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Abstract

In this progress report we present a theoretical and experimental study of
subwavelength-diameter tapered optical fibers. We have constructed an all-
computer controlled heat-and-pull setup with which we can taper a standard
optical fiber to a sub-micron waist size. The fiber diameter can thereby be de-
creased by a factor of 250 in a controlled way. The fibers are characterized
according to their optical and spatial properties. The former are obtained by
analyzing the transmission signal of light recorded during the pulling procedure,
while the latter are carried out by analyzing CCD and SEM images of the fibers.
To tailor the tapered fibers for specific applications it is important to have full
control of the resultant fiber shape from the pulling procedure. We have therefore
developed a model for the fiber shape consisting of the continuity equation of
the fiber flow together with an axially varying fiber velocity profile dependent
on the momentary fiber shape. While the continuity equation can be obtained
from simple considerations of the fiber flow, the fluid dynamical properties of
the fiber motion had to be analyzed to derive the velocity profile of the fiber. The
model yields results in very good agreement with the measured fiber shape. By
applying this model the fiber shape can thus be predicted for arbitrary pulling
conditions.

Resume

I denne midtvejsrapport præsenterer vi et teoretisk og eksperimentelt studie af
optiske fibrer hvis diameter er mindre end lysets bølgelængde. Til at fremstille
dem har vi konstrueret en maskine der kan mindske diameteren af en fiber ved
at trække i begge ender samtidig med at et lille område er opvarmet så det
kan strækkes. Således kan vi på en kontrolleret måde trække en fiber til den er
tyndere end en mikrometer, og dermed en faktor 250 mindre end til at starte
med. De fremstillede fibrer er blevet karakteriseret både i forhold til deres optiske
såvel som rumlige egenskaber. Førstnævnte er opnået ved at analysere lyssig-
nalet gennem fibrerne detekteret under fremstillingen. Sidstnævnte er blevet
udført ved at analysere billeder af fibrerne taget efterfølgende ved hjælp af et
CCD kamera samt elektronmikroskopi. For at kunne specialfremstille fibrer til
specifikke formål er det vigtigt at have fuld kontrol over den form de opnår
under fremstillingen. Vi har derfor udarbejdet en model der kan beskrive denne
resulterende form. Modellen består af en kontinuitetsligning for den flydende
fiber samt en hastigheds profil af fiberen der afhænger af positionen langs fiber
aksen samt fiberens øjeblikkelige form. Kontinuitetligningen kan udledes ved
simple betragtninger af fiberens flydning. Derimod er det er nødvendigt at bruge
fluid-dynamik til at analysere hvorledes fiberen flyder for at udlede hastigheds-
profilen. Resultaterne fra modellen stemmer godt overens med den målte form af
fiberen. Ved at anvende denne model kan formen af en fiber således forudsiges
for vilkårlige fremstillings procedurer.
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Chapter 1
Introduction

Ever since the sixties where Nobel laureate Charles K. Kau pioneered the field of
optical fibers, they have been widely used due to their amazing properties as low
loss light guides over long distances. Most known is perhaps their use in today’s
telecommunication schemes. Providing signals traveling with the speed of light
optical fibers have significantly improved the field of information technology.

Figure 1.1: Bundle of optical fibers.

Recently, optical fibers have taken a step fur-
ther up the ladder starting with the paper by
[Tong et al. 2003]. Here it was demonstrated
that low loss optical wave guiding can be main-
tained for optical fibers with a section drawn
down to sub-wavelength diameters. At this sec-
tion, called the nanofiber, a significant fraction
of the light field transform into an evanescent
wave exponentially decaying in the radial di-

rection. During the past decade the properties and applications of nanofibers
have been extensively explored and the fibers now play a main role in, for ex-
ample, biosensing [Fan et al. 2008], single-mode lasing devices [Xiao et al. 2011],
spectroscopy [Garcia-Fernandez et al. 2011], non-linear optics [Lee et al. 2012],
optomechanics [Park et al. 2009], cavity optomechanics [Bahl et al. 2013], cavity
quantum electrodynamics (cavity-QED) [Alton et al. 2010], and quantum optics
with atomic ensembles [Vetsch et al. 2010; Goban et al. 2012]. Here, we will
focus on the latter; nanofibers applied as a quantum interface for light-atom
interactions.

Using nanofibers in the field of quantum optics is extremely interesting as it
provides a strong coupling between light and atoms caused by the small mode
volume of the evanescent light field. Atoms strongly coupled to a single spatial
mode of a light field are a powerful tool in quantum science and can, for example,
be used to realize the creation of highly non-classical states, a quantum memory
for light, quantum entanglement, and quantum teleportation. Roughly speaking,
there are two ways of how to obtain a strong coupling between light and atoms.
Traditionally it is realized in cavity-QED experiments where single atoms or ions
are trapped in a high finesse optical resonator allowing for many interactions
with the same photons [Boozer et al. 2007; Wilk et al. 2007]. Another approach is
to enhance the effective coupling by collective effects where many atoms interact
with the light field simultaneously [Hammerer et al. 2010].

To establish an interface between light and atomic ensembles the atoms are
typically trapped in a magneto-optical trap and thereafter transferred into a
dipole trap. In [Ovchinnikov et al. 1991] it was first proposed to trap atoms
near a dielectric-vacuum interface instead. This can be obtained by using the
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2 Introduction

dipole potential created by the evanescent light field of two laser beams inside
the dielectric. Later, [Balykin et al. 2004; Le Kien et al. 2004] extended the idea
and suggested using nanofibers as the dielectric. The scheme was experimentally
realized in the groundbreaking work by [Vetsch et al. 2010]. Here it was shown
that strong interactions are achievable by trapping atoms in a periodic dipole
potential created by the evanescent field rising from two laser fields guided
through a nanofiber. Using this technique a strong collective coupling with an
optical density of approximately 10 was achieved with only a few thousand atoms.
This is in stark contrast to trapped atoms in a far-off resonant optical dipole trap,
where about 105 atoms are required to obtain the same order of magnitude for
the optical depth [Appel et al. 2009].

(a)
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Figure 1.2: (a) Atomic nanofiber trap. (b) Black solid curve: Trapping potential along the
x-direction at the axial position of an anti-node of the red-detuned standing wave. Blue
dashed curve: Repulsive potential of the blue-detuned beam. Red dotted curve: Attractive
potential provided by the red-detuned beam. (b) has been made by Jean-baptiste Béguin
and shown here with his permission.

In Fig. 1.2a a schematic drawing of the nanofiber is shown with the two-color
trap configuration. One beam is red-detuned with respect to the atomic transition
while the other is blue-detuned. Together with the van der Walls force the red-
detuned beam provides an attractive potential for the atoms being strongest near
the fiber surface, see Fig. 1.2b. To prevent the atoms from colliding into the fiber
the blue-detuned beam is used to provide a repulsive potential. By choosing
the red-detuned beam to be an x-polarized standing wave and the blue-detuned
beam to be a y-polarized traveling wave this configuration effectively creates
two 1D arrays of attractive potential wells at the antinodes of the red-detuned
standing wave.

The above trapping scheme of an atomic ensemble along a nanofiber does not
only provide a strong coupling for light-atom interactions. It also yields an
all-integrated and scalable system of “fiber-coupled atoms”. Optical fibers are al-
ready well integrated in today’s telecommunication schemes. Having distributed
stations of nanofibers with trapped atomic ensembles could be used to realize
quantum information network over long distances [Cirac et al. 1997]. Together
with the strong coupling provided by the nanofiber an integrated light-atom
system is also an obvious candidate to use in hybrid systems. Here the atomic
ensemble can be brought to interact with any other light interacting quantum
system [Camerer et al. 2011].

However, before interesting research can be explored with these highly attractable
nanofibers they have to be produced. This is thus the main objective in this thesis
where the production and characterization of subwavelength-diameter tapered
optical fibers are presented. Common for all applications using nanofibers is the
required control of vital parameters such as the waist diameter and the tapered
slopes. The work presented here provides a generalized model for the nanofiber
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shape based upon the fiber fluid dynamical properties. This model can be used
to design and optimize the specific fiber shape required for different applications.

This work

It is good custom to prepare the reader of what will be covered in a thesis. Here,
we therefore list the main subjects:

• Description of the fiber pulling rig setup used to make nanofibers.

• Characterization of the optical properties of nanofibers using light transmis-
sion signals from both narrow- and broadband light sources as well as a
frequency analysis of the former.

• Measurements of the fiber shape. This is important for future tailoring
of the fiber shape, e.g., to design the waist size and length, and to ensure
adiabatic transitions between the ordinary fiber and the nanofiber.

• To model the fiber shape the fluid dynamics of the fiber pulling are analyzed.
This results in two differential equations which can be solved numerically
to yield the fiber shape. In order to do so, however, the viscosity profile
of the fiber is needed. We have therefore developed a method to infer the
viscosity using the stationary solution of the model.

Structure

The thesis is divided into two main parts; one describing the production and
characterization of the fibers, and one deriving and analyzing the three models
for the fiber shape. Below a chapter by chapter outline is given:

Chapter 1: Introduction to this work, motivation for working with nanofibers.

Chapter 2: A general introduction to step-index fibers and nanofibers is given,
including a short recipe on how to make nanofibers as well as a description
of the simple heat-and-pull model for the fiber shape.

Chapter 3: The fiber pulling rig is presented, and vital parts are described.

Chapter 4: The optical properties as well as the shape of the fibers are character-
ized.

Chapter 5: The simple heat-and-pull model is recapitalized and held up against
the measured shape which it fails to reproduce. We conclude that the
assumption of a linear velocity distribution of the fiber flow is not valid for
our system.

Chapter 6: In the need of a more general model the fiber flow during the pulling
procedure is considered. This results in the derivation of the continuity
equation for the fiber shape. Afterwards the boundary conditions of the
fiber flow are stated.

Chapter 7: From the continuity equation a recursion formula for an axially de-
pendent but time-independent flow velocity profile is derived. The fiber
shape is then modeled under the assumption of an axially dependent veloc-
ity profile stationary in time. The model performs better than the simple
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heat-and-pull model and qualitatively reproduce the fiber shape. Quantita-
tively it fails, and we therefore conclude that the assumed time-independent
fiber velocity profile is invalid.

Chapter 8: To model the fiber shape quantitatively the fluid dynamics of the
fiber flow is included. The Navier-Stokes equations are solved in the limit
of creeping flow of thin axisymmetric fibers. From this an axially- and
shape-dependent velocity profile of the fiber flow is obtained. Together
with the continuity equation from Ch. 6 the fiber shape is modeled showing
good agreement with the measured data.

Chapter 9: A summary and conclusion of the presented work is given.

Chapter 10: Outlook of future implementations of the produced nanofibers.



Chapter 2
Optical fibers and nanofibers

In this chapter important concepts and variables are introduced in order to
understand the properties of tapered optical nanofibers. It thereby provides
the foundation of this work and will be referred to throughout the thesis. We
start by briefly reviewing step-index optical fibers and their guided light modes.
Afterwards a simple heat-and-pull model for making nanofibers is presented. For
later analysis and characterization of the nanofibers the criteria of adiabatic taper
transitions will be given in order to quantify the mode coupling between the
ordinary fiber and the nanofiber. This is followed by a discussion of the guided
modes in the nanofiber.

2.1 Step-index optical fibers

A step-index optical fiber is a long two-layered cylinder typically made of high-
purity fused silica, i.e., glass, see Fig. 2.1. The inner layer, denoted the core,
is doped with germanium (Ge) to slightly increase the index of refraction nco
compared to the surrounding layer, the cladding, having index of refraction ncl.

z
n0

ncl

nco

d

a

Figure 2.1: Step-index fiber.

In the frame of cylindrical coordinates,
with basis vectors {êρ, êφ, êz}, this is
described as:

n(ρ) =


nco if ρ < a,
ncl if a < ρ < d,
n0 if d < ρ.

where n0 < ncl < nco. From the prin-
ciple of total internal reflection light
can be guided in the core, confined by
the core-cladding interface, see Fig. 2.2. If the angle θ of the internal light rays
is smaller than the critical angle θc, light will leak out from the core into the
cladding and be lost1.

nco

ncl

zθi
θt θ

θ

Figure 2.2: Fiber longitudinal cross-section.

By solving Maxwell’s equations the
propagating field modes can be cal-
culated. This has been done in several
textbooks and can be found in, e.g.,
[Snyder et al. 1983] and [Ghatak et al.
1998]. Based on their work, the follow-
ing will qualitatively cover the prop-

erties of fiber guided modes relevant for later discussions when characterizing

1The critical angle is found by Snell’s law and given by; sin θc = ncl/nco [Hecht 2002].
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6 Optical fibers and nanofibers

the nanofibers. Light will propagate in the core if the incident angle fulfills the
inequality:

sin θi ≤
√

n2
co − n2

cl , for n0 = 1. (2.1)

For step-index fibers; nco ≈ ncl. Therefore only incident rays near parallel to the
fiber axis will be sustained and the fibers are said to be weakly guiding. Within
this regime the field can be assumed transverse to the fiber axis and its longitudi-
nal components thus neglected. This yields approximative solutions to Maxwell’s
equations known as linearly polarized (LPlm) modes.For each azimuthal index
l = 0, 1, 2, ... there exists a range of radial solutions m = 1, 2, 3, ... corresponding to
a discrete set of guided modes in the fiber. In Fig. 2.3 the intensity distribution for
the four lowest order LPlm modes is shown. The LP01 mode is seen to resemble
a Gaussian distribution and therefore mainly this mode will be excited if the
incident light is a Gaussian beam.

Figure 2.3: Intensity distribution for the four lowest order LPlm modes in a step-index
fiber with parameters 2a = 5.5 µm, λ = 852 nm, nco = 1.4650, and nco = 1.4573. The
plot has been generated using open-source MATLAB code [Bojor 2005].

Because of the different spatial distributions the modes are affected by the fiber
boundaries differently. Therefore an unique axial propagation constant β ex-
ists for each mode defined such that the field mode can be written in the form
[Cassany 2009]:

E(r) ∝ e−iβz , (2.2a)

ncl <
β

k0
= neff ≤ nco . (2.2b)

Here E(r, t) is the electric field for a given mode at position r, λ = 2π/k0 is
the free-space wavelength, and the effective index of refraction neff has been
introduced as the normalized propagation constant. In Fig. 2.3 the LP01 mode
is seen to be distributed around the core center. We therefore expect neff for this
field mode to be closer to nco than for any of the other modes. In Fig. 2.4 the
different effective indices of refraction is plotted as a function of the V-number,
also known as the waveguide parameter, given by:

V =
2πa

λ

√
n2

co − n2
cl . (2.3)

We indeed see that neff for the LP01 mode, black solid line, is closer to nco than
the higher order modes. The V-number is related to the number of bound modes
that can propagate in the fiber2. For V < 2.405, where the blue dashed line ends,
the fiber is single-mode as only the LP01 mode can propagate in the fiber. This
mode has no cut-off value and are thus said to be the fundamental mode in the
fiber.

2For V � 1 the number of bound modes scales with V2.
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Figure 2.4: Effective index of refraction for the four lowest order LPlm modes as a function
of the V-number (bottom axis) and core diameter (top axis) for λ = 852 nm. The vertical
black dashed line indicates the calculated V = 3.04 for the fiber used in this work;
2a = 5.5 µm, λ = 852 nm, nco = 1.4650, and ncl = 1.4573. The vertical black dashed-
dotted line shows the inferred V = 2.34 and is located just below the single-mode cut-off
at V = 2.405. The plot has been made with open-source MATLAB code [Karapetyan
2011].

For the fiber used in this work we have calculated V = 3.04 for3 λ = 852 nm.
This is plotted as the vertical black dashed line, showing that the two lowest
order modes, LP01 and LP11, are sustained by the fiber. The two other modes
plotted are cut-off at V = 3.832 since here the inequality in Eq. (2.2b) is no longer
fulfilled. Although the V-number for our fiber predicts the single-mode cut-off
to occur at λ = 1077 nm we have never observed the LP11 mode for λ = 852 nm.
In Sec. 4.1.2 we show a spectrum plot of the transmission through the fiber
from which we infer the single-mode cut-off to occur at λ = 830 nm. The fiber
is therefore single-mode at λ = 852 nm with corresponding V = 2.34. This
discrepancy is caused by the often used approximation for the fiber numerical

aperture; NA = n0 sin(θmax) ≈
√

n2
co − n2

cl, where θmax is the maximum angle
of incidence for light rays fulfilling Eq. (2.1). This is generally valid for multi-
mode fibers, but for single-mode fibers where diffraction effects can no longer be
neglected, this approximation breaks down. For our fiber only the values for the
measured numerical aperture and the index of refraction of the cladding ncl are
given, and we therefore obtained V = 3.04 by using the approximation for NA.

2.2 Simple heat-and-pull model

v− v+

Heater

L0

Figure 2.5: The heater provides a
uniform temperature of a small sec-
tion with length L0.

After reviewing step-index fibers we are ready
to introduce the concept of tapered sub-
wavelength diameter optical fibers, referred
to as nanofibers. By heating a small section of
an optical fiber and pulling the ends apart, as
illustrated in Fig. 2.5, the fiber can be stretched
and accordingly narrowed. The nanofiber is

3The 852 nm wavelength corresponds to the D2 line in caesium.



8 Optical fibers and nanofibers

thus an integrated part of the original fiber connected by two tapered transitions.

The shape of the resulting fiber has been described in a simple heat-and-pull
model developed by [Birks et al. 1992]. To avoid using involved fluid mechanics
they impose two crucial constraints on the fiber pulling:

(i) The fiber is always heated uniformly.
(ii) The heated section is always cylindrical.

In general the temperature distribution of most heating devices, such as a flame
or an open-sided oven, will be something resembling a Gaussian distribution,
that is, having a peak-temperature near the center and decreasing outwards.
Therefore (i) is mainly applicable for small heaters with a narrow temperature
distributions that are better approximated with a box-shaped function than wide
heaters. A uniform temperature distribution implies a uniform viscosity of the
fiber. This means that the entire heated fiber section will be stretched according
to a constant viscosity of the fiber, whereas fiber outside the section will be frozen.
Note, that it is assumed that the fiber is heated sufficiently to stretch it, but not
so much that it starts to deform under its own weight.

The simplest way to ensure (ii) is to pull the fiber-ends apart with equal and
opposite speeds relative to the heater, i.e., symmetrically elongate the fiber, such
that v− = −v+ in Fig. 2.5. Assuming mass conservation of the pulled fiber also
the volume will be conserved. This is well justified as evaporation of a molten
glass fiber is low.

−v+ v+rw

−v+ v+

δl/2 δl/2

rw + δrw

z− L0 z+ z

Figure 2.6: Fiber symmetrically stretched by
δl. The cylindrical shape is preserved when
uniformly heated.

The two constrains together with
volume conservation means that
the heated fiber shrinks uniformly
over the hot zone4 with length L0,
thereby preserving the initial cylin-
drical shape, as shown in Fig. 2.6.
The change in radius δrw for a given
extension δl can be found by equat-
ing the fiber volume before and after
the small pull:

πr2
wL0 = π(rw + δrw)

2(L0 + δl) . (2.4)

Taking the limit δl → 0, and thus neglecting higher order terms, we arrive at the
differential equation:

drw

dl
= − rw

2L0
. (2.5)

The width of the hot zone may vary during the pull and thus be a function of the
pull length l; L0 = L0(l). However, in this work we exclusively apply the model
by [Birks et al. 1992] for symmetric pulls; v− = −v+, where the hot zone is kept
stationary; L0 = constant. The solution for the fiber waist radius are then readily
found to be:

rw(l) = r0 exp
(
− l

2L0

)
, (2.6)

for the initial fiber radius r0 = rw(0). In this limiting case the shape of the tapered
transitions is also easily obtained. The radius r(z), at a given point z on the fiber

4The heated section will be referred to as either the hot zone or the oven throughout the thesis.
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taper after the pull, must be equal to the radius rw(l) when this point was pulled
out of the hot zone. From this the fiber shape is found to5:

r(z)
r0

=



1 for z < z̃−,
e−(z−z̃−)/L0 for z̃− < z < z−,
e−l/(2L0) for z− < z < z+,
e−(z̃+−z)/L0 for z+ < z < z̃+,
1 for z̃+ < z.

(2.7)

The solution is shown graphically in Fig. 2.7 with marked limits z± and z̃±, and
different fiber sections labeled for future reference. The length of each exponential
taper is given by half the total elongation length of the fiber. The waist is uniform
within the length of the hot zone. It is clear that the solution exaggerates the shape
of the fiber. In reality we do not expect the beginning of the taper transitions,
at z̃±, to be as sharp as predicted by the model, because of a more smooth
temperature distribution.

z
z̃− z− z+ z̃+

l/2 L0 l/2

unstretched fiber left
transition

waist right
transition

unstretched fiber

Figure 2.7: Sketch of a nanofiber with exponential taper transitions predicted by the
simple heat-and-pull model for symmetric pulls.

The fiber shape model presented here has the big advantage that no fluid dy-
namics is required but it is limited to the special case where the temperature
distribution of the heater is well approximated by a box-shaped profile. More
general theories for the fiber shape, which include the fluid dynamics, do exist
[Eggers et al. 1994; Baker et al. 2011] but for now it suffices to think of the fiber
pulling in these simplified terms. However, we shall see later that the model by
[Birks et al. 1992] does not describe the shape of our fibers made with a rather
wide heater; L0 ≈ 3 mm. To model the fiber shapes we have therefore extended
the existing theories by indirectly measure the axial profile of the fiber viscosity.
This will be shown in Ch. 8.

2.2.1 Linear flow

To conclude the theory of the simple heat-and-pull model for the fiber shape we
note that it predicts a linear velocity profile of the fiber along the z-axis during
the pull. This will be important for the analysis carried out in Ch. 5−8. We
consider a symmetric pull as shown in Fig. 2.8 where we have divided the fiber
into small cylindrical blocks. The N + 1 interfaces of the blocks inside the hot
zone is labeled from left to right;

n = −N
2

,−
(

N
2
− 1
)

, ..., 0, ...,
(

N
2
− 1
)

,
N
2

(2.8)

for positive and even N. During a time ∆t the fiber is symmetrically stretched by
∆l. From the uniform viscosity and conserved volume assumptions we find that

5For more details the reader is referred to the paper by [Birks et al. 1992].
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−v+ v+

−v+ v+

z− L0 z+ z

δ 2δ 3δ

n = −3 −2 −1 0 1 2 3

Figure 2.8: Illustration of the fiber motion during a symmetric pull according to the
simple heat-and-pull model, drawn for N = 6. In the center the velocity is zero and the
disc at n = 0 do not move.

each block gets evenly elongated by δ. The n’th interface has therefore moved a
distance:

∆zn = nδ = n
∆l
N

. (2.9)

Note, that the end-interfaces, n = ±N/2, moved a distance ∆l/2, from where
δ = ∆l/N is found. Eq. (2.9) leads to a linear velocity of the blocks:

vn =
∆zn

∆t
=

n
N

∆l
∆t

. (2.10)

Taking the limit ∆t→ 0 we obtain:

v(z) =


−v+ if z ≤ z−,
2v+
L0

(z− zc) if z− < z < z+,

v+ if z+ ≤ z,

v(z)

z
−v+

z−

v+

z+

0

zc

showing that the velocity of each fiber point along the fiber axis interpolates
linearly between the end-velocities inside the hot zone. Here zc denotes the center
of the hot zone.

2.3 Tapered optical nanofibers

When the fiber is stretched and the tapers begin to form, it is no longer cylindrical
symmetric. As we saw in Fig. 2.4 the field modes’ effective index of refraction
decreases with decreasing core radius. It therefore varies locally along the tapers.
At some point it will become equal to the cladding index; neff = ncl, and a core-
to cladding-mode transition of the fundamental mode takes place [Love et al.
1991]. This happens at V ≈ 0.8 for our fiber values, inferred from Fig. 2.4. For
smaller radii the light will now be guided by the cladding-air interface instead
of the core-cladding interface. Air can thus be considered as the cladding of the
nanofiber, whereas the nanofiber core will be a weighted average of the untapered
fiber core and cladding refractive indices; ñco = 1.45732.

To ensure a high coupling of the fundamental mode into the nanofiber it is
physically intuitive that the tapers should only change gradually over the length
scale of the taper. This is stated as the adiabatic criteria in the work by [Love
et al. 1986] and more elaborately in [Love et al. 1991]. In the following we go
through their results in order to establish a framework for understanding the
light transmission through our produced nanofibers.
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2.3.1 Adiabatic transition

Power loss from the fundamental mode can be assigned to the excitation of higher
order cladding modes. If the taper transitions are axisymmetric, only modes with
the same azimuthal symmetry can be excited; LP01 → LP0m, with the highest
coupling to the nearest mode LP02. This is intuitively what we would expect from
examining Fig. 2.3 where we see that the LP01 mode has a high spatial overlap
with the LP02 mode compared to the two other modes with l > 1. If the tapers are
non-axisymmetric, e.g., if the fiber is bending, coupling can also occur to modes
with l > 1 and most likely to the lowest order modes with propagation constants
closest to the fundamental mode, see Fig. 2.4.

ncl

znco ρ(z)
zt

Ω(z)

Figure 2.9: Fiber taper. The dashed line is tangent of the core slope at point z where the
local core radius is ρ(z). The local taper angle Ω(z) it the angle between the tangent and
the fiber axis. The local taper length zt is given by the horizontal line in the green triangle
spanned by ρ(z), the tangent, and the fiber axis.

In order to quantify a slowly varying taper transition we consider the relevant
length scales of the taper, shown in Fig. 2.9. At point z the local taper angle is
given by:

Ω(z) = arctan
(

ρ(z)
zt

)
≈ ρ(z)

zt
, (2.11)

for the local core radius ρ(z) and the local taper length zt. For adiabatic tapers;
Ω(z)� 1, and the approximation is justified. Excited higher order modes will
interfere with the fundamental mode. To define a local coupling length between
the modes the beat wavelength is used given by:

zb =
2π

β1(z)− βi(z)
. (2.12)

Here β1 is the propagation constant for the fundamental mode and βi the prop-
agation constant for the i’th higher order mode. When the local taper length is
long compared to the local coupling length; zt � zb, the mode can follow the
surrounding variations in the boundary conditions with negligible coupling to
other modes. The taper transitions are then said to be adiabatic as almost no
power is lost from the fundamental mode. If instead; zt � zb, power will leak out
from the fundamental mode to higher order modes that are now being excited.
This is analogous to the single-slit diffraction experiment. Here geometrical optics
is valid only when λ � a, for the characteristic length scale a of the slit. If
λ & a diffraction effects occur and the wave nature of light has to be considered.
Already for single-mode fibers, with core diameters ∼ 10 µm, geometric optics is
insufficient to describe the field and modal analysis is needed. Decreasing the
core diameter makes the light mode-volume expand rather than compress due
to diffraction effects, and part of the field mode will propagate in the cladding.
If tapering happens on a short length scale the mode might get distorted and
coupling to other modes occurs.
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By equating the local taper length with the local coupling length; zb = zt, an
upper bound can be placed on the local taper angle. This is used to quantify the
adiabatic criteria and from Eq. (2.11) and Eq. (2.12) we obtain:

Ω(z) ≤ ρ(z)
2π

(
β1(z)− βi(z)

)
. (2.13)

In Fig. 2.10a the upper bound on Ω(z) as a function of the normalized core radius
ρ(z)/ρ0 is shown as the thick solid line6. Surprisingly, it is not a monotonically
increasing function with the radius.

(a) Variation of the Ω(z) upper bound with
the normalized core radius ρ/ρ0, with ρ0 =
a. The plot is taken from [Love et al. 1991]
and was calculated for ncl(λ) = 1.450588,
nco(λ) = 1.45376, and λ = 1.3 µm.
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Fig. 1. Comparison of predicted and measured radius profile. See text for details.

bands which makes the TOF fabrication process even more challenging.
We present a systematic study of the influence of the fiber profile parameters on the transmis-

sion properties of the TOF. We demonstrate how the transmission band can be shifted, extended
and optimized. The obtained information enables us to tailor the radius profile of a TOF accord-
ing to the desired transmission properties and to study the loss mechanisms connected to the
nanofiber waist of the TOF.

2. Transmission properties of TOFs of predetermined shape

We fabricate TOFs by stretching a commercial single mode optical fiber while heating it with a
travelling hydrogen/oxygen flame [28]. We use an analytic algorithm to calculate the trajectory
of the heat source for a predetermined fiber shape. This algorithm and the technical realization
of our fiber pulling rig will be described elsewhere.
Figure 1 shows the measured radius profile of a TOF with the following preset parameters:

a 320 nm-diameter waist of 1mm length, a three-fold linear taper transition with local taper
angles !1 = 3mrad, !2 = 1mrad and !3 = 5mrad, and a change of the local taper angles at
the fiber radii r1 ! 42 µm and r2 ! 20 µm. The solid line indicates the fiber radius profile as
predicted by our algorithm. Throughout this paper, r denotes the radius of the fiber cladding,
and !(r) denotes the local taper angle of the fiber cladding. We found empirically from our
simulations that the profile exhibits local deformations if !(r)/r becomes too large. We there-
fore limited !(r)/r to less than 0.3mrad/ µm. For the local taper angle !3 = 5mrad used for
our TOFs, the profile thus has an exponential shape for radii smaller than r3 ! 17 µm. The inset
of Fig. 1 shows a magnification of the submicron-radius region of the profile.
The TOF characterized in Fig. 1 was fabricated from a Nufern 460-HP fiber, deposited on a

#133386 - $15.00 USD Received 16 Aug 2010; revised 27 Sep 2010; accepted 30 Sep 2010; published 11 Oct 2010
(C) 2010 OSA 25 October 2010 / Vol. 18,  No. 22 / OPTICS EXPRESS  22679

(b) Fiber radius as a function of the position
along the fiber axis. Three linear sections are
shown as an approximation of the optimal
shape predicted by (a). This figure is taked
from [Stiebeiner et al. 2010].

Figure 2.10: The upper bound on the taper angle from the adiabatic criteria is shown
in (a) from which fiber shape (b) can be optimized to ensure high coupling through the
tapers.

In fact, the taper section near the fiber waist can be as steep as that near the
unstretched fiber. The observed minimum is close to the core- to cladding-mode
transition for the fundamental mode. This is indicated by the two dashed lines
which show the approximated solutions for the local taper angle at the limits;
ρ/ρ0 → 0, 1, where the fundamental mode is guided by cladding-air and core-
cladding interfaces respectively. For Ω(z) smaller than the solid line the tapers
will be adiabatic.

The whole taper profile can of course be made with angles underneath the
minimum. But this is a very impractical approach because it will produce long
tapers exposing the un-coated fiber to environmental damages, such as scratching
and dust particles. In most application it is therefore desired to have as short
tapers as possible. From Fig. 2.10a we see that the optimal taper shape will be
steep in both taper ends and flat in the center. In the group of Rauschenbeutel
they have approximated this shape by three linear sections [Stiebeiner et al. 2010],
as shown in Fig. 2.10b. Here transmissions above 70%, for a fiber waist radius of
160 nm, and for wavelengths in the range 470 to 690 nm were measured. In a later
paper they report values for the transmission to be up to 98.7%, for λ = 850 nm
and a waist radius of 250 nm, using the same fiber profile with three linear
sections [Garcia-Fernandez et al. 2011].

6This plot is taken from [Love et al. 1991] and shows Ω(z) for their fiber parameters. For future
optimizations of our nanofiber tapers we plan to calculate the curve ourselves with accordingly
relevant parameters.
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2.3.2 Guided modes

Until now we have described the light modes using the approximate linearly
polarized (LP) modes. This was justified because the longitudinal component
of the field is usually very small for normal step-index fibers, as explained in
Sec. 2.1. When the fiber becomes sufficiently thin this is no longer an adequate
description. Because of the now big differences in the core (=glass) and cladding
(=air) refractive indices the fiber is no longer weakly guiding. The modes can
therefore not be regarded as mainly transversal, and a significant z-component
is now present. In order to understand the light-atom interactions it is therefore
necessary to use the exact solutions of Maxwell’s equations for the light descrip-
tion. Knowledge of the exact modes are also important in the analysis of the
light transmission through the nanofiber when quantifying the adiabaticity of the
transitions. In this section we therefore briefly present the exact modes in the
nanofiber, again following the literature by [Snyder et al. 1983] and [Ghatak et al.
1998].

The exact solutions for the bound field modes are usually divided into two
subgroups; hybrid modes and transverse modes. The hybrid modes contain
both electric (E) and magnetic (H) field components along the fiber axis and are
denoted HE (EH) when Ez is smaller (larger) than Hz. For the transverse modes,
the longitudinal component of either the electric or magnetic field is zero and the
modes are thus said to be transverse electric (TE) or transverse magnetic (TM).

E z

(a) TE01 mode. Eφ, Hρ, Hz 6= 0, Eρ = Ez = Hφ = 0.

E z

(b) TM01 mode. Eρ, Ez, Hφ 6= 0, Eφ = Hρ = Hz = 0.

E z

(c) Hybrid mode. Eρ, Eφ, Ez, Hρ, Hφ, Hz 6= 0.

Figure 2.11: Propagating light rays in the fiber. The transverse cross-section of the fiber
is shown to the left, while the longitudinal cross-section is shown to the right with a green
background. Note that only the vertical light rays are shown in the longitudinal cross-
section for (a) and (b), while several directions is contained in the transverse cross-section.
Inspired by [Cassany 2009, Figs. 1.3 and 1.4], and [Snyder et al. 1983, Fig. 11-2].

To get a feeling for the nature of the exact modes it is helpful to consider the
schematic light ray drawings shown in Fig. 2.11. The transverse modes always
intersect the fiber axis effectively causing either the electric (a) or magnetic (b)
field to be purely transverse. The TE01 only has circular fields lines for the electric
field, while the TM01 electric field lines are perpendicular and parallel to the fiber
axis. In contrary to the transverse modes the hybrid modes circulate around the
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fiber axis without ever passing through it. This is what gives rise to the non-zero
components of both the electric and magnetic field in all directions.

The LP modes are linear combinations of the exact modes and grouped according
to:

LP0m : HE1m (2.14a)

LP1m : HE2m , TE0m , TM0m (2.14b)

LPlm : HEl+1,m , EHl−1,m , for l ≥ 2 . (2.14c)

As an example we consider Fig. 2.12. Here the TE01 and HE21 modes are combined
to make the LP11 = TE01 ±HE21 mode for two different spatial and polarization
configurations. The green shaded regions indicate the intensity distribution
similar to what was shown in Fig. 2.3. Two more polarization configurations
exist for the LP11 mode7. These are obtained by combining the TM01 and HE21
modes and gives similar intensity distributions to the ones shown but with the
polarization lines rotated by 90◦. Like the LP modes each exact mode is described

TE01

+

HE21

=

LP11

− =

Figure 2.12: Combining the TE01 and HE21 modes forms the LP11 mode for two different
polarization and spatial configurations. Only the transverse polarization in the fiber
cross-section is shown thus neglecting the z-component of the hybrid mode. Inspired by
[Snyder et al. 1983, Fig. 14-5(d)].

by their propagation constant β = k0neff. These are shown for some of the few
lowest order modes as a function of the fiber diameter in Fig. 2.13. As in Fig. 2.4
the propagation constants monotonically increase with the fiber diameter. Only
the HE11 mode can be guided by the nanofiber for arbitrary diameters and is
thus (still) the fundamental mode. The modes can still be grouped according to
the LP modes but are no longer degenerate, as evident when the cut-off point
for the modes are considered, see Table 2.1. When analyzing the transmission
through the nanofiber, in Sec. 4.1, it is therefore necessary to use the mode-drops
of the exact modes rather than for the approximate LP modes.

7For all l > 1 modes there exist four independent combinations of the polarization and intensity
distribution. For l = 0 modes only two independent combinations exist because of their circular
symmetry.
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Figure 2.13: Effective index of refraction of the exact fiber modes as a function of the
V-number (bottom) nanofiber diameter (top) for λ = 852 nm. The plot is made using;
ncl = nair = 1, and nco = ñco = 1.45732 being the weighted average of the original core
and cladding indices. The modes are color grouped according to the LPlm modes; black:
LP01, blue: LP11, gray: LP21, and red: LP02. The vertical black dashed line at V = 2.405
and dw = 0.615 µm indicates the boundary between the fiber being single- or multi-mode.

Table 2.1: Few lowest order exact modes and their respective cut-off diameter for λ =
852 nm inferred from Fig. 2.13. The modes are grouped according to the LP modes.

Exact modes Approximate modes Cut-off diameter [µm]

HE11 LP01 NaN

HE21 , TE01 , TM01 LP11 0.71, 0.62, 0.62

HE31 , EH11 LP21 1.09, 0.98

HE12 LP02 0.99

2.4 Summary

In the preceding sections we have introduced important concepts that will be
applied throughout the thesis. We started by making a general description of
step-index optical fibers, Sec. 2.1. From this the basic principles behind producing
tapering optical nanofibers, using the heat-and-pull technique, were introduced
as well as the fiber shape model by [Birks et al. 1992], Sec. 2.2. In this model a
uniform temperature distribution of the fiber is assumed which gives a linear
profile of the longitudinal velocity of the fiber during the pull, Sec. 2.2.1. This will
become important later when a more generalized fiber shape model is developed.
To ensure a high coupling between the ordinary fiber and the nanofiber the
adiabatic criteria by [Love et al. 1986; Love et al. 1991] were stated as an upper
bound on the taper slopes, Sec. 2.3.1. Finally, we reviewed the guided modes in
the nanofiber. These depends on the geometry of the fiber and for λ = 852 nm
the nanofiber becomes single-mode when the waist size is dw ≤ 615 nm, Sec. 2.3.2.
From this we are now ready to explain in greater details how the nanofibers are
produced. This is the subject of the next chapter.
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Chapter 3
Fiber pulling rig

Top stage

Bottom stage

P ’n’ Y P ’n’ Y

XYZ

Mount Mount

Adaptor plate

Magnetic clamps Fiber

Oven

Figure 3.1: Fiber pulling rig.

To produce tapered optical fibers a simple heat-and-pull setup, shown in Fig. 3.1,
has been build. The fiber is clamped down on two mounts placed on either
side of an oven that provides localized melting of the fiber. Using two pitch
and yaw translation stages (P ’n’ Y) and a single XYZ linear translation stage a
five-axis alignment is provided for the fiber. The two mounts are placed on a
pair of stacked motorized translation stages. Here the bottom stage provides an
overall translation of the fiber system with respect to the oven while the top stage
effectively does the pulling. In the next sections each vital element in the fiber
pulling rig will be discussed with emphasis put on the motorized stages and the
oven as these elements are the heart of the fiber pull rig.

3.1 The stages

Top stage

Bottom stage

P ’n’ Y P ’n’ Y

XYZ

Mount Mount

Adaptor plate

Oven

Magnetic clamps Fiber

Figure 3.2: Fiber pull rig with the motorized
translation stages highlighted.

To perform the positioning and
pulling of the fiber we use two motor-
ized stages1. The stages are stacked
on top of each other to be able to
translate and position the fiber by
only moving the bottom stage, in-
stead of having to synchronously
move both stages if they were placed
in succession of each other. Another
solution is to mount the oven on a
translation stage moving along the fiber axis. However, stacking the stages is not
only simpler it also improves the stability of the pulling procedure by preventing
air currents to carry heat away from the oven [Warken et al. 2008]. The travel
range for the bottom stage is 150 mm while it is 50 mm for the top stage.

1PMT-160-150-DC05-R and PMT-160-050-DC38-R from Steinmeyer FMD.
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Both stages are driven by servo motors with a PID2 controller3 for the position
and velocity of the stages. This is more precise than an open-loop control (used in
stepper motors) because the measured position of the stages is being compared to
the commanded position during the whole motion. From the specs the accuracy
in position is ±10 µm and the repeatability is ±0.5 µm for both stages. The
position is measured by an incremental rotary encoder from which two square
waves in quadrature are being output. From the specs of the stages the conversion
factors from encoder counts (cts) to millimeters for the bottom and top stage are
given by:

cb = 2000 cts/mm , (3.1a)

ct = 290370 cts/mm , (3.1b)

respectively. It is crucial for the production and modeling of the fiber shape to
know how much the fiber was pulled. We have therefore estimated the relative
error on the stage calibration. For this the same CCD camera was used as for
measuring the shape of the fiber (see Sec. 4.2 for more details on the CCD
imaging). With the camera focused onto the top stage fiber mount an image was
recorded. The bottom stage was then set to move x mm to the right and the
top stage correspondingly to the left after which a second image was recorded.
Unless both stages have the same systematic error in the positioning, the error on
the conversion factors can be now estimated by comparing the overlap of the two
images. These were found to differ by εp ∼ 37 pixels. To get the error in mm
we moved the bottom stage by xb = 200 cts = 0.1 mm and measured the pixel
distance xp between a point in the two images taken before and after this move.
From this the pixel to millimeter conversion factor is estimated to be:

cp =
xp

xb
≈ (807− 504) pixels

100 µm
≈ 3.03 pixels/µm . (3.2)

For x = 30 mm we thus found the relative error of the stage calibration to be:

ε =
εp/cp

x
= 3 · 10−4 . (3.3)

This is a very small error and even within this crude estimation we can safely use
the conversions between encoder counts and millimeters as they are given in the
specs for the two stages.

The stages come installed with electrical limit switches to ensure that they do
not drive into the hard stop, i.e., the end of the stage, which would mechanically
damage the stages. Unfortunately, one of the limit switches in the bottom stage
was misplaced from the factory and located too close to the hard stop. We have
therefore additionally programmed software limit switches. If one of the stages
enter the region between the software stop and hardware stop it is forced to stop
and only allowed to move out of this region away from the hard stop. In order
to work properly, the activated limit switch should not only stop the motion of
the stage, but also set the deceleration to maximum to shorten the travel distance.
This has therefore also been included in the software limit switch routine.

3.2 The oven

The fiber heating is a crucial ingredient in making tapered nanofibers, and a hot
zone needs to be established. Here several options are available, e.g., gas/liquid

2Proportional-integral-derivative.
3Galil DMC-2143.
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(a) Fiber pulling rig with the oven highlighted. (b) Oven held in a mount
made of MACOR R©.

Figure 3.3: Fiber pulling rig and the oven.

burners, CO2 laser beams and electrical heaters, just to mention a few [Tong
et al. 2010]. Each of these heating devices has advantages and disadvantages
in applicability and performance, and it is therefore necessary to weigh these
against the desired parameters of the nanofiber (waist diameter, adiabaticity, etc.).

Hydrogen or a saturated hydrocarbon, such as butane or propane, supplied with
oxygen is most commonly used as fuel for the flame produced by gas burners
[Garcia-Fernandez et al. 2011; Kenny et al. 1991; Frawley et al. 2012; Brambilla et al.
2004; Graf et al. 2009]. Hydrogen constitutes a very clean flame with only water
vapor resulting from the combustion, whereas hydrocarbons need to be mixed
with plenty of oxygen to prevent making soot from incomplete combustion that
would contaminate the fiber. The width of the flame is typically on the order of a
few millimeters which makes it suitable for producing sub-micron fibers with a
short waist. If a longer waist is needed the flame can be swept back and forth
along the fiber, effectively increasing the hot zone length [Birks et al. 1992].

Flame-based heating devices work quite well in producing adiabatic fibers with
reported light transmission of up to 98.7% of a 850 nm laser for a 500 nm diameter
fiber [Garcia-Fernandez et al. 2011]. However, air currents can make the flame
unstable as well as lift the fiber during the taper process. Effectively, this might
change the hot zone length in an unpredictable way and was thus observed to
reduce the fiber pulling reproducibility in the work by [Frawley et al. 2012]. A way
to avoid this problem would be to heat the fiber using a CO2 laser beam focused
onto the fiber instead. As the fiber would now be directly heated by absorbing the
laser radiation any issues regarding the cleanness of the fiber due to combustion
is also removed. However, this method constitutes a lower limit on the attainable
fiber diameter d as the radiative heating scales with the fiber volume, ∼ d2, while
the convective cooling scales with the fiber surface area, ∼ d. Therefore, a critical
diameter exist for which the fiber cools faster than it heats [Grellier et al. 1998].
Of course, cranking up the laser power can lower this critical value but for as
high power as 25 W only final diameters of 3-4 µm could be obtained in the
group of Síle Nic Chormaic making this method highly impractical for producing
submicron diameter fibers [Ward et al. 2006]. A solution to this was shown in
[Sumetsky et al. 2004] where they surrounding the fiber by a sapphire tube and
heated the latter with a CO2 laser. This provided a furnace and the fiber could
be indirectly heated, as when using a flame, making it possible to taper it to a
submicron diameter.

An even simpler solution would be to use an electric heater as a micro-furnace
[Shi et al. 2006; Ding et al. 2010; Lee et al. 2011; Fujiwara et al. 2011; Baker et al.
2011]. The temperature is set by controlling the current through a resistive load
making it an easy-to-operate device. We have chosen to use an electric ceramic
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micro-heater4, denoted the oven, see Fig. 3.4. The resistive load is embedded in a
20× 19× 25 mm3 porous ceramic casing that can withstand high temperatures
and via a 2 mm wide slit a fiber can be inserted into the oven center.

Figure 3.4: The oven.

To hold and position the oven we have designed a
mount in collaboration with the mechanical workshop
at the Niels Bohr Institute, see Fig. 3.3b. During the
fiber pull it is important to keep the oven as stable as
possible. Therefore we chose to make the mount of
MACOR R©. This material is mechanically stable up to
1000 ◦C since it has a low thermal expansion coefficient

which makes it stay in shape during large temperature changes. Besides from
this, MACOR R© is also a very good electrical and thermal insulator effectively
isolating the oven from the surrounding environment.

3.2.1 Heating the oven

When operating the oven care has to be taken because the heating element is very
sensitive to sudden changes in the temperature. The current through the oven
should therefore be ramped slowly when heating and cooling the oven. To ensure
this we have programmed an ATmega168P microcontroller chip for measuring
and controlling the oven current. We have also installed a battery5 to prevent any
fatal power failures.

In Fig. 3.5 a simplified circuit of the oven is shown, the full circuit diagram can
be found in Appendix A. All the resistors have known values except from the

R1 = 560 Ω

Roven Usense

R2 = 15 kΩ

R3 = 1 kΩUref

+ Usupply ≈ 24 V

sw

Figure 3.5: Simplified circuit diagram of the oven. When the switch is connected the
circuit is shorted to bypass R1.

oven resistance Roven as this depends on the oven temperature. Usupply provides
a nominally 24 V supply voltage and Usense and Uref measure the voltage drop
over Roven and R3 respectively. From the circuit diagram we find the following
important relations:

sw disconnected: Usense =
Roven

R1 + Roven
Usupply , (3.4a)

sw connected: Usupply = Roven Ioven , (3.4b)

Uref =
R3

R2 + R3
Usupply . (3.4c)

4Ceramic micro heater, CMH-7019 from NTT Advanced Technology Corporation.
5SITOP power battery module 24 V/12 Ah from SIEMENS.
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Where Ioven is the current through the oven. In order to measure Usupply and
Usense an analog-to-digital converter (ADC) on the microcontroller is used as
shown in Fig. 3.6. Although the nominal voltage of Usupply is known in principle
it is still measured in order to have a more precise value, which is important for
controlling Ioven. This would be particularly crucial if a power failure occurs. In
this case the system automatically switch to the battery supply voltage which
could differ significantly from Usupply.

ADC adcdata = Uin
Uref

(
210 − 1

)
Uref

UinUsense

U1.1 = 1.1 V

Figure 3.6: Simplified circuit diagram for the analog-to-digital conversion used to measure
Usupply and Usense.

The output of the ADC, adcdata, is given as the ratio of an input voltage Uin
to a reference voltage Uref stored as a 10-bit value. After every second ADC
measurement the switch in Fig. 3.6 is changed thereby changing the input Uin
such that we alternate between measuring Usense and U1.1. Combining this with
Eq. (3.4) we find:

Roven =
R1

r
(

210−1
adcsense

)
− 1

, (3.5a)

Usupply = r
(

210 − 1
adc1.1

)
U1.1 . (3.5b)

The oven heating power is controlled by pulse-width modulation with a switching
frequency of 400 Hz. In each cycle of period T = 2.5 ms current is supplied to

time0 τ T

switch

connected

disconnected
oven on oven off

ADC measurement

Figure 3.7: Timing diagram of the oven current control and the ADC measurements.

the oven during a time τ by closing sw in Fig. 3.5. Rather than measuring the
instantaneous current through the oven we thus measure the average current
given by:

〈Ioven〉T =
Usupply

Roven

τ

T
, (3.6)

and controlled by setting the length of the duty cycle Tduty = τ/T. In the off time,
T− τ, the switch is disconnected and the ADC measurement of either Usense or
U1.1 is performed.

The recommended heating rate of the oven is 0.1 A/min. In a slow 6 s loop
the current is therefore increased (decreased) in steps of δI = ±10 mA until a
target current Itarget is reached, see Fig. 3.8. In the mean time a fast loop, set by T,
measures Usupply and Roven as described above such that Tduty can be adjusted
accordingly.
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Computer I ?
= Itarget

Itarget

6 s

I = I ± δI
false

Tduty

true
adc1.1

adcsense

ADCT = 2.5 ms

Figure 3.8: Diagram of the oven current control. When operating the oven in power-mode
the same diagram is used with all I → P.

Combining Ohm’s law with Joule’s heating law the power dissipated in the oven
is given as; Poven = U2

supply/Roven = I2
ovenRoven. The dissipated power scales

directly with the heat transferred to the oven. We have therefore chosen to control
Poven in steps of δP = δI2Roven rather than the current. This is not only more
sensitive due to the square relation between the power and the current, but it also
provides a more intuitive measure of the oven as the dissipated power is directly
linked to the oven temperature.

3.2.2 Moving the oven

As mentioned in the previous section the oven needs to be heated and cooled
slowly in order not to damage the heating element. For the temperature required
to melt the fiber sufficiently enough to be tapered and not slip underneath the
clamps it takes about 40 minutes to reach the operating power of 100 W. To speed
up the production rate the oven is therefore placed on a motorized rail clamped
down on the optical table, see Fig. 3.9. With this the hot oven can be driven away
from the fiber pulling rig at a safe distance isolated from the rest of the setup.
This enables us to both image the fiber right after the pulling procedure (more on
this in Sec. 4.2), and to prepare and insert a new fiber rather fast in the pulling
rig between consecutive pulls without having to turn on and off the oven.

Figure 3.9: Oven mounted
on a motorized rail.

Besides the apparent practical purpose of being able
to move the oven in and out of the setup the oven-
mover also provides a major advantage with respect
to the reproducibility of the pulled fiber shapes. The
fiber shapes depend inherently on the temperature
distribution of the hot zone and it is therefore impor-
tant to have the oven positioned at exactly the same
point for consecutive pulls. The oven-mover is there-
fore designed to run into a hard stop instead of a
programmed software stop. To avoid backlash of the
oven, which occurs when turning the motor off, we
keep driving the motor at a low current thus pushing
and keeping the mover at the same position at the
hard stop. Everything is controlled using a second
microcontroller connected to the stages encoder via
I/O ports, such that the mover is controlled by the
same program that we use for the stages.
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3.3 The fiber

We use a single-mode step-index fiber6 as described in Sec. 2.1. The fiber has a
5.5± 0.5 µm diameter core and a 125± 2 µm diameter cladding with refractive
indices nco = 1.465 and ncl = 1.4573 respectively. The fiber is coated with a buffer
of acrylate polymer to protect it from moisture and scratching. Before pulling the
fiber roughly 6 cm of the buffer is stripped off. It is then cleaned with ethanol
and inserted into the fiber pulling rig.

3.4 The fiber mounts and alignment

Top stage

Bottom stage

P ’n’ Y P ’n’ Y

XYZ

Mount Mount

Adaptor plate

Oven

Magnetic clamps Fiber

Figure 3.10: Fiber pulling rig with the mounts
and translation stages highlighted.

To keep the fiber in place during the
pull process we attach each end of
it onto a fiber mount7, see Fig. 3.10.
Here the fiber is clamped down in V-
shaped grooves by using strong rub-
ber padded magnets. It is important
to clean the grooves before placing
the fiber, as we have observed that
any dirt in the grooves might give
rise to a transverse tension in the
fiber causing it to bend.

Both mounts are placed on top of analog pitch-and-yaw stages8 and one of these
is additionally mounted on an XYZ translation stage. The fiber is aligned such
that the tension in it is mainly along the fiber axis, i.e., the V-grooves are made to
be both parallel and in level. This is important to ensure axisymmetric fiber tapers
necessary for adiabatic coupling between the ordinary fiber and the nanofiber.

3.5 The flowbox

The fiber pulling rig is placed inside a flowbox9 to keep the setup in a dust free
environment. This is extremely important as any dust particle on the nanofiber
surface will act as a scatterer and/or absorber of the evanescent light field and
thus effectively decrease the light transmittance. It has been suggested that
the degree of humidity might also affect the nanofiber lifetime, as the water
adsorption onto the fiber might induce cracks [Brambilla 2010]. However, in the
work done by [Fujiwara et al. 2011] it was shown that the degradation of the fiber
is mainly due to dust particles while the effect from the humidity level was within
the uncertainty of the measured light transmittance and thus negligible. They
also found that the degree of transmission degradation due to dust particles is
severely high in a normal laboratory environment. For a 460 nm waist nanofiber
they measured the transmittance to drop by 40% already after only 4 hours and
after 10 hours the transmittance was below 20%. While in a class 10 clean-room
they measured no deterioration of the transmittance over one week within a
relative noise level of ±0.02.

6LIEKKITM Passive-6/125.
7Thorlabs HFV001.
8Thorlabs APY001.
9Schilling Engineering R© RF-LFBV-1990-AL-ME.
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3.6 Summary

In this chapter we have presented vital parts of the fiber pulling rig used to
produce tapered optical fibers. The pulling is based on the simple principle of
heating and melting a small section of the fiber while pulling its ends apart.
Using two stacked motorized stages stable and reproducible pulling is provided.
To heat the fiber we have chosen to use an electric ceramic micro-heater since
it is a stable and easy-to-operate device. The drawback is, however, that the
temperature distribution provided by the heater is not well-approximated by a
box-shaped profile as will become evident in Ch. 5. This means that a flow model
generalized to all axial positions and times is needed in order to predict the fiber
shape from given boundary conditions. Such a model is developed in Ch. 8.
The oven is held very stable using a special designed mount made of MACOR R©.
Placing it on a motorized rail the oven can thus be reproducible positioned at
the same location for every pull. The temperature provided by the oven is set by
controlling the dissipated power in the resistive heater using a microcontroller.
Here special safety has to be taken to prevent abrupt changes of the temperature.
Therefore a battery has been connected to the oven circuit and the microcontroller
programmed such that the oven will switch to battery voltage supply in the
event of a power failure. It has been shown that the fiber is mounted such that a
five-axis alignment is provided to ensure minimal transverse tension in the fiber
during the pull. Tapered fibers are very sensitive to dust particles and the whole
pull rig is therefore placed inside a flowbox providing vertical laminar flow of
clean air to prevent any dust to stick to the fiber. With this fiber pulling rig we
can produce subwavelength diameter tapered optical fibers. This is shown in the
next chapter where some of the main properties of the produced nanofibers will
be characterized.



Chapter 4
Characterizing the fiber

When using a nanofiber as light-atom quantum interface several things have to be
taken into account. First, the nanofiber has to be thin enough to have a sufficient
evanescent light field for trapping and probing the atoms, and the waist should
be long in order to trap as many atoms as possible. Secondly, the tapered fiber
transitions should be gradual to obtain a high light transmission through the
nanofiber. Finally, the spatial light modes should be controllable and often only
consist of the fundamental mode. Common for all three is the importance of the
tapered fiber shape. This chapter is devoted to the characterization of the fiber
properties such that the above criteria can be ensured. We start by quantifying
the adiabaticity of the fiber. This is done by measuring and analyzing the light
transmission through the fiber while pulling. Here we will see how different
spatial modes can be identified. In the last two sections the fiber shape will be
characterized both by CCD imaging and by scanning electron microscopy.

4.1 Light transmission

Top stage

Bottom stage

P ’n’ Y P ’n’ Y

XYZ

Mount Mount

Adaptor plate

Magnetic clamps Fiber

Laser

Fiber
Detector

Oven

Figure 4.1: Fiber pulling rig with the laser and photo-
detector highlighted.

To quantify the adia-
baticity we measure the
light transmission of a
852 nm single-mode ex-
ternal cavity diode laser1

while pulling the fiber, see
Fig. 4.1. At the fiber end-
faces light can either be
transmitted or reflected2.
This effectively makes the
fiber behave as an optical
resonator and introduces length sensitive oscillations in the transmitted light
signal due to interference. To reduce this noise we angle-polished one of the fiber
end-faces thereby decreasing the reflection. This gives a significant improvement
of the transmission quality reducing the fluctuations from about 10% to 1%.

In Fig. 4.2 a typical transmission signal during a symmetric pull is shown3. After
elongating the fiber by about 7 mm the detected power starts to oscillate with
an increasing frequency. This indicates that cladding modes are being exited

1Axcel Photonics M9-852-0150-S50.
2Rougly 4% of light gets reflected at a glass-air interface.
3By sending an output compare pulse from the stages encoder to the same USB data acquisition

device (LabJack U3-HV) used to collect the detected light signal, we obtain the transmission as a
function of the elongation length instead of time.

27
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as explained in Sec. 2.3.1. The fiber is then no longer single-mode and beating
between the modes occurs. The constructive interference reaches near 100%
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Figure 4.2: Normalized transmission signal through the fiber as a function of the fiber
elongation length. The signal was obtained with a 2.5 kHz sampling rate during a
symmetric pull with speeds v± = ±50 µm/s. The elongation length was triggered every
25 µm. The two vertical dashed lines indicate the measured mode-drops at 32.0 mm and
34.9 mm. The inset shows a zoom of the transmission near the first mode drop and the
oscillations are seen to be well resolved.

transmission for elongation lengths up to 29 mm. After this point it starts to
decrease slightly and at 32 mm a big drop in the oscillation amplitude is observed.
Later a smaller drop is seen at 34.9 mm. Both drops are indicated by vertical
dashed lines. In Fig. 2.13 we saw that the support of higher order modes in the
nanofiber depends on the diameter and in Table 2.1 we listed the cut-off diameter
for the six lowest order modes. We therefore infer the drops to be caused by the
loss of two higher order modes exited in the fiber at the tapered transitions. From
Sec. 2.3.1 we know that the fundamental mode HE11 in the fiber most likely will
excite the HE12 mode due to their high spatial overlap. We therefore attribute
the strong mode-drop at 32 mm to be the loss of this mode. The TE01 and TM01
modes are the longest living higher order modes and their azimuthal index l only
differs by one from the fundamental mode. The last weaker mode-drop is thus
inferred to be the loss of both or either one of these modes. Therefore the fiber
tapers must be non-axisymmetric because modes with azimuthal index different
from the fundamental mode cannot otherwise be exited. In Sec. 4.3 the fibers are
observed to bend when pulled to very small diameters supporting the inferred
excitation of the TE01 and TM01 modes.

From the above analysis we are lead to conclude that the fiber tapers are non-
adiabatic for symmetric pulls. No other severe loss mechanisms, such as dust
particles or cracks in the fiber, seem to be present as the signal oscillates around
the final transmission of 90% throughout the pull. This is further supported by
the fact that transmission signals for symmetric pulls always display the same
signatures as here, i.e., increased oscillations during the pull and mode-drops near
l = 32 mm and l = 35 mm consistently causing about 10% loss. If there would
be losses caused by environmental influences they should be random in character
and expected to give a different transmission signal with different degree of loss.
According to the adiabatic criteria it should therefore be possible to minimize the
losses by optimizing the taper shapes.
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4.1.1 Gabor transform

To confirm the inferred mode-drops in the transmission, Fig. 4.2, it is helpful to do
a frequency analysis of the signal. This can be done by performing a short-time
Fourier transform of the signal T(z) with a Gaussian window, a so-called Gabor
transform [Ding et al. 2010]:

G(l, k) =
∫ ∞

−∞
e−α(l−z)2

eikz T(z)dz , (4.1)

where the free parameter α adjusts the resolution, l is the fiber elongation length,
and k the beat wavenumber. The Gabor transform is here written in terms of the
pull length and wavenumber equivalent to time and frequency4. The short-time
Fourier analysis is used instead of the conventional Fourier transform because
the frequency components change during the pull. The Gabor transform shows
which frequency components are present at a given time and, more importantly
for our application, when they die out, that is, when the nanofiber becomes
single-mode.

In Fig. 4.3 the Gabor transform of the transmission signal in Fig. 4.2 is shown.
Two frequency components arise at elongation lengths of about 15 mm and
20 mm. The first component suddenly vanishes at 32.0 mm, while the second
component splits into two and then vanishes at 33.8 mm and 34.9 mm respectively.
Furthermore, a fourth component appears at l = 28 mm and thereafter vanishes
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Figure 4.3: Gabor transform (black) of the same transmission signal (blue) as in Fig. 4.2.
The black dashed lines indicate the mode-drops of the HE12 mode, and the TE01 and
TM01 modes, at 32.0 mm and 34.9 mm, respectively, similar to the ones inferred in the
transmission plot. The red dashed-dotted lines, at 31.2 mm and 33.8 mm, indicate two
additional mode-drops inferred from the Gabor transform and are assigned to be the loss
of the HE31 and HE21 modes, respectively.

at 31.2 mm. All four drops of the frequency components are indicated in the
figure by the vertical lines. The two black dashed lines coincide with the observed
drops in transmission signal thereby supporting the inferred losses to be caused
by the mode-drops of the HE12 mode and the TE01 and TM01 modes. The two red

4Knowing the pull speeds, v∞ = v+ − v−, we have; l = v∞t and k = 2πν/v∞, for time t and
frequency ν.
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dotted-dashed lines mark the observation of two other mode-drops now visible
due to the Gabor transform. From the known cut-off diameters of the higher
order modes in Table 2.1 these additional components are inferred to be the losses
of the HE31 and HE21 modes.

4.1.2 White light transmission

Figure 4.4: Halogen light bulb mounted
in front of a fiber coupler.

So far we have only considered the trans-
mission of a single wavelength. It is
also instructive to see the wavelength
dependency of the mode-beating and
mode-drops. This can be done using a
20 W halogen light bulb as a white light
source, and by coupling it into the fiber
instead of the laser, see Fig. 4.4. A spec-
trometer5 is used to measure the trans-
mission for different wavelengths in the
range 400-1000 nm with 1 nm resolu-
tion.

In Fig. 4.5 two spectra of the halogen light bulb are shown. The blue curve
is the spectrum of the light transmitted through an unstretched fiber whereas
the red curve shows the spectrum without the fiber. In the wavelength range
800 nm to 830 nm the blue curve is considerably steeper than the red. The
two profiles should however be similar. The big drop in intensity of the blue
curve can be explained if the fiber is multi-mode for wavelengths shorter than
about 830 nm and conversely single-mode for longer wavelengths, indicated with
the black dashed line. In this case the intensity is greater in the multi-mode
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Figure 4.5: Halogen light bulb spectra. Each curve is normalized with respect to the
maximum intensity.

regime due to the presence of more modes. It thereby gives the impression of
a different distribution of present wavelengths in the halogen spectrum than
observed without the fiber. With the inferred single-mode cut-off at 830 nm, the
852 nm laser used for characterizing the light transmission in the previous section
is single-mode in the fiber.

In Fig. 4.6 the transmission during symmetric pulling of the fiber for various
wavelengths in the range 780 nm to 940 nm is plotted. After elongating the
fiber by l = 3 mm, wavelengths shorter than 830 nm start to strongly oscillate,

5Ocean Optics USB650 Red Tide Spectrometer.
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whereas longer wavelengths show no oscillatory behavior at this point. This
supports the inferred single-mode cut-off to be near 830 nm. At l = 10 mm
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Figure 4.6: Transmission during symmetric pulling of the fiber for various wavelengths
in the range 780 nm to 940 nm. The signal was recorded with a 20 Hz sample rate and
pulls speeds v± = ±50 µm/s. The elongation length might differ by ±1 mm since the
recording and the pulling were not synchronized.

the single-mode wavelengths starts to oscillate due to interference with exited
higher order cladding modes. It is observed that the longer wavelengths start
oscillating before the shorter wavelengths, indicated with the black circles in the
inset. This can be explained by the V-number dependency on the wavelength;
V ∝ 1/λ, such that V is smaller for longer wavelengths. When the decreasing
V-number has reached a certain limit a core- to cladding-mode transition of the
fundamental mode takes place, as explained in Sec. 2.3, and thus happens for
longer wavelengths first.

4.2 CCD imaging

Figure 4.7: Zoom of camera setup.
The microscope objective is above
the fiber and the LED is below.

In Sec. 4.1 it became clear that the fiber tapers
are non-adiabatic. We therefore need to mea-
sure the fiber shape such that the tapers can be
optimized according to the adiabatic criteria
in Sec. 2.3.1. Obtaining the fiber shape is also
important in order to measure important pa-
rameters of the fiber, such as the waist length
and diameter. For interfacing light with atoms
the most optimal shape would be a long homo-
geneous waist and short steep tapers. This is
not fully compatible with adiabatic tapers and
in general a trade-off between the two has to
be made. Having a complete model of the fiber
shape for different pulling procedures is therefore desirable. In Ch. 6−8 such a
model is developed and for this it also becomes necessary to measure the fiber
shape. Not only to compare the modeled results with the measured but, perhaps
more importantly, to optimize the model for our particular boundary conditions.
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(a) Fiber pull rig with the CCD camera setup high-
lighted.

(b) Fiber pull rig with the CCD
camera (blue).

Figure 4.8: The CCD camera is mounted on a vertical post via an extension tube and a
translation stage used to adjust the focus. At the end of the extension tube a microscope
objective is mounted above the fiber with a magnification of M = 25. Using a flip mount
a standard green light emitting diode (LED) is positioned to illuminate the fiber from
below. Both the objective and the LED is placed only a few millimeters from the fiber. The
vertical post is easily positioned and removed using a magnetic kinematic base.

To measure the fiber shape we image it with a 1024× 768 pixel CCD camera6. The
camera is easily and reproducibly positioned above the fiber using a magnetic
kinematic base7, see Fig. 4.8b and Fig. 4.7 for a zoom at the fiber. A typical
image of a stripped un-pulled fiber is shown in Fig. 4.9a. The background
has been subtracted to increase the contrast of the fiber edges, but a bright
spot from the illuminating LED is still visible. Each image has a width of
(pixel width · # of pixels)/M = 0.14 mm. To image the whole fiber we use the
bottom translation stage to move the fiber in steps of s = 0.1 mm with respect to
the camera. For every step an image is recorded and by stacking them afterwards

Fiber axis [mm]

F
ib

e
r 

w
id

th
 [

µ
m

]

0 0.05 0.1
0

50

100

150

(a) Single CCD image of a
stripped un-pulled fiber.
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(b) Two partially overlapped CCD images of a
stripped un-pulled fiber.

Figure 4.9: Examples of CCD images of the fiber.

we obtain the whole fiber profile. Note that the images are actually wider than
the step distance of the fiber. We have therefore written an algorithm to linearly
interpolate between the images where they overlap. This method of overlapping
the images is done to smear out aberration effects that might be in the imaging.

6FireWire 400 Monochrome Camera with pixel size (4.65× 4.65) µm2.
7Thorlabs KB75/M.
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Figure 4.10: 1024× 165300 square pixel image of the whole fiber after stacking 300
single CCD images. Both tapers and the dw = 15 µm waist are clearly seen. The fiber
was elongated symmetrically by l = 15 mm. The aspect ratio is not to scale.

The result is seen for two images in Fig. 4.9b and for the whole fiber in Fig. 4.10.
When the waist size of the fiber is smaller than ∼ 10 µm air flow makes the fiber
vibrate and the images blur. We therefore turn off the flowbox while imaging thin
fibers. This potentially causes dust particles to stick to the fiber. However, when
the pulling procedure for the optimal fiber shape has been found, imaging is no
longer necessary and the fiber can be transferred directly into the experimental
setup after pulling if its transmission is good.

4.2.1 Detecting the fiber edges

Having obtained an image of the whole fiber, we can measure its shape. For this
we have written an edge detection algorithm in MATLAB. Each column in the
whole fiber image, Fig. 4.10, is convolved with a kernel that resembles the contrast
between the background and the fiber edge. This increases the contrast between
the edges from the rest of the image. In order to choose a proper kernel for the

Fiber axis, z [µm]

F
ib

e
r 

w
id

th
 [

µ
m

]

0 50 100
0

30

60

90

120

150

180

0 50 100
157

162

167

(a) d = 125 µm.

Fiber axis, z [µm]
0 50 100

0

30

60

90

120

150

180

0 50 100
87

92

97

(b) d = 75 µm.
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(c) d = 15 µm.

Fiber axis, z [µm]
0 50 100

0

30

60

90

120

150

180

0 50 100
71

76

81

(d) d ≈ 1 µm.

Figure 4.11: Examples of the imaging for decreasing fiber diameter. The insets show a
zoom in the y-axis with the same scale near the background fiber boundary.

convolution we consider the fiber-background boundary. In the inset in Fig. 4.11a
a white rim between the gray background and the black area is observed. The
pixel values thus first increase (white rim) and then decrease (black area) with
respect to the gray background.

Figure 4.12: Blue: Piecewise step-
function. Red: Differentiated Gaus-
sian function.

Over the whole range of varying diameters
for the fiber the width of the white rim stays
roughly constant as evident from the insets in
Fig. 4.11. To mimic the behavior at the bound-
ary a piecewise step-function can be used for
the kernel. However, it turns out to give bet-
ter results using the differential of a Gaussian
function which is basically just a smooth ver-
sion of a step function, see Fig. 4.12.
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A0 ẑ

L = z2 − z1 − l

r0 ẑAz

z1 L + l z2

Figure 4.13: Top: Unstretched fiber. Bottom:
Fiber elongated by l, here Az = A(z).

To locate the edges8 we impose volume
conservation as a constrain on the edge
detection scheme. We know the initial
fiber volume to be V0 = A0L as seen in
Fig. 4.13. After elongating the fiber by l
the volume is; V1 =

∫ z2
z1

A(z)dz. From
volume conservation we have; V1 =
V0, and the initial cross-sectional area
(given in pixels squared) can therefore
be expressed as:

A0 = πr2
0 =

1
L

∫ z2

z1

πr2(z)dz . (4.2)

To ensure this equality we increase or decrease the distance between the edges
accordingly by adding a constant offset roff to the detected edges rdet(z):

r(z) = rdet(z) + roff . (4.3)

That is, we choose roff such that:

(rdet(z1) + roff)
2 !
=

1
L

∫ z2

z1

(rdet(z) + roff)
2 dz . (4.4)

It is reasonable to assume the offset to be constant over the whole fiber range since
the width of the white rim stays unchanged. This constrain typically moves the
edges with a few percent or less with respect to where they were originally located
at the unpulled section of the fiber. It should be noted that this procedure only
corrects the edges globally. Meaning that local variations of the boundary along
the fiber might cause a systematic error such that we either over- or underestimate
the fiber diameter over the whole fiber range. In Fig. 4.14 the fiber from Fig. 4.10
is shown with detected edges marked in red.
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Figure 4.14: Stacked CCD images of whole fiber with edges marked in red.

As an example of local variations of the fiber boundary we consider the four fiber
images for decreasing diameters shown in Fig. 4.11. All the way to d = 15 µm
the white rim is still clearly visible on both sides of the fiber. But when the
diameter becomes very small we see in Fig. 4.11d that the white rim is only
visible on one side of the fiber. This makes the edges detection performance
less stable and is observed to generally cause an overestimation of the thin fiber
diameter. When employing volume conservation a local overestimation of the
fiber diameter tend to move the edges closer together causing systematic errors
over the whole fiber range. For reasons explained in section Sec. 4.2.2, the volume
conservation constraint is, however, not imposed on fibers with waist diameters
smaller than 10 µm. Having found that the edge detection works very well for

8Are the edges located at the white rim background interface or rather where the white and
black meet?
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larger diameters, and locate the edges within a few percent of what is expected
from volume conservation, we assert that only thin sections with d . 10 µm have
a significant systematic error.

We obtain the fiber diameter by subtracting the edges. To get it in SI units we
define a conversion factor from pixels to µm as:

ct =
d0

2
√

A0/π
, (4.5)

using the known initial fiber diameter; d0 = 2r0 = 125± 2 µm. The subscript t
indicates the conversion factor to be along the transverse direction of the fiber.
Since we know the fiber step size in millimeters between each image, as well
as the images width and overlap in pixels, the conversion factor can also be
calculated along the longitudinal direction as:

cl =
step size

image width− overlap
. (4.6)

The two conversion factors should be identical. Any discrepancy between them
might either indicate distortion of the images caused by aberration effects in the
objective, or uncertainties in, e.g., the estimated partial overlap of the images or
the inherent uncertainty on the initial fiber diameter. For the fiber in Fig. 4.14 the
conversion factors are found to be:

ct = 0.181± 0.004 µm/pixels , (4.7a)

cl = 0.182± 0.001 µm/pixels , (4.7b)

and are seen to lie well within their uncertainties given by propagating errors
from the quantities used to calculated the conversion factors, see Appendix B.
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Figure 4.15: Measured diameter for the fiber shown in Fig. 4.14. The fiber was symmetri-
cally elongated l = 15 mm to a waist diameter of dw = 15 µm.

The measured diameter of the fiber shown in Fig. 4.14 is plotted in Fig. 4.15.
The errorbars originates from propagating errors on the inherent fiber diameter;
σd = ±2 µm, the estimated error on the edge detection; σe = ±5 pixels; the pull
length σl = ±10 µm, and the longitudinal conversion factor; σcl = ±1 µm/pixel.
The systematic error on the thin fiber section is also added9 by setting it to scale
inversely proportional with the diameter; σsys = κ/d, where κ is chosen such that
the systematic error is 1 µm at d = 1 µm; κ = 1 µm2. The reader is referred to
Appendix B for more details on the error analysis. The errorbars are only shown
for selected points in order not to clutter the plot.

9σ2
d = σ2

prop + σ2
sys, where σprop is the propagating error.
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4.2.2 Limitations on the CCD imaging

The optical imaging works very well for fibers thicker than 10 µm. For thinner
fibers, however, several things make it more complicated. In Fig. 4.11d it became
evident that a systematic error on the edge detection of thin fibers is present
caused by a diameter dependent change in the fiber and background boundary.
This is caused by the limited optical resolution given to be 0.18 µm/pixels in
Eq. (4.7a). For aimed fiber diameters of 0.5 µm the image is thus only about
2.5 pixels wide. While this can partly be taken into account in the diameter
analysis, by estimating the error, we also face another issue for thin fibers.

When the fibers become thinner than ∼ 10 µm they start to bend as shown in
Fig. 4.16. This causes problems in the CCD imaging in two aspects. First, the
fiber might bend so much that it simply moves out of the image region of the
CCD chip. It therefore becomes necessary to do the imaging several times to
cover the whole fiber profile. Second and even worse, the fiber might bend in
and out of the imaging plane thereby causing the images to blur. This is not
only highly impractical but might also introduce additional systematic errors on
the edge detection scheme as the boundary between background and fiber now
vary in an unpredictable way over the fiber profile. The fiber shown here stays in
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Figure 4.16: Image of a bend fiber. The fiber was symmetrically elongated l = 25 mm to
a waist size dw ≈ 5 µm.

focus and mainly within the image region of the CCD chip, but this is seldom the
case for longer elongation lengths. The edge detection scheme works well in this
example but the constrain on the volume conservation cannot be imposed here
since measured edges along the whole tapering profile are needed for this (the
edge detection fails around 35 mm where the fiber is very close to the border of
the CCD chip image region).

Unfortunately, the origin of the fiber bending is still not fully understood. When
we first started seeing this effect we believed it was caused by transverse tension
in the fiber. A big effort was therefore spend in aligning the fiber mounts. After
some investigation we found that irregularities and dirt in the fiber mount V-
grooves induce the sought-after transverse tension and cause the fiber to bend.
By cleaning the grooves and placing the rubber-padded magnets differently we
could get rid of this effect. However, recently the fiber bending has occurred
again regardless of the magnet position and the cleanness of the V-grooves.

The bent fibers cause both practical and physical limitations. The transmission
through the fibers is generally 90% for symmetric pulls, Fig. 4.1.1, with the 10%
loss inferred to be the mode-drop of the HE12, HE21, HE31, TE01, and TM01 modes.
Only the HE12 mode with the same azimuthal symmetry as the fundamental
mode can be exited for axisymmetric fibers. It should therefore be possible to
increase the coupling from the untapered fiber into the nanofiber by making the
fibers bend less.
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4.2.3 Reproducibility of the fiber pulling

To test the reproducibility of the fiber pulling we have made four fibers with the
same pulling procedure, Table 4.1 and parameters; l = 15 mm, v± = ±50 µm/s,
twait = 5 s, and Poven = 100 W. The measured fiber shapes are shown in Fig. 4.17.

Table 4.1: Pulling procedure.

Step Procedure

(i) Drive oven in when temperature at “Poven”.
(ii) Wait a time twait for fiber to thermalize.
(iii) Start pulling with constant speeds v±.
(iv) After pulling a distance l stop stages.
(v) Drive oven back.

The small horizontal shift between the four curves is most likely due to the
positioning of the camera which is not very precise compared to the positioning
of the stages and the oven. On the blue dashed-dotted and cyan dotted curve we
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Figure 4.17: Plot of four fiber shapes made with the same pulling procedure and parame-
ters. The inset shows a zoom at the fiber waist with dashed horizontal lines indicating the
minimum waist for all four fibers.

observe glitches at positions 5 mm and 9 mm. These are caused by marks that
were put on the fibers with a waterproof pen for position reference between the
CCD images and scanning electron microscopy images of the fiber. The latter is
described in Sec. 4.3. The fiber for the cyan dotted curve is shown in Fig. 4.18
where the mark is clearly seen.
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Figure 4.18: Fiber marked with waterproof pen at position 9 mm. The two red curves
indicates the detected edges. The fiber diameter is given by the cyan curve shown in
Fig. 4.17.
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The waist sizes of the four curves are measured to:

cyan: dw = 18.1± 1.3 µm , (4.8a)

blue: dw = 17.2± 1.4 µm , (4.8b)

black: dw = 16.5± 1.3 µm , (4.8c)

magenta: dw = 15.7± 1.3 µm , (4.8d)

with uncertainties given according to the errorbars shown in Fig. 4.15. They all
lie within the uncertainties and the fiber pulling is reproducible.

4.2.4 Oven power dependence

The fiber shape depends on the temperature of the hot zone provided by the
oven. In Sec. 3.2.1 we explained how the oven is operated by controlling the
power. Following the pulling procedure given in Table 4.1 we have measured
the fiber shape for varying oven powers keeping the other parameters constant;
l = 15 mm, v± = ±50 µm/s, and twait = 5 s, see Fig. 4.19. For high oven power
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Figure 4.19: Measured fiber shape for various Poven in the range 93 W to 103 W. All
fiber were symmetrically elongated by l = 15 mm, v± = ±50 µm/s, and twait = 5 s.
Inset: waist size dw as a function of the oven power Poven.

above Poven = 97 W all the curves follow each other closely. While for lower oven
powers the corresponding blue dashed-dotted curve and red dashed curve are
seen to deviate substantially. This suggests that the glass fiber was not sufficiently
molten at these temperatures. When the pulling starts the fiber therefore partially
slips underneath the magnetic clamps and partially stretches. This results in an
asymmetric fiber especially observed for the fiber made with the lowest oven
power Poven = 93 W. Unless otherwise stated all fibers used in this thesis have
been obtained for Poven = 100 W.

4.3 Scanning electron microscopy

To confirm the results for the fiber shape obtained by the CCD imaging, and
especially to measure the fiber diameter when it is smaller than 10 µm, we have
measured a subset of the fibers using scanning electron microscopy (SEM), see
Fig. 4.20a. The diameter is obtained by using the scale given in each SEM image.
In Fig. 4.21 and Fig. 4.22 a comparison between the CCD imaging (blue curves)
and SEM imaging (red curves) is shown for two fibers symmetrically elongated
by l = 15 mm and l = 36 mm respectively. Unfortunately the calibration of
the SEM imaging is not known, so the errorbars come solely from an estimated
read-off error on the images. It should also be noted, that the fiber axis is not
an absolute scale for the blue and the red curves: for the SEM imaging, only the
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(a) Typical SEM image of the fiber. (b) Distorted SEM image.

Figure 4.20: (a) The waist size is measured to dw = 480 nm for a symmetric elongation
of l = 36 mm. The spots on the fiber originate from a 30 nm gold layer sputtered on
the fiber to keep it from charging up during the SEM scan. This extra layer has not
been taken into account and the actual fiber diameter might therefore be smaller than the
measured. (b) Depending on where the diameter is measured we obtain either 115 µm or
118 µm for an expected 125 µm diameter fiber.
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Figure 4.21: Blue lines: Fiber diameters measured using CCD imaging. Red line:
SEM Measured diameters using SEM imaging. The fiber was symmetrically elongated
l = 15 mm to a waist diameter of dw = 15 µm. The CCD images of the fiber is shown
in Fig. 4.10.

relative distance between measured fiber diameters is known10. In general, the
SEM imaging yields fiber diameters smaller than what is obtained by the CCD
imaging. Furthermore, near the beginning of the tapered section, at z = 25 mm
in Fig. 4.21, the two curves deviate slightly more than over the rest of the fiber
profile. This suggests that a systematic error is present in either the CCD or SEM
imaging, causing the shape to be expanded or compressed. It is hard to judge
which of the two is the case. It should be noted that the SEM images were slightly
distorted for thick fiber diameters d & 100 µm which could explain some of the
deviation between the two curves, see Fig. 4.20b.

In Fig. 4.22, the overestimation by the CCD imaging of the thin fiber sections
is clearly evident. At z = 26 mm the measured diameter obtained with the
CCD imaging has a small kink with should not be present. Apart from this, we
conclude the CCD imaging to work well in measuring the fiber diameter.

10The fiber shown in Fig. 4.18 was marked in order to actually have an absolute scale between
the CCD and SEM imaging. But unfortunately these marks could not be observed on the SEM
images.
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Figure 4.22: Blue lines: Fiber diameters measured using CCD imaging. Red line:
SEM Measured diameters using SEM imaging. The fiber was symmetrically elongated
l = 36 mm to a waist diameter of dw = 480 nm. The SEM image of the waist is shown
in Fig. 4.20a.

4.4 Summary

In this chapter we have characterized the optical and spatial properties of the fiber.
During the pulling procedure the transmission signal of a single-mode laser was
recorded and analyzed in both the time- and frequency domain. From this we
inferred the excitation of higher-order cladding modes during the core-cladding
transition of the fundamental mode about 10% loss of the light transmission. We
therefore concluded that the tapers are non-adiabatic and could be improved by
applying the adiabatic criteria by [Love et al. 1986; Love et al. 1991].

To characterize the spatial properties of the fiber we have analyzed both CCD
and SEM images of the fiber. For the CCD images an edge detection algorithm
has been written and shown to reliably measure the fiber diameter down to
waist sizes of about 10 µm. For thinner fibers the optical resolution limits the
imaging and the fiber starts to bend out of the image plane of the CCD camera.
This generally cause the edge detection to overestimate the diameters in this
limit. In Sec. 4.2.3 we showed that we can make highly reproducible nanofibers
using the constructed fiber pulling rig. The shape dependence on the oven power
where measured in Sec. 4.2.4. It was found to have a significant influence when
below 97 W, whereas oven powers above this value consistently yield the same
fiber shape. The measured diameters from the CCD imaging technique were
confirmed by SEM images in Sec. 4.3. The latter was found to give consistently
smaller values for the fiber diameter than obtained by the former. Especially
for thick fiber diameters above 100 µm the two method yields different results.
This can partially be explained by the slightly distorted images obtained from
the SEM imaging in this limit. The consistently smaller diameters found by the
SEM imaging could be caused by a wrong calibration of the SEM or an unknown
systematic error in the edge detection algorithm of the CCD images of the fiber.
In this and the preceding chapter we have now shown how to produce nanofibers
and characterized some of their main properties. To optimize the fiber properties
for specific applications the remaining thesis is devoted to the modeling of the
fiber shape. Here the measured shape of the fiber will be seen to play a vital role.
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Chapter 5
Simple heat-and-pull model

Having characterizing the fibers we are now ready to model our results for the
measured fiber shape. In this chapter we will compare it with the simple heat-
and-pull model by [Birks et al. 1992], described in Sec. 2.2. We start by recapitulate
the main assumptions behind the model:

(i) The fiber is always heated uniformly.
(ii) The heated section is always cylindrical.
(iii) The fiber mass and volume is conserved.

In Sec. 2.2.1 we found that (i)-(iii) implies the longitudinal velocity profile of the
fiber to be linear inside the hot zone L0 = z+ − z−. For symmetric pulls this leads
to a fiber shape described by exponential transitions and a uniform waist with
the length given by L0, Eq. (2.7):

r(z)
r0

=



1 for z < z̃−,
e−(z−z̃−)/L0 for z̃− < z < z−,
e−l/(2L0) for z− < z < z+,
e−(z̃+−z)/L0 for z+ < z < z̃+,
1 for z̃+ < z.

(5.1)

Shown graphically in Fig. 5.1.

z
z̃− z− z+ z̃+

l/2 L0 l/2

unstretched fiber left
transition

waist right
transition

unstretched fiber

Figure 5.1: Fiber shape according to the model by [Birks et al. 1992].

5.1 Shape analysis

In Fig. 5.2 the fiber shape from this simple heat-and-pull model (red dashed line)
is plotted against the measured diameter (blue solid line)1. The hot zone length

1Using the fiber from Fig. 4.10.
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required in Eq. (5.1) is taken to be the solution of Eq. (2.6):

dw(l) = d0 exp
(
− l

2L0

)
. (5.2)

For the initial fiber diameter d0 = 2r0 = 125 µm, and the measured waist size
dw = 15 µm, this yields; L0 = 3.6 mm. The expected shape from the simple
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Figure 5.2: Blue solid line: Measured diameter of a fiber symmetrically elongated by
l = 15 mm to a waist diameter of dw = 15 µm. Red dashed line: Fiber shape predicted
by the simple heat-and-pull model.

heat-and-pull model deviates substantially from the measured curve. Near
z = 8.5 mm and z = 21.5 mm the measured curve is observed to have a sign
change in the curvature in stark contrast to the modeled shape. At the beginning
of the transitions the measured diameter starts out rather smoothly whereas the
model predicts sharp edges. Considering the simple assumptions the model is
based on this is not surprising. The length of the oven is 20 mm with an effective
hot zone length around 3 − 4 mm. Flames used as heating device typically
have a width of 1− 2 mm. The temperature profile of the relatively large oven
is therefore more likely to have some Gaussian-like shape, rather than being
uniform, compared to more narrow heaters. Intuitively, this fits with the observed
smoothness of the measured diameter.

The pulling procedure suggested by [Birks et al. 1992] is easy to implement and
seen to give fairly adiabatic taper transitions in Sec. 4.1. For many applications
the final waist size is the important parameter. In this respect several groups
have shown that the model works reasonably well and therefore rely on it when
characterizing their fibers [Brambilla et al. 2004; Ward et al. 2006; Ding et al. 2010].
Note that the modeled shape in Fig. 5.2 was forced to have the same waist size
as the measured. If Eq. (5.2) should be tested it is of course necessary to make
a series of measurements of it for varying pull lengths2. On the other hand,
if optimized coupling into the nanofiber is needed, or a special design of the
tapers and waist are desired, the model is not sufficient for our wide heater. We
therefore need a generalized flow model which can take a larger non-uniform
hot zone into account. This is the subject of the remaining chapters 6−8.

2Eq. (5.2) can also be tested using the inferred mode-drops in Sec. 4.1.1.



Chapter 6
Fiber flow

In Ch. 5 it became evident that the simple heat-and-pull model developed by
[Birks et al. 1992] does not describe the shape of our nanofibers. We therefore
seek a more general model not limited to heaters where a uniform temperature
distribution, and thus a linear velocity profile of the fiber flow, can be assumed.
In this chapter general considerations of the fiber flow will be given. From this we
will obtain a continuity equation for the fiber shape depending on its longitudinal
velocity profile. Thereafter the boundary conditions of the fiber are given in
Sec. 6.1.1. Both sections will be applied throughout the remaining chapters 7−8.

6.1 Continuity equation

We start by considering the geometry of the cylindrical fiber as shown in Fig. 6.1.
This can be described by its cross-sectional area A(z, t), where t denotes time and
z the fiber axial coordinate. For a small section of the fiber ranging from position

ẑ

∆z

AL ARvL vR

Figure 6.1: Sketch of the fiber geometry with cross-sectional areas; AL = A(z, t),
AR = A(z + ∆z, t), and longitudinal velocities; vL = v(z, t) and vR = v(z + ∆z, t).

z to z + ∆z the mass is given by:

m =
∫

V
$ dV =

∫ z+∆z

z
$A(ζ, t)dζ ≈ $A(z, t)∆z . (6.1)

Here we assume that the fiber is an incompressible fluid, thus neglecting thermal
expansion and compression, such that the mass density $ of the fiber is constant.
During the pull mass can flow into and out of the section z to z + ∆z. Let v(z, t)
denote the position and time dependent longitudinal velocity component. Per
time interval dt the mass $v(z, t)A(z, t)dt flows into the section through the left
disk in Fig. 6.1 and the mass $v(z +∆z, t)A(z +∆z, t)dt leaves it through the right
disk:

dm = −$
(
v(z + ∆z, t)A(z + ∆z, t)− v(z, t)A(z, t)

)
dt . (6.2)

By equating Eq. (6.1) and Eq. (6.2) and taking the limit ∆z → 0 we obtain the
continuity equation:

− ∂

∂t
A(z, t) =

∂

∂z

(
A(z, t) v(z, t)

)
. (6.3)
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Solving this linear differential equation for proper boundary conditions lets us
determine the fiber shape for all times and positions along the fiber. An analytic
solution for A(z, t) exists if the fiber velocity profile is a separable function in
space and time. In Ch. 7 we will therefore consider the specific case of a time-
independent velocity profile v(z, t) = v(z). For this and the following chapter,
where the more general case v(z, t) is considered, the boundary conditions of the
fiber flow will be very important. These are therefore presented in the following.

6.1.1 Boundary conditions

In this section the boundary conditions of the fiber flow is given. Outside the hot
zone the fiber is frozen and moves uniformly. The longitudinal fiber flow v(z, t)
for regions on either side of the hot zone are therefore constant and we have:

v(z, t) =

{
v− for z < z−,
v+ for z > z+,

(6.4)

where z− and z+ are the positions for the boundary between the hot zone and
the surroundings, see Fig. 6.2, with the hot zone length given by:

L0 = (z+ − z−) . (6.5)

Inside the hot zone v(z, t) is described by an unknown function, dependent on
the temperature distribution of the fiber and the constant pull speeds v±. The

A0

z̃− z̃+

z
z− z+

v− v+

Figure 6.2: Sketch of the boundary conditions of the fiber.

boundary between each taper and the unstretched fiber is marked by z̃±. Outside
the tapered sections, z < z̃− and z > z̃+, we have A0 for the cross-sectional area
of the initial uniform fiber. We introduce the convenient variables;

v∞ = v+ − v− , (6.6a)

l± = v±t = z̃± − z± , (6.6b)

where l± are the pull lengths on either side of the oven.



Chapter 7
Stationary velocity profile

In this chapter we will focus on the special case where the fiber velocity is constant
in time; v(z, t) = v(z). This serves two purposes. First, by having an analytic
solution for A(z, t), for some unknown function of v(z), it is possible to invert
the equation and obtain a solution for v(z) as a function of A(z, t) instead. Since
we can measure A(z, t), described in Sec. 4.2, we are therefore able to infer the
longitudinal fiber flow v(z). This can then be used in the solution for the fiber
shape and we can thus obtain A(z, t) without using any involved fluid dynamics.
Second, if v(z) is chosen explicitly to be a linear function in z we can sanity check
the continuity equation, which, in this particular case, should yield the same fiber
shape as that predicted by Birks and Li’s simple heat-and-pull model in Ch. 5.

7.1 Unknown velocity profile

We start with the situation where v(z) is an unknown time-independent function
inside the hot zone but known outside according to the boundary conditions in
Sec. 6.1.1:

v(z) =


v− if z ≤ z−,
? if z− < z < z+,
v+ if z+ ≤ z.

v(z)

z
v−

z−

v+

z+

?

With this velocity profile we seek a general solution of the continuity equation:

− ∂

∂t
A(z, t) =

∂

∂z

(
A(z, t) v(z)

)
. (7.1)

For v(z) time-independent the differential equation is considerably simplified
and we find for the general solution1:

A(z, t) =
1

v(z)
F
(∫ z

z0

1
v(ζ)

dζ − t
)

, (7.2)

where F (z, t) is an arbitrary function depending on the boundary conditions.
Assuming an initially uniform fiber; A(z, 0) = A0, an explicit form can be given:

A(z, l) = A0
∂

∂z

(
q−1(q(z)− l

))
, (7.3a)

q(z) ≡
∫ z

z0

v∞

v(ζ)
dζ , (7.3b)

1Obtained both in Mathematica and by using the method of characteristic curves [Riley et al.
2006]
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for arbitrary z0. A(z, l) has here been written in terms of the more relevant
variable l = v∞t; the total elongation length of the fiber. It should be noted
that q−1(·) is the inverse function of q(z); q−1(q) = z, and not 1/q(z). Both the
general and particular solution, Eq. (7.2) and Eq. (7.3a), can be directly verified
by differentiation, and the calculations leading from the former to the latter can
be found in Appendix C.1.

In order to apply Eq. (7.3a) and obtain the expected fiber shape we need the
longitudinal velocity profile of the fiber flow v(z). This can be obtained by
inverting the function 7.3a to yield a solution for v(z). From a measured shape
and known boundary conditions, A(z, l) and v± respectively, v(z) can thus be
inferred using the following recursion formula:

v
(
y(z, l)

)
=

A(z, l)
A0

v(z) , (7.4a)

y(z, l) = −
∫ z̃+

z

A(ζ, l)
A0

dζ + z+ . (7.4b)

The derivation can be found in Appendix C.2.

7.1.1 Interpreting y(z, l)

Before inferring the velocity profile from the recursion formula we will consider
the introduced function y(z, l). This can be interpreted as the old coordinate
axis for the fiber, before it was elongated by l, expressed in terms of the new
fiber coordinate z after the pull. If the fiber was not stretched we expect to have
y(z, 0) = z. Checking with Eq. (7.4b) this is indeed true, since the argument
inside the integral will be equal to one and z̃+ = z+.
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(a) Blue solid line: Fiber diameter used to calculate y(z, l).
The fiber was symmetrically elongated l = 15 mm. The
black dashed line indicates the initial fiber diameter
d0 = 125 µm.
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(b) Blue solid line: Old fiber
axis y(z, l) as a function of the
new fiber axis z. Black dashed
line: y(z, 0) = z.

Figure 7.1: (a) Measured diameter of a symmetrically elongated fiber by l = 15 mm. (b)
Calculated y(z, l) using Eq. (7.4b) with the measured diameter in (a)

To illustrate the form of y(z, l) it has been calculated using the measured diameter
of a symmetrically pulled fiber in Eq. (7.4b). Both the diameter and y(z, l) are
shown in Fig. 7.1. We see that the point z = 0 mm, located on the pulled fiber,
was at position y = 7.5 mm on the un-pulled fiber, relative to the new fiber axis.
That is, this particular point has moved a distance −7.5 mm during the pull. In
Fig. 7.1a we see that this particular point is outside the tapered fiber region. It
must therefore have been outside the oven when the pulling started, such that is
has moved l− = v−t = −l/2.

Points near z = 15 mm must have been near the oven center at the beginning of
the pull. This is also implied by Fig. 7.1b since these point are located at almost
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the same position after the pull (z) as before the pull (y). Because the pull speeds,
for this fiber, were v± = ±v∞/2, this makes good sense as the speed near the
oven center must be close to zero.

7.1.2 Recursion formula for v(z)

To appreciate the recursion formula we shall, as an example, consider the “+” side
of the fiber, i.e., the range z+ < z < z̃+ in Fig. 7.2. For this specific interval we

z̃− z̃+

z
z− z+

y(z̃, t) z̃

v− v+

Figure 7.2: Sketch illustrating how far the point y(z̃, t), of the up-pulled fiber, has moved
after elongating the fiber by l = v∞t. The new point is denoted by z̃.

can readily calculate the right hand side (RHS) of Eq. (7.4a), since v(z > z+) = v+
is known from the boundary conditions, Sec. 6.1.1, and the fiber cross-sectional
area A(z, t) can be measured for all z as shown in Sec. 4.2. From Eq. (7.4b) we
note that:

y(z, t) < z+ for z+ < z < z̃+ . (7.5)

because the integral is always positive. This means that the velocity can be
inferred at point y, further inside the oven. However, for pulls where a zero
point of the velocity exists inside the oven, the above recursion only yields
v
(
y(z, t)

)
for points where y(z, t) < z. For the symmetric pull considered in

Fig. 7.1b, the velocity is zero at the oven center zc, and the corresponding range is
z > zc = 15 mm. From symmetry the recursion can of course be applied from the
“-” side as well, and it is therefore possible to obtain v(z) for all z. Note, if the
temperature distribution is symmetric around zc, the flow will also be symmetric
around this point and it would be enough to measure v(z) from one side only.

Employing the recursion formula we find v(z) for the same fiber as used in
Fig. 7.1. For details the reader is referred to Appendix C.3. The result is shown
as the blue curve in Fig. 7.3. Note that the z-axis has the same absolute scale as
in Fig. 7.1. The black dashed-dotted line is the predicted linear velocity profile

10 12.5 15 17.5 20

−50

−25

0

25

50

Fiber axis, z [mm]

F
ib

er
 v

el
o

ci
ty

, v
(z

) 
[µ

m
/

s]

 

 

Inferred

Integrated Gaussian

Linear

Figure 7.3: Inferred stationary longitudinal velocity profile of a fiber symmetrically
elongated by l = 15 mm. The constant pulls speeds outside the oven were v± =
±50 µm/s. Also plotted is an integrated Gaussian distribution with σ = 1.7 mm, and
the linear velocity profile following from Birks and Li’s model using L0 = 3.6 mm.
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from Birks and Li’s model using the hot zone length L0 = 3.6 mm obtained in
Eq. (5.2), see Sec. 2.2.1. To no surprise we see that this deviates substantially from
the measured velocity. It thus fits well with what we saw in Fig. 5.2 where their
model failed in reproducing the measured fiber shape.

The linear velocity profile was obtained by assuming an uniform temperature
distribution of the fiber, which implies a uniform viscosity of the fiber; infinity
large at the frozen fiber section and finite inside the hot zone. Noting that a
linear function is the integral of a constant function, it is interesting to see if an
integrated Gaussian distribution for the inverse viscosity yields the same velocity
profile as the measured. In the figure this is shown as the red dashed line using a
width of σ = 1.7 mm in the Gaussian distribution. It follows the measured curve
very closely and it seems reasonable to conclude that the inverse viscosity profile
of the oven is very close to a Gaussian distribution with an effective hot zone
length given by the width of the Gaussian roughly corresponding to the linear
part of the velocity profile near the oven center at zc = 15 mm.

7.2 Linear velocity profile

We now consider the special case of a linear velocity profile as in the simple
heat-and-pull model by [Birks et al. 1992]. It is useful to see that the continuity
equation yields the same result for the fiber shape when applying the same
assumptions. We have:

v(z) =


v− if z ≤ z−,
v∞
L0
(z− zc) if z− < z < z+,

v+ if z+ ≤ z,

v(z)

z
v−

z−

v+

z+

vc

zc

for the center point inside the hot zone zc = (z+ − z−)/2. Chosing z0 = z+ in
Eq. (7.3b) for the q-function we have:

q(z) =


v∞
v− (z− z−) + q(z−) if z ≤ z−,

L0 ln
(

z−zc
z+−zc

)
if z− < z < z+,

v∞
v+ (z− z+) if z+ ≤ z.

(7.6)

We will now determine the fiber shape for the linear velocity profile using the
formula introduced in Eq. (7.3a):

A(z, l)
A0

=
∂

∂z

(
q−1(q(z)− l

))
. (7.7)

From the boundary conditions, Fig. 6.2, we know that

A(z, l)
A0

= 1 , for z < z̃− and z > z̃+. (7.8)

In the following we will consider the range z− < z < z̃+, i.e., the shape of the
waist and right transition of the fiber. From Eq. (7.6) we find:

q−1(x) =

{
(z+ − zc) e x/L0 + zc if x < 0,
v+
v∞

x + z+ if x ≥ 0.
(7.9)
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The sign of the argument in Eq. (7.7); x = q(z)− l, is negative for all z− < z < z̃+.
Inserting Eq. (7.9) for x < 0 in Eq. (7.7) gives:

A(z, l)
A0

=
∂

∂z

(
z+ e (q(z)−l)/L0

)
=

q′(z)
2

e (q(z)−l)/L0 , (7.10)

where we used z+ − zc = L0/2. In Sec. 2.2 we obtained the fiber shape for the
specific case of symmetric pulls where v− = −v+ < 0 and v∞ = 2v+ > 0. Using
this in Eq. (7.6) for q(z) and solving the above equation we obtain the shape for
the waist and right taper of the fiber:

A(z, l)
A0

=

{
e−l/L0 if z− < z < z+,
e−2(z̃+−z)/L0 if z+ < z < z̃+,

(7.11)

with z̃+ = z+ + l/2. The analysis is similar for the left transition, and will
therefore not be repeated. Using; r(z)/r0 =

√
A(z, t)/A0, Eq. (7.11) yields exactly

the same result as the model by [Birks et al. 1992], see Eq. (2.7). Thus encouraged
we are ready to model our fiber shapes using the model developed in Sec. 7.1.

7.3 Shape analysis

In Sec. 5.1 we saw that the fiber shape is not well described by the simple heat-and-
pull model assuming a linear velocity profile of the fiber flow. In the preceding
sections we have therefore generalized the model resulting in the continuity
equation. In order to solve for the fiber shape we have assumed the velocity
profile to be time-independent but let it depend on the axial coordinate of the
fiber contrary to the simple heat-and-pull model. In the following sections we
compare the obtained model with the measured fiber shape. To recapitalize, the
generalized flow model of the fiber shape A(z, l) for stationary v(z, t) = v(z) is
given by Eq. (7.3) and Eq. (7.4);

A(z, l) = A0
∂

∂z

(
q−1(q(z)− l

))
, (7.12a)

q(z) ≡
∫ z

z0

v∞

v(ζ)
dζ , (7.12b)

v
(
y(z, l)

)
=

A(z, l)
A0

v(z) , (7.12c)

y(z, l) = −
∫ z̃+

z

A(ζ, l)
A0

dζ + z+ . (7.12d)

7.3.1 Symmetric pull

We begin by comparing two velocity profiles obtained by applying the recursion
formula (7.12c) for two different fibers, see Fig. 7.4. Both fibers were symmetrically
pulled with speeds; v± = ±50 µm/s. The fiber used to obtain the blue solid line
was pulled by l = 15 mm, whereas the red dashed line was obtained from a pull
with l = 2 mm. The two profiles are seen to match reasonably well. The blue
curve is slightly more steep than the red. Apart from that the two curves follow
each other very closely as expected from a time-independent velocity profile, i.e.,
independent of the fiber elongation length.

Using the inferred velocity profile for the short, l = 2 mm, pulled fiber we now
apply Eq. (7.12a) and Eq. (7.12b) to obtain the expected diameter of the fiber
pulled by l = 15 mm; d̃(z, l) = 2

√
A(z, l)/π. This is plotted as the red dashed

line in Fig. 7.5 with the measured fiber diameter given as the blue solid line. In



52 Stationary velocity profile

10 12.5 15 17.5 20

−50

−25

0

25

50

Fiber axis, z [mm]

F
ib

er
 v

el
o

ci
ty

, v
(z

) 
[µ

m
/

s]

 

 

l = 15 mm

l = 2 mm

Figure 7.4: Inferred velocity profiles of two symmetrically elongated fibers with measured
shapes A(z, l).

contrary to the exponential tapers predicted by the simple heat-and-pull model,
Sec. 5.1, this generalized model performs significantly better and qualitatively
predicts the shape of the fiber. However, it fails severely in predicting the final
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Figure 7.5: Measured fiber diameter and the diameter predicted by the continuity equation
for a time-independent velocity profile.

waist size. Here the model yields d̃w ≈ 20 µm, about 30% above the measured
value dw = 15 µm. From Fig. 7.4 we found the long pull to give a steeper velocity
profile than the short. This suggests that the effective hot zone length inside the
oven shrinks during the pull, matching with the measured diameter being smaller
than the modeled2. If this is the case, v(z) cannot be regarded as independent of
time, that is, independent of the changing fiber shape inside the hot zone. From
the conservation of mass, the overestimated waist results in the tapered region to
be longer in the modeled shape than observed in the measured.

For symmetric pulls v(z) has a zero point inside the hot zone, see Fig. 7.4.
This means that the q-function in Eq. (7.12b) has a singularity in that point.
When calculating it we overcome this by setting the arbitrary zero-point z0 to
be explicitly at the singular point, such that q(z = z0) evaluates to zero instead
of infinity. However, the calculation is of course still a bit unstable around this
particular point. The two red dashed curves for the modeled shape do therefore

2Near the oven center the velocity profile can be approximated by a linear function. For the
waist diameter we can thus apply the formula (2.6); dw = d0 exp

(
l/(2L0)

)
. A shorter hot zone L0

therefore yields a smaller waist for a given pull length.
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not meet at the waist. This might also explain why the model overestimates the
waist size.

7.3.2 Asymmetric pull

Throughout the thesis we have so far only considered symmetrically elongated
fibers. For optimizing the adiabaticity of the tapers, discussed in Sec. 2.3.1 and
4.1, as well as for tailoring the fiber shape according to any desired application,
it is necessary to also consider more general pulling procedures, i.e., v− 6= −v+,
referred to as asymmetric pulls. An example of such a tapered fiber is shown
in Fig. 7.6. Here the pull speeds were set to v− = 10 µm/s and v+ = 100 µm/s.
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Figure 7.6: Stacked CCD images of an asymmetrically elongated fiber. The two red curves
are the detected fiber edges.

Note that; v− > 0, the fiber was thus pushed into the hot zone from the left and
pulled out on the right with v+, see Fig. 7.7. The total elongation length was
l = 15 µm and fiber waist size was measured to dw = 38.6 µm. The left taper is
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Figure 7.7: Velocity profile used to model the shape of the asymmetric pulled fiber in
Fig. 7.6. The boundary conditions v± have been imposed on the inferred v(z) for the short
pull in Fig. 7.4, by vertically translating and shrinking it. The horizontal translation are
made to fit the fiber axis of the asymmetric fiber such that the minima for the measured
and modeled diameters are located at the same axial position. The longitudinal axis for
the symmetric and asymmetric fibers is thus not an absolute scale. Note that it can easily
be made an absolute scale by recording the position of the camera when imaging the fiber
and the position of the stages when pulling.

observed to be much steeper and shorter than the right taper in agreement with
the fiber being pushed in from the left side. Using the velocity profile in Fig. 7.7,
in the equations for the fiber shape, (7.12a) and (7.12b), we obtain the red dashed
curve in Fig. 7.8. As for the symmetric case, the modeled shape qualitatively
matches the measured but fails in predicting the waist size and the length of the
tapered region. With a modeled waist size of d̃w = 47.7 µm it is thus off by 24%
compared to the measured. Since both pull speeds where chosen positive; v± > 0,
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Figure 7.8: Measured fiber diameter for an asymmetric pull and the corresponding
predicted diameter by the continuity equation for a time-independent velocity profile.

the velocity profile do not have any zero-crossing as evident from Fig. 7.7. This
means that the q-function, Eq. (7.12b), is continuous for all z in contrary to the
symmetric pull considered in Sec. 7.3.1. Because of the singularity in q for the
symmetric pull it was hard to judge if the discrepancy between the modeled and
measured waist was caused numerical instabilities or by invalid assumptions in
the model. With a continuous q the model again overestimates the waist. This
tendency has been observed consistently. It therefore seems that the quantitatively
failure of the model is caused by the assumption of a time-independent axial fiber
velocity rather than numerical instabilities. A flow model extended to include a
time-dependent velocity profile thus seems to be required in order to model the
fiber shape properly.

7.3.3 Asymmetric pull velocity profile

The continuity equation for stationary v(z) has now been observed to yield
qualitatively agreeing results of the measured fiber shape of two fibers pulled with
different boundary conditions. However, quantitatively the model performance
fails and cannot be used to, e.g., infer the fiber waist size for a given pull length.
The two examples considered in Sec. 7.3.1 and 7.3.2 used a velocity profile inferred
from a short symmetric pull of the fiber. We have also seen that the velocity
profiles obtained from two symmetrically pulled fibers with different pull lengths
gave almost the same v(z), Fig. 7.4.

It is interesting to see what an asymmetrically pulled fiber yields for the velocity
profile. We therefore apply the recursion formula Eq. (7.12c) for the asymmetric
fiber in Fig. 7.6. The result is shown in Fig. 7.9. As explained in Appendix C.3 the
recursion formula can be applied from both the “+” (here right) side of the fiber,
or the “-” (left) side. We can therefore obtain two curves for the inferred velocity
profile of the asymmetric fiber. The red solid line was calculated from the “+”
side, whereas the black dashed line was calculated from the “-” side. The blue
dashed-dotted line is plotted as a reference of what was obtained from the short
symmetrically pulled fiber. It is clear that the above results for v(z) are wrong.
The (push and) pull speeds are definitely known to be constant outside the hot
zone; v− = 10 µm/s and v+ = 100 µm/s, whereas the model predicts oscillating
velocities along the whole fiber axis.

The total pull length of the fiber were l = 15 mm. Together with v± this gives
l− = 1.67 mm and l+ = 16.67 mm for the pull lengths on either side of the hot
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Figure 7.9: Inferred velocity profile of an asymmetrically elongated fiber.

zone3. This is observed to match the oscillatory frequency of the two inferred
curves for the velocity profile. For a long time this lead us to believe that the un-
physical results for v(z) in Fig. 7.9 were caused by numerical instabilities rather
than the time-independent assumption for v(z) being wrong. In the following
chapter we will show how to extend the model for an axially- and time-varying
velocity profile of the fiber flow.s

7.4 Summary

In this chapter we have considered the continuity equation for time-independent
but axially varying fiber velocity profile to model the resulting fiber shapes after
a pull. In Fig. 7.4 the inferred velocity profiles for two different pull lengths were
seen to slightly deviate from each other with the longer pulled fiber yielding a
steeper and more narrow profile for v(z). This was also found to be the case in
[Pricking et al. 2010]. Here they used a slightly different form of the continuity
equation and discussed the problem in terms of a “deformability” Θ(z) of the
fiber instead of the velocity. However, if we identify:

Θ(z) =
d
dz

v(z)
v∞

, (7.13)

it can be shown that their model corresponds to the model considered here. By
parameterizing Θ(z) they empirically determined it for their heating device; a
propane-butane-oxygen flame. They found Θ(z) to not only depend on their
heater but also on the pull length of the fiber or equivalently the fiber shape.
This would explain why the inferred velocity profiles obtained for two different
pull lengths yields differ from each other. In Fig. 7.5 it became evident that
the symmetric short pull v(z) fails to quantitatively model the measured fiber
shape of a longer symmetrically pulled fiber as well as an asymmetric pulled
fiber, Fig. 7.8. Finally, inferring v(z) from an asymmetrically pulled fiber directly
gave a failure of the model predicting un-physical results for the velocity profile.
For the asymmetric pull we note that the fiber shape is significantly different
inside the hot zone than for a symmetric pulled fiber where the shape stays near
cylindrical. If the fiber velocity depends on the current fiber shape this explains
why the model perform worse for the asymmetric case than for the symmetric.
We therefore conclude this chapter by asserting that the velocity profile cannot
be regarded as a stationary function in time for our heater but depends on the
momentary fiber shape.

3For l− it would perhaps be more appropriate to call it a push length in this specific case. Note
that l = l+ − l−.





Chapter 8
Fluid mechanics

From the preceding chapter it is evident that the assumption v(z, t) = v(z) is
not justified. When including time dependence in the fiber longitudinal velocity
the continuity equation no longer has an analytic solution and has to be solved
numerically. To obtain a model for the fiber shape we therefore need a description
of the fiber flow. For this we have to consider the fluid dynamics in our system.

In a fluid the longitudinal speed with which the particles move is determined
by viscous forces governed by the Navier-Stokes equations. In this chapter we
start by deriving these equations for an incompressible fluid. In order to apply
them for the fiber they are recast in cylindrical form while assuming an axially
dependent viscosity. Afterwards the equations are approximated for thin free
fluid strings and solved in the limit of creeping flow. In the end we obtain a set
of two+one equations from which we can accurately model the fiber shape.

8.1 Navier-Stokes equations

In this section the Navier-Stokes equations for a viscous flow is given, closely
following the literature by [Landau et al. 1987] and [Lautrup 2011]. Throughout
this and the remaining sections we will apply the following conventions for
matrix calculus:

inner (dot) product: a · b = aTb , (8.1a)

outer (tensor) product: a⊗ b = abT . (8.1b)

with all vector quantities considered as column vectors and aT being the transpose
of a.

We consider an incompressible fluid with constant mass density $ and volume
element dV = dx dy dz, see Fig. 8.1a. The total force acting on the volume element
is comprised of body forces, e.g., gravity, and of contact forces acting only on the
surface elements dST = (dSx, dSy, dSz). The latter can be described by the stress
tensor:

σ
(
x(t), t

) cart
=

σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 , (8.2)

here in Cartesian coordinates. In the following we use the short hand notation
σ ≡ σ

(
x(t), t

)
but it should be kept in mind that the stress tensor always depends

on the volume element’s position x(t) and time t. The diagonal elements in σ

describe the normal forces per unit area, such as tension and pressure. The off-
diagonal elements describe the tangential forces per unit area called the shearing
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forces. In Fig. 8.1a this is illustrated for the stress acting on the surface element
dSz. The two tangential forces are given by dFx = σxzdSz and dFy = σyzdSz, while

dz

dy

dx

x

y

z

σxz

σyz

σzz

dSx

(a) Volume element dV. Three
force components is shown act-
ing on the top surface dSz.

σzz

σyz

σzz

σyz

σyy

σzy

σyy

σzy

dSx

(b) Stress components acting on four faces of
a volume element illustrating the symmetry
of the stress tensor. Inspired by Fig. 31-9 in
[Feynman et al. 2010].

Figure 8.1: Stress tensor acting on a volume element dV of the fluid. The surface element
dSx, marked in green in (a), is shown in front view in (b).

the normal force is given by dFz = σzzdSz. The shearing forces arise from internal
friction when the viscous fluid is flowing. From angular momentum conservation
the stress tensor must be symmetric; σT = σ, see Fig. 8.1b. If the stress tensor
were not symmetric we would have; σyz 6= σzy, and the resulting torque would
make the volume element rotate.

From the above considerations the total force on the volume element can be
written:

F =
∫

V
f dV +

∮
S

σ · dS , (8.3a)

=
∫

V
f dV +

∫
V
∇ · σT , (8.3b)

where fT = ( fx, fy, fz) is the body force density. It is convenient to describe the
total force in terms of the effective force density instead; F =

∫
V f∗ dV. We then

have:

f∗ = f +∇ · σT , (8.4a) f ∗x
f ∗y
f ∗z

 =

 fx

fy

fz

+

 ∂xσxx + ∂yσxy + ∂zσxz

∂xσxy + ∂yσyy + ∂zσyz

∂xσxz + ∂yσyz + ∂zσzz

 , (8.4b)

with the short hand notation for partial derivatives; ∂x = ∂/∂x, etc. In a viscous
Newtonian fluid the shearing forces are proportional to the velocity gradients
with the proportionality constant given by the viscosity1 η [Lautrup 2011]. From
symmetry we get for the off-diagonal elements, see Appendix D.1:

σij = σji = η

(
∂ui

∂xj
+

∂uj

∂xi

)
for i, j = x, y, z and i 6= j , (8.5)

where u
(
x(t), t

)
is the velocity field describing the motion of each volume element

of the fluid. The forces normal to the surfaces originate from the pressure p.
Additionally there can be friction due to compression modeled by the bulk

1Also called the shear viscosity or dynamic viscosity.



8.1 Navier-Stokes equations 59

viscosity2 ζ. We therefore get for the complete most general stress tensor:

σ = −p1 + η
(
∇⊗ u +

(
∇⊗ u

)T − 2
3
(
∇ · u

)
1
)
+ ζ
(
∇ · u

)
1 (8.6)

cart
= −p1 +

(
ζ − 2

3
η
)(
∇ · u

)
1 + η

 2∂xux ∂xuy+∂yux ∂xuz+∂zux)

∂xuy+∂yux 2∂yuy ∂yuz+∂zuy)

∂xuz+∂zux ∂yuz+∂zuy 2∂zuz

 .

Here the extra term − 2
3 η(∇ · u) has been added to make σ traceless with respect

to the viscosity η; tr (σ) = −3(p− ζ∇ · u). For an incompressible fluid we have;
∇ · u = 0, see Appendix D.2. Therefore all terms proportional to ∇ · u vanish
and tr (σ) = −3p. In this case:

σ
cart
= −p1 + η

 2∂xux ∂xuy+∂yux ∂xuz+∂zux)

∂xuy+∂yux 2∂yuy ∂yuz+∂zuy)

∂xuz+∂zux ∂yuz+∂zuy 2∂zuz

 . (8.7)

According to Newton’s second law the volume element will be accelerated by the
total forces acting on it. In terms of the effective force density this is given as:

f∗ = $
∂

∂t
u
(
x(t), t

)
(8.8a)

= $
(
∂t + ux∂x + uy∂y + uz∂z

)
u (8.8b)

= $
(
∂t + u · ∇

)
u . (8.8c)

Together with Eq. (8.4a) and Eq. (8.7) we obtain the Navier-Stokes equations for
an incompressible fluid

(
∇ · u = 0

)
:

$
(
∂t + u · ∇

)
u = f−∇p +∇ · η

(
∇⊗ u + (∇⊗ u)T

)
. (8.9)

From these three3 equations the motion of any incompressible Newtonian fluid
can be described as it equates the inertial forces (left hand side) to the body
and viscous forces (right hand side) acting on each volume element. However,
in general simple solutions do not exist. We therefore need to apply specific
boundary conditions in order to obtain any useful description of the velocity field
in the fiber.

8.1.1 Creeping flow

To simplify the Navier-Stokes equation we consider the Reynolds number Re of
the fiber flow. This dimensionless parameter gives a measures of how viscous the
flow is [Lautrup 2011, p. 253]:

Re =
inertial forces
viscous forces

. (8.10)

A low Reynolds number thus indicate flow mainly dominated by internal friction,
also known as creeping flow. In this viscous regime the flow is smooth and
laminar with no turbulence. To estimate the Reynolds number the above formula
can be approximated to:

Re ≈ $
∣∣(u · ∇)u∣∣
η |∇2u| ≈ $uL

η
, (8.11)

2Also called the second viscosity, the volume viscosity or the expansion viscosity.
3Four when including ∇ · u = 0.
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where u = |u| is the typical magnitude of the velocity over a region of the
fluid with characteristic length scale L. In fiber pulling the viscous fluid is
made of soft glass with $ = 2.2 g/cm3 and η = 100 GPa · s at a temperature
of T = 1500◦C [Martienssen et al. 2006]. The fiber is typically pulled at speed
u = 100 µm/s and the oven length is L = 20 mm. This yields for the Reynolds
number; Re ≈ 10−14 � 1, and we see that the fiber flow is highly viscous.

With the dominating force being the viscous forces, the inertial (acceleration-)
forces acting on the volume elements can be neglected in the Navier-Stokes
equations (8.9). The same is true for the only volume force present, namely
gravity; f = $g. The Navier-Stokes equations for an incompressible fluid thus
reduce to:

0 = −∇p +∇ · η
(
∇⊗ u + (∇⊗ u)T

)
, (8.12a)

0 = ∇ · u . (8.12b)

This situation is referred to as Stokes flow. In such a flow the velocity field
u
(
x(t), t

)
is instantaneously determined by the boundary conditions alone.

8.1.2 Axisymmetric flow in cylindrical coordinates

In the following Eq. (8.12a) is written in cylindrical coordinates (ρ, φ, z), while
assuming an axisymmetric flow; u

(
ρ(t), φ(t), z(t), t

)
= u

(
ρ(t), z(t), t

)
and uφ = 0.

In cylindrical coordinates the basis vectors {êρ, êφ, êz} depend on the coordinates.
Rewriting the Eq. (8.7) and Eq. (8.12a) is therefore a little cumbersome and can
be done with Mathematica. To simplify the resulting expressions multiples of
∇ · u = 0 have been added to some of the expressions, and we have assumed that
the viscosity alone depends on the longitudinal coordinate; η(ρ, ϕ, z) = η(z). In
cylindrical coordinates the stress tensor Eq. (8.7) takes the form4:

σ
cyl
= −p1 + η

 2∂ρuρ 0 ∂zuρ + ∂ρuz

0 2
ρ uρ 0

∂zuρ + ∂ρuz 0 2∂zuz

 . (8.13)

From Eq. (8.12) we obtain the cylindrical form of the Navier-Stokes equations for
Stokes-flow5:

0 = −∇p +∇ · η
(
∇⊗ u + (∇⊗ u)T

)
(8.14a)

cyl
=


(

η∂2
ρ+η∂2

z+η′∂z− η

ρ2 +
η
ρ ∂ρ

)
uρ+η′∂ρuz−∂ρ p

0(
η∂2

ρ+η∂2
z+η′∂z+

η
ρ ∂ρ

)
uz−η′∂ρuρ− η′

ρ uρ−∂z p

 , (8.14b)

0 = ∇ · u cyl
=

(
1
ρ
+ ∂ρ

)
uρ + ∂zuz , (8.14c)

where η′ ≡ dη/dz.

8.2 Solving the Navier-Stokes equations for the fiber

The Navier-Stokes equations obtained for an incompressible axisymmetric creep-
ing flow (8.14) constitute a set of coupled non-linear partial differential equations

4This expression can also be found in [Landau et al. 1987, p. 48].
5Here and in the following sections all primes refer to the derivative with respect to z unless

otherwise stated.
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of the fiber velocity field u
(
x(t), t

)
. We want to solve these equations for the

longitudinal flow component v(z, t) = uz(z, t), such that we can use it together
with the continuity equation (6.3):

− ∂

∂t
A(z, t) =

∂

∂z

(
A(z, t) v(z, t)

)
, (8.15)

to model the fiber shape A(z, t). In this section we show how to solve Eq. (8.14)
by applying appropriate boundary conditions corresponding to the fiber pulling
flow.

8.2.1 Surface forces

Let r(z) describe the radius of the fiber as a function of the longitudinal position,
see Fig. 8.2. Then the longitudinal-tangential t̂ and normal n̂ unit vectors with
respect to the fiber surface are given by:

t̂
cyl
=

1√
1 + r′(z)2

 r′(z)
0
1

 , (8.16a)

and:

n̂
cyl
=

1√
1 + r′(z)2

 1
0

−r′(z)

 , (8.16b)

t̂

n̂

z
r(z)

Figure 8.2: The nor-
mal and longitudinal-
tangential unit vectors on
the fiber surface.

We now follow closely the derivations in [Eggers et al. 1994]. To find the velocity
field u

(
x(t), t

)
we need to specify the boundary conditions of the flow. The

tangential force is calculated by6:

n̂ · σ · t̂ = η
2r′(∂ρuρ − ∂zuz) + (1− r′2)(∂ρuz + ∂zuρ)

1 + r′2

∣∣∣∣∣
ρ=r

= 0 , (8.17a)

and the normal force by:

n̂ · σ · n̂ = −p + 2η
r′2∂zuz + ∂ρuρ − r′(∂zuρ + ∂ρuz)

1 + r′2

∣∣∣∣∣
ρ=r

= 0 . (8.17b)

The last equality in both expressions follows since fiber surface is free7 and
therefore neither tangential nor normal forces act on the surface (in contrast to
[Eggers et al. 1994] we neglect surface tension in our treatment). Together with
a Taylor expansion of the velocity field, derived in next section, these equations
will be used in the cylindrical Navier-Stokes equations for Stokes flow. In this
manner a simple expression for the longitudinal velocity component of the fiber
flow can be obtained.

8.2.2 Thin fiber approximation

The optical fiber is a very thin and long cylinder. We can therefore express
uρ(ρ, z), uz(ρ, z) and p(ρ, z) as a Taylor series in ρ about the fiber axis ρ = 0. In

6What is calculated is really the stress component pointing in the direction of the tangential
force t̂ and acting on the surface element with normal vector n̂; σtn = dFt/dSn = n̂ · σ · t̂. Similarly
for the normal component σnn = dFn/dSn = n̂ · σ · n̂.

7In the sense that the fiber is not flowing inside a tube.
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the approximation of axisymmetric flow8, we find for the velocity field:

u(ρ, z) =

 uρ(ρ, z)
uφ(ρ, z)
uz(ρ, z)

 =

−u′0(z)
ρ
2 − u′2(z)

ρ3

4
0

u0(z) + u2(z)ρ2

+O(ρ4), (8.18)

with the Taylor coefficients given by:

un(z) =
1
n!

∂n
ρuz(ρ, z)

∣∣∣∣
ρ=0

. (8.19)

Similarly we find for the pressure:

p(ρ, z) = p0(z) + p2(z)ρ2 + · · · . (8.20)

The u1-term proportional to ρ is set to zero in order to have ∂ρuz continuous and
differentiable at all ρ, see Fig. 8.3. The latter is necessary since the stress tensor
is given by the velocity gradients. The same holds for the p1-term. Note that

z

ρ

(a) uz(ρ, z) = u0.

z

ρ

(b) uz(ρ, z) = u0 + u1ρ.

z

ρ

(c) uz(ρ, z) = u0 + u2ρ2.

Figure 8.3: Longitudinal cross-section of the fiber illustrating the flow for the three
lowest orders of the Taylor expansion. The horizontal arrows indicate the magnitude
and direction of the velocity component along the fiber axis for laminar axisymmetric
flow. The dashed lines give the dependence of uz with respect to the radial component ρ,
and are seen to be everywhere continuous and differentiable except in (b) where it is not
diffentiable on the fiber axis.

the expression in uρ is given in terms of the derivatives of the Taylor coefficients
for the uz expansion in Eq. (8.18). This complicated expression, containing only
odd orders in ρ, is obtained by inserting the Taylor expansions of uρ and uz
into Eq. (8.14c) governing the fluid incompressibility for axisymmetric flow. The
derivation can be found in Appendix D.3.

Exactly as in [Eggers et al. 1994] we now insert the Taylor expansions (8.18) and
(8.20) into Eq. (8.17b) and Eq. (8.17a) for the normal and tangential surface forces.
From Eq. (8.17b) we get an expression for p0(z) to lowest order in r:

p0 =
η

1 + r′2
(
−u′0 + 2r′2u′0 + rr′(u′′0 − 4u2)

)
(8.21a)

O(r,r′)≈ −ηu′0 , (8.21b)

where we have made use of the gradual taper slopes; r′ � 1, in the last equality.
Similarly we can isolate u2(z) to first order in r and r′ from Eq. (8.17a):

u2 =
3r′

2r

(
1− r′

)
u′0 +

7
4

rr′(1− r′2)u′2 +
1
4

u′′0 +
r2

8
u′′2 (8.22a)

O(r,r′)≈ 1
2r

(
3r′u′0 +

1
2

ru′′0

)
. (8.22b)

8That is, u
(
r(t), t

)
= u

(
ρ(t), z(t), t

)
and uφ = 0.
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Eq. (8.21b) and Eq. (8.22b) can now be used to eliminate p0 and u2 from the
z-component in the Navier-Stokes equations (8.14b) for Stokes flow. Inserting
Eq. (8.18) and Eq. (8.20) with the above approximations we thus obtain, see
Appendix D.4:

0 = 3
(ηr2u′0)

′

r2 . (8.23)

This differential equation for the longitudinal velocity of the fiber can be numer-
ically solved together with the continuity equation (8.15) if the viscosity of the
fiber η(z) is known. To model the fiber shape we therefore need to obtain the
axial viscosity of the fiber. In the work by [Baker et al. 2011] they solved the
two equations by choosing the viscosity to be a uniform function. With this they
found very good agreement between the modeled and measured shape of their
fibers. However, a uniform viscosity implies a uniform temperature distribution,
which we already saw in Fig. 5.2 does not describe the shape of our fibers. In
fact, from the inferred velocity profile in Fig. 7.3 it seems more plausible that the
inverse viscosity distribution of the oven is near that of a Gaussian. With this
information we could choose the viscosity profile accordingly and solve Eq. (8.23)
and Eq. (8.15) for the fiber shape. Actually, we can do a bit better. From Eq. (8.23)
we can obtain an expression for the axial flow of the fiber, since:

0 = 3
(ηr2u′0)

′

r2 (8.24a)

⇒ ηr2u′0 = C(t) , (8.24b)

where C(t) is spatially constant but may depend on time. By simple integration
of Eq. (8.24b) we find:

u0(z, t)− u0(z0, t) = C(t)
∫ z

z0

1
η(ζ)r2(ζ, t)

dζ , (8.25)

for arbitrary z0. From this equation it is possible to infer η(z) by applying the
recursion formula (7.4) derived in Sec. 7.1. This is the main objective of Sec. 8.3.
Knowing the viscosity of the fiber it can be used directly in Eq. (8.25) which
together with the continuity equation (8.15) can be solved to yield the fiber shape
for given boundary conditions.

8.3 Fiber viscosity

Before we show how to infer the axial distribution of the fiber viscosity we
present a brief summary of what we did in the preceding sections. We started by
deriving the general Navier-Stokes equations (8.9) for an incompressible fluid.
The equations were then simplified by imposing the Stokes flow approximation
and afterwards recast into cylindrical form while applying the approximation of
axisymmetric flow. These reduced Navier-Stokes equations could then be solved
by applying the boundary conditions of the fiber. This included free surface forces,
negligible surface tension, and Taylor expansion of the pressure and velocity field
about the fiber axis. To first order in the fiber radius we thus obtained the
longitudinal velocity profile of the fiber v(z, t) = uz(ρ = 0, φ, z, t) = u0(z, t) as
desired, Eq. (8.25):

v(z, t) = v(z0, t) + C(t)
∫ z

z0

1
η(ζ)r2(ζ, t)

dζ . (8.26)

We now show how the viscosity of the fiber can be inferred from this equation.
We start by introducing a convenient function describing the “deformability” of
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the fiber:

τ(z) =
1

η(z)∫ ∞
−∞

1
η(ζ)

dζ
. (8.27)

With this, and using the fiber cross-section A(z, t) = πr2(z, t), we rewrite
Eq. (8.26):

v(z, t) = v(z0, t) + C̃(t)
∫ z

z0

A0

A(ζ, t)
τ(ζ)dζ . (8.28)

The constant of integration C̃(t) can be determined from the boundary conditions
(6.4) by requiring; v(z±, t) = v±, at all times t:

v(z+, t)− v(z−, t) = v+ − v−

= C̃(t)
(∫ z+

z0

. . . dζ −
∫ z−

z0

. . . dζ

)
= C̃(t)

∫ z+

z−

A0

A(ζ, t)
τ(ζ)dζ . (8.29)

From this we obtain the longitudinal velocity profile of the fiber for all times t:

v(z, t) = v(z0, t) + v∞ ·
∫ z

z0

A0
A(ζ,t)τ(ζ)dζ∫ z+

z−
A0

A(ζ,t)τ(ζ)dζ
. (8.30)

This expression, together with the continuity eqaution (8.15), are the central
equations for modeling the fiber shape. In order to obtain the viscosity, or
equivalently τ(z) in Eq. (8.27), we note that for t = 0 Eq. (8.30) reduces to:

v(z, 0) = v(z0) + v∞

∫ z

z0

τ(ζ)dζ . (8.31)

Here we used that τ(z) is zero outside the range [z−, z+], since the viscosity is
infinitely large for the frozen fiber. The integral in the denominator of Eq. (8.30)
can then be extended to the range [−∞, ∞] which is trivial to compute since τ(z)
is normalized. Taking the derivative of Eq. (8.31) we find:

τ(z) =
d
dz

v(z, 0)
v∞

. (8.32)

For small times, or equivalently, for short fiber elongations, the fiber shape
does not change significantly; A(z, t small) ≈ A(z, 0) = A0. From Eq. (8.30) the
velocity profile can then be regarded as stationary in time; v(z, t small) ≈ v(z),
and inferred using the recursion formula (7.4). We can therefore infer τ(z) by
applying the approximation:

τ(z) ≈ d
dz

v(z)
v∞

, for small t . (8.33)

The result is shown as the blue solid curves in Fig. 8.4 using v(z) inferred from
a short symmetric pull, see Fig. 7.4. In Fig. 8.4b τ(z) has been smoothed by
performing a moving average over 230 out of 10 000 data points and normalized
by dividing the curve by its integral over the whole range. The red dashed
line shows a Gaussian fit of τ(z) yielding σ = 1.8 mm. This is in agreement
with the observations made in Fig. 7.3 for the inferred velocity profile. Here
we suggested a Gaussian distribution with σ = 1.7 mm to resemble the inverse
viscosity distribution. With this encouraging result for τ(z) we are ready to model
the fiber shape in Sec. 8.4.
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Figure 8.4: Inferred τ(z).

8.4 Shape analysis

In the preceding sections we used fluid dynamics to generalize the fiber flow
model to all times and axial positions of an arbitrary pulling procedure using
constant pull speeds outside the hot zone. This was motivated first by the results
obtained in Sec. 5.1, using the simple heat-and-pull model, and then in Sec. 7.3,
with the model generalized to include the inferred axial velocity profile assumed
stationary in time. While the latter qualitatively modeled the fiber shape it was
clear that the assumption v(z, t) = v(z) was invalid causing the model to fail in
predicting the shape quantitatively.

Starting from the Navier-Stokes equations we have now obtained a flow model
generalized to all times and axial positions to describe the fiber shape. This
consists of the two equations:

− ∂

∂t
A(z, t) =

∂

∂z

(
A(z, t) v(z, t)

)
,

v(z, t) = v(z0, t) + v∞ ·
∫ z

z0

A0
A(ζ,t)τ(ζ)dζ∫ z+

z−
A0

A(ζ,t)τ(ζ)dζ
.

(8.34a)

(8.34b)

The first equation is the continuity equation of the fiber shape derived in Sec. 6.1
and the second describes the longitudinal velocity profile of the fiber, Eq. (8.30).
A solution for the fiber shape can now be obtained by solving these two equations
numerically together with deformability τ(z) given by Eq. (8.33). In the following
we will apply these equations to model the fiber shape and compare the results
with the measured shape for different pulling conditions of the fiber given by
v± and l. Unless otherwise stated all the modeled shapes are made using the
smoothed and normalized curve for the inferred τ(z) in Fig. 8.4b. With this the
two Eq. (8.34a) and Eq. (8.34b) are numerically solved in MATLAB using the
ode45-function.

8.4.1 Linear velocity profile

It is always encouraging to test a model in a limit where the behavior is well
known. We therefore start with a sanity check of the model by choosing τ(z)
explicitly to be a box-shaped function, see inset in Fig. 8.5. This corresponds to a
uniform viscosity profile which implies a box-shaped temperature distribution.
This means that the velocity profile must be linear inside the hot side and constant
outside as seen directly from Eq. (8.33) as well as in Sec. 2.2.1. The modeled shape
should therefore reproduce the results obtained from the model by [Birks et al.
1992]. The width of τ(z) is set to the inferred hot zone length L0 = 3.6 mm as
found in Sec. 5.1. The blue curve in Fig. 8.5 is obtained from the same measured
fiber as used in Sec. 5.1, that is, a fiber symmetrically elongated by l = 15 mm
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Figure 8.5: Measured fiber diameter modeled by the continuity equation using a linear
velocity profile like the simple heat-and-pull model.

using v± = ±50 µm/s. The red dashed line is the modeled curve from the above
Eq. (8.34), while the black dashed-dotted line is obtained used Eq. (5.1) from
the simple heat-and-pull model. The two modeled curves are observed to lie
exactly on top of each other as expected. With the generalized model confirmed
in the limit of stationary linear flow we continue the analysis using the inferred
deformability τ(z) in Fig. 8.4b.

8.4.2 Symmetric pull

Using the same fiber as in Fig. 8.5 we now present the performance of the model
generalized to all times and axial positions in Fig. 8.6. It is observed to follow
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Figure 8.6: Measured fiber diameter modeled by the continuity equation for a time-
dependent axially varying velocity profile using Eq. (8.34) and τ(z) from Fig. 8.4b.

the measured curve very closely over the whole range of the fiber. For the waist
diameter the model yields; d̃w = 14.9 µm, differing only 2% from the measured
diameter; dw = 15.2 µm. This is a significant improvement compared to the flow
model using a stationary velocity profile where we found the modeled waist to
be off by 30%, see Fig. 7.5.

8.4.3 Asymmetric pull

The model given by Eq. (8.34) is not restricted to symmetric pulls but can be
applied to all boundary conditions with constant pull speeds. We therefore now
consider the performance for an asymmetric pulled fiber like in Sec. 7.3.2. For
the same fiber used in Fig. 7.8 we obtain the red dashed curve for the modeled
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fiber shape in Fig. 8.7. Like the symmetric case considered in Fig. 8.6 the model
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Figure 8.7: Measured fiber diameter modeled by the continuity equation for a time and
axially varying velocity profile. The fiber was asymmetrically elongated by l = 15 mm
using pull speeds v− = 10 µm/s and v+ = 100 µm/s.

follows the measured curve very closely and significantly better than the model
for stationary v(z). The waist sizes now only differ by 3% for the measured
diameter dw = 38.6 µm, and a modeled diameter of d̃w = 39.9 µm, see inset. In
comparison the model for stationary v(z) gave a 24% discrepancy.

To test the consistency of the model we show in Fig. 8.8 another asymmetrically
pulled fiber but with different boundary conditions. Again, we observe good
agreement between the measured and modeled curves for the fiber shape. Note,
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Figure 8.8: Measured fiber diameter modeled by the continuity equation for a time-
dependent velocity profile. The fiber was asymmetrically elongated by l = 19 mm using
pull speeds v− = 0.8 mm/s and v+ = 1.5 mm/s. Note that the y-axis only goes down
to d = 80 µm. The observed dip of the fiber diameter at z = 25 mm is most likely caused
by a crack in the fiber.

that the even though the fiber was elongated more than the fiber shown in Fig. 8.7
its final waist size is considerably larger. This can be explained by the ratio of
the pull speeds. When a fiber is being “pushed-pulled”, such that v± > 0, a
steady-state solution of the continuity equation can be applied; ∂tm = 0. Meaning
that the fiber mass entering the hot zone equals the mass leaving it. From Eq. (6.2)
we thus find:

v−A− = v+A+ , (8.35)
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where A± is the fiber cross-sectional areas on either side of the oven. From this
an estimate of the waist diameter after the pulling procedure can be obtained,
using v+ > v− > 0, A− = A0 = π(d0/2)2, and A+ = π(d̃w/2)2 we have:

d̃w

d0
=

√
v−
v+

. (8.36)

Both fibers considered in Fig. 8.7 and Fig. 8.8 were “pushed-pulled”. Applying
Eq. (8.36) we find:

Fig. 8.7: d̃w = 39.5 µm , (8.37a)

Fig. 8.8: d̃w = 91.3 µm , (8.37b)

in good agreement with the observed values.

8.4.4 Double pull

We now test the model further by applying it to a doubled pulled fiber according
to the procedure in Table 8.1. The result for the measured fiber diameter is shown

Table 8.1: Pulling procedure for a double pull.

Step Procedure

(i) Drive oven in.
(ii) Start 1st pull with; v− = −100 µm/s and v+ = −6 µm/s.
(iii) After l1 = 2 mm stop stages.
(iv) Start 2nd pull with; v− = 6 µm/s and v+ = 100 µm/s.
(v) After l2 = 33.3 mm stop stages.
(vi) Drive oven back.

as the blue curve in Fig. 8.9. The black dashed-dotted curve is the modeled shape
after the first pull, whereas the red dashed curve is the modeled curve for the
final fiber shape after step (v). The two pulls were performed right after each
other and therefore the fiber shape after the 1st pull has not been measured.
The model again show good agreement with the measured shape. For the right
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Figure 8.9: Measured fiber diameter modeled by the continuity equation for a time-
dependent velocity profile. The fiber was asymmetrically elongated twice.

transition it is slightly off and predicts a less steep transition than measured.
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8.5 Summary

In this chapter we started by obtaining the Navier-Stokes equations for an incom-
pressible Newtonian fluid, Sec. 8.1. We next showed that the Reynolds is very
small for the fiber flow. The Navier-Stokes equations could therefore be well-
approximated by neglecting the inertial and body forces acting on the fluid. From
this we obtained the equations governing Stokes flow, Sec. 8.1.1. To solve these
equations they were first rewritten in the more appropriate frame of cylindrical
coordinates under the assumption of axisymmetric flow, Sec. 8.1.2. By applying
the boundary conditions of free surface forces and negligible surface tension of
the fiber the equations for Stokes flow were further simplified, Sec. 8.2.1. The
pressure and velocity field were then Taylor expanded about the fiber axis. This
is valid for the long and thin cylindrical fluid we have for the fiber. Within these
approximations the time-dependent longitudinal velocity profile were derived
from the Stokes equations, Sec. 8.2.2. A model for the fiber shape was thus
obtained consisting of the previously derived continuity equation and the velocity
profile derived here, Eq. (8.34). If the fiber viscosity is a known function the model
can be numerically solved to yield the fiber shape. Instead of approximating the
viscosity with either a uniform or inverse Gaussian function we showed that it
can be inferred by assuming the velocity profile to be stationary for short pulls
of the fiber and by applying the method, developed in Sec. 7.1, for obtaining
such a velocity profile, Sec. 8.3. Finally, we applied the model for various fibers
pulled under different boundary conditions, Sec. 8.4. All the modeled curves for
the fiber diameters were in good agreement with the measured fiber diameters
obtained with the CCD imaging technique, Sec. 4.2.
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Chapter 9
Conclusion

In this thesis we show how to produce sub-wavelength tapered optical fibers,
characterize some of their important properties, and develop a model for the fiber
shape, yielding very good agreement with the measured results. To produce the
nanofibers we have implemented an all-computer controlled heat-and-pull rig.
With this we can reproducibly make fibers tapered down to sub-micron diameters,
confirmed by both CCD and SEM imaging.

An extensive analysis of their optical and spatial properties has been performed.
The optical properties were obtained by analyzing the transmission signal of
both a narrow- and broadband light source. Furthermore a frequency analysis
of the transmission signal was carried out using the narrow-banded source. On
average a 10% loss of the transmission is observed for fibers tapered down to
∼ 0.5 µm from a fiber with an initial diameter of 125 µm. The main loss were
ascribed to be caused by the excitation of higher-order cladding modes in the
fiber when the fundamental mode undergoes the core-cladding transition. We
therefore conclude that the tapers are not fully adiabatic and should be optimized
according to the adiabatic criteria by [Love et al. 1986; Love et al. 1991]. For fully
adiabatic tapers we expect to obtain transmissions well above 95%. Observing
that the fibers start bending when pulled below 10 µm might also induce losses
in the tapers. Therefore this effect should also be handled in future optimization
of the adiabaticity. For the spatial properties the fiber shapes have been obtained
from CCD images of the fiber using an edge-detection algorithm. The obtained
results for the fiber shape have been confirmed by SEM images.

To model the resultant fiber shape after pulling we have applied three different
models. Starting with the model by [Birks et al. 1992] we clearly observed
that it does not predict the shape of our nanofibers. The failure is caused by
the simplifying assumption of a uniform temperature distribution, implying a
uniform viscosity and a linear axial velocity profile inside the hot zone, which do
not apply to our heater.

In order to obtain a more general model for the fiber shape we derived the
continuity equation by considering the flow of the fiber. Assuming a non-linear
axially varying velocity profile stationary in time an analytic solution for the
fiber shape was obtained. By inverting this solution we showed how to infer the
longitudinal velocity of the fiber flow from the measured fiber shape. The inferred
velocity profile could then be generalized according to the specific boundary
conditions of a given pull and used to solve the continuity equation for the
fiber shape. This gave a significant improvement of the modeled shape now
qualitatively yielding the right shape in contrary to the model by [Birks et al.
1992]. However, for the prediction of vital parameters, such as the nanofiber
waist size or the length of the tapers, the model performance was far from good
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enough. We found the discrepancy to be caused by an invalid assumption of
time-independent fiber flow.

In order to include the time-dependency in the velocity profile it is necessary to
consider the fluid dynamical properties of the fiber. Starting from the Navier-
Stokes equations we imposed the fiber pulling boundary conditions to obtain
an approximate solution of the fiber motion. From this we could derive the
now time-dependent longitudinal velocity profile of the fiber. This solution
together with the continuity equation could now be solved to yield the fiber
shape provided a known function of the viscosity exists. We showed that the
viscosity can be inferred by assuming the velocity profile to be stationary in time
for small elongation lengths of the fiber. This allowed us infer the velocity for
this small pull using the method developed for modeling the fiber shape under
the time-independent approximation for the model. The inferred function for the
viscosity could now be inserted in the two main equations for the fiber shape;
the axial shape-dependent velocity profile and the continuity equation. With
this we obtained results for the modeled shape in very good agreement with the
measured diameters of various fibers pulled under different boundary conditions.
This model for the fiber shape is generalized to all times and axial positions along
the fiber. It is therefore not limited to any specific pulling procedures, such as
symmetric pulls or “push-pulls”. This generally the case as other pull conditions
can be obtained by stopping the pull and restart it with new boundary conditions
that should then enter the model. In this scheme of making several consecutive
pulls of the same fiber the shape can be modeled for any boundary conditions of
axially pulling procedures.



Chapter 10
Outlook and perspectives

With a model capable of reproducing the shape of tapered nanofibers we are
ready to take the next steps towards a light-atom quantum interface. In this
chapter the future plans for making and applying nanofibers as a light-atom
quantum interface are presented. In Sec. 10.1 the main interest will be put in the
future development of the nanofibers themselves with focus on future application
in quantum optics experiments. However, most of the considerations are relevant
for other applications as well and this section thus provides a general discussion
of future refinements of the nanofibers. In Sec. 10.2 we will turn to the more
specific case of using the nanofibers as a light-atom interface and how we plan to
implement this.

10.1 Next generation nanofibers

To use the nanofibers as a light-atom interface we need to optimize some of
the parameters discussed in this work as well as explore more properties of the
nanofibers. In the following we discuss how this will be carried out.

Designing fibers We have shown that we can predict the fiber shape after pulling
using given boundary conditions of the initial fiber shape and the pull
speeds. The next step is of course to obtain which boundary conditions are
required to pull a desired shape of the nanofiber. In [Baker et al. 2011] they
take the naive approach and apply Eq. (8.36); d̃w/d0 =

√
v−/v+, to obtain

the ratio of the “push-pull” speeds needed to obtain the shape d̃w. This is
not only limited to these specific pulls but also fails in predicting the right
settings of v± for a single pull. However, many consecutive pulls of the
same fiber wash out the discrepancy between the designed shape and the
produced shape. Making the approach fairly applicable. We would like to
first test the same algorithm for designing the fiber shapes using it together
with the generalized flow model presented in this work. Depending on the
results of the designed shape versus the simulated and measured shape, we
will have to consider if this naive approach can be improved further.

Adiabatic tapers In order to make the nanofiber more adiabatic, and thus in-
crease its transmission, we need to improve the mode coupling between
the unpulled fiber and the nanofiber. The task is twofold. The main loss
of light was inferred to be caused by the excitation of the HE12 mode. In
order to prevent this the adiabatic criteria discussed in Sec. 2.3.1 should
be employed. We therefore plan to calculate the optimal fiber shape from
the adiabatic criteria. Using this shape in the above algorithm would let us
obtain the required settings of the boundary conditions needed to produce
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the desired fiber. In reality we probably to not want the fiber shape solely
predicted by the adiabatic transition. Depending on the application of the
nanofiber a trade-off between adiabatic tapers and requirements for the
waist size or other spatial parameters of the fiber might be necessary. In
Sec. 4.2.2 we saw that the fibers start to bend when pulled thinner than
about 10 µm. This means that higher order cladding modes with different
azimuthal symmetry than the fundamental mode can be excited as observed
in Sec. 4.1 causing additional losses at the tapers. Apart from applying the
adiabatic criteria we should therefore also try to get rid of this effect. One
possible solution might be to change the fiber mounts, as we have observed
the V-grooves to be rather coarse which could be the origin of the transverse
tension in the fibers causing them to bend.

Thermal properties For future use as light-atom interfaces we need to test the
thermal properties of the nanofibers. One purpose is to observe how much
power the nanofibers can withstand in vacuum. This can be acquired by
simply increasing the power through the nanofiber until it breaks. Another
purpose is to obtain the thermal expansion which induces a change in the
optical path length, extensively studied in [Wuttke et al. 2013]. Placing
the nanofiber in one arm of a Mach-Zehnder interferometer the change in
optical path length can be detected by performing a differential homodyne
measurement. With the nanofiber setup we currently have, a significant
thermal expansion of the fiber of tens of micrometers has been observed
already for a few milliwatts of transmitted power. For the two-color trap-
ping scheme roughly 20 mW of power is required. Thermal effects of the
nanofiber can therefore be expected to play a significant role in the probed
results and should be well understood.

Looped resonators Although the nanofibers already provide an interface for
strongly coupled light and atoms it can be further improved by placing it
inside an optical resonator. This can be achieved in several ways. In the
group of Rauschenbeutel they have obtained a F ≈ 85 finesse Fabry-Pérot
cavity formed around the nanofiber by making two Bragg gratings in the
fiber before tapering. From this they predicted that the strong coupling
regime can be reached [Wuttke et al. 2012]. Another method would be to
create a ring-resonator by looping the nanofibers. Here [Sumetsky et al.
2006] obtained a finesse of F ≈ 40 by bending the fiber such that the two
tapered sections lie on top of each other. This constitutes a relatively stable
loop held together by Van der Waals and electrostatic forces. Light can
thus either propagate into the loop or couple directly into the other taper
through the evanescent field. It is noteworthy that both solutions still yields
an all-integrated and scalable system of “fiber-coupled atoms”.

10.2 Light-atom quantum interface

Besides making the nanofibers ourselves we are currently realizing a setup using
a nanofiber brought from Raushenbeutel’s group. A magneto-optical trap (MOT)
has been implemented and the two-color trap as well as a dispersive probing
scheme inspired by [Lodewyck et al. 2009] are being setup1. With the knowledge
and experience gained through this work we plan to use the nanofibers in a next
generation setup. This is described in the following together with a list of main

1Mainly lead by Jean-baptiste Béguin and Eva Bookjans.
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applications for the quantum interface between light and atoms provided by the
nanofiber.

Quantum optics on a chip So far a nanofiber is usually placed, with great suc-
cess, inside an ordinary MOT from where the atoms are loaded into the
two-color fiber-based trap. [Vetsch et al. 2010; Goban et al. 2012]. We plan to
extend this scheme by using a mirror MOT on a chip [Reichel et al. 2011].
Using a high-reflective plate a dipole trap can be established in the vicinity
of the plate-vacuum interface by a double reflection from a single laser
beam. The magnetic trap can be obtained by integrating a small U-shaped
electrical circuit inside the plate providing a magnetic field above the plate.
Together with an applied constant magnetic field this can create a mini-
mum trapping potential for the atoms. With this system it is possible to
place more than one nanofiber on the plate taking great advantage of their
inherent small sizes. This offers a scalable all-integrated system ideal for
realizing quantum networks [Cirac et al. 1997].

Quantum information With the atomic ensemble being an integrated part of
an optical fiber the route to interactions between atomic ensembles is an
obvious one to take. Quantum teleportion schemes between two atomic
ensembles have already been carried out in our group [Krauter et al. 2013].
With this experience it is natural to extend the scheme for the atomic
nanofiber-based trap as well. It is furthermore expected that the scalability
provided by the nanofiber can extend the scheme to more than two atomic
ensembles [Choi et al. 2010].

Exotic quantum states Besides from working with nanofibers we also have a
setup consisting of a dipole trapped atomic ensemble placed in one arm of
a Mach-Zehnder interferometer. With this setup we are implementing the
creation of a non-classical state in the atomic ensemble [Kiesel et al. 2012].
For this projection noise limited measurements are a requirement. Classical
noise scales quadratically with the number of atoms and quantum state
engineering would therefore benefit from using smaller atomic ensembles.
This can readily be achieved using nanofiber-based traps where [Goban et al.
2012] obtained optical depths above 60 for less than 1000 atoms. In contrast
we need around 105 atoms in the dipole setup to achieve comparable optical
depths.

Hybrid systems Quantum interactions mediated by light are also a promising
prospect of the nanofibers. Having “fiber-coupled atoms”, quantum interac-
tions with other systems over a distance should be readily achievable. Such
other quantum systems could be quantum dots, mechanical resonators,
electrical resonators, or NV centers in diamonds, just to mention a few
[Xiang et al. 2013].
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Appendix B
CCD imaging error analysis

B.1 The longitudinal conversion factor

We start by calculated the uncertainty on the longitudinal conversion factor,
Eq. (4.6):

cl =
Ns

N(wi − o)
=

x
N(wi − o)

, (B.1)

where N is the number of images used to record the fiber, s = 0.1 mm is the
distance the fiber is moved between each image, wi = 768 pixels is the width of a
single image, o = 217 pixels is the overlap of the images, and x = Ns is the total
length the fiber was moved during the imaging. There is no uncertainty on the
number of images taken or the image width, from the error propagation formula
for uncorrelated errors we therefore obtain:

σ2
cl
=

(
∂cl

∂x

)2

σ2
x +

(
∂cl

∂o

)2

σ2
o (B.2a)

=

(
1

N(wi − o)

)2

σ2
x +

(
x

N(wi − o)2

)2

σ2
o (B.2b)

= c2
l

(σx

x

)2
+

(
cl

wi − o

)2

σ2
o . (B.2c)

Using N = 300 for the fiber in Fig. 4.10, σx = ±10 µm from the stage specs, and
an estimated error on the overlap σo = ±1 pixel, this gives σcl = 0.001 µm/pixel.
Note that the uncertainty on the longitudinal conversion factor increases for
smaller travel lengths of the stage, however the dominating error is given by the
second term, so even for small distances (1 mm) the uncertainty stays unchanged.
Since both the imaging and the pulling is always done over tens of millimeters
the uncertainty on cl thus effectively stays unchanged.

B.2 The diameter

The measured diameter of the fiber is given by:

d = ctw , (B.3)

for the transverse conversion factor ct and the measured width in pixels w. Where
ct is given by:

ct =
d0√
A0

, (B.4a)

A0 =

∫ z2
z1

w2(z)dz

z2 − z1 − l/cl
. (B.4b)
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Here d0 = 125± 2 µm is the un-pulled fiber diameter, l is the total elongation
length, and z1 and z2 are points on the fiber axis that have to be chosen outside
the tapered range of the fiber. We note that ct and w are not independent variables
and therefore rewrite the diameter:

d = d0
w(∫ z2

z1
w̃2(z)dz

)1/2 (z2 − z1 − l/cl)
1/2 . (B.5)

Using the error propagation formula we find for the uncertainty on the measured
diameter:

σ2
d =
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∂d
∂d0

)2

σ2
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(
∂d
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)2

σ2
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+
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)2 (σcl

cl

)2

. (B.6b)

The measured width in pixels w is found from the detected edges. Estimating
the error on the edge detection to be; σe = ±5 pixels, gives the propagating
error on w; σw =

√
2σe. For the pull length we use the fiber shown in Fig. 4.10

where we have l = 15.00± 0.01 mm with the uncertainty given by the stage specs.
For decreasing diameters the uncertainty grows on the detected edges due to
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Figure B.1: Different contributions to the variance of the diameter for the fiber shown in
Fig. 4.10. The inset shows a zoom in the y-axis from z = 10 mm to z = 20 mm.

systematic errors σsys. This is included in the error analysis by choosing σsys to
scale inversely proportional with the diameter; σsys = κ/d, where κ is chosen
such that the systematic error is 1 µm at d = 1 µm; κ = 1 µm2. The total variance
on the measured diameter in SI units is thus given by:

σ2
d = σ2

prop + σ2
sys (B.7)

In Fig. B.1 we show the different contribution of the errors to the total error.
The main contribution to the uncertainty in the measured diameter comes from
the estimated error on the detected edges σw and the inherent error in the fiber
diameter σd0 . With this we obtain the errorbars as shown in Fig. 4.15.
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B.3 The transverse conversion factor

The transverse conversion factor is given by:

ct =
d
w

=
d0(∫ z2

z1
w̃2(z)dz

)1/2 (z2 − z1 − l/cl)
1/2 . (B.8)

Using the error propagation formula for uncorrelated errors this yields the
uncertainty on ct:
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where all the differentials can be re-used from σd in Appendix B.2.





Appendix C
Stationary velocity profile

C.1 Determining F
Assuming a stationary longitudinal velocity profile; d

dt v(z, t) = 0, the general
solution of the continuity equation is given by Eq. (7.2):

Ã(z, t) =
1

v(z)
F̃
(∫ z

z0

1
v(ζ)

dζ − t
)

. (C.1)

With no loss of generality we start by rewriting Eq. (C.1):

A(z, l) = A0
v∞

v(z)
F
(∫ z

z0

v∞

v(ζ)
dζ − l

)
, (C.2a)

with:

F (x) =
1

v∞ A0
F̃
(

x
v∞

)
, (C.2b)

and:

A(z, l) = Ã(z, v∞t) . (C.2c)

It is now given in terms of the more relevant variable; l = v∞t, for the total
elongation length of the fiber. By imposing the boundary condition of an initially
uniform fiber; A(z, 0) = A0, F can determined. To show this we start by
introducing a new variable:

q(z) ≡
∫ z

z0

v∞

v(ζ)
dζ , (C.3)

where:
q′(z) ≡ dq

dz
=

v∞

v(z)
. (C.4)

Eq. (C.2a) can then be rewritten to:

A(z, l)
A0

= q′(z)F
(
q(z)− l

)
. (C.5)

Now, we define B such that B′ = F :

A(z, l)
A0

=
∂

∂z
B(q(z)− l) . (C.6)

Imposing the condition that the fiber-cross sectional area is initially uniform and
only changes for l 6= 0, we must have:

A(z, 0)
A0

= 1 ⇒ d
dz

B
(
q(z)

)
= 1 . (C.7)
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Therefore; B(q) = z, up to an arbitrary constant, and we recognize B as the
inverse function of q(z); B = q−1. Finally, we obtain the general solution for the
cross-sectional area of the fiber:

A(z, l) = A0
∂

∂z
q−1(q(z)− l

)
, (C.8)

as can be directly verified by inserting it into the continuity equation.

Here we obtained A(z, l) in the limiting case where the initial fiber shape is
uniform. A more general expression can be obtained by letting the initial fiber
shape be a non-uniform function of the axial position; A0(z),. This is given by:

A(z, l) = A0
(
y(z, l)

) ∂

∂z
y(z, l) . (C.9)

with y(z, l) ≡ q−1(q(z)− l
)
. From this the model can be applied to more than one

pull of the same fiber. Again, this expression can be directly verified by inserting
it into the continuity equation.

C.2 Deriving the recursion formula for v(z)

Starting from the general solution of the continuity equation for a stationary
velocity profile, see Appendix C.1:

A(z, l) = A0
∂

∂z

(
q−1(q(z)− l

))
, (C.10a)

q(z) ≡
∫ z

z0

v∞

v(ζ)
dζ , (C.10b)

we want to invert it to yield a solution for the velocity profile of the fiber flow
inside the hot zone, z− < z < z+. Outside the hot zone the velocity is known,
such that we have:

v(z) =


v− if z ≤ z−,
? if z− < z < z+,
v+ if z+ ≤ z.

v(z)

z
v−

z−

v+

z+

?

We rewrite Eq. (C.10a) for the fiber cross-sectional area by integrating it from zx
to z: ∫ z

zx

A(ζ, l)
A0

dζ = q−1(q(z)− l
)
− q−1(q(zx)− l

)
, (C.11)

for arbitrary zx. If we choose zx = z+ + v+t = z+ + l+, and z0 = z+ in Eq. (C.10b),
the integral in q(zx) will only be over constant velocities, since v(z > z+) = v+,
and we get q(zx) = l. From the definition of an inverse function, q−1(q(z)) = z,
the second term on the RHS in Eq. (C.11) will then be given by:

q−1(q(zx)− l
)
= q−1(0) = z+ , (C.12)

and Eq. (C.11) can be simplified to:

y(z, l) ≡ q−1(q(z)− l
)
=
∫ z

z++l+

A(ζ, l)
A0

dζ + z+ . (C.13)

We now apply q(·) on both sides of the first equality and take the derivative with
respect to z:

q′
(
y(z)

)
y′(z) = q′(z) . (C.14)
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Finally, we use q′(z) = v∞
v(z) from the definition of q and obtain the recursion

formula:

v
(
y(z)

)
=

A(z, l)
A0

v(z) . (C.15)

C.3 Applying the recursion formula for v(z)

Here we describe the algorithm used to obtain v(z) from the recursion formula.

We start by choosing a point on the fiber at a position z̃, far outside the hot zone,
such that v(z̃) = v+, as shown in Fig. C.1. This is Step 1 in the algorithm, see
Table C.1. “Method” refers to how the entries for v(z) is obtained and Method I
is thus the initialization of the algorithm.

z̃− z̃+

z
z− z+

y(z̃, l) z̃

v− v+

Figure C.1: Sketch illustrating how far the point y(z̃, l), of the up-pulled fiber, has moved
after elongating the fiber by l = v∞t. The new point is denoted by z̃.

In Step 2 Eq. (C.13) is applied to obtain y(z̃, l) as the new z-value. Using the
recursion formula (C.15), v

(
y(z̃, l)

)
is calculated. Here it is important that z̃ has

been chosen sufficiently far away from the hot zone, such that y(z̃, l) is also
outside the hot zone yielding the same value for v

(
y(z̃, l)

)
as for v(z̃):

y(z̃, l) > z+ ⇒ v
(
y(z̃, l)

)
= v(z̃) = v+ . (C.16)

This can be ensured if z̃ > z̃+ as seen from Eq. (C.13) where we find;

y(z̃ > z̃+, l) =
∫ z̃

z++l+

A(ζ, l)
A0

dζ + z+ = z̃− l+ > z+ . (C.17)

After obtained v
(
y(z̃, l)

)
Table C.1 is sorted according to the z-values. Applying

the recursion formula and sorting the z-values are thus referred to as Method
II. In step 3 we decrease z by a small amount δz. Using interp1 in MATLAB

Table C.1: Algorithm for obtaining v(z) from the “+” side.

Step Method z v(z)

1 I z̃ v(z̃) = v+

2 II y(z̃) v
(
y(z̃)

)
3 III z̃− δz v(z̃− δz)

4 II y(z̃− δz) v
(
y(z̃− δz)

)

we infer v(z̃− δz) by linearly interpolating the entries of z and v(z) in Table C.1.
This is referred to as Method III. In Step 4 Method II is repeated. That is, a new
z-value is calculated by applying Eq. (C.13) on the value of z used in the previous
step; y(z̃− δz). Thereafter v

(
y(z̃− δz)

)
is calculated using Eq. (C.15) and the
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I
initialize

II
Eq. (C.15)

III
interpolate

step z by −δz

calculate y

Figure C.2: Recursion algorithm for obtaining v(z) from the “+” side.

table is then sorted according to the z-values. The methods III and II are now
cycled to yield Steps 5 and 6, 7 and 8, etc., see Fig. C.2. When y(z− δz) > z or no
more data points are available the procedure is stopped.

We have here shown how to apply the recursion formula from the “+” side, i.e.,
when starting the algorithm with a point z̃ > z̃+. The analysis can of course also
be applied from the “-” side. This is, e.g., necessary for symmetric pulls where;

y(z, l) > z if z < zc, (C.18a)

y(z, l) < z if z > zc, (C.18b)

for the hot zone center zc, see Sec. 7.1.1. In order do apply the recursion formula
from the “-” side it becomes necessary to invert the y-function to obtain z(y, l).
This is easy to do numerically and from here the analysis follows the above recipe.



Appendix D
Fluid mechanics

D.1 Symmetric stress tensor

To see that the stress tensor σ must be symmetric due to angular momentum
conservation we consider a uniform rotation of the fluid. In this case no internal
friction is present and the shear stress must vanish, i.e., we have σij = 0 for i 6= j.
The most general shear stress tensor can therefore be composed of the linear
combination;

σij = η(∂jui + ∂iuj) , (D.1)

since these elements vanish for a uniform rotation, where; u = ω× x for the
angular frequency ω. We thus have:

ui = ωjxk −ωkxj . (D.2a)

⇒ ∂jui + ∂iuj = −ωk + ωk = 0 . (D.2b)

D.2 Incompressible fluid

We want to show that an incompressible fluid necessarily means; ∇ · u = 0. We
consider the mass current flowing into and/or out of an enclosed volume V with
surface element dS:

im = −
∮

S
$u · dS . (D.3)

The negative sign corresponds to a negative change in mass which is the case if
the mass flow through the surface is positive; u · dS > 0. The total mass inside
the volume is given by:

m =
∫

V
$dV . (D.4)

The rate of change of mass in V is of course equal to the mass current:

∂m
∂t

= im . (D.5)

If the fluid is incompressible then the mass density must be constant and $ can
be taken out of the integral in Eq. (D.4); m = $V. Inserting Eq. (D.3) and Eq. (D.4)
into Eq. (D.5) and taking the limit of V → 0 therefore gives:

dρ

dt
= lim

V→0

(
1
V

∮
S

ρu · dS
)
= −∇ · u , (D.6)

where the last equality follows from the definition of the divergence operator
[Riley et al. 2006, p. 398]. Since d$/dt = 0 we thus obtain ∇ · u = 0.
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D.3 Derivation of the uρ component

We want to derive uρ in Eq. (8.18):

uρ(ρ, z) = −u′0(z)
ρ

2
− u′2(z)

ρ3

4
+O(ρ4). (D.7)

We start by Taylor expanding uρ and uz in ρ about the fiber axis ρ = 0:

uρ = uρ,0 + uρ,1ρ + uρ,2ρ2 + uρ,3ρ3 + uρ,4ρ4 , (D.8a)

uz = u0(z) + u2(z)ρ2 . (D.8b)

This we now want to insert in Eq. (8.14c):

0 =

(
1
ρ
+ ∂ρ

)
uρ + ∂zuz , (D.9a)

⇒ uρ + ρ∂ρuρ = −ρ∂zuz . (D.9b)

Noting that ρ∂ρuρ = uρ − uρ,0 we have to third order in ρ:

uρ,0 + 2uρ,1ρ + 3uρ,2ρ2 + 4uρ,3ρ3 = −u′0ρ− u′2ρ3 , (D.10)

and equating terms with the same order in ρ we find:

O(ρ0) : uρ,0 = 0 , (D.11a)

O(ρ1) : uρ,1 = −u′0
2

, (D.11b)

O(ρ2) : uρ,2 = 0 , (D.11c)

O(ρ3) : uρ,3 = −u′2
4

. (D.11d)

Inserting the coefficients into Eq. (D.8a) we thus obtain Eq. (D.7).

D.4 Derivation of the diffential equation for u0

Here we show the derivation of Eq. (8.23):

0 = 3
(ηr2u′0)

′

r2 . (D.12)

We start by inserting the Taylor expansions of the pressure and velocity field
Eq. (8.18) and Eq. (8.20):

uρ(ρ, z) = −u′0(z)
ρ

2
− u′2(z)

ρ3

4
, (D.13a)

uz(ρ, z) = u0(z) + u2(z)ρ2 , (D.13b)

p(ρ, z) = p0(z) + p2(z)ρ2 . (D.13c)

into the z-component of the equation for Stokes flow (8.14b):

0 =
(

η∂2
ρ + η∂2

z + η′∂z +
η

ρ
∂ρ

)
uz − η′∂ρuρ −

η′

ρ
uρ − ∂z p . (D.14)

This yields:

0 = 4ηu2 + 2η′u′0 + 2η′ρ2u′2 − p′0 + ηu′′0 + ηρ2u′′2 − ρ2 p′2
O(ρ)
≈ 4ηu2 + 2η′u′0 − p′0 + ηu′′0 . (D.15)
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To eliminate u2 and p0 from this expression, such that it only contains terms of
u0 or its derivatives, we insert the approximations (8.22b) and (8.21b):

u2 ≈
1
2r

(
3r′u′0 +

1
2

ru′′0

)
, (D.16a)

p0 ≈ −ηu′0 , (D.16b)

into the approximative z-component of the Stokes flow Eq. (D.15). This yields:

0 = 4ηu2 + 2η′u′0 − p′0 + ηu′′0 (D.17a)

= 6
ηr′u′0

r
+ 3η′u′0 + 3ηu′′0 (D.17b)

= 3
(ηr2u′0)

′

r2 . (D.17c)
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