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Chapter 1

Preface

Condensed matter physics has progressed enormously since the turn of the previous century, the
progress being fuelled by a strong link between theory and experiment. This link has remained
strong over the years, and in a way this thesis confirms this fact. The thesis contains two
examples of theoretical research related to the two important sub fields of nanotechnology and
cold atomic gases.

Most weight has been given to the topic of the nonequilibrium Kondo problem. This part
represents a work in progress, with interesting conclusions to be drawn in this thesis and to be
obtained in future work. While the work on antiferromagnetic correlations in optical lattices
occupy a smaller part of the thesis, the results has been included in a paper [52] which was
submitted to the Physical Review Letters at the beginning of June 2009.

The two parts share certain physical concepts. For one they are both concerned with spin,
and the spin exchange interaction is in both cases on the form of the Heisenberg Hamiltonian.
But rather than pursuing these accidental similarities the thesis has been split into two parts,
also making it more accessible for readers only interested in one of the subjects.

I am greatly indebted to Jens Paaske, Georg Bruun and Brian M. Andersen for their pleasant
and patient supervising during this last year. I would like to thank them for enlightening
discussions, kind guidance and fruitful co-operation.

I would also like to thank Stephan Weiss for his patience and the interesting discussions and
clarifications we have had. Last but not last my thanks also befalls Lena Secher Ejlertsen for
kind help and proof reading.
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Part I

Poor man’s scaling for the
Nonequilibrium Kondo Problem



Chapter 2

Introduction

A localised spin coupled to the spins of a system of conduction electrons through a antiferro-
magnetic Heisenberg interaction gives rise to the Kondo effect.

At temperatures and energies well above a characteristic energy scale of the system, referred
to as the Kondo temperature TK , the Kondo effect leads to a logarithmic dependence of ob-
servables with temperatures. Jun Kondo originally showed that such logarithmic dependencies
even show up when performing perturbation theory to low order in the coupling strength.

Approaching TK the system experiences a cross-over to a complex many-body state with
the spin of the conduction electrons, so to say, screening the localised spin. Noziere showed
that this low temperature state form is adequately described using Fermi-liquid theory with
quasiparticle excitations. [3]

Originally developed in 1964 for the explanation spurred of resistance minima in dilute
magnetic alloys, the equilibrium Kondo model has received overwhelming attention, leading to
the development of exact solutions in the full temperature regime. The Bethe ansatz method
applied by Andrei and Wiegmann [22] allows for computation of thermodynamic properties
while Wilson’s numerical renormalisation group method captures the features of dynamical
properties. Both approaches affirms the fact that the Kondo temperature constitutes the only
characteristic energy scale of the system, and thus any physical observable takes the form of a
universal function of the dimensionless variable T/TK cf. [3]

In Chapter 3 we portray the equilibriumKondo effect in greater detail. Much weight has been
given to the approximate method of Poor man’s scaling originally introduced by Anderson[16] in
1970. This method is effectively resums the leading logarithmic terms of perturbation theory and
captures the features of the scaling. This method has the appeal of straightforward calculations
at the level of ordinary perturbation theory while still providing a fairly good approximation at
temperatures above TK . We also present a refined version of the approach based on the works
by Sólyom and Zawadowski[20] where calculations is carried out to higher order in the coupling
strength.

With the advent of nanotechnology the Kondo effect manifested itself in quantum dots
weakly coupled to leads. Chapter 3 also describe such a quantum dot system with special care
taken to the case of odd number quantum dot occupancy where the excess spin of the dot plays
the role of the localised spin of a Kondo model. When below TK the Kondo effect enhances
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scattering off the dot. This enhanced scattering will sustain a current through the system
even when in the Coulomb blockade regime. A wide variety has detected the Kondo effect in
quantum dot systems [29], [28]. They show that the application of a bias voltage across the dot
destroys the Kondo resonance. Applying a magnetic field the Kondo resonance breaks up and
the problem of calculating the physics of the resonances has turned into a true nonequilibrium
problem.

A wide variety of techniques has been applied to this problem. We focus on the work
carried out by Rosch et al. [31], [32] and Paaske et al. [34], [35]. They have considered the
effect of decoherence of the localised spin due to current through the dot. Their method is
based on the pseudofermionic description of the localised spin introduced in Ref. [14], for which
they propose a set of unsystematically derived scaling relations. The decoherence can then be
included consistently through vertex correction of the pseudofermions.

While the pseudofermionic approach is a nice mathematical tool, the focus of this thesis will
be to develop a mathematically simpler but inherently more systematic method for deriving the
scaling relations. It is the hope that from such a theory the decoherence rates can be derived
directly.

In Chapter 4 we carry through with a calculation of the conduction electron self-energy out
of equilibrium keeping the dot spin operators as is. The result is found in compliance with
calculations based on the pseudofermionic spin representation.

Chapter 5.1 we develop a Poor man’s scaling approach to the nonequilibrium Kondo problem
in the case of zero magnetic field. Since we are dealing with a new method which lies outside
the usual calculations of nonequilibrium problems we have carried out the calculations in great
detail. The method is based on the original work done in equilibrium by Sólyom an Zawadowski,
and it succeeds in deriving the inherent nonequilibrium scaling equations derived more loosely
in Ref. [32]. As a closing remark we also describe the method for obtaining the steady state
coupling constants from the scaling as done originally in Ref. [32].

To extend this new Poor man’s scaling approach to the case of non-zero magnetic field we
introduce the Bloch equation describing the time-evolution of the localised spin. Chapter 6
concern the specific consequences of this idea, and include them into the developed Poor man’s
scaling method. In this Chapter we also hint a how decoherence may be included into the
applied method.

The last Chapter concern the extension of the method to include 2-loop corrections to the
scaling equations. The general idea underlining the extension is presented while we will only
hint at the direct consequences of including these corrections to the scaling equation.



Chapter 3

The Kondo Effect

The main contribution to the resistivity of bulk metal comes from electrons scattering off
phonons. This contribution increases enormously with temperature as more and more phonons
become excited.

At extremely low temperatures when the contribution from electron-phonon interaction has
mostly died out, there is still a remniscient constant contribution from electrons scattering off
impurities, defects or vacancies in the lattice.

Summing up, you would expect the resistivity of a metal to be monotonically increasing
with temperature.

Thus it came as a surprise when back in 1934 de Haas et al. [12] encountered a low-
temperature resistance minimum in bulk gold. This hinted at the existence of a low-temperature
contribution to resistivity hitherto unaccounted for.

Later experiments for other alloys confirmed the findings of de Haas, and allowed for the
deduction of a semi-empirical formula for the unknown contribution to the resistivity [38],

δρ(T ) = ni ln(εF /T ). (3.1)

Here ni is concentration of impurities in the metal, while εF is the Fermi energy. This linear
relationship between resititivty and impurity concentration was even oberved at the lowest
attainable impurity concentrations, thus suggesting that it is a single impurity effect which
does not involve inter-impurity interactions.

Experiments also showed that the susceptibility of alloys with a resistance minimum con-
tained a Curie-Weiss term, which hinted at the presence of local magnetic moments within the
alloy. [9]

3.1 The equilibrium Kondo effect

It took 30 years of experiments and theoretical trial and error in order to come up with an accept-
able explanation. In 1964 Jun Kondo argued that electrons scattering off magnetic impurities
in the metal could explain the anomalous contribution to resistivity at very low temperatures.
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For his calculations Kondo applied the Hamiltonian

H = H0 +H ′. (3.2)

The first term describes the unperturbed system of conduction electrons in the metal,

H0 =
∑

kσ

εkc
†
kσckσ. (3.3)

The second term describes the exchange interaction of the impurity spin S with the conduction
electron spin density at the impurity site s. That is

H ′ = JS · s = 1

2
J

∑

k′k,σ′σ

Sic†
k′σ

τ iσ′σckσ. (3.4)

Note the use of Einstein notation in the last term where repeated index i implies the summation
over spacial dimensions x, y, z. The τ i denotes the well-known Pauli matrices

τx =

(
0 1
1 0

)
, τy =

(
0 −i
i 0

)
, τ z =

(
1 0
0 −1

)
. (3.5)

Assume that the electronic states relevant for conduction are located symmetrically around the
electron chemical potential. Physically the width 2D of this conduction electron band could be
determined from specific calculations of the actual bandstructure of the metal, but in reality
the actual value is unimportant as long as it is large compared to the thermal smearing of the
Fermi surface.

From this model Hamiltonian Kondo calculated the contribution to resistivity perturbatively
in the coupling strength νFJ " 1. Including contributions beyond leading order in J , the result
was,

δρ(T ) ∼ ni(νFJ)
2

[
1 + 2JνF ln

(
D

T

)]
. (3.6)

Here νF is the density of states at the fermi surface. [13],
To order J2 the contribution to the resistivity is identical to the case of electrons scattering

off a regular impurity. However to order J3 the contribution from multiple scatterings involving
an intermediate spinflip of the local spin gives rice to a logarithmic dependence on temperature.
Assuming an antiferromagnetic coupling (i.e. J > 0)the contribution becomes logarithmically
large at low temperatures T " D.

Adding this contribution and the monotonically increasing contribution from the electron-
phonon interaction reproduces the resistance minimum. A fit to experimental data presented
in Fig. 3.1 shows the excellent agreement with experimental data.

3.1.1 The Kondo Temperature

At a glance the Kondo Hamiltonian of Eq. (3.2) does not seem overly complicated. However the
impurity spin operator must be handled explicitly. Because the operators does not commute,
i.e. [S+, S−] = 2Sz, it is impossible to apply systematical methods as e.g. Wick’s theorem.

Abrikosov [14] introduced a fermion representation of the local spin operators

S = a†αSα,βaβ. (3.7)
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Here the Sα,β are the spin matrix elements denoting scattering from spin states α to β. This
is a valid representation assuming that the occupation number for all states sums to unity. In
order to make sure this holds true, Abrikosov assumed an infinitely large chemical potential,
e.g. all states are occupied, and divided the result with the total number of spin states (2S+1).

However unphysical this may seem, it allowed for the calculation of higher order contributions
to Eq. (3.6). Considering only contributions to leading order in ln(1/T ), the result is a geometric
series which may be summed to give

δρ(T ) ∼ ni
1

(
ln T

TK

)2 . (3.8)

We have rewritten the result in terms of the Kondo temperature

TK = De−1/2νF J . (3.9)

The result shows that at a temperature T = TK , the resistivity diverges. This point marks
the breakdown of perturbation theory. The problem of how to extend Kondo’s calculations to
obtain a satisfactory solution in the low temperature regime, T < TK , is what became known
as the Kondo Problem.

In order to attain some physical intuition about the meaning of the Kondo temperature, we
consider the Hamiltonian describing the interaction of two spins

JS · S. (3.10)

For J > 0 the ground state of this Hamiltonian is a spin singlet, and the triplet excitation is
separated from the ground state by an energy-gap J . Thus we think of J as the binding energy
of the singlet.

Replacing one of the spin operators S of Eq. (3.10) with the spin density of the conduction
electrons s the binding energy is no longer determined by the coupling strength J , but rather
the exponentially small TK . [33]

3.1.2 Poor Man’s Scaling

A different approach to the Kondo problem named was devised by Anderson, [16], and is
generally referred to as “Poor man’s scaling”.

Consider Kondo’s original result of Eq. (3.6). The logarithmically divergent terms ln(D/T ),
which marks the breakdown of perturbation theory, depend explicitly on the conduction band-
width through ln(D). In other cases when e.g. the self-energy depends on only 1/D or 1/D2,
the limit of infinite bandwidthD → ∞ is taken without problems. This implies that high energy
excitations are unimportant when considering the lower lying states.

On the other hand terms with ln(D) diverges in the limit of infinite bandwidth. Hence the
high energy states play a crucial role when calculating low energy states.

Anderson considered the concequences for the Kondo Model, when reducing the bandwidth
D by a small amount δD. He applied his reasoning to the case of a spin S = 1

2 impurity spin
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Figure 3.1: Comparing resistivity measurements for gold containing magnetic iron impurities, to cal-
culations based on the perturbative expansion of the Kondo model (Reproduced from [13]).

but an anisotropic coupling Jx = Jy &= Jz . The resulting anisotropic Kondo Model is,

H = H0 +H ′

=

εk ∈ [−D,D]∑

kσ

εkc
†
kσckσ +

∑

k1,σ1
k2,σ2

[
J±
2

(S+(s−)σ1σ2 + S−(s+)σ1σ2) + JzSz(sz)σ1σ2

]
c†k1σ1ck2σ2 .

(3.11)

Here the width of the symmetric conduction electron band has been included explicitly in the
Hamiltonian. Note that we have placed the zero-point of energy at the conduction electron
chemical potential, µ = 0.

The T-matrix for a system desbribed by this Hamiltonian is,

T (ω) = H ′ +H ′G0(ω)T (ω), (3.12)

where G0(ω) = 1/(ω −H0) is the bare propagator.
The first step is to change the cut-off D by an infinitesimal amount δD, as depicted on

Figure 3.2. Introducing a projection operator 1 − P projecting onto states with only electron
or hole-like excitations within the reduced band ε ∈ [−D + δD,D − δD] the expression for the
T-matrix, Eq. (3.12), might be put on a slightly different form

T (ω) = H ′ +H ′PG0(ω)T (ω) +H ′(1− P )G0(ω)T (ω) (3.13)

This is an iterative formula for calculating T (ω) to arbitrary order. Thus to order n,

T (ω) =
{
H ′ +H ′PG0(ω)H

′ + . . .+ (H ′PG0(ω))
nH ′}

+
{
H ′ +H ′PG0(ω)H

′ + . . .+ (H ′PG0(ω))
nH ′}(1− P )G0(ω)T (ω)

+ (H ′PG0(ω))
n+1T (ω). (3.14)
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Figure 3.2: The conduction electron band consisting of a frozen Fermi sea (darkest blue) and unoccupied
states (lighter blue). As shown the zero point of energy has been chosen at the Fermi surface.

When restricting our analysis to the weak coupling limit νFJ±, νFJz " 1 the last term of
the above expression becomes negligible. Multiplying (1 − P ) on both sides of this expression
iterated to second order, we get

(1− P )T (ω)(1 − P ) = (1− P )H ′
2(1− P ) + (1− P )H ′

2(1− P )G0(ω)(1− P )T (ω)(1 − P ),
(3.15)

where

H ′
2 = H ′ +H ′PG0H

′. (3.16)

Here (1 − P )T (ω)(1 − P ) describes transitions in a Hilbert space of states within the reduced
band.

Next step involves the derivation of the change in the coupling δH ′ = H ′PG0H ′. The two
major contributions from this calculations can be drawn as

and (3.17)

In these diagrams a line denote bare propagation G0 while a vertex is an interaction H ′. Lines
pointing from left to right symbolise electronic states while lines pointing from right to left
symbolise hole states. The thick line designate a state within the cut-off.

Details of the calculation can be found in Refs. [16], [4] and [3]. Here we just state the
results. For the two diagrams of Eq. (3.17) Anderson obtained the results

δH ′

δD
=

νF
2

∑

k1σ1k2σ2

c†k2σ2ck1σ1

(
1

ω −D +∆(D) + εk1
+

1

ω −D +∆(D)− εk2

)

×
{
−J2

±Sz(sz)σ2σ1 −
J±Jz
2

(S+(s−)σ2σ1 + S−(s+)σ2σ1)

}
(3.18)
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Figure 3.3: Scaling equations, arrows shows scaling of coupling constanst when lowering D. Figure
reproduced from Ref. [16].

Here ∆(D) is a constant shift of the zero of energy. From this result we may deduce that the
removal of virtual scattering to the cut-off states to lowest order has effectively changed the
coupling strengths, i.e. J± → J± + δJ± and Jz → Jz + δJz . For εk2 and εk1 close to the Fermi
surface the scaling equations are

dJz
dD

=
νF

D − ω +∆(D)
J2
±, (3.19a)

dJ±
dD

=
νF

D − ω +∆(D)
JzJ±. (3.19b)

Keep in mind that δD - as convention prescribes - has been taken positive when decreasing
the bandwidth. Hence reducing D Eq. (3.19a) implies that the coupling strength Jz increases.
Similarly Eq. (3.19b) shows that when Jz < 0 the transverse coupling J± increases, and for
Jz > 0 it decreases. Dividing Eq. (3.19a) with (3.19b) and integrating we obtain the scaling
trajectories

J2
± − J2

z = const. (3.20)

which corresponds to the hyperbolas of Figure 3.3. For ferromagnetic couplings, i.e. Jz < 0, all
cases on or below the isotopy can be solved by scaling to the J± = 0 case. Antiferromagnetic
cases above the isotropy line as well as all cases of antiferrogmagnetic couplings, Jz > 0 scale
towards the strong coupling regime.

Assuming ∆ " D and setting ω = 0 for the case of isotropic couplings J = J± = Jz, the
scaling equations may be put on this suggestive form

dJ

d lnD
= νFJ

2. (3.21)

Integrate this expression from an initial cut-off D0 and coupling J to some intermediate cut-off
D and renormalised coupling J , in order to get

− 1

2νFJ0
− lnD0 = − 1

2νFJ
− lnD. (3.22)

This allow us to define an invariant of the scaling

Tk = De−1/2JνF , (3.23)
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which we recognise as the Kondo temperature of Eq. (3.9). Having reproduced the result for
the Kondo temperature as found by Abrikosov, one may conclude that application of the the
Poor man’s scaling approach one has effectively summed the leading logarithmic terms.

If we wish to include results to higher order in the interaction H ′ we may expand the
expression for (1− P )T (ω)(1− P ) to

H ′
3 = H ′ +H ′PG0H

′ +H ′PG0PG0H
′ + . . . (3.24)

One might argue that due to the presence of the P operators, this contribution is proportional
to (νF δD)2, but this argumentation is invalid. In the diagrammatic representation the following
diagrams express the contributions to third order in the interaction proportional to (δD)1.

(3.25)

For the purpose of determining the next order contribution to the scaling equations Sólyom and
Zawadowski adopted a slightly modified version of the Poor man’s scaling technique. [20]

They considered the propagation of single particle excited states. The scattering amplitude
for propagation from initial state |i〉 to the final state |f〉 is in this case given by

Tfi = 〈f |T |i〉. (3.26)

Assuming that the initial and final states both contain one excited electron

|i〉 = c†kσ|0〉 |f〉 = c†k′σ′ |0〉, (3.27)

where |0〉 constitutes a noninteracting Fermi sea plus an impurity spin. When changing the
cut-off D by δD, the scattering amplitude remains constant for states within the reduced cut-
off. Thus the change of the bandwidth D must be compensated by a change in the coupling
constant. I.e.

Tfi(D,J±, Jz) = Tfi(D −∆D,J± +∆J±, Jz +∆Jz). (3.28)

For small changes this expression can be expanded to first order giving a Callan-Symanzik like
scaling equation cf. e.g. ch. 12 of Ref. [5].

−
∂Tfi

∂D
∆D +

∂Tfi

∂J±
∆J± +

∂Tfi

∂Jz
∆Jz = 0. (3.29)

Calculating the derivatives, plugging into the above equation and collecting terms in front of
Szsz and 1

2(S
+s−+S−s+) respectively, results in two scaling relations for the coupling strengths.
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This is not a rewrite of Anderson’s original Poor man’s scaling. When considering only
propagation of single particle states the approach of Sólyom and Zawadowski includes additional
diagrams. For the case of third order calculations these additional diagrams may be pictured as

(3.30)

Sólyom and Zawadowski stressed that the last four diagrams play a special role, as they renor-
malise the initial and final states. For the perturbation expansion one then has to take into
account this renormalisation, and hence to third order we will instead need to consider

T ′
fi =

〈f |H ′ +H ′[1/(ω −H0)]T |i〉
{〈f |1 + [1/(ω −H0)]T |f〉〈i|1 + [1/(ω −H0)]T |i〉}1/2

. (3.31)

Calculations to second order in H ′ reproduce the results obtained by Anderson as the denomi-
nator of (3.31) plays no crucial role. For third order calculations this is not the case as two of
the four diagrams containing a fermionic loop are cancelled by the denominator.

For some details of their calculation one may refer to Refs. [20], [21] and [3]. The results of
their calculations are to third order in H ′,

dJ±
dD

=
νF
D

[
J±Jz −

1

4
(J±J

2
z + J3

±)νF

]
, (3.32)

dJz
dD

=
νF
D

[
J2
± − 1

2
J2
±JzνF

]
. (3.33)

For the isotropic case the two equations both reduce to

dJ

d lnD
= νFJ

2 − 1

2
ν2FJ

3. (3.34)

First notice that νFJ = 2 is a fixed point for this scaling equation. If νFJ &= 2 the scaling
equation can be integrated from inital cut-off D0 and coupling J0 to final values D and J . This
defines the constant of scaling, Tk.

lnD0 −
1

2νFJ0
+

1

4
ln

(
νFJ0

|νFJ0 − 1|

)
= lnD − 1

2νFJ
+

1

4
ln

(
νFJ

|νFJ − 1|

)
= lnTk. (3.35)

Applying the assumption of νFJ ≈ 0 isolation of Tk yields

Tk = D
√

2νFJe
−1/2νF J . (3.36)
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Figure 3.4: Scaling diagrams follow arrows as D decrease. Note the fixed point at J± = Jz = 2. Figure
reproduced from [20].

One interpretation of this “corrected” Kondo temperature is that the inclusion of third order
corrections has effectively reduced the temperature at which the coupling scales to infinity, and
the method breaks down. In terms of the previously calculated value for the Kondo temperature,

T (2)
k , the corrected Kondo temperature T (3)

k = T (2)
k

√
2νFJ " T (2)

k . Thus νFJ will increase at a
smaller pace. This will effectively lead to a lowering of the Kondo temperature.

In the general case of anisotropic couplings the scaling diagram of Figure 3.4 applies, all
though one should keep in mind that we the method is still restricted to the case of perturbatively
weak couplings.

3.2 Nonequilibrium Kondo Effect

The birth of nanotechnology has made it possible to fabricate miniature electronic systems,
which allow for minute control of the system parameters.

3.2.1 The Quantum Dot System

One such system is the quantum dot which constitutes electrons confined in all three dimensions.
Adding electrons to the dot fill up a shell-like structure, much like atomic orbitals. The energy
difference between the two highest occupied levels of the dot is denoted δE. The electrostatic
potential VG of a close-by gate electrode allows for shifting the levels by a constant energy.

Coupling the quantum dot to two conducting leads permit electrons to tunnel between the
leads and the dot. It is normal to distinguish the leads by referring to them as the left lead
and the right lead. Shift the electrochemical potentials µL and µR of the left and right lead
respectively in order to create a bias voltage Vbias = µL − µR across the system.

Quantum dot systems may be fabricated in various ways. A quantum dot coupled to two
leads may be realized as organic molecules, small clusters of atoms or carbon nanotubes coupled
weakly to two massive conductors.

Another possibility considers the creation of a 2-dimensional electron gas (2DEG) on the
surface between two semiconductor sheets (e.g. GaAs) using molecular beam epitaxy. By means
of lithography, leads may be added on top of the semiconductors. Applying a potential to these
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Figure 3.5: Quantum dot system

leads creates the confining potential of the dot along with tunnelling junctions to the 2DEG.
Varying the potential of these leads also allow for minute control coupling strengths between
the dot and left and right lead.

Consider the quantum dot in the sequential tunnelling regime, where tunnelling events onto
and out of the dot are uncorrelated, allowing us to consider single tunnelling events only.

The classical electrostatic energy associated with charging the dot is

E(q) =
q2

2C
− q

CG

C
VG, (3.37)

where C = CL + CR + CG is the total capacitance of the dot. With the discreteness of charge
q = N̂e the simplest Hamiltonian generating this energy spectrum is

Hdot =
∑

nσ

εnd
†
nσdnσ + EC(N̂ −N0)

2. (3.38)

Here N̂ =
∑

nσ d
†
nσdnσ counts the number of electrons occupying the dot, Ec = e2/2C is the

charging energy and N0 = VGCG/Cq is a dimensionless measure for the gate voltage.
For simplicity the two leads are modelled as reservoirs of one-dimensional electrons with a

constant density of states, ν. Thus the Hamiltonian describing the leads is constituted by a
one-dimensional free electron model,

Hleads =
∑

αkσ

ξαkc
†
αkσcαkσ, α = L,R. (3.39)

Here we have introduced ξαk = εk − µα. The tunnelling Hamiltonian for coupling the quantum
dot to the leads,

HTL +HTR =
∑

αknσ

[
tαc

†
αkσdnσ + t∗αd

†
nσcαkσ

]
, (3.40)

Assuming that N is a good quantum number (i.e. the dot is isolated), allow for classical analysis
of the dot system. The change in electrostatic energy when adding an electron to the dot is
derived from (3.38),

EN+1 − EN = EC

(
N + 1− CGVG

e

)2

− EC

(
N − CGVG

e

)2

= 2EC

(
N + 1/2− CGVG

e

)
.

(3.41)
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Figure 3.6: Occupation number N of the dot as a function of gate voltage. N remains constant except
at half integer values of the dimensionless gate voltage, CGVG/e, of width ∆ ∼ max(T,Γ)/EC .

At half integer values of the dimensional gate voltage CGVG/e the two dot states are degenerate,
and this regime is known as a mixed-valence region. The width of this resonance is proportional
to temperature, so assuming T " Ec the charging of the dot will follow a staircase diagram as
depicted on Figure 3.6.

The quantisation of the charge on the dot has a huge effect on the conductance of the
quantum dot system. Large temperatures T ! Ec smears out the staircase of Figure 3.6
resulting in a small conductance G∞ " e2/h. Lowering temperature the staircase emerges.
In the mixed valence regions the conductance through the dot ultimately increases, reaching
perfect conductance at zero temperature.

When the gate voltage is turned away from a mixed-valence region adding or removing an
electron to the dot costs Ec, and the probability of finding such an electron in the lead is pro-
portional to exp(−Ec/T ). At low temperatures T " Ec the conductance is then exponentially
suppressed, and we have established a Coulomb blockade.

Hence at Tc " EC the conductance of the quantum dot system is a semiperiodic sequence
of Coulomb blockade peaks of width ∆ " 1 separated by large Coulomb blockade valleys.

3.2.2 The Kondo Effect in Quantum Dots

As the conductance of the Coulomb blockade valleys fall off exponentially with temperature,
higher order scattering processes (cotunneling) become increasingly important.

For a Coulomb blockade valley with an N = odd number of electrons on the dot, the top
most level of the dot is occupied by a single electron. In this case the dot net spin is ±1

2 , and
hence the ground state is doubly degenerate.

For the antiferromagnetic Kondo spin singlet the binding energy of the Kondo spin singlet
of ∼ TK is negligible when compared to the level spacing δE. Thus we may ignore excitations
of the dot electrons to higher lying dot states.

In this case the quantum dot Hamiltonian represents a special case of the Anderson model
for magnetic impurities

H = Hd +HU +He +Hhyb

=
∑

σ

ξdc
†
d,σcd,σ + Und↑nd↓ +

∑

k,σ

ξkc
†
k,σck,σ +

∑

k,σ

(
tkc

†
d,σck,σ + t∗kc

†
k,σcd,σ

)
. (3.42)
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Figure 3.7: Differential conductance G as a function of temperature T at a zero bias voltage. Note the
enhanced conductance of the system below the Kondo temperature TK . Figure reproduced from [38].

The dot is a single level coupled to the leads through a hybridisation Hhyb. Note the charging
energy HU penalising double occupation of the dot.

Assuming that we are in the weak tunnelling regime, we may perform a canonical Schrieffer-
Wolff transformation eliminating the zero-occupied or double-occupied states to linear order in
the hybridisation. The calculations are in principle identical to the one given in section 10.1,
when deriving the the Heisenberg spin model from the Hubbard Hamiltonian. For details of the
calculation see Refs. [15], [10].

The resultant exchange Hamiltonian is then

H(2)
S =

∑

kk′αα′

Jαα′Sd · skα,k′α′ +
∑

kk′σ,αα′

Wαα′c†kασck′α′σ (3.43)

where

Jαα′ = 2

(
tαt∗α′

E2 − E1
+

tαt∗α′

E0 −E1

)
=

2Utαt∗α′

(ξd + U)(−ξd)
≥ 0 (3.44)

and

Wαα′ = −1

2

(
tαt∗α′

E2 − E1
+

tαt∗α′

E1 − E0

)
=

(2ξd + U)tαt∗α′

2(ξd + U)(−ξd)
≥ 0 (3.45)

Note that the first term is the antiferromagnetic Kondo Hamiltonian which describe virtual
processes in which the spin of the dot changes when changing the spin of the lead electrons.

The second term describes potential scattering. We will usually assume that we are in the
electron-hole symmetric regime where 2ξd = −U , where this term becomes negligible.

In bulk metal the increased scattering of electrons due to the Kondo effect, contribute to
the resistivity of the system, but for quantum dot systems the increased scattering rate means
an increase in conductance through the dot. A schematic of the differential conductance at zero
bias voltage is presented in Fig. 3.7.

Measurements show that the Kondo resonance lifts when a non-zero bias voltage is applied
across the system. A Coulomb diamond diagram for a generic quantum dot system is shown in
Figure 3.8.

The Kondo effect involves higher order scattering processes involving an intermediate spin
flip of the localised spin. In a magnetic field the energy levels of the localised spin are split by
a Zeeman energy. Hence we will need to apply a bias voltage for the conduction electrons to
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Figure 3.8: Diamond diagram showing the
Kondo conductance at odd electron occupancy.

Figure 3.9: Split Kondo peaks due to the pres-
ence of a mangetic field B. For large bias voltages
|V | . Tk the Kondo resonance will experience a
cross-over to ordinary co-tunneling.

Figure 3.10: Differential conductance G as a
function of gate voltage Vg showing how the
Kondo resonance develops when lowering temper-
ature. Figure reproduced from [29].

Figure 3.11: Differential conductance dI/dV as
a function of bias voltage Vsd. Note the appear-
ance of the Kondo peak at zero bias when low-
ering temperature below TK . Figure reproduced
from [29].

have a sufficient amount of energy for flipping the localised spin state. This effect is shown in
a diamond diagram in Fig. 3.9. [39]

The experimental evidence of the Kondo effect in quantum dot systems is overwhelming.
Van der Wiel et al. [29] was the first to observe Kondo resonances for a quantum dot system.
Their measurements of the Kondo peak is shown in Figure 3.10 and Figure 3.11.

Nygaard et al. [28] were the first to detect the Kondo effect in a carbon nanotube coupled
to two massive leads. The resulting diamond diagram of Figure 3.12 show sign of a Kondo
resonance for odd dot occupancy.

3.2.3 The Nonequilibrium Kondo Problem

In the case of zero bias voltage the equilibrium Kondo Problem concerns itself with the extension
of the weak coupling solutions for temperatures T < TK , where the system crosses over to a
strong coupling regime.

The extension of the Kondo Model to nonequilibrium including the effect of bias voltage and
magnetic field on the Kondo resonance peak, constitutes the nonequilibrium Kondo Problem. As
opposed to the equilibrium case you now have multiple energy scales, i.e. V , B and TK entering
the problem. Also decoherence of the dot spin state due to the current running through the
quantum dot complicates calculations.
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Figure 3.12: A measurement of the coulomb diamond diagram for a quantum dot system composed
of a carbon nanotube connecting to two gold leads. The Kondo resonance is apparent when the carbon
nanotube is occupied by an odd number of electrons. Figure reproduced from [28].

A variety of different approaches and theoretical frameworks has been applied to the nonequi-
librium Kondo problem. To name but a few they include the Bethe ansatz for scattering states
[40], the “Louvillian” theory for the real-time renormalisation group in frequency space devel-
oped in Refs. [27], [43], functional renormalisation group methods [42], and a variety of different
calculational schemes [41], [26].

In Ref. [30] Coleman et al. argued that while the nonequilibrium Kondo problem was more
complicated than than the equilibrium case it would nevertheless experience a strong coupling
cross-over at sufficiently low temperatures.

This notion was originally refuted by Rosch et al. [31] on the grounds that the decoherence
of the localised spin, due to a non-zero current through the quantum dot system, would prevent
a flow to strong coupling. This claim was substantiated in a series of papers, [31], [32], [34], [35].
Utilising a pseudofermionic representation of the dot spin it was shown that vertex corrections to
the pseudofermionic Green’s function may introduce a decoherence rate Γ into the expressions
for both self-energy and the Poor man’s scaling equations. The decoherence rate effectively
cuts off the scaling equations for a temperature above TK , thus preventing the flow to strong
coupling.

The main goal of the following four chapters are devoted to the development of a systematic
extension of Poor man’s scaling to the nonequilibrium Kondo model. In this method we will
avoid the problematic1 pseudofermionic representation of the dot spin. As an outlook the 2-loop
calculations may facilitate the exact calculation of the decoherence rate Γ.

1While the pseudofermionic approach is tractable for calculational purposes, taking the limit of infinite chem-
ical potential as mentioned in section 3.1.1 is nontrivial and can lead to unphysical results.



Chapter 4

Perturbation Theory

To start slowly we investigate how far standard perturbation theory can take us. The model
system consist of a quantum dot weakly coupled to two leads. When in the electron-hole
symmetric regime the contribution from potential scattering cab be safely ignored, and hence
from Eq. (3.43) the time-dependent model Hamiltonian is,

H = H0 +H ′ (4.1)

with

H0 =
∑

αkσ

ξαkc
†
αkσ(τ)cαkσ(τ), (4.2)

H ′ =
1

2

∑

α′k′σ′
αkσ

Jαα′Sic†αkσ(τ)τ
i
σσ′cα′k′σ′(τ). (4.3)

The basic notion is to obtain an expression for the conduction electron Green’s function, and
expand this in powers of the interaction strength J , in order to obtain a Dyson-like equation
defining the self-energy of the lead-electrons.

It is well-known that a non-zero value of the imaginary part of the retarded self-energy
introduces a broadening of the spectral function. This broadening is equivalent to a finite
conduction electron life-time, which is naturally interpreted as an enhanced scattering ratio. At
zero bias voltage V = µR − muL = 0 our calculations should reproduce the original results
of Kondo, [13]. Hence at V = 0 we would expect a non-zero imaginary part of the retarded
self-energy, when extending our calculations to third order in the coupling νFJ .

4.1 Notation

The notation involved in the evaluation of Green’s functions can be quite cumbersome due to
the labelling of the many intermediate states. To simplify the notation we replace full sets of
lead electron state variables αkσ with Latin lowercase letters, e.g. a, a′, a1 etc.. An example of
use:
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Figure 4.1: The Keldysh contour c. Times on the contour are normally denoted by the Greek τ , while
real times are referred as the Latin t. The contour can be divided into an upper contour, cupper or c1,
and a lower contour, clower or c2.

ca(τ) = cαkσ(τ),
∑

a c
†
a(τ) =

∑
αkσ c

†
αkσ(τ)

Jaa′ = Jαα′ ,
∑

aa′ Jaa′ =
∑

αα′ Jαα′

τ iaa′ = τ iσσ′ ,
∑

aa′ τ
i
aa′ =

∑
σσ′ τ iσσ′

Note that summation only involves the state variables explicitly contained in the summand.

4.2 Nonequilibirum Green’s Functions

Disregarding initial correlations we consider a contour-ordered Green’s function on the Keldysh
contour presented in Fig. 4.1.

Gc(a, τ ; a
′, τ ′) = −i

〈
Tc (cH(a, τ)c†H (a′, τ ′))

〉
, (4.4)

where Tc denotes time-ordering along the Keldysh contour. Subscript H reminds us that the
operators are considered in the Heisenberg picture. For an introduction to nonequilibrium
Green’s functions consider Refs. [2], [23] or [11].

In the real-time matrix representation (also referred to as Schwinger-Keldysh space) the
contour-ordered Green’s function may be written

Gc(a, τ ; a
′, τ ′) → Ĝ(a, t; a′, t′) =



 Ĝ11(a, t; a′, t′) Ĝ12(a, t; a′, t′)

Ĝ21(a, t; a′, t′) Ĝ22(a, t; a′, t′)



 . (4.5)

Here the matrix elements Ĝij(a, τ ; a′, τ ′) equals GC(a, b) for a lying on the i’th contour, ci,
and b lying on j’th contour, cj, with i, j = 1, 2 (Consult Fig. 4.1 for definition of the different
contours). Note that time arguments of the Green’s function are now real times. Comparing to
the well-known real-time Green’s functions we may identify,

Ĝ11(a, t; a
′, t′) = −i〈T (cH(a, t)c†H (a′, t′))〉, (4.6a)

Ĝ12(a, t; a
′, t′) = G<(1, 1′), (4.6b)

Ĝ21(a, t; a
′, t′) = G>(1, 1′), (4.6c)

Ĝ22(a, t; a
′, t′) = −i〈T̃ (cH(a, t)c†H (a′, t′))〉. (4.6d)

where T denotes standard time ordering, and T̃ is reverse time ordering.
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These considerations allow for a minor rewriting of Eq. (4.5),

Ĝ(a, t; a′, t′) =



 G<(a, t; a′, t′) +GR(a, t; a′, t′) G<(a, t; a′, t′)

G>(a, t; a′, t′) G>(a, t; a′, t′)−GR(a, t; a′, t′)



 , (4.7)

showing that all information about the nonequilibrium Green’s functions are contained in three
components G>, G< and GR.

4.3 The Conduction Electron Self-energy

The introduction of the S-matrix

S = Tce
−i

∫
cdτH

′(τ), (4.8)

allows for a rewrite of Eq. (4.4) in the interaction picture

Gc(a, τ ; a
′, τ ′) = −i

〈
TcS(−∞,−∞)cH0(a, τ)c

†
H0

(a′, τ ′)
〉

0
. (4.9)

Since our dealings with operators will be restricted to the interaction picture from now on, we
simplify our notation by dropping the subscript H0.

Expansion of the S-matrix in powers of the coupling H ′ introduces a perturbative expansion
of the Keldysh Green’s function

Gc(a, τ ; a
′, τ ′) = −i

〈
TccH0(a, τ)c

†
H0

(a′, τ ′)
〉

0

− i

〈
Tc

{
−i

∫

c
dτ ′′′H ′

H0
(τ ′′′)cH0(a

′, τ ′)c†H0
(a′, τ ′)

}〉

0

− i

2!

〈
Tc

{(
−i

∫

c
dτ ′′H ′

H0
(τ ′′)

)(
−i

∫

c
dτ ′′′H ′

H0
(τ ′′′)

)
cH0(a, τ)c

†
H0

(a′, τ ′)

}〉

0

+ . . . (4.10)

Writing out the perturbation H ′(τ) and collecting terms similar to each other allow for a general
expression for the correction to order JN ,

G(N)
c (a, τ ; a′, τ ′) =

(−i)N

2NN !

∑

a1···a′N

Ja1a′1 · · · JaNa′N

∫

c
dτ1 · · ·

∫

c
dτN

〈
Tc S

i1(τ1) · · ·SiN (τN )
〉
0

× τ iNa1a′1
· · · τ iNaNa′N

〈
Tc

{
c†a1(τ1)ca′1(τ1) · · · c

†
aN (τN )ca′N (τN )ca(τ)c

†
a′ (τ

′)
}〉

0
(4.11)

The expression looks almost deceivingly simple. Except for the contour-ordered dot spin average
〈TcSi1(τ1) · · · SiN (τN )〉0 and the product of Pauli spin matrices, the expansion is identical to
that of a fermionic system with pair interactions. In such an expansion the Wick contractions of
〈c†c · · · c†aca′〉0 has simple Feynman diagrammatic equivalents. As of [10] the relevant diagrams
are all connected to the end points either by propagators (full lines) or spin contractions (dashed
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lines). Writing the expansion of Eq. (4.10) as a sum of diagrams, only including topologically
identical diagrams once, one gets,

a′ a =

δkk′

a′ a +

a′ a

〈S〉
+

ba′ a

〈S S〉

+

a′ a

a1
〈S S〉

+
a1 a2a′ a

〈S S S〉

+

a1
a′ a

a2
〈S S S〉

+

a′ aa1

a2
〈S S S〉

(4.12)

The first order correction to the bare propagator contain exactly one electron spin-localised spin
interaction. Hence when averaging over all spin states we encounter the trace of a Pauli matrix,
i.e. Trτ i. By this reasoning terms to first order in the Kondo interaction does not contribute
to the Green’s function.

Another equally valid argument considers the average of a single spin operator 〈Si〉, which
due to spacial symmetry must equal zero. This consideration will be applied over and over when
evaluating averages over dot spin operators.

Diagrams containing a single fermion loop also include Trτ i = 0 when summing spin degrees
of freedom. Diagrams with a double fermion loop also vanish. Summation of the two corre-
sponding Pauli matrices yields τ i1a1a2τ

i2
a2a1 ∝ δi1i−2. while the contribution from the average dot

spin
〈
Si1Si2Si3

〉
∝ εi1i2i3 . Multiplying these two terms we get zero.

We have only drawn topologically different diagrams in Eq. (4.12). For each of the diagrams
left after our initial analysis we count the number of actual diagrams. To order JN you count
N ! such diagrams.

Up to order J3 the above considerations show that only diagrams with all fermion lines
connected to the endpoints yield nonzero contributions. This allow us to write the expansion
terms of the contour ordered Green’s function as a Dyson-like equation

G(N)
c (a, τ ; a′, τ ′) = G(0)

a (τ, τ ′)δaa′
∫

c
dτ1

∫

c
dτ2G

(0)
a (τ, τ1)Σ(a, τ1; a

′, τ2)G
(0)
a′ (τ2, τ

′). (4.13)

4.4 The Conduction Electron Self-energy to Order J2

To order J2 the expression of the newly introduced self-energy reduces to

Σ(2)(a, τ1; a
′, τ2) =

(−i)2

4

∑

a1

Jaa1Ja1a′
〈
Tc
(
Si(τ1)S

j(τ2)
)〉

0
G(0)

a1 (τ1, τ2)τ
i
aa1τ

j
a1a′

(4.14)
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Splitting up the sum over intermediate state a1 assuming a flat band of both leads, i.e. a
constant density of states νF , we write

∑

a1

(· · ·) =
∑

α1σ1k1

(· · · ) =
∑

α1

∑

σ1

νF

∫ D

−D
dξ3(· · · ). (4.15)

It turns out that the average of dot spin product is independent of the time-ordering,

〈
Tc
(
Si(τ1)S

j(τ2)
)〉

0
=

1

Zspin

∑

σ

〈σ|1
4
δij +

i

2
sgn(τ1 − τ2)εijkS

k|σ〉 = 1

4
δij . (4.16)

This result allows for the evaluation of

∑

ij

∑

σ1

〈
Tc
(
Si(τ1)S

j(τ3)
)〉

0
τ iσσ1τ

j
σ1σ′ =

3

4
τ0σσ′ . (4.17)

Thus performing the analytic continuation to real-time space we get

Σ(2)(a, τ1; a
′, τ2) = − 3

16
δσσ′

∑

α1k1

Jaα1Jα1a′

[
θ(τ1 − τ2)G

(0)>
α1k1

(τ1, τ2) + θ(τ2 − τ1)G
(0)<
α1k1

(τ1, τ2)
]
.

(4.18)

From the above expression we may calculate e.g. the lesser component of the self-energy,

Σ(2)<(a, t1; a
′, t2) =

3

16
δσσ′

∑

α1

Jαα1Jα1α′G(0)<
a1 (τ1, τ2). (4.19)

We would like to transform this to frequency space. This calls for a small digression considering
the interaction picture time evolution of the bare Green’s functions,

G(0)<
α (k, t) = if(εa − µα)e

−iεkt, G(0)>
α (k, t) = −i(1− f(εk − µα)e

−iεkt. (4.20)

Fourier transforming this result yields

G(0)<
α (k, ω) = 2πif(εk − µα)δ(ω − εk) (4.21)

Then calculating the k-summed Green’s function G(0)<
α (ω) =

∑ξk∈[−D,D]
k G(0)<

α (k, ω), we obtain

G(0)<
α (ω) = 2πiνF

∫ D+µα

−D+µα

dεf(ε− µα)δ(ω − ε) = 2πiνF f(ω − µα)θ(D − |ω − µα). (4.22)

In a similar fashion we may calculate the corresponding k-summed greater component of the
Green’s function

G(0)>
α (ω) = 2πνF (1− if(ω − µα))θ(D − |ω − µα). (4.23)

Now we may continue the calculation of Eq. (4.19) by inserting the expression for the lesser
component directly. This immediately transforms our result to frequency space in t1 − t2,

Σ(2)<(a, a′;ω) = i
3π

8
νF δσσ′

∑

α1

Jαα1Jα1α′f(ω − µα1)θ(D − |ω − µα1 |). (4.24)
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Similarly the greater component is calculated by insertion of the corresponding expression of
the greater Green’s function from Eq. (4.20) into Eq. (4.19). The result is

Σ(2)>(a, a′;ω) = i
3π

8
νF δσσ′

∑

α1

Jαα1Jα1α′(f(ω − µα1)− 1)θ(D − |ω − µα1 |). (4.25)

Then the retarded component of the self-energy is

ΣR(ω) =

∫ ∞

−∞
dt eiωtθ(t)

(
Σ>(t)− Σ<(t)

)

=

∫ ∞

0
dt

∫
dε

2π

(
Σ>(ε)ei(ω−ε+i0+)t − Σ<(ε)ei(ω−ε+0+)t

)

=

∫
dε

2π

[
Σ>(ε)− Σ<(ε)

] i

ω − ε+ i0+
. (4.26)

Taking the imaginary part of Eq. (4.26), we have

ImΣR(a, a′;ω) =
1

2

(
ImΣ>(a, a′;ω)− ImΣ<(a, a′;ω)

)

= −3π

16
νF δσσ′

∑

α1

Jαα1Jα1α′θ(D − |ω − µα1 |). (4.27)

4.5 The Conduction Electron Self-energy to Order J3

The third order self-energy now is

Σ(3)(a, τ1; a
′, τ2) =

(−i)3

8

∑

a1a2

Jaa1Ja1a2Ja2a′
∫

c
dτ3

〈
Tc

(
Si(τ1)S

j(τ3)S
k(τ2)

)〉

0

× τ iaa1τ
j
a1a2τ

k
a2a′G

(0)
a1 (τ1, τ3)G

(0)
a2 (τ3, τ2). (4.28)

In this case the average of the dot spin product depends explicitly on the time-ordering,

〈
Tc

(
Si(τ1)S

j(τ3)S
k(τ2)

)〉

0
= i

1

8
sgn(τ1 − τ3) sgn(τ3 − τ2) sgn(τ1 − τ2)εijk

= i
1

8
spinsgn(τ1, τ3, τ2)εijk. (4.29)

This result allows us to evaluate

∑

ijk

∑

σ1σ2

〈
Tc

(
Si(τ1)S

j(τ3)S
k(τ2)

)〉

0
τ iσσ1τ

j
σ1σ2τ

k
σ2σ′ ∝ i

3

4
spinsgn(τ1, τ3, τ2)τ

0
σσ′ . (4.30)
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Performing the analytic continuation, evaluating the spinsgn(τ1, τ3, τ2) function for the different
time-orderings, yields

Σ(3)(a, τ1; a
′, τ2) =− 3

32
δσσ′

∑

α1α2

Jαα1Jα1α2Jα2a′

(
θc(τ1 − τ2)

[
−
∫ τ2

−∞
dτ3G

(0)>
α1

(τ1, τ3)G
(0)<
α2

(τ3, τ2)

+

∫ τ1

τ2

dτ3G
(0)>
α1

(τ1, τ3)G
(0)>
α2

(τ3, τ2)

−
∫ −∞

τ1

dτ3G
(0)<
α1

(τ1, τ3)G
(0)>
α2

(τ3, τ2)

]

− θc(τ2 − τ1)

[
−
∫ τ1

−∞
dτ3G

(0)>
α1

(τ1, τ3)G
(0)<
α2

(τ3, τ2)

+

∫ τ2

τ1

dτ3G
(0)<
α1

(τ1, τ3)G
(0)<
α2

(τ3, τ2)

−
∫ −∞

τ2
dτ3G

(0)<
α1

(τ1, τ3)G
(0)>
α2

(τ3, τ2)

])
. (4.31)

Using the linearity of integration one may rewrite this as

Σ(3)(a, τ1; a
′, τ2) =− 3

32
δσσ′

∑

α1α2

Jαα1Jα1α2Jα2a′

(
θc(τ1 − τ2)

[ ∫ τ1

−∞
dτ3

{
G(0)>
α1

(τ1, τ3) +G(0)<
α1

(τ1, τ3)
}
G(0)>
α2

(τ3, τ2)

−
∫ τ2

−∞
dτ3G

(0)>
α1

(τ1, τ3)
{
G(0)>
α2

(τ3, τ2) +G(0)<
α2

(τ3, τ2)
}]

− θc(τ2 − τ1)

[ ∫ τ1

−∞
dτ3

{
G(0)>
α1

(τ1, τ3) +G(0)<
α1

(τ1, τ3)
}
G(0)<
α2

(τ3, τ2)

−
∫ τ2

−∞
dτ3G

(0)<
α1

(τ1, τ3)
{
G(0)>
α2

(τ3, τ2) +G(0)<
α2

(τ3, τ2)
}])

. (4.32)

The sum of greater and lesser components of the Green’s function is normally referred to as the
Keldysh component

G(0)K
α (t) = G(0)>

α (t) +G(0)<
α (t) =

∑

k

i(2f(εk)− 1)e−iεkt (4.33)

Transferring Eq. (4.32) to Schwinger-Keldysh space, the lesser component of the Green’s func-
tion is then

Σ(3)<(a, t1; a
′, t2) =− 3

32
δσσ′

∑

α1α2

Jαα1Jα1α2Jα2α′

×
(∫ t1

−∞
dt3G

(0)K
α1

(t1, t3)G
(0)<
α2

(t3, t2)−
∫ t2

−∞
dt3G

(0)<
α1

(t1, t3)G
(0)K
α2

(t3, t2)

)
.

(4.34)
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Note that the two integrals of the products of Green’s functions looks very similar. We may em-
ploy small technical trick to deal with both integrals in single calculation. The time-dependence
of the Green’s functions amounts to a phase in the time-difference t3− t2 or t1− t3. Interchang-
ing the time-variables t1 and t2 in the second term and applying complex conjugation, we have
almost reproduced the expression for the first term.

The transformation is complete if we also rename α1 as α2 and α2 as α1. However we must
remember to also interchange α1 and α2 in the product of coupling strengths. We may write
this consideration as

Σ(3)<(a, t1; a
′, t2) = − 3

32
δσσ′

∑

α1α2

(
Jαα1Jα1α2Jα2α′Kα1α2(t1, t2)− Jαα2Jα2α1Jα1α′K∗

α1α2
(t2, t1)

)

= − 3

32
δσσ′

∑

α1α2

Jαα1Jα1α2Jα2α′

(
Kα1α2(t1, t2)−K∗

α1α2
(t2, t1)

)
(4.35)

where the last equality derives from the fact that the Kondo model is a simplification of the
more general Anderson model of Eq. (3.43), and hence the coupling strengths may be expressed
as a product of tunnelling amplitudes

Jαα1Jα1α2Jα2α′ ∼ tαt
∗
α1
tα1t

∗
α2
tα2t

∗
α′ ∼ Jαα2Jα2α1Jα1α′ . (4.36)

Evaluation of the function:

Kα1α2(t1, t2) =

∫ t1

−∞
dt3G

(0)K
α1

(t1, t3)G
(0)<
α2

(t3, t2)

= ν2F

∫ t1

−∞

∫ µα1+D

µα1−D
dε

∫ µα2+D

µα2−D
dε′(2fα1(ε)− 1)e−iε(t1−t3)fα2(ε

′)e−iε′(t3−t2)

= ν2F

∫ µα1+D

µα1−D
dε

∫ µα2+D

µα2−D
dε′

i

ε− ε′
(2fα1(ε)− 1)fα2(ε

′)e−iε′(t1−t2). (4.37)

Note that complex-conjugation along with an interchange of the times t1 and t2 in fact repro-
duces the original expression except for a sign-change. Thus Kα1α2(t1, t2) = −K∗

α1α2
(t2, t1).

Special care must be taken when Fourier transforming Kα1α2(t1, t2) with respect to t1 − t2.

Kα1α2(ω) = iν2F

∫ µα2+D

µα2−D
dε′fα2(ε

′)2πδ(ω − ε′)

∫ µα1+D

µα1−D
dε

2fα1(ε)− 1

ε− ε′

= 2πiν2F fα2(ω)θ(D − |ω − µα2 |)
∫ µα1+D

µα1−D
dε

2fα1(ε)− 1

ε− ε′

≈ −2πiν2F fα2(ω)θ(D − |ω − µα2 |) ln
[

D2

T 2 + (ω − µα1)
2

]
. (4.38)

From this result we may evaluate the Fourier transformation of the lesser component of the
self-energy of order J3

Σ(3)<(a, a′;ω) = − 3

16

∑

α1α2

Jαα1Jα1α2Jα2α′Kα1α2(ω)

≈ i
3π

8
ν2F

∑

α1α2

Jαα1Jα1α2Jα2α′f(ω − µα2)θ(D − |ω − µα2 |) ln
[

D√
T 2 + (ω − µα1)

2

]
.

(4.39)
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Collecting the contributions to order J2 and J3 of the lesser component of the self-energy, we
have up to third order in J .

Σ<(a, a′;ω) ≈ i
3π

8
νF

∑

α1α2

Jαα1Jα1α2f(ω − µα1)θ(D − |ω − µα1 |)

×
(
δα2α′ + 2Jα2α′νF ln

[
D√

T 2 + (ω − µα2)
2

])
(4.40)

The calculations regarding the greater component of the self-energy run along the same lines
when replacing fα1(ε

′) with (fα1(ε
′) − 1). This may be inferred by direct inspection of the

greater and lesser components of the Green’s function of Eq. (4.20).
Thus

Σ>(a, a′;ω) ≈ i
3π

8
νF

∑

α1α2

Jαα1Jα1α2 [f(ω − µα1)− 1]θ(D − |ω − µα1 |)

×
(
δα2α′ + 2Jα2α′νF ln

[
D√

T 2 + (ω − µα2)
2

])
. (4.41)

Using Eq. (4.26) we may calculate the imaginary part of the retarded self-energy,

ImΣR(a, a′;ω) = −3π

16
νF

∑

α1α2

Jαα1Jα1α2θ(D − |ω − µα1 |)

×
(
δα2α′ + 2Jα2α′νF ln

[
D√

T 2 + (ω − µα2)
2

])
. (4.42)

The derivation of the imaginary part of the retarded self-energy is the major result of our
endeavours into old school perturbation theory.

At zero bias µL = µR = 0 assuming vanishing ω the J3 part of the result depends logarith-
mically on temperature ln(D/T ) in accordance with the equilibrium result of Eq. (3.6). At a
non-zero bias µL = −V/2 and µR = V/2 the logarithmic dependence on temperature vanishes
for T < V . Thus at extremely low temperatures the scattering cross-section does not diverge
and we may stay in the weak couplings regime.

Paaske et al. calculated the imaginary part of the Transition matrix which in frequency
space is identical to the imaginary part of the retarded self-energy. The result obtained is in
complete agreement with their result cf. Eq. (71) of [34].

While we have obtained results in excellent agreement with previous calculations using differ-
ent methods, we should also mention the limits of this calculation. Throughout the calculation
we employed the fact that 〈Si〉 = 0 due to the degeneracy of localised spin state. When applying
a magnetic field B the degeneracy is lifted, and the dot spin average will need to be calculated
by solving a quantum Boltzmann equation [34] - an approach which we will not pursue further
here.
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Chapter 5

Poor man’s scaling
on the Keldysh contour

The objective of this chapter is to extend the Poor man’s scaling approach to the simplest
nonequilibrium Kondo system with an applied bias voltage, but still in zero magnetic field.
The general approach relies heavily on the scaling approach of Sólyom and Zawadowski covered
in Chapter 3.2. While the T -matrix constituted the origin of calculation for equilibrium Poor
man’s scaling, we will instead consider the closely related S-matrix

S = Tce
−i

∫
cdτV (τ), (5.1)

which leverages the calculation of non-equilibrium Green’s functions through

G(a, τ ; a′, τ ′) =
〈
Tc S c†a′(τ)ca(τ

′)
〉

0
. (5.2)

Consider a perturbatively weak coupling νFV " 1 which allows for a Taylor expansion of the
exponential in the S-matrix. E.g. to second order in the perturbation V , we may write

S = Tc

[
1− i

∫

c
dτV (τ)− 1

2

∫

c
d

∫

c
dτ ′V (τ)V (τ ′) +O(V 3)

]
(5.3)

I.e. the S-matrix splits up in contributions to increasing order in the interaction. In general
the N ’th order contribution yields

S(N) =
1

N !
Tc

{(
−i

∫

c
dτV (τ)

)N
}

. (5.4)

Assume V to be a one-body interaction. Mathematically speaking (disregarding a shift of the
ground state energy which may be incorporated in the quadratic part of the Hamiltonian), V
may be put on the form

V (τ) =
∑

b b′

F (b, b′)c†b (τ)cb′(τ). (5.5)
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Considering the contribution from the N ’th order part of the S-matrix when calculating a
nonequilibrium single particle Green’s function by applying Eq. (5.2).

G(N)(a, t; a′, t′) = Tc

〈(
−i

∫

c
dτV (τ)

)N

c†a′(t
′)ca(t)

〉

0

= Tc

〈
N∏

n=1

(
−i

∫

c
dτnF (bn, b

′
n)

)
c†b1(τ1)b

′
1(τ1) · · · c

†
bN

(τN )cb′N (τN )c†a′(t
′)ca(t)

〉

0

.

(5.6)

Next step is to apply Wick’s theorem evaluating the average 〈· · · 〉0. Basicly this means that

c†a′(t
′) and ca(t) each pair with only one operator of the V N product, while the rest of the

operators from V N pair off with each other accordingly. This is true to any order N > 1 in the
interaction strength. This allows for the introduction of the effective one-body S-matrix,

S̃ =
〈
e−i

∫
dτV (τ)

〉

(1)
∝
∫

dτ

∫
dτ ′c†(τ)c(τ ′). (5.7)

Here the average 〈· · · 〉(1) applies Wick’s theorem for 2N − 2 of the internal creation and anni-
hilation operators.

Apply this reasoning to the case of the Kondo Hamiltonian. The philosophy of Poor man’s
scaling states that the scattering amplitudes for a system of bandwidth 2D and coupling stregnth
J may be equalled with a system of bandwidth 2D − 2δD and coupling strength J + δJ . We
will here follow an approach derived form [20] to relate the scaling of J with D. Mathematically
speaking the claim of poor man’s scaling is

S̃(D,J) = S̃(D − δD, J + δJ) (5.8)

Assume δD and δJ infinitesimal. By subtracting S̃(D − δD, J) on both sides of Eq. (5.8) and
expanding to first order in both δD an δJ , we have

S̃(D,J) − S̃(D − δD, J) = S̃(D − δD, J + δJ) − S̃(D − δD, J)

∂S̃

∂D
δD =

∂S̃

∂J
δJ

∂S̃

∂ lnD

δD

D
=

∂S̃

∂J

∂J

∂ lnD

δD

D
. (5.9)

This expression corresponds to the Callan-Symanzik like equation of Eq. (3.29) for equilibrium
poor man’s scaling. Assuming J " 1 then ∂J/∂ lnD is expanded as

∂J

∂ lnD
= a0 + a1J + a2J

2 + . . . . (5.10)

Similarly expanding the derivatives of the effective one-body S-matrix and collecting terms to
the same order in J , allow us to determine the coefficients a0, a1, etc.

For S̃ to second order in coupling strength J we may write out this equation to first as,
(
∂S̃(1)

∂ lnD

)
δD

D
+

(
∂S̃(2)

∂ lnD

)
δD

D
=

[(
∂S̃(1)

∂J

)
+

(
∂S̃(2)

∂J

)]
[
a0 + a1J + a2J

2
] δD
D

. (5.11)
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There is only one term proportional to J0. Collecting these we have that

0 = a0

(
∂S̃(1)

∂J

)
δD

D
. (5.12a)

Per definition the first order contribution to the effective one-body S-matrix is non-zero, and
hence the prefactor a0 = 0. We may apply this readily when collecting terms of order J1. In
this case we get that

(
∂S̃(1)

∂ lnD

)
δD

D
= a1J

(
∂S̃(1)

∂J

)
δD

D
. (5.12b)

To leading order J2 the final result is,

(
∂S̃(2)

∂ lnD

)
δD

D
= a1J

(
∂S̃(2)

∂J

)
δD

D
+ a2J

2

(
∂S̃(1)

∂J

)
δD

D
. (5.12c)

One should note the scaling equations play the role of a postulate. They include the operator
form of the effective one-body S-matrix and collecting operator forms could lead to highly
nontrivial scalings. In general the obtained scaling relations may contradict one another, hence
disproving the initial assumption (that a change in bandwidth D can be incorporated as a
rescaled coupling constant). However this does not disprove that scaling equations cannot be
obtained for the problem at hand, merely that a change in bandwidth have other implications
than changing the coupling constant.

While we have stressed the fact that the scaling equations are operator equations, one could
repeat the argument leading to Eq. (5.9) for a scalar function depending on initial and final
states of the system. However if some scalar function incorporate the scaling this behaviour
should be derivable from the scaling equations for S-matrix in the first place.

5.1 1-loop Calculations

We will apply the reasoning of the previous section to the isotropic Kondo Hamiltonian of Eq.
(4.1). The energy diagram for the system is shown in Figure 5.1 Performing the partial Wick’s
contraction of Eq. (5.7), on the N ’th order term of the effective one-body S-matrix yields

S̃(N) =
1

(2i)N
1

N !
Tc

{∫
dτ1 · · ·

∫
dτN

∑

a1a′1

· · ·
∑

aNa′N

Ja1a′1 · · · JaNa′N
Si1(τ1) · · ·SiN (τN )

× τ i1a1a′1
· · · τ iNaNa′N

〈
c†a1(τ1)ca′1

(τ1) · · · c†aN (τN )ca′N
(τN )

〉

(1)

}
. (5.13)

Infinitesimal variation of the bandwidth D will only affect the N − 1 Wick contracted Green’s
functions. Keeping only terms to first order in the infinitesimal change δD, yields the wanted

δDS̃
(N) =

∂S̃

∂D
δD. (5.14)
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Figure 5.1: Energy diagram showing the left and right lead conduction electron bands.

5.2 The Effective One-Body S-matrix to Order J

To order J1 we have

S̃(1) =− i Tc

∫

c
dτH ′(τ) = −i

1

2
Tc

∫

c
dτ
∑

aa′

Ja′aS
ic†a′τ

i
a′aca. (5.15)

The variation of S̃(1) with bandwidth δD is then effectively

δDS̃
(1) =0. (5.16)

5.3 The Effective One-Body S-matrix to Order J2

The contribution to order J2 is,

S̃(2) = Tc

{
−1

2

∫

c
dτ

∫

c
dτ ′

〈
H ′(τ)H ′(τ ′)

〉
(1)

}

= Tc

{
−1

8

∫

c
dτ

∫

c
dτ ′

∑

aa′

∑

bb′

Jaa′Jbb′S
i(τ)Sj(τ ′)τ iaa′τ

j
bb′

〈
c†a(τ)ca′(τ)c

†
b(τ

′)cb′(τ
′)
〉

(1)

}
.

(5.17)

Note that this expression for the one-body effective S-matrix share some similarities with
the expression of Eq. (4.11) for the lead-electron Green’s function. Using a similar approach
we may adopt adopt Feynman diagrammatic equivalents for Eq. (5.17) by using this small
dictionary,
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diagrammatic notation

electronic state |a〉
a

interaction with the dot spin

Si

Then we may picture the lead-dot interaction as

H ′(τ) =
∑

a′a a bτ

Si

(5.18)

Since we are investigating S̃, all such diagrams will have a general first order structure

δDS̃ =
∑

ab
a b

Si

(5.19)

The δDS(2) term contains two interaction points, and all diagrams will take one of the following
forms:

a′a bτ τ ′

Si Sj

a′

a b
τ τ ′

Si Sj

a′

a bτ
τ ′

Si Sj

a′

a b
τ

τ ′

Si Sj

Note again that diagrams containing a fermion loop all vanishes, because they contain a

trace over a Pauli matrix Tr(τ i) = 0.
The remaining two diagrams are almost topologically equivalent. A simple renaming of state

variables and times show that the two diagrams only differ by the order of dot spin operators
Si(τ)Sj(τ ′). This is immaterial to the time ordering along the Keldysh contour, and thus the
two diagrams contribute equally to the scattering amplitude.

Thus we may write Eq. (5.17) as

S̃(2) =− i

4
Tc

{∫

c
dτ

∫

c
dτ ′

∑

ab

∑

a′

Jaa′Ja′b τ
i
aa′ τ

j
a′b S

i(τ)Sj(τ ′)c†a(τ) cb(τ
′)G(0)

a′ (τ, τ
′)

}

. (5.20)

5.3.1 Contour Ordering

Ordering along the Keldysh contour c, we encounter four different regimes depending on the
values of the two time parameters τ and τ ′, For different Keldysh contour regimes we may
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5.2.1: τ ∈ cupper >c τ ′ 5.2.2: τ ∈ cupper <c τ ′

5.2.3: τ ∈ clower >c τ ′ 5.2.4: τ ∈ clower <c τ ′

calculate S̃(2) obtaining,

τ ∈ cupper >c τ
′ :− i

4

∫ ∞

−∞
dt

∫ t

−∞
dt′Jaa′Ja′bτ

i
a′aτ

j
a′bS

i(t)Sj(t′)c†a(t)cb(t
′)G(0)>

a (t, t′), (5.21a)

τ ∈ cupper <c τ
′ :

i

4

∫ ∞

−∞
dt

∫ −∞

t
dt′Jaa′Ja′bτ

i
a′aτ

j
a′bS

j(t′)Si(t)cb(t
′)c†a(t)G

(0)<
a (t, t′), (5.21b)

τ ∈ clower >c τ
′ :− i

4

∫ −∞

∞
dt

∫ t

−∞
dt′Jaa′Ja′bτ

i
a′aτ

j
a′bS

i(t)Sj(t′)c†a(t)cb(t
′)G(0)>

a (t, t′), (5.21c)

τ ∈ clower <c τ
′ :

i

4

∫ −∞

∞
dt

∫ −∞

t
dt′Jaa′Ja′bτ

i
a′aτ

j
a′bS

j(t′)Si(t)cb(t
′)c†a(t)G

(0)<
a (t, t′). (5.21d)

Based on the result obtained from the analytic continuation it is possible to write S̃(2) on
Schwinger-Keldysh component form

S̃(2) =



S̃(2)
11 S̃(2)

12

S̃(2)
21 S̃(2)

22 .



 (5.22)

5.3.2 Diagonal Components

Consider the S̃(2)
11 component with both events τ and τ ′ residing on the upper contour. From

Eq. (5.21a) and Eq. (5.21b) we obtain the expression,

S̃(2)
11 = − i

4

∑

ab

∑

a′

Jaa′Ja′bτ
i
a′aτ

j
a′b

∫ ∞

−∞
dt

{∫ t

−∞
dt′SiSjc†a(t)cb(t

′)G(0)>
a′ (t, t′)

+

∫ ∞

t
dt′SjSi[−cb(t

′)c†a(t)]G
(0)<
a′ (t, t′)

}
. (5.23)

In order to simplify this result, we will need to perform the t′ integral and sum the Green’s
functions over the momentum interval of a′. In an effort to keep the expression as simple as
possible we only write out the a′ sum, so

S̃(2)
11 = − i

4

∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
σ′aτ

j
σ′bKa,b,α′(t), (5.24)
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with

Ka,b,α′(t) =

∫ ∞

−∞
dt

εk′−µα′∈[−D,+D]∑

k′

{∫ t

−∞
dt′SiSjc†a(t)cb(t

′) i(fα′(εk1)− 1)e−iεk′(t−t′)

+

∫ ∞

t
dt′SjSi[−cb(t

′)c†a(t)] ifα′(εk′)e
−iεk′(t−t′)

}
. (5.25)

where we have inserted the actual expression for the greater and lesser components of the
Green’s function from Eq. (4.20). Explicit extraction of the time-evolution of cb(t

′) = cbe
−iεbt

′

allow us to evaluate the t′ integrals,

Ka,b,α′(t) = νF

∫ ∞

−∞
dt

∫ D

−D
dξ

{
SiSjc†a(t)cbe

−iεbt
(f(ξ)− 1)

ξ + µα′ − εb − i0+

−SjSi[−cbc
†
a(t)]e

−iεbt
f(ξ)

ξ + µα′ − εb + i0+

}
(5.26)

Note the change of variables ξ = εk′ − µα′ performed after the time-integration. In the limit of
zero-temperature the fermi-functions may be replaced by step-functions, and the evaluation of
the energy-integrals yields

ReKa,b,α′(t) = νF

∫ ∞

−∞
dt

{(
1

4
δij +

i

2
εijkS

k

)
c†a(t)cb(t) ln

(
εb − µα′

D − εb + µα′

)

−
(
1

4
δij −

i

2
εijkS

k

)
[−cb(t)c

†
a(t)] ln

(
εb − µα′

D + εb − µα′

)}
. (5.27)

And in the case when εb − µα′ ∈ [−D,D] the imaginary part of K is non-zero,

iImKa,b,α′(t) = iπνF

∫ ∞

−∞
dt
{
SiSjc†a(t)cb(t)(fµα′ (εb)− 1)

+SjSi[−cb(t)c
†
a(t)]fµα′ (εb)

}
. (5.28)

While this is a relevant contribution to the effective one-body S-matrix is is almost independent
of bandwidth D. Differentiating with respect to D yields a non-zero result only when exactly
εb − µα′ = D.Thus we will only calculate the real part of K, i.e. the imaginary part of the
effective one-body S-matrix to order J2.

Hence in the last term of Eq. (5.27) we may replace cbc
†
a = δab − c†acb. This leaves us with

three qualitatively different contributions to the S̃(2)
11 component of the S-matrix.

iImS̃(2)
11 = S̃(2)

cnst. + S̃(2)
pot. + S̃(2)

ex. (5.29)

The least important contributions arise from the δab term appearing when interchanging the
field operators. In this case the integrand is time-independent and evaluating the integral yields
infinity. From Eq. (5.27) the contribution yields

S̃(2)
cnst. =

i

4
νF

∫ ∞

−∞
dt
∑

a

∑

α′σ′

Jaα′Jα′aτ
i
aσ′τ

j
σ′a

(
1

4
δij −

i

2
εijkS

k

)
ln

(
εa − µα′

D + εa − µα′

)
. (5.30)
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For the part on the form of potential scattering,

S̃(2)
pot. = −3i

8

∑

ab

∑

α′σ′

Jaα′Jα′bτ
0
ab

∫ ∞

−∞
dtc†a(t)cb(t) ln

(
D + ξb − µα′

D − ξb + µα′

)
(5.31)

Last and most importantly the exchange interaction yields

S̃(2)
ex. =

i

4
νF
∑

ab

∑

α′

Jaα′Jα′bτ
k
abS

k
∫ ∞

−∞
dtc†a(t)cb(t) ln

(
(ξb − µα′)2

D2 − (ξb − µα′)2

)
. (5.32)

For the other diagonal component S̃(2)
22 with both times τ and τ ′ residing on the lower contour,

we may use Eq. (5.21c) and Eq. (5.21d), to write

S̃(2)
22 = − i

4

∑

ab

∑

a′

Jaa′Ja′bτ
i
a′aτ

j
a′bS

iSj
∫ −∞

∞
dt

{∫ t

∞
dt′SiSjc†a(t)cb(t

′)G(0)>
a′ (t, t′)

+

∫ −∞

t
dt′Sj(t′)Si(t)

[
−cb(t

′)c†a(t)
]
G(0)<

a (t, t′)

}
. (5.33)

Note the striking similarity with the expression for the S̃(2)
11 component of Eq. (5.23). Expanding

the above expression it follows that

ImS̃(2)
22 = −ImS̃(2)

11 . (5.34)

5.3.3 Off-Diagonal Components

For the off-diagonal components we have,

S̃(2)
12 =

i

4

∑

ab

∑

a′

Jaa′Ja′bτ
i
a′aτ

j
a′b

∫ ∞

−∞
dt

∫ −∞

∞
dt′SjSi

[
cb(t

′)c†a(t)
]
ifµa′ (εa′)e

−iεa′(t−t′). (5.35)

Extract the time-evolution of cb(t
′) and performing the t′-integral to obtain

S̃(2)
12 = −π

2

∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
σ′aτ

j
σ′bS

jSi
∫ ∞

−∞
dt cbc

†
a(t)νF

∫ D

−D
dξf(ξ) δ(ξ + µα′ − εb)e

−i(ξ+µα′ )t

= −π

2
νF
∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
σ′aτ

j
σ′bS

jSi
∫ ∞

−∞
dt cb(t)c

†
a(t)fµα′ (εb)θ(D − |εb − µα′ |). (5.36)

Similarly for the S̃(2)
21 component

S̃(2)
21 = − i

4

∑

ab

∑

a′

Jaa′Ja′bτ
i
aa′τ

j
a′b

∫ −∞

∞
dt

∫ ∞

−∞
dt′SiSjc†a(t)cb(t

′)i(fµa′ (εa′)− 1)e−iεa′(t−t′)

= −π

2

∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
aσ′τ

j
σ′b

∫ −∞

∞
dt c†a(t)cb(t)(fµα′ (εb)− 1)θ(D − |εb − µα′ |). (5.37)

The off-diagonal terms resemble the terms arising from the real part of the diagonal components,
which we ignored by arguing that non-zero results only occurred for two exact values of εb. While
the argumentation might have seemed a bit hand-waving we will carry out explicit calculation
for the off-diagonal terms in the next section.
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5.4 Variation

The next step is to calculate the variation of the components of the effective one-body S-matrix
with bandwidth D. For the diagonal components we argued that

δDS̃
(2)
11 = iδDImS̃(2)

11 = δDS̃
(2)
cnst. + δDS̃

(2)
pot. + δDS̃

(2)
ex. (5.38)

The total variation can thus be calculated by varying each term with respect to D. You may

remember that the first term S(2)
cnst. yielded infinity. Unfortunately these infinities survive the

variation of D. However the S(2)
cnst. contain no field operators, and hence when calculating a

Green’s function from e.g. Eq. (5.6) the two external vertices must be joined. Thus S(2)
cnst.

include only disconnected diagrams. Variation of this term thus cuts out the infinitely many
disconnected diagrams living in the cut-off states.

For the pure potential scattering part, we have that

δDS̃
(2)
pot. =

3i

8

∑

ab

∑

α′σ′

Jaα′Jα′bτ
0
ab

∫ ∞

−∞
dtc†a(t)cb(t)

εb − µα′

D2 − (εb − µα′)2
δD. (5.39)

By applying an argument similar to that of Anderson [16] we may argue that this contribution
yields zero when averaging over either all energies εb or over all bandwidths D. Thus we will
ignore this part in the coming calculations.

For the exchange coupling,

δS̃(2)
ex. = − i

4
νF
∑

ab

∑

α′

Jaα′Jα′bτ
k
abS

k
∫ ∞

−∞
dtc†a(t)cb(t)

2D

D2 − (ξb − µα′)2
δD. (5.40)

For the off-diagonal components we get

δDS̃
(2)
12 = −1

4
νFπ

∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
σ′aτ

j
σ′bS

jSi
∫ ∞

−∞
dt cb(t)c

†
a(t)fµα′ (εb)δ(D − |εb − µα′ |). (5.41)

Likewise we get for the remaining off-diagonal component

δDS̃
(2)
21 =

i

4

∑

ab

∑

α′σ′

Jaα′Jα′bτ
i
aσ′τ

j
σ′b

∫ −∞

∞
dt c†a(t)cb(t)(fµα′ (εb)− 1)δ(D − |εb − µα′ |). (5.42)

As mentioned earlier this is an important result because it shows that two off-diagonal com-
ponents are virtually independent of the bandwidth D. Only for the single incoming energy
close to the band edge where D = εb − µα′ > 0 we get a contribution. If we ignore this minute
contribution the Schwinger-Keldysh representation of the variation of the effective one-body S-
matrix is diagonal. A diagonal form is tractable because the Schwinger-Keldysh representation
of the S-matrix to order J1 is

S̃(1) = − i

2
Tc

{∫

c
dτ

∫

c
dτ ′

∑

aa′

Ja′aS
ic†a′(τ)τ

i
a′aca(τ

′)δc(τ − τ ′)

}
=



 S̃(1)
11 0

0 S̃(1)
22



 . (5.43)

By reversing the argument we may turn the diagonal Schwinger Keldysh representation of the
S-matrix back into a contour ordered integral thus obtaining,

δDS̃
(2) = − i

2
νF
∑

ab

∑

α′

Jaα′Jα′bτ
i
abS

i
∫

c
dtc†a(t)cb(t)

D

D2 − (ξb − µα′)2
δD. (5.44)
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5.4.1 An easier method for variation

We might add a small technical comment to the variation of the effective one-body S-matrix.
We calculated the variations δS̃(2) in two steps by first deriving an expression for S̃(2), and then
varying the bandwidth. We may easily combine these two steps into one. Considering e.g. Eq.
(5.26) we evaluate an integral on the form

∫ D

−D
dξf(ξ). (5.45)

Applying the variation of D directly to this expression yields

δD

∫ D

−D
dξf(ξ) = δD

∫ 1

−1
dxDf(xD)

=

∫ 1

−1
dx
{
f(xD) + xDf ′(xD)

}
δD

= [f(D) + f(−D)] δD. (5.46)

The last expression is much easier to evaluate, and in general we will adopt the notation,

"∫

"
dξf(ξ) = [f(D) + f(−D)] δD = δD

∫ D

−D
dξf(ξ). (5.47)

Here the two boxes on the integral sign refer to integration over intervals of size δD at the
band-edges ξ = ±D.

5.5 The Scaling Equations

Note that from an operator point of view Eq. (5.44) is identical to the expression for the J1

order part of the S-matrix. We are now ready to plug the results into the scaling equation,
Eq. (5.11). To order J1 we plug the result of Eq. (5.16) into the expression of Eq. (5.12b)
obtaining,

(
∂S̃(1)

∂ lnD

)
δD

D
= 0 = a1J

(
∂S̃(1)

∂J

)
δD

D
. (5.48)

Hence a1 = 0 as expected, and the leading order contribution to the scaling of J is thus of order
J2. Applying this fact to the scaling equation Eq. (5.12c) the result is

(
∂S̃(2)

∂ lnD

)
δD

D
= a2J

2

(
∂S̃(1)

∂J

)

, (5.49)

which with inserted values looks like

Tc

{
− i

2

∫

c
dτ
∑

ab

(
∑

α′

νFJaα′Jα′b
2D2

D2 − (ξb − µα′)2
− δJ2

)
Sic†a(τ)τ

i
abcb(τ)

}
δD

D
= 0. (5.50)

The renormalised couplings depend explicitly on the energy of the initial state, εb. When the
initial state energy is close to the Fermi surface far from the band edge, the energy-dependent
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Figure 5.2: Plot showing the function fD) = D2/(D2 − (εb − µ′
α) (blue line), alongside the Heaviside

step function θ(D − |ε− µα′ |) (red line).

part of the renomalizsed coupling is negligible. While for energies far beyond the band-edge,
the bandwidth can be ignored. These considerations rely on the prefactor

D2

D2 − (εb − µα′)2
≈
{
1 for εb ≈ µα′

0 for |εb − µα′ | >> D
(5.51)

Thus we might interpret the energy-dependence as a Heaviside step function cutting off
states with an initial energy beyond the band-edge of the intermediate state a′. While this
seems plausible for states far away from the band edge, it is quite clear from Fig. 5.2 that the
approximation fails miserably when considering states close to the edge of the band with the
coupling actually diverging.

As considered in the coming section 5.6 the scaling equations will be applied starting from
initial bandwidth D0 and scaling to some exponentially small bandwidth. Thus for a fixed
energy εb the corresponding couplings J(εb) will initially increase as is the case for equilibrium.
When at some point εb > D+µα′ the coupling constants will instead decrease when decreasing
the bandwidth. At zero bandwidth the argument is that the effect of the prefactor in Eq. (5.51)
is in fact identical to that of the Heaviside step function.

Thus if approximating the energy-dependence as a Heaviside step function the final scaling
relation takes the form of

∂Jαβ
∂ lnD

= 2νF
∑

α′

Jαα′Jα′βθ(D − |ξb − µα′ |). (5.52)

Which corresponds to the results of Paaske et al. in [34] and [35] in the case of zero decoherence
rate Γ = 0.

5.6 Solving the scaling equations

We may end this chapter by showing how the steady state values of the coupling constants can
be obtained from the scaling relations in the case of a non-zero decoherence rate. Assuming



40 Poor man’s scaling on the Keldysh contour

that the coupling constants g = νFJ are perturbatively small Ref. [34] obtain the following
scaling equations in the simplest case of zero magnetic field,

∂gαα′

∂ lnD
(ε) =

∑

β

gαβgβα′θΓ(D − |ε− µβ|). (5.53)

Here we have defined the smeared step function

θΓ(D − |ε− µ− β|) = θ(D −
√

Γ2 + (ε− µβ)2). (5.54)

In these scaling equations the couplings g depend explicitly on energy ε. Thus we will need to
identify the relevant energy argument for the coupling strengths occurring on the right hand
side of the equations. Assuming that by applying Eq. (5.53) we will succeed in reaching zero
temperature without leaving the weak coupling regime. At this point step functions will force
the the energy ε to lie within a distance Γ to the chemical potential included in the step function.
Thus we end up with the following four scaling equations

∂gLL(ε)

∂ lnD
= gLL(µL)gLL(µL)θΓ(D − |ε− µL|) + gLR(µR)gRL(µR)θΓ(D − |ε− µR|) (5.55a)

∂gLR(ε)

∂ lnD
= gLL(µL)gLR(µL)θΓ(D − |ε− µL|) + gLR(µR)gRR(µR)θΓ(D − |ε− µR|) (5.55b)

∂gRL(ε)

∂ lnD
= gRL(µL)gLL(µL)θΓ(D − |ε− µL|) + gRR(µR)gRL(µR)θΓ(D − |ε− µR|) (5.55c)

∂gRR(ε)

∂ lnD
= gRL(µL)gLR(µL)θΓ(D − |ε− µL|) + gRR(µR)gRR(µR)θΓ(D − |ε− µR|) (5.55d)

In order to complete the scaling we need to solve this set of coupled differential equations for
gα′α(ε). With the couplings gα′α(ε) depending on both bandwidth D and incoming energy ε
the solution of Eq. (5.55) takes two logical step. First step is to determine the D dependence
at the value of the relevant chemical potential. Do this by fixing the energy-dependence of the
coupling constants at the relevant chemical potentials and plug into Eq. (5.55). This leaves us
with the following six equations,

∂gLL(µL)

∂ lnD
= gLL(µL)gLL(µL) + gLR(µR)gRL(µR)θΓ(D − V ) (5.56a)

∂gRL(µL)

∂ lnD
= gRL(µL)gLL(µL) + gRR(µR)gRL(µR)θΓ(D − V ) (5.56b)

∂gRL(µR)

∂ lnD
= gRL(µL)gLL(µL)θΓ(D − V ) + gRR(µR)gRL(µR) (5.56c)

∂gLR(µR)

∂ lnD
= gLL(µL)gLR(µL)θΓ(D − V ) + gLR(µR)gRR(µR) (5.56d)

∂gLR(µL)

∂ lnD
= gLL(µL)gLR(µL) + gLR(µR)gRR(µR)θΓ(D − V ) (5.56e)

∂gRR(µR)

∂ lnD
= gRL(µL)gLR(µL)θΓ(D − V ) + gRR(µR)gRR(µR) (5.56f)

Here we replaced the chemical potentials within the step function by the bias voltage V =
µL − µR. While an analytic solution of this set of coupled differential equations is tractable,
especially in some limiting cases, the calculations can be rather lengthy. Instead we will solve Eq.
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Figure 5.3: The running coupling strength as
a function of bandwidth D for a system without
decoherence. The system parameters are W0 =
lnD0 = 10, V = 3, tL = tR = 0.08.
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Figure 5.4: A close-up of the running couplings
in the interval [−W0,W0] after introducing a de-
coherence rate Γ = 0.02.

(5.56) numerically yielding the coupling strengths gαβ(µβ) as functions of W = lnD. Starting
from an initially large bandwidthD0 and small coupling strengths g0αβ we reduce the bandwidth
until we reach either zero or the Kondo temperature TK earmarked by the divergence of the
running couplings. For a given set of initial parameters with symmetric couplings Fig. 5.3
depicts the divergence of the coupling constants at the Kondo temperature , while Fig. 5.4
shows the coupling strengths with incoming energy at the chemical potentials as functions of
bandwidth D. Note the discontinuity due to the step functions turning different terms on and
off in Eq. (5.56).

For the case of a vanishing decoherence rate Γ = 0 an example result for the coupling
strengths g as a function of bandwidthD is provided in Figure 5.3. The initial system parameters
is given as W0 = lnD0 = 10, V = 3, and tL = tR = 0.08. The initial couplings are given in
terms of the tunnelling coefficients tL and tr in accordance with Eq. (3.43). Note that in this
case the couplings diverge at a bandwidth ∼ TK as argued in Ref. [30].

However introducing a nonzero decoherence rate Γ > TK the couplings remain small for
exponentially small temperatures as predicted in Ref. [31]. The turning on and off performed
by the step functions of Eq. (5.56) can be seen e.g. by examining the resulting coupling strengths
in the energy window [−W0,W0] as presented in Figure 5.4.

Having calculated the coupling strengths as functions of bandwidth at the relevant chemical
potential we may insert those functions into Eq. (5.55). The generated set of equations only
depend on the incoming energy ε through the arguments of the smeared step functions. Start-
ing the scaling procedure with initial parameters D0 and g0αβ the set of equations are solved
numerically for each of the relevant incoming energies ε as shown in Figure 5.5. Note that as
D approaches the Kondo temperature the constant coupling increases as we would expect and
peaks form at the chemical potentials ε = ±V/2.

Our initial sample system parameters were chosen symmetric in couplings so tR = tL, and
hence the different coupling strengths followed the same scaling flow. The result of the scaling
from initially asymmetric system parameters tL &= tR is shown in Figure 5.6 for the coupling
gLR(ε). In this case the initial asymmetry manifests itself even after scaling to exponentially
small temperatures.

Having obtained the coupling constant at steady state after scaling to approximately zero
temperature relevant physical quantities can be calculated accordingly. The current through the
dot can be derived from the equation of motion for the charge density as done in Refs. [32],[34].
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Figure 5.5: Running couplings as a function of
incoming energy for various stages of the scaling,
starting at D0 and ending at D = e−300W0 ≈ 0
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Figure 5.6: gLR(εb) for an asymmetric system
with W0 = lnD0 = 10, V = 3, tL = 0.06, tR =
0.08 and decoherence Γ = 0.02

Here the energy-dependence of the couplings needs to be taken into account accordingly. For a
simplified approach considering a quantum dot system strongly coupled to one lead and weakly
to the other one can consider the imaginary part of the T matrix as done in Ref. [37].



Chapter 6

The Nonequilibrium Kondo Problem
in a Magnetic Field

Having reproduced the scaling equations obtained from direct calculation of the imaginary part
of the self-energy by applying a Poor man’s scaling approach to the reduced one-body S-matrix,
we turn our attention to a more difficult problem.

Applying a magnetic field, B, to the quantum dot system, introduces a Zeeman shift of the
electrons in the leads as well as the dot spin. A Hamiltonian describing this system is

H(τ) = H0(τ) +HB(τ) +H ′(τ), (6.1)

where as usual H0(τ) is the unperturbed lead electron Hamiltonian while H ′(τ) is the Kondo
exchange interaction. The perturbation due to a uniform magnetic field B is

HB(τ) = B · [γls(τ) + γdS(τ)] = γl
∑

αkσσ′

Bic†αkσ(τ)τ
i
σσ′cαkσ′(τ) + γdB

iSi(τ), (6.2)

where γl and γd are the gyromagnetic ratio for lead electrons and dot spin respectively. There
is a direct relation between the g-factor and the gyromagnetic ratio

γd = −gdµB

! , and γl = −glµB

2! . (6.3)

The first term of Eq. (6.2) is on a form similar to that of the unperturbed Hamiltonian for
the lead-electrons. Thus the effect of this term is to add γl|B| to the unperturbed energy
of electronic states with spin parallel to the applied magnetic field, and subtracting a similar
amount to the energy of electronic states with a spin anti-parallel to the applied field.

However simple this adjustment of the lead electron energy levels we will not consider it
here, thus restricting ourselves to the case of a small field µBgl

! |B| " D. The second part of Eq.
(6.2) considers only the dot spin,

HBd(τ) = γdB
iSi(τ). (6.4)
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In the interaction picture this as a part of the unperturbed Hamiltonian, it simply governs the
time-dependence of the dot spin operator,

Ṡj(t) = −i[HBd , S
j(t)] = −iγd[BiS

i(t), Sj(t)] = γdBiεijkS
k(t). (6.5)

Taking the B-field parallel to the z-direction, we may put Eq. (6.5) on a simpler form by
rewriting the spin creation and annihilation operators

Ṡ+(t) = Ṡx(t) + iṠy(t) = −iγdBS+(t), (6.6a)

Ṡ−(t) = Ṡx(t)− iṠy(t) = iγdBS−(t). (6.6b)

Integrating both terms results in a simple harmonic time dependence of these operators

S+(t) = S+e−iBt, (6.7a)

S−(t) = S−eiBt, (6.7b)

Sz(t) = Sz. (6.7c)

Actually this approach has already been applied to the similar problems as e.g. a nuclear spin
in a magnetic field, with the nuclear magnetisation playing the role of the dot spin. In that case
the equivalent Eq. (6.5) is known as the Bloch equations cf. Ref. [6] without spin relaxation.
If we would later need to include the case of spin relaxation of the dot spin due the full Bloch
equations are

Ṡx(t) = γBzS
y(t)− Γ2S

x(t), (6.8a)

Ṡy(t) = −γBzS
x(t)− Γ2S

y(t), (6.8b)

Ṡz(t) = Γ1(S
z(t)− Sz). (6.8c)

Where we have introduced the average spin relaxation rates Γ1 and Γ2. The solution of the above
equation can be stated in terms of the usual Bloch equation solutions if adding or subtracting
an imaginary component to the B-field,

S+(t) = S+e−i(B−iΓ2)t, (6.9a)

S−(t) = S−ei(B+iΓ2)t, (6.9b)

Sz(t) = Sze−Γ1t. (6.9c)

Thus carrying out the calculations applying the solutions of the non-relaxing Bloch equations,
it is not impossible to add the decoherence rates at a later time.

6.1 The Anisotropic Kondo Hamiltonian

With the introduction of a uniform magnetic field, the system is no longer isotropic. Hence we
have no longer any reason to expect the interaction to be independent of spacial orientation.
This may also be inferred from Eq. (6.7), which naturally separates the direction of the B-field
from the directions perpendicular to it. This means that in this case our interaction is described
by the anisotropic Kondo model. The full system Hamiltonian is then

H(τ) = H0(τ) +H ′(τ), (6.10)



6.2 The Effective S-matrix to Order J1 45

with

H0 =
∑

a

(εa − µa)c
†
a(τ)ca + γdBiSi, (6.11)

H ′(τ) =
∑

a′a

J i
a′aS

isia′a

=
∑

a′a

1

2
J±
a′a

[
S+s−a′a + S−s+a′a

]
+ Jz

a′aS
zsza′a, (6.12)

where we have assumed that J± = Jx = Jy.
In order to obtain the scaling relations for the couplings constants J± and Jz, we will need

to calculate the reduced one-body S-matrix with band-width D.

6.2 The Effective S-matrix to Order J1

As for the effective one-body S-matrix to order J1 we may repeat the argument of the previous
chapter, so

δDS̃
(1) = δD Tc

{
−i

∫

c
dτH ′(τ)

}
= δD Tc

{
−i

1

2

∫

c
dτ
∑

aa′

J i
a′aS

ic†a′τ
i
a′aca

}
= 0. (6.13)

6.3 The Effective S-matrix to Order J2

As for the effective one-body S-matrix to order J2 we have that

S̃(2) =

〈
Tc

{
−1

2

∫

c
dτ

∫

c
dτ ′H ′(τ)H ′(τ ′)

}〉

(1)

. (6.14)

The first step is simply to calculate the product H ′(τ)H ′(τ ′). Since we are considering the
anisotropic Kondo model this includes quite a bit of bookkeeping. When taking into account
that Sx(τ)Sx(τ ′) = Sy(τ)Sy(τ ′) = 0, the result of the multiplication is,

H ′(τ)H ′(τ ′) =
∑

a′a b′b

{
1

4
J±
a′aJ

±
b′b

[
S+(τ)S−(τ ′)s−a′a(τ)s

+
b′b(τ

′) + S−(τ)S+(τ ′)s+a′a(τ)s
−
b′b(τ

′)
]

+
1

2
J±
a′aJ

z
b′b

[
S+(τ)Sz(τ ′)s−a′a(τ)s

z
b′b(τ

′) + S−(τ)Sz(τ ′)s+a′a(τ)s
z
b′b(τ

′)
]

+
1

2
Jz
a′aJ

±
b′b

[
Sz(τ)S−(τ ′)sza′a(τ)s

+
b′b(τ

′) + Sz(τ)S+(τ ′)sza′a(τ)s
−
b′b(τ

′)
]

+ Jz
a′aJ

z
b′b

[
Sz(τ)Sz(τ ′)sza′a(τ)s

z
b′b(τ

′)
] }

. (6.15)

Next step is to apply the time-ordering to this expression. Here it is convenient that the lead
electron spin operators as well as dot spin operators are bosonic with respect to the time ordering
Tc, i.e. SiSj = SjSi.
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Renaming both times and state variables accordingly we encounter four different terms under
the time-ordering

S(2) = Tc

{
−1

2

∫
dτ

∫
dτ ′H ′(τ)H ′(τ ′)

}

= S(2)
z + S(2)

pot. + S(2)
− + S(2)

+ , (6.16)

with

S(2)
z = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′

1

2
J±
a′aJ

±
b′bS

+(τ)S−(τ ′)s−a′a(τ)s
+
b′b(τ

′), (6.17)

S(2)
pot. = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′Jz

a′aJ
z
b′bS

z(τ)Sz(τ ′)sza′a(τ)s
z
b′b(τ

′), (6.18)

S(2)
− = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′J±

a′aJ
z
b′bS

+(τ)Sz(τ ′)s−a′a(τ)s
z
b′b(τ

′), (6.19)

S(2)
+ = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′J±

a′aJ
z
b′bS

−(τ)Sz(τ ′)s+a′a(τ)s
z
b′b(τ

′). (6.20)

Where we in the naming of the different terms anticipate the nature of their contributions to
the overall S-matrix.

Focusing on the first contribution S(2)
z , next step is to apply the averaging function 〈· · · 〉(1)

transforming the S-matrix into the one-body reduced S-matrix. Remembering that we may
write the lead electron spin operators in terms of common creation and annihilation operators,

s+a′a(τ) = sxa′a(τ) + isya′a(τ) = c†a′↑(τ)ca↓(τ) (6.21a)

s−a′a(τ) = sxa′a(τ)− isya′a(τ) = c†a′↓(τ)ca↑(τ) (6.21b)

Here we have introduced the notation c†aσ = δσ,σac
†
αakaσa

. We get that

S̃(2)
z = − 1

2

〈
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′

1

2
J±
a′aJ

±
b′bS

+(τ)S−(τ ′)s−a′a(τ)s
+
b′b(τ

′)

〉

(1)

=
1

4
Tc

∑

a′ab

∫

c
dτ

∫

c
dτ ′

{
J±
a′aJ

±
abS

+(τ)S−(τ ′)〈ca↑(τ)c
†
a↑(τ

′)〉c†a′↓(τ)cb↓(τ
′)

+ J±
baJ

±
b′bS

+(τ)S−(τ ′)〈cb↓(τ
′)c†b↓(τ)〉c

†
b′↑(τ

′)ca↑(τ)

}
. (6.22)

Replace the average with the appropriate Green’s function and rename both state variables a,
b etc. and time variables τ and τ ′ in order to reduce the above to

S̃(2)
z = − i

4
Tc

∑

a′ab

∫

c
dτ

∫

c
dτ ′

{
J±
a′aJ

±
abS

+(τ)S−(τ ′)G(0)
a (τ, τ ′)c†a′↓(τ)cb↓(τ

′)

+ J±
a′aJ

±
abS

+(τ ′)S−(τ)G(0)
a (τ, τ ′)c†a′↑(τ)cb↑(τ

′)

}
. (6.23)

The two terms of the last expression have two subtle differences. One is that the time-labels
for the dot spin operator are interchanged, and the other is that the lead electron spin reads ↓
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in one term and ↑ in the other. To reduce the amount of calculation one term is immediately
extrapolable having calculated the other term. Thus we split

S̃(2)
z = S̃(2)

z↓ + S̃(2)
z↑ (6.24)

6.3.0.1 Contour Ordering

The Schwinger-Keldysh representation of S̃(2)
z from Eq. (6.23) is

S̃(2)
z =



S̃(2)
z,11 S̃(2)

z,12

S̃(2)
z,21 S̃(2)

z,22



 . (6.25)

Starting with the diagonal components, we concentrate on S̃2
z,11 i.e. with both times residing

on the upper part of the Keldysh contour. For the first term of Eq. (6.24) we have that

S̃(2)
z↓,11 = − i

4

∑

a′ab

J±
a′aJ

±
ab

∫ ∞

−∞
dt

{∫ t

−∞
dt′S+(t)S−(t′)G(0)>

a (t, t′)c†a′↓(t)cb↓(t
′)

+

∫ ∞

t
dt′S−(t′)S+(t)G(0)<

a (t, t′)
[
−cb↓(t

′)c†a′↓(t)
]}

. (6.26)

While this expression looks somewhat similar to Eq. (5.23) of the previous chapter, there is a
couple of important differences.

The first major difference involves the integration over the intermediate time t′. While the
creation and annihilation operators follow the usual interaction picture time-evolution, the dot
spin operators evolve according to Eq. (6.7). Extraction of the total time evolution allows us
to evaluate,

∫ t

−∞
dt′

{
e−iγdB(t′−t)e−iεa↑(t−t′)e−iεb↓t

′
eiεa′↓t

}
=

e−iεb↓teiεa′↓t

i(−γdB + εa↑ − εb↓ − i0+)
(6.27)

and

∫ ∞

t
dt′

{
e−iγdB(t′−t)e−iεa↑(t−t′)e−iεb↓t

′
eiεa′↑t

}
= − e−iεb↓teiεa′↓t

i(−γdB + εa↑ − εb↓ + i0+)
(6.28)

Note that the B-field strength conveniently enters the denominator on the same terms as the
bias voltage. As before the remaining t-dependence can be absorbed as the time-evolution of
the creation and annihilation operators.

We are now at a stage where we may apply the spin ordering, using that

S+S− = 1
2 + Sz, S−S+ = 1

2 − Sz.

The result of these manipulations is

S̃(2)
z↓,11 = − i

4

∑

a′ab

J±
a′aJ

±
ab

∫ ∞

−∞
dt

{(
1
2 + Sz

)
(fµa(εa)− 1)c†a′↓(t)cb↓(t)

−γdB + εa↑ − εb↓ − i0+

−

(
1
2 − Sz

)
fµa(εa)

(
c†a′↓(t)cb↓(t)− δab

)

−γdB + εa↑ − εb↓ + i0+

}
, (6.29)
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and by the reasoning of section 5.4.1, we may calculate the variation of this expression, as

δDS̃
(2)
z↓,11 = − iνF

4

∑

a′b

∑

α

J±
a′αJ

±
αb

∫ ∞

−∞
dt

"∫

"
dξ

{(
1
2 + Sz

)
(f(ξ)− 1)c†a′↓(t)cb↓(t)

−γdB + ξ + µα − εb↓ − i0+

−

(
1
2 − Sz

)
f(ξ)

(
c†a′↓(t)cb↓(t)− δab

)

−γdB + ξ + µα − εb↓ + i0+

}

. (6.30)

Again there is a contribution from the real part of Eq. (6.30), when exactly we have that
−γdB ± D + µα − εb↓ = 0. As explained in the analysis of the previous chapter this term is
unimportant to the scaling and thus will it not be included in the calculation.

The imaginary part can be split in three different contributions

δDS̃
(2)
z↓,11 = iδDImS̃(2)

z↓,11 = δDS̃
(2)
↓,cnst. + δDS̃

(2)
↓,pot. + δDS̃

(2)
↓,ex. (6.31)

The first term δDS̃
(2)
↓,cnst. again evaluates to infinity. Like earlier most of these infinities end

up being cancelled by similar terms of the δDS̃
(2)
z↓,22 component. But we will not delve into a

detailed analysis of this term here.

The potential scattering term δDS̃
(2)
↓,pot. stemming from the factor 1

2 in the spin sum, yields

δDS̃
(2)
↓,pot. =

iνF
8

∑

a′b

∫ ∞

−∞
dt
∑

α

J±
a′αJ

±
αbc

†
a′↓(t)cb↓(t)

×
{

δD

D − γdB + µα − εb↓
+

δD

−D − γdB + µα − εb↓

}
. (6.32)

The exchange term then is

δDS̃
(2)
↓,ex. =

iνF
4

∑

a′b

∫ ∞

−∞
dt
∑

α

J±
a′αJ

±
αbS

zc†a′↓(t)cb↓(t)

×
{

δD

D − γdB + µα − εb↓
− δD

−D − γdB + µα − εb↓

}

. (6.33)

This concludes the evaluation of the S̃(2)
z↓,1. Calculations very similar to the ones we have just

carried out yield for the remaining term of Eq. (6.24), S̃(2)
z↑,11,

δDS̃
(2)
↑,pot. =

iνF
8

∑

a′b

∫ ∞

−∞
dt
∑

α

J±
a′αJ

±
αbc

†
a′↑(t)cb↑(t)

×
{

1

D + γdB + µα − εb↑
+

1

−D + γdB + µα − εb↑

}
. (6.34)

And for the exchange term we have

δDS̃
(2)
↑,ex. = − iνF

4

∑

a′b

∫ ∞

−∞
dt
∑

α

J±
a′αJ

±
αbS

zc†a′↑(t)cb↑(t)

×
{

1

D + γdB + µα − εb↑
− 1

−D + γdB + µα − εb↑

}
(6.35)
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We may evaluate the remaining diagonal component S̃(2)
z,11 in the matrix-representation of the

effective S-matrix with both operators residing on the lower Keldysh contour. For the

S̃(2)
z↓,22 = − i

4

∑

a′ab

J±
a′aJ

±
ab

∫ −∞

∞
dt

{∫ t

∞
dt′S−(t)S+(t′)G(0)>

a (t, t′)c†a′↓(t)cb↓(t
′)

+

∫ −∞

t
dt′S+(t′)S−(t)G(0)<

a (t, t′)
[
−cb↓(t

′)c†a′↓(t)
]}

(6.36)

Using similar arguments as in the previous chapter one may convince oneself that with regard

to the scaling δDS̃
(2)
z↓,22 = −δDS̃(2

z↓,11, and likewise δDS̃
(2)
z↑,22 = −δDS̃(2

z↑,11
As for the off-diagonal Schwinger-Keldysh components,

δDS̃
(2)
z↓,12 =

i

4

∑

a′αb

J±
a′aJ

±
ab

∫ ∞

−∞
dt

"∫

"
dξ

∫ −∞

∞
dt′S−(t′)S+(t)cb↓(t

′)c†a′↓(t)if(ξ)e
−i(ξ+µα)(t−t′)

= −π

2

∑

a′αb

J±
a′aJ

±
ab

∫ ∞

−∞
dt

"∫

"
dξ

∫ −∞

∞
dt′S−(t′)S+(t)cb↓(t)c

†
a′↓(t)f(ξ)δ(ξ + γdB + µα − εb)

=

{
non-zero, for ξ + γdB + µα − εb = 0

0, else

And these terms can again be ignored for most energies.

6.4 The Scaling Equations

For the S̃(2)
z component of the effective one-body S-matrix we may repeat the scaling procedure

of section 5.5.
The prefactor of the potential scattering terms is of the same form as in the previous chapter,

and on the average of either incoming energies εb or bandwidth D such terms yield zero. Thus
the final expression for the change of the S-matrix with bandwidth

δDS̃
(2)
z = − iνF

2

∑

a′b

∫

c
dτ
∑

α

J±
a′αJ

±
αbS

z

×
{

c†a′↑(τ)cb↑(τ)

D2 − (−γdB − µα + εb↑)2
−

c†a′↓(τ)cb↓(τ)

D2 − (γdB − µα + εb↓)2

}
DδD (6.37)

By plugging into the Callan-Symanzik like scaling equations of the previous Chapter 5 and col-
lecting terms on similar operator forms yield a spin dependent scaling equation for the coupling
constant

δJzσ
α′β

δ lnD
= νF

∑

α

J±
α′αJ

±
αβ

D2

D2 − (εσb − µα + σγdB)2
(6.38a)

Similar derivations for the δDS̃
(2)
+ and δDS̃

(2)
+ terms has been sketched in Appendix A. The

resulting scaling equation is

δJ±
α′β

δ lnD
=

1

2
νF
∑

α

(
Jz
α′αJ

±
αβ + J±

α′αJ
z
αβ

)( D2

D2 − (εb − µα)2
+

D2

D2 − (εb − µα − γdB)2

)
(6.38b)
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Our reasoning about the magnetic field breaking the spacial symmetry of the problem has
proven important. The scaling relations for the different coupling strengths either transverse
to or parallel with the magnetic field scale differently with bandwidth D. This is equivalent to
Anderson’s original treatment of the anisotropic Kondo model [16]. However in Anderson’s case
it was the initial difference between the transverse and parallel coupling strengths that broke
the spacial symmetry.

Let us first consider the result in the limit of a vanishing magnetic field, B ≈ 0. Here the
scaling equations reduce to

δJzσ
α′β

δ lnD
= νF

∑

α

J±
α′αJ

±
αβ

D2

D2 − (ε− µα)2
(6.39a)

and

δJ±
α′β

δ lnD
= νF

∑

α

(
Jz
α′αJ

±
αβ + J±

α′αJ
z
αβ

) D2

D2 − (ε− µα)2
(6.39b)

First we note that in the isotropic case setting J± = Jz, the scaling equations are identical
to the results of the previous calculations Eq. (5.52), when inserting the appropriate step
functions. If we instead assume that the coupling to one of the leads are extraordinarily poor,
e.g. tzR, t

±
R ≈ 0 meaning that J i

LR, J
i
RR ≈ 0. As previously mentioned this limit is identical

to the Kondo problem of dilute alloys. For incoming energies close to the chemical potential
εL ≈ µL the scaling equations are

δJzσ
LL

δ lnD
= νFJ

±
LLJ

±
LL (6.40a)

δJ±
LL

δ lnD
= νFJ

±
LLJ

z
LL, (6.40b)

reproducing the results of Anderson’s original calculation of Eq. (3.19).

The final test for the equations is against the results of Rosch et al. [32]. Replacing the
D2/(D2 −K2) by the Heaviside step functions θ(D− |K|) as discussed in the previous chapter,
we obtain the results

δJzσ
α′β

δ lnD
= νF

∑

α

J±
α′αJ

±
αβθ(D − |εσb − µα + σγdB|) (6.41a)

δJ±
α′β

δ lnD
=

1

2
νF
∑

α

(
Jz
α′αJ

±
αβ + J±

α′αJ
z
αβ

)
(θ(D − |εb − µα|) + θ(D − |εb − µα − γdB|)) (6.41b)

Assume that JLL = JLR = JRL = JRR for both superscript z and ±, and choose the zero
of energy such that µL = V/2 and µR = −V/2. Consider only incoming energies |εb| < D.
Inserting the energy-arguments of the running coupling constants taken at the Fermi level
(remembering that we must include the shift due to magnetic field), the scaling equations can
be written on the simpler form, which compares fairly well with the scaling equations of Rosch
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et al. cf. Eq. (5) in Ref. [32]. The result is

δJzσ(εb)

δ lnD
= νF

∑

β

J± (βV/2 + σγlB)2 θ(εσb + βV/2 + σγlB|) (6.42a)

δJ±(εb)

δ lnD
=

1

2
νF

∑

β=−1,1

∑

σ

Jzσ (βV/2) J± (βV/2 + σγlB)

× [θ(εb + βV/2) + θ(εb + βV/2− γdB|)] (6.42b)

Where we have remembered that Jz = Jz↑+Jz↓. This concludes the investigation of the 1-loop
scaling equations for both non-zero magnetic field and bias voltage.
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Chapter 7

Towards 2-loop Poor Man’s Scaling
on the Keldysh Contour

Emboldened by the success we will use this chapter to touch upon calculations for the 2-loop
corrections to the scaling equations for the case of zero magnetic field. In this case we may
build upon the results of Chapter 5.1, and to third order in the coupling strength,

S̃(3) =
1

(2i)3
1

3!
Tc

{∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′

∑

aa′

∑

de

∑

bb′

Jaa′JedJbb′S
i(τ)Sj(τ ′)Sk(τ ′′)

× τ iaa′τ
j
edτ

k
bb′

〈
c†a(τ)ca′(τ)c

†
e(τ

′)cd(τ
′)c†b(τ

′′)cb′(τ
′′)
〉

(1)

}

, (7.1)

which imply that S̃(3) is represented by Feynman diagrams containing three interaction points.
This amounts to two topologically different diagrams, where we have left out diagrams contain-
ing a single fermion loop. The “straight” diagram of Figure 7.1.1 has 3! = 6 alterations, hence

a1 a2a′ a

S S S

7.1.1: Example of straight diagram

a′ aa1

a2
S S S

7.1.2: Example of loop diagram
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contributing to the S-matrix with,

S̃(3)
straight =

i

8

∑

ab′

∑

de

JaeJdeJeb′ τ
i
adτ

k
deτ

j
eb′Tc

∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′Si(τ)Sj(τ ′)Sk(τ ′′)

× c†a(τ)cb′(τ
′)
〈
Tc cd(τ)c

†
d(τ

′′)
〉〈

Tc ce(τ
′′)c†e(τ

′)
〉

= − i

8

∑

ab′

∑

de

JaeJdeJeb′ τ
i
adτ

k
deτ

j
eb′Tc

∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′Si(τ)Sj(τ ′)Sk(τ ′′)

× c†a(τ)cb′(τ
′)G(0)

d (τ, τ ′′)G(0)
e (τ ′′, τ ′). (7.2)

The “loop” diagram of Figure 7.1.2 has 3 representation thus contributing with a total of

S̃(3)
loop =

i

16

∑

ab′

∑

de

Jab′JdeJed τ
i
ab′τ

k
deτ

j
ed Tc

∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′Si(τ)Sj(τ ′)Sk(τ ′′)

× c†a(τ)cb′(τ
′)
〈
Tccd(τ

′)c†d(τ
′′)
〉〈

Tcce(τ
′′)c†e(τ

′)
〉

= − i

16

∑

ab′

∑

de

Jab′JdeJed τ
i
ab′τ

k
deτ

j
ed Tc

∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′Si(τ)Sj(τ ′)Sk(τ ′′)

× c†a(τ)cb′(τ
′)G(0)

d (τ ′, τ ′′)G(0)
e (τ ′′, τ ′) (7.3)

7.1 Straight Terms

7.1.1 Contour Ordering

Because we only seek to sketch the necessary calculations we will not consider the different
Schwinger-Keldysh components of the contour-ordered S-matrix. Instead we will adhere to a
more sloppy notation that does not distinguish between terms with field operators residing on
the same contour or terms with field operators residing on different contour.

Keeping this in mind we proceed with the contour-ordering of the “straight” terms. Since
three different time-parameters are involved we end up with a total of 6 different terms cf.
Appendix B, all of the form

S(3)
straight = − i

8

∑

ab′

∑

de

JaeJdeJeb′ τ
i
adτ

k
deτ

j
eb′

(∫ ∞

−∞
dt+

∫ −∞

∞
dt

) 6∑

n

Kn (7.4)

With

τ ′′ < τ ′ < τ : K1 =

∫ t

−∞
dt′

∫ t′

−∞
dt′′SkSjSicb′(t

′)c†a(t)G
(0)>
d (t, t′′)G(0)<

e (t′′, t′) (7.5)

τ ′ < τ ′′ < τ : K2 =

∫ t

−∞
dt′

∫ t

t′
dt′′SjSkSicb′(t

′)c†a(t)G
(0)>
d (t, t′′)G(0)>

e (t′′, t′) (7.6)

τ ′ < τ < τ ′′ : K3 =

∫ t

−∞
dt′

∫ −∞

t
dt′′SjSiSkcb′(t

′)c†a(t)G
(0)<
d (t, t′′)G(0)>

e (t′′, t′) (7.7)
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τ ′′ < τ < τ ′ : K4 =

∫ −∞

t
dt′

∫ t

−∞
dt′′SkSiSjc†a(t)cb′(t

′)G(0)>
d (t, t′′)G(0)<

e (t′′, t′) (7.8)

τ < τ ′′ < τ ′ : K5 =

∫ −∞

t
dt′

∫ t′

t
dt′′SiSkSjc†a(t)cb′(t

′)G(0)<
d (t, t′′)G(0)<

e (t′′, t′) (7.9)

τ < τ ′ < τ ′′ : K6 =

∫ −∞

t
dt′

∫ −∞

t′
dt′′SiSjSkc†a(t)cb′(t

′)G(0)<
d (t, t′′)G(0)>

e (t′′, t′) (7.10)

7.1.2 Spin sums

No more tricks can be invoked to reduce this mammoth expression, and we resort as always to
straight-forward calculations.

Let us begin by contracting the spin sums. From the common prefactor we see that∑
de τ

i
adτ

k
deτ

j
eb′ = (τ iτkτ j)ab′ , and thus

τ iτkτ j = δkjτ
i − εkjmεimnτ

n + iεikjτ
0 = δkjτ

i + δkiτ
j − δjiτ

k + iεikjτ
0 (7.11)

We disregard the last imaginary term as it correspond to a potential scattering term. When
combining the three first terms of Eq. (7.11) with any permutation of SiSjSk, we end up with
terms like

∑

j

SjSiSj = −1

4
Si and

∑

j

SjSjSi =
3

4
Si (7.12)

and

τ iτkτ jSkSjSi = τ iSjSjSi + τ jSiSjSi − τkSkSiSi =
3

4
τ iSi − 1

4
τ iSi − 3

4
τ iSi = −1

4
τ iSi (7.13)

Likewise the two last terms yield,

τ iτkτ jSjSkSi =
7

4
τ iSi (7.14)

τ iτkτ jSjSiSK = −1

4
τ iSi (7.15)

Hence in general K1, . . . ,K6 ∝ Si by construction.

7.1.3 Time integrals

Having dealt with the spin sums we turn to the evaluation of the time integrals. First we may
write out the bare Green’s functions

K1 =−
∫ t

−∞
dt′

∫ t′

−∞
dt′′

1

4
Sicb′(t

′)c†a(t)(1 − f(ξd))e
−iεd(t−t′′)f(ξe)e

−iεe(t′′−t′)

=− 1

4
Si(1− f(ξd))f(ξe)e

−iξdt
∫ t

−∞
dt′cb′(t

′)c†a(t)e
iξet′

∫ t′

−∞
dt′′e−it′′(εe−εd)

=− i

4
Si(1− f(ξd))f(ξe)e

−iεdt
1

εe − εd + i0+

∫ t

−∞
dt′cb′(t

′)c†a(t)e
iεet′ (7.16)



56 Towards 2-loop Poor Man’s Scaling on the Keldysh Contour

Extracting the time-evolution of the field operators we obtain

K1 =− i

4
Sicb′c

†
ae

−iεat(1− f(ξd))f(ξe)e
−iεdt

1

εe − εd + i0+

∫ t

−∞
dt′eit

′(εd+εb′ )

=− 1

4
Sicb′(t)c

†
a(t)(1 − f(ξd))f(ξe)

1

εe − εd + i0+

1

εd + εb′ − i0+
(7.17)

The rest of K2 through K6 yield similar results.

7.1.4 Energy Integrals

Ignoring any imaginary parts of K1 the the necessary energy integrals in general looks like

∫ T

−D
dξ

∫ D

T
dξ′

1

ξ′ − ξ + const.

1

ξ + const.
∼
∫ T

−D
dξ ln

(
D − ξ + const.

T − ξ + const.

)
1

ξ + const.

∼ const.+ ln2(D) (7.18)

Varying such terms with bandwidth D one will obtain an overall contribution to the effective
S-matrix of,

δDS̃
(3)
straight ∼ J3S · s ln(D)

δD

D
(7.19)

7.2 Loop terms

7.2.1 Contour Ordering

Similarly we may evaluate the loop terms. Performing the contour ordering, we again end up
with six terms of the form

S̃(3)
loop = − i

16

∑

aa′

∑

de

Jaa′JdeJed τ
i
aa′τ

k
deτ

j
ed

(∫ ∞

−∞
dt+

∫ −∞

∞
dt

) 6∑

n

K ′
n (7.20)

with

t′′ < t′ < t : K ′
1 =

∫ t

−∞
dt′
∫ t′

−∞
dt′′SkSjSic†a(t) ca′(t)G

(0)>
d (t′, t′′)G(0)<

e (t′′, t′) (7.21a)

t′ < t′′ < t : K ′
2 =

∫ t

−∞
dt′
∫ t

t′
dt′′SjSkSic†a(t) ca′(t)G

(0)<
d (t′, t′′)G(0)>

e (t′′, t′) (7.21b)

t′ < t < t′′ : K ′
3 =

∫ t

−∞
dt′
∫ −∞

t
dt′′SjSiSkc†a(t) ca′(t)G

(0)<
d (t′, t′′)G(0)>

e (t′′, t′) (7.21c)

t′′ < t < t′ : K ′
4 =

∫ −∞

t
dt′

∫ t

−∞
dt′′SkSiSjc†a(t) ca′(t)G

(0)>
d (t′, t′′)G(0)<

e (t′′, t′) (7.21d)

t < t′′ < t′ : K ′
5 =

∫ −∞

t
dt′

∫ t′

t
dt′′SiSkSjc†a(t) ca′(t)G

(0)>
d (t′, t′′)G(0)<

e (t′′, t′) (7.21e)

t < t′ < t′′ : K ′
6 =

∫ −∞

t
dt′

∫ −∞

t′
dt′′SiSjSkc†a(t) ca′(t)G

(0)<
d (t′, t′′)G(0)>

e (t′′, t′) (7.21f)
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7.2.2 Spin sums

From the common prefactor we see that
∑

de τ
i
aa′τ

k
deτ

j
ed. The last two spin operators may be

contracted to ∑

σ

(τkτ j)σσ =
∑

σ

δkjτ
0
σσ + i

∑

σ

εkjmτ
m
σσ = 2δkj (7.22)

Combining this result with the dot spin operators contained in K ′
1, . . . ,K

′
6,

∑

j

SjSiSj = −1

4
Si

∑

j

SjSjSi =
3

4
Si (7.23)

Hence we may again construct K ′
1, . . . ,K

′
6 ∝ Si.

7.2.3 Time integrals

This step involves the evaluation of terms like
∫ t′

−∞dt′′G(0)>
d (t′, t′′)G(0)<

e (t′′, t′) defined in the
previous section. Again we only consider the contribution from K ′

1. The remaining terms will
be on the same general form,

I ′1 =

∫ t′

−∞
dt′′G(0)>

d (t′, t′′)G(0)<
e (t′′, t′)

= (1− f(ξd))f(ξe)

∫ t′

−∞
dt′′ e−iεd(t′−t′′) e−iεe(t′′−t′)

=
i

εe − εd + i0+
(1− f(ξd)) f(ξe) (7.24)

7.2.4 Energy integrals

Ignoring the imaginary part of I ′1, and we must evaluate the energy-integrals on the form,

∫ D

T
dξ′

∫ T

−D
dξ

1

ξ − ξ′ + const.
∼
∫ D

T
ln

(
T − ξ′ + const.

−D − ξ′ + const.

)

∼ const.+ ln(D) (7.25)

And variation of the bandwidth then yields the result,

δDS̃
(3)
loop ∼ J3S · sδD

D
(7.26)

7.3 Scaling Equations

We may sum up the result of our rather handwaving calculations in the equation,

δDS̃
(3) ∼ J3S · sδD

D
+ J3S · s ln(D)

δD

D
(7.27)

From Chapter 5 we recall that (in our sloppy notation),
(
∂S̃(2)

∂J

)
∼ JS · s ln(D) (7.28)
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The scaling equations then take the form,

(
∂S̃(2)

∂ lnD

)
δD

D
+

(
∂S̃(3)

∂ lnD

)
δD

D
s =

[(
∂S̃(1)

∂J

)
+

(
∂S̃(2)

∂J

)]
[
a2J

2 + a3J
3
] δD
D

. (7.29)

To order J2 the scaling equations stay the same as in Chapter 5. To order J3 we obtain the
relation

a2J
2

(
∂S̃(2)

∂J

)

+ a3J
3

(
∂S̃(1)

∂J

)

=

(
∂S̃(3)

∂ lnD

)
δD

D
⇔

a2 ln(D) + a3 = J3 + J3 ln(D) (7.30)

In the equilibrium calculation of Sólyom and Zawadowski the two logarithmic terms cancel,
leaving the coefficient a3 to be determined only by the contribution from the third order loop
terms. We could but it would most certainly be interesting to investigate this relationship
further.

The ignored imaginary contributions to K1 and K ′
1 may also yield interesting results. As

the loop terms take the form of conduction electron vertex correction one may hope to obtain
a Korenga like spin relaxation term. However we are still unsure of how such a term may enter
the scaling equations, and further research would probably try to investigate this.



Chapter 8

Conclusion and Outlook

To conclude, we have succeeded in applying a simple but still systematic extension of the Poor
man’s scaling approach to the nonequilibrium Kondo problem, and we have shown that this
method leads to the scaling equations proposed by Rosch et al. cf. Ref. [32].

The main advantage of this approach is that the localised spin operators are treated directly
without any modifications. In a pseudofermionic approach one has to consider the two-particle
interaction of conduction electrons and pseudofermions, and hence include vertex corrections
to the pseudofermion Green’s function. Using Poor man’s scaling this problem is reduced to
a simpler one-body-plus-spin vertex problem. Furthermore the presented approach has the
advantage that it is free of the spurious complications in the projection to single occupancy
which is inherent to the pseudofermionic approach.

The simplicity of the presented approach make it possible to include higher order corrections
in the perturbation expansion of the S-matrix. We have hinted at how 2-loop corrections will
improve to the scaling equation in much the same way as the original equilibrium results of
Sólyom and Zawadowski cf. [20].

Detailed calculations of the 2-loop corrections are thus good candidates for future work on
this Poor man’s scaling approach. Another candidate for future is the inclusion of the spin state
decoherence rates mentioned shortly in chapter 6 into the scaling equations allowing for a direct
comparison to the results of Ref. [32].
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Part II

Detection of Antiferromagnetic
Correlations in Optical Lattices





Chapter 9

Introduction

Richard P. Feynman originally proposed the idea of quantum computer as a powerful simulator
in which a highly controllable quantum system can be used to simulate the dynamical behaviour
of another complex quantum system. [50]

Quantum gases in optical lattices can be considered an example of such a quantum simulator.
The general ideas is that using counterpropagating laser beams one can construct a periodic
lattice potential. Load a fermionic quantum gas into the lattice in order to create a quantum
system analogues to that of a metal. However for the Fermi gas we may control both the lattice
potential and the interatomic interactions.

Experimental techniques such as X-ray spectroscopy or neutron scattering usually used to
probe properties of metals and crystals, cannot be used in optical lattice experiments because
of the weakness of the lattice potential. Instead Altman et al. [47] has proposed a different
technique based on the detection of two-particle density-density correlation function. In Chapter
10 we shortly present the general idea of such two-particle correlations. In a magnetic field
one may consider a Fermi gas composed of equal amounts of identical atoms in two different
hyperfine states. It is shown how the anisotropic Heisenberg Hamiltonian can be extracted from
the system Hamiltonian.

For antiferromagnetic coupling and in a three dimensional lattice the atomic spin states will
order below a critical temperature. At low temperatures the excitations of this antiferromag-
netically ordered are spin waves. The theory of linear spin wave theory is reproduced at the
end of Chapter 10.

To detect the onset of antiferromagnetic ordering one will have to consider certain two-
particle correlation functions. In Chapter 11 we will consider three candidates for such functions
and and calculate their high-temperature and low-temperature behaviour.

The final Chapter 12 shows the results of numerical computation of the high-temperature
and low-temperature approximations for all three correlation functions. We also shortly discuss
whether or not the computed correlations are within the reach of current experiments.

The work presented in this part of the thesis has been included in the article of Ref. [52]
currently submitted to Physical Review Letters. The article has also been attached as Appendix
D.
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Chapter 10

Fermions in Optical Lattices

We begin with a brief description of the model optical lattice system.

Two counter-propagating laser beams create a standing electromagnetic wave. Atoms placed
in such a standing electromagnetic wave will experience a periodic potential determined by the
intensity of the wave cf. Ref. [50]. If thermal fluctuations are small enough compared to
the magnitude of the periodic potential the atoms may order in the periodic potential minima
created by the laser beams.

An external magnetic field cause a hyperfine splitting of the atom energy levels. We will in
general assume that the atoms occupy only one of two possible different hyperfine energylevels
cf. Ref. [50]. Load such a two-component Fermi gas into a cubic periodic potential constructed
from three sets of counter-propagating laser beams placed at directions perpendicular to each
other. With the number of atoms matching the number of lattice sites the system may enter
the Mott phase with a single atom placed at each lattice site.

We will in general assume that the two hyperfine split levels have a relative magnetic moment
of ∆m = 1/2, and in this case we denote the levels spin ↑ and spin ↓. A lattice system inhabited
by such spin 1/2 particles may be expected to show certain features of magnetic ordering when
below the critical Neel temperature, TN . [6]

Because of the weakness of the optical lattice potential usual techniques for investigating the
magnetic properties such as neutron scattering or muon spin spectroscopy are inappropriate.
Instead the system may be investigated using time-of-flight (TOF) measurements. Here the
Fermi gas is released from the optical lattice by turning off the lattice potential and then allowed
to expand for some time. Using a quadratic array of detectors the density of the expanding
atomic cloud can then be measured cf. Ref. [50]. Utilising a Stern-Gerlach technique one may
also hope to obtain the spin-resolved density of the cloud [52].

From such measurements it is possible to extract two-particle correlation functions. An
example of the obtained two dimensional density profile for the expanding cloud is shown in
Figure 10.1(a), while the two-particle density-density correlation function is presented in Figure
10.1(c). The data is from the first experiment by Rom et al. [48] measuring the fermionic anti-
bunching dips for fermionic atoms in an optical lattice. The anti-bunching is a feature of the
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Figure 10.1: (a) A 2D image of the particle density taken after release of the trap and subsequent
expansion of the gas. (c)The two-particle density-density correlation function obtained from the first
plot. Dips in the correlation function show fermionic anti-bunching due to the Hanbury-Brown-Twiss
effect. Figure reproduced from [48].

Pauli statistics of fermions, and we will encounter such dips later when calculating the relevant
correlations functions for antiferromagnetic interactions between the atoms.

10.1 The Hubbard Model

We will in the following consider the system Hamiltonian for N fermionic atoms in an optical
lattice with N0 lattice sites I. As of Refs. [45], [46] by expansion of the field operators in
Wannier states the system Hamiltonian can be approximated by the Hubbard Hamiltonian if
keeping only the lowest vibrational Wannier states,

H = HK +HU , (10.1)

with

HK = −
∑

l,l′,σ

tσ,l−l′ c
†
lσcl′σ − µ

∑

l,σ

c†lσclσ (10.2)

HU = U
∑

l

nl↑nl↓. (10.3)

The HK describes hopping between sites, while HU penalise the double occupancy of a single
lattice site. In an optical lattice this double occupancy energy shift can be tuned by the laser
intensity.

When U . |tl−l′,σ| the penalty for having two particles occupy the same lattice site is
significantly larger than the energy required for hopping between lattice sites. At a half-filled
band (N = N0) the Mott phase with each lattice state occupied by a single atom is 2N -fold
degenerate. The objective of the following calculation will be to investigate the Mott phase
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taking into account double exchange interactions. We can project the Hilbert space of Eq.
(10.1) into the Hilbert space of the Mott phase configuration using the projection operator,

P = Πl(1− nl↑nl↓). (10.4)

The operator Q = 1 − P will then project into states with at least one doubly occupied site.
Now introduce Q and P in the Schrödinger equation

HΨ = EΨ, ⇔
H(P +Q)Ψ = E(P +Q)Ψ. (10.5)

We isolateQΨ, multiplying Eq. (10.5) withQ form the left, and remembering that the projection
operators are idempotent (i.e. QQ = Q and PP = P ),

(QHQ− E)QΨ = −QHPΨ ⇔
QΨ = −(QHQ− E)−1QHPΨ. (10.6)

Insert this into Eq. (10.5) and multiply with P from the left to obtain
[
PHP − PHQ(QHQ− E)−1QHP

]
PΨ = EPΨ. (10.7)

Note that in the Mott insulator state of the Hubbard Model

PHP = PHUP = 0, (10.8)

so
PHQ = PHKQ, QHP = QHKP. (10.9)

We will apply Eq. (10.7) to second order in tσ,l−l′ . Note that (QHQ− E)−1 is of 0th order in
tσ,l−l′ and can be replaced by U , while both PHKQ and QHP = QHKP are of first order in
tσ,l−l′ . To second order in tσ,l−l′ , we have the effective Hamiltonian

Heff = −(PHkQ)(QHKP )

U
= −P

H2
K

U
P (10.10)

=
∑

l1,l′1l2,l
′
2

∑

σ1,σ2

tσ1,l1−l′1
tσ1,l2−l′2

Pc†l1σ1cl′1σ1
c†l2σ2cl′2σ2

P. (10.11)

Note that because P is multiplied on both sides, a particle annihilated at l′2 must reappear at
the same place. Considering tσ,l−l = 0 we must have that l′2 = l1 and l2 = l′1. This means that

PH2
KP =

∑

l1,l2

∑

σ1,σ2

tσ1,l1−l2tσ2,l2−l1Pc†l1σ1cl2σ1c
†
l2σ2

cl1σ2P

=
∑

l1,l2

∑

σ1,σ2

tσ1,l1−l2tσ2,l2−l1Pc†l1σ1cl1σ2P · Pcl2σ1c
†
l2σ2

P. (10.12)

Now use that

c†lσ1clσ2 =
1

2
δσ1σ2(nl↑ + nl↓) + sl · σσ2σ1 , (10.13)

clσ1c
†
lσ2

= δσ1σ2

(
1−

nl↑ + nl↓
2

)
− sl · σσ1σ2 , (10.14)
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where Sl denotes particle spin. Insert it into Eq. (10.12) to obtain

PH2
KP =

∑

l1,l2

∑

σ1,σ2

tσ1,l1−l2tσ2,l2−l1

(
δσ1σ2
2

+ sl1 · σσ2σ1
)(

δσ1σ2
2

− sl2 · σσ1σ1
)

=
∑

l1,l2

∑

σ

|tσ,l1−l2 |2
(
1

2
+ sl1 · σσσ

)(
1

2
− sl2 · σσσ

)

+
∑

l1,l2

∑

σ1 (=σ2

tσ1,l1−l2tσ2,l2−l1 (sl1 · σσ2σ1) (−sl2 · σσ1σ2) . (10.15)

If t↓,l−l′ = αt↑,l−l′ we may evaluate the terms of Eq. (10.15).

PH2
KP =

∑

l1,l2

(1 + α2)|t↑,l1−l2 |2
(
1

4
− szl1s

z
l2

)
+
∑

l1,l2

(1− α2)|t↑,l1−l2 |2
1

2

(
szl1 − szl2

)

+
∑

l1,l2

2α|t↑,l1−l2 |2
(
−sxl1s

x
l2 − syl1s

y
l2

)

=
∑

l1,l2

|t↑,l1−l2 |2
[
(1 + α2)

(
1

4
− szl1s

z
l2

)
− 2α

(
sxl1s

x
l2 + syl1s

y
l2

)]
. (10.16)

Here one may note that the szl1 − szl2 term disappear when summing symmetrically over lat-
tice sites l1 and l2. Inserting the result for PH2

KP into Eq. (10.10), we obtain an effective
Hamiltonian,

Heff =
1

U

∑

l1,l2

|t↑,l1−l2 |2
[
(1 + α2)

(
−1

4
+ szl1s

z
l2

)
+ 2α

(
sxl1s

x
l2 + syl1s

y
l2

)]
. (10.17)

If we introduce the coupling strength

Jz
l1,l2 =

1

U
(1 + α2) |t↑,l1−l2 |2, Jxy

l1,l2
=

2

U
α |t↑,l1−l2 |2. (10.18)

We may note that Jz
l1,l2

≥ Jxy
l1,l2

for any real value of α. The equality is true when α = 1. Now
assume that nearest neighbour interactions are dominant and the particle interaction is isotropic
throughout the lattice (i.e. all values of |t↑,l1−l2 |2 are equal if l1 and l2 are nearest neighbours
and zero otherwise). Then we have for α > 0 effectively reduced our Hubbard Hamiltonian to
the antiferromagnetic anisotropic Heisenberg Model:

Heff = 2
∑

〈l1,l2〉

[
Jzszl1s

z
l2 + Jxy

(
sxl1s

x
l2 + syl1s

y
l2

)
− 1

4
Jz

]
, (10.19)

where 〈l1, l2〉 denotes summing all nearest neighbour pairs exactly once. Note that when Jz
l1,l2

=

Jxy
l1,l2

this reduces to the isotropic Heisenberg Model.

10.2 The Heisenberg Model

Let us restate our conclusions. When considering particles of spin s trapped in an optical lattice
of size N , so that each lattice site i is occupied by exactly one particle, we may describe this
system using the anisotropic Heisenberg Model.

Heff = J
∑

〈l1,l2〉

[
d szl1s

z
l2 +

(
sxl1s

x
l2 + syl1s

y
l2

)]
, (10.20)
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where the anisotropy d ≥ 1. The spin operator for a site l is sl.

For a three dimensional system the Heisenberg system will undergo a phase transition to a
antiferromagnetically ordered state at the Neel temperature TN cf. [8]. In the following we will
investigate this system further considering both the antiferromagnetically ordered state present
at low temperature T < TN .

10.3 Linear Spin Wave Theory and the Holstein-Primakoff Method

To describe the low temperature state, we apply spin wave theory which concerns small collective
spin modes present in the antiferromagnetically ordered spin lattice. For simplicity we will
restrict the presentation to a D-dimensional cubic lattice with lattice constant a. In this case
each lattice site has z = 2D nearest neighbours.

Divide the lattice into two sublattices, such that sites on one sublattice only has nearest
neighbours belonging to the other sublattice. Notationally sites on one sublattice are referenced
by l and sites on the other sublattice by j. Assuming that spins are aligned in the z-direction
(this might not be the case when d = 1), we take spins on the j sites to be aligned so sjz ≈ s,
while spin on l sites have sjz ≈ −s.

Stating the Bose operators of linear spin wave theory,

sjz = s− a†jaj, (10.21a)

slz = −s+ b†l bl, (10.21b)

sj+ = sjx + isjy =
√
2saj −

1√
2s

a†jajaj, (10.21c)

sj− = sjx − isjy =
√
2sa†j −

1√
2s

a†ja
†
jaj, (10.21d)

sl+ =
√
2sb†l −

1√
2s

b†l b
†
l bl, (10.21e)

sl− =
√
2sbl −

1√
2s

b†l blbl. (10.21f)

Using these operators we hope to diagonalize the Heisenberg Hamiltonian of Eq. (10.20). Plain
insertion of the operators yields,

H = J
∑

<l,j>

{
d sjzslz +

1

2
sj+sl− +

1

2
sj−sl+

}

= J
∑

<l,j>

{
d(s− a†jaj)(−s+ b†l bl) +

1

2
(
√
2saj −

1√
2s

a†jajaj)(
√
2sbl −

1√
2s

b†l blbl)

+
1

2
(
√
2sa†j −

1√
2s

a†ja
†
jaj)(

√
2sb†l −

1√
2s

b†l b
†
l bl)

}
(10.22)

=− 1

2
dJzNs2 + dJzs

∑

j

a†jaj + dJzs
∑

l

b†l bl + Js
∑

<l,j>

(
ajbl + a†jb

†
l

)
+O(a3). (10.23)
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Introduce the standard Fourier transform of the Bose operators,

au =

√
2

N

∑

j

e−iu·Rjaj , (10.24)

bu =

√
2

N

∑

l

eiu·Rlbl. (10.25)

Here the sum only considers states within the first Brillouin zone of each sublattice. Now
simplify Eq. (10.22) ignoring terms to cubic order in the Bose operators

H ≈− dJzNs2 + dJzs
∑

u

(
a†uau + b†ubu

)
+ Js

∑

u

(
aubu + a†ub

†
u

)(
ei

∑
i uia + ei

∑
i −uia

)

=− dJzNs2 + Jsz
∑

u

{
d
(
a†uau + b†ubu

)
+ γu

(
aubu + a†ub

†
u

)}
. (10.26)

In the last term γu = D−1
(
ei

∑
i uia + ei

∑
i −uia

)
= D−1∑D

i=1 cosui. The form of Eq. (10.26)
is diagonalized by a Bogoliubov transformation [10]. First we introduce a new set of Bose
operators,

au = αu coshΘu − β†
u sinhΘu,

bu = −α†
u sinhΘu + βu coshΘu, (10.27)

where Θu is determined by tanh 2Θu = γu/d. Rewriting Eq. (10.26) in terms of the transformed
Bose operators,

H =
∑

u

ωu(α
†
uαu + β†

uβu) + const. (10.28)

Here the eigenenergy ωu = Jzs
√

d2 − γ2u.

10.3.1 The Spin-Spin Correlation Function 〈SzSz〉

Spin wave theory allows us to perform direct calculations in the low temperature region. As
done by [51], we can calculate the spin-spin correlation function 〈SzSz〉 assuming s = 1

2 . First
consider the summed operator

Sz =
∑

j

sjz +
∑

l

slz = −
∑

j

a†jaj +
∑

l

b†l bl. (10.29)

Insert Eq. (10.24), Eq. (10.25) and perform the Bogoliubov transformation on Sz to obtain

Sz =
∑

u

b†ubu − a†uau

=
∑

u

(−αu sinhΘu + β†
u coshΘu)(−α†

u sinhΘu + βu coshΘu)

−
∑

u

(α†
u coshΘu − βu sinhΘu)(αu coshΘu − β†

u sinhΘu)

=
∑

u

[
α†
uαu(− cosh2Θu + sinh2Θu) + β†

uβu(cosh
2 Θu − sinh2 Θu

]

=
∑

u

[
β†
uβu − α†

uαu

]
. (10.30)
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To quadratic order in the Bose operators we evaluate 〈SzSz〉, i.e.

〈SzSz〉 =
∑

uv

〈
(β†

uβu − α†
uαu)(β

†
vβv − α†

vαv)
〉

=
∑

uv

[
〈β†

uβuβ
†
vβv〉+ 〈α†

uαuα
†
vαv〉 − 〈β†

uβuα
†
vαv〉 − 〈α†

uαuβ
†
vβv〉

]

= 2
∑

uv

[
〈β†

uβu〉〈β†
vβv〉+ 〈β†

uβv〉〈βuβ
†
v〉 − 〈β†

uβu〉〈α†
vαv〉 − 〈β†

uαv〉〈βuα
†
v〉
]

= 2
∑

u

[
nu − n2

u

]

= 2
∑

u

1

1− eβωu

[
eβωu

1− eβωu

]

=
∑

u

1

2 sinh2(12βωu)
. (10.31)

This final result shows that at low temperatures T " max(ωu), we have 〈SzSz〉 ≈ 0. This
result will be used in the coming section when we will consider two-particle density correlation
function.
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Chapter 11

Density Correlation Functions

As mentioned earlier TOF experiments may probe density correlation functions on the general
form,

C(k′,k) = 〈A(k)B(k′)〉 − 〈A(k)〉〈B(k′)〉, (11.1)

with A(k) and B(k′) being some atomic density functions. In the experiments of Refs. [48],
[49] the density-density correlation function were extracted, and in this case A(k) = B(k) =∑

σ nσ(k).
While the objective of these calculation is to find an analytic expression for various correla-

tion functions in a three dimensional optical lattice, we will keep the calculations as generally
as possible only applying the restrictions of dimensions or spin when necessary.

11.1 Parallel Spin Noise

The objective of this chapter will be to calculate both low-temperature and high-temperature
approximations of three different correlation functions. The first correlation function of our
choice is the parallel spin noise

C||(k,k
′) = 〈n̂k↑n̂k′↓〉 − 〈n̂k↑〉〈n̂k′↓〉 = 〈c†k↑ck↑c

†
k′↓ck′↓〉 −

1

4
= C ′

||(k,k
′)− 1

4
. (11.2)

Where we have introduced the notation C ′
||(k,k

′) = 〈n̂k↑n̂k′↓〉. Insert the Fourier transformation
of the field operators

c†k =
1√
N

∑

i

e−ikric†i ,

ck =
1√
N

∑

i

eikrici ,

in order to obtain

C ′
||(k,k

′) =
1

N2

∑

ijlm

e−ik(ri−rj)e−ik′(rl−rm)〈c†j↑ci↑c
†
m↓cl↓〉. (11.3)
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Only terms of either i = j, m = l or i = m, j = l will contribute to the sum. This leaves us
with the preliminary result

C ′
||(∆k) =

1

N2

∑

ij

{
〈c†i↑ci↑c

†
j↓cj↓〉+ 〈c†i↑cj↑c

†
j↓ci↓〉 e

−i∆kri ei∆krj
}
. (11.4)

Here we have introduced the relative momentum vector ∆k = k− k′.

11.1.1 High Temperature Approximation

Our first concern will be the high temperature behaviour of Eq. (11.4). Introduce an average∑
ν〈ν| · · · e−βHν |ν〉/Z over all possible spin configurations ν of the lattice, in order to reexpress

Eq. (11.4) as,

C ′
||(∆k) =

1

Z

∑

ν

〈ν|n̂k↑n̂k′↓e
−βHν |ν〉

=
1

Z

1

N2
〈ν|

∑

ij

{
c†i↑ci↑c

†
j↓cj↓ + c†i↑cj↑c

†
j↓ci↓ e

−i∆kri ei∆krj
}
e−βHν |ν〉. (11.5)

We will calculate this expression to first order in the Hamiltonian H. The first order expansion
of the exponential yields,

e−βH = 1− βJ
∑

〈n,m〉

(smxsnx + smysny + dsmzsnz) = 1− β(Hxy +Hz). (11.6)

Where we have introduced

Hxy = J
∑

〈n,m〉

(smxsnx + smysny)

=
1

4
J
∑

〈m,n〉

[(
c†m↓cm↑ + c†m↑cm↓

)(
c†n↓cn↑ + c†n↑cn↓

)
−
(
c†m↓cm↑ − c†m↑cm↓

)(
c†n↓cn↑ − c†n↑cn↓

)]

=
1

2
J
∑

〈m,n〉

(
c†m↓cm↑c

†
n↑cn↓ + c†m↑cm↓c

†
n↓cn↑

)
. (11.7)

Note that Hxy is responsible for flipping the spins of nearest neighbour pairs. The remaining
term Hz is,

Hz = dJ
∑

〈n,m〉

smzsnz =
1

4
dJ

∑

〈m,n〉

(nn↑ − nn↓)(nm↑ − nm↓). (11.8)

Hence it simply counts the direct spin-correlations. For the partition function Z to first order
in βJ ,

Z =
∑

ν

〈ν|e−βH |ν〉 ≈ 〈ν|1− βJ
∑

〈n,m〉

(smxsnx + smysny + dsmzsnz) |ν〉 = 2N . (11.9)

Here the last equality follows from the fact that the average of smxsnx + smysny terms is al-
ways zero, because the enclosed field operators involve a spin flip. The non-spin-flipping terms∑

ν

∑
〈m,n〉 smzsnz vanish also. Consider a fixed pair n,m a sum over all configurations will on
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average yield zero because the two terms ↑↑ and ↓↓ with a contribution of +1, are cancelled by
↑↓ and ↓↑ contributing −1 each.

Next step is to evaluate the 0th order part of Eq. (11.5),

C
′(0)
|| (∆k) ≈ 1

2N
1

N2

∑

ν

∑

ij

〈ν|ni↑nj↓|ν〉 ≈
1

2N
1

N2

∑

i

2N−2 (N − 1) =
1

4
− 1

4N
. (11.10)

Here we arrive at
∑

ν

∑
ij ni↑nj↓ = 2N−2∑

i(N − 1) using the same type of argument as before.
For a fixed i we may choose j from the remaining N − 1 sites (note that the i = j term is zero).
Site i will need to be ↑ while site j will need to be ↓, and the remaining N − 2 are free to do
whatever.

Now consider the first order contribution of Eq. (11.5). The first term of Eq. (11.5) contains

c†i↑ci↑c
†
j↓cj↓. This term does not perform any spin flips, and hence calculating the contribution

from this term to first order in βJ cannot involve Hxy.
Thus taking the average of this term with the Hz part only gives the result,

−d
1

4

1

2N
1

N2

∑

ν

∑

i,j

∑

〈m,n〉

〈ν|ni↑nj↓(nn↑ − nn↓)(nm↑ − nm↓)|ν〉. (11.11)

Consider a fixed nearest neighbour pair 〈m,n〉. Using the same reasoning as of Eq. (11.9) we
argue that when summing all configurations, the term (nn↑ − nn↓)(nm↑ − nm↓) will yield zero
on average. So considering fixed i, fixed j and a fixed pair 〈m,n〉 the sum evaluates to zero
whenever i,j and 〈m,n〉 concern all different sites.

If e.g. i coincides with one site in the pair 〈m,n〉 while j doesn’t, the sum will also yield
zero, because in the contribution from Hz the ↑↓ contribution cancels the ↑↑ contribution.

So it turns out that in order to obtain a non-zero result, site i and site j must coincide
with the nearest neighbour pair 〈m,n〉. Assuming periodic boundary conditions for the lattice,
each i has exactly z nearest neighbours, thus the contribution from the first term of Eq. (11.5)
evaluates to

−d
1

4

1

2N
1

N2

∑

i

2N−2 · z · −1 =
dz

16N
.

The second term of Eq. (11.5) contains c†i↑cj↑c
†
j↓ci↓ and involves a double spin flip. Hence

only corrections arising from the Hxy part of the Hamiltonian will contribute to this sum. By
noting that terms with i = j yield zero we obtain

− 1

2N
1

N2

∑

ν

〈ν|
∑

i (=j

c†i↑cj↑c
†
j↓ci↓

1

2

∑

〈m,n〉

(
c†m↓cm↑c

†
n↑cn↓ + c†m↑cm↓c

†
n↓cn↑

)
ei∆kri ei∆krj |ν〉

=
1

2N+1

1

N2

∑

ν

〈ν|
∑

i (=j

c†i↑ci↓c
†
j↓cj↑

∑

〈m,n〉

(
c†m↓cm↑c

†
n↑cn↓ + c†m↑cm↓c

†
n↓cn↑

)
ei∆kri ei∆krj |ν〉.

For simplicity we have removed terms like c†i↑ci↓c
†
m↑cm↓c

†
n↓cn↓ which arises when commutating

cj↓c
†
j↓. This term contains an odd number off spin flips, making it impossible to return to the

state |ν〉.
This term then turns out to be simpler than before. It is obvious that we will not obtain

a non-zero result unless i, j reflips the spins flipped by Hxy, and thus i, j must coincide with
〈m,n〉. Thus the second term evaluates to,

1

2N+1

1

N2

∑

i

2N−2 · 2 ·
D∑

i=1

cos(∆kia) =
D

4N
γ∆k. (11.12)
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where we have introduced γ∆k = 1
D

∑D
i=1 cos(∆kia).

To first order in βJ we obtain for large values of T̃ = 1/βJ , that

C||(∆k) = − 1

4N
+

[
dD

8N
+

D

4N
γ∆k

]
T̃−1. (11.13)

11.1.2 Low Temperature Approximations

Again the calculations are founded in Eq. (11.4), which we restate below

C ′
||(∆k) =

1

N2

∑

ij

{
〈c†i↑ci↑c

†
j↓cj↓〉+ 〈c†i↑cj↑c

†
j↓ci↓〉 e

−i(k−k′)ri e−i(k′−k)rj
}
. (11.14)

Consider for a moment the first term, as it can be rewritten with relative ease,

1

N2

∑

ij

〈c†i↑ci↑c
†
j↓cj↓〉 =

1

N2

∑

ij

〈n̂i↑n̂j↓〉

=
1

2N2

∑

ij

[〈n̂i↑n̂j↓〉+ 〈n̂i↓n̂j↑〉]

=
1

4N2

∑

ij

〈(n̂i↑ + n̂i↓)(n̂j↑ + n̂j↓)〉 −
1

4N2

∑

ij

〈(n̂i↑ − n̂i↓)(n̂j↑ − n̂j↓)〉

=
1

4
− 1

N2
〈SzSz〉. (11.15)

Since we have earlier in Eq. (10.31) derived an expression for 〈SzSz〉 we can in principle evaluate
this term. All the trouble is thus left in the second term,

1

N2

∑

ij

〈c†i↑cj↑c
†
j↓ci↓〉 e

−i(k−k′)ri e−i(k′−k)rj =
1

N2

∑

ij

〈c†i↑cj↑(δij − c†i↓cj↓)〉 e
−i∆kri ei∆krj

=
1

N2

∑

i

〈c†i↑ci↑〉 −
1

N2

∑

ij

〈c†i↑cj↑ci↓c
†
j↓〉 e

−i∆kri ei∆krj

=
1

2N
− 1

N2

∑

ij

〈si+sj−〉 e−i∆kri ei∆krj . (11.16)

We can calculate the last term in spin wave theory. Split the cubic lattice in two sublattices,
and represent points on one sublattice by j and points on the other sublattice by l. In the
section on linear spin wave theory we introduced the Bose operators aj and bl. For the assumed
spin 1

2 we have,

sj+ = aj +O(a2), sl+ = b†l +O(b2)

sj− = a†j +O(a2), sl− = bl +O(b2).
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Keeping terms up to quadratic order in the Bose operators we obtain

1

N2

∑

ij

〈si+sj−〉 e−i∆kri ei∆krj =
1

N2




∑

jj′

〈aja†j′〉 e
−i∆krj ei∆krj′ +

∑

ll′

〈b†l bl′〉 e
−i∆krl ei∆krl′

+
∑

jl′

〈ajbl′〉 e−i∆krj ei∆krl′ +
∑

lj′

〈b†l a
†
j′〉 e

−i∆krl ei∆krj′



 .

(11.17)

Let us write ∆k = nQ + ∆k1, where Q is a reciprocal lattice vector of a sublattice, n is any
integer, and ∆k1 lies within the First Brillouin Zone (FBZ) of the sublattice. Then for some
m, n,

ei∆k(rm−rn) = ei∆k1(rm−rn)einQ(rm−rn). (11.18)

When m and n both belong to the same sublattices, rm− rn is a lattice vector of the sublattice
and thus einQ(rm−rn) = 1. When m, n belong to two different sublattices |rm − rn| = pa with p
odd, and einQ(rm−rn) = (−1)n. These considerations allow us to write,

1

N2

∑

ij

〈si+sj−〉 e−i∆kri ei∆krj =
1

2N

[
〈a∆k1a

†
∆k1

〉+ 〈b†∆k1
b∆k1〉

+(−1)n〈a∆k1b∆k1〉+ (−1)n〈b†∆k1
a†∆k1

〉
]
. (11.19)

Then apply the Bogoliubov rotation of Eq. (10.27)

au = αu coshΘu − β†
u sinhΘu,

bu = −α†
u sinhΘu + βu coshΘu,

with tanh 2Θu = 1
dγu = 1

dD

∑D
i=1 cos(uia). We are now left with,

1

N2

∑

ij

〈si+sj−〉 e−i∆kri ei∆krj =
1

2N

[
〈α∆k1α

†
∆k1

〉+ 〈β†
∆k1

β∆k1〉

+ 〈α∆k1β∆k1〉+ 〈β†
∆k1

α†
∆k1

〉
]
e(−1)n+12Θ∆k1 . (11.20)

Since only the first two terms yield a non-zero result, we arrive at

1

N2

∑

ij

〈si+sj−〉 e−i∆kri ei∆krj =
1

2N
[1 + 2nB(∆k1)] e

(−1)n+12Θ∆k1

=
1

2N

eβω∆k1 + 1

eβω∆k1 − 1
e(−1)n+12Θ∆k1 . (11.21)

The final result in the low temperature limit T ≈ 0 is thus,

C||(δk) =
1

2N
− 1

N2
〈SzSz〉 −

1

2N

eβω∆k1 + 1

eβω∆k1 − 1
e(−1)n+12Θ∆k1 . (11.22)

Note that in general this correlation is of the order of O(1/N).
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11.2 Transverse Spin Correlations

When calculating the low temperature behaviour of the parallel spin correlations we implicitly
assumed that the magnetic field applied after release of the optical lattice was parallel to the
direction of the antiferromagnetic ordering. However if the spin ordering direction is assumed
perpendicular to the ordering direction, we encounter the transverse spin correlation function
C⊥(∆k).

In fact it is not necessary to literally change the direction of the applied magnetic field.
Applying a π/2 pulse immediately before the release of the optical lattice would effectively turn
the spin ordering direction [52].

Since we only change the direction of the measured spin the high temperature result is
identical to the case of parallel spin correlations.

11.2.1 Low Temperature Approximation

The expression for the transverse spin noise may be derived from the expression for C||(∆k) of
Eq. (11.14) by interchanging spatial co-ordinates, i.e.

C⊥(∆k) =
1

2N
− 1

N2
〈SxSx〉−

1

N2

∑

ij

〈siysjy〉e−i∆k(rj−ri)− 1

N2

∑

ij

〈sizsjz〉e−i∆k(rj−ri). (11.23)

Note that

1

N2

∑

ij

〈siysjy〉e−i∆k(rj−ri) =
1

4N2

∑

ij

〈si+sj+ + si−sj− + si+sj− + si−sj+〉 e−i∆k(rj−ri)

=
1

2N2

∑

ij

〈si+sj−〉 e−i∆k(rj−ri).

This expression has already been calculated earlier in Eq. (11.22). For 〈SxSx〉 we obtain

1

N2
〈SxSx〉 =

1

2N2

∑

ij

〈si+sj−〉 ,

which can be derived from the previous result setting ∆k = 0. The most complicated term is∑
ij〈sizsjz〉e−i∆k(rj−ri). In order to deal with this expression, consider

1

N

∑

i

e−i∆krisiz =
∑

j

(
s− a†jaj

)
e−i∆krj +

∑

l

(
−s+ b†l bl

)
e−i∆krl (11.24)

=
2

N2



−
∑

j

e−i∆krj
∑

uu′

e−iurja†ue
iu′rjau′ +

∑

l

e−i∆krl
∑

uu′

eiurlb†ue
−iu′rjbu′





+
s

N




∑

j

e−i∆krj −
∑

l

e−i∆krl





=
2

N

(
−a†uau−∆k + (−1)nb†ubu−∆k

)
+

s

N




∑

j

e−i∆krj −
∑

l

e−i∆krl



 .

(11.25)
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Here we have remembered that u−k can lie outside the FBZ, and again the number of necessary
lattice vector translations enters through the factor (−1)n. A similar derivation shows that

∑

j

ei∆krjsjz =
2

N

(
−(−1)na†vav+∆k + b†vbv+∆k

)
+

s

N




∑

j

ei∆krj −
∑

l

ei∆krl



 . (11.26)

Assume that ∆k &= 0. In the case of zero ∆k the total expression for 1
N2

〈∑
ij〈sizsjz〉e−i∆k(rj−ri)

〉

reduces to the result of Eq. (10.31).

Since a†−∆k = a†∆k the averaging of the multiplum of those expression to second order in the
field operators, we end up with two terms,

1

N2

〈
∑

ij

〈sizsjz〉e−i∆k(rj−ri)

〉
=K1(∆k) +K2(∆k) +K3(∆k).

Here

K1(∆k) =
s2

N2

(∑

j

e−i∆krj −
∑

l

e−i∆krl
)2

(11.27)

K2(∆k) =
2s

N2

(∑

j

e−i∆krj −
∑

l

e−i∆krl
)∑

uv

〈
−a†uau−∆k + (−1)nb†ubu−∆k

〉

+
2s

N2

(∑

j

e−i∆krj −
∑

l

e−i∆krl
)∑

uv

〈
−a†vav+∆k + (−1)nb†vbv+∆k

〉
. (11.28)

Summing the random phases of K1(∆k) normally yields zero except in the case when ∆kπ =
π
∑D

i=1(±êi)/a, where the phases add up constructively yielding K1(∆kπ) = s2. Likewise
K2(∆k) sum to zero except at ∆kπ. Inserting the appropriate Bose field operators we obtain
the result

K2(∆kπ) =
4s

N

∑

u

(
nu cosh

2 θu + (1− nu) sinh
2 θu

)
. (11.29)

Hence for ∆k &= ∆kπ we obtain for 1
2 particles,

C⊥(∆k) = frac12N − 1

4N

eβω∆k1 + 1

eβω∆k1 − 1
e(−1)n+12Θ∆k1 − 1

2N

eβω0 + 1

eβω0 − 1
e(−1)n+12Θ0 . (11.30a)

And for ∆k = ∆kπ we may ignore the above contribution in comparison with,

C⊥(∆kπ) =
1

2N
− 1

4
− 2

N

∑

u

(
nu cosh

2 θu + (1− nu) sinh
2 θu

)
. (11.30b)

Note that away from ∆kπ the correlation function scale as O(1/N) while at ∆kπ it is of order
O(1).

11.3 Density-Density Correlation Function

The last correlation function we will consider here is already mentioned density-density corre-
lation function.

Cnn(∆k) =
∑

σσ′

〈n̂σn̂σ′〉 − [〈n̂σ〉]2 =
1

N
− 1

2
δ∆k,Q − 2

1

N2

∑

ij

〈si · sj〉 e−i∆k(rj−ri), (11.31)

where Q is a reciprocal lattice vector of the sublattice.
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11.3.1 High Temperature Expansion

An analytical expression for the high temperature behaviour of the density-density correlation
function has been derived by Bruun [53]. For a three dimensional lattice the result is

Cnn(∆k) = −1

2
δ∆k,Q − 1

2N
+ βJ

3

8N
zγ∆k. (11.32)

11.3.2 Low Temperature Expansion

An expression for the low temperature expansion can be pieced together from the already
obtained results for different spin correlation functions.

Cnn(∆k) =
1

N
− 2

N2

∑

ij

〈si+sj−〉 e−i∆k(rj−ri) − 2

N2
〈sizsjz〉 e−i∆k(rj−ri). (11.33)

For ∆k &= ∆kπ this reduces to

Cnn(∆k) =
1

N
− 1

N

eβω∆k1 + 1

eβω∆k1 − 1
e(−1)n+12Θ∆k1 . (11.34a)

For ∆k = ∆kπ we get

Cnn(∆k) =
1

N
− 1

2
− 4

N

∑

u

(
nu cosh

2 θu + (1− nu) sinh
2 θu

)
. (11.34b)

As for the transverse spin noise the density-density correlation function scales as O(1) at ∆kπ
and as O(1/N) for all other reciprocal lattice vectors.
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Results

Having calculated analytical expressions for the both parallel, transverse and density-density
correlation functions we will need to compute those for a relevant optical lattice system. Here we
will in short explain the computation in terms of a 3D cubic lattice containing N = Nx×Ny×Nz

lattice sites separated by a lattice constant a.
The first Brillouin zone of this lattice contains 8N reciprocal lattice points, described by:

k =

(
π

a

nx

Nx
,
π

a

ny

Ny
,
π

a

nz

Nz

)
, (12.1)

where nx run from −Nx to Nx, ny from −Ny to Ny etc.
The two sublattices for spin ↑ and spin ↓ respectively consists of two interlacing fcc sublat-

tices of side length 2a each containing a total of N/2 lattice sites. The corresponding reciprocal
lattice has a bcc structure, and the first Brillouin zone for such a structure is a that of a truncated
octahedron with side length 2π/a.

For the low temperature correlation function behaviour we have obtained results of varying
magnitude. To sum up both Cnn and C⊥ has correlations of size O(1) at the reciprocal lattice
point ∆kπ, while all correlation functions scale as O(1/N) away from this point .

Experiments only measure the two-dimensional projection of the summed correlation func-
tions in ∆k space. Hence summing the correlation functions in one direction (e.g. the z-
direction),

C(∆k⊥) =
Nz∑

nz=−Nz

C(∆kbot + nzπêz/(Nza)), (12.2)

where k⊥ = (kx, ky) is a two-dimensional vector. The solution of the two-dimensional array of
detectors used for obtaining the density measurements is currently not good enough as to resolve
the correlation functions for single reciprocal lattice vectors. Instead experiments concern the
Gaussian smoothened correlation functions [49], given by

Cexp(∆k⊥) =
1

4πNκ2

∑

∆k′

e
− 1

4κ2
1

(2π)2
(∆k′

⊥−∆k⊥)2
C(∆k′). (12.3)
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ls

Figure 12.1: Noise correlation functions as a function of temperature T at k⊥ = (π/a, π/a). The solid
lines represent the ∆kz summed correlations while the dotted lines are the Gaussian smoothened results
at κ = 1/40. The dashed line are the ∆kz analytical results of Eqs. (11.22), (11.30) and (11.34).

Here κ = w/l with l = 2πt/ma, t the atomic cloud expansion time and w is a width depending
on detector resolution.

Regarding Cnn and C⊥ the dip at ∆kπ is greatly affected by this Gaussian smoothening. At
the two-dimensional projection ∆kπ at ∆k⊥π = (π/a, π/a) the dip is now of order O(1/κ2N).
At other reciprocal lattice vectors the correlations are less affected by the Gaussian smoothening.

For a given system size the correlation functions are simply calculated by straightforward
computation in terms of the dimensionless variables, i.e.

T̃ = T/J, ω̃u =
ωu

J
(12.4)

An example of the applied matlab scripts calculating the components of the correlation func-
tions is presented in Appendix C. The correlation functions C||(∆k), C⊥(∆k) and Cnn(∆k)
can be computed for any ∆k.

Olav Syljůasen from the University of Oslo simulated the three-dimensional Heisenberg
system using a Quantum Monte Carlo method. From the simulated data a critical temperature
T̃N = 0.945 was extracted.

For a system of size N = 32 × 32 × 32 we present the results of our calculation in Figure
12.1 at ∆k⊥ = (π/a, π/a). The inset shows a zoom of the plot close to T̃N . Note the good
agreement between analytical and simulated results.

The large correlations Cnn and C⊥ are anti-bunching dips of the period-doubled antiferro-
magnetically ordered lattice. While period doubling may stem from various physical effects. In
order to guarantee that the period doubling is a feature of the spin ordering it is necessary to
measure the spin resolved C⊥ or C||

One may note that the calculated correlations are small even for the macroscopic dips of
C⊥ and Cnn the correlations is of order 10−3 when including the Gaussian smoothening. In
general they scale like 1/N . Experimentally Fölling et al. has measured correlations of order
Cnn ∼ 10−4 for a slightly larger system. Even above the critical temperature TN the correlations
are within experimental grasp, i.e., for T = 2J we see that Cexp

nn ≈ 6 · 10−5 (which scales as
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Figure 12.2: Noise correlation functions as a function of temperature T at ∆k⊥ = (π/4a, π/4a). The
solid lines represent the ∆kz summed correlations. The dashed line are the ∆kz analytical results of
Eqs. (11.22), (11.30) and (11.34).

1/N). The conclusion then is that the measurement of noise correlations can be used to detect
the onset of antiferromagnetic order even above TN . For current experiments the actual spin
temperature is uncertain. Measuring the noise correlation, the detailed spin noise behaviour
presented here would provide a means of assessing the spin temperature in the experiments.
[52].

We also show the calculated results for reciprocal lattice point ∆k⊥ = (π/4a, π/4a, π/4a) in
Figure 12.2. Here the effect of Gaussian smoothening is negligible and has thus been left out.

Note that the correlation functions behaves differently from the case of k⊥ = (π/a, π/a).
They now decrease in absolute value for high temperatures and even change sign above the
critical temperature TN . Because the noise is of order O(1/N), a measurement requires higher
experimental resolution than what is presently available [52].
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Chapter 13

Conclusion

In this part of the thesis we have investigated a novel time-of-flight method for detecting anti-
ferromagnetic correlations for spinfull fermionic particles in an optical lattice.

We have obtained analytical results for both spin resolved correlation functions as well as the
density-density correlations in both the high-temperature and low-temperature regimes. Direct
computations for a specific three dimensional optical lattice system show excellent agreement
with QuantumMonte Carlo simulated data. The calculations have been based on experimentally
relevant parameters, and by comparison to recent experiments it has been assessed that the
correlations considered here lie within the current experimental solution.

In conclusion the spin-resolved noise correlations considered here possess valuable informa-
tion about the antiferromagnetic correlations above as well as below the critical temperature.
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Appendix A

The Scaling Equations for J±

This calculation outlines roughly the steps of the procedure in obtaining the scaling equation
Eq. (6.38). In order to keep the notation to a minimum we will in general write γB simply
as B. To keep equations lean any unused or unimportant sums or integrals are in general not
written explicitly, and we count on the reader to refer back to the relevant equations if doubt
should arise.

As of Eq. (6.20),

S(2)
− = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′J±

a′aJ
z
b′bS

+(τ)Sz(τ ′)s−a′a(τ)s
z
b′b(τ

′) (A.1)

S(2)
+ = −1

2
Tc

∑

a′ab′b

∫

c
dτ

∫

c
dτ ′J±

a′aJ
z
b′bS

−(τ)Sz(τ ′)s+a′a(τ)s
z
b′b(τ

′) (A.2)

Average these expressions to obtain the the effective S-matrix for each S̃(2)
− ,

S̃(2)
− =

i

2
J±
a′aJ

z
abS

+(τ)Sz(τ ′)c†a′↓(τ)cb↑(τ
′)G(0)

a (τ, τ ′)

− 1

2
iJ±

baJ
z
b′bS

+(τ ′)Sz(τ)c†b′↓(τ)ca↑(τ
′)G(0)

b (τ, τ ′) (A.3)

Where the time-ordering operator, the time-integration and the momentum sums are contained

implicitly. Likewise for S̃(2)
+ ,

S̃(2)
+ = − i

2
J±
a′aJ

z
abS

−(τ)Sz(τ ′)c†a′↓(τ)cb↑(τ
′)G(0)

a (τ, τ ′)

+
1

2
iJ±

baJ
z
b′bS

−(τ ′)Sz(τ)c†b′↑(τ)ca↓(τ
′)G(0)

b (τ, τ ′) (A.4)
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In the coming we will only consider the first diagonal term in the Schwinger-Keldysh represen-

tation. Thus for S̃(2)
− we find that,

τ >c τ
′ :

i

2

∫ ∞

−∞
dt

∫ t

−∞
dt′

[
J±
a′aJ

z
abS

+(t)Sz(t′)c†a′↓(t)cb↑(t
′)G(0)>

a (t, t′)

−J±
baJ

z
b′bS

z(t)S+(t′)c†b′↓(t)ca↑(t
′)G(0)>

b (t, t′)
]

(A.5)

τ <c τ
′ :− 1

2
i

∫ ∞

−∞
dt

∫ ∞

t
dt′
[
J±
a′aJ

z
abS

z(t′)S+(t)cb↑(t
′)c†a′↓(t)G

(0)<
a (t, t′)

−J±
baJ

z
b′bS

+(t′)Sz(t)ca↑(t
′)c†b′↓(t)G

(0)<
b (t, t′)

]
(A.6)

and for S̃(2)
+ ,

τ >c τ
′ :− 1

2
i

∫ ∞

−∞
dt

∫ ∞

t
dt′
[
J±
a′aJ

z
abS

−(t)Sz(t′)c†a′↓(t)cb↑(t
′)G(0)>

a (t, t′)

−J±
baJ

z
b′bS
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(A.7)

τ <c τ
′ :

i
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dt
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z
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]
(A.8)

Utilize the general spin 1/2 relations,

S+S− = 1
2 + Sz S−S+ = 1

2 − Sz

S−Sz = −SzS− = 1
2S

− S+Sz = −1
2S

+ = −SzS+

SzSz = 1
4

Starting with the first ordering of S̃(2)
− , where we have changed the limit of one integral from

∞ to −∞. Such a change will only influence the real part of the effective S matrix, which will
not be considered here.
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and then the S̃(2)
− last ordering
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Then turn to S̃(2)
+ first ordering,
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dt′c†a′↓(t)cb↑(t

′)J±
a′aJ

z
abe

iBt
[
S−SzG(0)>

a (t, t′)− SzS−G(0)<
a (t, t′)

]
(A.13)

− i

4

∫ t

−∞
dt′c†a′↓(t)cb↑(t

′)J±
a′aJ

z
abe

iBt
[
S−G(0)>

b (t, t′) + S−G(0)<
b (t, t′)

]
(A.14)
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and then S̃(2)
+ , last ordering

− i

2

∫ t

−∞
dt′c†b′↑(t)ca↓(t

′)J±
abJ

z
a′ae

iBt′
[
SzS−G(0)>

a (t, t′)− S−SzG(0)<
a (t, t′)

]
(A.15)

i

4

∫ t

−∞
dt′c†b′↑(t)ca↓(t

′)J±
abJ

z
a′ae

iBt′
[
S−G(0)>

a (t, t′) + S−G(0)<
a (t, t′)

]
(A.16)

We will go by a little different approach here but the overall result is still valid. Instead of
performing the time-intregration directly we insert the Fourier transforms of the field operators
and perform the time integrals. The included frequency ε will then play the rôle of the incoming

state energy. For S̃(2)
− we have that,

∫ t

−∞
dt′

∫
dω

2π

∫
dε

2π
c†a′↓(ω)cb↑(ε)

[
−J±

abJ
z
a′aS

+e−iBt + J±
a′aJ

z
abS

+e−iBt′
]

× (1− 2f(ξa))e
−iξa(t−t′)e−iωteiεt

′
. (A.17)

There is two relevant time integrations contained in this expressions

e−iBte−iωt
∫ t

−∞
dt′e−iξa(t−t′)eiεt

′
= e−iBtei(ε−ω)t

i

ξa + ε− i0+
(A.18)

and

e−iωt
∫ t

−∞
dt′e−iξa(t−t′)eiεt

′
e−iBt′ = e−iBtei(ε−ω)t

−i

ξa − ε−B + i0+
(A.19)

While for S̃(2)
+ ,
∫ t

−∞
dt′
∫

dω

2π

∫
dε

2π
c†a′↓(t)cb↑(t

′)
[
−J±

a′aJ
z
abS

−eiBt + J±
abJ

z
a′aS

−eiBt′
]

× (1− 2f(ξa))e
−iξa(t−t′)e−iωteiεt

′
(A.20)

Which contain the same relevant time integrals. For δDS̃
(2)
− and δDS̃

(2)
+ (and ignoring imaginary

parts),

"∫

"
νFdεa

sgn(εa − µa)

εa − µa + ε

= νF
δD

D − µa + ε
− νF

δD

−D − µa + ε

= νF
δD

D

2D2

(ε− µa)2 −D2
(A.21)

and
"∫

"
νFdεa

sgn(εa − µa)

εaµa − ε−B

= νF
δD

D − µa + ε−B
− νF

δD

D − µa + ε−B

= νF
δD

D

2D2

(ε− µa −B)2 −D2
(A.22)
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Collecting all the terms and inserting into the scaling equations of chapter 5 leaves one with,

δJ±
α′β

δ lnD
=

1

2
νF
∑

α

(
Jz
α′αJ

±
αβ + J±

α′αJ
z
αβ

)( D2

D2 − (ε− µα)2
+

D2

D2 − (ε− µα −B)2

)
(A.23)



Appendix B

Time Ordering on the Keldysh Contour
for 2-loop Calculations

Time ordering an expression of the form

Tc

∫

c
dτ

∫

c
dτ ′

∫

c
dτ ′′H ′(τ)H ′(τ ′′)H ′(τ ′′) (B.1)

In this case we don’t distinguish between cases when τ reside on the upper or lower contour.
This gives rises to the 3! = 6 different time-orderings presented in Figure B.1.

B.1.1: τ >c τ ′ >c τ ′′u B.1.2: τ >c τ ′ >c τ

B.1.3: τ >c τ ′ >c τ B.1.4: τ ′′ >c τ ′ >c τ

B.1.5: τ ′′ >c τ ′ >c τ B.1.6: τ ′′ >c τ ′ >c τ

Figure B.1: Keldysh time ordering of three different times τ , τ ′ and τ ′′.
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Appendix C

Matlab code

1 func t ion ss = szsz (T )
2 Nx=16;
3 Ny=16;
4 Nz=16;
5

6 d = 1 . 0 1 ;
7 D=3;
8 z=2∗D ;
9

10 f o r t = 1 : l ength (T ) ,
11 ssi = 0 ;
12 f o r nx = −Nx : 1 : Nx ,
13 f o r ny =−Ny : 1 : Ny ,
14 f o r nz = −Nz : 1 : Nz ,
15 dk = [ nx/Nx , ny/Ny , nz/Nz ] ;
16 i f ( ( sum( dk . ˆ 2 ) <= sum( ( abs ( dk ) − [ 1 , 1 ,1 ] ) . ˆ 2 ) ) && ( dk (1 )<=1) ...

&& ( dk (2 )<=1) && ( dk (3 )<=1)) , % in c lud e s only FBZ
17 gamma = 1/D∗sum( cos ( dk∗pi ) ) ;
18 omega = z∗1/2∗ s q r t (dˆ2−gammaˆ2) ;
19 ssi = ssi + 1/(2∗ s inh ( omega /(2∗T ( t ) ) ) ˆ2) ;
20 end
21 end
22 end
23 end
24 ss (t ) = ssi /((2∗ Nx+1)∗(2∗ Ny+1)∗(2∗ Nz+1)) ˆ2 ;
25 end
26

27 func t ion ss = spsm (T , q )
28 Nx=16;
29 Ny=16;
30 Nz=16;
31 N=8∗Nx∗Ny∗Nz ;
32

33 qx = q (1 ) ;
34 qy = q (2 ) ;
35 qz = q (3 ) ;
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36

37 D = 3 ;
38 z = 2∗D ;
39 d = 1 . 0 1 ;
40

41 f o r t=1: l ength (T ) ,
42 dq = [ qx/Nx , qy/Ny , qz/Nz ] ;
43 sgn = 1 ;
44 i f (sum( dq .∗ dq ) > sum(( [1 ,1 ,1 ] − abs ( dq ) ) . ˆ 2 ) ) ,
45 dq = dq−s i gn ( dq+ones (1 ,3 ) ∗1E−12) ;
46 sgn = −1; % Determining the s ign o f (−1)ˆn
47 end
48 gamma = 1/D∗sum( cos ( dq∗pi ) ) ;
49 omega = z∗1/2∗ s q r t ( dˆ2−gammaˆ2) ;
50 ss (t ) = 1/(2∗N ) ∗(1+exp(−omega/T (t ) ) ) /(1−exp(−omega/T (t ) ) ) ∗ s q r t ((1−sgn∗...

gamma/d ) /(1+sgn∗gamma/d ) ) ;
51

52 func t ion [ sxsx , qss ] = sxsx ( T , q )
53

54 Nx = 16;
55 Ny = 16;
56 Nz = 16;
57

58 N = 8∗Nx∗Ny∗Nz ;
59

60 dq = [ q (1 ) /Nx , q (2 ) /Ny , q (3 ) /Nz ] ;
61

62 D = 3 ;
63 z = 2∗D ;
64 d = 1 . 0 1 ;
65

66 ss = 0 ;
67 f o r nx = 0 : ( 2∗ Nx−1) ,
68 f o r ny = 0 : ( 2∗ Ny−1) ,
69 f o r nz = 0 : ( 2∗ Nz−1) ,
70 n = [ nx , ny , nz ] ;
71 i f ( mod ( nx+ny+nz , 2 )==0)
72 ss = ss + exp ( i∗sum( dq .∗ n ) ∗pi ) ;
73 e l s e
74 ss = ss − exp ( i∗sum( dq .∗ n ) ∗pi ) ;
75 end
76 end
77 end
78 end
79 ss = re a l ( ss ) ;
80

81 qss = ze ro s ( s i z e (T ) ) ;
82 i f ( q == [16 , 16 , 16 ] ) ,
83 f o r nx = −Nx : Nx ,
84 f o r ny = −Ny : Ny ,
85 f o r nz = −Nz : Nz ,
86 dk = [ nx/Nx , ny/Ny , nz/Nz ] ;
87 i f ( ( sum( dk . ˆ 2 ) <= sum( ( abs ( dk ) − [ 1 , 1 ,1 ] ) . ˆ 2 ) ) && ( dk (1 )<=1) ...

&& ( dk (2 )<=1) && ( dk (3 )<=1))
88 gammak = 1/D∗sum( cos ( dk∗pi ) ) ;
89 thetak = .5∗ atanh ( gammak/d ) ;
90 omegak = z∗1/2∗ s q r t (dˆ2−gammak ˆ2) ;
91 f o r t=1: l ength (T ) ,
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92 nk = 1/( exp ( omegak/T ( t ) )−1) ;
93 qss ( t ) = qss (t ) + 2∗nk∗ cosh ( thetak )ˆ2+2∗(1−nk ) ∗ s inh (...

thetak ) ˆ2 ;
94 end
95 end
96 end
97 end
98 end
99 end

100

101 sxsx = 1/N ˆ2∗ (0 .5∗ ss ) ˆ2∗ones ( s i z e (T ) ) − 2/N ˆ2∗ .5∗ ss∗qss ;
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Antiferromagnetic noise correlations in optical lattices
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We analyze how noise correlations probed by time-of-flight (TOF) experiments reveal antiferro-
magnetic (AF) correlations of fermionic atoms in two-dimensional (2D) and three-dimensional (3D)
optical lattices. Combining analytical and quantum Monte Carlo (QMC) calculations using experi-
mentally realistic parameters, we show that AF correlations can be detected for temperatures above
and below the critical temperature for AF ordering. It is demonstrated that spin-resolved noise
correlations yield important information about the spin ordering. Finally, we show how to extract
the spin correlation length and the related critical exponent of the AF transition from the noise.

PACS numbers: 05.40.Ca, 37.10.Jk, 75.40.Cx, 75.50.Ee

Atoms in optical lattices hold the potential to unravel
the fundamental physics of phenomena related to quan-
tum systems in periodic potentials including spin phases
and high-Tc superconductors [1]. One has already ob-
served the Mott insulator transition for bosons [2], the
emergence of superexchange interactions [3], the transi-
tion between metallic, band-insulator and Mott phases
for fermions [4, 5], and fermionic pairing [6]. In addition
to creating these lattice systems at sufficiently low tem-
peratures T , a major challenge is how to detect the var-
ious phases predicted theoretically. These phases can be
investigated via higher order correlation functions which
only show up as quantum noise in most experiments.
Quantum spin noise spectroscopy [7, 8] and the measure-
ment of correlations of the momentum distribution of the
atoms after release from the lattice (TOF experiments)
are two ways to probe these correlation functions [9].
TOF experiments have already been used to detect pair-
ing correlations in a Fermi gas [10], bosonic bunching and
fermionic anti-bunching of atoms in optical lattices [11],
the Mott-superfluid transition for bosons [12], and the
effects of disorder in the Mott phase [13].

Here, we show how AF correlations of fermionic atoms
in optical lattices give rise to distinct measurable sig-
nals in TOF experiments even above the critical temper-
ature for magnetic ordering. Spin-resolved experiments
are demonstrated to yield additional information which
can be used to identify the magnetic ordering and bro-
ken symmetry axis. The main results are illustrated in
Figs. 1-2 which show noise correlations in the momentum
distributions after expansion as a function of temperature
and momentum. We finally discuss how the spin corre-
lation length and the related critical exponent ν can be
extracted experimentally from the noise.

We consider a two-component Fermi gas in an optical
lattice of size N = NxNyNz. In the limit of strong repul-
sion the gas is in the Mott phase for low T at half-filling

and can be described by the Heisenberg model

Ĥ = J
∑

〈l,m〉

[ŝx
l ŝ

x
m + ŝy

l ŝ
y
m + (1 + ∆)ŝz

l ŝ
z
m]. (1)

Here ŝl is the spin-1/2 operator for atoms at site rl and
〈l,m〉 denotes neighboring pairs. The interaction is J =
4t↑t↓/U , with U > 0 the on-site repulsion between atoms
and tσ the spin-dependent tunneling matrix element.
The anisotropy parameter is ∆ = −(t↑ − t↓)

2/(t2↑ + t2↓).
Below we consider both cubic (3D) and square (2D) lat-
tices with lattice constant a of unity. We do not include
any effects of a trapping potential.

A major experimental goal is to detect the onset of AF
correlations with decreasing T .TOF experiments probe
correlation functions of the form [11]

CAB(r − r
′) =

〈Â(r)B̂(r′)〉 − 〈Â(r)〉〈B̂(r′)〉

〈Â(r)〉〈B̂(r′)〉
, (2)

where Â(r) and B̂(r) are atomic observables measured
at r after expansion. In Refs. 10, 11, the atomic den-
sity correlations Cnn(d) were measured with Â(r) =
B̂(r) =

∑

σ n̂σ(r) the density operator of the atoms.

Here n̂σ(r) = ψ̂†
σ(r)ψ̂σ(r) with ψ̂σ(r) the field opera-

tor for atoms in spin state σ. We also consider the
correlations between images of each of the spin compo-
nents C‖(d) corresponding to Â(r) = n̂↑(r) and B̂(r) =
n̂↓(r). This may be achieved by, e.g., spatially sepa-
rating the two atomic spin states using a Stern-Gerlach
technique [14]. By applying a π/2 pulse before the ex-
pansion one can also gain access to the spin noise per-
pendicular to the z component C⊥(d) corresponding
to Â(r) = exp(iŝyπ/2)n̂↑(r) exp(−iŝyπ/2) and B̂(r) =
exp(iŝyπ/2)n̂↓(r) exp(−iŝyπ/2).

After normal ordering and expansion of the field oper-

http://arxiv.org/abs/0907.0652v1
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ators in the lowest band Wannier states, we obtain

Cnn(k) =
1

N
−

1

2
δk,K − 2〈ŝk · ŝ−k〉, (3)

C‖(k) =
1

2N
− 〈ŝz

0 ŝ
z
0〉 − 〈ŝx

k
ŝx
−k

〉 − 〈ŝy
k
ŝy
−k

〉, (4)

C⊥(k) =
1

2N
− 〈ŝx

0 ŝ
x
0〉 − 〈ŝy

k
ŝy
−k

〉 − 〈ŝz
k
ŝz
−k

〉, (5)

where K is a reciprocal lattice vector, and ŝk =
N−1

∑

l ŝle
−ik·rl . We assume free expansion of the atoms

for a duration t, neglect autocorrelation terms ∝ δ(d)
in (3)-(5), and express C in terms of the momentum
k = md/t (~ = 1 throughout). These correlation func-
tions have contributions with different scalings. For 3D
systems, the spins order below the Néel temperaure TN .
Assuming the broken symmetry axis along the z axis,
Cnn and C⊥ have a contribution from 〈ŝz

k
ŝz
k
〉 ∼ O(1)

at k = (π, π, π) for T < TN . At other momenta or for
T > TN the correlation functions scale as 1/N . Note that
we will perform calculations where the total spin ∝ ŝz

0 of
the lattice is allowed to fluctuate, which is different from
the experimental situation where the number of particles
in each spin state is fixed. This may give rise to different
momentum independent terms in (3)-(5) for the exper-
iment, but the k dependent part should be accurately
captured by our calculations.

Experiments take 2D column density images of the ex-
panding cloud corresponding to integrating over z and z′

in both the numerator and denominator in (2). The cam-
eras also introduce a smoothening in the xy-plane, which
can be modeled by convolution with a Gaussian [11]. In
total, the experimental procedure corresponds to mea-
suring the averaged correlation function

Cexp(k⊥) =
1

4πNκ2

∑

k′

e
− 1

4κ2
1

(2π)2
(k′

⊥
−k⊥)2

C(k′), (6)

where k⊥ = (kx, ky) and κ = w/l with l = 2πt/ma
(keeping a for clarity) and w a width depending on the
pixel resolution of the CCD camera. The averaging in
the z-direction reduces the contributions to Cnn and C⊥

at k = (π, π, π) from O(1) for T < TN to 1/Nz and the
Gaussian smoothening further reduces it to O(1/κ2N).
This reduction happens because the correlations are re-
stricted to a single point k = (π, π, π) and we are averag-
ing over Nz ·NxNy/κ

2 points. Away from k⊥ = (π, π)
or for T > TN the correlations have a wider distribution
and they are less affected by the averaging.

We plot in Fig. 1 Cexp
nn (k, k) as a function of k =

kx = ky and T for a 3D lattice of size N = 323. The
spin correlation functions 〈ŝk · ŝ−k〉 were calculated us-
ing QMC simulations using the Stochastic Series Expan-
sion method [15] with directed-loop updates [16]. This
method is very efficient for Heisenberg models and gives
accurate results for a wide range of T for large systems.
For the isotropic Heisenberg model, the QMC calcula-
tions yield TN ≃ 0.945J in agreement with Ref. 18. Cexp

nn

0.5
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1
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x
=k

y
 [π]
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0
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FIG. 1: (Color online) Plot of Cexp
nn (k⊥) versus temperature

T and momentum along a diagonal cut k = kx = ky .

was then calculated from (3) with the kz average in (6)
included to simulate the experimentally relevant situa-
tion [11]. The main feature of the plot is the dip at k = π
coming from AF ordering. For T < TN , this gives rise to
a large Bragg dip at kx = ky = π [9, 17]. We see that
the Bragg dip remains also above TN but has a larger
width due to AF correlations without long range order.
The spin correlation length ξ can be extracted directly
from the width of the dip which decreases with decreas-
ing T −TN reflecting that ξ increases as ξ ∼ 1/|T −TN |ν

for T → T+
N . We show below how the noise indeed can

be used to extract the critical exponent ν. At high T the
AF correlations lead to singlet formation of neighboring
spins. This gives rise to a precursor of the Bragg peak
at kx = ky = π and an equal signal of opposite sign at
k⊥ = 0 [see (7)]. These momentum correlations can be
understood by noting that two fermions in a singlet are
more (less) likely to have the same (opposite) momentum
due to the Pauli exclusion principle. The uniform spin
noise case k = 0 was also considered in [8].

In the high-T limit J/T = 1/T̃ ≪ 1 (kB = 1), con-
trolled analytical results for the correlation functions (3)-
(5) may be obtained by expanding in T̃−1. We obtain

Cnn(k) = −
1

2
δk,K −

1

2N
+

3Zγk

8NT̃
+ O(T̃−2), (7)

C‖(k)=C⊥(k) = −
1

4N
+

Z

8NT̃
(
1

2
+ γk) + O(T̃−2) (8)

with Z = 4(6) for 2D(3D) lattices. For simplicity we
have taken ∆ = 0 and γk = Z−1

∑

a
2 cos(k · a) where

∑

a
sums over the unit vectors spanning the lattice. The

average of (7) and (8) over z can be obtained by simply
omitting the z direction in the sum.

To obtain analytic expressions for low T , we perform a
spin-wave calculation, which should be fairly accurate for
a 3D system at T ≪ TN . This yields after some algebra

C‖(k)=
1

2N
− 〈ŝz

0 ŝ
z
0〉 −

1

2N
(1 + 2f

k̃
)e−2Θk , (9)
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FIG. 2: (Color online) Noise correlation functions Cexp

⊥ (k⊥)
(red), Cexp

‖
(k⊥) (black), Cexp

iso (k⊥) (green), and Cexp
nn (k⊥)

(blue) versus T at k⊥ = (π, π) (a) and k⊥ = (π/4, π/4) (b).
The dotted (solid) lines are with (without) Gaussian smearing
(κ = 1/40). Dashed lines show the analytical results (7)-(9).
Inset (a): same plot but zoomed in near TN .

where tanh 2Θk = γk/(1+∆) and fk = [expωk/T −1]−1

is the Bose distribution function for the spin-waves with
energy ωk = 3J

√

(1 + ∆)2 − γ2
k
. We also have 〈ŝz

0ŝ
z
0〉 =

∑

k

′
sinh−2(βωk/2)/2N2 where the sum extends over the

AF reduced Brillouin zone [8]. A similar but somewhat
more lengthy expression can be derived for C⊥(k).

We plot in Fig. 2 Cexp
nn (k⊥), Cexp

‖ (k⊥), andCexp
⊥ (k⊥) as

a function of T for k⊥ = (π, π) (a) and k⊥ = (π/4, π/4)
(b) for the same parameters as above. The solid curves
include the average over kz only and the dotted curves
include a Gaussian smoothing in the (kx, ky) plane as
well. The values for T → 0 with Gaussian smearing are
consistent with the results of Refs. [11] given the different
system size and slightly different measured quantities.
For simplicity we have excluded the Gaussian averaging
for k⊥ = (π/4, π/4) since it [contrary to the k⊥ = (π, π)
case] leads to only negligible changes. We trigger the AF
ordering along the z-direction for T < TN by including a
small anisotropy ∆ = 0.01 for Cexp

‖ and Cexp
⊥ .

Figure 2(a) shows the Bragg dip for T < TN coming
from 〈ŝz

k
sz
−k

〉 ≈ |〈sz
i 〉|

2 for k = (π, π, π) with |〈sz
i 〉| > 0.

Extrapolating to T = 0 we have |〈sz
i 〉| ≃ 0.43 ± 0.01, a

value reduced from 1/2 by quantum fluctuations. On the
other hand the spin noise parallel to the broken symmetry
axis C‖ is reduced with the onset of magnetic ordering for
T < TN as can be seen from the inset in Fig. 2(a). (The
minimal value of C‖ at TN is dependent on the anisotropy
∆.) Note that even though the density correlations are

larger and hence more easily measurable, the spin re-
solved measurements are crucial in verifying e.g. whether
the correlation dip is indeed due to magnetic ordering
and not caused, for example, by formation of a period-
doubled charge-density wave. The difference between C‖

and C⊥ for ∆ > 0 can furthermore be used to identify
the broken symmetry axis. In the isotropic case, there is
no broken symmetry axis and Cexp

‖ = Cexp
⊥ = Cexp

iso for

∆ → 0, as can be seen from the green curve in Fig. 2(a).
The calculated correlations are rather small even for

the quantities including the macroscopic contribution
〈ŝz

k
sz
−k

〉 ≈ |〈sz
i 〉|

2 at k = (π, π, π), e.g., for low tem-
peratures T . J/2 Cexp

nn ≈ 10−2 (10−3) without (with)
Gaussian smoothening and scales like 1/Nz (1/N). This
is, however, still significantly larger than the correla-
tions of order Cnn ∼ 10−4 which were recently measured
with slightly bigger system sizes [11] . The correlations
are also close to the measured experimental values even
for temperatures above TN , i.e., for T = 2J we have
Cexp

nn ≈ 6 · 10−5 (scaling as 1/N), which is comparable to
the recent experiments [11]. The measurement of noise
correlations can thus be used to show the onset of AF
order even above the critical temperature. Furthermore,
for current experiments the spin temperature is uncer-
tain because there are no sensitive probes. If the noise
correlations are measured, the detailed theoretical curves
presented here would provide a means of assessing the
spin temperature in the experiments.

The density and spin noise at k⊥ = (π/4, π/4) de-
picted in Fig. 2(b) exhibit a different behavior from that
at k⊥ = (π, π): it now decreases in numerical value for
high T and even changes sign above TN . This unusual
behavior is a geometric effect of the lattice. Note that
since the noise scales as 1/N away from the Bragg point,
a measurement requires higher experimental resolution
than what is presently available or more sensitive detec-
tion methods such as spin noise spectroscopy [8].

Atomic gases are well suited to study fundamen-
tal problems in 2D physics as the observation of the
Berezinskii-Kosterlitz-Thouless transition illustrates [19].
Recently, single layer 2D atomic gases have been pro-
duced which avoids the averaging over z discussed
above [20]. We now study the Mott phase at half-filling
for a 2D square lattice. In 2D there is no ordered phase
for T > 0 due to fluctuations, but there are still sig-
nificant AF correlations [21]. This is illustrated in Fig.
3(a), which shows Cexp

iso (k⊥) and Cexp
nn (k⊥) as a function

of T . The AF correlations give rise to a large dip for
k⊥ = (π, π) both in the density and spin noise which is a
precursor of the AF ordered state at T = 0. Since there
is no averaging over the z-direction, the correlations are
much stronger than for a 3D system above TN . Figure
3 illustrates that the noise exhibits the same non-trivial
features as a function of k and T as the 3D case.

Critical exponents characterizing continuous phase
transitions are often difficult to measure. We now demon-
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FIG. 3: (Color online) (a) Noise correlation functions
Cexp

iso (k⊥) (red) and Cexp
nn (k⊥) (blue) versus T at k⊥ = (π, π)

for a 2D lattice. The curves are obtained from QMC simu-
lations on 64 × 64 lattices. The dotted (solid) lines are with
(without) Gaussian smearing using κ = 1/40. Inset: same as
solid lines in main panel except at k⊥ = (π/4, π/4). (b) Same
as Fig. 1 but for a 2D system without the kz summation.

strate how noise measurements can be used to obtain
the critical exponent ν. The correlation length ξ can
be extracted from the width of the AF dip in the 3D
resolved function Cnn(k) at k=(π, π, π). We find that
this yields a critical exponent ν ≈ 0.70 as expected
for a 3D Heisenberg model [22]. Importantly, ν can
also be extracted from the experimentally relevant kz-
summed correlation function Cexp

nn . Figure 4(a-c) show
Cexp

nn (k⊥) at three fixed temperatures above TN . To ob-
tain ν, we fit Cexp

nn (k⊥) to a summed lattice propagator of
the form

∑

kz
[2(3−

∑

α=x,y,z cos(kα − π))ξ2 + 1]−1 with
kz = 2πnz/Nz. Figure 4(d) shows the extracted correla-
tion length ξ for various system sizes. One clearly sees
the finite-size effects setting in at decreasing T−TN . The
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FIG. 4: (Color online) Panels (a-c) show (−1)Cexp
nn (k⊥) at

T/J = 1.0 (a), T/J = 1.2 (b), and T/J = 1.6 (c). (d)
Log-log plot of extracted correlation length ξ versus |T −TN |
displaying the power-law behavior ξ ∼ |T − TN |−0.70.

extracted power-law yields ν ≈ 0.70. To obtain a robust
value for ν one needs to probe the noise for temperatures
where it is somewhat smaller than what has been mea-
sured to date. This would however enable one to probe
the critical properties of the AF transition.

In summary, we performed analytic and numerical
calculations modeling TOF experiments for repulsive
fermionic atoms in optical lattices using experimentally
realistic parameters. This demonstrated that such ex-
periments are well suited to detect AF correlations both
below and above the critical temperature. Spin-resolved
measurements were shown to yield valuable additional
information and we finally discussed how to extract the
critical exponent governing the correlation length close
to the AF transition from the noise.
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[16] O. F. Syljůasen and A. W. Sandvik, Phys. Rev. E 66,

046701 (2002).
[17] B. M. Andersen and G. M. Bruun, Phys. Rev. A 76,

041602 (2007).
[18] A. W. Sandvik, Phys. Rev. Lett. 80, 5196 (1998).
[19] Z. Hadzibabic et al., Nature 441, 1118 (2006); V.

Schweikhard, S. Tung, and E. A. Cornell, Phys. Rev.
Lett. 99, 030401 (2007); P. Cladé et al., arXiv:0805.3519.
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