2.5a
Same as figure (10.1), but in a linear scale.

We quickly check that these solutions are consistent with the ones from part
8. From figure (10.2), we see that for 4 = 0.1 and ¢ = 0.9, Ny = 0, which is
agreement with what we see in figure (8.3). Similarly, we see that for 4 = 0.03
and ¢ = 0.9, ny.. = 1, which is agreement with what we see in figure (8.3).
We now use figures (10.1) and (10.2) to shows important properties.

From figure (10.2), we see that roughly 4/5 of explored ¢ — h area supports
only a single mode. We also see that higher order modes are impossible for
h Z 0.05. However, this is only partly in agreement with a statement that
higher modes are possible for 2 < 0.05 (Mufioz and Lithwick, 2020). Instead,
from figure (10.1), we see that for 4 5 0.05, the possibility of a higher order
mode depends on the binary mass ratio. We use figure (10.2) to show why the
dependence on ¢ is not visible in the h — ¢ range used in part 8. We see that
for thick disks and near equal mass binaries, n,,,, areas are almost horizontal
lines and n.,., is a function of h only.

From figure (10.1), we see that every higher mode is supported by a smaller
q — h area. For n,,, 10, areas of constant n,,,, become thin lines. This
allows us to comment the stability of n,,,, on changes of 4 and ¢. For example,
for h = 0.1, we see that n,., = 0 for every ¢ € [107%,1]. On the other hand,
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for h = 1073, nmax depends on ¢ and can be 0 < np., < 100. We conclude that
the number of possible modes depend on ¢ more for smaller h. Similarly, the
number of possible modes depend on /4 more for higher q.

To observe how n,,., grows with h, we focus on ¢ = 1 part of the figure
(10.1). We see that the maximum number of possible modes doubles in
equal spacing of i (in a log-log graph). If this behaviour continues, ny.x
would grow indefinitely. This indicates that the frequency spectrum becomes
quasi-continuous. We show one example of this behaviour in section (10.2).

Stability of the disk radial eccentricity profile and
frequency

We make an estimate of how an increased number of possible modes affects
the stability of eccentricity solutions. A thick (h = 0.1) disk around an equal
mass binary ¢ = 1 can support only one mode. If the eccentricity profile or
frequency are perturbed, it can reach a steady state again only by going back
to that one mode. A thinner (h = 0.04) disk around an equal mass binary ¢ = 1
can support two modes. If that disk is perturbed, it can reach a steady state by
going to any of the two modes or to any of linear combinations of those two
modes. A thin mode (h = 0.0001) around an equal mass binary (¢ = 1) can
support modes of virtually continuous frequency spectrum w € [0, maz(wpot )]
(figure (10.3)). A minor perturbation of such a disk in a steady state is most
likely still a steady state, and the disk will stay in that state.

10.1 The number of modes
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10.2 Higher mode frequencies, eccentricity
profiles and the location of higher
order modes

We saw in figure (10.1) that the entire ¢ — h space that supports higher order
modes is located in the area where the WKB quantization condition gives the
correct lowest mode frequency (w,). Now, we convince ourselves that it gives
correct higher mode frequencies (w,) as well. To do so, we turn to quantum
mechanics results by Ma and Xu (2005). They show how an exact quantization
condition for a function W¥(r) that is a solution of a Schrodinger equation:

d>U )
can be written as:
Tb
/ (wn, r)dr = (n+ )7 + Q, (10.4)

where () is called the quantum correction and has the same value for all n. In
the WKB quantization condition, the correction is taken to be:

3

Qwks = — 7. (10.5)

[\

Since we saw that for wp/wq < 0.1, the WKB quantization condition gives
correct values of wy, we conclude that the WKB quantum correction is exact for
n = 0. This, combined with the upper discussion, tells us that this correction is
then exact for all n > 0. Therefore, we expect the WKB frequencies to be exact
for all order modes as long as wp /wq < 0.1.
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A thin disk around an equal mass binary.

We set ¢ = 1 and h = 0.001, and use it as an example to visualise higher
order modes. We are interested in the mode frequency, location, width and
the eccentricity profile. We use the WKB quantization condition to find all
possible modes. In left panel in figure (10.5), we plot the eccentricity potential
and frequencies of all possible modes. Next, we choose five different modes

n € [0, 1,10,20,90] that we will discuss in more detail and plot them in the
right panel of figure (10.5).

fi — ] n
2.0 ."l ot 201
1 wh
|
\
i
1.5 1 \ 1.5 1
|
— \ ~
— \ [
—~ \ ey
i 1.0 ';.. E 1.0
0.5 0.5 Twin T wan
- - i wan
LW T Wpal
0.0 0.0 g o
1 10 20 1
ria

Figure 10.3.: Left panel: eccentricity potential (black) as a function of radius scaled

with binary separation in units of the quadrupole frequency at the
cavity radius. Frequencies of all possible modes w,, (purple). Right
panel: same as left, with five highlighted modes (n € [0, 1, 10, 20, 90]).

We first use these 5 modes to verify the accuracy of WKB results. We use two
numerical methods of solving the BVP: the shooting method and a python BVP
solver. Both of these are sensitive to initial guesses so we use several values

close to the WKB results as initial guesses. All three methods give same results:

wp = 2.0dwq = 0.0155§2,
w; = 1.95wq = 0.0148€2,
wio = 1.29wq = 0.00979Y, (10.6)

wop = 0.811wgq = 0.00615¢Y,

wgp = 0.00192wq = 0.0000146€,.

10.2 Higher mode frequencies, eccentricity profiles and the location of higher order
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All eccentricity profiles presses with a frequency much smaller than the binary
precession frequency: w, < 107%(),. The frequencies can differ by several
orders of magnitude (wyy/wy = 1072).

From figure (10.3), we see that the left turning point of every order mode is at
the approximately same location. We also see that the right turning point of
every n = m mode is further out than all n < m modes. So we expect every
higher order mode to be less localised. In figure (10.4), we plot the frequency
dispersion map.

200 -
= 0

—0

-1

- 10

—900 n =20

—n =90

1 5 15 20

Figure 10.4.: Frequency dispersion maps for O-th (purple), 1 — st (orange), 10-th
(red), 20-th (cyan), and 90-th (green) mode in a disk of thickness
h = 0.001 around an equal mass binary (¢ = 1).

In figure (10.5), we plot eccentricity profiles F(r) for modes n = [0, 1, 10, 20, 90].
These profiles allow us to do a consistency check. The n-th mode should have
n nodes within area where w < w,, and decay for w > wp,. Comparing
figures (10.3) and (10.5), we see that this is true.
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Figure 10.5.: Absolute values of eccentricity profiles as functions of radius in units
of the binary separation (a) for five modes in a thin disk (h = 1073)
around an equal mass binary (¢ = 1). All five eccentricity profiles are
scaled to ' =1 at the inner boundary. Upper left: eccentricity profiles
of the 0-th mode (purple) and the 1-st mode (orange). Upper right:
eccentricity profiles of the 10-th mode (red) and the 20-th mode (cyan).
Lower panel: eccentricity profiles of the 90-th mode (green).
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10.3 Summary

Higher order modes are possible only in the range where the WKB approxima-
tion gives exact solutions. This fact can simplify finding eccentricity solutions,
because for higher and/or densely spaced modes, numerical BVP methods are
impractical.

The number of possible modes depends on both the disk thickness / and the
binary mass ratio q. We can write three general rules concerning n,,,.. One,
thinner disks around binaries of a more equal mass can support higher modes.
Two, the number of possible modes in a disk is more sensitive to changes of ¢ if
the disk is thin. Three, the number of possible modes in a disk around a binary
is more sensitive to changes of A if the binary components are near-equal

mass.

Possible precession frequencies of an eccentric circumbinary disk with CFR« 1
are almost continuous and can take any positive value of the eccentricity

potential.

Every m-th mode is less localized than every n < m mode. In areas of the disk
further away from the binary, the eccentricity will be non-zero only if the disk
is in a higher order mode.

Since the eccentricity of a disk can be any linear combination of possible

modes, the time evolution of a thin disk can be far more complicated then the
evolution of a thick (h > 0.05) disk.
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Eccentricity solutions as a 1 1
function of density

Up to now, we used the density profile:
Y =2 (7’_0'5 — Lr_l) e_(RC‘“/’")Z, (11.D)
with L = 0.7, Reay = 2.5a, and Z = 12.

In this chapter we wish to see hot much this density profile affects eccentricity
results and in what way. In section (11.1), we keep R.., = 2.5a and Z = 12,
and we change L. In section (11.2), we keep L = 0.7 and Z = 12, and we
change the value of R..,,. In section (11.3), we keep L = 0.7 and R.., = 2.5a,
and we change the value of Z.
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11.1 The torque exerted on the binary by
the disk

In part 8, we found eccentricity solutions for one value of the torque exerted
on the binary by the disk (L). Now we see how L affects w/wq solutions.
Duffell etal. (2020b) showed that the value of L depends on the binary mass
ratio. Since only the pressure eccentricity contributions depend on the density,
we expect L to make a difference only for higher CFRs, and in that range,
(Duffell etal., 2020b), 0 < L < 1. We can not draw a parallel between that
binary-disk set up and ours, but we use L = [0,0.5,0.7,0.9, 1] as a very rough
idea of what the value of L might be. In figure (11.1), we plot density profiles
(equation (11.1)) for R.,, = 2.5a and L = 0.7.
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Figure 11.1.: Radial density profiles of a disk with a cavity of size R.., = 2.5a and
cavity slope Z = 12 for L = [0,0.5,0.7,0.9, 1].

For a fixed disk size, cavity size, and the cavity slope, we can write (equation

(11.3)):
W:f<L7 “’Q) (11.2)
wQ wQ

In figure (11.2), we plot frequency solutions represented by equation (11.2).
From it, we see that the change of L does not change solutions for wp /wq < 0.1.
For wp /wq g 0.1, the frequency is larger for smaller L.
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Figure 11.2.: The lowest mode frequency in units of the cavity quadrupole frequency

as a function of the CFR for L = [0,0.5,0.7,0.9, 1].

11.1 The torque exerted on the binary by the disk
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11.2 The size of the disk cavity

In figure (8.5), we saw that the cavity size in range 2.5a < R.., < 5a does
not change solutions. However, in section (11.1), we saw that a change in L
can cause a slight change for large CFRs. In Appendix I, we show that, for
the density profile (11.1), frequency solutions depend on R.,, and L only as a
product LR_!/?. Therefore, we write:

=~y (LRC‘;V/Q,Z, “’P> . (11.3)
wQq wQ

Since solutions depend on the product LR_,'/?, we expect that a wider range of
cavity sizes can make the difference in eccentriocty solutions visible. Therefore,
we widen the cavity size range to R.., = [1.5a, 4a, 6a,10a]. In figure (11.3),

we plot density profiles (equation (11.1)) for L = 0.7 and Z = 12.
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Figure 11.3.: Radial density profiles of a disk with Z = 12 and L = 0.7 for cavity
sizes Rcay = [1.5a, 4a, 6a, 10a).

In figure (11.4), we plot. From it, we see that the cavity size can change
solutions only for wp/wq £ 0.1.
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Figure 11.4.: The lowest mode frequency in units of the cavity quadrupole frequency,
as a function of the CFR. L = 0.7 and 7oy = 450a. The disk cavity
size is Rcay = [1.5a, 4a, 6a, 10a], and the inner disk radius is taken to be
Tout = 0.87cay.

Here, we discuss the choice of the density cutoff function. First, in section
(11.4), we show that the cutoff function we used to create a cavity greatly
influences all eccentricity solutions. Next, in section (11.5), we explain why
the cutoff function dominates eccentricity results. Then, in section (11.3), we
change the cutoff exponent and see how that changes solutions for lowest
mode frequencies. Finally, in section (11.6), we use the findings of this chapter
to write the eccentricity equation in a simplified form and to explain some of
the results from earlier chapters.

11.2 The size of the disk cavity
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11.3 The cutoff exponent

Now we want to see how the change of the cutoff exponent Z influences
eccentricity results. In figure (11.6), we plot density profiles (equation (11.1))
for Re.y = 2.5a, L = 0.7, and Z = [4,6, 12, 18].

1.0 1

1 0 10
r/a

Figure 11.5.: Radial density profiles of a disk with R.,, = 2.5a¢ and L = 0.7 for
Z =[4,6,12,18].

In figure (11.6), we plot numerical BVP solutions for wy.

37 BVP
7 =
—Z =6
—Z =12
N?- —Z =16
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wp/wq

Figure 11.6.: Caption

The change of the cutoff exponent significantly changes frequencies in.the low
CFR range. It does not change results in the high CFR range. Because we a
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change in solutions, we explore the change of the cutoff exponent a bit more.

In figure (11.7), we plot numerical BVP and WKB solutions for each Z

8_
Z =1
ﬁ L=07
61 Rewy = 2.5
=1
T
3 44
2 i
BVP
WKB
0+ : :
103 10! 10!
wp/wq
1.0 i
0.8 ;
N S Z=12
%0-0' o : L:[]..f
5 T Ry = 2.5
0.4
027 _pyp
-~ WKB
0.0 +— :
103 10! 10!
wp/wq

BVP
WKB

10! 10!

wp/wq

10!
wp/wq

Figure 11.7.: Comparison of WKB and numerical BVP frequencies wy for each Z.

From figure (11.7), we see that the agreement between WKB and numerical

BVP solutions is better for lower 7.

11.3 The cutoff exponent
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11.4 lllustration of the importance of the
cutoff function.

We saw that the only density parameter that caused eccentricity solutions
to change was the cutoff exponent, and it influenced solutions greatly. That
motivates us to see just how much eccentricity solutions are determined by
the cutoff function.

To illustrate this, we solve the eccentricity equation in same ways as in part (8).
This time, we do it for a density profile described by just the cutoff function:

Y = e (25/0% (11.4)
We plot these results, along with results for the density profile:
S =% (170 = Ly7!) e Ren/n”, (11.5)
that we found in part 8.
We start by comparing frequency results. In figure (11.8), we plot wy WKB and

numerical BVP solutions. The agreement between solutions for both density
profiles is worse for higher CFRs, but is not significant.

¥ — e—{z,s,f':-}'f
BVP
—WKB

=

0.0

10-2 10-! 10" 10! 102

Figure 11.8.: Frequency solutions wy/wq as a function od the CFR. Comparison of
results obtained using just the cutoff function (solid lines) and results
obtained using the full density profile (dashed lines).
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Now that we know that the frequency solutions are determined by the cutoff
function, we see if the same is tru for the eccentricity profile. In figure (11.9),
we plot eccentricity profiles for h = 0.1 and ¢ = [0.1,0.2,0.4, 0.6, 1].

11 Y o e 25/
_ g=0.1
s S g=02
-y T =04
) l";; ~ g: 0.6
L 107 Y (T—us —0 TT—l)e—(as;‘:-}'f S q=1
--q=0.1 S
g=10.2 e
--qg=104 2
10~ --q=06 .
g = 1 -
10 20 30 40
ria

Figure 11.9.: Radial eccentricity profiles for h = 1 and ¢ = [0.1,0.2,0.4,0.6, 1]. Com-
parison of results obtained using just the cutoff function (solid lines)
and results obtained using the full density profile (dashed lines).

Next, we compare scaled eccentricity solutions. In figure (11.10), we plot; ec-
centricity profiles £(r) and scaled eccentricity profilesy(r) profiles for wp /wq =
0.05 and wp/wq = 50. From it, we can see that the agreement is worse for
larger CFRs, but even then, the agreement is great.
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Figure 11.10.: Scaled eccentricity profiles (left panels) and eccentricty profiles (right

panels) for wp/wq = 0.05 (upper panels) and wp/wq = 50 (lower
panels). Comparison of results obtained using just the cutoff function
(solid lines) and results obtained using the full density profile (dashed
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11.5 Explanation of the dominance of the
density cutoff function on all
eccentricity results

We saw in figures (11.9), (11.10), and (11.8) that results from part (8) can
be reproduced by taking the density profile to be equal to just the cutoff
function. To explain why the cutoff function dominates results, we discuss
the differences between a cut disk (11.4), a combined disk (11.5), and an the

extended disk:
r —0.5 r -1
Sy, <<) 07 () ) . (11.6)
a a

In figure (11.11), we plot all three density profiles.
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Figure 11.11.: Density profiles of cut, extended and combined disks.

From figure (11.11), we see that for r < 3a, the agreement between the cut
and the combined density profile is excellent. For » > 3a, the agreement
between the extended and the combined density profile is excellent.

In figure (11.12), we plot the pressure eccentricity potential. We see that the
the general shape of the potential well is determined by the cutoff function.
In addition, the well is entirely located at » < 4a, which is the area where
(figure (11.11))) the combined density shows no dependence on the extended
density. In other words, when we model a cavity in an extended disk with
an exponential cutoff function, a potential well is created entirely in the area
where the information on the original density is lost.

11.5 Explanation of the dominance of the density cutoff function on all eccentricity
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Since modes are trapped inside the well, we conclude that all eccentricity
results will be determined by the cutoff function.

8
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Figure 11.12.: Pressure eccentricity potentials for a cut, extended, and a combined
disk.

We write the pressure potential eccentricity potential as:

Wporp(r) _ TS plESR g2y 3pm2 (11.7)
h2Qb 43 8312 4 A . .

In figure (11.13), we plot all terms of equation (11.7) for desnity profiles of a
cut, extended and a combined disk.
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Figure 11.13.: Total pressure eccentricity potential in pink. Each of the four terms
contributing to this potential (equation (11.7)) in blue.

In the eccentricity potential (equation (11.7)), the density appears only in
ratios 33, 9% /dr, and 92X /0r?, so for a combined disk, the exponential function
gets canceled out. We explain why the exponential cutoff dominates eccen-
trocty solutions anyway. A first derivative of a function f(r) that is a product
of two other functions h(r) and ¢(r):

f(r) = h(r)g(r), (11.8)

11.5 Explanation of the dominance of the density cutoff function on all eccentricity
results 113
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is:
! _HWg+hg W g

, (11.9)
f fg h g
and its second derivative is:
1 h// h/ ! h/ / h /! h// ! h/ !
[T _Wo+lg+Wg+hg” 17 g WY (11.10)

f fg h g hg

We conclude that if the derivative of one function (h or g) is a lot larger then
the derivative of the other function (& or g), then the derivative of the product
of those two functions () will be approximately equal to just the derivative of
that one function.

The combined density profile density profile (11.5) is a product of two func-
tions (11.6) and (11.4), so we set:

h(r) = ro1/2 Lr 1, (11.11)
and:
g(?") — 6—(RcaV/7')Z‘ (1112)
We find derivatives as:
A A Vs
= E L X (11.13)
and: 3 /2 5
h” Zr_ — ZLT_ —92
— = oo x r 7, (11.14)
g Zr~t (@)Z e~ (Reav/m)? R Z
= e =2 () e aL
and:
" Rcav 2z Rcav Z
9:zr%>—uf—zy4<> o (11.16)
g r r

Ratios ¥/ /¥ and ¥ /% are power laws for both /4 and g. But, the former power
law is so much greater than the latter one that the total density derivatives can
be approximated with the derivative values of g.
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11.6 Summary

Eccentricity results do not depend on L and R.., for low CFRs. Eccentricity
results weakly depend on L and R.,, for high CFRs.

Eccentricity results are very dependant on the steepness of the cavity slope for
low CFRs. Eccentricity results are independents on the steepness of the cavity
slope for higher CFRs.

Results from part 8 can be entirely reproduced by taking the density profile:

2 = Nye Feav/n)” (11.17)

instead of:
e e a F (11.18)

The cutoff function not only allows for modes to exist, but also completely
determines the eccentricity results.

The findings of this chapter can be used to simplify the eccentricity problem
for all CFRs; we can use the cutoff density profile to write the eccentricity
differential equation as:

Simplified eccentricity equation for a locally isothermal circumbinary
disk

2w o ap_ 130
h2 Oy m22(1+q2 |’
(11.19)

or, in terms of R = r/Reay, as:

11.6 Summary
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Simplified eccentricity equation for a locally isothermal circumbinary

disk as a function of a scaled radius R

d’E dF —Z-1 -1 —Z-2 W
= o [-ZR P R +E[—2ZR +2 R

(11.20)

We can use equation (11.20) to find eccentricity solutions for any density pro-
file (11.18), and still obtain results that are highly accurate or exact regardless
of L and R.,,. Solving the simplified eccentricity equation numerically is faster
compared to solving it for a profile (11.18).

To conclude, to solve the eccentricity equation for a general density profile
(11.18), all we need is the cavity slope Z. For larger CFRs, we do not even
need to know the exact slope, and any value of the slope (at least in the range
4 < Z < 16 that we explored) will give correct results.
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Summary and conclusion

In chapter 8, we showed how to use the recipes from part II on a locally
isothermal disk in a stationary state. We then found known solutions (Mufioz
and Lithwick, 2020) for a disk of a relatively high thickness (h > 0.01) around
binaries with a higher mass ratio (¢ > 0.03). We reproduced most results from
Muiioz and Lithwick (2020) to verify that our understanding of methods for
solving the eccentricity equation is correct. Those results showed that the fre-
quency of the lowest mode is in range 0.2wq < wy < wq, and that quadrupole
effects always dominate the eccentricity. Solutions were independent of the
outer disk radius and pointed out a possibility of at least two disk eccentricty
modes, with the number of modes being determined by the disk thickness. In
addition, modes were located at » > 2a.

In chapters (III), (10.1), and (11), we turned to thinner disks (10™* < h < 0.2),
and disks around binaries of a more unequal mass ratio (107 < ¢ < 1). We
presented results as functions of the CFR.

In the low CFR range, the mode frequency can grow above wy, = wq. The
location and width of the 0-th mode depend on the CFR’s exact value. The
number of modes can grow up to at least a hundred. Different modes have
different widths and can spread over significant portions of the disk. Solutions
are not dependent on the outer disk radius, and the WKB and numerical BVP
results are in perfect agreement. Solutions do not depend on L or R.,, and
depend significantly on Z.

In the high CFR range, the location and the width of the lowest mode are
not dependent on the CFR. There can only be one mode, and its location and
width are fixed. Solutions depend on the outer disk radius, and the WKB
approximation is invalid. Solutions weakly depend on L and R..,, and are not
dependent on Z.
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We found that we can divide the CFR spectrum into two regions, each depen-
dent on one set of parameters (density profile away from the cavity, the exact
value of the CFR) and not on the other set of parameters (cavity slope, outer
disk radius). Interestingly, disks from part 8 fall between those two regions.

Our results for thin disks are especially important as they make predictions
for the disk behavior in a regime that we expect to be relevant astrophysical,
and which has yet to be simulated. Accretion disks, such as disks in AGN
(Bellovary etal., 2016), are as thin as 10~* < h. However, these disks are hard
to simulate, so simulations are only available for thicker disks. We showed
that eccentricity results found by either solving the eccentricity equation or by
simulating a thick disk should not be used to estimate the eccentricity solution
for a thin disk.

Future prospects

We found that higher modes are possible, but we do not know how each of
them is excited, nor the amplitude of different modes. To understand how
different modes are excited and if the disk is more likely to settle on specific
modes and not the others, we need to look at the time-dependent eccentricity
equation. In other words, we need to set a forcing effect, such as resonance
(chapter (5)), and solve the time-dependent equation.

It could also prove interesting to examine disks with cavities that are not
described with exponential functions. A cutoff function describing a more
gradual decay into the cavity might influence the solutions in a way that the
information on the density profile away from the cavity is preserved (11.5).

A 3d treatment (section (3.3)) could be a better choice for finding eccentricity

solutions for thick disks around binaries with ¢ < 1. It could explain or counter
the results found by treating it as a 2d disk.
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Polar coordinate system

In a polar coordinate system, each point in a plane can be decribed with
2 coorinates: distance from the origin r, and an angle from the referenece
direction ¢. To compare it to (x,y) coorinadte system, we put the orogin of
both systems in the same place, and choose x direction as a reference direction
for the polar system. We can the define the angle ¢ as:

tang = 2. (A1)
X
and radial distance r as:
r? = 2% + 42 (A.2)
This is illustrated in figure (A.1).
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Figure A.1.: Polar coordinate system.

Unit vectors are orthogonal:

(A.3)
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A~

Pop=0. (A.4)

. Unit vectors do not explicitly depend on time:

or 99
E‘E‘O' (A.5)

Radial motion does not change either unit vectors:

ob  OF
_— = — = A.
or  Or 0, (A.6)

but asimuthal motion changes both:

% = -, (A7)
or -
5= é. (A.8)
In polar coordinates, the gradient of a function ¢(r, ¢) is:
g 29, , 1095
Vg = o + ra¢¢. (A.9)

In polar coordinates is, the divergence of a vector field A= A, (r, ¢)r+Ay(r, gb)(ﬁ

is:
S N A _18(TAT) 10A,
V'A—V~(ATT+A¢¢)—; o +;8¢'

(A.10)
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B.1 Equations of motion

We use equations (1.11) and (A.4) to write equation (2.15) in polar coordinates

as:
O(ut + vo) 0 wvd A J -
_ — 4 —— = —= —Vo. B.1
5 + ( + 8¢> (ur + vo) pr \V4 (B.1D)
We write it out as:

dui+vd) (9 wd\ . (D v . -
o \"or Troe) " e = —=Vp- B.2
5 + <u(), 5 (,)()> (ur)+ (u + rc?gzﬁ) (v gzﬁ) pr Vo, (B.2)

ou fiu or . ov - b o ()() ou L )()/ N uv Or . VTt Ou
ot ot ()7‘ ()f o or ()/ r 0o r 0o
5 0 20 0 10 1dp, 0P, 109 -
+ud2 —¢+——¢+%—U————pu——p¢—— — .
or rodp 1 0¢ por proop  Or r 0¢
(B.3)
and use equations (A.6), (A.7) and (A.8) to write:
ou Jr(')'1' . Ou N U A - v Ou
—fr+—0¢+uf— + —¢+ ——
()z" ()7‘( " or r ( r 0
2 2 (B.4)
~0v v v v 1op. 1 0p~ 0P 109 ,
7

We can now find two independent equations by taking a dot product of

equation (B.4) and 7:

2
ou ou vou w 10p 09 (B.5)

a e tres T T par or
and by taking a dot product of equation (B.4) and ¢:

ov ov  vov w 1dp 109
a Mo Trae T T T prae roe (®-0)
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Coefficients of expansion
of the disk’s unperturbed
state

We want to expand these quantities up to the lowest two terms. However, we
do not know the ratio of magnitudes of all quantities. This means that we do

not know if all quantities can be described with terms with same orders of .

We will do a short analysis to see how this should be done. First, we know that
radial velocity is zero (equation (2.29)), so we do not need to expand it:

u = 0. (C.1)

Next, we preform a dimensional analysis on equation (2.32):
—x ==+ —. (C.2)

We write these values as expansion of unknown orders. We call lowest terms
of every expansion X, and Xj.

U =1+ U262 + U4€4 + U6€6 + ...

O = Dy + Poye® + Dyet + Dge ©.3)
P = po + pa€” + pac’ + pee’

p = po+ € + pac’ + +pee°

In equation (2.32), pressure and density appear only as ratio p/rho can choose
the lowest non vanishing term of density series to be €°:

p = po+ pc, (C.4)
and we know that the ratio needs to be of order €2 so we write:

p= p4€4 + p666. (C.5)
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Now we can write equation (C.2) as:

v? b + &

P

p4€4 + p6€6
X e

£0 +p2€
U(z) + 2U0U2€2 + 2U0U4€4 + 2U0U666 + voxt 4 2090,€8 + 2U2v668 4 g
+2v,06€'? + vge'? o P2 o POP4— P2P2 4

Po I

2
(vo + v9€® + vyt + U6€6) + By + Pye? + Dyet 4+ e’

(C.6)

Equation (C.6) can be satisfied for two different orders of ¢ only if the lowest
non vanishing terms of density and gravitational potential are vy, v, ®g, and
®,. So, quantities expanded up to lowest two non vanishing terms are:

v = U0+U262

p = po+ pa€’

(C.7)
P = Oy + Dyé?

P = pa€® + pae’.

Now we put equations (2.37) in the steady state equation that we have
obtained (equation (2.32)):
(vo + €va)? 1 0(pac® +pac) | O(Dg + Py)

_ - _ C.8
r Po + €22 or + or (C.8)

_’Ug + 2U0U262 + U§€4 1 1 0 [p2€2 + p4e4)] + 8(@0 + 62(1)2)

r ol e or or
o (C.9)
—1 €2pa | O[pa€® + pae?]  O(Pg + €2Dy)
Po Po or or
Equation (C.9) up to €2 is:
U 2ugnae  —10pa | Oy + da) (C.10)

r py Or or
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Derivation of perturbed
equation

In practice, this means that for every two perturbations a’ and ¥':

oY LYo

W=d—=d—=d— = D.1
T T Y T o4 (0.1
Equations E.25 and E.33 of order ¢ are:
a /
5;0 — iQunp,ZuE) — iQunp70u§ — QQuanUé — QQunp@U;
D.2
_ 1 aplo + ,06 apunp,Q ( )
Punp,0 or p121np,0 or
o, . . uy O u, O ipy
8750 - ZQunp,ZU(I) - ZQunp,OUé + 705(7‘2911”)72) + f&(TQQunp,O) = rpun(;o (DS)
Equation E.38 in Oth order:
apy . O Ppun un o(ruf ,
O oy et = Lw (0O ] 0.
Equation E.44 in order €? (there are no Oth order factors) is:
op, . OPun un o(rul ,
20— QP + g = T [ i) wgl (D.5)

Multiplying D.3 by 2i and adding it to D.2, we get:
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punp,O or punp,O or T Punp,0
(D.6)
0 . uy 0 —10py | poOpo  2p
—|up +2 Q 2120 7 (120 D= _=0 D.
6t[u0+ zvo} —iQug + 20 8r( 9) = o O + 2or oo (D.7)
—— \_\/_/H,_/
A B C D F
1
A= a[ug +2wg} . a{imoE+ 2%~ E
0 ot 2
9 OF (D-8)
8[227’QOE] = 12rQg— By
up 0
Uy O 9
l o +2 r 8T<T 92)]
— + ———|irQE + —irQQyFE —+ ——
[ 2rQy L Or + 0 Or }”‘ ofr W 0 87"{27“90 (87’ +,00 or
E 6@2 1 8p0 (9(1)2 1 8p0 3( T > Er 0 8(1)2 1 8]?0
— | ==+ ———| —2QyFE — | === ] — 29 _——
2[87‘ +p08r] 0 [87‘ +p0 or | 0r \2Q QQOGT or po Or
_E[0%  10p| SE[0%;  1om] . 0[0%  10p
2| Or po Or 2 Q | Or 00 Or or| or po Or
00, 1 dpg 9 |0®y 1 0pg
= —-2F Er _——
[8T+p08r] (97”[87" po Or
o E 0 2 8<I>2 1 8p0)
N r@r_r <87‘ +p08r
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N TE)T_T or r or poﬁr
E 0 [ 28@2 1 apo Er 82]?0 Bpo 1 8p0
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(D.9)
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0 0 1 QoFE
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(D.11)
—p +7"Eap0 - ra—E
Po B " or
/ apO OF
= Ei
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,Opo _ p OF
—iQoph + ) 80 = TO Q-
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, Ipo oF
Po=rE—5 = +por o
1 Opg 10 Opo oF
C=—-—— - — — D.1
po Or po Or [T 0 +por 0 (D.13)
Opo 1 Opo 1 dpo or
p=20" y_ el D.1
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2 2 0 OF
F=——py=—— rEﬁ + Ypor— (D.15)
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Eccentricity equation
derivation for a locally
iIsothermal disk

The lowest order (¢°) of equation (3.6) is:

, 0 o(ruf ,
—ipy Qo + 1) apo = % [ (&O) - w{)] (E.1)
Now we use equation(3.8) to write is as:
n n ir?QE 1
—iph Q0 +zmoEag;f’ = b [a(" = 1) _ z’rQOE] (E.2)

0 OF A(r3Q) 1
igl o = —ir BP0 _ 20,20 OE o0 p0rh) ol 6 g (g g
or T or r or r 2

Using equation (2.61), and dividing upper equation by —i{2,, we get;

9 0E  O(E
p,O:TEﬂ+@2 _ ,9(Bpo)

or or or (E4)

Just like for adiabatic disc, we find what the next (e2) order of equations (3.6a)
and (3.6b) looks like:

ouy . . d (p

— iQoul — ity — 2Q00) — 2Q0v, = —c? 0 E.5
5 1Quy — 10y 2} 0V S@r( o) (E.5)
v}, ugy 0 ub 0 ic2pl

ot — ZQQ’UO ZQ()’UQ + 75( QQ ) ;5(7'290) = ?00 (E6)

By multiplying equation (E.6) by 2i, adding it to equation (E.5), and using
equation 2.61 we get:

O (ug + 2ivp) ug 0 20 (ph 5P
at 292 Vo + 2Z , ar( QQ) Co — — 2= (E7)
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Now we can use equation (E.4):

O(ug + 2ivp) b0 0 s 20 (1 0(Ep)\ 2¢ 9(poE)
8t 2QQU0 + 2@7&(7’ QQ) = CSE % 67" 7’7[)071 87"
A B C D
(E.8)
In previous section, A was found to be:
A= iQTQaaf (E.9)
In the last section, we showed that B can be written as:
_ E 0| ,00, E 0 [r?0(c2p)
b= —rarlr ar] B rar[p o | (E.10)
We will expand this as:
s EO[.00] B0 (,08 o
- ror| or ror\' or p or
E 0| ,00, dc? 0*c? c2 dp
- =2 _9E~S _pro S _9ps
r or [r or ] or "o p Or (E.11)
Brocop B 99\ Erd %
p Or Or p? \or p Or?
0 (rd(Ep) 0 ( OFE rEdp
_ 20 (T _ 29 (95  TEOP
¢= CS@T(p or ) CS@T<T87"+ p Or
_ BB p0B  LrEGp  ar0p0E | B (0p)"_ ,E0p
S° Or? Sor P por2 Ppodror S p2 \Or Spor
(E.12)
2 2
po _ 269pE) _ 26E0p zcgaE (E.13)
po  Or po  Or or
Finally:
A+B=C+D (E.14)
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29@_§g 2 0P (902_ D?c? ET8028,0
! ot  ror| or or "o p Or Or (E.15)
__ BB 5208 ,r0p0E _ LE0p '
5 Or? 587‘ Spdr or P por
We will multiply it by —irp and rearrange it a bit:
oFE 0| ,00P ,0c2 0 , 0°F
2 oY o oY 202 B . P .22 0L
ey ek, lr 87“1 e e
,0pOF op
+1( r a—a——&— E pn
(E.16)

Now we will show that the right hand side equation (E.16) can be written as:

2 .
RHS = 32 <p02r3aE> +1 Ea(pc ) — EQ <pE 3065 )

ror 9 or ror or
; 2gp (?3? pr 8302 88E + 3irpc? 8£ + ch 3?;? pgc:
+ WECSg'r — ng é?acr iprQaaE%cs ; ocg 28;:5
= Z.CszgfaarE- 2 + i (())‘If
(E.17)

in order to write it as:

oFE . 0| ,00, i 0 N d(p 2) 10 oc?

2 - F— 277240 Y 2 M 3 S

2rpt) ot T or [r or ] ror ('OC or ) =g or ror pbr or
(E.18)

E.0.1 Radial equation of motion

The first equation we will use is equation 2.26b:

ou ou vou v 10p 09

EJF +7‘3¢ r - pdr or’

LHS1 RHS1
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LHS1 = /o~
o e - 96
(Uunp + v'e 7’¢)2
r
o’ ou’ Vunp + V'€ ,
— —i¢ ! _—i¢ —ip unp I —id
=56 Tue Too + —iu'e
ot ar . ( )
Vap + 20unpt'e T + (V'eTI9)?
r
ou' ou’ iu'v Wy e—i2¢
— —i¢ + U,li —2ig unp i
ot or r r
V2 | Quupptle e
_|_ un un
r r r
LHS1 = a—we_wb YU Yunp —ig + UIQIHP 2Uunpvle_w)
ot r ,
RSl — L Opuptpe™)  O0Puy
Punp + p/e*w or or
1 p/ - ] [ B 00,
- 1— @ Pun +p/€ i@ P
punp [ punp 8 P 87"
/ ’
—|-—+ Q)em] lapunp + 8pei¢] _ Punp
Punp Punp or or or
We again use equations (D.1) to approximate this as:
1 Opun / - OPun 1 o0 . oD,
RHS1 = — Pump f emio e _ 9P i _ p
Punp or P unp or Punp or or

Now we can use equations (E.20) and (E.20) to write:

! s 2 !, —1
o' iy iU'Vunp it Vinp N 20unpv’ e B

—e
ot r r r

Punp  OT pﬁnp or Punp OF c or

1 0punp+ ,0/ e_i¢apunp _ 1 87]3’ —i¢ a(I)unp'

(E.19)

(E.20)

(E.21)

(E.22)

(E.23)

Now we can use equation (2.32) to see that the third factor on the left hand
side and the first and last factor on the right hand side cancel each other out.

What's left is:

O ip _ W iy unpt'e™® P o OPuny 1 OW

—€
ot r r p121np or Punp or
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When divided by e~ and using Q = vy, /7:

%_iu/9+291}/: o 1 8p/ + p/ apunp

—— E.25
at punp 87“ p121np ar ( )

E.0.2 Newton'’s law of motion - angular equation

The next equation we will use is equation 2.26c:

ov @ v@ uv 1 dp 1(97@

o Yar Trae T T T Tros 706

LHS RHS

O(Vynp + v'e7?) | Vunp + 0 €7 O(vynp + Ve )
ot r 0o
(v + v'e=) (=) O(vanp + e™)

LHS =

+ (We ™
r ( ) or
. (E.26)
OVynp ~ O(V) “i¢ | Vunp + e Oy ., i
= ——e ¥4+ [ —v'e "
ot ot r 0¢
(Vunp + V'e7®) (u'e™) v o’
unp ! —i¢ unp —i¢
— + (ue —_— —€
r ( )l or or ]

Now we use equations (D.1) to approximate this as:

LHS ~ % 4 Me—w Vunp OVunp B iv’vunpe*id’
o Y ' (E.27)
Ve Ovunp _ Vunptt'e”" + (uf _m)avunp '
- ue _
ro 09 r or

Now we use assumption that a unp state solution does not depend on ¢
(equation (2.28)):

LHS — 371)/6714) B iv'vunpe*w B vunpule*iqﬁ N (u/efw) avunp
ot r r or
L lov W Vil ov (E.28)
_ i | YV unp  Yunp + U,/ unp
ot T r or
Now we will use a result:

w0, o, o o'
——(r*) = —— () = —( + — E.2
o) = S ) = S+ ), (£.29)
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to finally get:

| oV u 0
— —ip |77 s w Y2
LHS =e [at 1w + - (r Q)] (E.30)
1 1O(punp + P €)1 0Pynp
HS = — _ — -
RS = 7@ 05 r 96
1 P .0 l . 109,
- _ 1— ewm1+’ew]—p E.31
punpr[ Punp ](% Punp 0P ro 0 (E31)

]_ 1 / ; a un . —1 1 aq)un
— [_ + f ewﬁ] [PP + —iple w} _ 2 %%unp
punp punp agb a¢

r

Now we use equations (2.28) and (D.1) to write is as:

o, —ip
RHS = L° (E.32)
T Punp
Equating lhs and rhs, and dividing by e® we get:
W a9 gy = W (E.33)
ot r or n TPunp | '
E.0.3 Continuity equation
The next equation we use is equation (2.26a):
9 o vop _ PO o
o o trae T rlarW T s
LHS RHS
O(punp + pleiw) Vunp + v'e? O punp + pleiw)
LHS =
5 ot L 00
) /! ,—ip
+ (u/e—w)a(punp + pe )
0 887 +v'e™ 9 (E3D
_ YPunp —ig9P | Vunp TUE Panp .4 _ig
o ¢ T g e
3 apun 8[), —1
! _—i¢ P P 1)
+ (v'e )[787’ + 5 ]
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Now we use equations (2.28),, (2.27), and (D.1) to write it as:

0 ; .5 OPun
LHS = P cio _ ip' Qe 4+ o e—io CPump (E.35)
ot or

 Punp e _0(ru’e_i¢) N O(vynp + v'e™?)
r or 0¢

RHS =

un /—z'qb_ ) o’ 8‘1"15 aun A
— _PHTPB o o9 Me—w@% 4o f;r n gqf _ w'e—w]

(E.36)

Now we use equations (2.28), (2.27), and (D.1) to write it as:

RHS = —Pue [a(m) _ w'] e (E.37)

r

Equating lhs and rhs and dividing by e?:

ot or r or

o _ 0/ + 0P Punp [a(m) - w’] (E.38)

E.0.4 Pressure equation

The last equation is equation (2.26d):

op dp vdp [8% 8@] . (E£.39)

o Vor ey T v |ar Tas

LHS RHS

a(punp + p/€71¢> + Uunp + Uleiid) 8(punp + pleiid))
ot r ¢
) un ! ,—i¢p
F (et 2o
—i¢ oy’

LHS =

- (E.40)
— apunp Te + Yunp tuve [apunp / 7i¢>]

ot a1 r ap L€

! —1 apun 8p/ —1
+ (ue (z))[Wp + Ee ¢]
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Now we use equations (2.28), (2.27), and (D.1) to write it as:

oy . | O
RHS = a—];e_“z’ —ip'Qe 4+ u'e"‘z’%

LHS =

YPunp + Pe” la(ru’e_i¢) N O(Vynp + V'e™?)

r or 0¢
—_ _ ’y(punp + ple_l(ls) ule—in + r6_1¢671/[/ + /ru/ ae_z(ls
r or or

Now we use equations (2.28), (2.27), and (D.1) to write it as:

RHS — _7punp [a(ru) _ Z'U,] €—i¢>

r or

Equating LHS and RHS, and deviding by ¢%:

ap/ . /apunp — YPunp ﬁ(ru/) -1
ot P 2+u or r or v
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VERTICAL HYDROSTATIC
EQUILIBRIUM

If there is no flow in the z-direction, the sum of all forces acting on a gas particle
in that direction is zero. There are two forces acting in the z-direction:

1) Due to pressure gradient in the z-direction, a force F, exists that pushes the
gas particle outward: for a particle at z > 0, ﬁp = |F}|%, for a particle at z < 0,
ﬁp = |F5](=2)

F, = opA

2) The force of gravity in the z-direction on gas of mass m in a gravitational
potential & is:

P9 5,00 s O MG e 0 MG
gy = T T T, T (e 22| P 1+ (2/r)?

=forz < r = piz

o | MG 1_22 __5M1Gz
0z T 2 )| poz 73

Fp:Fgrav
MG
OpA = —pdz 132
r
forédp~pand dz~ H =z
leGH2
e

From this, we see that pressure is proportional p(H/r)?.
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Derivation of boundary
conditions for the
eccentricity equation

The gas equation of state for a locally isothermal disk is:

P =Y

S?

so its the Lagrangian perturbation is:
dP = Xdc? + c2d(Y).

We divide it by dt:
dP dc? >
D E S 27‘
dt at

We use equation (A.9) and the fact that ¢, does not explicitly depend on time,

to write: ) ) ) ) )
dei  Oc; dc; wdc; = Ocg

i ot "or i " "o
We use (equation (2.5)):

dy _21 [8(7%) N 81}] ’
r

dt or 9o
to write: ip 52 o)
M5 Y9G 2 ru) oY
ik = oy T El o 0¢]'

We write equation (G.6) in terms of perturbed velocities:

dt or r or

and in terms of the eccentricity function:

dP

dt or or

2 /
ar _ [Eu’a(cs) — 0321 (0(7%) — iv’)} e,

2 .
- = [gfiQEra(Cs) — 0321 (W — Z;QET’)] e~
r

(G.1)

(G.2)

(G.3)

(G.4)

(G.5)

(G.6)

(G.7)

(G.8)
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We write equation (G.8) as:

Cizf = [szra(aCE) - CSZi (iEa(ng) + imgf - Z;QErﬂ e, (G.9)
and use (equation (2.61)) to write:
Cﬁz]; = [ZiQEra(@CE) — cgﬁi (WQ%?)] e ™. (G.10)
If dP/dt = 0: )
Ecléaéc:) —Clg%]f:o. (G.11)
We use: i@ ) CLEL ) d(cg) i 12
drc2  dr ¢ dr (c2)? ‘

to write the boundary condition as:

dE

%c? = (G.13)
G.1 An adiabatic disk
The gas equation of state for an adiabatic disk is:

P=K>. (G.14)

We conduct the same procedure we did for a locally isothermal disk. First we
write the Lagrangian differential of pressure:

dP = vK¥'7 1y, (G.15)
and divide it by dt:
dP d¥
— =K S G.16
a ! dt (G.16)
We again use mass continuity equation (equation (2.5)) to write:
dP _ 1 (0(ru) Ov
— =AKY %= — . G.1
i~ [ r( or +a¢>>] (G.17)
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We write the it in terms of velocity perturbations:

N or

dP — yKX [9(ru)
dt r

— iv’} e

and eccentricity:

dP — yKXY (O(ridEr)
dt r or

We can write it in a different way:

O(E)

P KXY ,Eﬁ(er)
dt r ! or or

and use % (1*Qunpo) = %rQunpvo (equation (2.61)) to write:

dP AKX (., OE\ _.,
E = — , (ZT Q&") (& .

Finally, the boundary condition for an adiabatic disk is:

OF

—=0.
or

1 .
— iQEr) e .
2

1 .
+ir?Q—— — iQQEr> e ",

(G.18)

(G.19)

(G.20)

(G.21)

(G.22)

G.1 An adiabatic disk
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Derivation of the H
eccentricity potential and
scaled eccentricty

We compare equations (7.10) and (8.19) to find:

E/

P(r)=3r" + %, (H.1)
and: s 5 )
_ q 4 w ~1/2
= — / H.2
Q) =25+ Sy g2 pavn?” (H2)
We use equation (7.13) to find the scaled eccentricity y as:
1 1 >
InE=Iny— B /P(r)dr =Iny — 5/ [37“1 + Z] dr
| (H.3)
=Iny — 5 [BInr +InX] =1In (yr_3/22_1/2> ,
or as:
E = y(or) 712, (H.4)
We use equation (7.14) to write:
2 1 / ]‘ 2
k" =Q(r) —§P(r)—ZP (r)
> 3q 2w 1 roour
— 9= -1 -4 -1/2 = _3—2 = =
s T aentqr T e 2|7 Ty T
1 Ly 2/2 . /
3 " 12 /
2a5h2(1 + q)? Qua®2h? 4 2y "4y 2%
(H.5)
We verify that using:
E = y(2r) 12, (H.6)
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results in a Schrodinger equation. The eccentricty equation is:

10 OE(r) d
252 OgwE D Y —(BA)E
Par(r) = 1o (280 o meyme) .
— lg dczrgE(T) + EQQE(T’)LCR .
ror | dr 0 2(1+q)2
We calculate different terms of equation (H.7) separately:
0 OF dC?
1st+3rd t fRH _[223—2 5 3E]
st+3rd term of RHS R AR C?R dRR
i 0 [_h*QPaiR? 0 h2Q2ad R3
—— Iy b*b ( 21/2R3/2> )y b*b 21/2R3/2:|
R@R[ R OR TR Y
i 0 0
— 7h292 [ERQ - 1/2R73/2 21/2R1/2:|
g g |2 55 (v ) v
0T 1 3
— 2 Iy R (V2R3 _ S 32y p3/2 _ 2 1/2 /2 /2 p—1/2
1C'; Byl R (y R 5Y R 5Y R ) + R4y
0 1 3
_ .29 YSV2RY2 _ Zys1/2spl/2 2 si/2pe1/2  s1/2 pe /2 ]
10 eyl R 5Y R 5Y R + Ry
d T 1 1
2 9 | sizpie L 12y pl/e L sy 1/2]
1C Byl Yy R 5Y R Y R
_ 2 |:y//21/2R1/2 n }ylzq/zE/Ruz n }y/Emel/z
5 2 2

1

1 7y271/221R71/2
4

1 5yz]fl/QXDIIRl/Q o

1 2
_toas—l/2yupl/2 |t =372 (5 /2
VSRR 4y ()R
y/EI/QR—l/Z . iyz_1/2E,R_l/2 + leyzl/2R—3/2:|
el stz pte L s ooz L csijecw pig2
= iC3|y"S2RY2 4 gy ()R — SR

B lyZ’l/QZ’Rl/z n 1y21/2R3/2]
2 4 ’

(H.8)
d 2 d [Sh*Qpal —~1/2 p—3/2
2nd RHS term = ZRdR (ZCS) = ZRdR {R} ~yX R
DYDY
gy [E )
o f; R (H.9)
2 1/2 1/2
= iCyRE {R RJ

_ic? [y2/2—1/2R—1/2 B yzl/ZR—3/2:|
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E
LHS = QERQQaat = Y R*QiwE

= 92X R?QiwyX V2 R™3/? = 2QiwyS/2RY/?,

4th RHS term = 2N R*QiQfy E = 20%i foyXl/2RY?
We sum up all contributions:
20 foyS'/2RY? = iC? |y SR + iyE_?’/Q (=) R
_ ;y2—1/22//R1/2 B ;y2—1/2E/R—1/2
n iyzl/zR?’/z LSS R yEl/QR‘W}

+ 292if0y21/2R1/2,

and dive the equation by C?X'/2R1/?%:

"+ {Qf+02{<>2—12”+12/+3]— }0
4 y()? “Taol\ax) Tow2 Toxr Tar| YT
To rewrite equation (H.13) in a slightly different form, we use:

QR PPy dle,” R?
- —3/2 . P-3/2 P2’
20) 2R9b<R> 2 R-R312R

I U o ( R ) 2
2 R3/2 2 ay ’
If we define w,(r) and k(r)as

E(Q,R) = ch[wpot(R) — w],

S

and:

Qap

o (B) = O + mb(R)_w

2% 4

2
RY  (R\T R 3
28 | 2%

2% 2%

) e

RYY (RE’) * Reyw
_I_ —

(H.10)

(H.11)

(H.12)

(H.13)

(H.14)

(H.15)

3
4
(H.16)

bl
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the eccentricity equation becomes:

d?y

TRt k*y = 0. (H.17)
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Scaling the eccentricty I
equation with a cavity
radius

We set ¢ = 1 and €, = 1 and use:

r o\ —3/2 a2
Qo(r) = (Rcav) R/, 1)
and: 4 J
— =R\, : (1.2)
dr d(7)

to write the eccentricity equation (equation (9.3)) as:

cav

1/2 -1
R (o) SE= ()
Rcav wq wqQ Rcav d ( Rr )

d
2 ey o)
wQq Rcav d ( R;V) o Rcav
wp /T ' d YA
() mom (7))
wo ) () PO (R
SR () E
+ 2R ()
(1.3)
For the density profile (11.1):
DAL = (7 = L) e e R
(1.4)

() e ) e

which can only be written in terms of r/ R.., if L = 0. If L # 0, the eccentricity

solutions depend on the product LR_!/2.
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