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Abstract

We study single electron transport in a single-molecular dimer device with one vi-
brational mode. The vibron couples to the difference in charge on the two parts
of the dimer, leading to correlation between the electronic and bosonic degrees of
freedom. A correlated state is called a small polaron. We find that the correlation
increases sharply as a function of a parameter «. This increase is reflected in the
transport properties of the system in two ways: the small bias current becomes
strongly inhibited in the polaronic regime; and a characteristic energy in the prob-
lem, the on-dimer effective electron hopping, becomes exponentially small, such
that transport in the device may no longer be sequential. In this case, the dimer
may become an effectively uncoupled double dot. We relate our findings to recent
experiments on Cyy dimers.
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Chapter 1

Mbolecular electronics

1.1 The field

An aim of molecular electronics is to use single-molecular transistor devices for
functions that today are performed by silicon chips. Basic conduction properties of
interest include amplification, and current asymmetry effects such as rectification
and negative differential restistance (NDR).

The generic single-molecular transistor device consists of one molecule (an is-
land’, or a ’quantum dot’) connected to three electrodes, two for bias voltage
(Fermi ’seas’, denoted ’source’ and ’drain’) and one for gate voltage. The elec-
trodes ('leads’) are usually gold, pure or not, and 'good’ or ’bad’ depending on the
treatment, leading to strong or weak coupling between the lead electronic states
and the electronic states of the molecule. Weak coupling is characterized by long
dwell times for electrons on the molecule, hence an integer number of charges on
the molecule, and by ’Coulomb blockade’. Strong coupling is characterized by
fractional charge number, by tunneling broadening of the peaks in the differential
conductance, and by the molecule effecting the limit on electrical transport.

Molecules of interest are usually organic, such as fullerenes, DNA, carbon nan-
otubes (CNT), or strings of connected benzene rings such as OPV5. Long molecules
with each end attached to electrodes are called molecular wires. Molecular prop-
erties of interest include of course the electronic states, but also vibrational states
and even conformational states, as molecules may change their shape in response
to a change in electrical charge on the molecule. Molecular switches is the term
for molecules that can be turned ’on’ or ’off” with respect to electric conduction
due perhaps to a conformational change. The construction of logic gates using
molecular switches was proposed early on [3]| [4], using molecules of the 'DBA’
form (below).

Nanoelectromechanical (NEM) coupling between quantized mechanical and
electrical degrees of freedom is a subject of much interest. The mechanical motion
may be a quantized oscillatory motion of a molecule; such a motion may couple
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sponding atomic orbitals. The hybridizing atomic or-
bitals correspond to the same spin.

to an electronic degree of freedom (such as localization to a site, or spin) through
a local electrical or magnetic field. The oscillatory motion could be a motion of
the molecule as a whole, or an internal vibrational mode. It could even be a large
amplitude oscillation of the molecule between the electrodes, where the tunneling
rates couple to the position of the molecule, a so-called ’shuttling’ effect (discussed
below).

Measurements on molecular devices, apart from the measurement of IV curves,
rely heavily on scanning tunneling microscopy (STM), allowing the experimenter
to 'see’ and manipulate single atoms on surfaces.

1.2 Some basic chemistry

Before we can proceed, we must introduce some concepts and terminology from
chemistry.

The orbitals of a molecule may be constructed as linear combinations of the
individual atomic orbitals. Two s orbitals of equal energy on different atoms are
nonorthogonal and hybridize into bonding and antibonding combinations, denoted
o and o*, respectively. The hybridization of same-energy p orbitals depend on
whether they meet head-on (say, p,) or sideways (p, and p,). Two p, orbitals
hybridize into o, o* orbitals with zero angular momentum about the bond axis.
Two p; or py orbitals hybridize into molecular 7 (bonding) and 7* (antibonding)
orbitals with angular momentum 1 % about the bond axis. Usually, o orbitals are
stronger bonds than 7 orbitals, due to a larger overlap of the atomic orbitals. We
indicate the hybridization energies in fig. (1.1).

The carbon atom in it’s ground state is in the configuration 1s22s?2p2. One 2s
electron is easily excited to 2p, and C atoms in this state form bonds involving as
much as one s electron and three p electrons from each atom. In a benzene ring,
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one s and two p electrons form localized bonds, as the p electrons of neighbouring
C atoms hybridize and the s electron hybridize head-on with a H atom. The
remaining p orbitals are in the direction orthogonal to the plane of the ring and
linearly combine into delocalized orbitals of the entire ring.

The localized orbitals are denoted sp?. They are:

et %x (1)
%s - %pm + %py (1.2)

The sp? orbitals lie in a plane, and leave one p electron (p,, here) unhybridized.
See fig. (1.3).

In fullerenes ("bucky ball’ molecules, eg. Cg), the hybridization of the C atoms
is approximately sp?, the deviation a result of nonplanarity of the ’surface’ of the
'ball’. The unhybridized p, orbital is orthogonal to the approximate sp? plane, free
to bond with, usually, a hydrogen atom.

A different hybridization of relevance here is sp3, which is the structure of, eg.,
CHy4. The orbitals, depicted in fig. (1.2), are:

% (s + Pz +py +p2) (1.3)
% (5 + Pz —py = P2) (1.4)
% (s = pa +py — D2) (1.5)
% (s = pa — py +12) (1.6)

(1.7)

Often, the levels relevant for chemical and transport properties are the ' HOMO’
and 'LUMO’ levels, the highest occupied/ lowest unoccupied molecular orbitals.

1.3 DBA transistors

Transport of electrons through a single molecule depends on the quantum me-
chanical electron states, which in general are delocalized combinations of atomic
eigenstates. The molecular states are modified by coupling to the electrodes, how-
ever. In a situation where the lead coupling is strong compared to the hybridization
of two localized orbitals, and the localized orbitals couple to different electrodes,
the molecule becomes a system where charge may be transfered from one part to
the other.

In their 1974 paper [2|, which is sometimes seen as the beginning of theoretical
molecular electronics, Aviram and Ratner consider a single organic molecule with
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Figure 1.3: The three sp? hybrid orbitals, and the unhybridized p orbital orthog-
onal to the sp? plane, in side view and in top view [1].
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Figure 1.4: Aviram and Ratner’s molecular rectifier at zero bias voltage, that is,
with left and right Fermi levels aligned. The HOMO and LUMO levels of the
acceptor and the donor are indicated.
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donor and acceptor sites, inserted between metal electrodes strongly coupled to the
respective site orbitals. The sites are assumed separated by a o bridge, a part of
the molecule that separates the sites in space by insulating ¢ electron bonds for the
purpose of insuring that coupling between the donor and acceptor sites is weak.
This creates a tunneling barrier between the isolated states on the two parts of
the molecule. The o bridge is also assumed to give the molecule sufficient rigidity
that it does not interact mechanically with the electron transfer processes. The
donor and acceptor sites are aromatic subunits (ie., modified benzene rings) of the
molecule, which are heightened/ lowered, respectively, with respect to the density
of m electrons in the ring. A specific example of a donor-bridge-acceptor (DBA)
molecule, suggested in [2], is drawn in fig. (1.5). The donor part is tetrathiofulva-
lene (TTF), and the acceptor part is tetracyanoquinjonedimethane (TCNQ).

A rectifying device is depicted in fig. (1.4). At zero bias voltage, the electrode
Fermi levels are equal. The charge-neutral acceptor LUMO is just above the left
lead Fermi level, and the charge-neutral donor HOMO is just below the right lead
Fermi level. Applying a small bias voltage, heightening the left lead chemical
potential to the acceptor LUMO level, and lowering the right lead level to the
donor HOMO, allows current to run through the device by a two-step process.
Step one is the injection of a left Fermi sea electron to the acceptor LUMO, and
the injection of a hole from the right Fermi sea to the donor HOMO. The molecular
state thus created is called a ’zwitterion’ [6]. In step two, the electron and hole
recombine through a ’downhill’ inelastic tunneling process, during which energy is
transfered to unspecified vibrational degrees of freedom.

In the opposite direction of the bias voltage, current can run if the left electrode
potential is lowered to the HOMO level of the neutral acceptor, and the right
electrode potential raised to the donor LUMO. This requires a much larger voltage.
The device, therefore, is rectifying at low bias voltages.

1.4 SETs in the sequential tunneling regime

A molecular, single-electron transistor (SET) device consists of a molecular 'island’
coupled to ’source’ and ’drain’ electrodes (Fermi ’seas’) and, capacatively, to a
‘gate’ electrode. Electron transport through the device happens one electron at
a time, as electrons jump onto the molecule from one electrode into a molecular
orbital, relaxes to some distribution of eigenstates with dissipation of energy to an
environment, and then jumps off the molecule to (probably) the other electrode.
The condition that the number of electrons on the island is an integer at all
times requires that coupling to the electrodes is weak, meaning that the time
between tunneling processes is long compared to all relevant time scales in the
problem; this enables us to treat the island as an isolated system between tunneling
events [52]. This is the ’sequential transport’ regime, in which the tunnelings are
treated as incoherent processes and we may work with wave functions defined for
the isolated molecule rather than for the system of the molecule plus the electrodes.
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5, C1gHgsQ-3CNQ

Figure 1.5: The DBA type molecule sug- Figure 1.6: Hexadecylquinolinium Tri-
gested by Aviram and Ratner as a molec- cyanoquinodimethanide, the DBA type
ular rectifier. The hexagon to the left molecule used by Metzger et al.
connected to the CNs by double bonds

is TCNQ, and the part consisting of two

pentagons involving sulfurs to the right is

TTF.

Mathematically, this means that the density matrix of the full system is assumed
separable in the molecular and the electrode degrees of freedom; separability is
discussed in chapter 2.

Coulomb charging energies are usually large. For two charge states, this energy
is inversely proportional to the capacitance of the gate electrode, hence to a charac-
teristic length of the island. If the island is a small molecule, charging energies may
be very large. If no gate voltage is applied, the molecule prefers to be electrically
neutral. For current to run at small bias voltages, the ground states belonging to
two neighbouring charge states must be energetically aligned through the gate volt-
age. If the gate voltage exactly compensates for the difference in energy between
the ground states belonging to two neighbouring charge numbers, the molecule can
flip’ freely between the two ground states, and current can run at arbitrarily small
bias voltages. When the bias voltage is turned up, current still runs only via the
same two charge states, because all other charge states are further away in energy
than the applied bias voltage and the appropriately low temperature can make up
for. Current is therefore a result of transport of single electrons.

The conductance strongly depends on small changes in the gate voltage near
the critical value that aligns the ground states. A small change in the gate voltage
away from the critical value stabilizes one of the charge states, and then current
can only run at bias voltages large enough to bridge the gap in energy thus created
between the two ground states. This effect is called the ’Coulomb blockade’.

If the molecule has several eigenstates, then the excited states become energet-
ically accessible and contribute to the current when the voltage is increased. This
results in IV curves with steps. The differential conductance, defined as 2L, is a

oV
series of broadened d-functions, with the broadening a result of finite temperature,
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electron tunneling, and dissipation. The area under one peak is the height of the
corresponding step on the IV curve.

1.5 Various experimental work, 1997-2003

Attaching three or more electrodes to a single molecule, a requirement for con-
structing a molecular electronics device, has not been possible until a few years ago.
Stepping stones toward single-molecule devices have involved monolayers of single
molecules. The Langmuir-Blodgett method is a way of producing ordered layers
of molecules by selfassembly, so-called Langmuir-Blodgett films. Effective single-
molecule devices have been constructed from selfassembled monolayers (SAM).

In 1997, Reed et al. [5] utilized a so-called ’break-junction’ technique, when
they self-assembled benzene-1,4-dithiol molecules on a gold wire, which was then
stretched until it broke, resulting in two Au electrodes covered by a SAM. Bringing
the electrodes together created a gold-sulfur-aryl-sulfur-gold system, through which
room temperature IV characteristics could be measured. Still, only two electrodes
could be connected to the conducting molecule in this way.

A DBA rectifier was constructed and IV characteristics measured in 1997 by
Metzger et al.[6]. The molecule, Hexadecylquinolinium Tricyanoquinodimethanide,
fig. (1.6), was actually part of a Langmuir-Blodgett film, monolayer and multilayer
both used, which was 'sandwiched’ between metallic electrodes. For the monolayer
device, current ran through single molecules, and current asymmetry and rectifica-
tion at low voltages was demonstrated. The rectification mechanism was a variant
of the one proposed by Aviram and Ratner, with the bridge part of the molecule a 7
orbital rather than a ¢ one, inducing a permanent dipole moment in the bond. The
molecule in it’s ground state therefore was not of the form D-7-A, but D*-m-A—,
in obvious notation.

An alternative use for STM was the idea of Joachim et al. [7], 1997, when
an STM tip was used to apply electromechanical pressure on a Cgy molecule on
a surface. The resulting deformation of the molecular cage shifted the HOMO
and LUMO levels, and the change in resonances drastically changed the electrical
conductivity. Hence, a small change in STM tip voltage (and therefore tip position)
led to a large change in conductance, making the setup the first single-molecule
electromechanical amplifier (with a gain of approximately 4-5).

In 1999, NDR was observed by Chen et al. [8] for devices consisting of a SAM of
2’-amino-4-ethynylphenyl-4’-ethynylphenyl-5’-nitro-1-benzenethiol molecules cou-
pled to gold electrodes, fig. (1.7). The NDR is explained as the result of a
one-electron reduced state of the molecule being conducting, while a two-electron
reduced state is isolating. Current runs for an interval of bias voltages correspond-
ing to the conducting state, and NDR sets in when the isolating state is brought
into resonance.

Also in 1999, Park et al. presented a method for fabrication of gold electrodes
at nanometer separation [9]. They passed a large electrical current through a gold
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nanowire, causing electromigration, ie. motion of the gold atoms due to the large
electrical field. Eventually the wire broke, leaving a nm sized gap between the
ends, ie. the electrodes.

In 2000, the method described above was utilized in the pioneering experiment
of H. Park et al. described in detail below, where single-molecule Cgy SET devices
were constructed. Similar methods of fabrication to these were utilized in 2002 by
J. Park et al. [16] with different molecules, containing an organic part of variable
length, linking a Co ion to the gold electrodes. By varying the length of the organic
part, they could control the strength of the coupling between the electrodes and the
Co ion. At weak coupling, single-electron transport with a Coulomb blockade effect
was measured, but at stronger electrode coupling Kondo tunneling was observed,
with nonzero, small bias conductance in the previously Coulomb blockaded regime.
Kondo tunneling in single-molecule transistors was also observed in [17] at that
time.

Room temperature SETs with metallic, single-wall CN'Ts as the active element
were fabricated in 2001 by Postma et al. [11]. This was done by attaching electrodes
to the ends of single CN'T5, into which had been build tunneling barriers in the form
of sharp bends in the tube. The bends had been created by manipulation with an
atomic force microscope. The SET ’island’ was the short part of the CN'T between
the bends. The experimenters observed Coulomb blockade at room temperature,
and addition energies of 120 meV ~ 1300 K. At low T, energy levels of the island
were resolved, with energy differences of 38 meV, and the Coulomb charging energy
was deduced to be 41 meV. The conductance peak and width were both found to
increase with temperature, in contrast to conventional SETs. From the dependence
of the conductance on temperature (a power-law), they proposed that the transport
mechanism was a Luttinger liquid-like, correlated sequential tunneling mechanism,
with the ’island’ acting as an impurity.

Also in 2001, CNT logic gates were constructed by several groups [12, 13, 14].

Finally, we mention the OPV5 SETs of Kubatkin et al. [18], 2003. The OPV5
molecule, fig. (1.9), consists of five benzene rings connected by four double bonds,
and with one thiol group at each end. From the IV measurements on OPV5
devices, charge on the molecule was deduced to be highly localized, in contrast to
expectations from experiments on OPV5 in a solution (ie., no electrode couplings).
The interpretation was that a charge on the molecule was strongly attracted to
it’s mirror charge in the electrode, leading to strong localization of charges close
to a lead. Even though the overlaps of the electron states of the electrodes and
of the molecule were small, hence tunneling coupling weak and the device a SET,
the electrostatic interactions were strong, leading to 'polaron effects’, ie. localized
electron states.
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Figure 1.7: Molecular electronic device
of Chen et al. [8]. (A) shows a silicon
wafer with a nanopore etched through a
silicon nitride membrane. (B) shows the
Au-SAM-AU junction in the pore area.
(C) shows the conducting molecules sand-
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Figure 1.8: The electrostatic potential
in which Park et al.’s Cgys perform small
oscillations [10].

witched between the Au electrodes.

Figure 1.9: The OPV5 molecule, from [18].
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Figure 1.10: Measured diamond plots for Park et al.’s Cgg transistors, displaying
sidebands corresponding to 5 meV vibronic excitations, marked with arrows on the
plots.

1.6 Experiment: Nanomechanical oscillations
in a single-Cg, transistor

One experiment that generated much interest was the fabrication of and measure-
ments on single Cgo transistor devices in 2000 by Park et al. [10]. Each device
was defined on an isolating layer of SiO2 on top of a doped silicon wafer, serving
as gate electrode. A toulene solution of Cgy was deposited on a pair of connected
gold electrodes, which had been fabricated by electron-beam lithography. Then the
electromigration technique of [9] was utilized to create a nm-sized gap between the
electrodes. When the procedure was succesful, the result was a single Cgo molecule
weakly coupled to gold leads and a gate electrode. Van der Waals interactions
between the molecule and the electrodes held the molecule in an equilibrium posi-
tion in an electrostatic potential, fig. (1.8). Bias (V) and gate (V;) voltages were
controlled in the experiments.

IV-curves were measured at different gate voltages, as V, was varied in an in-
terval much smaller than the Coulomb charging energy of approximately 100 meV,
around the value V. where two charge states (which exact ones was unknown) had
the same energy. The resulting ’diamond plots’ - density plots of the differential
conductance g—{, as a function of V' and Vj - are presented in fig. (1.10). They
show a ’conductance gap’, as the differential conductance for a given V, is 0 for
|V'| smaller than some value; inside the conductance gap is the Coulomb block-
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ade regime. Outside the gap, at increasing |V|, new excitations of the molecule
become energetically accessible, revealing themselves as peaks in the differential
conductance as they provide new states by which the electron tunnel through the
molecule. Such peaks are called sidebands.

The main sidebands are equally spaced lines with a spacing of approximately
5 meV. The experimenters attributed them to electromechanical coupling between
the charge state of the Cgo and the quantized, oscillatory center of mass motion
of the molecule. From this they concluded that the electron tunneling processes
involved excitations of vibrational levels, with a strong coupling to a single vibra-
tional mode, probably the cm motion of the Cgp.

In the analysis, the tunneling probabilities were taken to follow Franck-Condon
theory [43|, in which an electron tunneling process is considered ’instantaneous’
on the time scale of the vibrations because the atomic nuclei are much heavier
than the electrons. Thus, the nuclei can only respond to electronic movement
after the jump has taken place. With this simplification, tunneling probabilities
are proportional to overlaps between the electronic wave functions of different,
nonorthogonal electron states. These overlaps are called Franck-Condon factors.

1.7 Electron-vibron coupling: quantum shut-
tling

We move on to some recent and current theory for molecular electronics devices.

In the original paper of Gorelik et al. [19], a system is considered where single
electrons are 'shuttled” between lead electrodes by jumping onto a single molecule
that moves in response to the charge state. The electrical current is a result of
two processes: tunneling between the molecule and the leads, and the molecule
moving backwards and forwards between the leads. The mechanical motion of the
molecule can be treated classically if the characteristic decay length of the lead
electrode coupling is large compared to the amplitude of the quantum fluctuations
in the molecule position.

The theoretical assumption is that the molecule performs center of mass oscil-
lations in the potential of the electrodes. Then, shuttling requires that the time-
dependent charge of the molecule ¢(t) is correlated with the molecule’s velocity
#(t) such that the time average (q(¢)z(t)) is nonzero [20]. To get to the shuttling
regime, bias voltage must exceed some threshold value, because energy dissipates
to environmental degrees of freedom (ie., via coupling of x to a bath of oscillators in
the electrodes), and the oscillations can only be sustained if more energy is pumped
into the system than is dissipated. Exceeding the threshold voltage, the amplitude
of the mechanical oscillation grows exponentially until it settles at some value, a
stable limit cycle, where equal amounts of energy are absorbed and dissipated.

In [21, 22, 23], the classical picture of the mechanical motion is extended to the
quantum regime, and quantum shuttling is studied. It is found that the quantum
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Figure 1.11: Diamond plots by Braig and Flensberg, describing sequential trans-
port in devices like the Cgo devices of Park et al. The plot to the left is for sym-
metrical coupling to the electrodes, the plot to the right is for highly asymmetrical
electrode coupling.

vibrational ground state is unstable when dissipation is sufficiently weak, leading
to a quantum shuttling regime, the details of which depend on the strength of the
applied electrical field.

The Cgo devices of Park et al. described above have been suggested to be
quantum shuttling devices [24]. From the value of the current, they probably
are not [25]. We know of no experiment that conclusively demonstrates quantum
shuttling.

1.8 Vibrational sidebands and dissipative tun-
neling in molecular transistors

One theory paper of particular relevance to us is [28], in which single-electron
transport is calculated for a device with coupling of the charge number to a single
vibrational mode. The mode is assumed to be a molecular cm oscillation, the co-
ordinate is denoted x(, and the corresponding frequency is wy. Explicitly included
in the model is coupling of x( to an environment consisting of a ’bath’ of harmonic
oscillators, ie. a substrate to which the molecule is attached. The coupling term
in the Hamiltonian is of the Caldera-Legget type [44],

Z,Bj Ty Tj (1.8)
J

where the x; are coordinates for the bath oscillator modes and the ; are coupling
constants.
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The theoretical treatment is concerned with the effect on the IV characteristics
of energy dissipation to the bath. This effect is to frictionally damp the oscillation,
to shift the oscillation frequency, and to broaden the conductance peaks. In general,
damping depends on frequency; disregarding frequency-dependence, dissipation is
described by the frequency «, or the Q-factor, Q) = % Relaxation to a thermal
equilibrium distribution between tunnelings requires that v > [', where I is the
largest of the ’left” and ’right’ tunneling rates.

In the limit of 'vanishing’ coupling to the environment (large @@/ small 7), where
there is no dissipative broadening of the steps, but it nevertheless is assumed that
v > I', the model simplifies. Now, the only consequence of the coupling is that
the molecule equilibrates to it’s thermal ground state between each tunneling event
due to ’infinite’ time intervals between tunnelings. In this limit, the Hamiltonian
of the molecule reduces to an independent boson model [53]:

Hip=¢cle+ Ma+al)cle+wpa'a (1.9)

Here, the ¢ operators are for the electron, the a operators are for the molecular
vibrational mode, € is the onsite energy, and A is the electron-vibron coupling. This
is basically sufficient to describe transport in the devices in the Cgy experiments of
Park et al. Solving the model, the spectral function for phonon emission into the
dissipative environment, in the zero temperature case, becomes a series of delta
functions at energies nwg, n > 0, with corresponding weights given by a Poisson
distribution as e 9¢™/n!. Here, g = [2/2I3, where [ is the classical oscillator dis-
placement length, and Iy is the quantum oscillator lenght. From this, transport in
the limit considered is described by a series of peaks in the differential conductance,
corresponding to steps on the IV curve of heights %x the ground state current
step height.

The diamond plots, fig. (1.11), are for symmetric and asymmetric tunneling
contacts, respectively. The bias is applied symmetrically, and the zero point of the
gate voltage is the electron on-site energy. Sidebands corresponding to vibrational
excitations of the molecule are clearly visible. For the purposes of our own work,
we consider these diamond plots in detail:

When the contacts are symmetrical, the diamond plot is obviously symmetri-
cal around V = 0 reflecting of the symmetry of the device. Less obvious is the
symmetry around V; = 0, since the sign of V, determines the number of electrons
on the molecule. For two charge states, ’filled’ and ’empty’, for one sign of the
gate voltage (say, Vy > 0) the molecule is most likely to be ’filled” and for the op-
posite sign, the molecule is most likely to be ’empty’. Therefore, for positive gate
voltages, the conductance peaks are strong for transitions from ’filled’ to ’empty’
states, and determined by Franck-Condon factors corresponding to these overlaps.
For negative V;, the peaks are strong for transitions from ’empty’ to ’filled’ states,
which in general could be different overlaps. However, for the molecule at hand,
for both charge states the eigenstates are just bosonic, harmonic oscillator states,
and so the two sets of overlaps are identical. This explains the symmetry around
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Figure 1.12: Diamond plots for the dimerized Cr7y devices of Pasupathy et al.

V,=0.

’ When contacts are asymmetrical, both of these symmetries are broken; however,
inversion symmetry about (0,0) remains. With the ’left’ tunneling rate much larger
than the 'right’ tunneling rate, for electrons travelling from ’left’ to 'right’ (V > 0),
the molecule is ’filled” most of the time. The molecule relaxes to it’s ground state
between tunnelings, so out-tunnelings are mainly from the ’filled’ ground state, and
the current is due mainly to Franck-Condon factors involving just the ground state
of the filled’” molecule. This corresponds to the single line from (V = 0,V, = 0) to
the upper right corner on the plot; lines parallel to this line are suppressed. In the
opposite direction of the current, V' < 0, the molecule is ’empty’ most of the time,
and therefore out-tunnelings are suppressed for the excited states of the ’empty’
molecule, resulting in one line from (0,0) to the bottom left corner on the plot, but
no strong lines parallel to this. The result for the 'full’ diamond plot is suppression
of the sidebands in one direction on the plot.

1.9 Experiment: Vibration-assisted electron tun-
neling in Cyy single-molecule transistors

We now describe the single experiment that motivates our work in the following.
In [30], Pasupathy et al. describe fabrication of and low temperature (1.5 K or
less) measurements on Ciygp single-molecule devices. The Cyyq is dimerized Crg, a
rugby-ball-like structure, see fig.s (1.13), (1.14). The dimer is inserted between two
gold electrodes about 1 nm apart, and is capacitatively coupled to a gate electrode.
The insertion is carried out at cryogenic temperature, using an electromigration
technique. The dimer orientation in the constriction between the electrodes is
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unknown. Note that the length of the Ci49 is comparable to the distance between
the electrodes.

The measured diamond plots, fig. (1.12), show Coulomb blockade and side-
bands corresponding to excitations of two charge states of the dimer. An excita-
tion of 11 meV (~ 130 K, clearly resolvable at the experimental temperatures) is
observed, and interpreted as a vibrational excitation, because it appears for both
charge states, and because in one device, an excitation of the double frequency,
22 meV, is observed for both charge states. These features indicate that the ex-
citation is vibrational rather than electronic. The 11 meV mode is not observed
for single Crg molecules, and is therefore concluded to be an intercage mode of
C140, nonexistent for the monomers. The energy suggests that the mode is the
intercage stretching mode. All this agrees with Franck-Condon physics; however,
comparing the steps on the IV curves, assuming (naively) a Poissonian distribu-
tion for the step heights in analogy with the Cgg experiments, reveals anomalously
large electron-vibron coupling, with g-factors of as much as 5. Making matters
worse, some of the devices show unexpected asymmetry in the IV-characteristics
[31] (not shown). These devices act as recitifiers, with the current close to 0 in
one direction of the bias voltage. Actually, some current does run in the blocked
direction for small bias voltage, corresponding to current running through through
the device via the ground states; however, as the bias voltage is turned just slighty
up, negative differential conductance (NDC) sets in, negating the current. This is
not explainable by Franck-Condon theory.

It seems clear that the current in the dimer devices cannot be understood
by simple analogy with the Cgg devices. In following sections, we shall try to
understand the current starting from a pseudo-realistic model for the dimer.

1.10 The structure and some chemistry of Cy

At this point it is instructive to review some experimental and theoretical work on
Cro dimers. The Cry fullerene, fig. (1.13), consists structurally of pentagons and
hexagons. Experimentally, the structure has been deduced from electron diffraction
data [33]. Theoretically, ab initio methods have been employed, on the Hartree-
Fock level in [32], as well as molecular dynamics calculations for the outer shell
electrons [34]. The equilibrium geometry of the molecule is Dy, [37], corresponding
to two plane symmetries. Bonding lengths range from 1.37 to 1.46 A, corresponding
to the lengths of C-C single bonds (1.46 A) and double bonds (1.37 A), and 8
different lengths are present. From the bonding lengths, bonds that are part of two
hexagons have double bond character, while bonds that are part of one hexagon
and one pentagon have single bond character.

The molecule contains 8 x 70 outer shell orbitals, half of which are occupied.
In a molecular orbital approximation, % of the orbitals, the approximate sp? hy-
bridized electrons, form strong bonds, while i of the orbitals, the plane-orthogonal
p orbitals, form less strong m bonds. Nonplanarity of the 'ball’ surface leads to de-
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viation from the standard sp? state [38]. For both types of bonds, in the molecular
ground state, the 'bonding’ orbitals are occupied, and the ’antibonding’ orbitals
are unoccupied. The HOMO orbital is the highest bonding 7 orbital belonging
to the p, electrons, and the LUMO orbital is the lowest unoccupied «* orbital of
the p, electrons. The electronic structure relevant for chemistry is the structure of
these m and 7* orbitals.

The Cyp spectrum contains degeneracies and a HOMO-LUMO gap of 1.23 eV
[36]. The ionization potential is (7.6 £0.1) eV [32], and the electron affinity (2.7
+0.1) eV. We return to these values in chapter 6. The vibrational spectrum is
complicated, see ref. [37] for some vibrational spectroscopy results.

1.10.1 Dimerization of C,

Dimerization of charge neutral Cry molecules happens basically by the breaking of
double bonds in the polar hexagons and formation of two parallel covalent bonds
between the balls, from neighbouring sites on the ball. The hybridization of the
four C atoms involved change from sp? to sp? [38]. The process of dimerization is
believed to be a [2+2] cyclo-addition, where hybridization is between the LUMO
orbitals of the Crgs, or rather, between one LUMO for a Cyg in it’s ground state
and one HOMO of an excited Cyy, with the Cyy photoexcited so that an electron
occupies the level above the gap. Then, when the C7gs are brought together, the
'new’ level of lower energy is occupied, and the energy of the system is minimized
in a bound configuration.

Several dimer geometries can be pictured in this manner, but experiments [35]
[37] and theory [36] indicate that there exists one dominant isomer. In fig. (1.13),
the sites connected by the uppermost vertical bond are the ones involved in dimer-
ization. The Crgs can be thus connected in two ways, and it is unclear which one
is most likely to occur. The most symmetrical one is depicted in fig. (1.14). The
intercage bonding length is 1.51 A. The HOMO-LUMO gap is smaller than for Cr,
a value of 0.96 eV is given in [36], and the spectrum contains fewer degeneracies
due to the lower symmetry of the dimer. The spectrum of two uncoupled Cyps is
of course doubly degenerate, apart from the degeneracies of the individual Crps.
When the molecules dimerize, the degeneracies near the Fermi level are lifted, that
is, the HOMO level and levels just below become nondegenerate in the dimer.

Intercage vibrational modes include bending, twisting, and stretching modes,
at frequencies in the range 2-17 meV.

1.11 Small polarons

Historically, polaron effects in molecular electronics devices are not well studied.
The possibility that such effects may dominate the current in the Ci49 devices
motivate us to briefly describe the physics of small polarons in a 1D lattice.
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Figure 1.13: The structure of Crp, from Figure 1.14: The dominant Cy49 isomer,
[33]. Bonds 3,4,6,8 defining the pentagon from [36].

are long, approximately 1.46 A. The

bonds 5,7 joining the apices of pentagons

are short, 1.37 A in average. Length of

hexagon bonds of type 1 is 1.41 A, simi-

lar to graphite. Type 2 bonds are of an

intermediate length of 1.39 A.

Consider an electron in a periodic lattice, where the electronic movement is
discrete, as the electron hops between neighbouring sites due to the quantum me-
chanical overlap integrals of the identical electronic orbitals on the sites. The
nuclei on the lattice points perform quantized oscillations around their equilibrium
positions, and ionic positions couple linearly to the electronic occupation number
operator at each site. If the electron is localized to one site, the corresponding os-
cillator position is displaced due to the interaction. The Hamiltonian (a "Holstein
Hamiltonian’, after the original work of Holstein [46]) for a 1D lattice with Ny sites
[53]:

N N
HH:tha}Lai—th;-rc]-+>\Zc;-rci(a;-r+ai) (1.10)
i=1 (i,5) i=1
The a; operators are the boson operators for the vibrating sites, and the ¢; operators
are the fermion operators for the site-localized, identical electron orbitals. The
parameters are w for the vibrational frequency, which is the same for all sites, ¢ for
the nearest neighbour hopping energy, and A for the electron-vibron interaction,
which is local and has the same value for all sites. This model is relevant for
the study of polarons. ’Polaron’ is the term for a system consisting of electrons
and an environment of bosons to which the electrons couple. An electron exerts
forces on the ions, which move in response, exerting (quantized) forces on the
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electron, with the result that the electron, no longer freely hopping around, is to
some extend localized, while the lattice deforms around it. The quantized lattice
deformation is the phonon cloud, and is a polarization of the medium. The polaron
is a quasiparticle with an effective mass and selfenergy.

If the coupling is not very strong, the electron may be weakly localized to
any number of sites; the system of the electron and the phonon cloud is called a
'large polaron’. For sufficiently strong coupling, the electron becomes ’selftrapped’,
meaning highly localized to one site and unwilling to hop, because in order to move,
it must carry the heavy phonon cloud with it. A selftrapped, localized electron is
called a ’small polaron’, because the characteristic diameter of the electron + lattice
deformation system is not very much larger than one lattice constant.

The Holstein Hamiltonian can accomodate multiple polarons if the number of
electrons in the system is larger than 1. Polarons interact attractively, which may
give rise to pair formation analogous to BCS theory, possibly even superconduc-
tivity; this is an open question [41]. A bound polaron pair is called a bipolaron.

1.12 Spin-boson model

The spin-boson model is a model of a two-state system (a ’qubit’) coupled to a
bath of harmonic oscillators:

Hgp = —to,+ A6, — 6. Y Nu(bu +b) +13 hw,blb, (1.11)
7 7

The A, are electron-phonon coupling constants, ¢ is tunneling between the qubit
states, and A is qubit level detuning. The operators 6,, &, are Pauli matrices (not
necesarily corresponding to spin):

. (01 . (0 =i (1 0 - (10
O""‘(10) Uy_<z' 0) “‘“(0 —1) 1‘(0 1)“‘12)

The model cannot be exactly solved. In literature, the model has been the subject
of some investigation, see [45], [47], sometimes with quantum computation in mind,
because this involves qubits permanently coupled to a measurement apparatus (the
boson bath).

For our purposes, the qubit will be a spinless electron hopping between two
molecular sites, and the oscillations will be just one mode of nuclear vibrations.
Thus, a spin-boson-like model shall describe a dimer in a model for transport in
devices like the Ci49 SETs of Pasupathy et al.

1.12.1 Born-Oppenheimer approximation to the spin-
boson model

In a Born-Oppenheimer approximation the dynamics of a problem involving elec-
trons in a potential determined by nuclear coordinates is solved in two stages: 1)
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The electronic problem is solved for nuclei fixed at equilibrium positions, and 2)
the nuclear dynamics on each electronic energy surface is treated [49]. The approx-
imation consists of defining the electronic states with respect to static equilibrium
potentials. Since the force on the electron really originates from instantaneous
positions of nuclei and not nuclear equilibrium positions, a correction should in
general be added [50].

Returning to the spin-boson Hamiltonian, a 'typical’ oscillator frequency w, can
be defined in such a way that no oscillator with a frequency much larger than w, is
present [45]. In the limit w, < t, kT the model can be solved, as each electronic
eigenstate becomes associated with a Born-Oppenheimer surface.

1.12.2 Entanglement of a qubit with a single oscillator
mode

We introduce the entanglement concept in chapter 2. Loosely speaking, entan-
glement is correlation between different degrees of freedom in a system. In ref.
[51], Levine and Muthukumar analyze a simple spin-boson model with just one
oscillator mode w and one corresponding A and no asymmetry between the qubit
levels (A = 0) using a many-body approach. They show that the bosonic and
electronic degrees of freedom become entangled in the ground state for sufficiently
strong coupling A. They introduce a parameter « as the ratio between the clas-
sical displacement energy and the hopping t, @ = A\2/mw?t, where m is the mass
of the boson oscillator. A numerical calculation indicates that when w/t becomes
small, the transition to an entangled regime becomes increasingly sharp around
«a = 1. Entanglement is measured as entanglement entropy Sy, which we define
in chapter 2. In the limit w/t — 0, the first derivative of Sy with respect to «
seems to become discontinuous. The authors conclude that in the limit considered,
entanglement entropy behaves in a manner analogous to thermodynamical entropy
in a second order phase transition.

It should be pointed out that the transition into an entangled regime is contin-
uous for all nonzero, finite parameter values. Only in the limit w/t — 0 does the
first derivate of the entanglement entropy become discontinuous. No actual phase
transition takes place in the ground state, which is in accordance with a general
theorem [57].
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Entanglement

2.1 Some information theory

The Shannon entropy for a set of N states {a;} with corresponding probabilities
{p(a;)} is defined as

N
Ss(p(ai)) = =Y p(a;) In p(a;) (2.1)
i=1
The quantum mechanical generalization of the Shannon entropy is the von Neu-
mann entropy, which is a measure of the degree of mixing of the ’state’ described
by the density matrix p:
Sn(p) = —=Tr[p logy p] (22)

where the base d of the logarithm is the dimension of the Hilbert space, and p has
trace 1. The von Neumann entropy is independent of the choice of basis for p. Let
{7} denote a basis in which p is diagonal, and denote the diagonal matrix elements
by ¢,:

p=> ¢l (2.3)
Y

A ’pure state’ is defined as a density operator p for which p? = p. If p is on the
form (2.3), the condition means that one ¢, is equal to 1 and the rest are 0. Such a
density matrix is just some superposition of eigenstates with no (environmentally
induced) mixing. The von Neumann entropy in a pure state is 0:

=Y ¢yloggey = (d— 1) 0log,0+ 1 loggl =0 (2.4)
Y

The other extreme is the mixed state that maximizes the entropy. In the represen-
tation (2.3), this is the mixed state where ¢, = d~! for all 7. The von Neumann
entropy is 1:

=Y eyloggey =d (d7 loggd™' ) =d (d7' 1) =1 (2.5)
v

23
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using log;z = Inz/Ind. The choice of logarithm normalizes Sy .

Let S; denote the von Neumann entropy without the normalization, ie. the
logarithm is just the natural logarithm. Given a thermal distribution of eigenstates
|7), meaning p = Z ! >, e PFi|§)(j|, with the Boltzmann weights e #F and the
partition function Z = Y. e A%, and defining the free energy functional F =
—B ogZ, it is straightforward to derive F = (U) — B~ 15:

e PE; e PE;

—BE;
S1 = —Tr[plogp] = = 32; S5 Flogs—— = = 32, “5~(=PE; — logZ)
—BE; —BE.;
=3 S (BE; — BF) = (¥; “5—BE;) - BF = p{U) - BF  (2.6)
This shows that the unnormalized von Neumann entropy reduces to thermodynam-
ical entropy in this case.

If all states are equally probable, and N denotes the number of states, S; =In NV,
as it should be.

Now, consider a system composed of two subsystems A and B, each subsystem
corresponding to a set of degrees of freedom; let |«) and |3) denote the respective
basis states, with « () the variable, or the set of variables, that describe the sub-
system A (B). A basis for the 'full’ system is the product basis |a) ® |8). The
state of the system is described by a density matrix

p=> pagarprld )" (2.7)
a/ﬁ/allﬁll
We define the reduced density matrices of the subsystems as
pa=Tepp= Y Y paparsla’)(’| (2.8)
Oé’a” ﬂ

and similarly for pp. The reduction throws out the non-diagonal-terms in the
degree of freedom which is 'traced out’.

If A and B interact, the subsystem variables become interdependent and pos-
sibly correlated [68].

For the von Neumann entropy, the following properties hold [58]:

Sn(pa) + Sn(ps) > Sn(p) > |Sn(pa) — Sn(ps)| (2.9)

hence, if p is a pure state, such that Sy(p) =0,

Sn(pa) = Sn(pp) (2.10)
Additivity:
Sn(pa) +Sn(ps) = Sn(pa ® pB) (2.11)

Concavity:

Sx(Q_pipi) > 3_piSn(pi) (2.12)
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which means that the mixing of states maintains or increases their 'uncertainty’
Sn.
It can be shown that correlation between two subsystems, measured as

Sn(pa)+ Sn(pr) — Sn(p) (2.13)

cannot increase unless the subsystems interact [58].

Assume now that the ’full’ system is in a pure state. Then, the subsystems A
and B are in pure states if & and S are independent variables. Correlations between
A and B imply that the reduced density matrices are mixed states; interactions
between A and B tend to create mixing in the subsystems. If the full system
density matrix is the product of the reduced density matrices, the state of the
system is a product state, and the subsystems are uncorrelated. Such a state is
called ’separable’. The density matrix pap is separable if and only if it can be
written as a linear combination of pure product states:

pAB = Zp(j) laj)(aj| ® |8;)(B;] (2.14)
J

where |a;) (|8;)) are states in A (B), and p(j) is some probability distribution.

All this lead us to the idea of entanglement. An entanglement measure is a function
Sg of the full system density matrix p, such that Sg(p) € [0,1], Se(p) =0if p is
separable, and some technical requirements are fulfilled [58, 59]. The point is that
SE measures the extend to which p is not separable. A standard measure is the
von Neumann entropy of a subsystem, ie. Sy(p4), also known as the entanglement
entropy. Another measure is the linear entropy of the subsystem,

Slpa) = = (1= Trlo?)) (2.15)
with d the dimension of the reduced Hilbert space. Linear entropy distinguishes
itself from the von Neumann entropy by being a much simpler function of the
density matrix elements: Sp(pa) is a sum of products of two matrix elements of
pA, rather than arbitrarily many, as Sy (p4) is. However, the von Neuman entropy
is especially nice, because it reduces to thermodynamical entropy in the case of a
thermal distribution of eigenstates.

A more complicated entanglement measure is the relative entropy of entangle-
ment, defined as

Sr(p) = mingsep Tr[p logp — p logo] (2.16)

where D is the set of all separable density matrices in the Hilbert space, and min-
imization is performed over D. Numerically, implementation of this measure is
nontrivial, and we are not going to do it. However, the measure nicely illustrates
what entanglement is: a mathematical 'distance’, measured as a difference in a gen-
eralized entropy function, between the density matrix of the state and the 'nearest’
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Figure 2.1: Entanglement entropy (-) and linear entropy (--) as a functions of A_.

separable matrix that exists in the Hilbert space. (The measure is not a legitimate
metric, though.)

A legitimate measure of entanglement is related to the partially transposed
density matrix, p?®, which is defined from p by applying

palﬁl’aﬁﬁﬂ — Pa’[i”,a”ﬁ’ (217)

Nearly always, for an inseparable density matrix p, the partially transposed p!?
will have at least one negative eigenvalue. Naturally, p and the ’traditionally’
transposed, p!, (properly normalized) always have only positive eigenvalues. The
sum of the negative eigenvalues of p’2 are a measure of entanglement [59] called
‘negativity’, which we denote S-:

S=(p) = 2 max(0, —Apeg) (2.18)

where \j¢q is the sum of the negative eigenvalues of plB.

2.2 Entanglement of a qubit

As an example relevant to us, we consider a qubit described by a realvalued density
matrix p., corresponding to a situation where the Hamiltonian of the 'full’ system
of the qubit 4 environment is real, and the system is in an eigenstate. In particular,
the qubit-environment coupling contains no &, part. Denoting the qubit states a

and b,
Paa Pab
= 2.19
pe ( Pab 1- Paa ) ( )
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using that p, is Hermitian and real, hence pp, = pgp, and that p. has trace 1.
Physically, the qubit may be a spinless electron with access to two localized site
orbitals.

Let Ay denote the eigenvalues of the matrix p.. They are:

1 1
Ay = By + \/Z — Paa + Pag + 101211) (2:20)
and Ay + A_ =1 because diagonalization preserves the trace. In a basis where it

is diagonal, p. depends on just one independent variable:

A0 A_ 0
o (%5 )= (5 1 0) .
The mixing of the electronic eigenstates due to interaction with the environment
is described by the entanglement entropy:

Sn(pe) = =Tr[pe logype] (2.22)

The trace is invariant under the unitary transformation that diagonalizes the ma-
trix:

Sn(pe) = —A-logyA_ — (1 — A_)logy(1 — A_) (2:23)

When A = % the electronic state is completely mixed and Sy is maximal. When

A_ = 0 or 1, the qubit is in a pure state and Sy = 0.
Linear entropy is a much simpler function of the density matrix elements:

Sp=2(1-Tolp]) =2(1- A2 = A}) =4(pua —pia —sls)  (229)
where we diagonalized p, in the trace. In terms of A_,
Sp=1—(1-2A_)% = —4A% +4A_ (2.25)

Comparing eq. (2.24) to eq.s (2.20) and (2.22), we see that 4(paa —p2, — pzb) is
the combination of matrix elements that determines entanglement entropy, as well.
Both measures decrease with |pgq — 5| and with [pg).

In the absence of environment interaction, the electronic density matrix is a
pure state. Write the electronic eigenstate as

vala) + vy b} (2.26)
where the coefficients are realvalued. Then, 1 — ppp = pga = Ug, Pba = Pab, and
pgb = ('Ua'Ub)2 = PaaPbb = Paa(l - Paa) = Paa — pga (2.27)

This leads to AL = 0,1 and to S, = Sy = 0, as they should be. From eq. (2.27),
we see how Sy, (and Sy) is a numerical measure of how far a generalized qubit
state is from being a state in the 2D Hilbert space.
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In general, interaction with an environment causes dephasing of the qubit. A
crude description [42] interprets environment interaction, through an operator 6,
as collisions that last a very short time and destroy the phase coherence in the qubit
state. The ratio of the time between ’collisions’ to the time between tunnelings
between the states a and b determines the degree to which phase coherence is lost,
and pgp reduced from it’s value (2.27).



Chapter 3

A model for transport in a dimer
device

3.1 Motivation and a toy model

We want to understand the anomalous, observed diamond plots for the C7g dimers
in ref. [30], section (1.9). As a starting point, we consider a ’toy model’ without
phonons that could account for the rectification and NDC:

Consider that each of the parts of the dimer can accomodate zero or one elec-
tron, call the dimer sites a, b, and that Coulomb repulsion between two electrons
is much larger than all other energies, so only one electron can occupy the dimer
at any time. The electron cannot tunnel between the dimer sites. Now, assume
that the device is highly asymmetrical, in the sense that,

- 1): tunnelings between the dimer and the 'right’ electrode are much smaller
than tunnelings between the dimer and the ’left’ electrode, and

- 2): 'right’ tunneling at site ¢ is practically 0 compared to 'right’ tunneling at

Figure 3.1: The dimer SET device considered in this work.

29
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site b.

The geometry is the one depicted in fig. (3.1). The electron particle current
from left to right is strongly inhibited, because whenever an electron tunnels onto
site a, it gets stuck there for long periods of time, as the small rate I'#® becomes
a tight ’bottleneck’ for the current. During these periods of time, no current can
run via the b site due to ’infinite’ Coulomb repulsion between electrons on the two
sites. In the opposite direction of the bias voltage, there is no such blocking effect,
because out-tunnelings from either site are much faster than the in-tunnelings.
This accounts for the rectification. The model also gives rise to NDC at finite
temperature: an electron on site @ may tunnel out to the left against the bias
voltage if e|V| < kpT. This shortens the average time a blocking electron spends
on the molecule, increasing the current when bias voltage is decreased. In the
blocking direction, therefore, a larger current may run at small bias voltages than
in the limit of large bias voltages. This means there must exist an interval of V'
where 0I/0V < 0.

The problem with the rectification mechanism described above is that the model
is not realistic: the dimer is not a double dot, because the localized electronic states
are not orthogonal. A more realistic model might include two tunneling coupled,
localized site orbitals, with the tunneling determined by the overlap of the orbitals.
Also, we need our model to include electron-phonon coupling, because that is what
we, and Pasupathy et al., are really concerned with. All this leads to a spin-boson-
like model for the dimer.

Conceivably, if the electron-phonon interaction is strong, a polaron state could
emerge, effectively confining the electron on the dimer to one site. In an asymmet-
rical device, this could lead to the observed asymmetries in the IV characteristics
in the fashion described above.

3.2 The system

The system under consideration is a SET device consisting of a dimer attached to
'left” and 'right’ leads and a gate voltage. The leads could be gold electrodes, and
the gate voltage could be applied through a substrate. Fach part of the dimer has
one electron site, and the sites are assumed to be tunneling coupled, corresponding
to two hybridized levels on opposite parts of the dimer. We neglect spin and possible
degeneracies of the hybridizing orbitals. Coulomb repulsion between the sites is
larger than all relevant energies. The coupling to the electrodes is weak compared
to the other energies in the problem, hence we are in the incoherent, sequential
transport regime, where the tunneling between the dimer and the electrode Fermi
seas is described by Master equations (’classical’ rate equations). The justification
for this approach is that the ’dwell time’, ie. the time an electron dwells on the
island before tunneling out again, is large compared to the other timescales, given
by h/E for any relevant energies . This means that the dimer can be treated as
a closed quantum system between tunneling events [52].
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Due to van der Waals interactions between each part of the dimer and the
electrodes, the two parts of the dimer perform small oscillations around their equi-
librium positions in a potential [10]. We assume the existence of an intercage
stretching mode of the dimer, and aknowledge that many other molecular modes
may be present and affect the motion, such as 'bending’ and ’twisting’ intercage
modes. When an electron hops onto a dimer site, the equilibrium position of the
site is shifted due to a changing local electrical field, mainly a consequence of image
charges in the leads [10].

The electron-vibron coupling turns out to be effectively a coupling between the
difference in charge on the sites and the ’tilting’ of the molecule. The frequency of
the effective ’tilting’ oscillation is a combination of the frequencies of the three (or
more) modes. The effective ’tilting’ mode is quantized.

3.2.1 Dissipation of energy

Energy dissipates from the system through an environment interaction, which we
think of as a bath of boson oscillators to which the vibron linearly couple (as in
[28]). We assume that the dissipation dampens the oscillations of the dimer much
faster than the electronic dwell time, such that the molecule and electrodes are in
thermal equilibrium just before tunneling takes place.

Formally, our assumption is v > I', where T is a characteristic tunneling rate
(defined below), and the dissipational frequency 4 (which we take independent of
electron frequency) is the inverse oscillator life time divided by 2. The Q-factor is
defined as the mean energy stored in the oscillator divided by the energy dissipated
during one period; it holds that ) = £. In the limit of small I, there is no tunneling
broadening of the conductance peaks; this feature is implicit in our model.

We disregard dissipative broadening of the steps. In [28], this corresponds to
the limit of ’vanishing’ bath coupling, or infinite (). For finite @), the assumption
iks t::Fhat thermal broadening dominates over dissipative broadening: kT > =, or

B o4

> é Also, from [28], we must have @ > 279, or I < %: for dissipation larger

w w

than this, the steps are smeared even at T' = 0.
Putting it together, we require:

kgT w r
AL N (3.1)
w 29 w w

Thermal broadening of the conductance peaks is given by a distribution

1
T cosh?(e/kpT)

P(e) (3.2)

Our approach assumes that even though 7 is in a sense large, it is not large
enough to interfere with the state of the dimer except through the Boltzmann prob-
ability distribution for the relaxed states. Temperature does not directly disturb
the phase coherence of the electron.
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We make one further, initial assumption that we shall eventually move beyond:
we assume that the dissipation 4 does not interfere with the system beyond causing
relaxation. In particular, dissipation is not strong enough to cause localization of
the electron. This could in general happen, because dissipation to a substrate is
well-described by coupling of the form (1.8), and strong enough coupling will cause
the system ground state to be an approximate eigenstate of x. In a model where
x couples to 7, such as the one we define below, this localizes the electron.

3.2.2 Device geometry

The two parts of the dimer are identical, each has mass m and vibrate in the local
electrical field at frequencies wg, wyp if no molecular modes interfere; such modes
are considered below. We assume an equilibrium geometry for the dimer in which
the four distances between the dimer sites and the electrodes may be unequal. The
distances are inversely related to the tunneling rates. See fig. (3.1).
The vibrational modes are described by terms
2p_;z % + %mwixz + %mwfxg (3.3)
in the Hamiltonian, with the coordinates x,, z; denoting the one dimensional,
parallel displacements of the sites, see fig. (3.1). Phonons couple linearly to the
displacements:
M (ngxq + npxp) (3.4)

where ng4, np are the electron number operators for the respective sites, and Ap is
the coupling constant, which is assumed equal for the two modes. We introduce
transformed coordinates,

T =Tq— Ty Y = Tq+ Tp (3.5)

For simplicity, we assume w, = wp. The oscillator terms become

D D 1 1
ﬁ + ﬁ + §mw2x2 + Emwgac; (3.6)

The interaction terms become

ANy + Azx(ng — ny) A % (3.7)
where N = ng + ny is the electron total number operator, which changes only on
the slow time scale of the in- and out-tunneling rates. Coupling to NV is effectively
a constant contribution to the energy, and the y oscillator is effectively decoupled
from the rest of the Hamiltonian. We therefore neglect the y mode, turning our
attention to the coupling between the charge difference of the sites and the ’tilting’

coordinate, x.



CHAPTER 3. A MODEL FOR TRANSPORT IN A DIMER DEVICE 33

We now consider how the ’tilting’ mode is affected by the modes of the molecule,
in particular the intercage ’stretching’ mode, which according to [30] in fact gives
rise to the observed vibrational sidebands in the C7g dimer experiments. Let wy
denote the frequency of the stretching mode. Clearly, this mode is geometry-
dependent, because if the dimer is orientated along the direction of the displace-
ments, the mode follows the x coordinate, and if the dimer is in a direction orthog-
onal to the 1D displacements, the mode is independent of the ’'field’ modes and
does not couple to vibrations, anyway.

A rough treatment assumes the Crps are points in space, not worrying about
keeping them face to face during the motion. This corresponds to neglecting in-
tercage bending and twisting modes of the dimer. In the appendix, we show that
this approach leads to an angular dependence of the effective ’tilting’ frequency,

w? = w? + wisin?f, (3.8)
where 6 is the angle between the dimer and the plane normal to the displacement z.
Realistically, the angular dependence is more complicated; the point is that when
we compare to experiment, we have to keep in mind that the mode we observe
may not have a simple origin. In experiments, the placement of the molecule in
the constriction is unknown.

In the following, we shall therefore consider w an effective frequency of the ’tilt-
ing’ mode, not judging whether it comes about as an intercage stretching mode, a
mode determined by the electric potential, other molecular modes, or combinations
thereof.

3.2.3 Model Hamiltonian

Let n € {L, R} denote the electrode Fermi seas and o € {a,b} the dimer electron
sites. The full Hamiltonian is

H+ Hy+ > (Hry + Hy) (3.9)
n

where H is the Hamiltonian for the dimer, Hyy, is the Hamiltonian for tunneling
between the dimer and the lead 7, and H,, is the Hamiltonian for the lead electrons.
The dimer Hamiltonian:

2 2
H= 5—;; %+%mw2x2+%mwgy2+>\Ny+>\x(na—nb)—t(cflcb+c};ca)+eana+ebnb
(3.10)
The coordinates z, y were defined in the previous section, with w an effective fre-
quency for the ’tilting” motion. The annihilation operators for the spinless electron
are ¢, with o denoting the site. The electron number operators are n, = cj,cg.
The energy for tunneling between the electron sites is ¢; we have defined ¢ > 0.
For the coupling, we assume A > 0 without loss of generality. The dimer on-site
energies are €;.
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The lead Hamiltonian:
Hy =" &rmekycrn (3.11)
k

the electron energies &, defined relative to the chemical potentials of the leads.
The tunneling Hamiltonian:

Hry =3 (Thono Chyo + TiyoChen) (3.12)
ok

The tunneling amplitudes T}, depend on the position of the dimer between the
electrodes. They change on a scale of nm [28], and the dimer is about a nm long;
therefore, we distinguish between T}, for 0 = a,b. The oscillator displacements [
(defined below) are a few pm, and so we disregard the dependence of the T}y, on
oscillator position.

The Coulomb repulsion between two electrons on the dimer:

Hy =Ungny (3.13)

We assume that we are in a regime of ’infinite’ Coulomb repulsion, U = oo, pro-
hibiting the doubly occupied state. This is realistic in small systems. We therefore
need to consider only two charge states, which we denote by ’empty’ and ’filled’
for N = 0,1. The approximation in the incoherent transport approach is that N
is always an integer and the charge states may be treated separately.

The on-site energies depend on the gate voltage. We rewrite the onsite energy
terms as

A(ng —np) + %N(ea + €) (3.14)

with A = %(Ea — €p), which can be assumed gate voltage independent at realistic
energies; that is, a change in gate voltage translates ¢, and €, by the same energy.
We can therefore assume €, > €, without loss of generality. This means A > 0.

At fixed gate voltage, the second term in eq. (3.14) is a constant energy differ-
ence between the ’empty’ and ’filled’ sets of dimer eigenstates. In reality, the gate
voltage may not determine the onsite energies in a linear fashion, but for simplicity
we assume that it does, or rather, we define the gate voltage V, from it’s effect on
the onsite energies:

1
eVy = 5(6,1 + €ep) (3.15)

Previously, we argued that the y mode is not interesting, because the mode is
decoupled from the rest of the problem, merely giving rise to harmonic oscillator
levels superimposed on the z part of the problem. Now, we implement the decision
to ignore y by assuming that the y oscillator remains in it’s ground state. We
shall even ignore the ground state energy of w,/2. The great thing about this
simplification is that it shall allow us to diagonalize H numerically.

The electron-vibron coupling term we are left with is the term Az(n, — ny).
The coupling is to the charge difference between the two parts of the dimer, and z
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is a cordinate for the tilting of the dimer with respect to its equilibrium position
in the electric potential. This interaction may be nonzero for the filled dimer only;
for the empty (or double-occupied, had we allowed it) dimer, the eigenstates are
just the states of a quantized harmonic oscillator.

Introducing the boson operators a, a' for the z oscillator, and the quantum
oscillator length

h
lo =1 — (3.16)

mw

and defining \' = l—°2>\, we are left with a numerically diagonalizable Hamiltonian:

1
H = hw(a'a + 5) + XN(a" +a)(ng — ny) — t(chey, + cha) + A(ng —mp)  (3.17)
This is a spin-boson like model,
1
H = hw(a'a + )+ N(a! + a)6, — t6, + A6, (3.18)
where 6, 6, are Pauli matrices (1.12) in the basis of the c operators. Of the energies

hw, t, X', A, only three are independent energy variables in the Hamiltonian. The
Hamiltonian in dimensionless form:
1 1 R 2g . N
%H:aTa+§+\/§az(aT+a)—Eg ¢ +0 0, (3.19)

Here, we have defined dimensionless parameters g, «, and 9,

12 A2 12)\?
g=o5= s = (3.20)
2l 2mhw 2h°w
A2 12)\2
= =0 21
mw?t  hwt (3.21)
A
= — .22
e (3.22)
where [ is the classical oscillator displacement length,
A
I=7 k= mw? (3.23)

Hence, 2¢g, being the ratio of the oscillator displacement squared to the quantum
oscillator length squared, is a measure of how far into the classical regime the
quantized oscillator is. The classical oscillator displacement energy is Egisp = Al,
and the ratio of Al to the tunneling energy ¢ is the parameter a. When « is far
from 1, one of the energies Ey;g),, t dominate over the other.

Note the relation 2¢ghw = at.
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The Hamiltonian can be expressed in terms of bonding and antibonding electron
states by defining operators

1
dizﬁ(ca:tcb) dl:—(c

These are the creation and annihilation operators for the electron bonding and
antibonding states. The corresponding number operators are

F ) (3.24)

ny =dd, (re{+,-}) (3.25)
Easy calculation yields
1
ny = E(N + sign(7)(cl ey + c;;ca)) (sign(7) ~ 1) (3.26)
chea—cley = —(dld_+d d,) ey +cfca=didy —dld_ (3.27)

For the Pauli matrices, the transformation to bonding and antibonding states cor-
responds to the replacement

0, — —0y 6p — 0, (3.28)

From this point forward we will work in units where # = 1. The mass enters the
problem only through the [y parameter, which is a natural unit for length. Of
the four energy parameters, H depends independently on only three; a convenient
energy unit is w.

3.3 Diagonalization
The matrix for the ’filled” dimer Hamiltonian (N = 1) at V, = 0 is calculated:
Hn=1) = Z lon){c'n'|(on|H|o'n') (3.29)
on,o'n’

where we have chosen the basis {|o,n)} where o € {a,b} denotes the occupied
electron site, and {n} are the vibron levels.
The matrix representation of H(y_;) written out:

(3 +8)w —t by 0 0 0 0 0
—t 16w 0 -\ 0 0 0 0
N 0 (3 +5)w —t V2 0 0 0
0 Y —t (2 -9 0 —V2\ 0 0
0 0 V2 0 (3 + 0w —t V3N 0 3.30
0 0 0 V2N —t (3 - d)w 0 -3\ ( . )
0 0 0 0 V3N 0 (£ +0)w —t
0 0

0 0 0 -3\ —t (£ -d)w

The matrix is of infinite dimension; we use a sufficiently large matrix and diago-
nalize numerically in a truncated Hilbert space of dimension D, using Matlab. In
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the diagonalization, the number of bosonic states in the truncated basis should be
larger than 2/ (204—9)2 + 42, a sufficiently large number of bosons to span the elec-

tronic band gap (section (3.5.1)), and larger than % = 2¢ to span the energy
difference between the different dimer displacements. In practize, we always check
that our truncated Hilbert space is large enough, by comparing the results of calcu-
lations for different D. Not all expectation values of physical observables converge
equally fast as a functions of D. Usually, we can get away with H a 100 x 100
matrix, because g > 10 is physically not very relevant.

A matrix M is constructed from the normalized eigenvectors by sorting them by
their eigenvalues and using them as columns; let M, ; denote the matrix elements.
M is real because H is real. M,y ; is the overlap between the basis state {|o,n)}
and the j’th eigenstate of H(y—1). Electron transport depends on these overlaps.

3.3.1 Exact calculations of ’filled’ dimer expectation val-
ues

In the course of this work, we will calculate ’exact’ expectation values for some rel-
evant operators. Consider an exact eigenstate of the ’filled’ dimer in our numerical
diagonalization:

|0) = Zl/m|an) (3.31)

If | W) is the j’'th eigenstate, then vy, = My, j. The coeflicients v, are all real.
The eigenstate (3.31) corresponds to the density operator

p= Z Z Vot Von|on)(o'n'| (3.32)

on o.ln/

The reduced density matrix p, for the electron is found by ’tracing out’ the

bosons,
- )|y = | Pee Pab 3.33
" ;(Xn:pm,mﬁ HoT= o 1= pua (3.33)

where pqq € [0, 1], pap € [0, %] We have used that p. is real, as in section 2.2.

For any physical observable O, if the system is in a state like (3.31), the expec-
tation value of O is (¥|O|¥). In the appendix, we list how expectation values of
various operators are given from the ’exact’ eigenstate coefficients vyy,.

We introduce the convention that whenever we perform ’exact’, numerical cal-
culations, we set [p =1, w = 1.
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3.4 The isolated electron

We pause to consider the isolated electron without coupling to the bosons; we shall
need the notation. Defining

5
KE—TW K. =K+V1+K? K =K-V1+K? (3.34)

the electron Hamiltonian in basis of the ¢ operators can be written
-K -1
He—t< 1 K > (3.35)

By = £tV/1+ K2 (3.36)

and the corresponding eigenvectors can be written (derivation in the appendix),

The eigenenergies are

1 K _ 1 K_
() ()
1+ K2\ 1 1+ K2\ 1

When K — 0, then K; — 1, K. — —1, and v(+) becomes the bonding state
(1,1)/v/2, and v(-) becomes the antibonding state (—1,1)/v/2. When K — oo the
states become localized, as v(*) — (1,0) and v(~) — (0, 1).

Localization in the eigenstate is measured by (6,) which becomes +1 when the
state is localized to site a, —1 when the state is localized to site b, and 0 when the
electron density is equally distributed over the sites. When dw > t the state is
approximately localized, with [(¢,)| =~ 1.

Hybridization of the localized site orbitals is measured by (6) which is 1 in
the bonding state, -1 in the antibonding state, and 0 in a localized state. When
t> dw, |(65)] = 1.

In either eigenstate,

(3.37)

K|

(5.} = Nigwre = sin(arctan(|K1)) (3.38)
(62)] = ——— = cos(arctan(|K])) (3.39)

V14 K?

derived in the appendix and plotted in fig. (3.2). The consequences of an electronic
eigenstate asymmetry 4 is to localize the electron toward the lower energy site, and
to reduce the hybridization, as well as enlarge the electronic band width from 2

to 2t\/1+ 62w?/12.



CHAPTER 3. A MODEL FOR TRANSPORT IN A DIMER DEVICE 39

Figure 3.2: Plotted as functions of |K]|: \/1-|1-K2 (=), \/1|i(‘1(2 (-)-

3.5 Sequential transport

Treating sequential transport in a quantum dot, the standard approach is to calcu-
late tunneling rates from Fermi’s Golden Rule and then express the current from
rate equations, a so-called Master equation approach; eg., ref. [52]. In our double
dot, we must show some care, because tunnelings to and from the ’island’ can occur
by two sites, and in general the relative phase between the site orbitals could be
important. Therefore, we sketch the calculation here.

Consider the rate I'};) for in-tunneling from the lead n € {a, b} when the system
is in some definite initial state |I). By the Golden Rule, the rate is a sum over
possible final states of the full system, consisting of the molecule and the leads,
such that energy is conserved. With |F') denoting the final states,

27
Iy = = > (F|Hry| D 6(Er — Er) (3.40)
F

Following standard calculations [52], we insert product states, ie. |I) = |F'S) ® |i)
and |F) = ¢,y |F'S) ® | f), with |F'S) denoting the Fermi sea thermal ground state,
and |f), |¢) denoting the final and initial states of the molecule. Inserting Hy,, the
electrode part of the rate eventually becomes the Fermi function,

1

n (€xn) = Bl 71 (3.41)
and the rate becomes (h — 1)
1—17110 = 27TZ |<f|TI:77ac(TL + Tl;knbc(i|i>|2 nn(ekn) 6(El - (Ef - ekn)) (3'42)

k.f
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where E; depends on the gate voltage. Using |a + b|? = |a|?> + [b]? + 2 Re(a b*),

(F|Tiach + Tpel )2 =
(1T ek )12 + [ 1Teh )2 + 2 Re((FI Tk i) F I Tpetli)”)  (3.43)

The rate can be split up:
Tfo=>_Tf0 +T7% (3.44)
g

where I'l§ are the terms proportional to |T|?, and I'f§ contains the crossterms
TI:naTkﬂb‘

First, we treat the ’diagonal’ terms. The sum over k is replaced by an inte-
gral, >, — [ depy,(€), where the density of states py(e) is for the gold electrodes,
and is considered continuous. The calculation is simplified by taking p,(€) as
e-independent, which is justified, because the density of states of gold is approx-
imately constant near the Fermi level, and we will consider only bias voltages
sufficiently small that the deviation is insignificant. Also, |T), (€)|? can be taken as
a constant on the energy scale. Introducing

I = 27p, | Ty | (3.45)

the diagonal contributions become

iy =173 / de|(f|c} i) P (€)0(E; — (B — ) = T S_|{flch i) [*ny (Ef — E;)
f I

(3.46)
which are simple functions of the matrix elements we have calculated in our exact
diagonalization of H(y—1).

The rate T'7f, on the other hand, seems entirely intractable, because it depends
on the crossterms T;naTknb- While the absolute squares of Tj,, are important
parameters in the problem, the relative phase between the opposite site tunneling
amplitudes at some k could be anything. However, TI:naTknb ~ et*? where d is the
distance between the site localized orbitals. The length d is large compared to the
Fermi wave length, kpd > 1, and therefore the phase is very fast rotating when k
is varied near the Fermi level. Therefore, the average over k should be very close
to 0, and we let ['J; = 0 in the following.

Having assumed that the initial state in the tunneling processes is a thermal
distribution of eigenstates of the molecule, we insert a Boltzmann distribution of
states for the initial state. The in-tunneling rates become

—BE;
o o . € 0
IIe =T3S |(faleh lio) [ 70 nn(Ey, (Vg) = Eig) (3.47)
0 fi

where the added subscript 0 or 1 refers to the ’empty’ or ’filled’ charge state of the
molecule, 8 = 1/kpT, and Zy = 3.°° e PP, The ’empty’ molecule eigenstates
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are just harmonic oscillator states with energies (n+ %)w, and the ’empty’ molecule
ground state energy is Fp, = §. The 'filled” molecule eigenenergies at V;, = 0 were
found in the diagonalization of H. The 'filled’ eigenenergies here are gate voltage
dependent, Ey (V,) = Ey, (Vg = 0)+¢€V,. The "filled’ molecule ground state energy
is EOl'

By similar calculations and approximations, the out-tunneling rates become

no o | pe MY
g =1 5 S W folenlin) P 1 (B + B (V) (349
i1 fo

where Z; = Y ;e P5n and E;, (V) = By, (Vy = 0) + €V,

In the expression for I'j, for each initial state, the sum over final states is a
sum over the columns of M, as the matrix elements in eq. (3.47) are the Myy, ;,
with j corresponding to f1 and on corresponding to ig. In the I'l{ expression, the
matrix elements (fo|c,|i1) may be replaced by (i1|cl|fo). Here, the sum over final
states is a sum over the rows of M.

We define '], = >, T'70 and T, = >, T07.

Now, let F;, i = 0,1, denote the probabilities for the molecule to be occupied
by 0 or 1 electron. The steady state rate equations, with Py= P, =0, are:

0=—-Py(k +TE)+ P (T} +TE) (3.50)
From this follows . P
L +r
P=1-P= 1o+ o (3.51)

Il + T +TH + T8
The current is defined positive for electrons hopping from ’right’ to ’left’ through

the device:
I =(—e)(PTE — PTY) (3.52)

Inserting probabilities, the current becomes:

il — T
4+ 14 +TE + T

(3.53)

The bias voltage is the difference between the left/ right chemical potentials,
eV = ur—pr. We apply the bias voltage symmetrically: yup = % and pr, = —%.
Replacing the chemical potentials with bias voltage in the rates yields an expression
for I that depends on the two experimentally controllable voltages V' and V.

Given some choice of the parameters g, «, 0, [, and T, the current I can
be computed from (3.53) as a function of V and V,;. We define a unit I' for the
tunneling rates:

2riTk

r——-— "
FL+FR

(3.54)
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where I' = 3" _T'7.
The IV-curves are expected to be staircases as increasing the voltage allows
more matrix elements to contribute to the rates, with smearing of the steps as a

I(Vy.V)
ov

lated numerically. Plots of g—{/ at some fixed V are series of peaks, corresponding
to thermally broadened delta functions at energies corresponding to the transitions
that contribute to the rates, the area under each peak proportional to a product of
two overlaps. The area under the conductance peak is the height of the correspond-
ing step on the IV curve. We shall represent IV curves at various V; as diamond
plots, with a vertical line in the density plot corresponding to one IV-curve.

is calcu-

result of nonzero temperature only. The differential conductance

The linear conductance is defined as 2L )
IV ly_0

The ground states of the ’empty’ and filled’ dimer are aligned through V.
At V = 0, the dimer can switch freely between the ’empty’ and ’filled’ ground
states when eV, = eV. = Ey, — Ep, because the system energy is the same in the
two situations. In the standard picture [10], this gives rise to small bias, nonzero
differential conductance, with current running via the molecular ground states. In-
tunneling (out-tunneling) on the molecule decreases (increases) when Vj increases,
and so the gate voltage controls the average number of electrons on the dimer as
follows: a Vj less than V. squeezes electrons onto the dimer from the Fermi seas
with the consequence that (N) > Ny where Ny is (N) in the V, = V, situation.
Similarly, if V, > V, then (N) < Np. If the I'" are equal, then Ny = 3.

This said, the above is only exactly correct for us when 6 = 0. In our double dot,
we have a complication nonexisting in the single dot case, because the two localized
site orbitals may detuned. Tunneling onto or out from the dimer happens through
localized site orbitals which are not in general energetically aligned with the ’empty’
ground state at V, = V,, and so at zero bias, 0I/0V = 0. Addition of an energy
dw to the ’empty’ energies brings the lower energy site, a, into resonance with the
‘empty’ ground state. This allows zero bias conductance at V, = Ey, — Ep, + dw/e.
The effect of this is a translation of the center of the diamond plots to V, =
Ey, — Ey, + dw/e. See fig.s (3.4) and (3.6) for IV curves of this.

3.5.1 Sequential transport in two simple models

The ’full’ model, eq. (3.19), is not exactly solvable. Therefore, in order to eventu-
ally understand transport in the 'full’ model we first describe sequential transport
in the limit models, A — 0 and £ — 0.

t=0

When ¢ = 0, the "filled’” dimer is an uncoupled double dot. The electron is localized
to one of the sites a or b, and the oscillations are about the corresponding displaced
minimum, —[ or [, respectively. The system eigenstates are products of localized
electronic states and bosonic eigenstates of the form |o) ® |n), and in the case
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where 2§ is an integer, the spectrum is degenerate in o. For any ¢, the ’filled’
system reduces to an independent boson model as in section 1.8, except that now
the electron may have entered the system on either site, and in general the onsite
energies may be different. If they are not, ie. ¢ = 0, transport must reduce
essentially to the Cgg case described in section 1.8, the only difference being a
factor of 2 between in-tunnelings and out-tunnelings that come about because an
electron can enter the dimer on two sites, but leave only from the one site that is

occupies. Current in the large V limit thus changes from eF T +F = for the single dot

to, eg., em for the uncoupled double dot.

If § > 0, the conductance peaks are no longer at the same energies for the two
dots. Consider, for example, the a dot when an electron is inserted at time 0. At
zero temperature the single dot electron Green’s function at later times is

Ga(t) = —if(t)(0]ca(t)ck(0)|0) (3.55)

After Fourier transforming, the spectral function in frequency space becomes [53,
67

Au(p) = —2ImG,4( Z e g? I(p — dw + gw — jw) (3.56)
7=0
The single dot conductance at V; = V.. is determined by the spectral function. The
current is

FLaFRa /V p) (3.57)

LV)=—— [ dp AL
a( ) FLa+FRa p:() p a(2

The spectral function is a series of delta functions, with arguments that contain
an electronic selfenergy term gw. The g factor is a measure of the geometrical
difference between the final and initial states in a tunneling process, and from the
Poisson factors, we see that increasing g serves to broaden the spectral function
and to increase the energy for which it peaks. The existence of multiple peaks in
the spectral function and therefore in the differential conductance is a ground state
property of the system, caused by the electron-vibron interaction.

When ¢ becomes large, the stepstructure of the single-dot IV characteristic
is smeared out in the sense that the number of steps that contribute becomes
large and the individual stepheights correspondingly small. Also, the small-bias
current is inhibited, which follows from the shape of the Poissonian at large g,
as the maximum of the distribution moves toward high energies at increasing g.
This makes sense, because when g becomes large, the binding energy of the ’tilted’
dimer, which we shall see is gw, similarly increases. The bias voltage must make
up for this approximate difference in energy between ’empty’ and ’filled’ states for
current to run.

Thus, the single-dot IV takes on a classical look in the limit. The linear con-
ductance of a single dot is proportional to e™9.

The spectral function for the b dot differs from the a dot spectral function by a
sign change on §. In the double dot, the differential conductance is essentially due
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Figure 3.3: IV curves at V, = V,, Figure 3.4: IV curves at 'L =T%t =0,

I''=TE t=0,0=0,forg=1510. g =1, 6 = 3, for eV, =eV,,eV, + dw.

Large g inhibits the linear conductance. The one with a step in V. = 0 is for
eVy = eV, + dw.

to an overlap of the two single-dot spectral functions, shifted with respect to each
other by the electron level asymmetry.

A=0

When there is no electron-vibron interaction, the system eigenstates are, triv-
ially, the product states |u) ® |n) with p € {+,—} denoting the electronic eigen-
states from section 3.4, and n indexing the boson states. The eigenenergies are
Eup = (n+ Hwtsign(u)tvl + K2, K = %,

Sequential transport in a symmetrical device (I'* = I'® = T') with V; = V. + 6w
is very simple. For ¢ > 0 and any ¢, differential conductance has three peaks:
one for the linear conductance, corresponding to current running via the electronic
ground state, and two in +4¢v/1 + K? where the electronic excited state comes into
resonance. The energy +4tv/1 + K2 is twice the electronic band width, with the
factor of 2 following from the definition of V. There are no vibronic sidebands (at
low T') because in- and out-tunnelings both are from the oscillator ground state in
the absence of coupling. The effect of nonzero temperature is to smear the steps.

The current in the large V' limit, call it I;,,4, is the current on the highest step
(eV > twice the electronic bandwidth). From the rate equations, it is easy to show:

Ines L- 1
=Ir—2 —_T 3.58
e 1+35 3 (3.58)

N[ =

The in-tunneling rates are twice the out-tunneling rates, because an electron can
tunnel in in twice the number of ways that it can tunnel out.
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Figure 3.5: IV curves at V, = V,, Figure3.6: IV curvesat 'l =T% X\ =0,

IM=TE X=0,0=0,fort=05,1,2. ¢ = 3, ¢t = 2, for eV, =eV,, eV, + dw.
The one with a step in V. = 0 is for
eVy = eV, + dw.

The current along the first step is the intermediate value

= ZF (3.59)

because in- and out-tunneling takes place via just one state, the electronic ground
state.



Chapter 4

The ’filled’ subspace

To understand the current in our model for a dimer device, we need detailed under-
standing of the eigenstates of H. The mechanism of electron transport described in
the introduction is sequential tunneling, but we shall see that in a parameter regime
where the eigenstates of H are polaronic, that may not be the relevant means of
transport to consider. In this section, we therefore examine the eigenstates of H
in different parameter regimes.

4.1 Spectrum and symmetries

The dimer Hamiltonian,
Hiw=ala+ % + /(na —np)(a +a) - %g(cgcb telea) 46 (na—my)  (41)
transforms identically under the substitution:
ca () o (d) a(ah)— -a(-d) 65 -5 (4.2)

The sign change on the boson operators amounts to a sign change on z. In the
special case § = 0 the system transforms identically when

co (ch) & cp (c};) xr— —x (4.3)

In the following, we consider the subspace of the ’filled’” dimer model with
ng+np=1. Obviously, the system is degenerate in the electronic degree of freedom if
a = 00, 0 = 0. Assuming that this is not the case, degeneracy occurs ’accidentally’
at g = 0 if the electronic eigenenergies +F, = ++v/t2 + §2w? are an integer times w,

meaning 4/ %92—2 + 42 is an integer. We show in section 4.2 that in this case, turning
on the interaction lifts the degeneracies.

Considering this from the point of view of some fixed, small value of g, if the
ratio Fe/w is varied, then intuitively, levels ought to cross, because when F, < w,

46
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Figure 4.1: We relate the dimensionless parameter space (a,g) to (£, \,w). The
limits ¢/w > 1 and t/w < 1 are referred to as ’adiabatic’ and ’antiadiabatic’,
respectively (section 4.6). A fixed ratio ¢/w corresponds to a straight line through
the origin of the («, ¢g) plane. The crossovers in g = % and a = 1 are explained in
the text.

the lower, unperturbed levels are alternating between the electronic states, while
for F, > w, the lower, unperturbed levels correspond to the lower energy electronic
state. The crossover between the two cases, therefore, would involve level crossings
if there were no interaction term. Due to the interaction, however, levels repel near
the points of degeneracy and split up. Levels that become near-degenerate in this
way are said to 'anticross’.

Similar to this, varying g reveals avoided level crossings in the spectrum. When
g becomes large, if 0 = 0, levels eventually run together, with the electron hopping
now the perturbation to the energy. In the unphysical limit ¢ — oo, all levels
become doubly degenerate. For nonzero §, the level spacings approach not 0, but
alternatingly (0 (mod 1)) and (3 — ¢ (mod 3)) in unit of w, as can be seen from
the Hamiltonian with the hopping term neglected.

Our numerics confirm that for finite, nonzero values of g and «, the spectrum
is nondegenerate. However, the energy differences in points of anticrossing can
become arbitrarily small; see fig. (4.2) for some anticrossing levels. Also, in some
parameter regimes, the lower levels run together, becoming near-degenerate in a
manner to be further understood. See fig. (4.3).

Now, return to the symmetries above. First, we consider the case § = 0, with
the symmetry (4.3). In any eigenstate, electronic density must be equal on the
two parts of the dimer, because if in some eigenstate it were not, then there would
exist a mirrorinverted state with the same energy, leading to a twofold degeneracy
of the state. Therefore, from nondegeneracy of the eigenstates, (n,) = % in any
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state. In terms of our numerically ’exact’ eigenstates, this means vy, = +vz, for
all n. Similarly, (4.3) leads to (x) = 0, or in our numerics, VynVon+1 = —VenVont1-
In this case, at large enough ¢, the eigenstates are approximate bonding and anti-
bonding states. For an electron without coupling to vibrations, such states come
about because the electronic, localized ’tightbinding’ orbitals are nonorthogonal
and therefore hybridize into symmetrical and antisymmetrical combinations. On
the other hand, when the interaction is dominant and electron hopping is a pertur-
bation, the lower electronic states are approximate symmetrical and antisymmetri-
cal combinations of the localized states that minimize the interaction energy term.
In this case, it is relevant to consider the states ¥4 = %(\Ifo + V), where ¥; is
the j’th eigenstate of the system. The difference in energy between ¥y and ¥y
approaches 0 in the limit of vanishing electron hopping, and in the same limit, ¥
become localized to opposite sites. Then, W are approximate eigenstates, within
an error on the energy of (E; — Ejy), which is approximately twice the hopping
energy. In the limit described, ¥y become localized to opposite sites; outside the
limit, the extend to which ¥y are localized will turn out to be relevant for the
transport properties of the system.

Nonzero § breaks the symmetry (4.3), making states with (ny) # 3, (z) # 0,
possible. In the degenerate limit @ — 0o, nonzero § removes the degeneracy by
lowering the symmetry of the system.

4.2 Perturbation theory from the weak inter-
action limit

We consider the Hamiltonian, eq. (4.1), when the electron-vibron coupling is a
perturbation. The unperturbed Hamiltonian is diagonal in the basis |un) where
p € {+, —} denotes the electronic states and n the bosonic states. The unperturbed
eigenenergies are

0 .
E;(m) = nw — sign(p)tvV1 + K2 (4.4)

()

where sign(u) = %1 correspond to the states v\ see section 3.4. The perturbation

H' = w\/g(n, —my)(a’ + a) = w\/g5.(a' + a) (4.5)

For undegenerate perturbation theory, we must assume no degeneracies,
Vn :nw # +tvV1 + K2 (4.6)

There are no first order corrections to the energy, because H' has no diagonal part
in the boson number. We expand to second order in /g,

unl\/gwo, af +a w'n' 2
Im! E E
(W' n']#[pn] pr w'n'
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Figure 4.2: Exact energy spectrum, Figure 4.3: Exact energy spectrum,
lower 10 levels plotted, at ¢ = 1, § = 0. lower 10 levels plotted, at ¢ = 5, § = 0.
Function of ¢ (note: a = 2g here). The Function of ¢t/w = 2g/a. In the limit
degeneracies are lifted by the interaction. ¢ — 0, levels become pairwise degener-
For increasing g, the spectrum contains ate; however, the lower levels seem to
anticrossing levels. In the limit ¢ — oo, run together for finite ¢, becoming near-
levels become pairwise degenerate. degenerate in some manner. In section

4.6, we interpret this as a polaron effect.
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The calculation is straightforward, but space consuming; it is included in the ap-
pendix. The result is

— +1
B® = % K 4w z + = 4.8
e 14+ K2 [ (sign(u)Qt\/1+K2 —w sign(,u)2t\/1+K2+w)] 48)

The first order corrections to the eigenstates involve the unperturbed states with £1
phonons (appendix). The expression for the energy corrections is of course singular
in the points of parameter space where the energy spectrum becomes degenerate.
In the degeneracy points, all levels become doubly degenerate. We show here that
A lifts the degeneracy.

For two unperturbed states |un) and |u'n'), degeneracy occurs if

(n — n)w = (sign(p) — sign(u')) tV'1 + K2 (4.9)

If the states are degenerate and different from each other, we must have p # u’
and n # n/. The perturbation only connects states with n = n' £ 1. If n > n/,
then =+, u/ = —. In the 2D subspace spanned by the degenerate states |+,n),
|—,n — 1), we calculate the matrix elements of the perturbation. The diagonal
terms:

(+,n|H'|+,n) =0 (—,n—1|H'|—,n—1) =0 (4.10)

because the boson part of H' has no diagonal part. A crossterm:

(0| H'|=n 1) = wy/g (+]6:]-) (nl(a’ +a)ln —1) = wy/gvn (+]6.]-) (4.11)

The electronic part is calculated from the eigenvectors in section 3.4:

(Hol-) =

1 1 <K+>T<1 0><K_>: KK —1
JI+E J1er2 \ L 0 -1 1 JI+ K\ 1+ K2

(4.12)
Using
K. K_=K?>-(1+K?*)=-1 (4.13)
and the definitions of K, K_,
%) —) = —2 =
(+o=1-) VIHEZ+ K2+ (K K-)?
-1
—2 = —— (4.14)
VIF2[K2+(1+K2)]+1 V1+ K2
The result is
onlH = — 1) = — VIV (4.15)

V1+K?
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Figure 4.4: Ground state correlation Figure 4.5: Ground state correlation
function Cj, 5 at 6 = 0. function Cs, 5 at § = 0 for g = 0.5, 5, 20.
Dots: localization of ¥, at g = 5.

Similarly,
w\/g\/ﬁ
—n—1H'|+,n) = ——X=2— 4.16
(= = 1|4 m) = AL (4.10

The 2 x 2 matrix defined by eq.s (4.10), (4.15), (4.16) is easily diagonalized. The
eigenenergies are

N
V1+ K?

and the eigenvectors in the 2D subspace are the symmetric and antisymmetric
combinations,

(4.17)

1
V2
The energy split-up, to first order in /g, is

2w, /g\/n
V1+62w?/t?

The interaction prevents level crossings, but when /g is small, or when dw/t is
large, levels do ’anticross’, becoming near-degenerate. The lifting of degeneracy
corresponds to lowering of the symmetry of the Hamiltonian, because when \ = 0,
H transforms identically when x — —z. In the presence of nonzero electron-vibron
coupling, this symmetry is replaced by eq. (4.2).

(|-,n—1) £ |4+,n)) (4.18)

(4.19)

4.3 System dynamics and correlation

Correlation between the degrees of freedom will turn out to be highly significant for
transport in the dimer. Intuitively, the electronic and bosonic degrees of freedom
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are expected to become correlated when electron-vibron coupling is strong, and
the frequencies of the electronic hopping and of the dimer oscillations are expected
to be renormalized in some manner by the interaction; we denote the effective
frequencies w, sy and t.sp. The interaction term in the Hamiltonian corresponds to
a displacement of the oscillator equilibrium position, depending on the electronic
‘coordinate’ 6., and in the symmetrical system (6 = 0) the two configurations

(64,2)=(1,-1), (=1,1) (4.20)

both minimize the interaction energy. Therefore, when the interaction is turned
on, the symmetrical system ground state should become a state where the dimer
oscillations are no longer harmonic about one welldefined point z = 0. Instead, the
oscillatory movement of the dimer should acquire some anharmonicity, induced by
the interaction. If X is turned up even further, the displacement energy eventually
becomes much larger than the electron tunneling energy. In this limit, the oscilla-
tions should become harmonic again, but now about the displaced equilibria, and
only during the time intervals between the hopping events.

A way to think of this, is that the dimer movement has two components: oscil-
lations about an instantaneous equilibrium position, and oscillations between the
two equilibrium positions. The two species of movement take place on different
time scales, 2m/werr and 2m/t.fy, respectively, and on different length scales, lo
and /. When there is a separation of time scales and of length scales, the system
dynamics can be visualized as described in the following. When there is no such
separation, dimer motion is some sort of "hybrid’ motion, where the frequency weys
could be significantly different from the ’bare’ frequency w.

The relation between the length scales is determined by g = 12/212. The quan-
tum length [y is the uncertainty on the oscillator position, and [ is the displacement
length of the ’tilted” dimer. When g < %, the ’tilting’ is overtaken by quantum
fluctuations. The effects that we are interested in come about as a result of a
transition to a ’tilted’ state, which cannot occur for g < % We therefore assume
g > % in the following qualitative discussion of the ground state. This condition
is equivalent to requiring that the classical displacement energy 2gw is larger than
the energy w of the fluctuations.

Asuming now that dw < t.ss (whatever t.rf may be), we hypothesize two dis-
tinctly different situations for the system ground state:

One limit is characterized by strong electron hopping, with the hopping frequency
too fast for the (much heavier) dimer to follow the motion of the electron. In this
case, the dimer does not have the time to react to the instantaneous position of
the electron, but only to the average electron distribution. The electronic den-
sity is close to % on each site, so the dimer performs only small oscillations about
= 0. The coordinates of the electron and the bosons are uncorrelated in the
state, because they change on different time scales. Note that if d, contrary to our

assumption is large, dw > t.sy, then hopping is inhibited, and the system becomes
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highly correlated in an essentially trivial manner: the electron becomes localized
to the lower energy site, and the dimer ’tilts’ accordingly. The constraint on the
electronic position turns the system into effectively a single dot.

The other situation is weak electron hopping, with the electron largely localized
between jumps, and the dimer similarly ’tilted” during these time intervals. Since
the ’tilting’ follows the electron, the coordinate operators describing the electron
(6,) and the oscillator (z) are highly correlated. The existence of a retardation ef-
fect, in the form of a nonzero time interval between the electron hops and the dimer
displacement 'jumps’ with it, is the origin of correlation being less than maximum.
When the interaction is increased, the time scale on which interaction takes place
becomes short, and we expect correlation to approach a maximum.

Correlation between &, and z signals a polaronic state, specifically a ’small’
polaron because it is defined on a discrete lattice (the two-site molecule) with
the electron localized on a length scale of A. The corresponding ground state is
resolved on the possibly very ’slow’ time scale of the hopping frequency of the
collective system of the electron + geometrical deformation. This slowing down of
the resolution of the ’filled’ states in a polaronic regime must be considered when
we describe transport in a device.

The picture described in the above does not take quantum fluctuations in z
into account. As long as g > %, fluctuations of [y in x should not drastically affect
the picture of 'fixed’ displacements between tunnelings. Also note that, had we
allowed dw larger than the effective electron hopping, we would be in the situation
described above where the electron is near-localized to the lower energy site. Now,
however, the localization effect is slightly less trivial than before, because t. ;s may
be very small due to the polaronic state.

4.3.1 A correlation measure

Now, to formalize the concept of correlation in our system. Consider the expec-
tation value (n,x), measuring correlation between the occupation of site o and
the oscillator displacement. If (n,z) # 0, the n, and z are dependent variables.
If § =0, eq. (4.3) leads to (nez)s=0 = —(npx)s=o. If § # 0, eq. (4.2) leads to
(ngz)s = —(npzr)_s. When (n,z)s is maximum, then there is a polaron localized
to the site . In this case, (nzz)s =0.

When § # 0, for the 'filled” dimer, eq. (4.2) leads to

(02)5 = (Mo — np)s = (N — Na)—5 = (=02) 5 (4.21)

and
(z)s = (—@)-s (4.22)

which is sensible, because the sign of § determines which electronic site occupation
number,; and which direction of dimer ’tilting’ is stabilized by the asymmetry.
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Finally, eq. (4.2) implies
((np — na)z)s = ((na — 1) (=) =5 = ((7p — na)T) -5 (4.23)

Therefore, (—&,x)s is a measure of correlation that does not depend on the sign of
0. This is convenient, because we assumed d > 0 without loss of generality.
The measure we actually use is normalized by dividing by the displacement [,

C&Z X =

~] =

(=6.7)s (4.24)

a number between 0 and 1 for the ground and lower few excited states [69]. It
measures correlation between dimer ’tilting’ and charge difference on the sites.

The ground state correlation function is calculated ’exactly’ and plotted in
fig. (4.4) for 6 = 0. The behaviour confirms our understanding of the limits, as
Cs,» — 0 when a — 0, and Cj, , — 1 when a — o0, at least for g > % The
crossover between the domains is strikingly sharp: for g = 10, correlation sets in
at « =1, and Cs, , = 0.75 at o = 1.5, and Cs, , = 0.95 at o = 3. Our numerics
suggest that this may be the asymptotic behaviour for g — oo, with the crossover
in « less abrupt only for g smaller than, say, 5. While we had supposed that a
combination of strong interaction with weak tunneling should create a correlated
state, the sudden transition into a polaronic domain comes as a surprise. In section
4.6 we analyze this transition within a semiclassical framework and show that the
transition involves polaronic selftrapping.

4.4 More on correlation, and entanglement

We use the results of chapter 2 and consider entanglement in the symmetric sit-
uation with pgq = % Here, entanglement is determined entirely by pg, with
S, =1-— 4p3b and pgp = Y, VanVpn- In contrast, Cs, , is a sum over terms of
the form vgpven41. Trivially, if only one boson state contributes to the eigenstate,
S1,=0 and Cs, ,—0. From the dependencies on the coefficients, it seems like both
functions could be maximized in a limit where the number of boson states that con-
tribute significantly to the system eigenstate becomes large. We therefore examine
the boson distributions here.

Fig. (4.6) shows, in the special case t = 0 (o = o0), the probabilities that
the ground state is to be found in the boson states on site @, ie. the sum of the
probabilities is % The plot is a verification of something we already know from our
discussion of the single dot spectral function at 7" = 0, that the boson distribution
(apart from a prefactor of %) is a Poissonian in ¢ in the limit considered. A
Poissonian has mean value and variance both equal to the parameter, g. Therefore,
the spectral weight of the bosons is ’smeared out’ over approximately g states.

Of course, our interest is not in the special case where ¢t = 0. Leaving the 'double
dot limit’, the ground state boson distribution at a large value of g (g = 15), is
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Figure 4.6: In the limit @ — oo, the
boson distributions on the sites become
Poissionian distributions in the parame-
ter g, except for a prefactor. Here, the
weights of the boson states on the site a
are plotted for the ground state at 6 =0,
for g =1,2,3,4,5,10. The prefactor on the
Poisson distribution is %, as the probabil-
ity is equally distributed on the sites. If
0 # 0, the distributions in the a — oo
limit still become Poissonians in g, but
with unequal weight factors, because the
electron is not on the sites with equal
probability.

%)

30 35

Figure 4.7: The boson weights, at g =
15, § = 0, a = 1.2, 3, co. At small
«, the weight is primarily in the boson
ground state. At o = 1, the distribution
quickly broadens, approaching the Pois-
sonian distribution which is the large «
limit. The ’slash-dot’ line is for a = 1.2,
the other ’zig-zag’ line is for & = 3. Dots
indicate the theoretical Poissonian distri-
bution (times 1/2), and the line connect-
ing the dots is the exact’boson distribu-
tion in the limit. At o = 4 or larger,
the distribution ’zig-zags’ about the limit
Poissonian.
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shown in fig. (4.7) for different «, indicating how the bosons develop when «
is varied. At small « just the boson ground state and few lower excited states
contribute, but from « = 1, the distribution changes rapidly toward the large «
limit of a Poissonian. At « larger than 3 or 4, the probabilities oscillate about the
limit distribution. The larger g is, the more dramatic is this crossover in a.

It seems that correlation and entanglement should be associated with the limit
of large g when « is somewhat larger than 1. This fits with our ’exact’ calculations
for correlation. Entanglement entropy in the ground state is plotted at § = 0 in fig.
(4.8). We see the same behaviour as in fig. (4.5) for the correlation function, with
a crossover in & = 1 to an entangled domain. The crossover becomes sharp with
increasing g. Three different measures of entanglement are plotted for comparision
at ¢ = 5 in fig. (4.9). Again, the measures show the same limit cases and a
crossover that depends on g as described.

In [51] the claim of Levine and Muthukumar was that the transition to an
entangled regime becomes sharp when ¢/w — oo, with dSy/da developing a dis-
continuity in &« = 1 in the limit. This fits with our findings, because when « ~ 1 is
held fixed, t/w — oo if and only if ¢ — oo. The discontinuity we cannot confirm,
because increasing g requires diagonalization of increasingly large Hamiltonians.
Levine and Muthukumar’s interpretation of the limit was that when ¢t > w, the
nuclei give rise to an effectively static potential as far as the electron is concerned.
For « not too close to 1, this fits with our own picture of the dynamics in the two
regimes.

Now, if an asymmetry § > 0 is present and sufficiently large to effectively lo-
calize the electron to site b, and destroy all phase coherence in the process, then
Paa — 0 and pgp — 0. This means that S — 0, and entanglement is destroyed.
However, in the same limit, Cs, , — 1, because the dimer 'tilts’ according to the
electronic localization. The electronic state becomes a pure state, with the destruc-
tion of entanglement a result of the electronic Hilbert space becoming effectively
one dimensional.

Fig.s (4.10), (4.11) show nonzero ¢ causing correlation in the ground state for
a < 1. If the coupling to vibrations did not affect the electron, then localization to
site b would be determined by the ratio dw/t, as in section 3.4, and the correlation
measure would follow the same behaviour. With g fixed, a fixed ratio dw/t = da/2g
corresponds to points on a hyperbola in the plot (4.10). The ’exact’ crossover
between the two domains does not actually occur around such a hyperbola, except
at a < 0.2, approximatively. This confirms that the electron hopping frequency is
renormalized by the coupling to vibrations.

Fig.s (4.12), (4.13) show the effect of nonzero ¢ on the ground state entangle-
ment entropy. The surprise is that in the entangled domain, an extremely small
value of § is sufficient to completely destroy the entanglement. The interpretation
of this is that in the entangled regime, the ground state effective tunneling t.;s
is very small. The destruction of entanglement happens when dw becomes large
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Figure 4.8: Entanglement entropy at 6 = Figure 4.9: Entanglement measured in
0and g = %, 5,20. The unphysically large three ways at g = 5, § = 0: the entangle-
value g = 20 is included to indicate the ment entropy Sy (lines), the linear en-
limit case, where dSy/da may develop a tropy of the qubit Sz (dots), and nega-
discontinuity in @ = 1. The g = % line is tivity S: (circles).

the gradually increasing one.

compared to t.sr, localizing the state. On the plot (4.13) we see that the smaller
d is, the larger does Sy become before the sharp destruction of entanglement sets
in. Also, the maxima of Sy are translated by approximately a constant when §
is decreased by a factor of 10, indicating an exponential dependence of ;s on «
for a > 1. When § becomes smaller than some value, there is no longer a sharp
decrease in Sy, just a slow, gradual decrease. This is what one trivially would
expect, because t/dw oc o' /dw approaches 0 when a becomes large, localizing the
electron.

4.5 ’Tilted’ states

We consider a canonical transformation that corresponds to ’tilting’ of the dimer,
relevant for perturbation theory in the strong electron-vibron coupling regime. The
transformation is

H=¢"He™ ¢ (4.25)

where
¢ = V/g(na —m)(al —a) = —ipl(ng —ny) (4.26)

with the momentum operator

—(a' —a) (4.27)
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Figure 4.10: Correlation function at ¢ = Figure 4.11: Correlation function at

5. g = 5 for (from the bottom) & =
0,1,2.5,5, 10, 20, 40.
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Figure 4.12: Entanglement entropy at Figure 4.13: Entanglement entropy at

g = 5. g = b for § = 1,0.1,0.01,0.001, 0.0001,
from the bottom. For small enough §,
the entanglement transition sems to oc-
cur, but as « is increased, entanglement
dies out again. The position and heigh of
the peak of Sy both seem to follow a log-
arithmic behaviour. The decrease after a
peak is sharp for ¢ sufficiently large (ie.,
d > 0.001).
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Unitarity of the transformation:
(€)= el = ¢ = () (4.28)

In the appendix, we transform the operators. For the boson operators, we get

a=a—/g(ng —np) al = a — /g(na — ) (4.29)
N, =a'a — \/g(ng — ny)(a’ +a) + gN (4.30)
T=x—1(n, — np) (4.31)

The transformation translates of the oscillator by —I(ng —nyp) and shifts the vibron
number operator. The T operator is the operator for displacement relative to the
instantaneous equilibrium position, determined by the charge difference at that
time.

For the electron operators, defining

A= e Vi) Al = evala’—a) (4.32)

we get
o= CoA & =cfAt & = Al d=cA (4.33)
fig = Ny (4.34)

Inserting the transformed operators in the Hamiltonian yields the transformed
Hamiltonian H:

H

1 2
o= ata + 5 gN — Eg (czcbeQ\/g(“La) + clcae_Z\/g(“T_a)) + 0 (ng —mnyp) (4.35)

The linear interaction terms have disappeared, and the electron-phonon interaction
enters through exponential factors in the hopping terms instead. The operator
chbeQﬂ(“T_“) transfers the electron from the localized state b to a while shifting
the oscillator from displacement z =1 to = —[. Electronic tunneling is followed
instantaneously by a change in dimer ’tilting’, which effectively gives rise to a
'polaronic’ hopping of electron and dimer displacement.

The electron onsite energy has been shifted by the addition of a term —gwN =
@N . The term can be understood as a ’polaronic’ binding energy, because it
is an energy that is gained when an electron is inserted into the system and the
dimer ’tilts’ correspondingly to lower the energy of the system.

The change of basis shifts the boson number operator by as much as g bosouns.
Eq. (4.30) with N =1 can be written

<Na> = <Na> + g(l - 20&;:,:0) (436)

In the correlated domain, (N,) = (N,) —g, and in the uncorrelated domain, (N,) =
(Ng) + g. When the dimer ground state is 'tilted’, the displacement stores the
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energy of the corresponding number of bosons. Numerical calculations (not shown)
confirm that in the ground state, (N,) — ¢ in the correlated parameter domain,
while (N,) — ¢ in the uncorrelated parameter domain. The ground state, when
Cs,» — 1, becomes a state in which the oscillator is shifted according to the
localization of the electron.

Uncertainties, defined for a quantum variable A as S(4) = \/(A?) — (4)?, have
been calculated for z, Z, and p in the ’exact’ ground state throughout parameter
space. We find that when § = 0, (z?) = 12, (p?) ~ l% in the weak coupling domain
corresponding to Gaussian, minimal uncertainty ﬂtgctuations, as S(pSp) = 1. In
the correlated domain, (z2) becomes large due to the existence of two minima
separated in space. However, S ~ 12, Sp) = l%, and the oscillations become
Gaussian about the displaced equilibria when CAZ; — 1. The deviation from this
picture is for « just above 1. Here, S(p)/lg becomes smaller than 1, as small as
0.65. The corresponding lowering of the kinetic energy in the state indicates some
sort of ’sluggish’ oscillation of the dimer between two well-separated equilibria.

4.5.1 Perturbation theory from the polaronic limit

The ’tilted’ states describe localized polarons. The Hamiltonian in the ’tilted’ basis
is used as the starting point for perturbation theory in ¢; the interesting case is
dw & t. Restricting ourselves to the case 6 = 0, the transformed Hamiltonian
becomes:

i =iy + i (4.37)
Hy = wala — guN (4.38)
H' = —t(c]epe®VI' =) 4 Czcae_Z‘/g(aLa)) (4.39)

The unperturbed problem is degenerate in the electronic degree of freedom. The
unperturbed basis states {|o7)} are localized, the index 7 specifying the vibrational
state with respect to the ’tilted’ number operator N,. The matrix elements of H’
can be approximated, using the overlap of the oscillator ground states, at separation
2l

(04]0) = e/t = 20 (4.40)

where |0,) denotes the ground state of the ocillator at site 0. We approximate the
matrix elements, . .
(oi|H'|o'fi) = (04]0p)(on|H'|c"'n') (4.41)

which are straightforward to calculate, because the boson operators in H' are
defined with respect to the states |n). We expect the approximation is valid for
small n, ie. at low temperatures, and sufficiently ’deep’ within the correlated
parameter regime. The overlap between the displaced oscillator ground states is
exponentially damped in g. Thus, the ’'polaronic’ tunneling is inhibited, which
happens because the electron can only tunnel by dragging the dimer displacement
with it.
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The energy corrections to first order in ¢ are diagonal in the bosonic degree
of freedom, and lift the degeneracy of the spectrum. By degenerate perturbation
theory, the first order energy corrections are the eigenenergies of the 2D matrices of
H], where H), is H' restricted to the subspace of the two degenerate states labeled
by boson number n. For all n, we must calculate the matrix elements of a 2 x 2
matrix,

(on|H]|o'n) = (on| — t(clcbeQ\/ﬁ(“T_G) + c};cae_Q\/g(“T_“)ﬂa'n) (4.42)

We have included this straightforward, but lengthy calculation in the appendix.
The result is

n

. | .
on|H.|o'n) = —t5_ S (~1) ——_(2,/g)% 4.43
(ol = 18, SV Gt BV (4.43)
The eigenvectors of H), are |tn), 7 € {4+, —}:
4,m) = ——(|an) + |bn)) (4.44)

V2

The eigenenergies are e 29(on|H] |0'n). The energy spectrum to first order in ¢:

N e SNy g
wn — gwN Ft QJZ:%( I)J(j!)Q(n—j)!@\/g)J (4.45)

"Exact’ calculations confirm this spectrum in the large « limit.

The second order energy corrections Eﬁ) to the states |tn) depend on the n-
off-diagonal matrix elements. By degenerate perturbation theory, each Eﬁ%’ is a
sum where the degenerate subspace is avoided:

2 10Tt 2
o P g L )P
E—rn N [T’n’];;[;n} [7n] Egz) _ E((,]), - T,%n (TL _ n/)w (4.46)

This depends only on matrix elements nondiagonal in n. The off-diagonal ma-
trix elements are calculated in the appendix; we list a few special cases of the
nondiagonal boson overlaps below, but we don’t really need them.

Our interest is in the first order energy splittings, because when an exact energy
difference becomes small at moderate «, that signals the entrance into a polaronic
regime for that pair of states. For a polaronic pair of states, the energy splitting
to first order in ¢ is approximately the polaronic tunneling. We therefore consider
the matrix elements which are diagonal in n (just the boson part):

<|e—2\/§(af—a) 0) = e (4.47)
Iy = (1—4g) ¢ 2 (4.48)
(e Ve W) = 2/25(2 1) ¥ (4.49)
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Matrix elements similar to these are also calculated in [29] for a different physical
system. They are all exponentially damped in ¢, with a polynomial behaviour
in \/g. When © > 0, tunneling is vastly increased from the ground state value:
at ¢ = 5, the overlaps in unit of e 29 are 1 for 7 = 0, 19 for #» = 1, 181 for
n = 2, and our numerics confirm that the overlaps remains much larger than 1
for increasing . This suggests that increased tunneling for higher boson numbers
leads to weakening of the polaronic nature of the excited states.
Just for fun, here are a few off-diagonal boson matrix elements:

e ooy = E g o (450)

o

Ble2vila' 0Ty = 2,/2g(29 —1) e % (4.51)

4.6 Semiclassical limit

To understand the crossover between the polaronic and nonpolaronic domains -
specifically, it’s sharpness in @ = 1 - we consider a semiclassical approximation
to the Hamiltonian, where z is treated as a classical variable. We rewrite the
Hamiltonian in terms of a dimensionless coordinate X = % = x/mw and the

Pauli matrices in the basis of the ¢, operators:
X2\ . 2
H = (T(X) + wT)l + (/29X + 0w) 6, — w2 5, (4.52)
«

where T'(X) is the kinetic energy of the dimer. The semiclassical system is an
effective two-state quantum system, characterized by Born-Oppenheimer surfaces.
Setting T(X) = 0, the semiclassical approximation to the ground state is deter-
mined from the minimum or minima of the lower electronic state. We write the
remaining Hamiltonian compactly as

X2, 2 e
w1 +wl g, H = ( ol ) (4.53)
(04

-1 &

where

k=—(v29X + (5)2g (4.54)

9
The electron part we diagonalized in section 3.4 for a different variable. Introducing
ky =K+ V14+k2 ko =k —V1+K? (4.55)

and using
2
K = :‘—92(ng2 + 6% + 2¢/290X) (4.56)

it follows from section 3.4 that the eigenenergies are

2 4g2
Ei(X) = w21+ w2 = iW\/% +29X2 + 62 + 2,/296X (4.57)
(0% (6%
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and the eigenvectors are

1 K 1 K_
+) - - + =) - - (4.58)
w w .
\/14‘”1( 1 ) 1/1+I€2< 1 )

The electron is a two-state system moving in the spatial potential that corresponds
to the electronic eigenstate. The electronic eigenstates in turn are determined by
the coordinate X, and therefore, X is a collective coordinate determining both the
electronic state and the classical displacement of the oscillator. For an electron
moving on the lower energy surface, the classical coordinate X completely specifies
the semiclassical state. The energy surfaces are Born-Oppenheimer surfaces:

1 4g2
Us(X)/w = ;X + \/% +29X2 + 62 4+ 24/296X (4.59)

We note that the energy surfaces do not cross for nonzero ¢ (finite «): the term
in the square root in eq. (4.59) is larger than 0, because the polynomium in X,
(29X? + 62 + 2,/2g6X) is never negative (the discriminant is 0 and the coefficient
of X? is positive). The electronic states thus remain undegenerate for all dimer
displacements, in accordance with the von Neumann and Wigner noncrossing rule
[43]. In the case t = 0, the surfaces can and do cross in one point, which is discussed
in a section below.

Within the semiclassical approximation, the energy surfaces are uncoupled; this
approximation is unrealistic if the surfaces are close to each other. In this case, the
quantum mechanical nature of T'(X) leads to a coupling between the surfaces, and
the semiclassical approach needs to be modified. Fluctuations in z can bridge the
energy gap between the surfaces if they are closer in energy than w. We assume
here that this is not a problem; the minimum distance between the surfaces is 2t,
and the surfaces can therefore be assumed uncoupled if ¢/w > 1. For the parameter
values of our interest, this condition is fulfilled, justifying our assumption that an
electron occupies the lower potential and remains there during it’s motion.

In Holstein polaron literature, the limit ¢/w — oo is sometimes referred to as
the ’adiabatic limit’, and here we see why: in the adiabatic limit, the perturbation
to the electronic movement vanishes, and the electronic state develops reversibly
in a potential.

4.6.1 Born-Oppenheimer surfaces in a symmetrical sys-
tem
We calculate the potential minima for the symmetrical system (6 = 0) in order to

derive some properties of the ground state and the excited states in the semiclassical
limit.



CHAPTER 4. THE °FILLED’ SUBSPACE 64

For 6 = 0, the Born-Oppenheimer surfaces are

Us(X 1 442
) _Lyoy fooxe 49 (4.60)
w 2 a?
which are symmetrical about X = 0.
29X

The first derivatives with respect to X:

1 X
_aUaii)(():Xi—u
w 2gX2—i—%

(4.61)
The extrema of the electronic ground state potential are the solutions to % =0:
29X 2

g =0 = X=0or l= g

\/20X2 + 497 \/20X2 + 47

2

X - =

4g

5 = +(29)> = X =0 or X>=2g ((£1) - ai) (4.62)

X =0 or 2gX?+ 5

The (-1) case has no solutions, so we arrive at the solutions

X =0, £Xp (4.63)
where
1
Xo=+v2g4/1— — (4.64)
«o

The solutions =X are valid only when a > 1.
2
A minimum X, of U_ satisfies %(X s) > 0. The second derivatives of U :

0*Us(X) 2g (29X)*
=1+ N NTTE (4.65)
(20x2 +1%7) (20X2 + %)

22U_
i} X 0)=1- —237(1 =1-« (4.66)
22U_ X
31 0X ( 0)

1— L
o <((1$2)1+a—12)1/2 - ((lﬁ):;z)m) =1-5 (4.67)

The electronic ground state bifurcates in o = 1, as U_ has one minimum in
X =0 for a < 1, while for a > 1, this extremum becomes unstable. The new’
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Figure 4.14: The semiclassical potentials Figure 4.15: The semiclassical potentials
Uy at g =7,6 =0, for « =1 (dots) Uy at g =17, =2, for « = 1 (dots) and
and o = 3 (lines). For a > 1, the lower « = 3 (lines). The asymmetry skews the
potential has two wells. potentials, and in the bifurcated case lifts

the degeneracy of the well states.

minima in £X, are stable, however. The minima £+X; move from 0 in o = 1
towards ++/2¢g when « is increased above 1.

The electronic excited state is in it’s 'ground state’ with respect to X when
U4 is minimal. From eq. (4.60), we see that Uy is a monotonously increasing
function of X2, so the minimum is in X = 0 for all parameter values.

Summarizing, the potential minima and the corresponding energies are:

U : X=0 when a < 1 U_(0) = —Ay =t
X =4+Xy whena>1 U_(+Xo) = —g(1+H)w
Uy: X=0 U, (0) = %y =t
(4.68)

For both of the parameter regimes o > 1 and a < 1, the potentials Uy are plotted
in fig. (4.14). When a > 1, the height of the barrier between the wells is E, =
gw(l + a2 —-2a!), and E, ~ gw when « > 1. Bound states are possible at
energies less than _Zaﬂ_

We now calculate the eigenvectors at the minima. As already noted, in X =0,
the eigenvectors reduce to the ones found in section (3.4), which at 6 = 0 are just
the bonding and antibonding electron states. U_(0) corresponds to the bonding
state, and U, (0) corresponds to the antibonding state.

In X = +Xp, (X = Xg) = —Va? -1 and k(X = Xp)?2 = o — 1. Therefore,
from eq. (4.55), kx = —Va? — 1 + «, and the electron eigenvectors are

1 (a—ﬁ) 1 (—a—\/aZ——l>

\/l—i-l'iﬁ_ 1 A1+ K2 1

(4.69)
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which reduce to bonding/ antibonding states at &« = 1. When « becomes large,
the eigenvectors approach the localized states

1) ()

The expression for zy explains the behaviour of Cj_, observed for the ’exact’
ground state when § = 0. For g not too small, when « is turned up from 1,
Cs,» — 1 in the same manner as Xy — 2g. At a = 4, Xo ~ /2g, and the
'exact’ boson distribution in fig. (4.7) becomes oscillatory about the Poissonian
limit case.

4.6.2 Semiclassical eigenstates

The semiclassical ground state depends on the energy landscape, which is either
a near-harmonic, single-well potential, or a double-well potential with a barrier
separating the wells. The single-well, semiclassical ground state is the product of
the electronic bonding state and the undisplaced dimer,

L (e - w0) + ¢l + 20)) ® |z = 0) (a<1) (4.71)
V2
where ¢(x) denote the electronic wave function localized to x =0. The expectation
values (z) = 0 and (6,) = 0. The degrees of freedom are uncorrelated, and the
state is unentangled.

The semiclassical, double-well ground state is degenerate (at § = 0). In reality,
the degeneracy is lifted by quantum mechanical tunneling between the wells, which
is a small perturbation to the energy. The tunneling is polaronic, because it involves
electron hopping and a ’jump’ between different deformations of the lattice’. The
hopping energy ¢, is calculated in an approximate scheme in the next section.
When the degeneracy is lifted, the two eigenstates become the symmetrical and
antisymmetrical combinations of the well states,

1
E(qﬁ(m —20) ® |z = zo) £ Pz + 20) ® | = —1x0)) (a>1) (4.72)
and the eigenenergies to first order in the perturbation become U_(Xy) £ ¢,.
The corresponding ground state electron density operator is

1
5 (la){al + [b)(0]) (4.73)
where we have used orthogonality of the classical states |z) in taking the ’trace’

over z in eq. (4.72), and changed notation. Different |z) are orthogonal within the
semiclassical approximation but not quantum mechanically, of course.
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The expectation values (z) and (6,) are 0. However, the electron is localized,
which follows from the fact that the electron density operator and the operator for

[

measuring electronic position, 6, = |a){a| — |b)(b|, commute:

(e, = (S(ladal + [B)(B) (a){al — [)(B) = ((la)(al = [B)(B]) S (ladal + [B)(B]))
= la){al = [b)(b] = (Ja)(al - b)(b]) =0 (4.74)

using orthogonality of |a) and |b). Hence, measurement of electron position does
not disturb the state, which is therefore one of the localized states. The state is
also maximally entangled.

In the single-well system, the excited states are delocalized and can be repre-
sented as in fig. (4.16). In the double-well system, if the barrier between the wells
is sufficiently high, the first few excited states can be pictured as localized excita-
tions in the wells that hybridize, similar to the semiclassically degenerate ground
state. In fig. (4.17) we show the potential in a system where the ground and first
excited states are polaronic, but the next two eigenstates are not, because one of
the states lie above the well barrier. Below the barrier, pairs of semiclassically
degenerate states hybridize, becoming polaronic if they lie sufficiently deep in the
wells. See fig. (4.18).

The polaronic pairs in the hybridized double-wells, when the energy splitting
is neglected, can be written as

1

ﬁ(fﬁ(x — 30) ® |Ngpy) + ¢z + 70) @ |Nay)) (4.75)

where ]\7(0) denotes the vibronic number operator for a state where the electron
is localized to site . When the energy splitting due to tunneling between the
wells is nonnegligible, the polarons are less than 100 % localized. Tunneling is
expected to be stronger for polarons belonging to excited vibrational states than
for the vibrational ground state polarons; recall the boson overlaps in section 4.5.1.
This may lead to a significant degree of delocalization of these states. However,
our numerics confirm that the vibrationally excited states do eventually become
polarons. The entanglement of the excited states in fig. (4.18) is plotted in fig.
(4.19). At § =0, all states become entangled in the limit & — oo, but the polaron
states become entangled in a manner strikingly different from the non-polaron
states.

A little surprisingly, the states with energy above the top of the semiclassical
barrier are not completely delocalized. See ref. [50] p.93.

4.6.3 The polaronic hopping energy

We have seen that the semiclassical bifurcation in a = 1 indicates polaron for-
mation when g is not too small. We can calculate the polaronic hopping energy
semiclassically as the overlap between two harmonic oscillators in £xy. This is
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Figure 4.16: The Born-Oppenheimer Figure 4.17: The Born-Oppenheimer
surface U_ at g=5, a=1, § = 0. The ex- surface U_ at g=5, a=2, § = 0. The ex-
act eigenenergies are —9.8460, —9.4860, act eigenenergies are —5.8345, —5.8217,
—9.0218, —8.5100, —7.9623, —7.3872. —5.1259 , —4.9681, —4.4590, —4.0480.
The lower two states are nearly degen-
erate, and the symmetric/ antisymmet-
ric combinations are localized to their re-
spective sites with probabilities 0.91.

done by approximating U_ to a harmonic potential near the minima by a Taylor-
expansion to second order in (z F (). This yields an effective spring constant, an
effective mass and hence an effective quantum oscillator length, which defines the
harmonic oscillator wave functions in +xzy. The overlap of the harmonic oscillator
ground states defines an effective tunneling coupling ¢, between the two polaron
states that hybridize into the ground and first excited states of the system.

The calculation is carried out in the appendix. The result is

tp/w =exp(—2¢g (1 — %)2) (4.76)

The effective tunneling coupling between the polaron states becomes exponentially
small in g, and is modified by an a-dependence. When o = 1, ¢, = w, but the
harmonic approximation is not credible for « very close to 1. When o? >> 1 the
expression simplifies to

tylwme (4.77)

The a-dependence disappears in the limit &« — oo. More to the point, the a-
dependence becomes insignificant at « = 4.

In fig.s (4.20), (4.21), we compare t,, to the ’exact’ half energy difference between
the ground and first excited states. The energy splitting between the two polaron
states, to first order in ¢, is just 2¢,, semiclassically. We previously calculated (&)
in the state U4 at g = 5, the bonding combination of the exact ground and first
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Figure 4.18: The Born-Oppenheimer

surface U_ at g=5, =4, § = 0. The ex-
act eigenenergies are —4.8307, —4.8301,
—3.8838, —3.8718, —3.0055, —2.9115,
—2.2203, —1.9131. The two lower pairs
of states are nearly degenerate, and the
symmetric/ antisymmetric combinations
are localized with probabilities 0.98 and
0.97
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Figure 4.19: Entanglement entropies for
the ground, second excited, and fourth
excited states, at ¢ = 5, 0 = 0. In the
first and third excited states, Sy is nearly
identical to Sy in the ground and second
excited states. For the states above the
first excited state, the curves have a step.
For the selftrapped polaron states, the in-
crease in Sy after this step is sharp; for
nonpolaronic states, the further increase
is slow.
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Figure 4.20: Dots: the semiclassical ex- Figure 4.21: Dots: the semiclassical ex-
pression for ¢,. Lines: the exact, half en- pression for #,. Lines: the exact, half en-
ergy difference (Fy — Ejy)/2 for the lowest ergy difference (E; — Ejy)/2 for the low-
pair of states. Plotted for ¢ = 2,5,10, est pair of states. Plotted for «=1.5,2,3,
0 = 0. The larger g is, the faster does § = 0. The larger « is, the faster does
(Ey — Ep)/2 converge toward . (EW — Ey)/2 converge toward t,.

excited states, fig. (4.5). The localization of ¥ is the localization of the polaronic
states, and less than 1 because ¢, > 0.

4.6.4 Born-Oppenheimer surfaces in an asymmetrical
system

We briefly consider the effect of an asymmetry ¢ on the Born-Oppenheimer surfaces.
Representative potentials are plotted in fig. (4.15). Qualitatively, the effect of an
asymmetry in the @ < 1 domain is to skew the potentials and shift the minimum
of U_ toward Xy. When a > 1, one well becomes higher in energy than the other.
For any ¢, a bifurcation in o = 1 remains. It is easy to show that the two potentials
have the same extrema.

In the case a = 0o, the Born-Oppenheimer surfaces (for the uncoupled double
dot) become

Us/w =45+ %X(X +2,/2¢) (4.78)

which are two intersecting parabola, with extrema in +/2g and —§/v/2g. The
energies in the wells are

Ui(-v29) = —g) w U-(+v29) = (-6 —g) w (4.79)

and at the top of the barrier, the point of intersection between the parabola,

PR
Usl ) = 3 @ (4.80)
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In this point, the energy of the dimer displacement exactly balances the ’displace-
ment energy’ of the electron, as the electron is with unequal probability on the two
sites, which correspond to different onsite energies.

We note that the parabola are similar to Marcus parabola [45]. At § = 2gw,
the intersection of the parabola occurs in the minimum of the 'upper’ parabola,
which therefore becomes an unstable configuration of the system.

Comparing the o = oo results to the analysis for the symmetrical system, we
expect that the minima of U_ for § > 0 approach £+/2¢ for « increasing above 1.
For « decreasing below 1, one would expect that the single minimum approaches

\;Tég' The crossover in a = 1 should be continuous, with the global minimum

evolving from JT‘Z to v/2¢g when « is increased in an interval around 1. Numerical
explorations using Mathematica indicate that this is what happens, and that the
width of the crossover interval is an increasing function of §.

For the purposes of transport with polaron states, we do not need to consider
the asymmetric potentials in further detail. The important thing to consider is
whether the well states hybridize into delocalized polarons, ie. if the ratio dw/t is
small or large.

4.7 Polaron states

4.7.1 Selftrapping and polaronic excited states

The exponential dependence of ¢, indicates polaronic selftrapping. The more lo-
calized the electron becomes, the more trapped it gets, because the dimer ’tilts’
accordingly, and the electron must drag the displacement along with it in order
to move between the sites. This happens for eigenstates below the semiclassical
barrier, as the energy spacings approach 0 in a sudden manner for some o > 1.
The exponential decrease in g seems the same for all states except for a constant
translation in g. See fig.s (4.22), (4.23).

4.7.2 Localized polarons

We have claimed that in the polaronic regime, the ratio tf—“’ determines the extend
to which the polaron state becomes localized to one site. The effective tunneling
coupling is t, ~ e~29_ and the exponential dependence of t, on g should lead to
exponentially small § localizing the system.

Numerically, we find that when § is nonzero, the system ground state becomes
localized in the correlated regime for g larger than some value, gyo. This value
depends logarithmically on 0, as predicted. See fig.s (4.24), (4.25).

This also makes some sense of the plot (4.13). The parameter values correspond
to a polaronic state, and the entanglement peaks which are followed by a sharp
decrease in entanglement are the ones corresponding to a value of § much larger
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Figure 4.22: Polaronic degeneracies: at
a = 4, the 7 lower energy spacings 0F
between possible polaron pairs are plot-
ted. The ones plotted all decrease in a
similar manner, exponentially in ¢, and
near-degeneracies occur in points at some
constant spacing on the g axis.
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Figure 4.23: Polaronic degeneracies: at
g = 10, the 8 lower energy spacings 0F
are plotted. The lower 5 or 6 energy dif-
ferences approach 0 relatively sharply at
some « > 1, indicating that these states
become selftrapped polarons. The higher
energy differences only go to 0 gradually,
indicating that no polaronic selftrapping
occurs.

than €729 ~ 5 x 107°. Asymmetries smaller than this are insufficient to localize

the polaronic state.

Fig. (4.26) shows the a-dependence of (¢,) in the limit § > e=29. It looks like
d(0,)/da is discontinuous in @ = 1, which indeed it should become in the limit
e729/§ — 0. A small asymmetry now gives rise to a behaviour of (5,) analogous
to Sy in the large g limit when § = 0, see fig. (4.8).

4.7.3 Outlook

Now that we understand how polaron states come about in our model for a dimer,
we can consider the transport properties of a dimer transistor. When a polaron
state is present, the effective tunneling amplitude between the sites is strongly
reduced, and our initial assumptions of small I' and small v may be violated, as
tp, < I',~v. In these situations, transport is no longer sequential, as the molecule can
no longer be regarded as one isolated quantum system. However, it is still possible
to describe transport through a rate equations approach, if ¢, is small enough that
the coherence of the dimer is completely destroyed. The two incoherent limits lead
to different conductance properties of the molecule, as we shall see. In particular,
the current through an incoherent molecule in an asymmetric device geometry may

be highly nonlinear.
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Figure 4.24: In the ground state, (x) /xz
is plotted at 6 = 0.01. The small value of
0 is sufficient to localize the electron and
'tilt’ the dimer when the effective tunnel-
ing coupling is exponentially small. This
happens at approximately o > 1.5 and at
a sufficiently large g. The crossover in g
follows the exponential dependence of ¢,
on 2g. The crossover in « is also sharp.
A plot of (6,), not shown, is identical to
this one.
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a
Figure 4.26: The a-dependent, o-

independent maximum that (5,) ap-
proaches in the large g limit. Plotted for
g =25,6=0.01.
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Figure 4.25: In the ground state,
(6,) is plotted at « 5 for
9 =0.1,0.01,0.001,0.0001,0.00001,0.000001.
The value gyp of g where the electron
becomes lozalized depends logarithmi-
cally on 0. The maximum that (5,)
approaches in all cases is dependent on
«, approaching 1 when a — oc.



g=5, a=4, 06 = 0.5. The exact eigenener-
gies are -5.3125, -4.3523, -4.3494, -3.42809,
-3.3934, -2.6067. The symmetric com-
bination of the first and second excited
states is localized with probability 0.98.
Due to the choice of §, the two states
are close in energy, becoming degenerate
in the limit &« — o0o. This permits the
electron in either state to ’spread out’
over the two sites.
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Figure 4.27: The lower Born- Figure 4.28: Entanglement entropy for
Oppenheimer  potential surface at the first excited state with parameters as

in fig. (4.27) for the 'upper’ curve, and
with & = 0.51 for the 'lower’ curve. We
find that the state with §=0.5 exactly be-
comes entangled in the manner of self-
trapped polarons, even though the two
near-degenerate well states correspond to
different numbers of bosons. The oppo-
site well states |a, 1),|b,0), corresponding
to different phonon numbers, neverthe-
less hybridize into coherent superposition
states.




Chapter 5

Transport

5.1 Sequential transport

We are interested in current asymmetries that come about in devices where the
dimer is placed at unequal distances to the ’left’ and 'right’ electrodes, and ’skewed’
with respect to the gold surfaces. In terms of the tunneling rates, we focus on the
situation ' > I'E, TR < T'RP. This is the geometry in fig. (3.1). As a unit we
use

_orirk (5.1)
- L + TR :
When I'" = 'R then I" = ' = I'®. We define an asymmetric geometry:
'’ = 50r% (5.2)
FLa + FRa — FL() + FRb (53)

The ’skewed-ness’ of the geometry, which we will vary, is determined by, eg., ['f.
Given ' the other rates follow from the above equations:

rfb = 0.510 — 1fe rie = 13.005T — rfe LY = 12,4950 + TRe (5.4)

These are the values we use whenever we calculate for an asymmetric geometry in
the following. When T'%® = T'F? the geometry is 'unskewed’.

Sequential transport in the case § = 0 does not depend on the four rates
individually, but on the sums I'”; in this situation, the ’skewed’ geometry has no
effect. When the system becomes polaronic, the polaronic tunneling rates become
exponentially small, and sequential transport requires exponentially small I'7s,
tp < T'. Also, dissipation tends to localize the electron, an effect we disregard
for now by assuming t, > . We have assumed that relaxation to a thermal
distribution is ’instantaneous’, v > I'. Broadening of the steps on the IV is
considered thermal rather than a result of dissipation or tunneling broadening, ie.
kT > ~,T'. Finally, recall the condition v/w < m/2g for dissipative broadening
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to be insignificant even at T' = 0. Putting all these conditions together, sequential
transport with relaxation to thermal equilibrium distribution of states and thermal
broadening of the conductance peaks corresponds to t,, kT, wn/2g > v > T.

5.1.1 The large V limit

When the bias voltage is large, e|V| > kgT and the relevant energies, we can
understand the current in sequential transport just from the Master equation ex-
pression, including asymmetry effects. This is a good place to start. When V' = oo,
the Fermi functions in the expression for the current become 1 in the direction of
the current and 0 in the opposite direction. In the positive current direction, with
the electrons travelling from the 'right’ to the ’left’ electrode, the in-tunneling rates
become

Ly =T Wi (O [(filellio)?) = 77y Wiy =T (5.5)

0 f1 o
writing W;, for the Boltzmann weights of the ’empty’ initial states, and using that
M (section 3.3) is an orthonormal matrix with the row sum over f; equal to 1.
The sum over intitial states contains terms corresponding to an electron inserted
on o.
For out-tunnelings to the left, with the Boltzmann weights W;,,

Lof =T Wi, QI foleslin)?) = P27 Y Wi, (no)iy =T NZH (5.6)
i fo i1
with (ny);, the electron density on o for the 'filled’ eigenstate i;. Here,
1

N+ N =1 fd=0: M?:Nyzi (5.7)

The current I,,q, for large, positive V is

Imar _ THTH _ TR(IEONG + THNG)

= = 5.8
e I'fy +0f TR+ (DLaNg +TEPNG,) (58)
Let § = 0. Then, we recover the well-known expression
I rerk

e  2lR4TL
which is independent on the o index.

The factor of 2 between in-tunnelings and out-tunnelings comes about because
an electron can tunnel onto the dimer in two ways, via two localized site orbitals,
while an electron on the dimer only occupies the two sites with a total probability
of 1.

Now, if the direction of the large bias voltage is changed, the current becomes
the minimum current I,,;,, which is (—ZI,4,) with L, R interchanged. Therefore,

|Immw__FR—k2FLE[1 |
Iin ~ 2TR4TL ~ 197

(5.10)
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equal to 1 when I'* = ', In general, the current in an asymmetrical device with
0 = 0 is suppressed in one direction of the current with as much as a factor of 2.

For 6 > 0, the electron density is not generally symmetrically distributed on the
sites. The current may still be invariant under the substitution o — &, however,
which is the case if the geometry is unskewed, with T% = I'® for both 7. The
unskewed situation therefore gives rise to no asymmetry effects beyond a factor of
2 at most. Any degree of localization of the electronic state brought on by d does
not give rise to rectification, here.

Therefore, we move on to a device geometry with four different I'?, and a
level detuning §. We find that the ratio ]’?—WT is important, contrary to the usual
case where the large V' limit is temperature-independent. This happens because of
0-induced localization effects, which are dependent on T'. Two limit cases:

In one limit case, one of two conditions is fulfilled: either the lower ’filled’
eigenstates are delocalized, or ]?—WT > 1. The latter means that the Boltzmann
distribution of eigenstates makes irrellevant any degree of localization brought on
by 0. The large |V/| limit is as described above.

In the opposite limit, the relevant, lower eigenstates are localized, implying
% <& 1. The thermal distribution of states is with a high probability localized
to site b. We take eq. (5.8) as the starting point, assuming that the filled” dimer
thermal state (call it |T1) ) is completely localized, with (ng) = 0, (ny) = 1.
It follows that out-tunnelings occur only from site b, because the overlap matrix
elements (a n|T1) = 0 for all n. In-tunnelings, however, may occur from either site.
Actually, this may seem peculiar, because it means an electron entering on site a
relaxes to a state on site b in a limit where the states are effectively uncoupled by
a large energy difference between the localized site orbitals. This is a result of our
assumption that the system relaxes ’instantaneously’ to a thermal distribution.

Setting N9 = 0,N! =1, eq. (5.8) becomes:

Imaa: B FRFLb
e  TR4TLb

(5.11)

The expression contains no left/ right asymmetry factor of 2 as in eq. (5.9). Instead,
it resembles the current through a single dot.

In the opposite bias voltage direction, one acquires an expression similar to
this, except that L and R are interchanged. The ratio between the limits expresses
the asymmetry in the current:

Imaa) __TITM TEA TR TE(1+ 1)

I L S e

(5.12)

For ' = T’ this is 1, a symmetrical current. Since electronic localization
is to site b, the ratio between the ’left’ and 'right’ tunneling couplings to this site
determines the current asymmetry. From the expression, we see that if one of the
rates T is close to 0, or one of the two is much larger than the other one, |

mazx |
Imin
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becomes close to 0 or oo, a highly asymmetrical current. The inhibited direction
is the one where a small out-tunneling rate serves as a 'bottleneck’ for the current.

In an ’unskewed’ system, substituting I'’"” — I'"/2 in eq. (5.12), the expression
in eq. (5.10) is recovered. This confirms our earlier claim that localization effects
require the system to be ’skewed’ in order to affect the current.

5.1.2 Linear current

Another limit that can be broken down in a simple fashion is the limit of small
bias voltages. At temperatures sufficiently low that the ground and first excited
states of both charge states are clearly resolved, the linear conductance depends
only on the ground states of the ’empty’ and ’filled’ dimer, as well as device ge-
ometry. We define the ’linear current’ Al as the full height of the step on the IV
characteristic corresponding to current running via the ground states. We assume
kpT < w,E;, — Ep,. From the rate equations, we see that the current along the
first step for positive bias voltage has the value

AIL/2  (QulFe + Q™) (Q T + Q')
€ B QaFRa + QbFRb + QaFLa + QbFLb

(5.13)

where Q, = |(0p|c,|01)[>. The linear current transforms identically when L <> R
regardless of device geometry, and is therefore symmetrical in V. The linear current
becomes 0 if the electron is localized to one site o and just one of the corresponding
rates I'? = 0.

If § = 0, the absolute values of the matrix elements for a and b are equal, and
the small-bias current is

AlLj2 rrfQ,
e  'TL4TR 2

(5.14)

For any 0, if the geometry is 'unskewed’, when the substitution I'"” — T'7/2 is
performed in eq. (5.13), we get

A2 _ (Qu + Qb)g (5.15)

We now consider the dependence of the linear current on the model parameters,
ie. through the overlaps Q,, Qp. In the parameter regime where the ’filled’ ground
state corresponds to selftrapped polarons, the linear current is strongly reduced,
because the overlap between the polaronic state and the ’empty’ ground state is
exponentially small in g.

Expanding the ’filled’ ground state,

01) =3 vonlon) = 3 |o) @ (Y- vonln) ) (5.16)

o
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Figure 5.1: The linear current in the
double dot limit (¢=0), with §=0. With
circles, we have plotted e 9, the linear
current for a Poissonian spectral function.
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Figure 5.3: Linear entropy Sr in the
double dot limit (¢=0), with 6 = 0.
With circles, we have plotted 1 — e~ %9
for comparision. This establishes a con-
nection between linear current and lin-
ear entropy in the double dot limit:
S, =1—(AIp/el)?* in a symmetric de-
vice. Outside the limit, linear current
may measure entanglement if 6 = 0.
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the overlap with the ’empty’ ground state with an electron inserted on, say, site a,
is

(a0]01) = (a0] > |0) @ (Y- vonln)) = vao (5.17)

The linear current is therefore determined by 12, and vZ,. We considered these
probabilities in section 4.4. In the selftrapped polaron regime, they become expo-
nentially small and the sum /2, + 1/50 approximately equal to e 9.

The physics in this is that the ground state overlap becomes small when the
two ground states, ’empty’ and ’filled’, correspond to different configurations of
the dimer. From our work in previous sections, a ’filled’ ground state ’tilted’
configuration contains correlation between the electronic and bosonic degrees of
freedom. It follows that the linear current measures correlation. As previously
explained, either « sufficiently large, or sufficiently large § will push the system into
a correlated regime, and in either case, the linear current approaches a minimum,
(Qq + Qp)el’ /2= exp(—g)el'/2 (in the case of an 'unskewed’ geometry). When
g = 6, the linear current becomes vanishingly small. See fig. (5.1).

In the uncorrelated regime, the linear current becomes maximum: at § = 0,
Al;, — el when « — 0 or g — 0.

We plot the linear current in fig. (5.2). In fig. (5.3), we make a comparision to
linear entropy.

5.1.3 Diamond plots in the nonpolaronic regime

In fig.s (5.5), (5.6), we present diamond plots for sequential transport for § = 0,
g=1, kpT = 0.1w, and @ = 4 in a symmetrical and an asymmetrical geometry, for
comparision with the Cgp monomer diamond plots in [28], see section (1.8). The
new features for the dimer are that the sidebands are more complicated, and that
the diamond plots have lower symmetry. If « is too small, the sidebands become
weak compared to the linear conductance; we therefore plot for a quite large value
of & and a value of g that does not correspond to selftrapped polarons.

For the diamond plots presented here, when V, = V,, eV,./w = Ey, — Ep,,
the linear conductance is strong, corresponding to current running via the ground
states of the ’empty’ and ’filled” dimer. This is the peak in (V,, V)=(V,,0). Defining
AFEy, n = Ey, —FE,,, for nonzero bias voltages, current runs for points in the (V, V')
plane where j:% ~eVy — AEy, , £kgT. The diamond plots exhibit Coulomb
blockade and sidebands, corresponding to transitions involving excited states of
the ’empty’ and ’filled’ molecule. At the points where the sidebands meet the
Coulomb blockade area, the excitation energies may be read off at the V axis.

For Cgp, the ’empty’ and ’filled’ eigenstates were both harmonic oscillator
states, although the ’filled’ states were displaced by the electron-vibron coupling.
For the dimer, the ’empty’ eigenstates are harmonic oscillator states, but the "filled’
eigenstates are the more complicated, spin-boson-like eigenstates of H. For the rea-
sons given in section 1.8, this breaks the symmetry which exists in the monomer
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Figure 5.4: TV characteristics in sequential transport for the asymmetrical device
geometry, plotted for V, = Ey, — Ey, + dw/e, I'fe = 0, kgT = 0.05w. Other
parameter values are: (a): 6 =0, g = 0.5, @ = 0.5,1,1.25,1.5,2,3. (b): § = 0,
g=25 a=051,12515,23. (¢): 0 =0, a=1,¢g=0.5,1,2,510. (d): § =0,
a=3,¢9g=0.512510. (e): g=05, a=1,0=0,0.5,1,2,3. (f): g=5, a =3,
0 = 0.001,0.01,0.02,0.04,0.1.
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diamond plot around the V; = V. axis for the symmetrical device geometry.

The plot with T'® = I'" is symmetrical about the V' = 0 axis but not about
the V, = V. line, which is a result of the different overlaps between the two sets
of eigenstates. The difference it makes to the conductance if an adjustment of Vj
is positive or negative with respect to V. can be seen as a result of the dissimilar-
ity between making the number of electrons (N) on the dimer smaller or larger,
respectively, with respect to the equilibrium value Ny, which is determined by the
rates; Ny = % when I' = 'R, § = 0. When Vy is turned down from V., we have
(N) > Nj and the dimer is filled most of the time, and the excitation spectrum
of the filled dimer dominate the IV curves, in the sense that the strong sidebands
correspond to the energy differences AE;, .

Similarly, when Vj is turned up from V., the excitations of the empty dimer
dominate the current with strong sidebands corresponding to the energy differences
AEy .

When the system is not symmetric, the symmetry around V' = 0 is removed
as the sidebands become weaker in one direction than in the other, as described
in section 1.8. For V < 0 the lines we see correspond to transitions involving
excited states of the ’empty’ molecule, equally spaced harmonic oscillator states.
For V' > 0 we see lines corresponding to transitions involving excited states of the
filled’ molecule. This is all for 'right’ tunnelings suppressed. This makes sense,
because when I'* > I'f and V' < 0 the molecule will be ’empty’ most of the time,
and when V' > 0 the molecule will be ’filled’ most of the time.

5.1.4 Diamond plots in the polaronic regime when 6 = 0

When ¢ = 0, the parameters «, g determine if and to what extend the ground state
and the lower excited states are polaronic. Just as the linear current is inhibited by
a polaronic state, so is the current through the ’filled’ excited states inhibited when
these states are polaronic. In the polaronic parameter regime, this results in an
apparent gap in the diamond plots, separating the 'upper’ and 'lower’ diamonds.
At V, = V. there exists an interval in bias voltage around V' = 0 where the current
is very nearly blocked, because the differential conductance is exponentially small.
See fig. (5.7).

We stress that in this parameter regime, the effective tunneling coupling be-
tween the polaronic states is exponentially small, and so sequential transport re-
quires that the rates I'"” are exponentially small, too. Also, 4 must be expo-
nentially small, because dissipation localizes the electron when « > ¢,. These
assumptions may become unrealistic quite fast as we move into the polaronic pa-
rameter regime.
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Figure 5.5: Sequential transport, with ¢ = 1, = 4, § = 0, kgT = 0.1w. The
device geometry is symmetrical with all I'? = %F.
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Figure 5.7: Sequential transport, with ¢ =5, « = 2, 6 = 0, kgT = 0.lw. The
device geometry is asymmetrical and 'skewed’, with I'%® = 0.
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Figure 5.8: Sequential transport, with g =5, « =2, 0 = 0.5, kT = 0.1w. Device
geometry is asymmetrical and ’skewed’, with I'#¢ = 0.
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5.1.5 Diamond plots in the polaronic regime with § > 0

For § # 0, the competition between dw and kpT is important in the correlated
regimes, and so is the 'skewed’ geometry. As before, we must have I', v < t,,.

As t, becomes exponentially small, the ratio ‘i—“’ becomes exponentially large,
and the low-energy ’filled’ eigenstates becomes higflly site-localized states. If fur-
thermore % < 1, the states localized to site b remain much more probable than
the others. In an asymmetrical device geometry, this leads to a highly asymmet-
rical current due to the condition 4 > T'? as previously explained. Fig. (5.4
(f)) shows how rectification sets in when ¢ is varied at a fixed temperature. Fig.
(5.8) shows a diamond plot with some rectification effect, but here § = % exactly,
a somewhat artificial situation to consider, because here the high energy localized
site orbital is close to resonance with the low energy site with one phonon added.
This is the situation depicted in fig.s (4.27) and (4.28). Rectification here is a
result of @ < oo, because if « is increased, the difference in energy between the two
near-degenerate states approach 0, and we are in the delocalized situation again
with no rectification effect.

The situations described above lead to rectification, but not to NDC. Recti-
fication comes about because the Franck-Condon overlap factors connecting the
different dimer configurations become small, but there is no ’blocking’ effect of the
sort described in our ’toy model’, where the occupation of a localized, effective
single-dot state could block the current through another, effective single-dot state.
In the current model for the current, however, the ’filled’ states remain coherent
states of the entire molecule, in spite of being highly localized. The states that
become available when bias voltage is turned up in the inhibited direction all con-
tribute to the current by a positive differential conductance. For this reason, the
physics described here cannot lead to NDC.

For a < 1 and large 4, small T, near-rectification is possible, because the 'filled’
ground state becomes a ’tilted’ configuration. See fig. (5.4 (e)).

In a real system, at very large V', the bias voltage should act as a temperature in
'smearing’ the electron states, an effect that our model does not take into account.
This could restore the current in the large (-V') limit. Then, the rectification
described in the above would be a phenomenon associated with moderate bias
voltages, only.

5.2 Transport in an incoherent double dot

In the previous section, the polaronic effects we considered required exponentially
small v and I'"s. Here, we still assume v > I, but now, the limit that we consider
is tp, I'""” < 4, which becomes more realistic in the polaronic domain and gives rise
to new effects. In the limit, the strong dissipation localizes the electron, because
the coupling to the dissipative environment is through the boson coordinate, z,
which in turns couples to &,. This destroys the phase coherence of the electron,
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reducing pg. Hopping on the dimer therefore becomes small, hence the current
can be modelled from a Master equation approach for the double dot, an approach
that neglects the off-diagonal terms in the electron density matrix. A similar effect
would result if I" > t,,, because then a polaronic state is no longer resolved on the
time scale defined by I'. Either way, the physical picture is changed, because now
the electron enters into a site-localized polaronic state and is not ’smeared out’
into a delocalized polaron, ie. into a combination of the near-degenerate polaron
states. The electron therefore leaves the molecule from the polaronic state that it
entered into.

Of course, this polaronic state is probably not 100 % localized. Therefore, the
electron can in fact leave the dimer from the site orbital opposite to the one it
entered into. The probability for this is determined only by diagonal terms in the
electron density matrix.

5.2.1 Completely localized polarons

A ’quick and dirty’” approach to calculating diamond plots is to set the polaronic
tunneling coupling ¢, equal to 0 corresponding to completely localized polarons (or,
in terms of IV curves, vanishing linear conductance). This is realistic for g > 5,
«a > 4. The rate equations for the uncoupled double dot:

P,
= O—Zr P, + TP, — (T8 + TV P (5.18)
= = ZI‘ ~ TP, (5.19)

dP
==1t= Zr (5.20)
1= Po + P, + P, (5.21)

Here, P, is the probability for the dimer being empty, and F;, i = a, b, the prob-
abilities for the dimer being occupied with the electron localized to site i. The
Master equations insure that an electron on the dimer can leave from the site that
it entered, only.

Solving for the steady state probabilities, and defining the current positive for
electrons hopping from ’right’ to ’left’ in the device,

I
(—e)
we arrive at the following expression for the current:

o O'E g
I ZO’(F%U - FOLI E" Fi]?)
=h =T (5.23)
e) 1+ Za En I"17?’

= Py(Tf§ + T10) — (PR + BTEY) (5.22)
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For § = 0 we use the usual rates I'l{, ['/7 in the Master equations. The rates
depend on energies which are now correct within an error of ¢,, an error that we
ignore. The overlap matrix elements in the rates are of course calculated for the
delocalized states, whereas they should be calculated for the localized combinations
V. However, when the electronic densities on the sites are equal in the eigenstates
VU, (due to § = 0), and ¥ are completely localized, the result for the rates is the
same.

In our highly asymmetrical device geometry, this calculation leads to diamond
plots with rectification and NDC. In fig. (5.12) we show the diamond plot in the
special case of I'®¢ = (. The condition I'®® = 0 prevents out-tunneling to the
'right’ for an electron entering on site a from the ’left’. The condition that only
one electron may occupy the dimer at one time means no current can run during
the time intervals the electron is stuck on site a, but then the electron may escape
the way it came in; if it cannot, the current is blocked, which happens for negative
V. Some current does run at small enough bias voltage due to thermal excitation
of the system, which allows an electron on site a to tunnel out 'uphill’, against the
bias voltage; the system is blocked only during finite periods of time, and current
can run through the device via the b site the rest of the time. It follows that
nonzero current at small bias voltage requires 7' > 0, and we must in fact have
kgT > (=V). When (—V) is increased beyond kT, thermal excitations can no
longer free a trapped electron. This gives rise to NDC, because the current at large
(=V) is identically 0. A further requirement for all this is V,;, > 0, because positive
gate voltages stabilize the 'empty’ state, while a V;, < 0 stabilizes the 'blocking’
state.

Now, we briefly consider the case 0 < T'®* < T'®, Current runs in the inhibited
direction for all |V|, but the rate T'®¢ is the bottleneck that the current must
pass through, and for large |V| the current approaches a plateau value that is
approximately proportional to I'®®. NDC occurs when the plateau value is closer
to 0 than the small-bias current. NDC dies out when ['?® — TR0 See fig. (5.9)
for a plot of this and for some other illustrative plots. The dependencies of NDC
on temperature and gate voltage are plotted in fig.s (5.10) and (5.11).

The above, rough treatment shows that rectification and NDC come about in
our model for a dimer molecule in an extreme polaronic limit for an asymmetric
device geometry. It happens as a result of a polaronic state that effectively destroys
the coherence of the molecule on the time scale of either the lead tunnelings I'”
or the dissipation 4. The simple calculation leads to the highly nonlinear current
effects described by Pasupathy et al.

5.2.2 Near-localized polarons

In reality, ¢, is nonzero, and as a result, the polaron states are not completely
localized. Still in the incoherent limit, we improve our results by taking the de-
localization of ¥4 into account. For the relevant parameter values, the lowest
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geometry with TR = 0, at ¢ =5, a = 2, § = 0, kgT = 0.3w, at gate voltages
Vy = Ve, Ve £3w/e In (b), the large NDC peak is for positive (V, — V¢). In (c), ['E2
is varied for the double dot, I'¢/T" = 0,0.025, 0.050,0.075,0.100. We see that the
plateu values the current approaches in the inhibited direction is approximately
proportional to the ’bottleneck’ I'®® when I'%* <« T'R? and that NDC disappears
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Figure 5.10: NDC measured as the min- Figure 5.11: NDC measured as in fig.
imum value of the current, I;,, with (5.10), with ¢ = 5, § = 0. The 3
g=25,0=0,eV, =eV.+ 10w, at a=2, upper lines, from the bottom: o = 2,
4, the lower curve corresponding to the kgT/w = 0.1,0.3,0.5. ’Slash-dot’ line:
larger value of . T = 0.5, « = 4. NDC increases with tem-
perature, decreases with increasing «.

polaron states are about 0.90-0.95 localized, so delocalization of the polaron states
is an important effect. The picture is that an electron tunneling into the polaronic
state on, say, site a, near-localized with some probability P,, leaves the dimer with
probability P,I'® from site a and probability (1-P,)I'® from site b. On the other
hand, an electron entering a nonpolaronic state is assumed completely delocal-
ized, P, = P, = % The current is calculated from an equation like (5.23), but
with modified rates. For the calculation, we assume ¢ = 0. In the case of small
0 that are nevertheless sufficient to turn the system into a double dot, meaning
w > dw > t,, the exact polaron states are nearly completely localized, and the
calculation should use not the ¥ states, but the exact ones. For such §, we know
from previous sections that the effect is to effectively decouple the system. Thus,
we are in the situation described in the previous section, where the polarons are
completely localized. For larger §, we could easily do a calculation along the lines
of the one presented here, but we expect that no real new physics would emerge.

We reiterate that the calculation we perform, although it takes account of the
degree of delocalization of the polaron states, is an incoherent one, correct in the
limit ¢, /4 — 0 when ~ > I'7.

Given values of the parameters g and o, let n, denote the corresponding number
of pairs of polaron states. We define new states from our ’exact’ eigenstates as

1
V2

and denote these states |a,), |by), corresponding to the sites a and b for the local-
ized polaron states. In an earlier section, we referred to the two lowest polaron

(|Wo,) & [Wa, ) (5.24)
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states as |W4). For the high energy, delocalized states, |a,) ~ |b,), and when an
electron tunnels into one of them, it is assumed to end up in either polaron state
(ie., to fall into one of the semiclassical wells) with equal probability. This assump-
tion is not entirely in accordance with reality, see [50] p.93, but the high-energy
states only contribution to the current at high voltages, anyway, and at too high
voltages our approach is not realistic to begin with. In particular, our assumption
of relaxation to a thermal equilibrium distribution is only justifiable at not too
large bias voltages.
The rate for tunneling into the polaron state a is

P _ Z Z S e lio) Pe™ "o nh(eVy + Epor — Byy) (5.25)

ZO’fl

The sum variable ff ” runs over the polaron states |a,) and the delocalized, ’exact’
filled’ eigenstates above these states in energy. The energy Efilp does not corre-
spond to an energy eigenstate, so we use one of the exact energies and accept an
error on the energy of order %,.

The rate for tunneling into the polaron state b is a similar expression to the
one above, with a, replaced by b,.

The rate for tunneling out from the polaron state a is

LG = Z Z (oleg i) 2e P55 (1 = nh(eVy + By = By))  (5:26)
1 0

and similarly for b,. The sum variables and polaronic energies are defined as above.

The current, similar to our earlier Master equation expression for an uncoupled
double dot:

1 %, (Tirly - rfyriy) /rg, 50
(—e) 1+ ZT (I'To/T61) .
where I'" =37, p "' with 7 € {ap, b,}.

In fig.s (5.13) and (5.14) we calculate diamond plots for the parameter values
in fig.s (4.17) and (4.18). The IV curves (fig. (5.15)) show rectification and NDC
in an asymmetrical and ’skewed’ device geometry, as one polaron state may block
the current through the other, more strongly coupled polaron state, in one current
direction. Now, however, some current runs in the inhibited direction even when
I'®e = (. The more localized the polaron states are, the smaller is this ’residual’
current.

5.3 Transport in a coherent double dot

We have seen that the time scales defined by I" and -+ are in competition with an
internal time scale of the molecule, ), in determining the transport properties of
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Figure 5.12: Differential conductance in the double dot with localized polaron
states, with ¢ =5, a =4, 6 =0, kgT = 0.1w. The tunneling coupling that has
been neglected is semiclassically ¢, ~ 0.001lw. The device geometry is asymmetrical
and ’skewed’, T®% = (. The combination of t, — 0, I'Re = 0, and completely
localized polarons, leads to I identically 0 for large (—V).
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Figure 5.13: Differential conductance in the double dot with near-localized polaron
states, with g =5, a =2, 0 =0, kT = 0.1w. The polaronic localization is 0.91,
and the energy spacing between the polaron states is 0.01 w. The device geometry
is asymmetrical and ’skewed’, I'"® = 0. Not all current is blocked in the negative
bias direction due to the nonperfect localization of the polaron states.



CHAPTER 5. TRANSPORT 92

0.12
4
{10.08
2
0.06
eV/iw o
-2 0.02
-4
& -0.02

eVg/w

o

Figure 5.14: Differential conductance in the double dot with near-localized polaron
states, with g =5, a =4, 0 =0, kT = 0.1w. The polaronic localization is 0.98,
and the energy spacing between the polaron states is less than 0.001 w. The device
geometry is asymmetrical and 'skewed’, T'* = 0. Most of the current is blocked in
the negative bias direction due to strong localization of the polaron states. NDC
is similarly strong.
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Figure 5.15: IV characteristics with incoherent transport through polaron states.
The plateau value at negative V is a result of the delocalization of the polaron
states. Plotted for V, = V. + 3w/e, T®% = 0, kT = 03w, § =0, g =5, a = 1,
2 (’slash-dot’ lines), 3, 4, 5 (lines). For increasing «, the polaron state becomes
increasingly localized, and the plateau value approaches 0. In the same limit,
the NDC effect becomes small. The o« = 1 line is nonpolaronic, but included to
illustrate the limit case; it is the line that does not approach a small value, because
the ground state current is through a delocalized state.
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a dimer device. We have analyzed the current in the incoherent double dot case,
tp, <I'"? <~ <kpT < w, and in sequential transport, w > kgT > t, > v > I,
both with relaxation to a thermal distribution of eigenstates. In the case v < T,
the vibron distribution is not a thermal equilibrium distribution and should in
general be determined. In any case, neither of the limit cases considered above is
completely realistic. A general treatment should treat the entire quantum system of
molecule and leads as one coherent system. Here, we analyze the crossover between
the limit cases, restricting ourselves to a simplified system with just two levels in
the limit of large bias voltages. The vibron states are implied in the parameter
tp but not explicitly included. Also, there is no dissipation. The limits above,
therefore, are t, < I'” and t, > I'". When t, = I'" the electrodes induce a
coupling between the near-degenerate polaron states, and electronic nondiagonal
density matrix elements influence the current. The level asymmetry enters the
equations as a detuning A between the two molecular states.

This approach will not yield any insight into NDC, which is a low bias voltage
phenomenon, but it will allow us to check the rectification effects at large bias
voltages.

We treat the two level problem by a Generalized Master Equation (GME)
approach following the work of Gurvitz et al. [64]. In GME theory, the rate
equations are replaced by a Liouvillian equation of motion for the density matrix
for the molecule,

i0yp = [H, p] (t for time) (5.28)

The rates of change for the diagonal elements are the Master Equations with addi-
tional terms for transitions between states of the system. The GME include rates
of change for the off-diagonal matrix elements, all in all N? coupled equations for
a N-state system.

In this approach for calculating resonant tunneling, voltage is assumed much
larger than the temperature and the difference in energy between the resonant
states. This means that effectively, electrons tunnel on to the double dot only from
the 'right’ and leave the double dot only to the ’left’. The tunneling processes are
all first order in the rates I'", and the approach therefore requires that these rates
are nonvanishing: if one of them were much smaller than all other energies, then
second order tunnelings not included in the treatment would become important.

It is furthermore assumed that the density of states in the electrodes is contin-
uous.

For a double dot with one level in each dot, the GME, following the general
solution of [64], has been written down in [65] in the case where each dot couple
to one electrode only. Here, we do the same thing, except that we allow in- and
out-tunnelings to take place on both of the parts of the double dot. This gives us
four coupled equations for the double dot density matrix elements:

atpaa = FRapg — FLapaa + itp(pba — pab) (529)

=" Fprbb - Z-tp(pba - pab) (530)

Ot Pvp po —
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1 . .

OtPap = (—E(FL“ + T8 4 iA) pap + ity (o — Paa) (5.31)
1 _ .

O Ppa = (—5(1““ + T —iA) ppa — ity (p6b — Paa) (5.32)

Here, a, b are the double dot states, and py = 1 — paa — ppp is the probability
that the double dot is unoccupied. The I'"” are the rates for tunneling between
the electrodes and the site orbitals, A is the level asymmetry, and ¢, is the rate
for coherent tunneling on the double dot, which we think of as a renormalized
tunneling rate due to a phonon environment. Therefore, ¢, may be comparable to
the I' or smaller.

The diagonal terms were explained above. The off-diagonal terms contains
the out-tunneling rates weighted by %, because a delocalized state is with equal
probability on the two sites. The tunneling between the delocalized states depends
on the difference in occupation probability of the sites.

The equations above rewritten as a matrix equation:

op _
— =Mp+C 5.33
5t p+ (5.33)
where
Paa 8tpaa
_ Pbb dp OtPbb
p Pab ot tPab ( )
Pba O Pba
and
—I'Ra _1la —Ika —it, ity
M= —TRb IR _7Lb ity —ity,
- —it it —3(rte 4 T 4+ 4A 0
P P 2
ity —it, 0 —1(PLe + TP — A
(5.35)
and
FRa
B FRb
c=|", (5.36)
0

The stationary solution py; is the solution p to (5.33) when % =0:

pst = —M~1C (5.37)

We invert M using Mathematica and solve for pg. The solution for the diagonal
density matrix elements:
442TRTL 4 TReIb(4A2 4 TL?)

_ 5 (5.38)
4t;,2)FL(2FR+FL) + (FRbFLa + (FRa +FLa)FLb) (4A2 —I—FL )

Paa
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42TRTL 4 TRTLa(4A2 4 TL?) (5.39)
Pob = .
4t12)FL(2FR + FL) + (FRbFLa + (FRa + FLa)FLb) (4A2 + FL2)

The current depends only on the diagonal elements of the density matrix:

I

o paal™® + ppp T (5.40)
This is
I PR(44208% 4 TLartb(4A% 4 T%) (5.41)
(=€) 42PL(2DR 4 L) 4 (DRODLe 4 (DRe 4 PLo)PLE) (4A2 4 TE%)
We define
o
X?] - 4A2 + FnZ (542)
All dependence of I on t, and A is contained in xr:
_ FRFL XLFL + FLaFLb/FL (5 43)
(—¢) (DL 4 20 R)y TL 4 Thellb(1 + L7224 L) '

2
First we consider the case A =0, ie. x1 = %. When 7, is large, meaning the
on-dimer tunneling is fast compared to the out-tunneling rates, the current reduces
to the sequential transport result,

I  TErE
(—e) T'L42rE

(5.44)

which is independent of ¢,.

The same expression results for any y, if one of the out-tunneling rates ' is
0. This is an artifact of the model, which requires that none of the tunneling rates
vanish, as explained above.

In the opposite limit, xyr — 0, tunneling on the dimer does not have the
time to occur during the short dwell time. Assuming that neither T'7 > I'Eb or
' > TRe we are once again in the situation where the electron must leave the
dimer from the site that it entered. When xr = 0 the current becomes

I rk
— = (5.45)

Ra Rb
—¢ (14t + 15)

which is in fact the large V limit of the double dot expression, eq. (5.23). The
current is maximum when out-tunneling is instantaneous (infinite T'/?), because
the out-tunneling rates are the bottleneck that makes the current smaller than it’s
maximum value given by the in-tunneling rate I'F.

Returning to the current (5.43), the large bias current in the opposite bias
voltage direction is a similar expression with L and R interchanged. With I_,
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denoting the current (5.43), and I, the opposite direction current, we express the
current asymmetry as |I._/I_|. In the case A = 0, we use Mathematica to expand
I /I, to second order in t, and implement the condition 'l > R Re o DRb
by throwing out terms, and then arrive at

I, TIirRe  Dl4g2
|Z| ~ DLaTR + TLaTR2

(5.46)

When t,, is smaller than the rates, the small rate I'Re determines the ratio between
the currents, serving as a ’bottleneck’ in the ’backwards’ current direction and
giving rise to rectification. When ¢, is larger and the t?) term dominant, the current
ratio is determined by t,/T'%, with ¢, < T® causing rectification.

. 4t2 4¢2 .
Now, we let A > 0. This corresponds to the replacement F—}fz — m in

the above equation. When %, is already small, the asymmetry makes no difference,
but for larger t,, A works with T'® against ¢,, making the system more rectifying
than it otherwise would be.

Finally, consider the case where I'? is small but A > tp. This also turns the
system into a double dot with I'®? serving as the ’bottleneck’, which makes sense,
because the large detuning prevents tunneling between the sites.

All this argues for the validity of our diamond plots in the appropriate limits.
It also shows that the asymmetry A plays a role alongside the out-tunneling rates,
through the parameter x;,, in inhibiting tunneling on the dot and increase the
probability that an electron leaves from the polaronic state that it entered into.
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Comparision with reality

In the Cyy9 experiments of Pasupathy et al., the interesting mode was at w=11
meV, and the corresponding g-factors were between 1 and 5, assuming a Poissonian
distribution for the stepheights on the IV characteristics. The mass of Cyg is
approximately 980 atomic mass units, and the distance between the electrodes was
about 1 nm. Realistic values for tunneling and dissipation are I' = peV and y=w,
corresponding to a Q-factor of 1. This violates the condition v/w < 7/2¢g for the
values of g of our interest, which means there should be some dissipative broadening
of the steps in the experiments. Temperatures were less than 0.2 meV ~ 0.02 w,
indicating that step-broadening was dissipative rather than thermal.

The values w = 11 meV = 1.762 x1072! J, the reduced mass of the dimer
(corresponding to an intercage oscillation) % =490x1.66 x 10727 kg, and g = 5,
leads to A = 2.00 x 107? J/m and [y = 2.79 x 10712 m. Estimating X theoretically
is tricky, because it may depend strongly on the geometry of the device: the dimer
has a length comparable to the distance between the electrodes, and is orientated in
an unknown manner, hence an electron on the dimer could be situated essentially
anywhere within the constriction. Furthermore, the distance between the electron
sites may be comparable to the constriction length. The site orbitals are of an
unknown geometry: they may be highly ’smeared out’ on the respective 'balls’, or
they may be localized, perhaps to the doble bonds at separation 1.5 A, or to the
opposite ends of the dimer at separation 10-15 A. Clearly, this is a mess, but the
possibility that the distance between an electrode and a localized orbital on the
dimer is small could account for the strong electron-vibron interaction and observed
polaron effects. From the Hamiltonian, A’ = Aly/+/2 is the change in energy of the
system when the electron is moved a distance [ in the potential of the electrodes.
A simple calculation for the corresponding change in Coulomb energy between an
electron and one mirror charge in the nearest electrode, when the experimental
values are inserted, leads to an electron-electrode distance of 0.5 nm. This at least
confirms the energy scale.

97
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6.1 Tightbinding model for the dimer

In our model for a dimer device, the electron hopping energy ¢ is the overlap of
two hybridizing orbitals of the Crps. The ground state of charge-neutral Ciyg is
a closed shell configuration, which does not allow charge to move about on the
molecule. The obvious candidates for the ’filled’ charge state are the ions Cph
and Cﬂlo (the positive ion corresponding to hole, rather than electron transport).
The main contributions would then be expected to be from the Ci49 LUMO and
HOMO, respectively. More realistically, several levels of the Crgs hybridize, giving
rise to an effective hopping energy for the ’filled’ state (whatever charge number
that may correspond to). To estimate ¢, we calculate a spectrum for Cy49 within a
tightbinding model:

We take the 2sp? orbitals as fixed and calculate the spectrum of the 2p, elec-
trons, one for each C atom, each in the direction normal to the ’surface’ of the "ball’
to which it is attached. For simplicity, we allow only nearest neighbour hopping
and assume that the hopping energies are all the same constant ¢; on the ’balls’,
neglecting the different band lengths in C7p. On the other hand, we do take into
account that the hopping across the double bonds connecting the ’balls’ is probably
a different energy to, a parameter that we vary.

The tightbinding Hamiltonian:

2

H=tY Y (C],Cj,+ Cj,goi,g) + 1y Z(C},acj,b + Cj,bcj,a) (6.1)
7 [i] =1

The sites are labeled by (j,0), where o € {a,b} denotes the ’ball’ and j € [1,70]
denotes the site on the ’ball’. The sites that connect the ’balls’ are (1,a) to (1,b),
and (2,a) to (2,b), the most symmetrical combination of the Cgs. The C}, oper-
ators are the annihilation operators for an electron on the corresponding site. The
sum Z[i,j] runs over all nearest neighbour pairs on a 'ball’ exactly once. Each site
has three nearest neighbours on the ’ball’. See fig.s (1.13), (1.14).

The Hamiltonian is diagonalized numerically. The spectrum is plotted in fig.
(6.1).

We find the obvious result that the spectrum of two uncoupled Crgs (ie., t2 = 0)
is doubly degenerate, with energies identical to the energies of the Cyg tightbinding
spectrum, which we have calculated as a check. The shape of Cyy is an elongated
football’, a feature that seems to accumulate charge near the ’equator’ of the
molecule, by our calculations for the charge densities on the sites (not plotted).

For t1, the overlap of two 2p, orbitals at 1.5 A separation can of course be
calculated, but we fix our energy unit by assuming that [36] is correct in the value
of 1.23 eV for the C7g HOMO-LUMO gap. Our tightbinding calculations result in
the value of 0.5293 ¢; for the C;p HOMO-LUMO gap (and similarly, for the Cy49
HOMO-LUMO gap when ty = 0). This yields t; = 1.23 eV / 0.5293 = 2.32 eV. The
ionization energy of Crq is the maximum energy in the spectrum minus the HOMO
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level energy; we get (2.7321 + 0.5293) t; = 7.57 eV ~ 7.6 €V, the value given in
[32]. For the LUMO energy we get 0, corresponding to a closed shell configuration.
For Cy49, varying t9, we find that the splitups of the LUMO, the HOMO and the
degenerate levels below become as much as 0.15 ¢y, 0.35 ¢1, 0.08 ¢; and some smaller
values, respectively; see fig. (6.2). In degenerate states, find that the electron is
sometimes localized to one of the parts of the dimer. When degeneracies are lifted,
this does not happen due to the symmetry of the dimer molecule. According to
[36], the HOMO-LUMO gap is reduced from 1.23 €V to 0.96 €V in the dimer. In
fig. (6.2), 0.96 eV ~ 0.4131 ¢; for the value of the HOMO-LUMO gap, and we read
off the plot that the gap reduction corresponds to t2/t; = 0.9. At to = 0.9¢; the
maximum values for the splitups are not quite reached, but still sufficiently large
that a half-energy splitting of 50 meV or even more seems realistic as a value for ¢.
For polaron states to be present in our model with ¢ = 5, we must have at
least a =~ 2. With w = 11 meV, this corresponds to ¢ = Zyag = 55 meV. This is
consistent with the Crg hybridization energies from the tightbinding calculation.

6.2 Final words

A paper by Karsten Flensberg and myself describing transport in a dimer with
polaron states has been submitted to Physical Review B, and may be found at
http://arxiv.org/abs/cond-mat/0411173. A poster, presented at ADMOL 2004, is
included in the appendix.



Appendix A

Exact calculations of expectation
values

We relate here the expectation values of operators to the realvalued eigenstate
coefficients vy, .
The probability that the electron is on site o is

Poo = (o) = (Cgca> = ZV:;nVan = Zl/gn (A1)
n n
because the v,, = v}, . Easy calculation yields

(62) = 2paa — 1 (A.2)

The probability that the system is in a bonding (7 = +) or antibonding (7 = —)
state is

1 ) . N 1 )
(ny) = 5(1 + sign(7) Z(Vanl/(m + Uy Van)) = 3 + sign(7) Z VanVon (A.3)
n n

The electronic hybridization in the state is described by

<a'm> = 2,Oab = (Clcb + czca> =2 Z VanVbn = <n+> - <’I7,,> (A4)

The expectation value of the operator a in some eigenstate is

(a) = (ZV:n<Un|) -a(z l/g'nf|a'n'>) =

o'n!

Z (l/m(an|) (meﬂvn + 1llon) = Z v+ Wepvent1  (AD)

on

As the v,y are all real,
(a) = (a”) (A.6)
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Hence,
(@) = <-{(al +a z Wi F Wontionst (A7)
For the momentum operator,
v =~ Al —a)) =0 (A-8)
The expectation value of the number of bosons in an eigenstate is
(No) = (aa) =D 0 |vgn|? (A.9)
on

Expectation values nonlinear in a, af include (22), (p?), determined by:
(et £a)?) = (aTal) + (aa) £ ((aa) + (aa®)) = (a'al) + (aa) £ (2(a’a) +1) (A.10)

The uncertainty in z, call it Az, expresses fluctuations:

(A:p)2 = (m2) - (:1:)2 (A.11)
(Az)? = 22 (Z(ZVn + 1V1 + 2WpnVon o + 2002, +1) Z 2vn + Wept1Ven) )
. (A.12)

Using (p) = 0,
(Ap)? = (p?) = 212 > (2 IVn + 2Wontonta — 202, 1) (A13)

0 on

The kinetic, vibrational energy of the molecule, Fy;,:

®?)

(Boivr) = 507 (A.14)
The site o correlation function:
(nyz) = 2— Z V1 + WenlVenit (A.15)
A better measure of correlation is
Cow = ﬁ(-aﬂ) - \/21_910 (ny — na)a) =
% Xn: M(Vbnl/bnﬂ — VanVan+1) (A.16)

Entanglement entropy and linear entropy are calculated from the reduced density
matrix for the electron:

Sy = —Tr[pelogype] (A.17)
S =1-Tr[p?] (A.18)
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A simplistic calculation for w

Let é; denote a unit vector pointing in the direction of the oscillations due to
the interaction with the electrodes; we assume that this direction is the same for
both parts of the dimer. The motions of a, b along the direction é; couple to the
number operators of the corresponding electron sites. The intercage mode is in
the direction of the dimer, call the unit vector é;. The device geometry is defined
by the angle 0y = 5 — v where v is the angle between é; and ;. When 6y = 0
the intercage vibration has no component in the é; direction. When 6y = 5 the
intercage vibration is along é;. The three oscillatory modes wq, wp, and wy give
rise to effective frequencies for the oscillations of the sites ¢ and b in the direction
é1. Oscillations in the direction orthogonal to é;, call it és, are of no importance
because they don’t couple to phonons.

The motion of the dimer along é; is resolved into two components: the ’tilting
coordinate’ x = x, — xp, and the 'cm coordinate’ y = z, + - In the following
derivation, we use the distance between the sites as the unit of length. The force
on site a is

— m ™ m

F, = —mw2z.é, — Ew?m;cos(g —0)é1 + Ew%mcos(@)ég (B.1)
The force on site b is
Fy = —mwizye; + %w?mlcos(g —0)e; — %w%mmos(@)ég (B.2)

The factor 3 is the reduced mass for the 'intercage’ oscillator.
The ’tilting’ force is the é; component of Fy, — Fy:

Fup = mnga — mngb + mw?zrsin() (B.3)

using cos(§ — 0)=sin(f). Here, x4, 3, z7, and € can all be expressed in terms of
z, y, and 6.

The displacement z follows from the law of cosines and solving a second degree
polynomium:

or = —14/1+ 2usin(6p) + 22 = 1+ (B.4)
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Figure B.1: Spring geometry
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For the angle 6,

sin(f) = %I;(lgo) (B.5)
We calculate zsin(6):
: _x+sin(fp) _ (s—1)
xrsin(f) = xlTx}O = (z+ sm(&ﬂ)m =
. 1
(z +sin(6o)) (1 - 1+ 2zsin(6y) + :1c2) (B-6)

In our chosen units,  is no larger than about ﬁ because the oscillator dis-
placement length is some picometers and the distance between the sites is a few
Angstrom. We now assume sin(fp) > |z| meaning we exclude the geometry where
the springs are in orthogonal directions. Then,

1 o1 2zsin(6y)

~ =1 — sin(0 B.7
VI + 2zsin(8o) + 22 2 wsin(fo) (B.7)

where we have let 2 — 0 and used the series expansion of the inverse square root.
The result is

2zsin ()

5 ~ xsin®(6y) (B.8)

zrsin(f) ~ (z + sin(6y))
The contribution to the ’tilting’ force is a spring force,
miwisin?(0)x (B.9)

The total ’tilting’ force in terms of coordinates z, y, and parameter y:

mi mi .
y(T(wg — wp)) + 95(7(“’1? +wj + 2wisin®(6p))) (B.10)
Since we don’t want to consider the y dependence, we assume wy = w,. Integrating

with respect to z, we end up with ’tilting energy’

1
EmwaQ (B.11)

where we have defined the effective frequency of the tilting mode as

w? = w? + wisin?f, (B.12)

Similarly, calculating the é; component of F, 4+ Fj, the cm motion of the molecule

corresponds to an energy
1
Emwng (B.13)

when w, = wy.



Appendix C

The 1solated electron

C.1 Diagonalization

Defining

z—%w K,=K+V1+K? K _=K-V1+K? (C.1)

the electronic Hamiltonian in basis of the ¢ operators can be written

He:t(_fl{ ;) (C.2)
The characteristic polynomium (variable E):
(E+ Kt)(E — Kt) — (—t)? (C.3)
The eigenvalues are the roots E4,

By =+t\/1+ K? (C.4)

The eigenvectors are denoted v(*) = (vgi),véi)) corresponding to E+ and are the

solutions to
(£)
N -Kt—F —t v
0= (He— E¢1)v(i) - ( » T Ki— B, ) ( %i) ) (C.5)

For vT the 'second row’ equation yields

E_
v = (K — T)u; = (K +V1+ K2 = K vy (C.6)

and v can be chosen as NL with some normalization N . Then, the normalization
+

condition (v;")? + (v5)% =1 leads to Ny = /1 + K2.
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By a similar calculation for v(~), the eigenvectors are

o1 1 K.

K _
RSP ) QS
1+k2 \ 1 1+ K2\ 1

C.2 Calculation of expectation values

(C.7)

First, localization in the electronic eigenstate v(*):

T
Ly 1 Ky 1 0 Ky \ Ki-1

For K_2|_ we use

K% =2K? +2KV1+ K2 +1 (C.9)
and get
6.) (2K% +2KV1 + K?) 1 K
g == = —
YT QK24+ 2KVI+ K2 +2 1+ (K2+KVI+K2) L K+ K
(C.10)

The denominator can be rewitten as
K+ K. '=V1+K? (C.11)
which follows from

KV1I+K=(K+V1I+K)V1+K2=KJV1+K?+ (1+K?) =

K(K+V1+K2)+1=KK; +1=K. (K +K;") (C.12)
Eq. (C.11) is aquired by dividing both sides by K .
Therefore,
(6:)e = —s (©13)
Ou)p = ——— .
z/+ 1 +K2
By a calculation similar to eq.s (C.8)-(C.10), for the state v(~):
K
5,)e = ————— C.14
- = TR (40
Note that
K—-+V1+K?2 K++V1+K?2 2K
K;1+K:1:( + K%+ (K+V1+K?) — oK

K-VITE)K+Vi+E) K -(1+KY)
(C.15)
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from which now follows,

K K

K+ (-K;'-2K) K+K;! (62} (C.16)

(62)-

The two eigenstates are to equal degree localized, but to opposite sites. Therefore,
regardless of the state, electronic localization is described by the absolute value

LY

NiEwe = sin(arctan(|K1)) (C.17)

(62)] =

Our hybridization measure, |(6;)|, can be derived from (3.28) by applying the
transformation to bonding/ antibonding states. Transforming He,

H, = w6, — t6, — —dwd, — 1o, (C.18)

we see that the Hamiltonian is transformed by interchanging dw and ¢ and then
changing the sign on ¢; in other words, K — —K~!'. From (3.28), it follows that
|(62)] is |(6,)] with K — —K ~!. The result is

(62)] = ——— = cos(arctan(|K])) (C.19)

V14 K?

which holds regardless of the state. This can also be derived in a manner analogous
to the calculation for |(6,)|. As before, we have a relation

(62)- = ()4 (C.20)



Appendix D

Weak interaction perturbation
theory

E,S% = nw — sign(p)tV'1 + K? (D.1)
is perturbed by
Vow(ng — m,)(aT +a)= \/gw&z(aT +a) (D.2)

and we assume the unperturbed spectrum is undegenerate.

There are no first order corrections to the energy, because eq. (D.2) contains
no diagonal part in the bosonic degree of freedom.

The second order corrections depend on the matrix elements:

(pnly/gwss(a® + a)lu'n') = \/gw(ulo:|u')(nl(a" + a)ln’) (D.-3)

The bosonic part of the matrix elements:

(n|(a" +a)|n') = Vnbp 1 + V0 + 161 (D.4)
The diagonal part of the electronic part has been derived in section (3.4):
(£]6:]4) = #(6)1 = £ ——— (0.5)
o =3(6,)4 =t—F—7=x .
z z/+ 1+ K2

For the offdiagonal part of the electronic part,

(Hul =) = —— 1 (K+>T(1 0>(K>: KiK_ 1
Ji+E2 ik T 0 —1 1 Ji+ K2\ 1+ K2
(D.6)

As
K. K =K?>-(14+K?*)=-1 (D.7)
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and because the expression (D.6) is symmetrical in +, -, we get

~ _ _2 f— _2 = _1
= \/1+[K3 YR 4 (KoK_)2 VIFARZH(I+K)[+1  VI+K?
(D.8)

where we used the definitions of Ky, K_.
The electronic part of the matrix elements is therefore

1 .
W(Slgn(u)lﬁm,w — 5ﬁ,ul) (Dg)

The second order corrections to the energies:

pe =y Memlyeeoel o)

D.10)
pin (0) (0) (
[/ n']# [ um] Bun = E
Summing over n’, this becomes
Z ng(sign(u)Kéu,w — (5[‘,“,)2‘
S~ 1+ K?
1 =psfi
( n n n+1 )
w + (sign(p') — sign(p))tv1l+ K2 —w + (sign(p') — sign(p))tv1 + K2
(D.11)
Summing over p', and using sign(fz)=-sign(u), this becomes
2
gw . n n+1
| G2+

9 n n+1
=D (w — 2sign(p)tv1 + K? * —w — 2sign(p)tvV1 + KZ)] (D-12)

The final result for the second order corrections to the energies:

—gw? [K? n n+1
By - N
w sign(p)2tvV1+ K2 —w  sign(p)2tvV1+ K2 + w

a1 4 K?
Now, we calculate the first order corrections to the nondegenerate eigenstates.

)} (D.13)

Let ¥,, denote the eigenstates, and the unperturbed states \11,(32 = |un).

) _ (u'n'|/gws.(al +a)lun) (o)
‘IIEWZ - Z E(U) . E(O) \Iju’n’ (D-14)
[/ n']#[un] pn '

When we insert matrix elements and energies as before, and sum over n', the
expression becomes:

gw .
S A g ) K s )

W
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l Vi e, . VoL s ]| )
(sign() = sign(u)tV1+ K> +w  (sign(p') - sign())tvl + K? —w (s 15)

Summing over p', we arrive at

Hy_ V9w | K (0) =T ¢
\IIELn) = \/ﬁ lSlgn(ﬂ)E(ﬁ \I]unfl —vn+1 \I!un+1) +

( Vvn ‘1’51(2—1 n vn+1 ‘1’510724-1 )
sign(p)2tvV1+ K2 —w  sign(p)2tv1 + K2 + w

(D.16)




Appendix E

Transformation to the ’tilted’
basis

We define a canonical transformation in the Hilbert space of the full Hamiltonian:

H=¢"He ¢ (E.1)
Here,
¢ = Vg(na —m)(a’ —a) = —ipl(ng — ny) (E.2)
with the momentum operator
p=——(af —a) (E3)
V2l
Unitarity of the transformation:
(€)= o€ — o=C = (e6)~! (E.4)

The Hamiltonian is transformed operator-wise: for all operators O in (4.1), we use
the Baker-Hausdorff formula:

0 =06 =0 +16,01+ 6 [ O+ GG IGO0+ (E)

For the transformed operator a,
€, a] = Vg(na —m)[(a’ = a),a] = =\/g(ng — ) (E.6)

where we used

[a,al] =1 (E.7)

From this follows
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and therefore all higher-order commutators are 0, too. Performing a similar calcu-
lation for a results in

a=a—+/g(ng —np) at =a' — \/g(ng —ny) (E.9)
For the transformed boson number operator,
Ny, =ala=a'a — \/g(ng —np)(al + a) + g(na — np)? (E.10)

and the transformed oscillator displacement operator is

F= Gt pa) = %((aT +a) = 2y/g(ng — nb)) =z —l(na—ny)  (E.11)

where we have used the definitions of X, [, .
For the transformed electron operator ¢,

(s cal = vg(a' = a) [(na — mp), cal = Vg(a' = a) [n4,ca] = —V/gla’ — a)ea (E.12)

where we used
Mg, Ca] = 0203 — caczca = —c, (E.13)

From this follows

G [G eall = [¢ = vg(a’ = a)ea] = —v/g(a’ = a)[¢,ca] = (=v/g(a’ —a))’cq (E-14)

The n’th order commutator is

€, [6 G all-] = (—v/Glat = ) (E.15)
The result for ¢, is
. 1 — et —
o= ca —/g(al —a)cq + E(\/g(a’f —a))lcy — - =e VI A, (E.16)
We define
A= e Vi) Al = evala’—a) (E.17)
Then, similar calculations for EL, Cp, 5;5 yield
Ca = CaA & =ch Al (E.18)
& = Al &d=ca (E.19)

The electron number operators transform identically:
Mg = & ¢y = clea ATA =y (E.20)
For the electronic hopping term,

ey = cle, Al &lea = clca A2 (E.21)
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Inserting the transformed operators in eq. (4.1) yields the transformed Hamiltonian
H:

Do (atat k- il —m)(a® +a) + glna — m)?)
+/G(ma —m) (0 = /G(na —mp) +a— /Gna — m))
—20 (A ey AT 4 g A2) + 0 (ng —mp) (E.22)
This is
g = ala+3 % (Al + cheaA?) + 68 (ng — np) + H,y
% _ (= va(na —m)(a’ +a) + g(ng —n)?)

+/9(na — np) (aT —V9(ng —np) +a — \/g(ng — nb)) (E.23)
Rewriting H,,,

By im0 — ma)(a + ) + glng — )2 + /G — 1) ((a' +a) = 2y/5(na — m))

w
= _g(na - nb)2 = —Q(le + nl% - 2nanb) = _g(na + nb) (E-24)

The result is

H 1 2
o= a‘a + 5 gN — Eg (020562\@(‘“_“) + chae_Q\/g(“T_a)) +0 (ng —np) (E.25)



Appendix F

Polaronic hopping matrix
elements

F.1 n-diagonal matrix elements

We want to calculate

(on|H!|o'n) = (on| — t(c};cbeQ\/g(aT_a) + chae_z\/g(aT_a)ﬂa'n) (F.1)
Using R
. XJ
X

J
we have, for the bosonic part of the first term in (F.1),
=1

(n|e2VI@ D |n) = (] (32

=0

(28) @P) (T 5 (2v8) Y 3)
k=0 """

j!

Due to orthogonality of the boson eigenstates, the only nonzero contributions are
from terms with & = j, and the expression becomes

2 (1)
<"'§0 (j1)2

. n! )
alln) = \/mm—ﬁ (F.5)

along with the Hermitian conjugate of this expression to get

(nl(ataln) = ({n j|\/(n Tj)!) (\/(n Tj)g n-9) = Tj)! (F.6)

114

(2v3)” (')l |n) (F.4)

We use
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In eq. (F.4), terms with j > n are 0. The result is

n . | y
(n| VA0 =a) |y — JZ%(_mm(z\@) ’ (F.7)

From the calculation, it is clear that
(n]e VI =D n) = (n|e2VE@ =) (F.8)
Therefore, the bosonic part can be 'taken outside’ in (F.1). The electronic part is

(o|(chey + clea) o’y = 6, (F.9)

The elements of the 2 X 2 matrix are only nonzero on the off-diagonal. The nonzero
matrix elements are

n!

~ n . 2
(on|H! |5n) = —t;(—l)ﬂm@\/g) ! (F.10)

F.2 Non-diagonal matrix elements

We rewrite the operators c:flcb, c};ca as matrices in the basis of the d operators,
which create/ annihilate the bonding and antibonding states, and the offdiagonal
matrix elements become

t 1 1 Nt I =1\ o) (4tu
R (G e G B U

For the electronic part,

<‘1)><—11 —11><(1)>:<(1)><_11>=1 (F.12)
<(1)><—11 i><é>:<?><i>=—l (F.13)
<é><ij><?>:<é><j>=—l (F.14)
(D)) e

Putting it together, we see that the 7-non-diagonal electronic part is just a sign,
which is opposite for the two terms:

@(flj)ﬂ:v(}j>m (F.16)
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For the 7-diagonal terms,

) A)6) =

1
0 ) =1 (F.18)

It —
(?)(1:1)(2)2—1 (F.20)

With O denoting either of the two electron operators in the above, we have
(1|0|7) = sign(r) (F.21)

The two terms have the same sign.
For the bosonic part of the first term,

o0

(eI at) = (3 5 (248) @) (3 1 (—2v8) )i (P2

7=0 k=0

and the only contributing terms have n’'—k = n—j. Assuming n > n', we substitute
D720 2ok — 2ok=09jk+n—n', Where we use that terms with & > n’ are 0. For the
contributing terms, n > n’ insures j > k.

’

<n|62\/§(affa)|nl> _ i(_l)k \/W(nl - k)' (2\/_6) 2k+n—n’ (F23)

2 kv n— )R

Here, we have used eq. (F.5) twice. By substituting 2,/g — —2,/g follows (n > n’),

(nfe VA0 1) — (] 2V -0l 1y (F.24)
Consider 7/ = 7. If (n —n') = 0 (mod 2), the boson terms are equal, and eq. (F.16)
leads to the terms killing each other off. If (n —n') = 1 (mod 2), the boson sign
difference on the terms and the electron sign difference cancels out, and the matrix

element eq. (F.11) becomes

" vn! n'l
(%) - tkz:%(_l)k e tn—n) K (0 —R)! (2va

2k+n—n'
)y (F.25)

If instead 7 = 7, the matrix element is nonzero if the boson terms have the same
sign, that is, if (n —n') =0 (mod 2).
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For n < n', we substitute & — j —n +n’ in eq. (F.22) and get the result eq.
(F.23) time a factor (—1)™ ~". This leads to the boson terms being equal, and the
matrix elements eq. (F.11) different from 0 if and only if 7 = 7. The situation,
therefore, is opposite n > n/'.

Conclusion: Matrix elements are nonzero in either of two situations: 7/ = T,
(n—n')=1 (mod 2),or 7' =7, (n —n') =0 (mod 2).



Appendix G

Polaronic tunneling,
semiclassically

We expand U_ to order X? about the minima 4+Xj. From this, we will determine
approximate wave functions for the polaronic states.
Taylorexpanding near + X,

2
0-(x) = U (x0) + 25 (0 x4 TR gy s ofx - o)
(G.1)
The partial derivates have been calculated previously. By definition of Xy, the
term 81](57)(()(0) is 0. From eq. (4.66), % =1- % Inserting Xy in the
Taylorexpansion,
U_(X) 1

= g1+ )+ 5= )X~ VIg 1 - 5+ O(X - X)) (G2)

As U_(Xp) = U_(—Xy), we neglect this constant energy term in the Taylorexpan-
sions around +X), translating the energy scale such that U_(£X() = 0. In terms
of a coordinate 60X = X — X, the effective potential to second order near +Xjg

becomes r
velsx) 1 1
= =T (1- =) (0X)? G.3
2 = (- 5)6X) (G3)
Near — Xy, with 6X = X + Xy, the effective potential is an identical expression.
The higher-order terms in X should be important for a =~ 1, but we neglect
them here. What we are left with are harmonic potentials in + Xy, defined by the

same spring constant. Reinserting [y,
1
Ul (5x) = gherr(0z)? (G.4)
where the effective spring constant is
Lo
kepp = w1 = )/ (G.5)
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This defines an effective mass and an effective quantum oscillator length,

loeff = L — (1 - Ly (G.6)
’ keff/w l—ﬁ o?

which approaches [y for a — co.
In terms of a coordinate §{ = 2/l sy and defining &y = 20 /loefr = vV29(1— %),
the wave functions for the harmonic oscillator ground states in £z, are

$+(§) = 7T_1/410,l«sz_1/26_(gﬂo)?/2 (G.7)

The overlap is the effective polaronic tunneling coupling in unit of w,
tp/w Z/ d€ loerr ¢+ (- (&) = 7T_1/210_1/ de loerp e e (G.8)
—o0 —00
Using [0 d¢ et = /r,

tpfw=e % = exp(~29 (1 - —)%) (G-9)



Appendix H

Poster

The poster on the next page was presented at the ADMOL 2004 workshop, see:
www.mpipks-dresden.mpg.de/ admol/
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