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Abstract

Disordered supercondoctor is still a rich field, which is full of mysteries, to study.
The essential mechanism behind them is the key to understand microscopic conden-
sated particles’ behaviors. In this thesis, we review the BCS theory and Bogoliubov-
de Gennes equations and study the superfluid stiffness in a conventional disordered
s-wave supercondoctor. We point out the criteria of a disordered supercondoctor and
confirm the effect of T, enhancement by impurites. We also study unconventional
high-T,. d-wave supercondoctors, we try to examine a recent puzzling experiment
data presented by Bozovi¢ et al. Since lack of time, we can not make a conclusion
yet not in the future we will try to resolve the discrepancy found in the d-wave case.
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1 Introduction

In this thesis, we will discuss conventional and unconventional superconductivity in
metallic systems. Superconductivity was discovered by Heike Kamerlingh Onnes in 1911
as the disappearance of the DC eletrical resistance of mercury when cooling it below
a critical temperature T,.. superconducting material do not only possess interesting
electrical properties, but also present peculiar magnetic properties. In 1933 Messner and
Ochsenfeld observed that metals in the superconducting state are perfect diamagnets,
they expel magnetic field completely. In 1957 the first successful microscopic theory of
superconductivity, the BCS theory, was presented by Bardeen, Cooper and Schrieffer.
In this thesis, we will investigate an s-wave and d-wave superconductor using the tight-
binding model with nearest neighbor hopping in a 2-D square lattice. Using Bogoliubov-
de Gennes equations, we evaluate an important quantity called superfluid stiffness Dy,
which is used to determine the criteria of superconductor in a disorder system [1]. We
examine the effect of T,.-enhancement by disorder found by Gastiasoro and Andersen
[2]. And we also shortly discuss d-wave superconductivity using Bogoliubov-de Gennes

equations.

2 BCS theory

In the following, we brief introduce the BSC theory.

2.1 Cooper pairs

The analysis of Cooper from 1956 that the instability of the Fermi surface due to Cooper
pair formation was a percursor of the BCS theory. Cooper found that any finite (and
however small) attractive interaction may lead to a bound state pair. It seems rather
bizarre to consider an attractive interaction between two apparently repulsive eletrons,
but Cooper considered that in a medium they may end up with an effective attraction
due to the slow-moving positive ions, we can call it phonons. The interaction between
electrons and phonons may be attractive. Consider two electrons located right at the
Fermi surface combine into an electron-pair state of zero momentum and zero spin. The

Schrodinger equation for the two particle wavefunction is

B2 *(r) h2k2,

m  Or?

+V(r)y(r) = (A+

)ib(r). (2.1)

Here r = r; — ro is relative coordinate, V is a potential between two electrons, kp is

Fermi vector, m is electron mass and A is the energy of the electron pair measured with



21.2
respect to the energy of the two decoupled electrons with hn]iF . And we can rewrite the
Schrodinger equation in momentum space,
h2k? a3k h2 k2
—(k V(k—K)k) = (A EYp(k 2.2
00)+ [ GV = K0l = (A + S, (22)

where
vk) = [ droe .
(2.3)
V(k—Fk)= / dPre =Ky (1),

Then the assumption for the potential was made that the electron-phonon interaction

only exists if the eletrons are located with in hwp from Fermi surface.

27.2 2172
‘U’ fOT' Er < ﬁzrlz 7h2ﬁ1 > Er + hwp

otherwise

Vik—k)= { ; (2.4)

With this form of V(k — k') we have that

3K

2(1.2 _ 1.2
Pk — k) AYo(k) = U] / Ww(k; ). (2.5)

m

(

Introducing the density of states N(¢), we can change momentum summations to

energy integrals. Here, { denotes the energy measured from Fermi level, i.e. { = 522 7]722 —
Er. Also, we assume that N({) varies barely between [0, iwp]. Then
ﬁwD
(2 = Ayik) = [UINO) [ dcu(r), (26)
Finally, we arrive at (see Appendix A)
2
A = —2hwpexp(—————)- (2.7)
[UN(0)

Thus we get an important conclusion that the electron pair will form a lower energy
state, or we call it bound state, since A < 0. And we did not make any assumption of
the value of |U| , thus it shows that this happens for any attractive interaction no matter
how small it is. Finally note there is nothing special about the two electrons we selected
from the beginning of the calculation, so it really shows that the entire Fermi surface
is unstable when subjected to attractive electron-electron interaction. After Cooper
discovered the unstability of electron gas below a certain critical temperature T, it soon
led Bardeen, Cooper and Schrieffer(BCS) to develop the microscopic theory explaining
superconductivity. And we will briefly discuss BCS theory below.



2.2 Tight-binding model and BCS theory

In this thesis, tight-binding model is applied to analyze superconductivity. In tight-
binding model, free electrons in lattice are constrained to discrete positions corresponding
to the atoms at crystal lattice (the eletrons are considered to be ’tightly bound’ to atoms).
However, the electrons can hop from one atom to another, which allows electrons to
travel through the lattice, which enable normal eletrical conduction. Hopping between
nearest-neighbors is controlled by a hopping parameter ¢.

In order to develop our model, we introduce second quantization formalism, which

is well used in many body systems. In this formalism, we have the so-called creation
.|.

operators(c;,) and annihilation operators(c;,), which means an electron with spin o is
added or removed from the lattice site ¢. The electron number operator, which gives the

number of electrons with spin ¢ on site ¢ is
Njg = c;rgcw. (2.8)

Therefore, the kinetic energy Hamiltonian for free electrons in tight-binding model can

be written as

Hy=-t Z (cjacjg + H.c)

<ij>,0
; (2.9)
= Z Eka +Cko+
k,o
Here k is momentum, ex = —2t(cos(k,) + cos(ky)) for two-dimensional square lattice

system.
Then considering about the electron-electron attractive interaction(Cooper pairs),

the Hamiltonian of BCS theory is given by [3]:

Hpcs = Z(é‘kciacka) + Z ka'CLTCT—kic-k’iCk’T (2.10)
k.o Kk’
where Vi = —|U| for |ex| < hwp. The second term is an interaction term which

describes scattering of Cooper pairs with momenta(k’, =k’ into another pair with mo-
menta (k, —k). However, this interaction term cannot be diagonalized. Hence, we apply

a mean-field decoupling of the interation term;

CLTCikic'k’J,Ck’T ~ <CLTCik¢>C—k/J’Ck/T + CLTCT—u(C—k’iCk’T)' (2.11)

Here Hartree shift is absorbed into the chemical potential.



Then we define a parameter
A=—[UD {ego). (2.12)
k
The BCS mean-field Hamiltonian is obtained:

ergnés = Z(ekcirwckg) + Z(ACLTCT—ki + A*C—k¢CkT)a (2.13)
k,o k

which we can write in matrix form as
€k A Ckt
Hmf — ( CT c_ ) . 2.14
BCS Ek: Kkt k| A* —e g CT—u (2.14)

Here we assume the crystal exhibits inversion symmetry then the spectrum in invariant

under k — —k, i.e. e_x = ¢x. Now we diagonalize the Hamiltonian by introducing the

U= < Hle T ) , (2.15)
Uk Uy

and demand that it diagonalizes Hgésv

ot ok Ay B 0 ) (2.16)
A* —ey 0 —Fx

In homogeneous case, k is a good quantum number and uy and vk can be taken to be

unitary transformation U

real. Using that U is unitary, so that |uk|? + |vk|? = 1, then we get that:

Eyx = \/ei + |A]?, (2.17)
1 €k 1 €k
_ |t = /2(1 = =2, 2.1

Diagonlization also means performing a transformation, the Bogoliubov transformation,

of the original operators to a set of new fermionic creation and annihilation operators:

Tk Ck
( TT>_UT<CTT> (2.19)
Vx| Kkl

and the Hamiltonian is diagonal in these new operators:

Hpyls = Eo+ > Bty Vo (2.20)
ko



The new quasiparticles described by the number operator fle{ + ko are called Bogoliubons
after the Bogoliubov transformation spawning them. As is evident from Eq.2.17, there
are no fermion excitation possible with energy less than |A|. Then the mean-field pa-
rameter |A| provides an energy gap denoted the superconducting gap.

The self-consistent solution for A is given by using Eq.2.15, 2.18 and 2.19:
A=—[U]D (e o)
Kk

= — U] (s + virle) ¥ (wemier — ving)
K

= U1 wevp(1 = f(Bx) — f(F)) (2.21)

k

= U] Y ucvg(1 - 2f (Ex))
K

A Ex
= U] zk: 2Ektanh(2kBT)

where in the third step it was used that the Bogoliubons are free fermions so that
<*y;£ ko) = f(Ex), here the Fermi distribution f(Ey) = m. The mean-field
assumption made by BCS is that due to the presence of cooper pairs, causes the expec-
tion value <CT—k¢CIT<T> # 0, and its fluctuations around the average value are small. In
finite temperature situation, as the temperature rises, Cooper pairs are split and leave
the cooper-pair condensate as ordinary electrons. The critical temperature is the tem-
perature where all Cooper-pair break into ordinary electrons(and A vanishes). Below the
critical temperature the thermodynamic average of cT_k icltT is non-zero, which violates

gauge invariance [4].

2.3 Gauge invariance breaking

As we know, when a phase transition appear, there is always one kind of symmetry
broken. For metal-superconductor transition, below critical temperature the gauge sym-

metry is broken spontaneously. The gauge transformation can be written as:

A—A=A+vy,

) 2.22
Cke — Cko = Cko€ X. ( )

Here A is vector potential and y is scalar potential. For superconductors, physical

quantities may change after performing the gauge transformation. For instance, in the

2
case of the Meissner effect, the London equation J, = —%S(T)A is not gauge invariant

any more. If we perform the gauge transformation Eq.2.22 a physical quantity, current



Je, changes. But we can still argue that the calculation unchange for the transverse part
of A fulfiling <7- A = 0. However, the longitudinal part /x appearing in A by the gauge

transformation affects the order parameter A,

Ak =—[U Y (cowpont) = Ak = Age™ . (2.23)
K

This result indicates that the Messiner-effect calculation should have been done self-
consistently with A. So in the gauge V- A = 0, gauge transformation may not effects the
transverse part of physical quantities, but the longitudinal part would change. More de-
tails will be discussed later. And in next chapter inhomogeneous case will be considered,
we will introduce Bogoliubov-de Gennes equation and focus on the disorder dependence

of various physically interesting quantities, such as superfluid density, energy gap.



3 Inhomogeneous BCS theory

For clean supercondoctors, just like a peaceful, boring openwater, if we want to know the
mysteries beneath the water, we need to throw some rocks in it and see what is happening.
Disorder is just like rocks, if we want to know the mechanism for superconductors, the
inhomogeneous system is our rough sea.

For homogeneous system, as we know k is a good quantum number, the unitary
transformation(Bogoliubov transformation) is rather easy to obtain as previous chapter
shows. However, for inhomogenous system, there are some random impurities sprinkled
in the crystal, therefore k is no longer a good quantum number. We need a more powerful

tool: the Bogoliubov-de Gennes equations.

3.1 Bogoliubov-de Gennes equations

The purpose of solving the Bogoliubov-de Gennes equations is to find the unitary trans-
formation which diagonalizes the Hamiltonian. The Hamiltonian describling s-wave su-
perconductivity in a two-dimensional square lattice using tight-binding model is given
by
H=-t Z (cjacjg +Hec)+ Z(% — p)nie — |U] Z”iT”ii' (3.1)
i

<7:j>,0' i,U
Here cja(cio) is the electron creation(annihilation) operator with spin o on a site r; of a
square lattice, t is nearest-neighbor hopping, V; is real space disorder strength, p is the
chemical potential, |U| is pairing interation, and n;, = c;facw.

Then we apply mean-field approximation, which means
i) ~ <CiTCi¢>CITCL + CiTCi¢<C;rTC;r¢>’ (3.2)
and we define the local pairing amplitude(order parameter)
A = Ul eiresy)- (3.3)
The Hamiltonian can be rewriten as

H=—t Z (CIO_CjU + H.c.) + Z(V, — )N + Z[Afcmcu + C;‘FTCZT¢AZ‘]' (3.4)

<’Lj>,0’ 'i,O' (

The Hamiltonian can be written in matrix form:

H=Y < ch ) ( —t05) + (Vi = )0 Ay ) ( El ) (3.5)
7\ A7y t0ig) — (Vi — 1)dij )

10



Here

1 for i=j
0ij = ) 3.6
“ { 0 otherwise (3.6)
1 for 4 and j are nearest neighbor
0 otherwise
The Hamiltonian can be diagonalized by the transformation
H=FEy+ Z EnO"Y:Lo',ynUa
no

n

CL = Z(u;il,ryjzi + Uniy Ynt)-
n
here v and 7' are quasiparticle operators, which are linear combinations of the original ¢
operator. As well as we only care about the excitation above the superconducting ground
state, thus the summation is over positive eigenvalues only(E,, > 0). The matrix form

for the transformation can be expressed in this way:

T * T
G | _ Z Upit ~Unit Tnt 7 (3.9)
Ci) n Unip  Unil Tnl

which the unitary matrix can be defined by

U= ( Uit ot ) 7 (3.10)
n UTL’L'\L uTL’L\L
and it satisfies UTU = 1, which means u,; and v,; satisfy the relationship Yon [unil? +
"Um“2 =1.
Using the form of H given by Eq. 3.4(more details seen in Appendix B), we have
[H, CiT] =t Z CjT - (‘/z - M)Cz’T - Aic}i’
()

[H, Cu] = tZCjJ, — (Vz — ,U)Cu + Aic:;rT-
)

(3.11)

Here (j) means nearest neighbor. Similarly, using the form of H given by Eq. 3.8 and

[%,WT] = 1, we have

[H,cit] = [H, > (unitynt = Uhir¥h ) = D (= Engtinit ot — Eayvig ),

" " (3.12)
[H,cig) = [H, > (unigyng + Ui 0] = D (= Enytini oy + BtV 1)

11



By substituting the transformation in Eq. 3.8 into Eq. 3.11 demanding the commutators
in Eq.3.11 and 3.12 to be equal, we can obtain the Bogoliubov-de Gennes equations
Erjunip = —t Z Unjt + (Vi — p)unit + Aivpiy,
)
Eppvpip = Z Upit — (Vi = p)opie + Djugy
(4
By up = —t Z Unjp + (Vi — 1) Uniy + AiUnit,
)
Eptvp =t Z Upjy — (Vi = p)og; ) + Agg e,
)

these four formula can be written in matrix form:

] . ) — g [ (3.14)
A* —K* Uni| Unil
K A ni ni.
) > B I o e (3.15)
A* —K* Unigt Unit

Where K,y = —t > <j> Unjo + (Vi — t)unie and Atnic = Ajniy, and similarly for

(3.13)

Unio- And it is only necessary to solve one of the Eq. 3.14 and 3.15, because it’s clear to
see if (unst, Uni)) is an eigenvector of matrix with eignenergy Ep4, then (up;y, vnit) is the
eigenvector with same eigenenergy E,,|, thus the spin index can be suppressed. And we
only want to consider the excitation eigenvalues F,, > 0. The self-consistency conditions

are given by
Ai = |Ul{cireqy)
= ‘U|<Z(Um’7n¢ — Uy );ﬂ X Z(Un’z"an + ”Z’ﬂ:m»

n/

= UIY univli (1 — F(Ey) — f(En)) (3.16)
= U univ(1 = 2f(En)).
<nz> - Z<C§Ucw> = Z(u;iuni’ﬂm’ma + U;ivni’)/n&’yjz&)
’ (3.17)

=23 i f(B) + 021 - [(E)).

Here the summation is over positive eigenvalues only. Then we solve the BAG equations
as follows; Starting with setting a finite lattice of N sites with periodic boundary condi-

tions and define all kinds of parameters, nearest-neighbor hopping ¢, disorder strength

12



Vi, pairing interation |U| and average density (n) = ) .(n;) . Guess an initial set of
order parameter {A;} and an initial chemical potential p, which is determined by aver-
age density (n). Then we solve the BAG equations 3.14, determine the eigenvalues E,
and eigenvectors {un;i, vn;i}. Using Eq. 3.16 and Eq. 3.17, compute {A;} and {n;}. If
these values differ from the initial ones, the whole process will be iterated with these

new values until the results are self-consistent.

3.2 Disorder and impurity

Disorder is always an important issue for superconductivity. So what happens to the
superconductivity, or we can say critical temperature 7., upon increasing the amount of
disorder in a material? From lots of previous studies, the well acceptable answer is that
critical temperature T, drops or remains unaffected. In strong-disorder regime, when
the coherence length £ is longer than the inter-impurity distance, the electron-electron
interaction is affected by impurities, electrons of Cooper pair may hitting into impurity
causes SC order parameter reducing dramatically and Cooper-pairs breaking [5] [6] [7].
Thus critical temperature T, drops. In week-disorder regime, when the coherence length £
is not longer than the inter-impurity distance, disorder may not affect superconductivity.
Anderson’s theorem [8] states that nonmagnetic week disorder does not affect T, for
conventional superconductors. But Anderson’s theorem does not work in unconventional
superconductors, this is a complicated and unsovled problem. We are not going to discuss
about it in this thesis.

However, we may ask, is it possible to enhance superconductivity by disorder? At
least, there is no fundamental principle preventing it. In the following section, using the
Bogoliubov-de Gennes approach, we demonstrate that disorder-generated T, enhance-

ments and try to figure out the criteria for superconductivity.

13



4 Superfluid stiffness

In this section, we will discuss superconductivity of inhomogenous systems. But first we
have to figure out the critical line between superconductors and metals. Apparently, the
appearance of the excitation gap(A) is not the reason for the superconductivity itself.
The superconductivity is due to the lack of gauge invariance. The superconductors
spontaneously break the gauge invariance by picking a particular phase ¢ below T.. In
other word, the superconductor prefers to sustain a constant phase ¢ everywhere in
lattice in order to minimize the free energy. And in fact, gapless superconductors do
exist. So we need a physical quantity to determine whether a system is metallic or

superconducting.

4.1 Theory of superfluid Stiffness

In this section, we will introduce an important physical quantity, superfluid stiffness.
Superfluid stiffness can be used to examine the criteria for superconductivity.
First, let’s consider the electrical current in our model. The x component of the

paramagnetic current density can be written as:

3= S+ @) TV (1)) — (TU () oy + )] = it 3l apio — Clytirao),

(4.1)

and K,; is the kinetic-energy density along with the x-oriented links:

Kqi = Z[\I/I,(’Fl + )W, (r;) + \I}L(ri)‘lla(ri + )] = tZ(CL—xUCiJ + C;'[gci—&-a:a)' (4.2)

o

The total current-density j.; is obtained by

here A is vector potential. More details can be seen in Appendix D.

Apply the Kubo linear response formula, we obtain

(a(g,w)) = —€*[(=Ka) = Aaa(q, )] Au (g, w). (4.4)
Here Ay, (q,w) is obtained from

. 1 g WnT [z :
Meslavisn) = 7 [ dre 7 (i2(a.7)52(-a.0)), (45)

14



with {w,, = 2anT, by the usual analytic continuation in which w, — w + id, and

Bla) =ity e (el o — clycitan)- (4.6)

0
As is well known, the Meissner effect can be expressed by London equations. When a
superconductor in a static, w = 0, long wavelength g, — 0, vector potential, the London

equation can be written in a transverse gauge q- A =0 as

11

]x(Q) = _EﬁAa:(Qy)' (47)

In this case, the magnetic field would be expelled except within a penetration depth A,
with

r drnge?
A2 me?

Here ng is the superfluid density and m the electron mass. And the linear relation

(4.8)

between electrical current and vector potential is

ja(a) = Aap(a)As(a), (4.9)
Aap = (6ap — q‘;gﬂ)AT + %AL. (4.10)

Here AT is the transverse part of A and A” longitudinal part. And we here apply Einstein

summation convention. For a superconductor, from Eqs. 4.7 and 4.9 one has

2

e

s

D,
= : 4.11
)= (4.11)
Where Dy is superfluid stiffness which measures the ratio of the superfluid density to

the mass. Now from the linear response relation, Eq. 4.4, and Egs. 4.10 and 4.11, we

have D
—5 = {~Ka) = Auw(de = 0, = 0,iw, = 0), (4.12)
and
0= (—-K;) — Apz(gz — 0,qy =0, 4w, =0). (4.13)

And we can expect that Dy goes to 0 for a metal or insulator, and Dy remains finite for

a superconductor. More details will be discussed in Appendix D.

4.2 Calculation of the Superfluid Stiffness by BdG

In this section, we want to calculate the superfluid stiffness D; and some physically

interesting quantities. Once the BdG iteration process is done, a self-consistent set of

15



{A;} and {n;} are obtained. Using Bogoliubov transformation Eq. 3.8, some physically
interesting quantities can be demonstrated.

Using Eq. 4.2, the kinetic-energy density along with x-oriented bonds can be ex-
pressed by:

]>?
(4.14)

here summation over all n with F,, > 0. For a spin-less case we can drop the spin index

<_K$> = <t Z [(uz+xo ioc T u?: ?—&-:ca)f(E ) +0 ( H—a:a za + Uzna* ?+wa)f(_En5)

i,M,0

and write simply as we argue in previous chapter. And since 62 = 1, the above formula

can be rewritten as:

(—Ke) = 2603 [(ufoul + uiuf o) f(E) + (vl +of* ol ) f(—Ea)]). (4.15)
,n
In homogeneous case(E,, = Ej), applying Fourier transformation yields

(—K) = 260 Y [(uifgufe MR ppry, oW DR f(E,)
k,k'n

+ (UZ_’_xvgwe—zk(n-&-x) ik'r; 4 Un*vf_,_xe_ik/(ri—i_x)@ik”)f(—En)]> (4.16)
=4t > (ujcos(ka) f(Ey) + vicos(ky) f(—Ey)).

Then turning to the current-current correlation function, using Eqs. 4.5 and 4.6, this is
then

Ax:c(%:ﬂwn = Z MnT zq(rj i) (Cz-i—:ga(T)cia(T) - CIU(T)Ci-‘t‘xO'(T))
ijoo! (4.17)

X (c;+xa’(0)cj0’(0) — 1 (0)¢ 4007 (0)),

Fourier transform it to the real space gives

;g —t? g iwn T
Aso(iyiwn) = == D /O AT (cl, 4 (T)eia (1) = el (7)eita (7))

(4.18)
% (el 4 10 (0)¢507(0) = €l (0)¢ 0 (0)),
so that
Ao (qyiwn) =D TN (6, i), (4.19)
ij
we have to evaluate the four correlators
(e 4o (T)cio(T)eh 1 (0)ejor (0)), (4.20)

16



(el oo (T)cio(T)h (00100 (0)), (4.21)

(el (T)itan (T)el, 100 (0)¢jor (0)), (4.22)

(el (7)eirao(T)el ) (0)¢j a0 (0)). (4.23)
Applying Wick’s theorem

(€0 (T)eio(T)el 4o (0)sor (0)) = = (es0r(0)c] o (P eio (Tl 10 (0))

(4.24)
— (el ao ()L 1o (0)){Ci (T)cjor (0)),
cT TC'TCT-, Citao! Citpo! T Cig(T)C} ,
(el 00 (7)€io (7)€ (00100 (0)) = — (e <>z+w< 7)) (cio(T)cl, (0)) .
(el (1)l (0)) (Cia ()40 (0)),
(e (T)eta0(T)h 4 1o (0)ejar(0)) = = (ejor (0)chy (M) {itao(T)el 10 (0) oy
(el (Pl 40 (0)) (Citaa (T)ejor (0)),
CTTC' TCT-, Citro! Citro! f CitzolT)C:
(e, (T)eitao (T)Eh (00100 (0)) = — (e (0)el, (7)) {Cian (7)el, (0)) .

(el (M)l (0))€itaa (T)eja (0)).
Plugging in the Bogoliubov transformation Eq. 3.8, one gets for the first term in Eq.
4.24 that

(101 (0)c 4 (7)) (Ciar (T)Eh 4 (0))

o n* n T
__Z Wjg 'L+xcr oo ’Vna’(o)’y;rw( ))-1—00/1)]0 Vitao O35/ <’V (O 1ma (7)) (4.28)

Z<uwuﬁmléaa Yo (1)1 (0)) + TGOV 80 (5 () o (0))),

m

and from the second term in Eq. 4.24

— (el 2o (T)Eh 1 (0 {Cio (7)cjor (0))
= _Z o' ’:L:ZBO' j+xa’600 <7na( )’YTL&’(O» +Uvz+xa ]+Z‘U’500 <7n0( )’YLU/(O»)X

n

> (@ UV S (Yo ()75 (0)) + GV U 607 (Vs (T) Vo (0))).

(4.29)
The other three terms can be obtained by interchanges of i <+ ¢ + z and/or j <+ j + x
indices. Using that

(o (1)1 (0)) = (1 = f(Bng))e BT,
e (M) (0) = f(Eng)eT,

4.30
(e (0) o (7)) = = f(Epg e, (430
(W (0100 (7)) = —(1 = f(Eng))e T



One can infer that the first part (of the normal part) contributes to the correlator with

Aln(,l j,an o Z/ drelw”T .;LU ?jxauguﬁzo‘( f(EnO'))(l_f(Emg))e(E”"iEmg)T

nmao

U VU g (— F (Bn)) ( (B el ot o)

_'_0_21}11* noom, mx ( (1 _ f(EnE)))(l . f(EmU))e(fEnafEmo)T

jo 'L+3w w0 jtxo

+ G VTV VT (= (1= [(Bng))) (f (Bmg) el ot EmelT),
(4.31)

which % = 1 Performing the 7-integration gives

tz * f(Eo)_f(E 0)
Aln(l ],an) - N Z(ujauz+IUu:Zuﬁ$U iwn, Z_E' — énmo

nmo
N f(Bne)+ f(Ems) — 1
u]a z—i—xav:g U]r'n-l—:ca ( nU) ( mU)
Wn Ena Emc‘f (432)

m, mx 1- f(En&) — f(Ema)

* . m
+ o™ Uy
jo z+:po o Yjtxo .
wn — Eng — Eme

+ Un* n ,Um*vm f(Ema) B f(ETLO'))
Jo VitzoVic ]—HCJZW _Ena' +Emo

likewise one can find that the first part of the superconducting part contributes with

A;S (Z ]’an - Z / dTezwnT ?—l—xa ;l—l-mau;zvﬁ*f(Ena)(l - f(EmU))e(EnU_EmU)T
nmo
OO gV f (Er) | (B )+ ome)™

7
+ OOV U Ui (1 = f(Ens)) (1 — f(Em ))6(_En5—EmU)T

a0 35 (1= F(Eno))( ()l B

2
+U g ,Uz—f—xauj—&—xavza uj& )

(4.33)
which 6o = —1, Performing 7-integration of this monster gives
f(Ena) - f(EmJ)
Aln — T gy Te*
f(EnO') + f(Emﬁ) —1
n mx_ m
FUlar e o By + B (4.34)

1= f(Em'r) - f(Emo)
+ Uz-l—;ta ]-I—.Z’O’u:g'v% Wy, — Em‘r . Emo’

v [ (Bmg) = f(Eng)
- UinJr:(:au?ifEa'U?; u% TGE ne 1 E:L':J)
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Combining it all together, we get AL (4, ,iw,) = ALR(i, j,iwy,) + AL (4, 7, iwn),

e S I (Fug) = (o)
A:}cx(laja an) - N Z([u ul+$0'umu;1€w' - u?erUU?er&uggv%*] iwn Z‘UEna - ‘ETZ:U "

nmao

[ mx m _|_u n Um* m]f(Eno)+f(Em&)_l+

Ujo-u2+xo'vla' jtxo i+zoVj+asVic Ujs iw, +E, +E
n no mo

[U Uz—l—xaum ﬁfazg + UH—:UJ ;lj-cca ?;U;jf*] ! _ f(En6) — f(EmU) +
iwn — Eng — Eme
[vn*vn Iy — u™ vm*um]f(EmE) B f(Enﬁ))
jo YitxzoYioc Yjtxo i+xo)j+txo Yo jo iw, — B -+ E .

n no mo
(4.35)

With this notation the total function is
A (i, Jyiwn) = AL (4, 7 iwn) — A2 (i, §, iwn) — A3 (4, j,iwn) + AL (3, 7,iwp),  (4.36)

where A2_(i,7,iw,) is obtained from the above explicit expression for Al (i, j,iw,) by
simply interchanging the indices j < j +x. A3, (i, ,4w,) is obtained from AL, (i, j,iw,)
by interchanging the indices i ++ i + 2, and A%_(4,],iw,) is obtained by interchanging
both i <+ i+ and j <> j + 2 in AL (4, j, iw,). Then the final expression is

. t2 iq(r:—r Eno - Ema
Mealgion) = 52 37 05 (u,0) T Enr) = T Bine)

nmijo
ij f(Eng) + [(Emg) — 1
+ bnm (U, U) . E E
Wp + Lpe + Lms (437)
ij 1 - f(En5) — f(Ema)
+ Cm (u7 U) .
1wn — Eng — Emg
+dzg (’LL v)f(Emé_T) — f(Em?))
e 1wy — Eng + Ems
with
ij m, m¥ . nx n m, m¥ _ .n TE M T m, mx
ap, (u 'U) ujoul+xauzouj+ma u'ieranerauwv]U ujJr:w'uiJr:):a o jO’ + U’H»xa jO‘u UjerU
' nx, n m mx m%
- ugouw uer:mT j+xo + Uier Uj+x6u1+zcr ]a + u]+xcru u1+xcru]a uza U]Uuz+accrvj+zcr7
(4.38)
i mik, m n mx, m __ ,n ok m¥x, m m*, m
bnm(uvv) - u]ouz+xcrvza Jjtxo + uz+zo ]+movw ujo_' u'—l—xaui—l—xovio Uja ul+ZUU]GUZU U, j+xo
K Mk m ok, M* nE N Mk m
ugou Vitaol jtzo u U]+$O'UZ+ZL‘O'UJO' + u]+zau VitaoV jo + Ui Uz-l—xa J+xo
(4.39)

i nk, n m, Mk m, mk __ m, mE _ ok, M, 1Mk
Cp (’LL U) Ujavz—l—xau ]—l—aca_'_vz—&—a:a ]+$O’ulo'v]0' v —I—:cavz—l—xauzau]a Uz+acoujau U]—i—;ta

nx, n o, m mx* n , nx m n ., nx, m m*
— Vg Uigt uj-‘,—a:a V; uj—l—xauz—i-zo jO’ +v]+xa uz—i—a}a ]O’ +,U7,aujauz+xavj+x0?

jo i+xo
(4.40)
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1] [ 1 N ) m*, m P ) ¥ mx, mo T n m*, m n n¥, mx, m
dnm(“’? U) - Ujavi—l—xavio Uj+xo vi+xauj+x6'via uj& Uj—&—xo%—i—:r}o”ia vja + vi—i—xauj&vio uj+x6

nk, n o, mk m n , nx m* ,m nk n,m* ,m no, ¥, mx ,m
- vja' vioviero'ijrxo + Uiaujer&UiJr:rauj& + Uj+:raviavi+zavja - viaujfrviJra:aujJra:a"
(4.41)

which in the relevant limit iw, = 0 and ¢, = 0 case, can be written as

t2 ; . . iq i Ena - Emo’
Apz(gz = 0, gy, i, = 0) = v Z W (0¥ (u,v) +d¥ (u,v)] I Emz — gm )+

nmijo

f(EnJ) + f(Emz?) - 1

Ena + Em&
(4.42)

);

Byt (11, 0) =+ € (1, 0)]

Next, we consider the Green function for superconductor:

G(7) = —(Trcio(T)c! (7))

= _<TT(<Z UnioYno (T) + 5”21’071];6(7)) X (Z Uptis l'g(T/) + 57}71’1'07;2/5(7_/))))

sinceyne (7) = e BT,
== (00 = ) Whip (Y )e ) 02 (e )4
O = 7) (Ui (P =) 4 02, (e En )],
(4.43)

B .
G(iwy,) = / dre'™""G(v, 1)
0

B 4 B ,
== SR (1= S(E) [ dretTe BT i () [ drene)
nio 0 0

eiwnﬁe_EnB —1 eiwnﬁeEnﬁ —1

2 2
=— (1 — f(E, - f(E
%;(umo'( f( n)) iwn o En +vnzaf( n) iwn + En
since e"nf = 1
— ( U’?Lia v%za )
— qw, — B, 1w, + E,
nio
(4.44)
Then the density of states is
N(w) = =2ImG(iwy,)
u?, V2,
-9 Z Im( __nio _ __nig )
— wy, — B, tw, + E, (4.45)

since tw, = w + 1N

= (28w — En) — 1250w + En)).

nio
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4.3 Numerical calculations
4.3.1 Homogeneous case

Using Eq. 4.37, the correlation function can be calculated directly no matter if the system
is homogeneous or inhomogenous, normal metallic or superconducting. However, since
the formula has 4-indices summation, the whole calculation is time-consuming for large
systems. Fortunately, in homogenous case, we can simplify this formula. And we set
t =1 from now on.

In the homogeneous case, k is a good quantum number, we can replace n with k.
With uf = (1 + ) v = 1(1 - 7) and B = \/€; 2 4 A2, In the normal state, the

2
correlation function reduces to(A =0, E — €, vZ = %( — —) =0)
, £ (e flen) — flem)
A wy) = 2— eralri=ri)gij ()L JATm) 4.46
el ) =2 3 i () £ ) (1.46)
with
a1] (u U) u uz—i—xauguﬁxa j+xau?—txouzuﬁ* u]au?:um-xa j—i-xa_'_u]—i-xau?;u:?i-xauﬂ*'
(4.47)
Replace n with k, we get
. t2 iqri—ry~ij o~ J(€x) = fle))
—9__ CI(T 7'1) L] JANR) SR
A (q iton) = 27 S et atmrIgd, (u) a— (4.48)

kk'ij

Applying a Fourier transformation

uy = Z ek, (4.49)

k
we obtain
. ¢ ik —i entiges J (€8) = f€rtq)
A —9-_ 2tk —iqe ) 2iky+iqs q ) 4.50
xx(q7 an) N Zk:(e +e )iwn F € — €hig ( )
Therefore for ¢, = 0 we have
Aoz (qyiwy) = Z sin? ) — f(ek;-‘,—q) (4.51)

zwn + € — 6k+q
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Figure 1: Azz(qy,wn = 0) vs gy for a 2-D 64x64 clean lattice. Here average charge
density (n) =0.85,|U| =0,8 = k,% = 20, while the solid square marks (—K,).

We examine Eq. 4.51 in a 2-D 64x64 clean metal lattice(self-consistent result A; = 0
in the whole real space) with (n) = 0.85,|U| = 0.8,8 = kBLT = 20. See in Figure. 1,
when ¢, goes to a small value(¢, — 0), Ayz(gy = 0,w, = 0) = (= K,), which means that
the superfluid density Dy = 0. Thus the system is a normal metal.

In the superconducting state, one gets
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Figure 2: Self-consistent A map for a 2-D 64x64 clean lattice, here average charge
density (n) =1,|U|=4,5 = kBLT = 200.

At f(Bro) = f(Eriqy0) N

Azz(qz =0, Qy, Wwn = 0) = N SiHQ(kx)([aks,k-l—q(U, v) + dk,k+q(ua v)]

ko Eka - Ek+qya

J(Ero) + f(Ertqys) —

1

bie kit-q (U, V) + C fyq(u, v
bk Je-g (1, V) +q(u,v)] o + Brrao

(4.52)
One gets

1 € € €L€ ARA

— 22 k k+q k€k+q AN

Ak kotq (U, V ULULy g+ UV Ukt qUk+q = —(1+—- + , (4.53
‘I( ) kYk+q q q 4( Ek Ek . Ek Ek . Ek Ek q) ( )

1 €L €L+ €LEL+ AkAk+
d — 2 2 — (1= _ q q q 4.54
(U V) = Vg F O UL Vksg = 3 (1= = 2 b g o ) (480
1 €k €kiq  CkChtq Aplpy
b =i, — — (ke ChHa @ _ 9 (4.
bkt (14 V) = ULy —UkVR U Vg = (1 Frrg  ErBrig EkEHq)’ (4.55)

2 9 €k | €k+q €k€k+q A/’cAk—&-q
Chkto(U, V) = ViUL,  —ULVEUL4gVktg = — (1 —— — — . (4.56
> +q( ’ ) kYk+q +qYk+q 4 ( Ek Ek+q EkEk+q Ek:Ek+q ) ( )

€L€htrqtALAK g €L€htrqtARAR g

Defining p?(k,k + q) = (1 — S EEn, ), and Plkk+q) = 51+ BBy, )

23

),



finally we have that

Ama:(Qx =0, Qy, twy = 0)
1 n 1
iwn + B — Ek—i—qya —iwn + B — Ek+qya

1 1
; + — 1— f(Ery) — f(E ,
iwn, + Ego + Ek-l—QyU —iwn, + Ege + Ek—l—qya )( f( kcr) f( k+qya))]
(4.57)

== > sin? (k) [12(k, k + q)(

+ p2(k, k + q)(

)(f (Bro) = f(Ektq,0))

analogously, in the limit g, = 0, thus can be written as

A:m:(‘]x»Qy =0, 1w, = 0)

442 "
B (sin2(ky) + %)x
1 1
Pk, k+ q)(- + — Eiy) — f(Erto.o
[15( qxlwnﬁ_ﬁkg__£%+%m_ —wwn4—£%g——ﬁk+%m)(f( ko) = f(Ektquo)
1 1

+ p2(k, k + q)(

)1 = f(Ero) = f(Ekigeo))]-
(4.58)

As we discussed in previous chapter, the transverse part(Azz(¢z, gy = 0,iwy, = 0)) vio-

- + —
Wn, + Eka’ + EkJrqIO' —WWp + Eko’ + Ek+qza'

lates gauge invariance, which gives incorrect value. However, it is well known that vertex

corrections fix this difficulty.

0.7ﬁ

0.6

_Axx(qy’iwn) |
H <K>
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03r

0.2

01r

0
0 m 2

9y

Figure 3: Azz(qy,wn = 0) vs gy for a 2-D 64x64 clean lattice. Here average charge
density (n) =1,|U| =4,8 = kz%T = 200, while the solid square marks (—Kj).

Once the BAG equations are solved, a set of self-consistent result can be obtained.

Using Egs. 4.16 and 4.57 , the homogeneous superfluid density can be calculated. See
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Figure. 2 for self-consistent A; in a square lattice of size 64x64, where average charge
density (n) = 1,|U| = 4,8 = kBLT = 200. Since the system is homogeneous, A; is
uniform in the real space, which is consistent. The correlation function Az (gy,wn = 0)

and kinetic density (—Kj) is showed in Figure. 3. And we demand g, goes to a small

value(gy, — 0), using Eq. 4.12, in this case, we get a finite p, = 7?@3 = 0.6600, which
indicates this system is a superconductor. And the finite A; in Figure. 2 agrees with
this result. In figure 4, we evaluate the critical temperature 7, for a 2-D 22x22 lattice.
It is noticed that the superfluid density ps and the order parameter A goes to zero at

the same temperature, which indicates our result is consistent.

0.18

Ps

average A

0.16

0.12 ]

0.1r b

0.08 b

0.06 b

0.02 . . . . . .
0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22

T

Figure 4: ps vs T'(blue curve) and average A vs T'(red curve) for a 2-D 22x22 clean
lattice. Here average charge density (n) = 0.85,|U| = 0.8

4.3.2 Inhomogeneous case

The following paragraphs will demonstrate the effect of disorder. When we consider
about an inhomogeneous system, k is no longer a good quantum number. We have no
choice but use Eq. 4.37 to calculate correlation functions.

A. One impurity case; one impurity(V = 5.0) is placed at the middle of lattice,
shown in Figure. 5(a). As shown in Figure. 5(b), A; has a strong suppression at the
impurity sites. However, as seen in Figure. 6, the superfluid density in this case is still

a finite number(ps = 0.0594), which indicates the system is in a superconducting state.
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(a) Disorder map (b) A map

Figure 5: Disorder map and self-consistent A map for a 2-D 40x40 lattice with one
impurity at the middle, here average charge density (n) = 0.85, onsite attraction |U| =
0.8, disorder strength V = 5.0, 8 = 17 = 113.

13 T T

—— A, (0w, =0)
] <'Kx>

121
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09

0.sM

Figure 6: Self-consistent Agz(qy,w, = 0) vs g, for a 2-D 40x40 lattice with one impurity
at the middle. Here average charge density (n) = 0.85,|U| = 0.8, = k3+T = 113, while
the solid square marks (—K).

From Eq. 4.12, the first term is the kinetic energy along the x direction divided by

the number of lattice sites:
1 i
(—K.) = N E —(K3). (4.59)
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Using Eq. 4.14, one has the local kinetic energy in the form:

(—KG) = () [(uf sottfy Tl uf oo) f(Bng)+02 (0] 2oVl 0l 4 00) f (= Eng)])- (4.60)

n,o

From Eq. 4.12, the second term is the current-current correlation function with a double

sum over lattice sites

1 .
Aww((h = Oa Qy, iwn = 0) = N Z elqy(rj_n)Amw(ivja 7;Wn = 0)’ (4'61)

ijo
with Agy (4, 7, iw, = 0) shown in Eq. 4.36. The local current current correlation function

can be written as:

Agcz(qac =0, Qy, Wy, = 0) = Z eiqy(rj_ri)Awm(iajv Wy = O)- (4-62)

jo
Then we can calculate the local superfluid density:
pr; = <_K;> - Alzz(qw = 05 vaiwn = 0) (463)

The local superfluid density for the one impurity case is shown in Figure. 7(a). It is

noticed that there is a suppression at the lattice site where impurity is located.

5 0.07 5 y
10 0.06 10 -
15 0.05 15 '
20 0.04 20 ‘
25 0.03 25
0 0.02 30 .
35 001 35 X
40 40

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

(a) Local superfluid density map of one impurity (b) Local superfluid density map of two impuri-

ties

Figure 7: Local superfluid density map for a 2-D 40x40 lattice, (a) is for one impurity
and (b) is for two impurities, here average charge density (n) = 0.85, onsite attraction
|U| = 0.8, disorder strength V = 5.0, f = kBLT =113.

B. Two impurities case; two impurities are placed in lattice as shown in Figure.

8(a). As seen in Figure. 8(b), A; drops dramatically at the lattice site where impurites
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are located. And we find similar curve and the superfluid density ps = 0.590, shown by
Figure. 9. The local superfluid density for two impurites case is shown in Figure. 7(b). It
is noticed that there is a negative value at the lattice site where impurities locates, which
means the onsite rigidity is negative and the coherence phase ¢ is easy to fluctuate. From
Ginzburg-Landau equation, the free energy F ~ ps| 7 ¢|? + a|$|> + b|¢|*. To minimize
the free energy, the negative local superfluid density means that the coherence phase ¢

does not want to remain as a constant instead to fluctuate strongly.

30

35

40 . . . . . . . ] 0

(a) Disorder map (b) A map

Figure 8: Disorder map and self-consistent A map for a 2-D 40x40 lattice with two
impurities, here average charge density (n) = 0.85, onsite attraction |U| = 0.8t, disorder
strength V =5.0, 6 = kBLT =113.
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Figure 9: Self-consistent Ay.(q,,w, = 0) vs q, for a 2-D 40x40 lattice with two im-
purities. Here average charge density (n) = 0.85, onsite attraction |U| = 0.8¢, disorder
strength V =5.0, 6 = kBLT = 113.

C. Many-impurities case. We use the same parameters in the numerical calculations
as was used by A and B.( (n) = 0.85, [U| = 0.8, V = 5.0, 8 = 15 = 113.). And we
produce a A% = 0.0203 at T = 0, and 72 = 0.0110 for the clean case. Impurites are
distributed randomly on 15% of the lattice sites, shown in Figure. 10(a). In Figure 10(b),
A /AP drops dramatically at the lattice site where impurites are located, which we expect.
However in some regions A/A® > 1, which indicates order parameter enhancement by

disorder. Does it means superconductivity is enhanced by disorder?
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Figure 10: Disorder map and self-consistent A/A? map for a 2-D 40x40 lattice with two
impurities, here average charge density (n) = 0.85, onsite attraction |U| = 0.8, disorder
strength V = 5.0, 8 = -y = 113.

In the following paragraphs, we will demonstrate that the critical temperature of
an s-wave superconductor can be enhanced in the presence of impurities. The reason
for enhancement is that impurities make the density of states fluctuate, thus at some
lattice sites the density of states may enhance. And it is difficult to define the critical
temperature. In the homogeneous case, since the order parameter A is uniform, it is
easy to define critical temperature when A drops to zero in all sites. However, in the
inhomogeneous case, because of the density of states fluctuation, the A does not drop
to zero everywhere in the superconductor at the same 7. Instead, some regions still
remain finite A while others drops to zero. Therefore, it is not crystal clear what are
the criteria of superconductivity. How do we know whether an inhomogeneous system is
a superconductor or not? Even the spatially average A, shown in Figure. 11, does not
easily allow for a definition of the critical temperature 7.. In the very dilute disorder
case, we dont need to bother with the problem that the order parameter may breaks
up into disconnected regions at high temperature. But in the dense disorder situation,
this problem need to be considered. Or can we define the critical temperature when all
edges of the system are fully connected by finite A regions? But do we need to consider
about the Josephson effect? In this paper, we will try to use another way, the superfluid
stiffness Dy, to define the critical temperature. In Figure. 12, we show the T-dependence
of real-space maps of A/AY for 15% disorder system with different impurity strengths V' (
(n) = 0.85, [U| = 0.8t). As seen, for week impurity strength(V = 1.5), A drops to zero

even below T, nevertheless for strong enough impurity strengths(V = 5.0), there are
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large regions for finite A well above T.. But the question is are they superconductors?
Does the superconductivity enhancement by disorder really exist?
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Figure 11: Spatially-averaged superconductor order parameter A versus T , and for

Andersond disorder with V4 = [-5,5](blue curve)!. The clean case is shown by the
black curve.

!disorder strength V randomly distributed in [-5,5]
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Figure 12: Real-space maps of A/AY versus T (rows) for a 15% disordered system with

varing strength V = 1.5,3.0,5.0 for a conventional s-wave superconductor.
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Figure 13: Local superfluid density map for a 2-D 40x40 lattice, (a) is for Figure.
12(j)(V = 5.0,T/T. = 0.8) and (b) is for 12(g)(V = 3.0,7/T, = 1.44), here average
charge density (n) = 0.85, onsite attraction |[U| = 0.8¢, disorder strength V = 5.0,
8= kBLT =113.

Using Eq. 4.12, we calculate the superfluid density ps seen in Figure. 14. It can
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be noticed that the last two case(Figure.12(k),(1)) indeed have finite superfluid density
ps even for temperatures are well above T.. Therefore, this evidence indicates that the
superconductivity enhancement by disorder exists. In this way, using the new criteria,
superfluid stiffness Ds, we prove the superconductivity enhancement by disorder. And
the local superfluid density is shown in Figure. 13. Where Figure. 13(a) is the local
superfluid density map of Figure. 12(j), also we can see suppressions at the disorder
lattice sites. And Figure. 13(b) is the local superfluid density map of Figure. 12(g),
which has a big area of negative superfluid density. From Figure. 14(g), we know this is

a normal state.
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Figure 14: Self-consistent A;.(q,,wn = 0) versus T'(rows) for a 15% disordered system

with varing strength V = 1.5,3.0,5.0 for a conventional s-wave superconductor.
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5 d-wave superconductor

In this section, the d-wave superconductor will be discussed. The d-wave superconduc-
tor have different properties from the s-wave superconductor. For the d-wave supercon-
ductor, the Anderson’s therom does not work any more, which means the robustness
of superconductivity is weak, even a weak disorder may destroy its superconductivity.
This makes the d-wave superconductor mysterious and interesting and studying them is

essential to understand high-temperature supercondoctor.

5.1 d-wave BdG equations

Comparing to the s-wave superconductor, d-wave superconductor has a different Hamil-

tonian
H=—t Z (czgcj(, +H.c)+ Z:(VZ — p)nie — |U] annﬂ
(i5),0 i,0 (i)
= ¢ (cjacjg + H.c.)+ Z(W — p)nie + |U]| CITchiTcﬂ (5.1)
(ig),0 1,0 (i7)

= —t Z (cjo,cj(7 + H.c.)+ Z(Vz — W)nie + Z[A;}Cﬁcj‘i + CITChAU]’

(ig)o 0,0 (ig)
in the last line, we apply mean-field approximation, which means
cheljeneyy = (chel Yenesy + cliel (eney), (5.2)
and
Aij = [Uleircjy)- (5.3)
The Hamiltonian can be diagonalized by the Bogoliubov transformation

H = FEy+ Z Ena’ij%m

no

n

CL = Z(u;iﬂl L+ Vniy )

n
Considering the commutator(refer to Appendix B), one has

[Hyen] =t cjp— (Vi— pei — Y Agel,
) )

[Hoei) =Y cjp = (Vi = meiy + Y Ayjel.
(9 (7
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Then subsituting Eq. 5.4 into the Hamiltonian Eq. 5.1, one gets

[H,cir]l = [H,S " (unigvnr — viirvh )] = D (= Enttinit it — Enyviig ).
n

n
(5.6)
[H, ciy] = [H,Y (tniy Yoy + Vi 700)] = > (= Engtiniy oy + Entv vis)-
n n

Here v and 7' are quasiparticle operators, which are linear combinations of the original

c operator. As well as we only care about the excitation above the superconducting

ground state, thus the summation is over positive eigenvalues only(E,, > 0).
Demanding the commutators in Eq. 5.5 and Eq. 5.6 to be equal, one can obtain the

Bogoliubov-de Gennes equations

Eppupip = —t Z ungt + (Vi — ) unit + Z Aijvnjy,
(4) (4)

Enyvni = tz Upir — (Vi = p)ogp + Z Ajjtugis
() ()

By up, = —t Z unjy + (Vi — p)uny + Z Aijvngt,
() )

Epvp, =t vpi — (Vi— oy + Z Ajjg, ity
() (4)

these four formula can be written in matrix form:

Aij —-K UniJ, Um'i
K Ay ni ni
A, —K Unit Unit

Where Ky = —t Z<j> Unjo + (Vi — 1) Unie and Aijuma = Z(i) AjjUpje, and similarly
for vyi,. For the same reason we argued in section 2, it is only necessary to solve one
of the Eqgs. 5.8 and 5.9, thus the spin index can be suppressed. And we only want to
consider the excitation eigenvalues E,, > 0.

The self-consistency conditions are given by
Aij = [Ueiresy)

= U1 (tnivnt = nity) X D (s Yort + i V4o1)) (5.10)
n’ ’

= [UIY union; (1 = f(En)) = unjonif (En)
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(ni) = Z(c;facw> = Z(u;iuni’)’:rw%w + U:zivni'YnFr%Z&)
g

no (5.11)
=2 ud,f(En) + vii(1— f(En)).

Here the summation is over positive eigenvalues only. In this paper, we will discuss
dy2_,2 superconductor, which means Ajivs = =4y Then we guess an initial set of
order parameter {A;} and an initial chemical potential x, which is determined by average
density (n). And solve the Bogoliubov-de Gennes equations by a iteration process which

was discussed in section 2.

5.2 d-wave superfluid stiffness

The formula of d-wave superfluid stiffness is same as s-wave superfluid stiffness, which
is evaluated in section 3. In following paragraphs, we will demonstrate some numerical

results for the d-wave superconductor.

5.2.1 Homogeneous case

We simulate a a 2-D 22x22 clean lattice. Because the system is homogeneous, the
order parameterA is spatial isotrope. The local d,2_,2 wave average order parameter is
defined by A; = (A s+ Az — Ajitg—ADii—y)/4. Then the average order parameter
A = > ;A As shown in Figure. 15, A and ps goes to zero at the same point, the
critical temperture is T, = 0.0955.
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Figure 15: ps vs T'(blue curve) and average A vs T'(red curve) for a 2-D 22x22 clean
lattice. Here average charge density (n) = 1,|U| = 0.8

Using Eqgs. 4.16 and 4.57 , the homogeneous superfluid density can be calculated.
See in Figure. 16, when T' — 0, we have Ay.(qy,iw, = 0) for a 2-D 64x64 clean
lattice(blue curve) and (—K;)(solid square). Here average charge density (n) = 1,|U| =
4, T = 0.001. We can obtain a finite superfluid density ps, which indicates it is a

superconductor.
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Figure 16: Ayy(qy,iw, = 0) for a 2-D 64x64 clean lattice. Here average charge density
(n) = 1,|U| = 4, while the solid square marks (—K,).

5.2.2 Inhomogeneous case

Recently, an experiment measured the superfluid density of a finely spaced set of high-
quality epitaxial grown films of overdoped Lay_,Sr,CuO4 by Bozovi¢ et al [9]. They
showed that the superfluid density ps and the superconducting critical temperture 7T,
approached zero together as a function of doping, shown in Figure. 17(a). This con-
tradicts BCS theory, which predicts that the 7" = 0 superfluid density should be the
carrier density independ of T, in a clean system. In a dirty superconductor, the su-
perfluid density depends on T.. However, in the lowest temperture, the 7" dependence
of the penetration depth reduces to a small value, which indicates that the sample is
largely free of disorder. Under this assumption, the superfluid density ps should remain

T, independent, the data shown in Figure 17(a) is inconsistent with the BCS theory.
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Figure 17: (a), superfluid density data measured on epitaxial grown Lag_,Sr,CuOy4 thin
films by Bozovié et al. (b), The dependence of T, on psy = ps(T" — 0) by Bozovié¢ et al.
The experiment data are represented by the blue diamonds; the green dashed line is the
fit to T. = To + aps for ps > 15K and the red dashed line is the fit to T, = v,/pso for

pso < 12K

In Figure. 17(b), they show the scaling T.(pso)(The subscript 0 refers to the Ty — 0
limit). For p, > 15K, they fit their data to a linear curve T, = Ty + aps, and for
pso < 12K, the curve fits closely to Tc. = v,/pso. From their data and Homes’ data [10],
they argue that the scaling relation between ps and T, should be quadratic, the linear

curve should not be shown by using BCS theory. Franz also got a quadratic relation

Pag (K)
(b)

instead linear relation by using BdG equations [11], shown in Figure 18.
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Figure 18: (a), critical temperture versus superfluid density from Franz’s paper [11].
Dashed line is the theoretical curve for clean case. (b)critical temperture versus su-
perfluid density [11] for a 2D 22x22 10% disorder system(V = —100) and |U| =
(0.80,1.05,1.40) for coherence length £ = (9.9,4.7,2.5).

In order to examine this strange phenomenon, we use BdG equations to evaluate a
2-D d-wave superfluid density with varing charge density (n). We simulate a 2-D 22x22
lattice with 5% disorder(disorder strength V' = 1.5). The superfluid density ps versus
T curve is shown in Figure 19(b). We also calculate curves for for a 2-D 22x22 clean
lattice, shown in Figure. 19(a). And a critical temperture versus superfluid density
curve is seen in Figure. 20(a) for clean case and Figure. 20(b) for disorder case. See in
Figure. 20(a), the scaling relation in our calculation is not quadratic, we have an odd
step like curve in the middle, and in Figure. 19(a), which is inconsistent with Franz’
analysis(shown in Figure. 18(a)). It is noticed that the curve of ps((n) = 0.90(orange)
have a almost same pyo as the curve of ps({n) = 0.85(purple), but have a large difference
of T, which makes the step like curve appear. Since lack of time, we can not provide
more data to discuss, thus we can not make a certain conclusion. But we would study
the data carefully, get more data between (n) = [0.85,0.90], simulate a bigger system,

and try to fix the problem we concern above.
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Figure 19: (a), a 2-D 22x22 d-wave superfluid density with varing charge density (n) for

avclean system. (b)a 2-D 22x22 d-wave superfluid density with varing charge density

(n) for a 5% disorder system.
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Figure 20: (a), critical temperture versus superfluid density for a 2-D 22x22 clean lattice.

(b)critical temperture versus superfluid density for a 2D 22x22 5% disorder system.

6 Conclusion and outlook

In this thesis, we review the background of tight-binding model and BCS theory, and by

using BdG equations we study inhomogeneous BCS theory. Then a improtant physical

quality, superfluid stiffness Dj, is introduced. Applying Bogoliubov transformation, we

deduce the formula of superfluid stiffness step by step. Subsequently, we point out

the criteria of superconducting by calculating superfluid stiffness in a s-wave 40x40

system, which prove that the 7. enhancement by disorder exist. Also we discuss the

local superfluid density, we find out in normal state some area have a negative local



superfluid density, which is not fully understood. Finally, a d-wave supercondoctor is
concerned, first, we present the derivation of d-wave BdG equations, and consider about
the puzzling experiment data presented by Bozovié et al. Since lack of time, our data
is not convinced enough to make a certain conclusion. In the future, we are going to
consider the deeper meaning of local superfluid density, the crystal clear definition of
local superfluid density. And we will put effort to resolve the discrepancy found in the

d-wave case.
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A Appendix A : Cooper pair

In this section the analytical derivation of the superconducting order parameter is pre-
sented. From Eq. 2.6

hwp

(26 = A)0() = [UINO) [ i) (A1)

Then divide both sides by 2§ — A, one gets

UIN(0) fg" d€'d (k)
(k) = A2
(k) A (4.2)
And intergrate this on both sides with respect to &, one has
e e JUIN(O) [ d"p(K)

dép(k) = / d¢ 0 . A3
/0 (k) 0 (26 -4) (43)
It is noticed that foth dé(k) is just some number. We can divide it out on both sides

to get

Ge—a) = 2 M) (A.4)

In the so-called week-coupling limit where VN (0) < 1,
__|UIN(0), 2hwp — A

hwp o
1 :/ i \UIN(0)  |UIN(0), ,2hwp—A
0

1 5 In( A )
2 ~A
_ —In(———
TN~ e, = A
TR — T8 (A.5)
2hwp — A

A = (—2hwp + A)e TN o)
A= —2the*|U7\12vm>'

Here we neglect the second at the last line. Then we are going to discuss a little bit
about coherence length &y of Cooper pair. The coherence length shows the rough spatial

extent of a Cooper pair. From Heisenberg’s uncertainty principle, one has

ook ~ 1, (A.6)
and
52
A~ Ek’pék‘ ~ hwpdk. (A.7)
Thus 5
vp
~ —, A.
o A (A.8)
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B Appendix B: Commutators

In this section the details of the commutators in Eq. 3.11 are discussed. From Eq. 3.4,

the Hamiltonian can be written in

H——tz (¢! ¢jo+ H.c.) —i—ZV unw—l—ZA cchw—i—cZTc AVIR

(i3),0 i,0

Consider the first item in Eq. (B.1), we have the commutator:

—t Z [cjacjg + H.c.,ci)
(id).0
=ty (el {cjor it} — {cl,. cit}ejo)
4o

=t Z 5UTCJJ

()

= tZCJT7

here

5= 1 for o=¢
S ' otherwise

Similarly

—t Z cwcja—i—Hc cif —tZCN

(ig),0

The second term in the Hamiltonian evaluates

> (Vi = w)lel, i, i)

1,0

= > (Vi = (el {cio, cir} — {ely ein}eio)

- - Z(V; - M)éoTCia

_(V; - /-L)CiTa

Similarly
Y (Vi = w)lel, cioy cat] = = (Vi = ey

1,0
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For the last term in the Hamiltonian yields

> (Afleieis ci] + A [CZTTC,T 1 Cit]

= " (Aj(eifeirs et — {eis cirbeir) + Ailel el et — {cl eirbel))) (B.7)
_ )
= —Azcu.
And:
Z(Af [CiJ,CiTy Cu] + Az [C;-LTCL, Cu] = AiCIT. (BS)

By combining all expressions above one has Eq. 3.11

[H, il =ty cjr — (Vi = pleir — Aqel,
)

[H,c;)) = tZCN — (Vi — p)eip + Aic;rT.
4

(B.9)

Similarly, we can easily get the expression for d-wave(Eq. 5.5)
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C Appendix C: The general Kubo formula

Consider a quantum system described by the time independent Hamiltonian Hy in ther-
modynamic equilibrium. An expectation value of a physical quantity, described by the
operator A, can be evaluated as
1
(4) = Z > (n|Aln)eFFn, (C.1)

n

here |n) is a complete set of eigenstates {|n)} of the Hamiltonian Hy with eigenenergies
{E,}. Suppose now that at some time, an external time dependence is applied to the

system. Then the whole Hamiltonian can be rewritten as
H(t) = Ho+ H'(t). (C.2)

The system is described by the same distribution of eigenstates but the states are
now time-dependent and they have evolved according to the new Hamiltonian. we can
obtain a new complete set of eigenstates {|n(t))} of the Hamiltonian H. Then the

time-dependent expection value of the operator A can be shown as:

1 _
(A(t)) = Z D (n(®)|Afn(t))eEn. (C.3)
In the interation picture, we have
[n(t)) = et a(t)) = eoC0T (¢, 0)|n), (C.4)

with the time-evolution operator U(t,0) = 1 — zfot dt'H'(t'). Then one obtains the

expection value of A up to linear order in the perturbation.

(A0) = (A =1 [t 3 e A~ 7 () A ).
t n (C.5)

:4Am44de@xﬁwwm

The brackets ()o mean an equilibrium average with respect to the Hamiltonian Hy. We

can rewrite the linear response result as

5MW%4MM—M%=AWM@hwﬂ, (C.6)

where the retarded response function is

Cliy(t,6) = —i6(t — ) ([A(t), H'(!)])o, (c.7)
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And if the external perturbation has the form

Hp(t) = Bf(t), (C.8)

where B is a time-independent operator and the time-dependent function f(t) is not an

operator. The response function Ct,,, (¢,t') becomes
AHY,

Oy (1.8) = Clip(t — 1) 1(1). (C.9)

Insert Eq. C.9 to Eq. C.6, we have

6(A) (1) = (A(t)) — (A)o = /OO dt'Cip(t — ) f(¥). (C.10)
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D Appendix D: Kubo formula in conductivity

In this section we will show the derivation for Eqs. 4.4, 4.12 and 4.13; Consider our
system of charged particles, electrons, which is subjected to an external electronmagentic

field. We can write down the Hamiltonian;
H(t) = Ho+ H'(t), (D.1)

H(t) = —e / drp() bemn (v, £) + € / I() Agua (r, ). (D.2)

where Hj is kinetic energy, H' is the perturbation term. ¢, is external potential and
Azt vector potential, p(r) particles density operator and J(r) current operator. We can

choose a gauge transformation, let ¢e,s = 0. Then

H(#) = e / I(r) A (1, 1). (D.3)

Apply the Kubo formal(Eq. C.10), the linear relation between current and vector po-

tential is

/ dr’ / dt' Z — AP (' 1). (D.4)

Fourier transform it
—e / dr’ ZcRr)J w) AP (r | w), (D.5)

here the correlation function CE
J(r)J(r

current operator can be read as

e (W) = [ e “t([I(x,t), J(r',#)P]) Then the total

e
Jtot(ra t) = J(I’) + Jext(r) = J(I’) + EAe:vt(IU t)p(r). (DG)
The expection value Ji = e(J;.;), namely
2
o e
T e.w) = €D Oy sy @) AL (0 w) + 3 — AL (e w)pr). (D7)
B B

Fourier transform it,

JtOt Q7 - 622 JJB q? eg;t q7 + Z Aegjt Q7 ( )>7 (D8)
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Jtat — 62 ZCJC“JH q,w e;tt q, ‘|’ Z Ae:ct q,w ( )>5015

1 (D.9)
f—eQZ Clfga@,w —E<p<q>>5aﬁ>A§m<q,w>,
here
1 f =
Sag = or a=h (D.10)
0  otherwise

If we substitute it by 7, Eq. D.9 is exactly the same formula as Eq. 4.4. Now from Egs.
4.4, 4.10 and 4.11, we have

)A/B(Qa ) = [<_Km> - A:px(‘]a twp = 0)]1495((],0.2), (D'll)

if g =0,qy — 0,

Dy Gzlx dzq .
@[(53335 - ?)A;c(%w) + (5zy - qu)Ay(%w)] = [<_Kx> - Axm(%zwn = 0)}A$(Q7w)a
(D.12)
Dy )
el = <_Kw> - Axac(‘]a: = 07Qy — 0, iwy, = 0) (Dl?))

If gy =0,q, — 0,

5 (0m0 — B2 Aul0.) + (6~ A 0,0)] = (o) — An (g = 0)Au0,)
(D.14)
0= (—K;) —Apz(qy = 0,9, = 0,iw, =0). (D.15)
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