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WYPUJPWSLZ�VM�TVSLJ\SHY�ILHT�LWP[H_ �̀

�



����UT

-PN\YL ���! :JHUUPUN�LSLJ[YVU�TPJYVZJVWL�TPJYV�
NYHWO�VM�HU�0U(Z�UHUV^PYL�NYV^PUN�VU�[VW�VM�HU
0U(Z� Z\IZ[YH[L� ;OL� UHUV^PYL� ZOV^Z� ZP_� JSLHY
MHJL[Z� [OYLL�VM�̂ OPJO�HYL�]PZPISL�PU�[OL�TPJYVNYHWO
HUK�OHZ�H�OL_HNVUHS�JYVZZ�ZLJ[PVU�

����� 4VSLJ\SHY�)LHT�,WP[H_`
4VSLJ\SHY�ILHT�LWP[H_`�PZ�HU�\S[YH�OPNO�]HJ\\T��</=�
[LJOUPX\L�^OLYL�ILHTZ�VM�\S[YH�W\YL�ZVSPK�Z[H[L�TH[L�
YPHSZ�HYL�NLULYH[LK�PU�ZV�JHSSLK�LMM\ZPVU�JLSSZ�I`�L]HWV�
YH[PUN�VY�Z\ISPTH[PUN�OPNO�W\YP[`�TH[LYPHSZ�PU�YHKPH[P]LS`
OLH[LK�HUK�[OLYTHSS`�PUZ\SH[LK��[V�WYL]LU[�JYVZZ�[HSRZ�
JY\JPISLZ� ;OL�JY\JPISL�Z�HWLY[\YL�LUZ\YLZ�[OL�JYLH[PVU
VM� H� JVSSPTH[LK�H[VTPJ�ILHT� HUK� [OL�</= N\HYHU�
[LLZ�H�]LY`�SVUN�TLHU�MYLL�WH[O��HWWYV_PTH[LS` 106m
H[ 10−10 [VYY�� </= JVUKP[PVU�PZ�VI[HPULK�I`�H�ZLYPLZ
VM�W\TWZ� ;OL� ZL[\W�KLWLUKZ�VU� [OL� ZWLJPÄJ�TH�
JOPUL�I\[�H�\Z\HS�ZL[�\W�JVUZPZ[�VM�VUL�VY�[^V�JY`V�
W\TWZ� JV\WSLK� ^P[O� H� PVU�Z\ISPTH[PVU�W\TW� SHZ[S`
H� SPX\PK� UP[YVNLU� JVVSLK� JY`V�ZOPLK� Z\YYV\UKPUN� [OL
NYV^[O�JOHTILY�HUK�JLSSZ�LUZ\YLZ� [OH[�HSS� [OL�WHY[P�
JSLZ� [OH[� HYL�UV[�W\TWLK�V\[� Q\Z[� JVUKLUZL�VU� [OL
JVSK� ^HSSZ� ;OL� LMM\ZPVU� JLSSZ� HYL�TV\U[LK� ZV� [OH[

[OL� H[VTPJ�ILHTZ� JVUKLUZL�KPYLJ[S`� VU� [OL� ZHTWSL
OVSKLY� JHWHISL�VM�JVU[PU\V\Z�HaPT\[OHS�YV[H[PVU� HUK
\Z\HSS`� YLMLYYLK�HZ�*(9��3HZ[S`� [OL�JOHTILY� PZ�\Z\�
HSS`�LX\PWWLK�^P[O�H�YLÅLJ[PVU�OPNO�LULYN`�KPMMYHJ[PVU
�9/,,+� ZL[�\W�[V�TVUP[VY�PU�YLHS�[PTL�ZVTL�HZWLJ[�VM
[OL�NYV^[O��Z\JO�HZ�WSHUHY�NYV^[O�YH[LZ� VY�JY`Z[HSSPUL
Z[H[L�VM�[OL�Z\IZ[YH[L�� ;OL�THJOPUL�H[�5)0 HSZV�OHZ�H
ZLWHYH[L�I\MMLY�JOHTILY� ^OLYL�KLNHZZPUN�VM�[OL�Z\I�
Z[YH[LZ� [HRLZ�WSHJL� [V�WYL]LU[�HU`�JVU[HTPUH[PVU�VM
[OL�NYV^[O�JOHTILY� 0U�ÄN\YL ��� H�[LJOUPJHS�KYH^PUN
PSS\Z[YH[PUN�[OL�ZL[�\W�VM�[OL�4), H[�5)0 PZ�ZOV^U�

Effusion cells

Growth chamber

Electronics

Buffer chamber Exit/entry

RHEED set-up

-PN\YL ���! 4), [LJOUPJHS�KYH^PUN�ZOV^PUN� [OL
IHZPJ�LSLTLU[�VM�H�YLZLHYJO�NYHKL�THJOPUL�

;OL�ZL[�\W�H[�:7YPUN��Z`UJOYV[YVU�PZ�PUOLYLU[S` KPY[�
PLY ILJH\ZL�VM�[OL�[LJOUPJHS�KPMÄJ\S[PLZ�VM�ZL[[PUN�\W�H
ZLWHYH[L�I\MMLY�JOHTILY�^OPSL�OH]PUN�[OL�PUZ[Y\TLU[
JVUULJ[LK� [V� H� Z\YMHJL� KPMMYHJ[VTL[LY� ;OL� NLULYHS
WYVJLK\YL�[V�NYV^�UHUV^PYLZ�NVLZ�HZ�MVSSV^Z! SP[OV�
NYHWOPJHSS`�WH[[LYULK�Z\IZ[YH[LZ� MHIYPJH[LK�MVSSV^PUN
[OL�WYVJLK\YLZ�YLWVY[LK�PU�JOHW[LY �� HYL�SVHKLK�HUK
KLNHZZLK� H[� ����*�� [OLU� [YHUZMLYLK� [V� [OL� NYV^[O
JOHTILY�^OLYL� \UKLY� H�IHJRWYLZZ\YL�VM�(Z�� [OL`
HYL�HUULHSLK�H[����� * [V�KLZVYI�[OL�UH[P]L�V_PKL� ;OL
[LTWLYH[\YL�VM�[OL�Z\IZ[YH[L�PZ�[OLU�SV^LYLK�[V�[OL�KL�
ZPYLK�NYV^[O�[LTWLYH[\YL� HUK�HU�HJJ\YH[L�TLHZ\YL�
TLU[�VM� [OL� [LTWLYH[\YL� PZ�NP]LU�I`�HU� PY�W`YVTL[LY
MHJPUN�HUK�MVJ\ZLK�VUS`�VU�[OL�ZHTWSL�Z�Z\YMHJL� ;OL
NYV^[O�PZ�[OLU�Z[HY[LK�I`�VWLUPUN�[OL�ZO\[[LY�VM�[OL�0U
ZV\YJL�

�0[� PZ�^LSS� RUV^U� [OH[� (Z� KLZVYIZ� MYVT� [OL� Z\YMHJL� H[� HYV\UK
���� *��\ZPUN�HU�(Z�IHJRWYLZZ\YL�RLLWZ� [OL�Z\IZ[YH[L� MYLL� MYVT
\U^HU[LK�KLNYHKH[PVU�VM�[OL�Z\YMHJL

�



;LJOUPJHSP[PLZ�HZPKL�4), PZ�ILZ[�KLZJYPILK�^P[O�VUL
ZLU[LUJL! GGZWYH`�WHPU[PUN�¯^P[O�H[VTZ ��B��D�

����� 5HUV^PYL�NYV^[O
;OL� ÄYZ[� HUK� Z\YLS`� [OL�TVZ[� JP[LK� LUJV\U[LY�^P[O
UHUV^PYLZ�KH[LZ�IHJR� [V� [OL�ZL]LU[PLZ" H[� [OH[� [PTL
UHUV^PYLZ�^LYL�JHSSLK�UHUV^PZORLYZ� B��D� ;OL�THPU
MLH[\YLZ� YLWVY[LK�I`�>HNULY�HUK�,SSPZ B��D ^LYL� [OL
L]PKLUJL�VM�[OL�]HWVY�ZVSPK�SPX\PK��=3:� NYV^[O�TLJO�
HUPZT�HUK�[OL�WVZZPIPSP[`�VM�ZPUNSL�JY`Z[HS�NYV^[O�^P[O�
V\[� [OL� PU[YVK\J[PVU� VM� KLMLJ[Z� K\YPUN� NYV^[O� -HZ[
MVY^HYK�[V�[VKH`�HUK�[OL�=3: TLJOHUPZT�PZ�Z[PSS�PUKP�
JH[LK�HZ�[OL�JOPLM�J\SWYP[�VM�UHUV^PYL�NYV^[O� HS[OV\NO
[OL�NYV^[O�TVKLSZ�OH]L�ILLU�WVSPZOLK�HUK�L_WHUKLK�
[OL�IHZPJ�JVUJLW[Z�HYL�Z[PSS�[OL�ZHTL�HUK�HYL�KLZJYPILK
PU�[OL�UL_[�WHYHNYHWOZ� ;OL�=3: TLJOHUPZT� HZ�[OL
UHTL� PTWSPLZ� JVUZPKLYZ� [OYLL�THPU� [OLYTVK`UHTPJ
WOHZLZ�! H� SPX\PK�WOHZL� H�ZVSPK�WOHZL� HUK�H�]HWVY
WOHZL� 3L[�Z�UV^�JVUZPKLY�H�ZLTPJVUK\J[VY�Z\IZ[YH[L
^P[O�H�JLY[HPU�TLS[PUN�WVPU[� 0M�^L�KLWVZP[�HUV[OLY�TH�
[LYPHS�^P[O�H� SV^LY�TLS[PUN�WVPU[� �LP[OLY� PU�[OL�MVYT�VM
KLÄULK�PZSHUKZ�VY�H�ÄST�[OPU�LUV\NO�[OH[�\WVU�OLH[�
PUN�JVHSLZJLZ�PU[V�PZSHUK��[OLYL�L_PZ[�H�JLY[HPU�[LTWLY�
H[\YL�^PUKV^�^OLYL�[OL�Z\IZ[YH[L�THPU[HPUZ�P[Z�ZVSPK
WOHZL�I\[�HSSV`Z�^P[O�^P[O�[OL�KLWVZP[LK�TH[LYPHS� 0M
[OL�[LTWLYH[\YL�PZ�OPNOLY�[OHU�[OL�TLS[PUN�WVPU[�VM�[OL
KLWVZP[LK�TH[LYPHS�H�SPX\PK�HSSV`�PZ�MVYTLK� HUK�[V�TPU�
PTPaL�P[Z�LULYN`�P[�^PSS�[HRL�H�ZOHWL�JSVZL�[V�H�KYVWSL[
KLWLUKPUN�VU�[OL�Z\YMHJL�LULYN`�VM�[OL�Z\IZ[YH[L� 0M
^L�UV^�PU[YVK\JL�H�]HWVY� PU�[OL�MVYT�VM�H[VTPJ�Å\_LZ
VY�H�ÅV^�VM�NHZ� [OL�SPX\PK�KYVWSL[�PZ�[OL�WYLMLYYLK�ZP[L
MVY�H[VT�KLWVZP[PVU�MYVT�[OL�]HWVY� ;OL�SPX\PK�KYVWSL[Z
HJ[�HZ�ZPURZ�HUK� [OL`�ILJVTL�Z\WLYZH[\YH[LK� ;OL
HIZVYILK�TH[LYPHS�[OLU�KPMM\ZLZ�[OYV\NO�[OL�SPX\PK�HS�
SV`� [V� [OL� SPX\PK�ZVSPK� PU[LYMHJL� �[OL�NYV^[O� PU[LYMHJL�
HUK�WYLJPWP[H[LZ�H�ZVSPK�WOHZL�[O\Z�Z[HY[PUN�[OL�NYV^[O�
;OL�SPX\PK�[V�ZVSPK�[YHUZP[PVU�H[�[OL�NYV^[O�PU[LYMHJL�PZ
KYP]LU�I`�H�MYLL�LULYN`�TPUPTPaH[PVU�WYVJLZZ�HUK�[OL
NYV^[O�YH[L�H[�[OL�NYV^[O�PU[LYMHJL�PZ�LUOHUJLK�^P[O
YLZWLJ[�[V�[OL�YLZ[�VM�[OL�Z\IZ[YH[LZ�NP]PUN�YPZL�[V�MYLL�
Z[HUKPUN�UHUV^PYLZ� 0U�[OLYTVK`UHTPJ�SHUN\HNL�[OPZ

�( [OLYTVK`UHTPJ�WOHZL�PZ�H�YLNPVU�PU�ZWHJL�[OYV\NOV\[�^OPJO
TVZ[�VM�[OL�WO`ZPJHS��P�L� [LTWLYH[\YL� WYLZZ\YL� JVTWVZP[PVU� Z[H[L
VM�TH[[LY��WYVWLY[PLZ�OH]L�[OL�ZHTL�]HS\L�

YLHKZ�HZ�MVSSV^Z� >L�JHU�^YP[L�[OL�M\UKHTLU[HS�LX\H�
[PVU�VM�[OLYTVK`UHTPJZ�MVY�[OL�MYLL�.PIIZ�LULYN`�VM�H
JSVZLK�Z`Z[LT!

dG = −SdT + V dP +
n∑

i

µidNi �����

^OLYL n PZ� [OL�U\TILY�VM� [OL�ZWLJPLZ� PU� [OL�Z`Z[LT
HUK Ni PZ�[OL�U\TILY�VM�[OL� P�[O�ZWLJPL� )`�JVUZPK�
LYPUN�HU�PZVIHYPJ�HUK�PZV[OLYTHS�WYVJLZZ� ^OPJO�PZ�[OL
JHZL�MVY�[OL�=3: TVKLS�VM�JY`Z[HS�NYV^[O� [OL�JOLTPJHS
WV[LU[PHS µ PZ�KLÄULK�HZ!

µi =

(
∂G

∂Ni

)

T,P,Nj ̸=i

�����

HUK�[OL�JVUKP[PVU�[V�OH]L�UHUV^PYL�NYV^[O�PZ!

δµvapor > δµliquid > δµsolid �����

^OLYL�[OL�aLYV�VM�[OL�JOLTPJHS�WV[LU[PHSZ�PZ�JOVZLU�[V
IL�[OL�LX\PSPIYP\T�]HS\L� ( ZJOLTH[PJ�YLWYLZLU[H[PVU
VM�[OL�=3: WYVJLZZ�PZ�YLWVY[LK�PU�ÄN\YL ����

H� I� J�

(Z 0U (Z 0U

-PN\YL ���! ;OL�=3:TLJOHUPZT� H��;OL�WH[[LYULK
Z\IZ[YH[L� PZ� OLH[LK� [V� [OL� HSSV`PUN� [LTWLYH[\YL�
I� ;OL�Z\IZ[YH[L�HUK� [OL�JH[HS`Z[�WHY[PJSLZ� MVYT
H�SPX\PK�HSSV �̀ [OL�H[VTPJ�ILHTZ�HYL�Z^P[JOLK�VU�
J� ;OL�NYV^[O�VM�MYLLZ[HUKPUN�UHUV^PYL�ILNPUZ�

;OL�KYP]PUN�MVYJL�VM�[OL�NYV^[O�WYVJLZZ�PZ�LZZLU[PHSS`
KLZJYPILK�PU�LX\H[PVU ��� ^OLYL�[OL�ÄYZ[�PULX\HSP[`�KL�
[LYTPULZ�[OL�Z\WLYZH[\YH[PVU�VM�[OL�JH[HS`Z[�KYVWSL[Z�
0U�NLULYHS�MVY�4), NYV^[O�[OL�KYP]PUN�MVYJL�PZ�Z[YVUN�
TLHUPUN�[OH[�[OL�Z`Z[LT�PZ�KYP]LU�MHY�H^H`�MYVT�LX\P�
SPIYP\T� 0U�Z\JO�H�YLNPTL�^L�JHU�UV[�L_WLJ[�[V�TVKLS
[OL�Z`Z[LT�VUS`�\ZPUN�JSHZZPJHS�[OLYTVK`UHTPJZ� IL�
JH\ZL�[OL�RPUL[PJZ�VM�[OL�WYVJLZZ�TH`�IL�[VV�ZSV^�MVY
LX\PSPIYP\T� [V�ZL[[SL� (S[OV\NO�UHUV^PYL�NYV^[O�OHZ
ILLU�OPZ[VYPJHSS`�KLZJYPILK�^P[O�LX\PSPIYP\T�[OLYTVK`�
UHTPJZ� PU�[OL�WHZ[�KLJHKLZ�P[�OHZ�ILLU�YLHSPaLK�[OH[�P[

�



T\Z[�IL�PUZ[LHK�KLZJYPILK�[HRPUN�PU�HJJV\U[�P[Z�OPNOS`
UVU�LX\PSPIYP\T�UH[\YL� 0U�ZLJ[PVU ��� H�NLULYHS� MVY�
THSPZT�[V�KLZJYPIL�UHUV^PYL�NYV^[O�RPUL[PJZ�PZ�PU[YV�
K\JLK� ;OL�NYV^[O�WYVJLZZ�PZ�PU�NLULYHS�TH[LYPHS�KL�
WLUKLU[�HUK�ZPUJL� PU� [OPZ� [OLZPZ� [OL�TH[LYPHS�Z`Z[LT
JVUZPKLYLK�PZ�VUS`�0U(Z�M\Y[OLY�KL[HPSZ�HYL�]HSPK�VUS`�MVY
[OPZ�Z`Z[LTZ�

��� *Y`Z[HS�:[Y\J[\YL
( WLYMLJ[�JY`Z[HS� PZ�H�ZVSPK�ZH[L�TH[LYPHS�^OVZL�JVU�
Z[P[\LU[Z�HYL�HYYHUNLK�PU�H�WLYPVKPJ�MHZOPVU�PU�HSS�KPTLU�
ZPVU� (Z�Z\JO�H�JY`Z[HS�JHU�IL�]PY[\HSS`�IYVRLU�KV^U
PU[V�VUL�ZPUNSL�YLWLH[PUN�\UP[� [OL \UP[�JLSS" [OLU� H�JY`Z�
[HSSPUL�SH[[PJL�JHU�IL�JVUZ[Y\J[LK�I`�Z[HJRPUN�[OL�\UP[
JLSS�PU�[OYLL�KPTLUZPVU�ÄSSPUN�HSS�[OL�H]HPSHISL�ZWHJL� 0M
HU�VWLYH[PVU�SPRL�[OPZ�JHU�VUS`�IL�KVUL�PU�ZTHSSLY�KV�
THPU�VM� [OL�TH[LYPHS� [OLU� P[�Z�UV� SVUNLY�H�JY`Z[HS�I\[
YH[OLY�H�WVS`�JY`Z[HS� ;OL�IV\UKHYPLZ�IL[^LLU�LHJO
KVTHPU� VY�NYHPU� HYL�JHSSLK�NYHPU�IV\UKHYPLZ�
3L[�Z�UV^�JVUZPKLY�HU�PUÄUP[L�HYYHUNLTLU[�VM�WVPU[Z�

0M�P[�JHU�IL�KLZJYPILK�I`�H�ZL[�VM�[YHUZSH[PVUZ�PU�ZWHJL�
MYVT�HU�HYIP[YHY`�VYPNPU� KLZJYPILK�I`�HU�LX\H[PVU� PU
[OL�MVYT�VM ���!

9 = n1H� + n2H� + n3H� �����
^OLYL H�,H�,H� HYL�SPULHYS`�PUKLWLUKLU[�]LJ[VYZ�[OLU
[OL� ZL[� VM� WVPU[Z� MVYTZ� H� )YH]HPZ� SH[[PJL� HUK� [OL
[OYLL� ]LJ[VYZ� HYL� JHSSLK� [OL WYPTP[P]L� ]LJ[VYZ VM� [OH[
SH[[PJL� 0[� [\YUZ� V\[� [OH[� [OLYL� L_PZ[Z� VUS`� MV\Y[LLU
\UPX\L� SH[[PJLZ� JVUZPKLYPUN� Z`TTL[Y`� VWLYH[PVUZ�
(NHPU� LHJO� VM� [OLZL� SH[[PJLZ� JHU� IL� ]PZ\HSPaLK� I`
P[Z�\UP[�JLSS� �MVY� [OL�H]PK� YLHKLY�H�]LY`�UPJL�NYHWOPJHS
YLWYLZLU[H[PVU�JHU�IL� MV\UK� PU�/HTTVUK B��D WHNL
���� ( )YH]HPZ�SH[[PJL�PZ�Q\Z[�H�TH[OLTH[PJHS�JVUJLW[�
I\[� PM� ^L� WSHJL� HU� H[VT� VY� H� ZL[� VM� H[VTZ� PU� LHJO
SH[[PJL�WVPU[� [OL IHZPZ� [OLU� [OH[� SH[[PJL�KLZJYPILZ� H
WLYMLJ[� JY`Z[HS� 0U� [OL� YLHS� ^VYSK� JY`Z[HS� Z[Y\J[\YLZ
OH]L�VM[LU�SVJHS�KLMLJ[Z�PU�[OL�Z[HJRPUN�I\[�SL[�Z�MVYNL[
[OH[�MVY�UV^�HUK�ZLL�OV^�^L�JHU�UH]PNH[L�PU�[OL�TVZ[
\UHTIPN\V\Z�^H`�H�JY`Z[HS�SH[[PJL�

3L[�Z�UV^�PU[YVK\JL�[OL�UV[H[PVU�MVY�KLZJYPIPUN�KP�
YLJ[PVUZ�HUK�WSHULZ� PU�H�JY`Z[HS� ( ZOVY[OHUK�UV[H�
[PVU�^OPJO� [V�ILZ[�VM�T`�RUV^SLKNL� PZ�[OL�VUS`�VUL

PU�^PKLZWYLHK� \ZL� PZ� JHSSLK� [OL�4PSSLY� PUKPJLZ� UV[H�
[PVU� ( ZWLJPÄJ�WSHUL�PZ�KLUV[LK�^P[O (h k l)� H�ZL[�VM
Z`TTL[Y`�LX\P]HSLU[�WSHULZ�PZ�KLUV[LK�^P[O {h k l}� H
ZWLJPÄJ�KPYLJ[PVU�I` [h k l]� HUK�[OL�LX\P]HSLU[�ZL[�VM
KPYLJ[PVUZ�I` ⟨h k l⟩� 0[�PZ�PTWSPJP[�[OH[�[OL�4PSSLY�PUKPJLZ
YLÅLJ[�[OL�Z`TTL[Y`�VM�[OL�\UP[�JLSS�JOVZLU� 0U�NLULYHS
VUL� YLMLYZ� [V� [OL�TVZ[�JVTTVU�\UP[�JLSS�^OPJO�TH`
VY�TH`�UV[�IL�[OL�WYPTP[P]L�JLSS� P�L� [OL�\UP[�JLSS�^P[O
[OL�ZTHSSLZ[�]VS\TLZ� 0[� PZ�\Z\HS� HUK�HJ[\HSS`�TVYL
WYHJ[PJHS�[V�^VYR�^P[O�\UP[�JLSSZ�[OH[�ZOV^�[OL�SH[[PJL�Z
Z`TTL[Y �̀ 0[�PZ�\ZLM\S�[V�PU[YVK\JL�HSZV�[OL�JVUJLW[�VM
aVUL ^OPJO�PZ�H�ZL[�VM�WSHULZ�^OVZL�PU[LYZLJ[PVUZ�HYL
WHYHSSLS�HUK aVUL�H_PZ ^OPJO�PZ�[OL�JVTTVU�KPYLJ[PVU
[OL�WSHUL�PU�H�aVUL�ZOHYL� ;V�KL[LYTPUL�JY`Z[HS�KPYLJ�
[PVUZ�Z`TIVSZ�[OL�MVSSV^PUN�Z[LWZ�HYL�[HRLU! ÄZ[� ZL�
SLJ[�H�KPYLJ[PVU�VM�PU[LYLZ[� THRPUN�Z\YL�[OH[�P[�WHZZLZ
[OYV\NO� [OL�VYPNPU� �\Z\HSS`�ZLSLJ[LK�HZ� [OL�IHJR� SLM[�
OHUK�JVYULY�WVPU[�VM� [OL�\UP[�JLSS� SHILSLK�HZ ��� PU
ÄN\YL ����� [OLU�WPJR�HU`�WVPU[�HSVUN�[OL�KPYLJ[PVU�HUK
[HRL�[OL�JVVYKPUH[LZ�HZ�MYHJ[PVUZ�VM�[OL H,I,J ]LJ[VYZ�
SHZ[S`�L_WYLZZ�[OL�JVVYKPUH[LZ�̂ OVSL�U\TILYZ� -VY�L_�
HTWSL� WVPU[ . PU�ÄN\YL ���� OHZ�JVVYKPUH[LZ��� 12 ���ZV
[OL�4PSSLY�Z`TIVS�VM�[OL�VYHUNL�KPYLJ[PVU�[OL�WVPU[Z�IL�
SVUN�[V�PZ [0 1 2]" P[�PZ�LHZ`�[V�ZLL�[OH[�HU`�WVPU[�VU�[OL
KPYLJ[PVU�̂ PSS�KV�MVY�[OL�JHSJ\SH[PVU�VM�[OL�4PSSLY�Z`TIVS�
;V� KLZJYPIL� WSHULZ� [OL� ZHTL� WYVJLK\YL� HZ� KL�

ZJYPILK�PU�[OL�WYL]PV\Z�WHYHNYHWO�PZ�\ZLK� I\[�[OL�PU�
[LYZLJ[PVUZ�VM�[OL�WSHUL�̂ P[O�[OL�[OYLL�IHZL�]LJ[VYZ�HYL
\ZLK�[V�KL[LYTPUL�[OL�Z`TIVS�VM�[OL�WSHUL� HZ�ZOV^U
PU�ÄN\YL ���I� ;OL�J\IPJ�Z`Z[LT�PZ�JOVZLU�HZ�P[�Z�[OL
LHZPLZ[�L_HTWSL�[V�^VYR�V\[� I\[�[OL�WYVJLK\YL�PZ�[OL
ZHTL�MVY�HU`�Z`Z[LT�
APUJ� ISLUKL� �A)� HUK� ^\Y[aP[L� �>A� HYL� [OL� TVZ[

JVTTVU�JY`Z[HS�Z[Y\J[\YLZ�PU�[OL�YLHST�VM�IPUHY`�ZLTP�
JVUK\J[VYZ� LZWLJPHSS`� MVY� 000�= JVTWV\UKZ� B��D" [H�
ISL ��� SPZ[Z�[OL�L_WLYPTLU[HSS`�Z[HISL�JY`Z[HS�Z[Y\J[\YL
MVY�ZLSLJ[LK�JVTWV\UKZ�PU�I\SR�

5 (Z :I
(S >A A) A)
.H >A A) A)
0U >A A) A)

;HISL ���! ,_WLYPTLU[HSS`�Z[HISL�JY`Z[HS�Z[Y\J[\YL
VM�ZLSLJ[LK�JVTWV\UKZ� [HISL�HKHW[LK�MYVT�B��D�

�



H� I�

-PN\YL ���! H��4PSSLY�Z`TIVSZ�MVY�KPYLJ[PVUZ�PU�H�J\�
IPJ�JY`Z[HS" [OL�4PSSLY�Z`TIVSZ�MVY�[OL�YLK� NYLLU�
IS\L� W\YWSL�KPYLJ[PVUZ� HYL [1 1 1]� [0 1 0]� [1 0 0]�
[0 0 1]� *VSSLJ[P]LS`�W\YWSL� IS\L�HUK�NYLLU�KPYLJ�
[PVU�HYL�Z`TTL[Y` LX\P]HSLU[�ZV�[OL`�HYL�\Z\HSS`
KLUV[LK�HZ ⟨1 0 0⟩� I��4PSSLY�Z`TIVSZ� MVY�WSHULZ
PU�H�J\IPJ�JY`Z[HS" [OL�4PSSLY�Z`TIVSZ� MVY� [OL�YLK
HUK�VYHUNL�WSHUL�HYL (1 1 1)� (0 1 2)� ;OL�YLHKLY
TH`�OH]L�UV[PJLK�[OH[�VY[OVNVUHS�KPYLJ[PVUZ�HUK
WSHULZ�ZOHYL�[OL�ZHTL�ORS�]HS\LZ� ;OPZ�PZ�WLJ\�
SPHY�MVY�[OL�J\IPJ�JY`Z[HS�Z`Z[LT�HUK�KVLZ�UV[�OVSK
[Y\L�MVY�V[OLY�Z`Z[LTZ�

;OL aPUJ�ISLUKL Z[Y\J[\YL�ILSVUNZ�[V�[OL�J\IPJ�Z`Z�
[LT�HUK�JHU�IL�]PZ\HSPaLK�HZ�[^V�MHJL�JLU[LYLK�J\�
IPJ��MJJ� SH[[PJLZ�V]LYSHWWLK�HUK�ZOPM[LK�HIV\[�[OLPY�VYP�
NPU�I` ( 14 ,

1
4 ,

1
4 ) ^OLYL�LHJO�VM�[OL�YLZ\S[PUN�Z\ISH[[PJL

PZ�JVUZ[P[\[LK�I`�LP[OLY�NYV\W�000 VY�NYV\W�= LSLTLU[Z�
:\JO�H�JY`Z[HS�Z[Y\J[\YL�OHZ�H�Z[YPRPUN�ZPTPSHYP[`�̂ P[O�[OL
KPHTVUK�Z[Y\J[\YL� I\[�P[�OHZ�YLK\JLK�Z`TTL[Y`�VW�
LYH[PVUZ�HYPZPUN�MVYT�[OL�[^V�LSLTLU[�IHZPZ�[OH[�MVYTZ
[OL�SH[[PJL� 0U�WHY[PJ\SHY�[OL�SHJR�VM�H�JLU[LY�VM�PU]LYZPVU
THRLZ�[OL�A) Z[Y\J[\YL�WVSHY�PU�[OL ⟨1 1 1⟩ KPYLJ[PVUZ�
TLHUPUN�[OH[�[OLYL�L_PZ[�[^V�Z`TTL[Y`�\UYLSH[LK�I\SR
Z\YMHJLZ�[OH[�HYL�LP[OLY�[LYTPUH[LK�LP[OLY�I`�H�NYV\W�=
VY�000 LSLTLU[� HZ�Z\JO�[OL`�HYL�\Z\HSS`�KLUV[LK�^P[O
KPMMLYLU[�UV[H[PVUZ! ⟨1 1 1⟩) HUK ⟨1 1 1⟩(��YLZWLJ[P]LS �̀
;OL�A) Z[Y\J[\YL�VM�0U(Z�PZ�YLWVY[LK�HZ�HU�L_HTWSL�PU
ÄN\YL �����
7LLRPUN� PU[V� [OL� A) Z[Y\J[\YL� �PU� MHJ[� HU`� MJJ

Z[Y\J[\YL�� MYVT� [OL [1 0 1] KPYLJ[PVU� YL]LHSZ� [OH[� [OL
JSVZL�WHJRLK� Z[HJRPUN� VM� H[VTPJ� WSHULZ� MVSSV^Z
H ()* Z[HJRPUN� WH[[LYU� TLHUPUN� [OH[� SH`LY� (�� )
HUK�* KV� UV[� ZP[� VU� [VW� VM� LHJO� V[OLY" [OL� H[VTPJ
WSHULZ� HYL� JVTWVZLK� VM� WHPYZ� VM� 000�= H[VTZ� HUK

�(SS�JY`Z[HS�Z[Y\J[\YL�KYH^PUNZ� \USLZZ�UV[LK�HYL�THKL�^P[O�[OL
ZVM[^HYL�=,:;( B��D�

(Z
0U

-PN\YL ���! A) JY`Z[HS� Z[Y\J[\YL" [OL� ZVSPK� SPULZ
JVU[V\Y�[OL�\UP[�JLSS�

\Z\HSS`�SHILSLK�TVUVSH`LYZ��43���(U�PSS\Z[YH[PVU�VM�[OL
A) Z[Y\J[\YL�]PL^LK�HSVUN�[OL [1 0 1]� ^P[O [1 1 1] MHJ�
PUN�\W�[V�OPNOSPNO[�[OL�Z[HJRPUN� PZ�ZOV^U�PU�ÄN\YL ���H�

;OL^\Y[aP[L Z[Y\J[\YL�ILSVUNZ�[V�[OL�OL_HNVUHS�Z`Z�
[LT�HUK�JVUZPZ[Z�VM�[^V�OL_HNVUHS�JSVZL�WHJRLK��OJW�
SH[[PJLZ�ZOPM[LK�HIV\[�[OLPY�VYPNPU�I`������ 38 ��HU�L_HTWSL
MVY�0U(Z�PZ�YLWVY[LK�PU�ÄN\YL ����

(Z
0U

-PN\YL ���! >A JY`Z[HS� Z[Y\J[\YL" [OL� ZVSPK� SPULZ
JVU[V\Y�[OL�\UP[�JLSS�

0[� PZ�JVU]LUPLU[�HUK�PU�^PKLZWYLHK�\ZL�[V�\ZL�MV\Y
PUKPJLZ [hkil] [V�KLZJYPIL�HU`�OL_HNVUHS�JY`Z[HS� ;OL

�



�H� =PL^�HSVUN�[OL [1 0 1] KPYLJ[PVU� ^P[O
[1 1 1] MHJPUN�\W^HYKZ�MVY�[OL�A) Z[Y\J�
[\YL�

b B

A

B

A

C

B

c
c’

b

b’
a

C

b

b’
a

a’

c

c’

b
b’

a

a’
A

A
a

a’

�I� =PL^� HSVUN� [OL [1 0 1] KPYLJ[PVU�
^P[O [1 1 1] MHJPUN�\W^HYKZ�MVY�[OL�;>
Z[Y\J[\YL� ;OL� KHZOLK� SPULZ� HYL� H
N\PKL� [V� [OL� L`L� [V� SVJH[L� [OL� [^PU
IV\UKHY �̀

�J� =PL^� HSVUN� [OL [1 1 0] KPYLJ[PVU�
^P[O [0 0 1] MHJPUN�\W^HYKZ�MVY�[OL�>A
Z[Y\J[\YL�

-PN\YL ���! *Y`Z[HS�Z[Y\J[\YLZ�Z[HJRPUN" JHWP[HS�SL[[LYZ�PUKPJH[L�TVUVSH`LYZ� ^OLYLHZ�SV^LY�JHZL�SL[[LYZ�PUKPJH[L
[OL�H[VTPJ�WSHULZ�VM�[OL�TVUVSH`LYZ� ;OL�\UP[�JLSSZ�HYL�JVU[V\YLK�^P[O�ISHJR�SPULZ�

 



[^V�UV[H[PVU�HYL�SPURLK�I`�[OL�MVSSV^PUN�YLSH[PVU�MVY i!
i = −(h + k)� <ZPUN� [OL� MV\Y� PUKPJLZ�UV[H[PVU� [OL
ZHTL�JYP[LYPVU�[V�KL[LYTPUL�PM�KPYLJ[PVUZ�HYL�LX\P]HSLU[
JHU�IL�HWWSPLK�IV[O�[V�OL_HNVUHS�HUK�J\IPJ�Z`Z[LTZ"
UHTLS �̀ KPYLJ[PVUZ�OH]PUN�[OL�ZHTL�PUKPJLZ�YLNHYKSLZZ
VM�VYKLY�VY�ZPNU�HYL�LX\P]HSLU[� 0[� PZ�^VY[O�UV[PUN� H[
[OL� JVZ[� VM� JVUM\ZPUN� [OL� YLHKLY� [OH[� P[� PZ� JVTTVU
WYHJ[PJL� PU�[OL� SP[LYH[\YL�[V� PUKL_�[OL�>A WSHULZ�HUK
KPYLJ[PVUZ�\ZPUN�[OL�A) PUKPJLZ�HZ�YLMLYLUJL� [OL�YH[PV�
UHSL�ILOPUK�[OPZ�PUKL_PUN�THKULZZ�^PSS�IL�JSLHY�SH[LY�PU
[OL�[L_[��I\[�P[�Z�LHZ`�[V�NYHZW�PM�VUL�[OPURZ�HIV\[�[OL
MHJ[�[OL�HYYHUNLTLU[�VM�H[VTZ�PU�[OL�WSHULZ�WLYWLU�
KPJ\SHY�[V�[OL�NYV^[O�KPYLJ[PVU�PZ�[OL�ZHTL�MVY�>A HUK
A)���-VY�PUZ[HUJL�[OL�MHJL[Z�VM�UHUV^PYLZ�HYL�SHILSLK
{1 1 2} \ZPUN�[OL�A) 4PSSLY�PUKPJLZ� HUK {0 1 1 0} \ZPUN
[OL�>A 4PSSLY�PUKPJLZ� ;OL�KPYLJ[PVUZ�WVPU[PUN�[V^HYKZ
[OL�]LY[PJLZ�IL[^LLU�MHJL[Z�PZ ⟨1 1 0⟩ \ZPUN�[OL�A) PU�
KPJLZ�HUK ⟨1 0 0 0⟩ \ZPUN�[OL�>A 4PSSLY�PUKPJLZ�

)LMVYL�ILMVYL�WYVJLLKPUN�[V�[OL�UL_[�ZLJ[PVU�SL[�Z�PU�
[YVK\JL�[OL�WOLUVTLUVU�VM [^PUUPUN" [OH[�PZ�^OLU�KPM�
MLYLU[�WHY[Z�VM�H�JY`Z[HS�HYL�TPZ�VYPLU[LK�^P[O�YLZWLJ[
[V�LHJO�V[OLY�HJJVYKPUN�[V�ZVTL�Z`TTL[Y`�Y\SL��L�N�
H� YV[H[PVU� HIV\[� VUL� H_PZ�� 0U� 000�= ZLTPJVUK\J[VYZ
[^PUULK�A) PZ�VM[LU�VIZLY]LK� 9LJHSSPUN�[OL�A) Z[HJR�
PUN�HSVUN ⟨1 1 1⟩� ()*()*��^L�JHU� PUK\JL�[^PUUPUN
I`�PU[YVK\JPUN�VUL�L_[YH� SH`LY� PU�[OL�ZLX\LUJL�THR�
PUN�P[ ()*B()c(D*)(��;OL�]LY[PJHS�SPUL�KLUV[LZ�̂ OLYL
[OL�L_[YH�SH`LY�PZ�HKKLK�HUK�P[�Z�JHSSLK�[^PU�IV\UKHY �̀
:\JO�H�KLMLJ[�PZ�\Z\HSS`�KLUV[LK�HZ�YV[H[PVUHS�[^PU�IL�
JH\ZL�[OL�JY`Z[HS�Z[Y\J[\YLZ�ILSV^�HUK�HIV]L�[OL�[^PU
IV\UKHY`�HYL�YLSH[LK�I`�H�YV[H[PVU� PU�[OPZ�JHZL�HIV\[
[OL [1 1 1] H_PZ�I`����KLNYLLZ" H�NYHOWPJHS�YLWYLZLU[H�
[PVU�VM�[OL�Z[Y\J[\YL�VM�[^PUULK�A) PZ�YLWVY[LK�PU�ÄN\YL
���I� 0U�[OPZ�[OLZPZ�[OL�[^PUULK�A) Z[Y\J[\YL�PZ�SHILSLK
;>�

0U�[OPZ�ZLJ[PVU�H�KLZJYPW[PVU�VM�[OL�UHUV^PYLZ��JY`Z[HS
Z[Y\J[\YL�OHZ�ILLU�NP]LU" [OV\NO� MHY� MYVT�ILPUN� [OL
TVZ[�JVTWYLOLUZP]L� MVY�^OPJO�H�^OVSL�IVVR�TH`�IL
ULLKLK� P[�VMMLYZ�H�WYPTLY�[V�\UKLYZ[HUK�[OL�YLZ[�VM�[OPZ
[OLZPZ�

��� 9LJPWYVJHS�3H[[PJL
;OL�YLJPWYVJHS� SH[[PJL�WSH`Z�H� M\UKHTLU[HS� YVSL� PU�[OL
Z[\K`� VM� WLYPVKPJ� Z[Y\J[\YLZ� MVY� L_HTWSL� PU� JY`Z[HS
KPMMYHJ[PVU�HUK�JHU�IL�KLÄULK�HZ� MVSSV^Z� *VUZPKLY
H�ZL[�VM�WVPU[Z 9 JVUZ[P[\[PUN�H�)YH]HPZ� SH[[PJL�HUK�H
WSHUL�^H]L� eiR·Y� :\JO�H�WSHUL�^H]L�^PSS� OH]L� [OL
ZHTL�WLYPVKPJP[`�VUS`�MVY�ZWLJPÄJ�ZL[�VM R P[�^PSS�OH]L
P[� ;OL�JVTWSL[L�ZL[�VM�^H]L�]LJ[VYZ�[OH[�`PLSK�WSHUL
^H]LZ�^P[O�[OL�ZHTL�WLYPVKPJP[`�VM�[OL�)YH]HPZ�SH[[PJL
PZ�P[Z�YLJPWYVJHS�SH[[PJL� (UHS`[PJHSS �̀ PM!

eiR·(Y+9) = ei2·Y �����

OVSKZ�[Y\L�MVY�HU` 9 HUK Y [OLU�^L�JHU�^YP[L!

ei2·Y = 1 �����

^OPJO�KLÄULZ�[OL�ZL[�VM�YLJPWYVJHS�]LJ[VYZ 2� 0[� PZ
JSLHY�MYVT�[OL�KLÄUP[PVU�HIV]L�[OH[�HU`�YLJPWYVJHS�SH[�
[PJL� PZ�KLÄULK�^P[O� YLMLYLUJL� [V�H�)YH]HPZ� SH[[PJL� HZ
Z\JO�P[�PZ�\Z\HS�[V�JHSS�[OLT�YLJPWYVJHS�HUK�KPYLJ[�SH[[PJL
ZWHUUPUN�[OL�KPYLJ[�HUK�YLJPWYVJHS�ZWHJL�YLZWLJ[P]LS �̀
( [YP]PHS�YLJPWL�MVY�JVUZ[Y\J[PUN�[OL�WYPTP[P]L�]LJ[VY�VM
H�)YH]HPZ�SH[[PJL�ZWHUULK�I` H,I,J PZ�NP]LU�PU�LX\H�
[PVU ���� 0[�PZ�LHZ`�[V�ZLL�[OH[�[OL�YLJPWYVJHS�SH[[PJL�VM�H
)YH]HPZ�SH[[PJL�PZ�P[ZLSM�H�)YH]HPZ�SH[[PJL�

I� = 2π
H� × H�

H� · (H� × H�)
I� = 2π

H� × H�
H� · (H� × H�)

�����

I� = 2π
H� × H�

H� · (H� × H�)

4VYLV]LY�VUL�JHU�HSZV�ZLL�[OH[� MHTPSPLZ�VM�WSHULZ
PU�JY`Z[HSZ�HYL�JVYYLSH[LK�[V�YLJPWYVJHS�]LJ[VYZ� UHTLS �̀
MVY�HU`�MHTPS`�VM�SH[[PJL�WSHULZ�ZLWHYH[LK�I`�H�KPZ[HUJL
K [OLYL�L_PZ[�YLJPWYVJHS�SH[[PJL�]LJ[VYZ�WLYWLUKPJ\SHY�[V
[OL�WSHULZ� [OL�ZOVY[LZ[�OH]PUN�SLUN[O�VM 2π/d B�D�
0[�PZ�UV^�LHZ`�[V�ZLL�[OH[�[OL�4PSSLY�PUKPJLZ�VM�H�WSHUL

HYL� [OL� JVLMÄJPLU[Z� VM� [OL� ZOVY[LZ[� YLJPWYVJHS� SH[[PJL
]LJ[VY�UVYTHS�[V�[OL�WSHUL� P�L� V = hI� + kI� + lI�
^OLYL V PZ�Z\JO�H�YLJPWYVJHS�]LJ[VY� ;OL�4PSSLY�PUKPJLZ
VM�JY`Z[HS�WSHULZ�JHU�[O\Z�IL�KLÄULK�HSZV�PU�[OPZ�^H �̀

��



����� ( UV[L�HIV\[�*Y`Z[HSSVNYHWOPJ�PU�
KPJLZ

0U�[OPZ�[OLZPZ�[^V�ZSPNO[S`�KPMMLYLU[�UV[H[PVUZ�HYL�\ZLK�[V
PUKL_�[OL�YLJPWYVJHS�ZWHJL� 5HTLS �̀ [OL \Z\HS 4PSSLY�
PUKL_� UV[H[PVU� HUK� [OL� Z\YMHJL�PUKL_� UV[H[PVU� �HSZV
RUV^U�HZ� [OL� SV^�LULYN`�LSLJ[YVU�KPMMYHJ[PVU� �3,,+�
JVU]LU[PVU�� <W� [V� [OPZ� WVPU[� VUS`� [OL� \Z\HS� 4PSSLY�
PUKL_�UV[H[PVU�OHZ�ILLU�\ZLK� ;OL�Z\YMHJL�PUKL_�UV�
[H[PVU�JVTLZ�PU�OHUK`�^OLU�KLHSPUN�^P[O (1 1 1) Z\Y�
MHJLZ� (Z�TLU[PVULK�ILMVYL�[OL�PU�WSHUL�HYYHUNLTLU[
VM� H[VTZ� PU� [OPZ� MHTPS`�VM� Z\YMHJLZ� PZ�OL_HNVUHS� HUK
[O\Z�P[�PZ�JVU]LUPLU[�[V�\ZL�H�JVVYKPUH[L�Z`Z[LT�^P[O
[OL�ZHTL�Z`TTL[Y �̀ .P]LU�[OL�IHZPZ�VM�[OL�J\IPJ�SH[�
[PJL! H� = a0_̂,H� = a0ˆ̀,H� = a0â� VUL�VM�[OL�WVZZPISL
IHZPZ�[OH[�L_OPIP[Z�OL_HNVUHS�Z`TTL[Y`�PZ�B��D!

HZ� =
1

2
(H� − H�) =

1

2
a0(_̂− â)

HZ� =
1

2
(−H� − H�) =

1

2
a0(−̂_− ˆ̀) �����

HZ� =
1

2
(H� + H� + H�) = a0(_̂+ ˆ̀ + â)

^OLYL HZ� PZ�JVUULJ[PUN� [OL (1 1 1) TVUVSH`LYZ� ;OL
\ZL�VM�Z\JO�H�JVVYKPUH[L�Z`Z[LT�THRLZ�P[�LHZPLY�[V�PU�
KL_ (1 1 1) Z\YMHJLZ�HUK�[OL�KPYLJ[PVUZ�UVYTHS�[V�[OLT
HUK�^PSS�IL�L]LY�TVYL�L]PKLU[�PU�[OL�UL_[�ZLJ[PVUZ�
0U�[OPZ�[OLZPZ�[OL�\ZL�VM�[OL�Z\YMHJL�JVVYKPUH[LZ�Z`Z[LT
PUKPJLZ�PZ�KLUV[LK�I`�H�SV^LYJHZL Z Z\WLYZJYPW[�VU�[OL
PUKPJLZ� P�L� [1 1 1]s� ;OL�\ZL�VM�[OL�J\IPJ�JVVYKPUH[L
Z`Z[LT�PZ�IL�KLUV[LK�I`�H�SV^LYJHZL J Z\WLYZJYPW[�VU
[OL�PUKPJLZ� P�L� [1 1 1]c� ^OLYLHZ�[OL�OL_HNVUHS�JVVY�
KPUH[L�Z`Z[LT�^P[O�H�SV^LYJHZL O Z\WLYZJYPW[�VU�[OL
PUKPJLZ� P�L� [1 1 1]h� ;OL�MV\Y�PUKL_�UV[H[PVU�PZ�L]PKLU[
LUV\NO�HUK�ZV�P[�PZ�\ZLK�^P[OV\[�HU`�Z\WLYZJYPW[� ;OL
HUNSL�IL[^LLU�[OL HZ� HUK HZ� PZ�[OLU����� HUK�\ZPUN
LX\H[PVU ���� [OL�YLJPWYVJHS�]LJ[VYZ�JHU�IL�JHSJ\SH[LK!

HZ� =
4π

3a0
(_̂+ ˆ̀− 2â)

HZ� =
4π

3a0
(−̂_+ ˆ̀− â) ��� �

HZ� =
2π

3a0
(_̂+ ˆ̀ + â)

0U� JVUJS\ZPVU� [OL� Z\YMHJL� JVVYKPUH[L� Z`Z[LT� PZ� H
OL_HNVUHS�Z`Z[LT�[OH[�JHU�IL�\ZLK�[V�KLZJYPIL�J\IPJ

Z`Z[LT��A)�"�[OL�RL`�MLH[\YL�PZ�[OH[�P[�JHU�IL�LHZPS`�\ZLK
[V�KPYLJ[S`�JVTWHYL�[OL�V\[�VM�WSHUL�Z[Y\J[\YL� HSVUN â
KPYLJ[PVU� ^P[O�V[OLY�OL_HNVUHS�Z`Z[LTZ� HZ�ZOV^U�MVY
L_HTWSL�PU�ÄN\YL �����

��� ?�9H`�+PɈYHJ[PVU
+PɈYHJ[PVU�MYVT�H�JY`Z[HS
3L[�Z�JVUZPKLY�[^V�PUKP]PK\HS�ZJH[[LYLYZ� ZLWHYH[LK�I`
H�KPZ[HUJL K HUK�H�PUJPKLU[�WSHUL�^H]L�HSVUN�H�JLY�
[HPU�KPYLJ[PVU n̂ ^P[O�H�̂ H]LSLUN[O λ HUK�H�̂ H]L�]LJ[VY
R = 2π/λn̂� HZ�ZOV^U�PU�ÄN\YL ���� *VUZ[Y\J[P]L�PU�
[LYMLYLUJL�[HRLZ�WSHJL�VUS`�PM�[OL�KPMMLYLUJL�PU�[OL�[YH]�
LSLK�WH[O�PZ�HU�PU[LNLY�T\S[PWSL�VM�[OL�^H]LSLUN[O� HUK
H�WSHUL�^H]L� PZ� VIZLY]LK� PU� [OL n̂

′ KPYLJ[PVU�^P[O� H
^H]LSLUN[O λ HUK�H�^H]L�]LJ[VY R′

= 2π/λn̂
′ �

n̂
n̂

′

R′

R′
θ θ

′

R

R

K

-PN\YL ���! 0SS\Z[YH[PVU�VM�[OL�ZJH[[LYPUN�NLVTL[Y �̀

-YVT�ÄN\YL ��� ^L�JHU�ZLL�[OH[�[OPZ�JVUKP[PVU�[YHUZ�
SH[LZ�[V!

d · (n̂
′
− n̂) = nλ → K(k′

· k) = 2πn. ������

(KKPUN�JVTWSL_P[`�̂ L�JHU�UV^�JVUZPKLY�HU�LUZLT�
ISL�VM�ZJH[[LYLYZ�JVU]LUPLU[S`�WSHJLK�PU�H�)YH]HPZ�SH[�
[PJL� ,X\H[PVU ���� [OLU�YLHKZ!

9(k′
· k) = 2πn ������

�0[�PZ�Z\I[S`�HZZ\TLK�[OH[�[OL�ZJH[[LYPUN�PZ�WLYMLJ[S`�LSHZ[PJ� P�L�
[OL� ZJH[[LYLK� WOV[VU� KVLZ� UV[� SVZL� HU`� LULYN`� PU� [OL� ZJH[[LYPUN
L]LU[� ;OPZ�PZ�SHYNLS`�[Y\L�MVY�HSS�[OL�L_WLYPTLU[Z�PU�[OPZ�[OLZPZ�I\[�P[
T\Z[�IL�UV[LK�[OH[�PULSHZ[PJ�ZJH[[LYPUN�JHU�OHWWLU� LZWLJPHSS`�ULHY
[OL�HIZVYW[PVU�LKNLZ�VM�[OL�TH[LYPHS�HUK�JHU�NP]L�]HS\HISL�PUMVYTH�
[PVUZ�

��



VY�LX\P]HSLU[S`!

ei(k
′
−k)·9 = 1 ������

MVY� PU[LNLY�U�HUK�HU` 9 ]LJ[VY�VM� [OL�)YH]HPZ� SH[[PJL�
>L�JHU�UV^�Z[H[L�[OL�3H\L�JVUKP[PVU� YLTLTILYPUN
[OL�KLÄUP[PVU�VM�YLJPWYVJHS�SH[[PJL�NP]LU�PU�LX\H[PVU ���!
JVUZ[Y\J[P]L� PU[LYMLYLUJL� ^PSS� VJJ\Y� PM� [OL� JOHUNL� PU
^H]L�]LJ[VY�PZ�H�]LJ[VY�VM�[OL�YLJPWYVJHS�SH[[PJL� (U�HS�
[LYUH[P]L�I\[�LX\P]HSLU[�JVUKP[PVU� [OL�)YHNN�Z�SH �̂ MVS�
SV^Z�PU�LX\H[PVU ���� HUK�ÄN\YL �� " WYVVM�VM�[OL�LX\P]�
HSLUJL�VM�[OL�[^V�JVUKP[PVUZ�JHU�IL�MV\UK�PU�HU`�ZVSPK
Z[H[L�WO`ZPJZ�[L_[�IVVR� ;OL�JVU]LUPLUJL�VM�[OL�YLJPW�
YVJHS�SH[[PJL�ZOV\SK�UV^�IL�JSLHY! H�YLJPWYVJHS�ZWHJL
]LJ[VY�HZZVJPH[LK�̂ P[O�H�JLY[HPU�KPMMYHJ[PVU�WLHR�PZ�WLY�
WLUKPJ\SHY�[V�[OL�MHTPS`�VM�KPYLJ[�SH[[PJL�WSHULZ�ZJH[[LY�
PUN�[OL�PUJVTPUN�^H]L�

nλ = 2dsin(θ) ������

-PN\YL �� ! ,_HTWSL�VM�H�)YHNN�Z�YLÅLJ[PVU�MYVT�H
MHTPS`�VM�WSHULZ�̂ P[O�ZWHJPUN�K" [OL�WH[O�KPMMLYLUJL
MVY� [OL�^H]LZ� PZ 2dsin(θ)� 0THNL�HKHW[LK� MYVT
B�D�

<W�[V�[OPZ�WVPU[�[OL�UH[\YL�VM�[OL�PUJVTPUN�̂ H]L�VY�VM
[OL�ZJH[[LYLYZ�PZ�UV[�JVUZPKLYLK� HZ�Z\JO�[OL�VI[HPULK
TVKLS� PZ�[OL�TVZ[�NLULYHS�WVZZPISL� 0M�^L�UV^�JVU�
ZPKLY�?�YH`Z�^P[O�LULYNPLZ� PU� [OL� YHUNL��������RL=�
^L� ZLL� [OH[� [OL`� HYL� H� NVVK� WYVIL� MVY� PU[LY�H[VTPJ
KPZ[HUJLZ� PU�ZVSPKZ� ;V�HJJV\U[�MVY�[OL�UH[\YL�VM�[OL

�;OLZL� SPTP[Z� HYL� JOVZLU� MVY� [^V� WYHJ[PJHS� YLHZVU� [OL� \WWLY
LULYN`� PZ� SV^�LUV\NO�[OH[�^L�JHU�MVYNL[�HIV\[�YLSH[P]PZ[PJ�LMMLJ[Z�
^OLYLHZ�[OL�SV^LY�IV\UK�LUZ\YL�[OH[�L_WLYPTLU[HSS`�[OL�?�YH`�ILHT
OHZ�HU�OPNO�WLUL[YH[PVU�WV^LY�PU�SPNO[�TH[LYPHSZ�Z\JO�HZ�ILY`SSP\T�
^OPJO�PZ�[OL�TH[LYPHS�\ZLK�PU�HSS�[OL�G^PUKV^Z��MVY�?�YH`�PUZ[Y\TLU�
[H[PVUZ�

ZJH[[LYLYZ� PU�[OPZ�JHZL�LSLJ[YVUZ� ^L�OH]L�[V�WS\N�PU
PU[V�[OL�TVKLS� [OLPY� GHIPSP[`�� [V�ZJH[[LY�YHKPH[PVU� ;OL
LSHZ[PJ�ZJH[[LYPUN�VM�?�YH`Z�I`�H�MYLL�LSLJ[YVU�PZ�JHSSLK
;OVTZVU�ZJH[[LYPUN� HUK�P[�PZ�TLHZ\YLK�I`�[OL�;OVT�
ZVU�ZJH[[LYPUN�SLUN[O� VY�JSHZZPJHS�YHKP\Z�VM�[OL�LSLJ�
[YVU� r0� ;OL�SH[[LY�X\HU[P[`�JHU�IL�KLYP]LK�JSHZZPJHSS`
VY�MYVT�H�JVTWSL[L�X\HU[\T�TLJOHUPJHS�[YLH[TLU[�VM
[OL�WYVISLT� ULP[OLY�PZ�YLSL]HU[�MVY�[OL�HPT�VM�[OPZ�[OLZPZ
HUK�IV[O�JHU�IL�MV\UK�PU�HU`�ZVSPK�Z[H[L�WO`ZPJZ�IVVR�
0U�[OL�MHY�ÄLSK�SPTP[� HUK�ULNSLJ[PUN�T\S[PWSL�ZJH[[LYPUN
L]LU[Z��[OL�RPULTH[PJ�HWWYV_PTH[PVU��^L�JHU�^YP[L�[OL
HTWSP[\KL�VM� [OL�ZJH[[LYLK�^H]LZ� MYVT�VUL�H[VT�HZ
[OL� PU[LNYH[PVU�VM� [OL�LSLJ[YVU�KLUZP[`� �ρ(Y)��V]LY� [OL
JVOLYLU[S`�PSS\TPUH[LK�]VS\TL!

A(2) ∝
∫

ρ(Y)ei(2·9)dr. ������

>L� JHU� ZLL� [OH[� [OL� ZJH[[LYLK� HTWSP[\KL� PZ� [O\Z
WYVWVY[PVUHS�[V�[OL�-V\YPLY�[YHUZMVYTH[PVU�VM�LSLJ[YVU
KLUZP[`�VM�[OL�H[VT� HUK�P[�Z�YLMLYYLK�[V�HZ�[OL�H[VTPJ
MVYT�MHJ[VY�

;OL� Z[Y\J[\YL� MHJ[VY ;OL� UL[� HTWSP[\KL� VM� [OL
ZJH[[LYLK�^H]LZ�JHU�IL�L_WYLZZLK�HZ!

A(2) ∝
n∑

j=1

fj(2)ei(2·Kj) ������

^OLYL 2 = k
′ − k� Kj PZ� [OL�WVZP[PVU�]LJ[VY�VM� [OL

Q�[O� H[VT� PU� [OL� IHZPZ� HUK� U� PZ� [OL� [V[HS� U\TILY� VM
[OL�H[VTZ�HUK fj(2) PZ�[OL�H[VTPJ�MVYT�MHJ[VY�VM�[OL
Q�[O�H[VT�HUK�PUJS\KLZ�HSS�[OL�YLX\PYLK�WYVWVY[PVUHSP[`
JVUZ[HU[Z�� ;OL�H[VTPJ�MVYT�MHJ[VY�PZ�PUJS\KLK�PU�[OL
Z[Y\J[\YL�MHJ[VY�ILJH\ZL�[OL�Z[Y\J[\YL�MHJ[VY�UV[�VUS`
KLWLUKZ�VU�[OL�WVZP[PVU�VM�[OL�H[VTZ�I\[�HSZV�VU�[OL
UH[\YL�VM� [OL�H[VTZ� 6UL�ZOV\SK�HSZV�RLLW� PU�TPUK
[OH[�[OL�Z`TTL[YPLZ�VM�[OL�\UP[�JLSS�JHU�SLHK�[V�H�U\SS
Z[Y\J[\YL�MHJ[VY� (Z�Z\JO�[OL�PU[LUZP[`�VM�[OL�YLZ\S[PUN
)YLHR�PZ�HSZV�aLYV�HUK�[OL�YLÅLJ[PVU�PZ�JHSSLK�MVYIPKKLU�

;V�NL[�[OL�M\SS�L_WYLZZPVU�MVY�ZJH[[LYLK�HTWSP[\KL�I`

�4VZ[�H[VTPJ�MVYT�MHJ[VYZ�OH]L�ILLU�JHSJ\SH[LK�HUK�HYL�\Z\HSS`
MV\UK�HZ�WHYHTL[YPJ�M\UJ[PVUZ�PU�ZL]LYHS�JY`Z[HSSVNYHWOPJ�KH[HIHZLZ�

��



H�JY`Z[HS� ^L�JVTIPUL�HSS�[OL�MHJ[VYZ�HUK�^YP[LS!

A(2) ∝
∑

n

ei(2·9n)
∑

j

(

∫
ρ(Y)ei(2·9)dr)ei(2·Yj)

=
∑

n

ei(2·9n)

︸ ︷︷ ︸
lattice sum

∑

j

f(2)ei(2·Yj)

︸ ︷︷ ︸
structure factor F (2)

������

^OLYL 9U PZ�H� SH[[PJL�]LJ[VY� YQ PZ� [OL�WVZP[PVU�VM� [OL
H[VT�PU�[OL�IHZPZ�
3HYNL� Z[Y\J[\YLZ� PU� YLHS� ZWHJL� JVYYLZWVUK� [V� ÄUL

KL[HPSZ� PU�YLJPWYVJHS�ZWHJL� 6U�[OL�V[OLY�OHUK�ZTHSS
Z[Y\J[\YLZ� PU� YLHS�ZWHJL� SPRL�HU�LSLJ[YVU�VY�HU�H[VT
JVYYLZWVUK� [V� PU[LUZP[`� KPZ[YPI\[PVUZ� PU� YLJPWYVJHS
ZWHJL�VU�H�T\JO�IYVHKLY�ZJHSL� ;O\Z�[OL�Z[Y\J[\YL
MHJ[VY� ZWHUZ� V]LY� ZL]LYHS� YLJPWYVJHS� SH[[PJL� WVPU[Z
HUK� KL[LYTPULZ� [OLPY� PU[LUZP[ �̀ ([VTPJ� MVYT� MHJ[VYZ
KL[LYTPUL�PU[LUZP[`�KPZ[YPI\[PVU�VU�L]LU�IYVHKLY�ZJHSL�
;OL� SH[[PJL� Z\T� HS[OV\NO� JVUJLW[\HSS`� ]LY`� JSVZL
[V� [OL� V[OLY� Z\T� PU[YVK\JLK� PZ� PU� WYHJ[PJL� X\P[L
L_[YHVYKPUHY`" PM� VUL� JVUZPKLYZ� [OL� HTV\U[� VM� \UP[
JLSSZ�PU�H�JY`Z[HS�P[�Z�LHZ`�[V�ZLL�[OH[�[OL�Z\T�VM�HSS�[OL
WOHZL�]LJ[VYZ�PZ�]LY`�JSVZL�[V�\UP[`�L_JLW[�^OLU�[OL
ZJH[[LYLK�^H]LZ�HYL�HSS�PU�WOHZL� 0U�[OL�SH[[LY�JHZL�[OL
SH[[PJL�Z\T�PZ�LX\HS�[V�[OL�Z\T�VM�HSS�[OL�[LYTZ�P�L� [OL
U\TILYZ�VM�\UP[�JLSSZ�HUK�ZV�P[�PZ�H�L_[YHVYKPUHYPS`�IPN
U\TILY� LUOHUJPUN� [OL� ZJH[[LYPUN� PU[LUZP[`� HUK� [O\Z
THRPUN�)YHNN�Z�WLHRZ�ZOHYW�
0U� JVUJS\ZPVU� [OL� Z[Y\J[\YL� MHJ[VY� KL[LYTPULZ� [OL
PU[LUZP[`�VM�H�NP]LU�)YHNN�YLÅLJ[PVU�^OLYLHZ�[OL�SH[[PJL
Z\T� KL[LYTPULZ� [OL� WVZZPISL� WVZP[PVUZ� PU� YLJPWYVJHS
ZWHJL�

*Y`Z[HS�[Y\UJH[PVU�YVKZ
( YLHS�JY`Z[HS�IYLHRZ�VUL�VM�HZZ\TW[PVU�THKL�PU�[OL
WYL]PV\Z�ZLJ[PVUZ� UHTLS`� [OL� SH[[PJL�ILPUN� PUÄUP[L� PU
HSS�KPYLJ[PVUZ� 0M�^L�JVUZPKLY�H�JY`Z[HS�^P[O�HU�PUÄUP[L
ZWHU�PU�L]LY`�KPTLUZPVU�[OL�ZJH[[LYLK�HTWSP[\KL�PZ�H
-V\YPLY�[YHUZMVYT�VM�[OL�M\UJ[PVU�KLZJYPIPUN�P[Z�Z[Y\J�
[\YL� )YLHRPUN�[OL�PUÄUP[L�WLYPVKPJP[`�PU�VUL�KPTLUZPVU�
ZH`�HSVUN a� ^OPJO�JVYYLZWVUKZ�[V�[OL�JYLH[PVU�VM�H�ÅH[
[^V�KPTLUZPVUHS�Z\YMHJL�WLYWLUKPJ\SHY�[V�ZHPK�KPYLJ�
[PVU� JHU�IL�TVKLSLK�I`�T\S[PWS`PUN�[OL�JY`Z[HS�Z[Y\J�
[\YL�I`�H�Z[LW�M\UJ[PVU�P�L� C[Y\UJH[LK = C×H(z)� ^OLYL
H(z) PZ� [OL� Z[LW� M\UJ[PVU� 0U]VRPUN� [OL� JVU]VS\[PVU

[OLVYLT�^L�ZLL�[OH[�[OL�-V\YPLY�[YHUZMVYT�VM�Z\JO�H
[Y\UJH[LK�Z[Y\J[\YL�PZ�LX\HS�[V�[OL�JVU]VS\[PVU�VM�[OL
-V\YPLY�[YHUZMVYT�VM�[OL�VYPNPUHS�M\UJ[PVU�KLZJYPIPUN�[OL
PUÄUP[L�JY`Z[HS�^P[O� [OL�-V\YPLY� [YHUZMVYT�VM� [OL� Z[LW
M\UJ[PVU��P�L� HU�HTWSP[\KL�KLJH`PUN�WYVWVY[PVUHSS`�[V
1/Kz �� HZ�ZOV^U�PU�LX\H[PVU �����

A(2) ∝ F(C[Y\UJH[LK) ∝ F
(
C
)
∗ F
(
H
)

������
∝ F

(
C
)
∗ 1/Kz ������

;OL�YLZ\S[�PZ�[OH[�ZJH[[LYPUN�PZ�UV�SVUNLY�SVJHSPaLK�PU
[OL�)YHNN�Z�WLHRZ�I\[�HSZV�HYV\UK�[OLT�^P[O�HU� PU�
[LUZP[`�WYVWVY[PVUHS�[V 1/(K2

z ) HUK�PU�H�KPYLJ[PVU�WLY�
WLUKPJ\SHY�[V�[OL�UL^S`�JYLH[LK�Z\YMHJL" [OL�LMMLJ[�PZ
JHSSLK�JY`Z[HS�[Y\UJH[PVU�YVK��*;9���;OL�HIV]L�JVUJLW[
JHU�IL�L_WHUKLK�PU�TVYL�KPTLUZPVU�HUK�̂ P[O�JVTWSL_
[Y\UJH[PVUZ�I\[�[OL�YLZ\S[�PZ�HS^H`Z�[OH[�H�KPMM\ZL�ZJH[�
[LYPUN�JHU�IL�VIZLY]LK�HYV\UK�H�)YHNN�WLHR�V]LY�H
]VS\TL�PU�YLJPWYVJHS�ZWHJL�PU]LYZLS`�WYVWVY[PVUHS�[V�[OL
ZPaL�VM�[OL�[Y\UJH[LK�JY`Z[HS�HUK�^P[O�Z[YLHRZ�WHYHSSLS
[V�[OL�[Y\UJH[LK�Z\YMHJLZ��UVYTHS� 4VKLSPUN�[OL�L_HJ[
NLULYHS�L_WYLZZPVU�MVY�[OL�PU[LUZP[`�L]VS\[PVU�KLWLUKZ
VU�[OL�JOVZLU�ZOHWL�M\UJ[PVU��MVY�H�ÅH[�WSHUL�[OL�HMVYL�
TLU[PVULK�Z[LW�M\UJ[PVU��[OH[�KLZJYPILZ�[OL�[Y\UJH[PVU
VM�[OL�JY`Z[HS�HUK�NVLZ�IL`VUK�[OL�ZJVWL�VM�[OPZ�[OL�
ZPZ� (Z�HU�L_HTWSL�H�KL[LJ[VY�PTHNL�VM�*;9 Z[LTTPUN
MYVT�HU�0U(Z�UHUV^PYL�]PL^LK�^P[O�[OL�NYV^[O�KPYLJ�
[PVU�MHJPUN�\W� PZ�YLWVY[LK�PU�ÄN\YL ����H HSVUN�P[Z�YLHS
ZWHJL� PU[LYWYL[H[PVU� 0U� HKKP[PVU� H� YLJPWYVJHS� ZWHJL
THW�VM�H�ZSPJL�HSVUN�[OL (1 1 2)c WSHUL� PZ�YLWVY[LK� PU
ÄN\YL ����J HSVUN�^P[O�P[Z�YLHS�ZWHJL�PU[LYWYL[H[PVU�
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-PN\YL ����! 3VJH[PVU�VM�)YHNN�WLHRZ�VM�>A��HUK
;>�A) PUKL_LK�\ZPUN�[OL�Z\YMHJL�JVVYKPUH[L�Z`Z�
[LT� A) )YHNN�Z�WLHRZ�HYL�L_WLJ[LK�MVY�PU[LNLY
ls I\[�[OL�Z[Y\J[\YL�MHJ[VY�THRLZ�ZVTL�VM�[OLZL
YLÅLJ[PVU�MVYIPKKLU��L�N� ��������� ;OL�MH[L�VM�;>
)YHNN�Z�WLHR�PZ�]LY`�JSVZL�[V�[OH[�VM�A)��L_JLW[
[OH[� [OL� Z[Y\J[\YL� PZ� YV[H[LK�I`����KLNYLLZ� HUK
[O\Z�[OL�)YHNN�Z�WLHRZ�HYL�UV[�MVYIPKKLU�^OLYL
[OL�A) WLHRZ�HYL�MVYIPKKLU�HUK�]PJL�]LYZH� >A
OHZ� H� ZTHSSLY� PU[LYWSHUHY� KPZ[HUJL� PU� YLHS� ZWHJL
HUK�JVUZLX\LU[S`�[OL�)YHNN�Z�WLHR�HYL�L_WLJ[LK
H[�T\S[PWSLZ�VM���� ls�
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k

�H� ,_WLYPTLU[HSS`�VIZLY]LK�JY`Z[HS� [Y\UJH[PVU�YVK�HYV\UK�[OL
^\Y[Pa[L�WLHR�VM�HU�0U(Z�UHUV^PYL� ;OL�L_WLJ[LK�WVZP[PVU�VM
[OL�)YHNN�WLHR�VM�^\Y[Pa[L� PZ��������� PU�Z\YMHJL�JVVYKPUH[LZ�
HUK�PUKLLK�H�Z[YVUN�PU[LUZP[`�PZ�YLJVYKLK" HYV\UK�[OPZ�WLHR�[^V
KPZ[PUJ[�*;9 HYL�LHZPS`�YLJVNUPaHISL� ;OL�ÄYZ[�Z[YLHR�L_[LUKPUN
PU�[OL S KPYLJ[PVU� P�L� [OL�KPYLJ[PVU�JVUULJ[PUN�[^V�TVUV�SH`LYZ
PU� [OL [1 1 1] J\IPJ�A) KPYLJ[PVU� Z[LTZ� MYVT�IV[O� [OL� SPTP[LK
OLPNO[�VM�[OL�UHUV^PYL�HUK�[OL�Z\YMHJL�VM�[OL�Z\IZ[YH[L� ;OL
ZLJVUK�Z[YLHR�UVYTHS�[V�[OL�ÄYZ[�HUK�L_[LUKPUN�PU�[OL�R�KPYLJ�
[PVU� Z[LTZ�MYVT�[OL�ÄUP[L��PU�[OPZ�JHZL ≈ 100UT���^PK[O�VM�[OL
UHUV^PYL�

l
k

�I� 9LHS�ZWHJL�TVKLS�MVY�[OL�JY`Z[HS�Z[Y\J[\YL�[OH[
L_WSHPUZ�[OL�JY`Z[HS�[Y\UJH[PVU�YVKZ�YLWVY[LK�PU�ÄN�
\YL ����H� ;OL�YLK�HYYV^Z�OPNOSPNO[�[OL�ÄUP[L�^PK[O
VM�[OL�UHUV^PYLZ�JVU[YPI\[PUN�^P[O�[OL�Z[YLHR�HSVUN
R� >OLYLHZ�[OL�ISHJR�HYYV^Z�KLUV[L�[OL�Z\YMHJL
VM� [OL�UHUVP^YL�NLULYH[PUN� [OL� [Y\UJH[PVU�YVK� MVY
S�%����� [OL�NYH`�HYYV^�PUKPJH[L�[OL�Z\YMHJL�VM�[OL
Z\IZ[YH[LZ�NLULYH[PUN�[OL�Z[YLHR�MVY�S�#�����

[0      1      0]s direction  (r.l.u.)
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Contourplot of the [0      0      1]    plane, through [0          1      1.473]
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�J� 9LJPWYVJHS�ZWHJL�THW�HYV\UK�[OL�>A WLHR�ZOV^PUN�Z[HY�
ZOHWLK�[Y\UJH[PVU�YVKZ� ;OL�ZP_�Z[YLHRZ�PUKPJH[L�[OL�WYLZLUJL
VM�ZP_�MHJL[Z�WHYHSSLS�[OL�S�KPYLJ[PVU�PU�Z\YMHJL�JVVYKPUH[LZ� JVU�
ZPZ[LU[�^P[O�[OL�\Z\HS�OL_HNVUHS�TVYWOVSVN`�VM�[OL�UHUV^PYLZ�
-HJL[Z�JHU�IL�LHZPS`�PUKL_�HZ�ILSVUNPUN�[V�[OL {0 1 1 0} MHTPS`
VM�WSHULZ�

k

h

�K� ;VW�]PL^�VM�[OL�YLHS�ZWHJL�TVKLS�MVY�[OL�JY`Z[HS
Z[Y\J[\YL�[OH[�L_WSHPUZ�[OL�JY`Z[HS� [Y\UJH[PVU�YVKZ
YLWVY[LK�PU�ÄN\YL ����J� ;OL�YLMLYLUJL�Z\YMHJL�JV�
VYKPUH[LZ�HYL�YLWVY[LK�PU�[OL�SV^LY�SLM[�JVYULY� ^P[O
S�[OL�NYV^[O�KPYLJ[PVU�WVPU[�V\[�VM�[OL�WHWLY�WSHUL�
;OL�ISHJR�HYYV^Z�OPNOSPNO[� [OL� MHTPS`� VM {0 1 1 0}
MHJL[Z�

-PN\YL ����! *Y`Z[HS�[Y\UJH[PVU�YVK�L_HTWSLZ� ����H HUK ����J� ZOV^�[^V�KPMMLYLU[�L_HTWSLZ�VM�TLHZ\YLK�[Y\U�
JH[PVU�YVKZ" ÄN\YLZ ����I HUK ����K ZOV^�[OL�YLHS�ZWHJL�TVKLSZ�[V�PU[LYWYL[�[OL�TLHZ\YLK�KH[H�

��



��� .LULYH S� MV YTHS PZT� MVY
NYV^[O�RPUL[PJZ

)LMVYL� PU[YVK\JPUN� [OL� [OLVYL[PJHS� MVYTHSPZT� VUL
ZOV\SK� UV[L� [OH[� LX\PSPIYP\T� [OLYTVK`UHTPJZ� PZ
ZVTL^OH[� YLK\UKHU[� WOYHZPUN! [OLYTVK`UHTPJZ PZ
I`�KLÄUP[PVU�[OL�Z[\K`�VM�LX\PSPIYP\T�Z[H[LZ� TLHUPUN
[OH[�[OL�Z[H[L�]HYPHISLZ�KLZJYPIPUN�[OL�Z`Z[LT�KV�UV[
JOHUNL� PU� [PTL� >OLUL]LY� [OL� H� Z`Z[LT� PZ� KYP]LU
V\[� VM� LX\PSPIYP\T� [OLYTVK`UHTPJZ� HYL� UV[� Z[YPJ[S`
HWWSPJHISL�I\[�JHU�IL�\ZLK�HZ�[OL�SPTP[PUN�VY�YLMLYLUJL
ZJLUHYPV� ;OL� Z[\K`� VM� [OL� YH[LZ� H[� ^OPJO� V\[� VM
LX\PSPIYP\T� Z`Z[LTZ� L]VS]L� PZ� JHSSLK RPUL[PJZ� ;OL
TVZ[� MHZJPUH[PUN�HZWLJ[�VM�TVKLYU� [OLYTVK`UHTPJZ
PZ� [OL� PU[YVK\J[PVU� VM� [OL� JVUJLW[� VM� SVJHS� LX\PSPI�
YP\T� L_WSHPULK� PU� ÄN\YL ����� ^OPJO� HSSV^Z� \ZPUN
HSS� VM� [OL� THJOPULY`� VM� JSHZZPJHS� [OLYTVK`UHTPJZ
HUK� PU[LY^LH]L� P[� ^P[O� [OL� UVU�SVJHS� RPUL[PJZ� VM� [OL
Z`Z[LT� <ZPUN� [OL� ZHTL� HWWYVHJO� VUL� JHU� \ZL
JVU[PU\\T� SHUN\HNL� [V� KLZJYPIL� H[VTPJ� [YHUZP[PVUZ
YH[LZ� 0U�[OL�UL_[�WHYHNYHWO�[OL�[OLVYL[PJHS�MVYTHSPZT

H� I�

pi pii p q

-PN\YL ����! ;OL�*VUJLW[�6M�3VJHS�,X\PSPIYP\T�
H��-VY�LHJO�[OLYTVK`UHTPJ�Z[H[L� Z\JO�HZ�[OL�SPX�
\PK�ZH[L� ^L�JHU�KLÄUL�H�SVJHS�Z[H[L� p� KLZJYPILK
I`�[OL�H]LYHNL�WYVWLY[PLZ�VM�[OL�Z\YYV\UKPUNZ��[OL
SVJHS�LUZLTISL��̂ OPJO�PZ�SHYNL�LUV\NO�[V�KLZJYPIL
P[Z� JVUZ[P[\LU[Z� �P�L� pi HUK pii�� I\[� HSZV� ZTHSS
LUV\NO�[V Z\Y]P]L� P�L� THPU[HPU�SVJHS�LX\PSPIYP\T�
^OLU� [OL�^OVSL�Z`Z[LT� PZ�KYP]LU�V\[�VM�LX\PSPI�
YP\T� I��;OL� PU[LYMHJL�IL[^LLU�[^V� SVJHS�Z[H[LZ
KLÄULZ�̂ OLYL�[^V�WHY[PJSLZ�JHU�IL�KLZJYPILK�VUS`
I`�[OL�SVJHS�LUZLTISL�[OL`�ILSVUN�[V��L�N� p HUK
q��

PZ� PU[YVK\JLK� MVSSV^PUN� [OL� HWWYVHJO� I`� 2YVNZ[Y\W
L[ HS� B��D� ^P[O� [OL� HPT� [V� PU[YVK\JL� ZVTL� VM� [OL
JVUJLW[Z� VM� UHUV^PYL� NYV^[O� [OH[� ^PSS� SH[LY� LTLYNL
MYVT�[OL�?�YH`�L_WLYPTLU[Z�

;YHUZP[PVU�Z[H[L�[OLVY`
([VTPZ[PJ�TVKLSZ�VM�UHUV^PYL�NYV^[O� Z\JO�HZ�[OVZL
IHZLK� VU� KLUZP[`� M\UJ[PVUHS� [OLVY`� �+-;� B��D� VY� VU
TVSLJ\SHY�K`UHTPJZ�TVKLSZ� B��D� L_PZ[�HUK�VMMLY�LZ�
[PTH[PVUZ� MVY� ZWLJPÄJ�HUK� YLSL]HU[� LULYNPLZ� 6U� [OL
V[OLY� OHUK� H[VTPZ[PJ�TVKLSZ� VM[LU� SHJR� H�KPYLJ[� SPUR
^P[O�[OL�L_WLYPTLU[HSS`�JVU[YVSSHISL�WHYHTL[LYZ� Z\JO
HZ� [LTWLYH[\YL� HUK� LZWLJPHSS`� [OL� PTWPUNPUN� H[VTPJ
Å\_LZ� ;OL�WVZZPIPSP[`�VM�KLZJYPIPUN�H[VTPJ�[YHUZP[PVUZ
^P[O�H�JVU[PU\\T�SHUN\HNL�HZ�WYVWVZLK�I`�2YVNZ[Y\W
L[ HS� B��D� PZ�H�̂ H`�[V�IYPKNL�[OL�NHW�IL[^LLU�[OL�JVT�
WSPJH[LK�H[VTPZ[PJ�KLZJYPW[PVU�HUK�[OL�V]LYHSS�NYV^[O
K`UHTPJZ� HZ�H� M\UJ[PVU�VM�Å\_LZ�HUK� [LTWLYH[\YLZ�
^OPJO�JHU�IL�L_WLYPTLU[HSS`�TLHZ\YLK� MVY� PUZ[HUJL
^P[O�PU�ZP[\�Z[\KPLZ� ;OL�NVHS�PZ�[V�ILPUN�HISL�[V�WYLKPJ[
H�NP]LU�NYV^[O�L_WLYPTLU[�IHZLK�VU�K`UHTPJHS�ZPT\�
SH[PVUZ� /V^L]LY� [OPZ� PZ� H�IPN�JOHSSLUNL�K\L� [V� [OL
JVTWSPJH[LK�TLJOHUPZTZ�VM�UHUV^PYL�NYV^[O� HUK�H
SV[�VM�PTWYV]LTLU[�PU�IV[O�\UKLYZ[HUKPUN�HUK�ZPT\SH�
[PVU�[LJOUPX\LZ�Z[PSS�ULLKZ�[V�IL�KVUL� 0U�[OL�MVSSV^PUN
WHYHNYHWO�[OL�MVYTHSPZT�PZ�PU[YVK\JLK" [OL�[OLYTVK`�
UHTPJ�X\HU[P[PLZ�HYL�PU[YVK\JLK�PU�ÄN\YL �����

W X

µERS

∆µpq
δµp−ERS

δµq−ERS

δgTS,ERS
pq,i − µp−ERS δgTS,ERS

pq,i − µq−ERS

δgTS,ERS
pq,i

-PN\YL ����! 6UL� KPTLUZPVUHS� PSS\Z[YH[PVU� VM� [OL
MYLL� LULYN`� IHYYPLY� HZZVJPH[LK� ^P[O� H� [YHUZP[PVU
[V� Z[H[L� X� MYVT� Z[H[L� W� >L� HZZ\TL� [OH[� [OL
[YHUZP[PVU�Z[H[L�IHYYPLY�PZ�Z`TTL[YPJ δgTS,ERS

pq,i =

δgTS,ERS
qp,i � ^OPJO�TLHUZ� [OH[� PM�H� [YHUZP[PVU� MYVT

Z[H[L�W�[V�Z[H[L�X�OHWWLUZ� [OL�LULYN`�IHYYPLY�[V
NV�MYVT�X�[V�W�YLTHPUZ�\UJOHUNLK�

;OL�WYVIHIPSP[`�VM�H p → q [YHUZP[PVU�MVSSV^Z�HU�(Y�

��



YOLUP\Z�KLWLUKLUJL� P�L� Ppq,i ∝ e−
δgTS

pq,i
kbT ^OLYL�[OL

Z\IZJYPW[ pq, i TLHUZ� MYVT�Z[H[L p [V�Z[H[L q MVY� [OL
ZWLJPL i� ; PZ�[OL�[LTWLYH[\YL�HUK kb [OL�)VS[aTHUU
JVUZ[HU[" δgTS

pq,i PZ�[OL�HJ[P]H[PVU�LULYN`�VM�[OL�[YHUZP[PVU
Z[H[L��;:� [OH[�PZ�[OL�KPMMLYLUJL�PU�MYLL�LULYN`�WLY�H[VT
IL[^LLU�[OL�Z[H[L�W�HUK�[OL�;:��;OL�HJ[P]H[PVU�LULYN`
JHU�HSZV�IL�^YP[[LU�HZ δgTS

pq,i = δgTS,ERS
pq,i − δµp−ERS,i

^OLYL�[OL�;: MYLL�LULYN`�HUK�[OL�JOLTPJHS�WV[LU[PHS
HYL�UV^�JHSJ\SH[LK�̂ P[O�YLZWLJ[�[V�H�JVU]LUPLU[S`�JOV�
ZLU�LX\PSPIYP\T�YLMLYLUJL�Z[H[L��,9:���HZ�KLZJYPILK�PU
ÄN\YL �����
>L�JHU�UV^�KLZJYPIL�[OL�TLHU�Å\_�VM�H[VTZ�JYVZZ�

PUN�[OL pq IV\UKHY`�MYVT�Z[H[L p WLY�\UP[�HYLH�^P[O�[OL
MVSSV^PUN�LX\H[PVU!

Γpq,i

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Ξpq,ic̄p,ie
−

δg
TS,ERS
pq,i −δµp−ERS,i

kbT ���� H�
PM δgTS,ERS

pq,i ≥ δµp−ERS,i

Ξpq,ic̄p,i ���� I�
PM δgTS,ERS

pq,i ≤ δµp−ERS,i

^OLYLΞpq,i PZ�H�WYLMHJ[VY�HJJV\U[PUN�MVY�[OL�U\TILY�VM
H[[LTW[Z�WLY�H[VT�VM�ZWLJPLZ i [V�[YHUZP[PVU�MYVT�Z[H[L
p [V�Z[H[L�;: WLY�\UP[�[PTL�HUK�\UP[�HYLH�HUK�P[Z�MVYT
KLWLUKZ�VU�[OL�[`WL�VM�[YHUZP[PVU� c̄p,i PZ�[OL�KLUZP[`
VM�ZWLJPL i H[VTZ�PU�[OL�Z[H[L�W� ^OPJO�JVYYLZWVUKZ�[V
[OL�WYVIHIPSP[`�VM�[OL�Z[H[L�ILPUN�WVW\SH[LK� ,X\H[PVU
��� I KLZJYPILZ�H�IHYYPLY�MYLL�[YHUZP[PVU� 0U�NLULYHS�[OL
MVYT�VM�IV[O Ξpq,i � HUK c̄q,i HYL�\URUV^UZ�HUK�ZV�^L
^HU[�[V�ÄUK�H�YLSH[PVU�[V�V[OLY�[OLYTVK`UHTPJ�WHYHT�
L[LYZ� ;V�KV�ZV�^L�JHU�MVY�PUZ[HUJL�L]HS\H[L�[OL�[V[HS
Å\_ ∆Γpq,i = Γpq,i − Γqp,i HJYVZZ pq MVY�H�Z`TTL[YPJ
IHYYPLY� P�L� δgTS,ERS

pq,i = δgTS,ERS
qp,i � 4VYLV]LY� PM�^L

L]HS\H[L ∆ΓERS
pq,i ^P[O� [OL ERS Z\WLYZJYPW[�TLHUPUN

[OH[�^L�L]HS\H[L�[OL�[V[HS�Å\_�HJYVZZ pq H[�LX\PSPIYP\T"
[OLU�KL[HPSLK�IHSHUJL�T\Z[�OVSK�P�L� ∆ΓERS

pq,i = 0� ;OL
pq HUK qp Å\_LZ�JHU�IL�^YP[[LU�HZ!

ΓERS
pq,i = Ξpq,ic̄

ERS
p,i e

δg
TS,ERS
pq,i
kbT ������

ΓERS
qp,i = Ξqp,ic̄

ERS
q,i e

δg
TS,ERS
qp,i
kbT ������

^OLYL�[OL�JOLTPJHS�WV[LU[PHSZ�PU�[OL�L_WVULU[PHS�OH]L
]HUPZOLK�ILJH\ZL�[OL�LX\H[PVUZ�HYL�L]HS\H[LK�H[�LX\P�

SPIYP\T� >L�JHU�[OLU�^YP[L!

∆ΓERS
pq,i = 0 → Ξqp,i = Ξpq,i

c̄ERS
p,i

c̄ERS
q,i

e
δgERS

pq,i −δgERS
qp,i

kbT

������
;OL�[V[HS�Å\_�PZ!

∆Γpq,i = Γpq,i − Γqp,i =

Ξpq,ic̄p,ie
−

δg
TS,ERS
pq,i −δµp−ERS,i

kbT

− Ξqp,ic̄q,ie
−

δg
TS,ERS
qp,i −δµq−ERS,i

kbT ������
\ZPUN�LX\H[PVU ���� [V�YLWSHJL Ξqp PU�LX\H[PVU �����
[OL�[V[HS�Å\_�JHU�IL�^YP[[LU�HZ!

∆Γpq,i = Ξpq,ic̄p,ie
−

δg
TS,ERS
pq,i −δµp−ERS,i

kbT

−Ξpq,i

c̄ERS
p,i

c̄ERS
q,i

c̄q,ie
−

δgERS
pq,i −δgERS

qp,i
kbT e−

δg
TS,ERS
qp,i −δµq−ERS,i

kbT

������
MHJ[VYPUN�V\[�JVTTVU�[LYTZ!

∆Γpq,i = Ξpq,ie
−

δg
TS,ERS
pq,i
kbT

×
(
c̄p,ie

δµp−ERS,i
kbT

−
c̄ERS
p,i

c̄ERS
q,i

c̄q,ie
δgERS

qp,i
kbT e−

δg
TS,ERS
qp,i −δµq−ERS,i

kbT

)

= Ξpq,ie
−

δg
TS,ERS
pq,i
kbT

(
c̄p,ie

δµp−ERS,i
kbT −

c̄ERS
p,i

c̄ERS
q,i

c̄q,ie
δµq−ERS,i

kbT

)

������
( ZPTWSLY�JHZL�PZ�H�IHYYPLY�MYLL�[YHUZP[PVU� SPRL�PU ��� I�
^OLYL δgTS,ERS

pq,i ≤ δµp−ERS,i HUK�[OL�H[VTPJ�Å\_�JHU
IL�^YP[[LU�HZ!

∆Γpq,i = Ξpq,i

(
c̄p,i −

c̄ERS
p,i

c̄ERS
q,i

c̄q,ie
−

δg
TS,ERS
pq,i −δµq−ERS,i

kbT

)

������
9LTLTILYPUN�[OL�KLÄUP[PVU�VM�.PII�Z�LULYN` g = h−
Ts ^OLYL h PZ�[OL�LU[OHSW �̀ s PZ�LU[YVW`�HUK t PZ�[LT�
WLYH[\YL �� ;OLU dg = dH − Tds − sdT → dg =

�^L�\ZL�SV^LYJHZL�SL[[LYZ�[V�KLUV[L�KLUZP[PLZ�VM�[OL�YLSH[LK�L_�
[LUZP]L�]HYPHISLZ� P�L� g PZ�[OL�.PII�Z�LULYN`�WLY�H[VT

��



dh− Tds H[�JVUZ[HU[�[LTWLYH[\YL� >L�JHU�[OLU�Z\I�
Z[P[\[L�PU[V�LX\H[PVU ���� [V�PZVSH[L�[OL�WYLMHJ[VYZ�PU�
JS\KPUN� [OL�LU[YVW`� [LYT� PU�VUL� ^OPJO�JHU� [OLU�IL
\ZLK�HZ�H�[LTWLYH[\YL�PUKLWLUKLU[�Ä[[PUN�WHYHTL[LY�
:V�^L�KLÄUL!

Ξ
′

pq,i = Ξpq,ie
ds

TS,ERS
pq,i
kbT ������

;V� KLZJYPIL� [OL� Z`Z[LT� ^L� ULLK� [V� L_[LUK� HUK
YLÄUL� [OL� [OLYTVK`UHTPJ� Z[H[LZ� PU[YVK\JLK� PU� [OL
ZPTWSL� =3: WPJ[\YL� LHYSPLY� 0U� WHY[PJ\SHY� ^L� HKK
[OL� HKH[VT� HUK� ILHT� Å\_� ZH[LZ� ^OLYL� [OL� ÄYZ[
VUL�KLZJYPILZ� [OL�H[VTZ� [OH[� HYL�HKZVYILK�I\[�UV[
PUJVYWVYH[LK� VU� HU`� Z\YMHJL� HUK� [OL� ZLJVUK� VUL
KLZJYPILZ� [OL� H[VTZ� JVTWYPZPUN� [OL� KPYLJ[� ILHT
Å\_" TVYLV]LY� ^L� YLKLÄUL� [OL� ]HWVY� Z[H[L� HZ� [OL
Z[H[L� VM� [OL� NHZ� WOHZL� H[VTZ� UV[� ILSVUNPUN� [V� [OL
WYPTHY`� ILHT� P�L� THPUS`� H[VTZ� L]HWVYH[LK� VY� YL�
TP[[LK� MYVT� ULPNOIVYPUN� Z\YMHJLZ� 0U� Z\TTHY`� MVY
4), NYV^[O�^L�JHU�KPZ[PUN\PZO� Ä]L�THPU� Z[H[LZ� MVY
LHJO� LSLTLU[ i! ILHT� Å\_� �b, i�� ]HWVY� �v, i�� ZVSPK
�s, i�� HKH[VT��a, i��� SPX\PK��l, i�� HZ�ZOV^U�PU�ÄN\YL �����

)LHT�Å\_� I

=HWVY� ]
:VSPK� Z

(KH[VTZ�H

3PX\PK� S

-PN\YL ����! ;OL� Ä]L� [OLYTVK`UHTPJHS� Z[H[LZ
JVUZPKLYLK�PU�[OL�NYV^[O�TVKLS�

>L�KPZ[PUN\PZO�KPMMLYLU[�WH[O^H`Z�MVY�[OL�PUJVYWVYH�
[PVU�VM�H[VTZ�PU�[OL�SPX\PK�WOHZL! al HUK (vb)l [OH[�PZ
HKH[VT�[V�SPX\PK�HUK�NHZ��IV[O�]HWVY�HUK�ILHT�Å\_
Z[H[L�� [V� SPX\PK" TVYLV]LY�^L�KPZ[PUN\PZO� [OYLL�TVYL
THPU� [YHUZP[PVUZ� MVY� [OL�HKH[VTZ! aa� av� as [OH[� PZ
KPMM\ZPVU� KLZVYW[PVU� PUJVYWVYH[PVU�YLZWLJ[P]LS`" SHZ[S �̀

[OL ls [YHUZP[PVU�[OH[�PZ�SPX\PK�[V�ZVSPK�[YHUZP[PVU�^OPJO�PZ
YLZWVUZPISL�MVY�[OL�MVYTH[PVU�VM�[OL�UL^IVYU�JY`Z[HS�
0U�ÄN\YL ���� [OL�WH[O^H`Z�HYL�ZJOLTH[PJHSS`�KYH^U�

bl

vl

as

al

av

av va

as
aa

ls

-PN\YL ����! ;OL� THPU� [YHUZP[PVUZ� WH[OZ� PU
UHUV^PYL�NYV^[O� aa� av� as HYL�KPMM\ZPVU� KLZ�
VYW[PVU� PUJVYWVYH[PVU�YLZWLJ[P]LS`" ls PZ� SPX\PK�[V
ZVSPK� [YHUZP[PVU" al HUK (vb)l HYL� [[OL�HKH[VT�[V
SPX\PK�HUK�NHZ��IV[O�]HWVY�HUK�ILHT�Å\_�Z[H[L��[V
SPX\PK�YLZWLJ[P]LS �̀

(Z�ZOV^U�PU�2YVNZ[Y\W�L[ HS� B��D HUK�2YVNZ[Y\W�L[ HS�
B��D ^L�JHU�KLZJYPIL�[OL�H[VTPJ�ÅV^�[OYV\NO�[OL�SPX\PK
WOHZL�^P[O� H�THZZ� [YHUZMLY� LX\H[PVU� JHSSPUN Nl [OL
U\TILY�VM�H[VTZ�PU�[OL�SPX\PK�WOHZL!

d

dt
Nl = IIII + IV − Iinc. ������

^OLYL Ii HYL� [OL�ZVYIW[PVU�J\YYLU[Z� PU� [OL� SPX\PK� MVY
LSLTLU[Z�VM�[OL i ZWLJPL�HUK Iinc PZ�[OL�PUJVYWVYH[PVU
J\YYLU[�MYVT�[OL�SPX\PK�[V�[OL�ZVSPK� Ii JHU�IL�^YP[[LU
HZ!

Ii =

∫
∆Γal,idlTL +

∫
∆Γ(vb)l,idAvl ���� �

^OLYL�[OL�ÄYZ[�[LYT�KLZJYPILZ�[OL�HKH[VT�[V�SPX\PK�J\Y�
YLU[� HUK� [OL�ZLJVUK� [LYT� [OL�NHZ� [V� SPX\PK�J\YYLU[�
;OL�[^V�PU[LNYHSZ�HYL�L]HS\H[LK�V]LY�[OL�[V[HS�SLUN[O�VM
[OL�]HWVY�SPX\PK�ZVSPK�[YPWSL�SPUL��;3���HUK�[OL�HYLH�VM�[OL
SPX\PK�KYVWSL[�YLZWLJ[P]LS`" [OL�PU[LNYH[PVU�SPTP[Z�HYL�UV[
ZWLJPÄLK�PU�[OL�ZLJVUK�PU[LNYHS�ILJH\ZL�[OL`�JHU�IL
HWWYV_PTH[LK�KPMMLYLU[S �̀ ZLL�MVY�L_HTWSL�.SHZ B� D� (

��



l

s

v

-PN\YL ����! +LZJYPW[PVU� VM� [OL� [YPWSL� SPUL� HUK
SPX\PK�]HWVY�JVSSLJ[PVU�HYLH� ;OL�;3 SPUL�PZ�YLWYL�
ZLU[LK�HZ�[OL�YLK�KHZOLK�SPUL� Y\UUPUN�HSVUN�[OL
KYVWSL[�LKNLZ� (Z�ZOV^U�PU�[OL�\WWLY�SLM[�PUZL[�[OL
;3 PZ�PU�JVU[HJ[�^P[O�SPX\PK� ]HWVY�HUK�ZVSPK�WOHZL�
;OL�SPX\PK�]HWVY�JVSSLJ[PVU�HYLH� ZOHKLK�PU�H�KHYR
`LSSV �̂JVUZPZ[�VUS`�VU�[OL�HYLH�[OH[�PZ�HJ[P]LS`�PU�
[LYJLW[PUN� [OL�H[VTPJ�ILHT� YLWYLZLU[LK�HZ� [OL
KHZOLK JVUL�

NYHWOPJHS�KLZJYPW[PVU�VM�[OL�;3 HUK�[OL�HYLH�PZ�NP]LU�PU
ÄN\YL �����
<ZPUN�LX\H[PVU ��� ^L�JHU�^YP[L�MVY�H lv [YHUZP[PVU!

Γlv,i = Ξlv,ie
−dgERS

lv,i
kbT x̄l,ie

δµl−ERS,i
kbT ������

HUK�MVY�H vl [YHUZP[PVU!

Γvl,i = Ξvl,ie
−dgERS

vl,i
kbT x̄v,ie

δµl−ERS,i
kbT ������

^OLYL x̄l PZ�[OL�H[VTPJ�MYHJ[PVU�PU�[OL�SPX\PK�WOHZL�MVY
ZWLJPL i" L]HS\H[PUN ���� H[�[OL�,9:!

ΓERS
vl,i =

PERS
i√

2πmkbT
= ΓERS

lv,i = Ξlv,ix̄
ERS
l,i e−

dgERS
lv
kbT

������
^OLYL�^L�OH]L�\ZLK�[OL�KL[HPSLK�IHSHUJL�HUK�ZL[�[OL
JOLTPJHS�WV[LU[PHS�[V�aLYV�ILJH\ZL�^L�HYL�H[�[OL�,9:"
[OL�ZLJVUK�LX\HSP[`�PZ�ZPTWS`�K\L�[V�THZZ�JVUZLY]H�
[PVU�� >L�JHU�[OLU�YL^YP[L ����� \ZPUN ����!

Γlv,i =
PERS
i√

2πmkbT

x̄l,i

x̄ERS
l,i

e
δµl−ERS,i

kbT ������

,X\H[PVU ����� PZ�[OL�ZHTL�HZ�^YP[PUN!

Γlv(xi, T ) =
P (xi, T )√
2πmkbT

������

�VUL�JHU�ZLL�[OH[�I`�YLHSPaPUN�[OH[�H[�LX\PSPIYP\T�^OH[�NVLZ V\[
VM�[OL�SPX\PK�JHU�UV[�IL�TVYL�[OH[�^OH[�NVLZ�PU[V�[OL�SPX\PK�MYVT�[OL
]HWVY�WOHZL

^OLYL P (xi, T ) PZ�[OL�LX\P]HSLU[�]HWVY�WYLZZ\YL�VM�HU
PUÄUP[L�SHYNL�SPX\PK�WOHZL�̂ P[O�H�JVTWVZP[PVU xi, H[�[LT�
WLYH[\YL T � >L�JHU�[OLU�^YP[L!

P(xi, T ) = PERS x̄l,i

x̄ERS
l,i

e
δµl−ERS,i

kbT ������

P(xi, T ) HUK δµl−ERS,i JHU� IL� TLHZ\YLK� PUKLWLU�
KLU[S`�HUK�HYL�PU�NVVK�HNYLLTLU[ � 0M�^L�JVUZPKLY�H
IHYYPLY�MYLL�ZVYW[PVU�HUK�ZPUNSL�]HWVY�ZWLJPLZ�^L�JHU
^YP[L!

∆Γ(vb)l,i ≈ fb,i,⊥ + fv,i,⊥ − Γlv,i ������

^OLYL fb,i,⊥ + fv,i,⊥ PZ� [OL� [V[HS� PTWPUNPUN�Å\_� �MYVT
[OL�ILHT�HUK�MYVT�[OL�]HWVY��HUK�^L�KVU�[�OH]L�H lb
[YHUZP[PVU�HZ�P[�Z�UVU�WO`ZPJHS�
>L�JHU�UV^�̂ YP[L�KV^U�[OL�SPX\PK�ZVYW[PVU�J\YYLU[Z!

I(vb)l,i =

∫
∆Γ(vb)l,idAvl = fb,i,⊥ + fv,i,⊥ − Γlv,i

≈ Avl

(
fv,i,⊥−

PERS
i√

2πmkbT

x̄l,i

x̄ERS
l,i

e
δµl−ERS,i

kbT

)
+A

′

vlfb,i,⊥

������

^OLYL� ^L� OH]L� \ZLK� LX\H[PVU ���� HUK� ^L� JVU�
ZPKLY�[OL�WYVQLJ[LK�HYLH A

′

vl VUS`�MVY�[OL bv [YHUZP[PVU�
^OLYLHZ�^L�\ZL�[OL�M\SS�HYLH�VM�[OL�KYVWSL[�ZPUJL�[OL v
WOHZL�PZ�Z\YYV\UKPUN�[OL�^OVSL�KYVWSL["

Ial,i =

∫
∆Γal,idlTL

≈ lTLΞ
′

al,ie
−

δh
TS,ERS
al,i
kbT

(
c̄a,ie

δµa−ERS,i
kbT −

c̄ERS
a,i

c̄ERS
l,i

c̄l,ie
δµl−ERS,i

kbT

)
������

4VYLV]LY�^L�JHU�^YP[L�[OL�Å\_�MVY�[OL va [YHUZP[PVU�\Z�
PUN�[OL�ZHTL�YLHZVUPUN�\ZLK�[V�VI[HPU�LX\H[PVU ����!

Γva,i ≈ fb,i,⊥ + fv,i,⊥ − PERS
i√

2πmkbT

ρ̄a,i
ρ̄ERS
a,i

e
δµa−ERS,i

kbT

���� �
 7YP]H[L�JVU]LYZH[PVU�^P[O�7L[LY�2YVNZ[Y\W� UV�YLMLYLUJL�WVZZP�

ISL

� 



^OLYL ρi PZ�[OL�KLUZP[`�VM�HKH[VTZ�VM�[OL i ZWLJPL�
,_WSHPUPUN� [OL� MVYTHSPZT� [V�TVKLS� [OL aa� as HUK

av [YHUZP[PVUZ�PU�KL[HPS�NVLZ�IL`VUK�[OL�ZJVWL�VM�[OPZ
[OLZPZ�I\[�H�X\HSP[H[P]L�KLZJYPW[PVU�MVSSV^Z�[V�NL[�PU[\�
P[P]L�MLLSPUN� +PMM\ZPVU�VY aa OHWWLUZ�^OLU�HKH[VTZ
TV]L�HYV\UK�H�Z\YMHJL�\U[PS�H�LULYN`�MH]VYHISL�[YHU�
ZP[PVU�JHU�OHWWLU� TVKLSPUN�[OL�Z\YMHJL�KPMM\ZPVU�YL�
X\PYLZ�[V�ZWLJPM`�[OL�YH[L�H[�^OPJO�[OL�[YHUZP[PVU�OHW�
WLUZ�HUK�[OL�LULYN`�KLWLUKLUJL�VM�[OL�TV[PVU�^P[O
YLZWLJ[�[V�[OL�JY`Z[HS�Z[Y\J[\YL� (SZV�KPMM\ZPVU�PZ�PU�NLU�
LYHS�KYP]LU�I`�H�NYHKPLU[�VM�H�[OLYTVK`UHTPJHS�WV[LU�
[PHS��Z\JO�HZ�JOLTPJHS�WV[LU[PHS� [LTWLYH[\YL� WYLZZ\YL�
HUK�[OPZ�OHZ�HSZV�[V�IL�[HRLU�PU[V�HJJV\U[�MVY�TVKLS�
PUN� +PMM\ZPVU�PZ�LUKLK�LP[OLY�I` as VY av [YHUZP[PVU�[OH[
PZ�PUJVYWVYH[PVU�VU�[OL�JY`Z[HS�Z[Y\J[\YL�VY�KLZVYW[PVU�
6UL�VM�[OL�RL`�KPMMLYLUJL�IL[^LLU�[OL�[^V�[YHUZP[PVUZ
�YLMLYYLK�PU�NLULYHS�HZ KLH[O L]LU[Z� ^OLYLHZ�H vb− a
[YHUZP[PVU� PZ�JHSSLK IPY[O L]LU[�� PZ�[OH[�KLZVYW[PVU�JHU
[HRL�WSHJL�HU`^OLYL�^OLYLHZ� PUJVYWVYH[PVU� YLX\PYLZ
HU�H]HPSHISL�ZP[L�HZ�YLX\PYLK�I`�[OL�Ä_LK��!��Z[VPJOPVT�
L[Y`� VM� [OL� ZVSPK� +LZVYW[PVU� PZ� PU� NLULYHS� LHZPLY� [V
TVKLS�HZ�P[�Z�H�[OLYTHSS`�HJ[P]H[LK�[YHUZP[PVU� TLHUPUN
[OH[�[OL�HKH[VT�ULLKZ�[V�YLHJO�H�JLY[HPU�LULYN`�IL�
MVYL�[OL�[YHUZP[PVU�JHU�OHWWLU� ^OPJO�TLHUZ�[OH[�HU
LX\H[PVU�PU�[OL�MVYT ��� JHU�IL�\ZLK� ;OL�KPZ[HUJL
[YH]LSLK IL[^LLU�H�IPY[O�HUK�KLH[O�L]LU[�PZ�KLUV[LK
KPMM\ZPVU�SLUN[O�HUK�YLMLYYLK�[V�HZ λ P[�PZ�JVU]LUPLU[�[V
KLÄUL�[OL�JVSSLJ[PVU�HYLHZ�HZ λs MVY�[OL�Z\IZ[YH[L�HUK
λw MVY� [OL�UHUV^PYLZ�ZPKL� MHJL[Z� 6US`�HKH[VTZ�VU
[OL�5> ZPKL^HSSZ�^P[O�H�KPZ[HUJL�VM�SLZZ�[OHU�[OL�LM�
MLJ[P]L�KPMM\ZPVU�SLUN[O� λw� [V�[OL�NYV^[O�PU[LYMHJL�JHU
LMMLJ[P]LS`�JVU[YPI\[L�[V�[OL�NYV^[O� (KH[VTZ�VU�[OL
Z\YMHJL�ULLK�ÄYZ[�[V�[YH]LS�VU�[OL�Z\IZ[YH[L�HUK�[OLU
YLHJO�[OL�NYV^[O�PU[LYMHJL�
3L[�Z�UV^�MVJ\Z�VU�[OL ls [YHUZP[PVU" MVY�=3: NYV^[O

^L�KPZ[PUN\PZO�IL[^LLU�[^V�KPMMLYLU[�MHTPSPLZ�VM�[YHUZP�
[PVUZ�\Z\HSS`�YLMLYYLK�[V�HZ�U\JSLH[PVU�MYLL�NYV^[O�HUK
U\JSLH[PVU�SPTP[LK�NYV^[O� 0U�[OL�ÄYZ[�ZP[\H[PVU�[OL ls
[YHUZP[PVU�PZ�SPTP[LK�I`�[OL�[YHUZMLY�VM�ZPUNSL�000�= WHPYZ
[V�[OL�NYV^[O�MYVU[� 0U�[OL�ZLJVUK�ZP[\H[PVU�[OL ls [YHU�
ZP[PVU�PZ�SPTP[LK�I`�[OL�MVYTH[PVU�VM�H�ZTHSS�U\JSL\Z�P�L�
[OLYL�L_PZ[Z�HUV[OLY�LULYN`�IHYYPLY�NYLH[LY�[OHU�[OL�ZPU�
NSL�WHPY�[YHUZP[PVU�Z[H[L�IHYYPLY� 4VYLV]LY�^L�HSZV�JVU�
ZPKLY�[^V�KPMMLYLU[�YLNPTLZ! ;3 PZ�PU�JVU[HJ[�^P[O�[OL
[VW�MHJL[� �YLNPTL� 0� VY� [OL�;3 PZ�UV� SVUNLY� PU�JVU[HJ[
^P[O�[OL�[VW�MHJL[��YLNPTL�00���0[�PZ�OV^L]LY�YH[OLY�\U�

JLY[HPU�L_HJ[S`�^OLU�HUK�\UKLY�^OPJO�NYV^[O�JVUKP�
[PVUZ�[OL�NYV^[O�WYVJLLKZ�^P[O�H�YLNPTL�0 VY�YLNPTL�00
B��D� 0U�NLULYHS�[OL�HTV\U[�VM�NYV\W�= ZWLJPLZ�PU�[OL
SPX\PK�WOHZL�PZ�SV^�JVTWHYLK�[V�[OL�NYV\W�000��RLLWPUN
[OH[�PU�TPUK�HUK�\ZPUN�LX\H[PVU ���� ^L�JHU�^YP[L�[OL
YH[L�MVY�H�ZPUNSL�WHPY ls [YHUZP[PVU�HZ!

∆ΓX
ls,III−V = Ξls,III−V e

−
δg

TS,ERS
ls,III−V

kbT

×
(
xve

δµl−ERS,III−V
kbT − xERS

v e
δµX

s−ERS,III−V
kbT

)

������

(S[OV\NO�[OL�JOLTPJHS�WV[LU[PHSZ�^P[O�YLZWLJ[� [V� [OL
,9: HYL� UV[� PU[YVK\JLK� ^L� \ZL� [OL� Z\WLYZJYWP[� ?
[V� OPNOSPNO[� [OL� MHJ[� [OH[� [OL� JOLTPJHS� WV[LU[PHS� VM
[OL� ZVSPK� WOHZL� KLWLUKLK� VU� [OL� SVJH[PVU� VM� [OL
U\JSLH[PVU� L]LU[� HUK� [OL� Z`Z[LT� TVYWOVSVN �̀ ;V
WLYMVYT�H�JVTWSL[L�TVKLSPUN�VUL�ULLKZ�[V�ZWLJPM`�H
JVTWSL[L�ZL[�VM�? WHYHTL[LYZ� 4VYLV]LY�[OL�JOLTPJHS
WV[LU[PHS� VM� [OL� SPX\PK δµl−ERS,III−V T\Z[� IL� HU
VZJPSSH[PUN� M\UJ[PVU�ILJH\ZL�VM� [OL�U\JSLH[PVU� SPTP[LK
NYV^[O� P�L� P[�T\Z[�KLJYLHZL�YPNO[�HM[LY�H�U\JSLH[PVU
L]LU[� HUK� [OLU� YPZL�HNHPU� [V� YLHJO�H�JYP[PJHS� SL]LS� [V
U\JSLH[L�

-VY�[OL�=3: TLJOHUPZT�[OL�JH[HS`Z[�WHY[PJSL�OHZ�[V
IL�SPX\PK� I\[�[OL�Z[H[L�VM�[OL�WHY[PJSL�OHZ�ILLU�\UKLY
H�SV[�VM�PU]LZ[PNH[PVUZ�ZPUJL�[OL�ZL]LU[PLZ� ([�[OL�\Z\HS
NYV^[O�[LTWLYH[\YL�MVY�(\�JH[HS`aLK�0U(Z�UHUV^PYLZ
VUL�ZOV\SK�L_WLJ[�H�ZVSPK�WHY[PJSL� IHZLK�VU�[OL�IP�
UHY`�WOHZL�KPHNYHTZ�MVY�(\�HUK�0U��L\[LJ[PJ�[LTWLY�
H[\YL�VM������*� HUK�JVUZPKLYPUN�[OH[�[OL�ZVS\IPSP[`�VM
(Z� PU�(\� PZ�JSVZL�[V�ILPUN�\UKL[LJ[HISL� �P�L� HYV\UK
���H[��� @L[�L_WLYPTLU[HS�L]PKLUJL�Z\NNLZ[�[OH[�[OL
JH[HS`Z[�WHY[PJSL�PZ�SPX\PK�K\YPUN�NYV^[O�B�� ��� � � ��D�
(S[OV\NO�ZVTL�YLWVY[�B��D�[OH[�[OL�JH[HS`Z[�WHY[PJSL�YL�
THPUZ�ZVSPK�K\YPUN�NYV^[O� VUL�ZOV\SK�UV[�MVYNL[�[OH[
UHUV^PYL�NYV^[O�PZ�H�MHY�MYVT�LX\PSPIYP\T�WYVJLZZ�HUK
[O\Z�WOHZL�KPHNYHTZ�JHU�IL�TPZSLHKPUN�HZ� [OL`�HYL
]HSPK� VUS`� H[� LX\PSPIYP\T� 4VYLV]LY� [OL� Z`Z[LT� PZ� H
[LYUHY`�Z`Z[LT�YH[OLY�[OHU�IPUHY`�HUK�[OL�WYLZLUJL�VM
(Z� L]LU�PM�PU�L_[YLTLS`�SV^�JVUJLU[YH[PVU�JHU�WSH`�H
ZPNUPÄJHU[�YVSL� 3HZ[S`�[OL�.PIIZ�;OVTZVU�LMMLJ[�JV\SK
HSZV�WSH`�H�YVSL" [OL�LX\H[PVU�X\HU[PM`PUN�[OL�JOHUNL�PU
JOLTPJHS�WV[LU[PHS�VM�H�NP]LU�JVTWV\UK� ^P[O�[OL�TVY�

��



WOVSVN`�VM�H�KYVWSL[� HZ�M\UJ[PVU�VM�P[Z�ZPaL�PZ!

µ =
4γvc
d

������

^OLYL vc PZ�[OL�H[VTPJ�]VS\TL� γ PZ�[OL�Z\YMHJL�LULYN`
HUK d PZ� [OL�KPHTL[LY� *VUZPKLYPUN� [OL� [LTWLYH[\YL
KLWLUKLUJL�VM�[OL�JOLTPJHS�WV[LU[PHS�^L�JHU�^YP[L!

Tm − T =
4σvc
d∆Sm

������

^OLYL Tm PZ� [OL� TLS[PUN� WVPU[� HUK ∆Sm PZ� [OL
LU[YVW`� VM� TLS[PUN" PU� WYPUJPWSL� ^P[O� LX\H[PVU ����
VUL� JV\SK� LZ[PTH[L� [OL� THNUP[\KL� VM� [OL� TLS[PUN
WVPU[�KLWYLZZPVU�K\L�[V�ZPaL�LMMLJ[Z� OV^L]LY�ÄUKPUN
[OL�]HS\LZ�MVY σ HUK ∆Sm PZ�UV[�[YP]PHS�ILJH\ZL�[OL`
HYL� KLWLUKLU[� VU� [OL� JVTWVZP[PVU� VM� [OL� KYVWSL[
HUK� [OL�Z[Y\J[\YL�VM� [OL� PU[LYMHJL B��D� ( IY\[HS�I\[
PUZ[Y\J[P]L�HWWYV_PTH[PVU�PZ�[V�\ZL�[OL�]HS\LZ�MVY�W\YL
NVSK B��D�^OPJO� `PLSKZ�H�TLS[PUN�WVPU[�KLWYLZZPVU�VM
Q\Z[� �� �� ^OPJO� KVLZ� UV[� L_WSHPU� [OL� L_WLYPTLU[HS
L]PKLUJL� ;JOLYU`JOL]H�L[ HS� B��D WYVWVZLZ�[OH[�[OL
[OLYTHS�OPZ[VY`�VM� [OL�ZHTWSL� PZ� YLSL]HU[�HZ�H�Z[YVUN
O`Z[LYL[PJ� ILOH]PVY� PZ� VIZLY]LK� 0UKLLK� HM[LY� [OL
HUULHSPUN� Z[LW� �;≈ ��� �*� [OL� JH[HS`Z[� PZ� Z\YLS`� H
SPX\PK� HSSV �̀ HUK� [OL� MHZ[� [LTWLYH[\YL� YHTW� [V� YLHJO
[OL�NYV^[O� [LTWLYH[\YL�JHU� SLHK� [V� [OL�WOLUVTLUH
VM�Z\WLYJVVSPUN� P�L� [OLYL�L_PZ[Z�H�U\JSLH[PVU�IHYYPLY
^OPJO�WYL]LU[Z� [OL� SPX\PK� [V� MYLLaL� PU[V�H�ZVSPK�Z[H[L
L]LU� [OV\NO� [OL� [LTWLYH[\YL� PZ� ILSV^� [OL� L\[LJ[PJ
[LTWLYH[\YL� -VY�[OL�YLTHPUKLY�VM�[OPZ�[OLZPZ�[OL�NVSK
JH[HS`Z[�PZ�[O\Z�JVUZPKLYLK�SPX\PK�K\YPUN�NYV^[O�

0U� [OPZ� ZLJ[PVU� H� WYPTLY� VU� [OL� JVTWSL_� [VWPJ� VM
NYV^[O�K`UHTPJZ�OHZ�ILLU�NP]LU� 0[�NVLZ�^P[OV\[�ZH`�
PUN�[OH[�[OL�PU[YVK\J[PVU�NP]LU�PZ�MHY�MYVT�ILPUN�JVT�
WSL[L� HZ� [OL� K`UHTPJHS� TVKLSPUN� YLX\PYLZ� [V� ZVS]L
U\TLYPJHSS`�H�U\TILY�VM�JV\WSLK�LX\H[PVUZ��ZVTL�VM
^OPJO�OH]L�ILLU�ZOV^U�HIV]L��HUK�ÄUK�VY�LZ[PTH[L
[OL�YLSL]HU[�[OLYTVK`UHTPJ�WHYHTL[LYZ� 5VUL[OLSLZZ
ZL]LYHS�PTWVY[HU[�X\HU[P[PLZ�OH]L�ILLU�KLZJYPILK�HUK
^PSS�IL�SH[LY�\ZLK�[V�L_WSHPU�[OL�YLZ\S[�MYVT�[OL�PU�ZP[\
?�YH`�TLHZ\YLTLU[Z�

��



� _ :\IZ[YH[LZ�-VY�5HUV^PYLZ�.YV^[O

:\IZ[YH[LZ�MVY�UHUV^PYL�NYV^[O�HYL� HZ�HSYLHK`�TLU�
[PVULK�PU�ZLJ[PVU ������ JVTWVZLK�VM�H�ZLTPJVUK\J�
[VY�^P[O�H�JSLHU�Z\YMHJL�HUK�H�JH[HS`Z[�VM�ZVTL�ZVY[
KLWVZP[LK�VU�[VW� 0U�[OPZ�[OLZPZ�^L�JVUZPKLY�VUS`�SP[OV�
NYHWOPJHSS`�KLÄULK�NVSK�WHY[PJSLZ�HZ� [OL�JH[HS`Z[�I\[
PU�NLULYHS�KPMMLYLU[�HS[LYUH[P]LZ�HYL�H]HPSHISL� ( ]LY`
KL[HPSLK�YL]PL^�HY[PJSL�JV]LYPUN�[OL�HS[LYUH[P]LZ�[V�NVSK
HZZPZ[LK�UHUV^PYL�NYV^[O�^HZ�YLJLU[S`�W\ISPZOLK�I`
+PJR�HUK�*HYVMM B��D� 0U�[OPZ�JOHW[LY�0 ^PSS�L_WSHPU�[OL
NLULYHS� WYVJLZZ� [V� MHIYPJH[L� Z\IZ[YH[LZ� [OL� YVSL� VM
Z\IZ[YH[LZ� PU� UHUV^PYL� NYV^[O� HUK� SHZ[S`� YLWVY[� [OL
WYVNYLZZ�0 VI[HPULK�PU�[OL�MHIYPJH[PVU�WYVJLZZ�

��� :\IZ[YH[L� WYLWHYH[PVU� ^P[O
LSLJ[YVU�ILHT�SP[OVNYHWO`

,SLJ[YVU� ILHT� SP[OVNYHWO`� PZ� H� WH[[LYU� [YHUZMLYYPUN
[LJOUPX\L� PU� ^OPJO� H� MVJ\ZLK� LSLJ[YVU� ILHT� PZ
ZJHUULK� VU� [VW� VM� H� Z\YMHJL� JV]LYLK�^P[O� H�TH[L�
YPHS� ZLUZPISL� [V� LSLJ[YVUZ� L_WVZ\YL� LP[OLY� I`� SV^LY�
PUN��ULNH[P]L�YLZPZ[��VY�I`�PUJYLHZPUN��WVZP[P]L�YLZPZ[��P[Z
ZVS\IPSP[`� PU�H�NP]LU�ZVS]LU[� ;OL� YLZ\S[�VM� [OL�L_WV�
Z\YL�[V�H�MVJ\ZLK�ILHT�PZ�[OH[�[OL�JOHPUZ�VM�[OL�WVZP�
[P]L��ULNH[P]L��YLZPZ[�HYL�IYVRLU��JYVZZ�SPURLK��^OLU�OP[
I`�LSLJ[YVUZ� ;OL�Z\IZ[YH[LZ�KL]LSVWLK� PU� [OPZ� [OL�
ZPZ�HYL�IHZLK�VU�0U(Z (1 1 1) Z\YMHJL�^P[O�WVZP[PVULK
HYYH`Z�VM�NVSK�KYVWSL[Z� (YYH`Z�HYL�KLÄULK�^P[O�LSLJ�
[YVU�ILHT�SP[OVNYHWO`�HUK�JHU�OH]L�HYIP[YHY`�ZOHWLZ�
KPMMLYLU[�SH[[PJLZ�HUK�^LSS�KLÄULK�VYPLU[H[PVUZ� ( IYPLM
Z\TTHY`�VM�[OL�MHIYPJH[PVU�WYVJLZZ�MVSSV^Z�PU�[OL�UL_[
WHYHNYHWOZ�HUK�KL[HPSLK�KLZJYPW[PVU�PZ�H[[HJOLK�PU�HW�
WLUKP_ ��� 0 OH]L�TVZ[S`� \ZLK� LWP�YLHK`� ZLTPJVU�

�,WP�YLHK`�Z[HUKZ�MVY�YLHK`�MVY�LWP[H_PHS�NYV^[O�HUK�KLUV[LZ�H
ZLTPJVUK\J[VY�Z\IZ[YH[L�[OH[�OHZ�ILLU�JHWWLK�^P[O�H�OPNO�X\HS�

K\J[VY�Z\IZ[YH[LZ�^P[OV\[�HU`�M\Y[OLY�JSLHUPUN�ILMVYL
WYVJLZZPUN� :LTPJVUK\J[VY�Z\IZ[YH[LZ�HYL�L_[YHJ[LK
MYVT�[OLPY�]HJ\\T�WHJRHNPUN�ZSPWZ�VUS`�PU�JSLHU�LU]P�
YVUTLU[Z� �LP[OLY�H�JSHZZ�����JSLHU� YVVT� VY�H�JSHZZ
�������� ;OL�Z\IZ[YH[LZ�HYL� [OLU�WYLWHYLK� MVY�LSLJ�
[YVU�ILHT�SP[OVNYHWO`�I`�JVH[PUN�[OLT�^P[O�WVS`TLYPJ
YLZPZ[� JM� ÄN\YL ���H� ;OL�KLZPYLK�WH[[LYU�PZ�L_WVZLK
LP[OLY�^P[O� H� LSLJ[YVU�ILHT� SP[OVNYHWO`� Z`Z[LT� Y\U�
UPUN�H[����R= �9HP[O�L3P5, �����VY�����R= �,SPVUP_�,3:�
������HUK�JOLTPJHSS`�KL]LSVWLK� JM� ÄN\YL ���I�HUK
J� (M[LY� [OL� SP[OVNYHWO`�Z[LW�Z\IZ[YH[LZ�HYL�WSHZTH�
HZOLK�[V�YLTV]L�HU`�SLM[V]LY�[YHJL�VM�YLZPZ[�PU�[OL�KL�
]LSVWLK� WH[[LYU� JOLTPJHSS`� L[JOLK� VY� PVU�TPSSLK� [V
YLTV]L� V_PKL� VU� [OL� Z\YMHJL� VM� [OL� L_WVZLK� HYLHZ
HUK�SVHKLK�PU�H�L�N\U�L]HWVYH[VY�^OLYL�[OL�KLZPYLK
HTV\U[� VM� NVSK� PZ� KLWVZP[LK� JM� ÄN\YL ���K� ;OL
KLWVZP[LK�TL[HS�PZ�[OLU�YLTV]LK�]PH�JOLTPJHS�SPM[�VMM�
SLH]PUN�Q\Z[�[OL�KLZPYLK�HTV\U[�PU�[OL�L_WVZLK�YLNPVUZ
JM� ÄN\YL ���L� -PUHSS �̀ [V�HJOPL]L�[OL�JSLHUSPULZZ�YL�

:\IZ[YH[L

3PM[�VMM

9LZP[�JVH[PUN

4L[HS�KLWVZP[PVU

,�ILHT�^YP[PUN

+L]LSVWTLU[

H� I�

J�

K�L�

-PN\YL ���! ,SLJ[YVU� ILHT� SP[OVNYHWO`� WYVJLZZ�
9LMLY�[V�[OL�[L_[�MVY�[OL�KLZJYPW[PVU�VM�[OL�Z[LWZ�
0THNL�HKHW[LK�MYVT�B�D�

X\PYLK�[V�H]VPK�HU`�JVU[HTPUH[PVU�VM�[OL�4), NYV^[O

P[`�V_PKL�[V�WYLZLY]L�[OL�Z\YMHJL�MYVT�HNPUN� 0U�WYHJ[PJL�LWP�YLHK`
Z\IZ[YH[LZ�HYL�[OL JSLHULZ[ VMM�[OL�ZOLSM�Z\IZ[YH[LZ�H]HPSHISL�

��



JOHTILY� Z\IZ[YH[LZ�HYL�WSHZTH�HZOLK�HUK�KPWWLK�PU
/- YPNO[�ILMVYL�ILPUN�SVHKLK�PU�[OL�L_P[�LU[Y`�JOHTILY
VM�V\Y�Z`Z[LT� ;OL�ZWLJPÄJ�Z[LWZ�\ZLK� [V� MHIYPJH[L
Z\IZ[YH[LZ�MVY�UHUV^PYL�NYV^[O�HYL�YLWVY[LK�PU�ÄN\YL
����

��� *OHSSLUNLZ
(S[OV\NO�TVZ[�VM�[OL�Z[LWZ�YLX\PYLK�HYL�]LY`�JVTTVU
PU� [OL�UHUVMHIYPJH[PVU�^VYSK� [OL`�JHU�IL�TVYL�JOHS�
SLUNPUN�MVY�Z\IZ[YH[L�MHIYPJH[PVU�MVY�[OL�MVSSV^PUN�YLH�
ZVUZ� ;OL�ZPaL�VM�[OL�Z\IZ[YH[L� \W�[V�[^V�PUJOLZ� JHU
PU[YVK\JL�Z[YVUNS`�UVU\UPMVYT�YLZPZ[�[OPJRULZZ� 4VYL�
V]LY�[OL�ZOLLY�U\TILY�VM�L_WVZLK�MLH[\YLZ�JHU�WVZL
[LJOUPJHS�JOHSSLUNLZ�HSZV�MVY�[OL�TVZ[�TVKLYU�L�ILHT
Z`Z[LTZ� MVY�PUZ[HUJL�H�]LY`�JVTTVU�Z\IZ[YH[L� HU�HY�
YH`�^P[O�H�ZX\HYL�SH[[PJL�VM�KV[Z�^P[O�H 5µ WP[JO�JV]�
LYPUN�VUL�X\HY[LY�VM�H� [^V� PUJO�Z\IZ[YH[L� JHU�JVU�
[HPU 25 × 106 MLH[\YLZ� 3HZ[S`�[OL�ULLK�MVY�OPNO�WYLJP�
ZPVU�VU�ZTHSS�MLH[\YLZ��H�]LY`�JVTTVU�ZPaL�MVY�H�MLH�
[\YL�PZ�HYV\UK����UT��V]LY�[LUZ�VM�TPSSPTL[LY�ZJHSL�HY�
LHZ� YLX\PYLZ�HU�L_[YLTLS`�Z[HISL�ZVM[^HYL�HUK�OHYK�
^HYL� 1\KNPUN�MYVT�[OL�ZR`�OPNO�U\TILY�HUK�]HYPL[`
VM� ZVM[^HYL� HUK�OHYK^HYL�JYHZOLZ�L_WLYPLUJLK�K\Y�
PUN�T`�[OLZPZ�0 MVYLJHZ[�[OH[�ZVTL�TVYL�`LHYZ�HYL�YL�
X\PYLK�ILMVYL�OHYK^HYL�HUK�ZVM[^HYL�YLHJO�[OL�WVPU[
^OLYL�H�SV[�VM�Z\IZ[YH[LZ�JHU�IL�THKL�^P[OV\[�H�JVU�
ZPKLYHISL�HTV\U[�VM�ZSLLWSLZZ�UPNO[Z� (UV[OLY�PTWVY�
[HU[�UV[L�HIV\[�SP[OVNYHWO`�PZ�[OL�JOVPJL�VM�[OL�^YP[L�
ÄLSK�ZPaL� ^OPJO�KL[LYTPULZ�OV^�T\JO�[OL�ILHT�JHU
TV]L�ILMVYL�[OL�Z[HNL�PZ�TV]LK� (Z�H�Y\SL�VM�[O\TI
[OL�ZTHSSLY�[OL�^YP[L�ÄLSK�[OL�IL[[LY�[OL�L_WVZ\YL�IL�
JH\ZL�[OL�ILHT�KVLZU�[�NL[�KL�MVJ\ZLK�Z[PNTH[LK�I`
[OL�KLÅLJ[PVU�JVPSZ� I\[�H[�[OL�ZHTL�[PTL�[OL�L_WVZ\YL
[PTLZ�JHU�NL[�SVUNLY" 0 OH]L�MV\UK�H�NVVK�JVTWYVTPZL
H[���� µm MVY�����R= HUK 600µm MVY���R=��;OL�HZO�
PUN�Z[LW�PZ�[OL�TVZ[�JY\JPHS�HZ�P[�JHU�KYHZ[PJHSS`�YLK\JL
[OL�`PLSK�VM�UHUV^PYLZ�PM�[OL�HZOPUN�[PTL�PZ�[VV�ZOVY[�VY
PM�VTP[[LK�JVTWSL[LS �̀ ^OLYLHZ�[OL�Z\IZLX\LU[�JSLHU�
PUN�Z[LW�JHU�IL�ZHMLS`�VTP[[LK�ILJH\ZL�[OL�[OPU�V_PKL
WYLZLU[�^PSS�KPMM\ZL�HUK�KLZVYI�H[�NYV^[O�[LTWLYH[\YL
^P[OV\[�ILPUN [YHWWLK H[�[OL�NVSK�ZLTPJVUK\J[VY� PU�
[LYMHJL�HZ�L_WLYPTLU[HSS`�VIZLY]LK�K\YPUN�[OPZ�[OLZPZ�
HUK�MVYLZLLHISL�JVUZPKLYPUN�[OL�WOHZL�KPHNYHT�VM�[OL

V_PKL�TVZ[�SPRLS`�[V�MYVT�[OH[�PZ�PUKP\T�V_PKL�B��D�

H� I�

e−

J� K�

(\

L�
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N� O�
-PN\YL ���! :JOLTH[PJ� KLZJYPW[PVU� VM� [OL� THPU
Z[LWZ�PU]VS]LK�PU�[OL�MHIYPJH[PVU�VM�H�Z\IZ[YH[L�MVY
UHUV^PYL�NYV^[O� H��;OL�IHYL�0U(Z�Z\IZ[YH[L� I�
+V\ISL�SH`LY�YLZP[�PZ�ZW\U�VU�HUK�[OL�JOPW�PZ�SP[OV�
NYHWOPJHSS`�WH[[LYULK� J��(M[LY�KL]LSVWTLU[� [OL
L_WVZLK� MLH[\YLZ� HYL� UV^� YLHK`� [V� IL� \ZLK� HZ
H�THZR� [OL�\ZL�VM�H�KV\ISL� SH`LY� YLZP[�^P[O� [OL
IV[[VTTVZ[� SH`LY�ILPUN�TVYL�ZLUZPISL� [V�L_WV�
Z\YL�JYLH[LZ�HU�\UKLYJ\[�THRPUN�[OL� SPM[�VMM�WYV�
JLZZ�LHZPLY� K��;VW�]PL^�VM�[OL�Z\IZ[YH[L�HM[LY�KL�
]LSVWTLU[� L��:\IZ[YH[L� PZ� JSLHULK�^P[O�WSHZTH
HZOPUN�[V�YLTV]L�[YHJLZ�VM�YLZP[�MYVT�[OL�L_WVZLK
MLH[\YLZ� M��(\�PZ�KLWVZP[LK�^P[O�HU�LSLJ[YVU�N\U
^P[O�H�JVUZ[HU[�YV[H[PVU�VM�[OL�Z\IZ[YH[L�[V�VI[HPU
HU�\UPMVYT�[OPJRULZZ� N��;OL�\UL_WVZLK�YLZP[�HUK
[OL�\U^HU[LK�NVSK�ÄST�HYL�YLTV]LK�^P[O�[OL�SPM[�
VMM� O��;VW�]PL^�VM�[OL�ÄUPZOLK�Z\IZ[YH[L�

��



��� 9LZ\S[Z
;OL�Z\IZ[YH[LZ��JOHYHJ[LYPZ[PJZ�KL[LYTPUL�[OL�WVZP[PVU
HUK�[V�H�JLY[HPU�L_[LU[�[OL�ZPaL�VM�[OL�UHUV^PYLZ� ;OL
JVU[YVS� VM� [OL� PUKP]PK\HS� WVZP[PVUZ� VM� UHUV^PYLZ� PZ� VM
WHYHTV\U[�PTWVY[HUJL�UV[�VUS`�MVY�M\[\YL�Z�KL]PJL�PU�
[LNYH[PVU�I\[�HSZV� [V�JYHM[� Z\IZ[YH[LZ� [OH[�HSSV^� M\U�
KHTLU[HS� Z[\KPLZ� VU� UHUV^PYL� NYV^[O�K`UHTPJZ� HZ
YLWVY[LK� MVY� PUZ[HUJL�I`�4HKZLU�L[ HS� B��D� :\JO�H
JVU[YVS�JHU�IL�VI[HPULK�I`�WSHJPUN�[OL�JH[HS`Z[�Z�WHY�
[PJSLZ� PU�HYYH`Z�^P[O�^LSS�KLÄULK�WP[JOLZ�HUK�ZOHWLZ
�MVY�L_HTWSL�PU�ÄN\YL ��� H�:,4 TPJYVNYHWO`�ZOV^PUN
H 85µm× 85µm ZX\HYL�HYYH`�PZ�ZOV^U��VY�L]LU�ZPUNSL
SPULZ�^P[O�L�ILHT�SP[OVNYHWO �̀

-PN\YL ���! :,4 TPJYVNYHWO`�VM�H 85µm× 85µm
ZX\HYL�HYYH �̀ PU�[OL�\WWLY�YPNO[�JVUULY�HU�HSPNU�
TLU[� THYR� �P�L� H� JYVZZ�� PZ� ]PZPISL� OPU[PUN� H[
[OL�WVZZPIPSP[`�VM�THRPUN�HYYH`Z�VM�UHUV^PYLZ�^P[O
ZOHWLZ� VUS`� SPTP[LK� I`� [OL� JYLH[P]P[`� VM� [OL� YL�
ZLHYJOLY� :JHSL�IHY�PZ 20µm�

( YLWYLZLU[H[P]L�TPJYVNYHWO�VM�H�ZX\HYL�HYYH`�VM�JH[�
HS`Z[�KYVWSL[�PZ�ZOV^U�PU�ÄN\YL ����

-PN\YL ���! :,4 TPJYVNYHWO`� VM�*H[HS`Z[� HYYH �̀
PTHNL�[HRLU�H[����KLNYLL�HUNSL�VM�[PS[PUN�

;OL�]VS\TL�VM�[OL�JH[HS`Z[�WHY[PJSL�JVU[YVSZ�[V�ZVTL

L_[LU[� [OL� ZPaL� VM� [OL� UHUV^PYLZ� HS[OV\NO� [OL� ZPaL
VM� [OL� UHUV^PYL� PZ� HSZV� Z[YVUNS`� KLWLUKLU[� VU� [OL
NYV^[O�JVUKP[PVUZ� -VY� [OL�ZHTL�NYV^[O�JVUKP[PVUZ
[OL�KPHTL[LY�VM�[OL�UHUV^PYLZ�ZJHSLZ�^P[O�[OL�]VS\TL
VM� [OL� KYVWSL[Z" [V� [OPZ� [PTL� HUK� [V� [OL� ILZ[� VM�T`
RUV^SLKNL� UV� M\UKHTLU[HS� YLSH[PVU� OHZ� ILLU� MV\UK
`L[� +\YPUN�NYV^[O� [OL�LMMLJ[P]L� ZPaL�VM� [OL�JH[HS`Z[
WHY[PJSL� PZ� KL[LYTPULK� I`� [OL V

III YH[PV� HUK� PU� [\YUZ
KL[LYTPULZ�KPMMLYLU[�NYV^[O�TVKLZ�HUK�[OL�YLZ\S[PUN
JY`Z[HS� Z[Y\J[\YL� VM� [OL� UHUV^PYLZ� HZ� YLWVY[LK� I`
2YVNZ[Y\W� L[ HS� B��D HUK� KPZJ\ZZLK� PU ������ ;OL
JY`Z[HS� VYPLU[H[PVU� HUK� JOLTPJHS� JVTWVZP[PVU� VM� [OL
Z\IZ[YH[LZ� PUÅ\LUJL� [OL� HKH[VTZ�� TV[PVUZ� VU� [OL
Z\YMHJL� HZ� TLU[PVULK� PU� ZLJ[PVU ���" MVY� PUZ[HUJL
KPMM\ZPVU� VU� H� .H(Z (1 1 3) Z\YMHJL� PZ� ZPNUPÄJHU[S`
KPMMLYLU[�MYVT�0U(Z (1 1 1) H[�[OL�ZHTL�[LTWLYH[\YL�

:PaL�JVU[YVS�VM�[OL�NVSK�KYVWSL[Z�PZ�VI[HPULK�I`�JHYL�
M\SS`�[\UPUN�[OL�L�ILHT�L_WVZ\YL�WHYHTL[LYZ� ;OL�KP�
HTL[LY�VM�[OL�L_WVZLK�OVSLZ�PU�[OL�YLZPZ[� ÄN\YL ���K��
KLWLUKZ�VU�[OL�KVZL��P�L� [OL�U\TILY�VM�LSLJ[YVUZ�NV�
PUN�[OYV\NO�[OL�YLZPZ[��^OPJO�JHU�SVVZLS`�KLÄULK�HZ!

number of electrons ∝ Tdwell × Ibeam �����

^OLYL Tdwell PZ�[OL�HTV\U[�VM�[PTL�[OL�LSLJ[YVU�ILHT
Z[H`Z�Z[PSS�PU�H�WVZP[PVU�VU�[OL�ZWLJPTLU� HUK Ibeam PZ
[OL�ILHT�J\YYLU[� ;V�TLHZ\YL�[OL�ZPaL�VM�[OL�JH[HS`Z[
KYVWSL[Z�H\[VTH[LK�:,4 PTHNPUN�PZ�LTWSV`LK� ^OLYL
[OL�:,4 PZ�WYVNYHTTLK�[V�[HRL�PTHNLZ�PU�ZWLJPÄJ�YL�
NPVUZ�VM� PU[LYLZ[" [OL� PUOLYLU[�ÅH[ULZZ�VM� [OL�ZHTWSL
HUK� HU� H\[V�MVJ\Z� HSNVYP[OT� LUZ\YL� [OH[� [OL�TPJYV�
ZJVWL�PZ�HS^H`Z�PU�MVJ\Z� 0U�[OPZ�^H`�P[�PZ�WVZZPISL�[V
VI[HPU�HU�OPNO�U\TILY�VM�PTHNLZ� HSTVZ[�JV]LYPUN�[OL
^OVSL�ZHTWSL�̂ P[OV\[�THU\HS�PU[LYHJ[PVU� ,HJO�PTHNL
[HRLU�PZ�HYV\UK���TLNHWP_LSZ� HUK�MVY�L]LY`�YLNPVU�VM
PU[LYLZ[�H[�SLHZ[�O\UKYLKZ�VM�PTHNLZ�HYL�[HRL� LUZ\YPUN
OPNO�WYLJPZPVU�PU�L]LY`�PTHNL�HUK�NVVK�Z[H[PZ[PJZ�K\L
[V�[OL�IPN�U\TILY�VM�PUKLWLUKLU[�TLHZ\YLTLU[Z� ,]�
LY`�PTHNL�PZ�[OLU�MLK�[V�H�ZVM[^HYL�HISL�[V�L_[YHJ[�[OL
YLSL]HU[�PUMVYTH[PVUZ� ;OL�KLZJYPW[PVU�VM�[OL�ZVM[^HYL
0 KL]LSVWLK�PZ�YLWVY[LK�PU�HWWLUKP_ ��� HSVUN�^P[O�[OL
H�SPUR�[V�P[Z�ZV\YJL�JVKL�
0U�ÄN\YL ��� [OL�TLHZ\YLK�YHKP\Z�HZ�M\UJ[PVU�VM�KVZL

MVY�KPMMLYLU[�WP[JOLZ�PZ�ZOV^U" [OL�YLWVY[LK�TLHZ\YLZ
^LYL� WLYMVYTLK� VU� ZX\HYL� HYYH`� L_WVZLK� H[� ��� R=�

��



/L_HNVUHS�HYYH`Z�HUK�ZPUNSL�SPULZ�^P[O�[OL�ZHTL�WP[JO
^LYL�HSZV�TLHZ\YLK�HU�[OL�YLZ\S[Z�̂ LYL�PUZPKL�[OL�LYYVY
IHY�VM�[OL�YLWVY[LK�TLHZ\YLTLU[Z�
0[�Z�JSLHY�MYVT�ÄN\YL ��� [OH[�[OL�ZPaL�VM�[OL�WHY[PJSL

JHU�IL�[\ULK�V]LY�H�̂ PKL�YHUNL� (S[OV\NO�H�TPUVY�U\P�
ZHUJL�JVTLZ�MYVT�[OL WYV_PTP[`�LMMLJ[� H�NLULYHS�WOL�
UVTLUVU� PU�L�ILHT� SP[OVNYHWO`! [^V�L_WVZ\YL�^P[O
[OL�L_HJ[�ZHTL�WHYHTL[LYZ�JHU�WYVK\JL�MLH[\YLZ�^P[O
KPMMLYLU[�ZPaLZ�KLWLUKPUN�VU�[OLPY�SVJHS�Z\YYV\UKPUNZ�
-VY�L_HTWSL�H�ZX\HYL�HYYH`�VM�KV[Z� ^P[O�H�WP[JO�VM��
µm ^PSS�OH]L�IPNNLY�KPHTL[LYZ�[OHU�H�ZX\HYL�HYYH`�VM
KV[Z�^P[O�H�WP[JO�VM��� µm MVY�[OL�ZHTL�KVZL�
;OPZ� JHU� IL� LHZPS`� ZLLU� PU� ÄN\YL ��� HUK� P[�Z� M\Y�

[OLY�OPNOSPNO[LK� PU�ÄN\YL ���� (S[OV\NO�[OL�WYV_PTP[`
LMMLJ[�JHU�IL�JVYYLJ[LK�^P[O�ZVWOPZ[PJH[LK�ZVM[^HYLZ�
[OL�TVZ[�YVI\Z[�ZVS\[PVU�PZ�Z[PSS�[V�THRL�L_[LUZP]L�KVZL
[LZ[PUN�[V�X\HU[PM`�[OL�THNUP[\KL�VM�[OL�LMMLJ[�HUK�JVY�
YLJ[�THU\HSS`�[OL�KVZL�^OLU�WYVK\JPUN�[OL�ÄUHS�Z\I�
Z[YH[LZ� 0[� PZ�^LSS� RUV^U� [OH[� [OL� WYV_PTP[`� LMMLJ[� PZ
Z[YVUNS`�KLWLUKLU[�VU�[OL�HJJLSLYH[PVU�]VS[HNL�VM�[OL
LSLJ[YVU�ILHT� KLJYLHZPUN�^P[O�PUJYLHZPUN�]VS[HNL�B�D�
0U�ÄN\YL ��� [OL�ZHTL� PU]LZ[PNH[PVU�VU� [OL�WYV_PTP[`
LMMLJ[�PZ�YLWVY[LK�MVY�H�����R= LSLJ[YVU�ILHT� JVUÄYT�
PUN�PUKLLK�[OH[�[OL�WYV_PTP[`�LMMLJ[�PZ�ULNSPNPISL�ILPUN
ILSV^�[OL�KL[LJ[PVU� SPTP[Z�VM�[OL�TLHZ\YLTLU[�[LJO�
UPX\L� 3HZ[S`� PU� ÄN\YL ��� [OL� TLHZ\YLK� YHKP\Z� HZ
M\UJ[PVU�VM�KVZL� PZ� YLWVY[LK� MVY�HU�LSLJ[YVU�ILHT�H[
���R=��ZOV^PUN� [OL�ZHTL� [\UHIPSP[`�HZ� MVY� [OL� SV^LY
HJJLSLYH[PVU�]VS[HNL�I\[�^P[O�HU�PUJYLHZLK�WYLJPZPVU�
0[� PZ�^VY[O�ZWLUKPUN�ZVTL�^VYKZ�VU�[OL�WYLJPZPVU�VM
IV[O�[OL�MHIYPJH[PVU�WYVJLZZ�HUK�TLHZ\YLTLU[Z� 0U�HSS
[OL�ÄN\YLZ�[OL�LYYVYIHYZ�HYL�[OL�Z[H[PZ[PJHS�LYYVY�VU�[OL
TLHZ\YLTLU[Z�HUK�KV�UV[�[HRL�PU[V�HJJV\U[�[OL�YLZV�
S\[PVU�VM�[OL�:,4 P[ZLSM≈ ��UT" K\L�[V�[OL�OPNO�U\TILY
VM�TLHZ\YLTLU[Z�[OL�LYYVY�VU�ZVTL�TLHZ\YLTLU[Z�P[
PZ� ILSV^� [OL�WYLJPZPVU�VM� [OL�:,4 HUK� ZV� P[� OHZ� SP[�
[SL�WO`ZPJHS�TLHUPUN�HUK� P[�Z� Q\Z[�H�TLHZ\YL�VM�OV^
NVVK [OL�PTHNL�HUHS`ZPZ�WYVJLK\YL�YLHSS`�PZ� 0[�PZ�]LY`
JSLHY�MYVT�HSS�[OL�YLWVY[LK�TLHZ\YLTLU[Z�[OH[�H�����R=
LSLJ[YVU�ILHT�NP]LZ�H�T\JO�OPNOLY�WYLJPZPVU� HZ�HSZV
Z\NNLZ[LK�I`� [OL�4VU[L*HYSV�ZPT\SH[PVU� YLWVY[LK� PU
HWWLUKP_ ��� 4VYLV]LY�L_WVZ\YL�H[�����R= HYL�MHZ[LY�
HZ�T\JO�HZ�[OYLL�[PTLZ� THRPUN�[OL�YLZ\S[�SLZZ�ZLUZP�
ISL�[V�THJOPUL�PUZ[HIPSP[PLZ�Z\JO�HZ�Z[HNL�KYPM[PUN�V]LY
[PTL� \UZ[HISL�ILHT�J\YYLU[Z�
0U�JVUJS\ZPVU�UV[�VUS`�[OL�HTV\U[�VM�KLWVZP[LK�NVSK

I\[�HSZV� [OL�KPHTL[LY�VM� [OL�JH[HS`Z[�KYVWSL[�JHU�IL
ÄULS`�[\ULK�NP]PUN�H�NYLH[�MYLLKVT�[V�JVU[YVS�[OL�ZPaL
VM�[OL UHUV^PYLZ�

-PN\YL ���! *H[HS`Z[�ZPaL� MVY�ZX\HYL�HYYH`Z�^P[O
[OYLL�KPMMLYLU[�WP[JOLZ� ������ µT�� HZ� M\UJ[PVU�VM
KVZL�H[����R=����U( ILHT�J\YYLU[� �� µm HWLY�
[\YL�

-PN\YL ���! 7YV_PTP[`� LMMLJ[� MVY� H� SV^� KVZL� L_�
WVZ\YL��SLM[�WHUL��HUK�OPNO�KVZL�L_WVZ\YL��YPNO[
WHUL�� ;OL�WYV_PTP[`�LMMLJ[�ILJVTLZ�SLZZ�YLSL]HU[
HZ� [OL� MLH[\YL�ZPaL� PUJYLHZLZ� ,YYVY�IHYZ�VU� [OL
TLHZ\YLTLU[Z� HYL� [OL�LYYVY�VM� [OL�TLHU�VM� [OL
n > 1000 TLHZ\YLTLU[Z�

��



-PN\YL ���! 7YV_PTP[`�LMMLJ[�H[����R=��0U�[OPZ�JHZL
[OL�WYV_PTP[`�PZ�\UKL[LJ[HISL� ;OL�LYYVY�IHYZ�VU
[OL�TLHZ\YLTLU[Z�HYL�[OL�LYYVY�VM�[OL�TLHU�VM�[OL
n > 1000 TLHZ\YLTLU[Z� 0[� PZ�WVZZPISL�[V�JVU�
JS\KL�[OH[�HU�OPNO�HJJLSLYH[PVU�]VS[HNL�WYVK\JLZ
TVYL�\UPMVYT�HYYH`Z�

����� :\IZ[YH[LZ� MVY� 5HUV^PYL� 5L[�
^VYRZ

:PaL�HUK�WVZP[PVU�JVU[YVS�HYL�[OL�YLX\PYLTLU[Z�[V�THRL
UHUV^PYLZ� [Y\S`� \ZLM\S� MVY� HU`� HWWSPJH[PVU� ;OL�UL_[
Z[LW� PZ�OV^L]LY�JVTIPUPUN�ZPaL�HUK�WVZP[PVU�JVU[YVS
[V� JYLH[L� PUJYLHZPUNS`� JVTWSL_� HYJOP[LJ[\YLZ� IHZLK
VU�VUL�KPTLUZPVUHS�JVTWVULU[Z� ( ]HYPL[`�VM�UV]LS
Z[Y\J[\YLZ�OHZ�ILLU�YLWVY[LK� MYVT�IYHUJOLK�HUK O`�
WLYIYHUJOLK�Z[Y\J[\YLZ� B��D� [V�UHUV[YLLZ� B��D� 6UL
VM�[OL�TVZ[�WYVTPZPUN�HYJOP[LJ[\YL�PZ�H�WVZP[PVU�JVU�
[YVSSLK�UHUV^PYL�UL[^VYR� HZ�YLWVY[LK�MVY�PUZ[HUJL�I`
+PJR�L[ HS� B��D� 5HUV^PYL�UL[^VYRZ�HYL� PUKPJH[LK�HZ
VU�VM�[OL�TVZ[�WYVTPZPUN�Z`Z[LT�[V�WLYMVYT�IYHPKPUN
VM�4HQVYHUH�Z� MLYTPVUZ� B�� � D� 4VYLV]LY� [OL�WVZZP�
IPSP[`�VM�JYLH[PUN�UL[^VYRZ�VM�UHUV^PYL�IHZLK�[YHUZPZ�
[VY�JV\SK�PU�WYPUJPWSL�VWLU�UL^�^H`Z�MVY�[OL�LUKSLZZ
X\LZ[�VM�TPUPH[\YPaH[PVU�VM�LSLJ[YVUPJZ�B��D� (KKP[PVU�
HSS �̀ IYHUJOLK� Z[Y\J[\YLZ� Z\JO� HZ� ;�� ? ZOHWLZ� HUK
UHUV[YLLZ� VMMLY�L_X\PZP[L�LUNPULLYPUN�MYLLKVT�MVY�M\U�
KHTLU[HS�WO`ZPJZ�Z[\KPLZ�PU�T\S[P�[LYTPUHS�KL]PJLZ�

-PN\YL ���! *H[HS`Z[�ZPaL� MVY�H�ZX\HYL�HYYH`�^P[O
10µm WP[JO�HZ�M\UJ[PVU�VM�KVZL�H[�����R=�
,_WVZ\YL�PZ�KVUL�^P[O����U( ILHT�J\YYLU[�\ZPUN
H���� µm HWLY[\YL�

0U�[OPZ�ZLJ[PVU�̂ L�̂ PSS�MVJ\Z�VU�[OL�MHIYPJH[PVU�VM�Z\I�
Z[YH[LZ� MVY� UHUV^PYL� UL[^VYRZ� ;OLYL� L_PZ[� KPMMLYLU[
HWWYVHJOLZ� [V� JYLH[L� UHUV^PYLZ� UL[^VYRZ� [OL�TVZ[
WYVTPZPUN�ILPUN�ZLX\LU[PHSS`�ZLLKLK�UHUV^PYLZ�B��D�VY
JVU[YVSSLK�RPURPUN�HUK�IYHUJOPUN�I`�NYV^[O�WHYHTL�
[LY�LUNPULLYPUN� >L�\ZL�[OL�SH[[LY�[LJOUPX\L�[V�NYV^[O
0U(Z�UL[^VYRZ� >L�LP[OLY� \ZL�H�.H�W\SZL� B��D� VY� H
X\PJR�KYVW�PU�[OL�NYV^[O�[LTWLYH[\YL�[V�WYVTV[L�RPUR�
PUN" [OL� RPURPUN�WYVJLZZ� PZ� ZOV^U� PU� ÄN\YL �� � (S�
[OV\NO�[OL�WYVJLZZ�PZ�UV[�ZPTWSL�HUK�[OL�NYV^[O�WH�
YHTL[LYZ�ULLK�[V�IL�[\ULK�WYVTPZPUN�Z[Y\J[\YLZ�OH]L
ILLU�VIZLY]LK�K\YPUN�[OL�WLYPVK�VM�[OPZ�[OLZPZ�
;V�VI[HPU�H�UHUV^PYL�UL[^VYR�PZ�LZZLU[PHS�[V�\UKLY�

Z[HUK�HUK�JVU[YVS�[OL�TVYWOVSVN`�HUK�JY`Z[HS�Z[Y\J�
[\YL�VM�[OL�UHUV^PYL� >L�RUV^�[OH[�V\Y�0U(Z�UHUV^PYLZ
NYV^�PU�[OL [0 0 0 1] KPYLJ[PVU��WHYHSSLS�[V�[OL [1 1 1]c VM
[OL�Z\IZ[YH[L��HUK�OH]L�OL_HNVUHS�TVYWOVSVN`�^P[O
{0 1 1 0} MHJL[Z� JM� ZLJ[PVU ����K� 4VYLV]LY�^L�RUV^
[OH[� [OL`�OH]L�>A JY`Z[HS�Z[Y\J[\YLZ�HUK� [OL�RPURLK
IYHUJOLZ�HYL�MV\UK�[V�IL�NYV^PUN�PU�[OL ⟨1 1 2⟩c KPYLJ�
[PVUZ�^P[O�H�[YHWLaVPKHS�TVYWOVSVN �̀
;V�THRL�Z\YL�[OH[�UHUV^PYLZ�TLL[� [O\Z�MVYTPUN�H

UL[^VYR� OL_HNVUHS�HYYH`Z�VM�NVSK�KYVWSL[Z�HYL�HSPNULK

��



H� I� J�

-PN\YL �� ! 5HUV^PYL�RPURPUN�WYVJLZZ� H��( ZOVY[
Z[LT�PZ�NYV^U� I��,P[OLY�H�ZOVY[�NHSSP\T�W\SZL�VY�H
X\PJR�[LTWLYH[\YL�KYVW�THRL�[OL�RPURLK�NYV^[O
Z[HY[� ;OL�JH[HS`Z[�KYVWSL[� PZ�UV^�H[� [OL�LUK�VM
[OL�IYHUJO� J�� )YHUJOLZ�NYV^�HSVUN�[OL ⟨1 1 2⟩c
KPYLJ[PVU� L]LU[\HSS`� TLL[PUN� [OL� Z[LTZ� VM� V[OLY
UHUV^PYLZ�

^P[O� YLZWLJ[� [V� [OL [1 1 0] KPYLJ[PVU� VM� [OL� A) Z\I�
Z[YH[LZ� ;OL�JH[HS`Z[�WHY[PJSLZ�[OLU ZP[ HSVUN�[OL ⟨1 1 2⟩c
KPYLJ[PVUZ�VM� [OL�Z\IZ[YH[L� HZ�ZOV^U� PU�ÄN\YL �����
;OL [1 1 0] KPYLJ[PVU�PZ�JOVZLU�ILJH\ZL�P[�Z�[OL�THQVY
ÅH[�VM�[OL�JVTTLYJPHS�̂ HMLYZ��JM� ÄN\YL ���� HUK�ÄN\YL
������HUK�HSZV�[OL�YLSH[LK (1 1 0) WSHULZ�HYL�[OL�JSLH]�
HNL�WSHULZ� ILPUN�[OL�SV^LZ[�VYKLY�UVU�WVSHY�WSHULZ�
^OPJO�THRLZ�[OL�KPYLJ[PVU�HS^H`Z�LHZ`�[V�KL[LYTPUL
^P[O�VW[PJHS�VY�LSLJ[YVU�TPJYVZJVW �̀

[11-2]c

[1-10]c

[1-21]c

[2-1-1]c[111]c

-PN\YL ����! 7PJ[\YL�VM�H�Z\IZ[YH[L�HM[LY�NYV^[O�
;OL�YLK�SPUL�OPNOSPNO[Z�[OL�THQVY�ÅH[�VM�[OL�^HM[LY
^OPJO�PZ�I`�JVU]LU[PVU�[OL [1 1 0] KPYLJ[PVU�VM�[OL
JY`Z[HS� ;OL�ZSPNO[S`�TVYL�VWHX\L�HUK�PYPKLZJLU[
HYLHZ�VU�[OL�Z\IZ[YH[L�HYL�[OL�HYYH`Z�VM�UHUV^PYLZ�

0[�PZ�HSZV�WVZZPISL�[V�THRL�[OL�KYVWSL[Z�PU�[OL�OL_HN�
VUHS�HYYH`Z�IPNNLY�HUK�ZTHSSLY�HS[LYUH[P]LS �̀ [O\Z�HS[LY�
PUN�[OL�YHKPHS�HUK�H_PHS�NYV^[O�YH[L�VM�[OL�UHUV^PYLZ��JM�
ÄN\YL ����� [VW�WHULS�� >P[O�[OPZ�[LJOUPX\L�VUL�JV\SK

-PN\YL ����! ;VW�WHULS� :,4 TPJYVNYHWO�VM�[^V
HKQHJLU[� UHUV^PYLZ� NYV^U� ^P[O� WHY[PJSLZ� VM� KPM�
MLYLU[� KPHTL[LY� )V[[VT� WHULS� [^V� UHUV^PYLZ
�NYV^U�VU�JH[HS`Z[�^P[O�KPMMLYLU[�KPHTL[LYZ�SPRL�PU
[OL�[VW�WHULS��HYL�JVUULJ[LK�MVYTPUN�HU�O�ZOHWLK
Z[Y\J[\YL� :JHSL�IHYZ�HYL��� µm PU�IV[O�WHULSZ�

��



[11-2]c

[1-10]c
[1-21]c

[2-1-1]c

NW facets:
{112}c

{010}h

[111]c

H� I� J�

K� L� M�

-PN\YL ����! :[LW�I`�Z[LW�WYVJLZZ�[V�VI[HPU�5>Z�UL[^VYRZ� ;VW�YV �̂ ZJOLTH[PJ�[VW�]PL^�KYH^PUN�VM�[OL�WYVJLZZ�
[OL [1 1 1] KPYLJ[PVU�VM�[OL�Z\IZ[YH[LZ�PZ�WVPU[PUN�V\[�VM�[OL�WHWLY� ;OL�V\[LY�ZOHWL�VM�[OL�KYH^PUN�TPTPJZ�[OL�YLHS
ZOHWL�VM�[OL�Z\IZ[YH[L�HZ�YLWVY[LK�PU�ÄN\YL ����� )V[[VT�YV^�:,4 TPJYV�NYHWOZ�VM�[OL�ZHTL�Z[LWZ� PTHNLZ�HYL
[HRLU�H[�HU�HUNSL�[V�OPNOSPNO[�[OL�VYPLU[H[PVU�VM�[OL�UHUV^PYLZ" [OL�ZJHSL�IHY�HYL�PU�HSS�[OL�TPJYVNYHWOZ�PZ 10µm�
I��HUK�L��5HUV^PYLZ�HYL�NYV^U�PU�[OL [1 1 1]c KPYLJ[PVU� J��HUK�M��;OL�UHUV^PYLZ�NYV^U�PU�[OL�Z[LW�ILMVYL�HJ[�UV^
HZ�Z[LTZ�MVY�[OL�IYHUJOLZ�[V�NYV �̂ ^L�JHU�VUS`�ZLL�NYV^[O�HSVUN�[OL�[OHU {1 1 0 0} �VY {1 1 2}c�

PTWSLTLU[�L_[YLTLS`�JVTWSL_�HYJOP[LJ[\YLZ� ILJH\ZL
[OL�RPURPUN�L]LU[�HUK�[OL�NYV^[O�VM�[OL�IYHUJO�OHW�
WLUZ�H[�KPMMLYLU[�OLPNO[Z� VY�TH`�UV[�OHWWLU�H[�HSS�MVY
H�NP]LU�JVTIPUH[PVU�VM�NYV^[O�JVUKP[PVUZ�HUK�KYVWSL[
ZPaL� (Z�H�WYVVM�VM�JVUJLW[�VM�[OPZ�[LJOUPX\L�PU�ÄN\YL
���� IV[[VT�WHULS� PZ� YLWVY[LK�H�ZPTWSLY�JVUULJ[LK
Z[Y\J[\YL�ZOHWLK�SPRL�H�SV^LY�JHZL O� .VPUN�MYVT�[OL
ZPTWSL�WYVVM�VM�JVUJLW[�[V�H�M\SS`�JVU[YVSSHISL�UL[^VYR
Z[PSS�YLX\PYLZ�M\Y[OLY�PU]LZ[PNH[PVUZ�

��



����� 5V]LS�Z\IZ[YH[LZ�^OP[�:P62

0 HSZV�L_WLYPTLU[LK�^P[O�H�UV]LS�JSHZZ�VM�Z\IZ[YH[LZ�
UHTLS`�0U(Z (1 1 1) Z\YMHJLZ�^P[O�H�[OPU�ÄST SiO2 KL�
WVZP[LK� VU� [VW� VU� ^OPJO� OVSLZ� HYL� WH[[LYULK� HUK
L[JOLK�H^H`�HUK ÄSSLK ^P[O�NVSK�[V�HJ[�HZ�H�JH[HS`Z[�MVY
NYV^[O� ;OL�HPT�PZ�[V�IL�HISL�[V�NYV^[�UHUV^PYLZ�̂ OPSL
TPUPTPaPUN� [OL� WHYHZP[PJ� LWP[H_PHS� NYV^[O� PU�IL[^LLU
[OL�^PYLZ� :\JO�H�Z`Z[LT�JV\SK�IL�PU�MHJ[�VM�NYLH[�PT�
WVY[HUJL�^OLU�Z[\K`PUN�PU�ZP[\�NYV^[O�K`UHTPJZ�^P[O
?�YH`�ILJH\ZL�P[�ZOV\SK�HSSV^�[V�JVTWSL[LS`�ZLWHYH[L
[OL�ZPNUHS�MYVT�[OL�UHUV^PYLZ�HUK�MYVT�[OL�Z\IZ[YH[L�
;OPZ�PZ�KPZJ\ZZLK�PU�KL[HPSZ�PU�JOHW[LY �� /LYL�VUS`�[OL
MHIYPJH[PVU�WYVJLZZ�PZ�L_WSHPULK� ;OL�MHIYPJH[PVU�WYV�
JLK\YL� PZ�HSTVZ[� [OL�ZHTL�HZ� MVY� [OL Z[HUKHYK Z\I�
Z[YH[LZ�KLZJYPILK�PU�[OL�WYL]PV\Z�ZLJ[PVU� L_JLW[�[OH[
H�[OPU�ÄST�VM�:P62 PZ�L]HWVYH[LK�^P[O�H�KLWVZP[PVU�Z`Z�
[LT�ILMVYL�[OL�SP[OVNYHWO`�Z[LW� ;OLU� YPNO[�ILMVYL�[OL
NVSK�KLWVZP[PVU�Z[LW� OVSLZ�PU�[OL�:P6p2 ÄST�HYL�L[JOLK
H^H`�\ZPUN�PVU�TPSSPUN� 0U�HWWLUKP_ �� [OL�JHSPIYH[PVU
VM�[OL�PVU�TPSSPUN�2H\MTHU�ZV\YJL�PZ�YLWVY[LK� 0U�ÄN�
\YL ���� [OL�MHIYPJH[PVU�Z[LWZ�HYL�KLZJYPILK� ^OLYLHZ
PU�ÄN\YL ���� H�JYVZZ�ZLJ[PVU�:,4 TPJYVNYHWO�ZOV^Z
[OL�ÄUHS�TVYWOVSVN`�VM�[OL�OVSLZ�HUK�KLWVZP[LK�NVSK
KYVWSL[� )LMVYL�[OL�ILHT�[PTL�[OPZ�MHTPS`�VM�Z\IZ[YH[L
^HZ�[LZ[LK�̂ P[O�[OL�PU�OV\ZL�4), H[�5)0��̂ OLYL�P[�̂ HZ
MV\UK�[OH[�^P[O�ZPTPSHY�NYV^[O�JVUKP[PVU�HZ�[OL�Z[HU�
KHYK�Z\IZ[YH[LZ�UHUV^PYL�NYV^[O�PZ�WVZZPISL� >L�HSZV
UV[PJLK�[OH[�[OL�NYV^[O�PZ�L_[YLTLS`�ZLUZPISL�[V�[OL�/-
KPW�ILMVYL�SVHKPUN� .YV^PUN�^P[O�[OL�ZHTL�JVUKP[PVU
I\[�^P[O�H�Z\IZ[YH[L�^OPJO�OHK�ZLLU�H�ZOVY[LY�/- KPW
KPK�UV[� YLZ\S[� PU� HU`�UHUV^PYLZ� 5V� M\Y[OLY� HUHS`ZPZ
VM� [OPZ�LMMLJ[� PZ�WLYMVYTLK�I\[� [OPZ�ZOV^�OV^�ZLUZP�
ISL�[OL�NYV^[O�JVUKP[PVUZ�HYL�^P[O�YLZWLJ[�[V�Z\YMHJL
KPMM\ZPVU� [OL�VUS`�[OPUN�^OPJO� SPRLS`�JHU�IL�JOHUNLK
I`�[OL�SLUN[O�VM�[OL�/- KPWWPUN�Z[LW� ;V�[OL�ILZ[�VM
T`�RUV^SLKNL�NYV^[O�VU�Z\JO�Z\IZ[YH[LZ�OHZ�UL]LY
ILLU� YLWVY[LK�ILMVYL�HUK�HS[OV\NO�V\Y� PU]LZ[PNH[PVU
ULLK�M\Y[OLY�HUHS`ZPZ�[OL�VI[HPULK�YLZ\S[Z�HYL�WYVTPZ�
PUN� ;OL�LMMLJ[�VM�H�[OPJRLY�ÄST��^L�OH]L�\ZLK����UT�
KPMMLYLU[�JSLHUPUN�WYVJLK\YLZ� VY�[OL�\ZL�VM�^L[�L[JO�
PUN�PUZ[LHK�VM�PVU�TPSSPUN�JV\SK�IL�M\Y[OLY�L_WSVYLK�PU
[OL�M\[\YL�

H� I�

e−

J�

K�

(Y

:P62

(\

L� M�
-PN\YL ����! :JOLTH[PJ�KLZJYPW[PVU�VM� [OL�THPU
Z[LWZ�PU]VS]LK�PU�[OL�MHIYPJH[PVU�VM�[OL�:P62 MHT�
PS`�VM�Z\IZ[YH[LZ� H��[OL�IHYL�0U(Z�Z\IZ[YH[L�^P[O
H�[OPU�ÄST�VM�:P62 KLWVZP[LK� I�+V\ISL�SH`LY�YL�
ZP[�PZ�ZW\U�VU�HUK�[OL�JOPW�PZ�SP[OVNYHWOPJHSS`�WH[�
[LYULK� J��(M[LY�KL]LSVWTLU[�[OL�L_WVZLK�MLH[\YL
HYL�UV^�YLHK`�[V�IL�\ZLK�HZ�H�THZR� K�/VSLZ�PU
[OL�:P62 [OPU�ÄST�HYL�JYLH[LK�̂ P[O�(Y�PVU�TPSSPUN� L�
>P[OV\[�IYLHRPUN�[OL�]HJ\\T�(\�PZ�KLWVZP[LK�̂ P[O
HU�LSLJ[YVU�N\U�\UKLY�YV[H[PVU�VM�[OL�Z\IZ[YH[L� M�
;OL�\UL_WVZLK�YLZP[�HUK�[OL�\U^HU[LK�NVSK�ÄST
HYL�YLTV]LK�^P[O�[OL�SPM[�VMM�

-PN\YL ����! 9LWYLZLU[H[P]L� JYVZZ� ZLJ[PVU�:,4
TPJYVNYHWO�VM�:PV2�0U(Z�Z\IZ[YH[LZ� ;OL�MHSZL�JVS�
VYZ�OLSW�[V�OPNOSPNO[�[OL�KPMMLYLU[�SH`LYZ! PU�IS\L�[OL
I\SR�0U(Z�Z\IZ[YH[L� PU�YLK�[OL�[OPU�ÄST�VM�:PV2� HUK
PU�`LSSV^�[OL�KLWVZP[LK�NVSK� ;OL�ZJHSL�IHY�PZ����
UT�

� 



-PN\YL ����! 0U(Z� UHUV^PYLZ� VU� :P62 HUK� 0U(Z
Z\IZ[YH[L� MHIYPJH[LK�\ZPUN�[OL�WYVJLK\YL�V\[SPULK
PU ����" SLM[�WHULS�ZOV^Z�HU�V]LY]PL^�VM� [OL�HY�
YH �̀ [OL�SLUN[O�HUK�KPHTL[LYZ�VM�[OL�UHUV^PYLZ�HYL
\UPMVYT� Z\NNLZ[PUN� [OH[� [OL�OVSLZ�HUK� [OL�NVSK
KYVWSL[Z� [OL`�JVU[HPU�HYL�\UPMVYT�HJYVZZ� [OL�HY�
YH �̀;OL�ZJHSL�IHY 1µm� 0U�[OL�YPNO[�WHULS�ZPUNSL
^PYL�JSVZL�\W�ZOV^PUN� [OL�\Z\HS� MHJL[PUN�VM� [OL
UHUV^PYL� :JHSL�IHY�PZ�����UT�

��



� _ 0U�:P[\�?�YH`�+PɈYHJ[PVU�MYVT�0U(Z
5HUV^PYLZ

;OL� W\YWVZL� VM� [OLZL� L_WLYPTLU[Z� �WLYMVYTLK� PU
[^V�KPMMLYLU[�ILHT�[PTLZ��PZ�[V�HUHS`aL�[OL�NYV^[O�K`�
UHTPJZ� HUK� [OL� TLJOHUPZTZ� JVU[YVSSPUN� [OL� JY`Z[HS
Z[Y\J[\YL�MVYTH[PVU�K\YPUN�(\�JH[HS`aLK�0U(Z�UHUV^PYL
NYV^[O�I`�4),��;V�[OL�ILZ[�VM�T`�RUV^SLKNL� UV�PU�
ZP[\�Z[\K`�VU�(\�JH[HS`aLK�0U(Z�UHUV^PYL�NYV^[O�OHZ
ILLU� YLWVY[LK� ZV� MHY� )`� Z[\K`PUN� [OL� K`UHTPJZ� VM
[OL�NYV^[O� PZ� P[�WVZZPISL� [V�\UKLYZ[HUK�THU`�KL[HPSZ
Z\JO�HZ�[OL�Z[Y\J[\YHS�HUK�TVYWOVSVNPJHS�L]VS\[PVU�VM
IV[O�[OL�UHUV^PYLZ�HUK�[OL�Z\IZ[YH[LZ� ;OL�NYV^[O
TLJOHUPZTZ�VM�UHUV^PYLZ�Z[PSS�YHPZL�THU`�M\UKHTLU[HS
X\LZ[PVUZ�HUK�[OPZ�PZ�HSZV�K\L�[V�[OL�L_WLYPTLU[HS�JOHS�
SLUNLZ�HZZVJPH[LK�^P[O�JOHYHJ[LYPaH[PVU�VM�UHUV^PYLZ
^OPSL�[OL`�NYV �̂ (S[OV\NO�PU�ZP[\�;,4 Z[\KPLZ�B��D� B�D�
B��D�JHU�NP]L�]HS\HISL�PUMVYTH[PVU�VM[LU�[OL�UHUV^PYLZ
HYL�NYV^U�^P[O�L_[YLTLS`�SV^�ILHT�Å\_LZ�ILJH\ZL�VM
[OL�SPTP[H[PVUZ�VM�[OL�</= YLX\PYLTLU[Z�VM�;,4�
?�YH`� ZJH[[LYPUN� HSVUL� JHU� UV[� HUZ^LY� HSS� [OL� X\LZ�
[PVUZ� ZV�WVZ[�NYV^[O�;,4 HUK�:;,4 TLHZ\YLTLU[Z
HYL�WLYMVYTLK�PU�JVSSHIVYH[PVU�^P[O�:YPYHT�=LURH[LZHU
H[�4H_�7SHUJR�0UZ[P[\[�+�ZZLSKVYM�
;̂ V�[`WLZ�VM�TLHZ\YLTLU[Z�HYL�WLYMVYTLK� UHTLS`

[PTL� YLZVS]LK� TLHZ\YLTLU[Z� HUK� YLJPWYVJHS� ZWHJL
THWZ� ;OL�IHZPJZ�VM� [OLZL� RPUKZ�VM�TLHZ\YLTLU[Z
HYL�L_WSHPULK�PU�[OL�MVSSV^PUN�WHYHNYHWOZ�

;PTL�YLZVS]LK�TLHZ\YLTLU[Z
;PTL�KLWLUKLU[�TLHZ\YLTLU[Z�HYL�JHYYPLK�V\[�H[�H

JVUZ[HU[�ZHTWSL�WVZP[PVU�K\YPUN�[OL�UHUV^PYL�NYV^[O
HUK� HYL� PU[LUKLK� [V� Z[\K`� [OL� NYV^[O� RPUL[PJZ� HUK
Z[Y\J[\YHS�L]VS\[PVU� ;OL�ZHTWSPUN�[PTL�PZ�ZL[�I`�[OL
KL[LJ[VY� PU[LNYH[PVU� [PTL�HUK� [OL� YLHKV\[� [PTL� ;OL
ÄYZ[� PZ� JOVZLU� [V�TH_PTPaL� [OL� ZPNUHS� [V� UVPZL� YH[PV

[OL� SH[[LY� KLWLUKZ� VU� H� JVTIPUH[PVU� VM� [OL� HJ[\HS
ÄYT^HYL�JHWHIPSP[PLZ�VM�[OL�KL[LJ[VY�HUK�[OL�JHWHIPS�
P[PLZ� VM� [OL� ZVM[^HYL� HUK� OHYK^HYL� H[� [OL� ILHTSPUL�
+\YPUN� [OL� ÄYZ[� ILHT[PTL� �YLWVY[LK� PU� ZLJ[PVU ����
[OL� [PTL� YLZVS\[PVU� ^HZ� SPTP[LK� H[� ���� ZLJVUKZ� K\L
[V� ÄYT^HYL� SPTP[H[PVUZ� ^OLYLHZ� K\YPUN� [OL� ZLJVUK
ILHT� [PTL� �YLWVY[LK� PU� ZLJ[PVU ����� [OL� SPTP[H[PVUZ
^LYL� JVTWSL[LS`� I`WHZZLK� I`� [HSRPUN� KPYLJ[S`� [V� [OL
KL[LJ[VY�HUK�[OL�[PTL�YLZVS\[PVU�^HZ�����ZLJVUKZ�
;V� HUHS`aL� [OL� O\NL� HTV\U[� VM� KH[H� 0 KL]LSVWLK
HU�HWWSPJH[PVU�HISL� [V�X\PJRS`�WHYZL�HUK�KPZWSH`� [OL
KL[LJ[VY�Z�PTHNLZ� ( [LJOUPJHS�KLZJYPW[PVU�HUK�H�SPUR
[V�[OL�ZV\YJL�JVKL�PZ�YLWVY[LK�PU�HWWLUKP_ ���

9LJPWYVJHS�ZWHJL�THWZ
9LJPWYVJHS�ZWHJL�THWWPUN��9:4� PZ�WLYMVYTLK�K\Y�

PUN�[OL�Z[LHK`�Z[H[L�WLYPVKZ�^OLU�[OL�0U�ZO\[[LY�^HZ
JSVZLK�HUK�[OL�NYV^[O�OHS[LK� 9:4Z�NP]L�HU�PUZPNO[�VU
TVYWOVSVN`�HUK�HTV\U[�VM�KPMMLYLU[�Z[Y\J[\YLZ�PU�[OL
ZHTWSL�I`�TLHZ\YPUN�[OL�KPMM\ZL�ZJH[[LYPUN�HYV\UK�H
)YHNN�Z�YLÅLJ[PVUZ� >OLUL]LY�[OL�NYV^[O�PZ�Z[VWWLK
VUL� OHZ� [OL� MYLLKVT� [V�TV]L� [OL� KL[LJ[VY� HYV\UK"
ZPUJL�P[�Z�WVZZPISL�[V�JVYYLSH[L�LHJO�ZPUNSL�WP_LS�[V�H hkl
ZL[�P[�PZ�WVZZPISL�[V�THW�[OL�YLJPWYVJHS�ZWHJLB��� ��D�
OLUJL�[OL�UHTL�VM 9LJPWYVJHS�ZWHJL�THWWPUN�
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LX\PWWLK�̂ P[O�Ä]L�2U\KZLU�JLSSZ�HUK�[OL�9/,,+ Z`Z[LT� )L�̂ PUKV^Z�HYL�̂ LSKLK�VU[V�[OL�JOHTILY�HUK�HSSV^
PUJVTPUN�HUK�V\[NVPUN�HUNSLZ�\W�[V����KLNYLLZ�TLHZ\YLK�MYVT�[OL�ZHTWSL�Z\YMHJL�HUK�PU�WSHUL�ZJH[[LYPUN
HUNSL�\W�[V�����KLNYLLZ� (Z`TTL[YPJ�)YHNN�YLÅLJ[PVUZ�HSSV^�ZLWHYH[L�HUHS`ZPZ�VM�[OL�KPMMLYLU[�JY`Z[HS�Z[Y\J[\YLZ
WYLZLU[�PU�[OL�UHUV^PYLZ�HUK�[OL�Z\IZ[YH[L� THPUS`�>A��A) HUK�;> HUK�[OLPY�YLZWLJ[P]L�*;9Z�
;OL�?�YH`�ILHT�MYVT�[OL�\UK\SH[VY�ZV\YJL�PZ�TVUVJOYVTH[PaLK�[V�WOV[VU�LULYNPLZ�VM����RL= ^P[O�H�ILHT
ZPaL�VM�����TT 2� ;OL�ZHTWSL�PZ�HSPNULK�I`�[OL�ILHTSPUL�ZJPLU[PZ[�PU�[OL�ILHT�^P[O�YLZWLJ[�[V�[OL�PUZ[Y\TLU[
JVVYKPUH[L�Z`Z[LT�HUK�W\[�PU�[OL�)YHNN�JVUKP[PVU�HYV\UK�[OL�>A WLHR�H[ [1 0 1 . 5]s� JM�ÄN\YL ����� ;OL�,^HSK
ZWOLYL�NVPUN�[OYV\NO�[OL�>A WLHR�JVTLZ�JSVZL�LUV\NO�[V�[OL�A) HUK�;> WLHRZ� YLZ\S[PUN�PU�Z[YVUN�WLHRZ�MYVT
HSS�[OYLL�Z[Y\J[\YLZ�WYLZLU[�ZPT\S[HULV\ZS`�VU�[OL�HYLH�KL[LJ[VY� +\YPUN�NYV^[O�UV�YV[H[PVU�VM�[OL�Z\IZ[YH[L�PZ
WVZZPISL�PU�VYKLY�[V�RLLW�[OL�)YHNN�JVUKP[PVU" [OPZ�TH`�PUK\JL�PUOVTVNLULP[PLZ�PU�[OL�NYV^[O�VM�[OL�UHUV^PYLZ
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0U(Z (1 1 1) ^HMLYZ� HYL� JSLH]LK� [V� �JT2 WPLJLZ� HUK
[OL�Z\IZ[YH[L�HYL�WYLWHYLK�MVY�UHUV^PYL�NYV^[O�HZ�L_�
WSHPULK�PU�ZLJ[PVU �" [OL�KLZPNU� H�ZX\HYL�HYYH`�^P[O�H
����UT�WP[JO�JVTWSL[LS`�JV]LYPUN�[OL�^OVSL�ZHTWSL�
N\HYHU[LLZ� [OH[� [OL�?�YH`� ZPNUHS� PZ� JVTPUN� MYVT� [OL
HYYH`�VM�UHUV^PYLZ��[OL�ZHTWSL�PZ�HSPNULK�ZV�[OH[�[OL
?�YH`�ILHT�OP[Z�H[�[OL�JLU[LY�" [OL�WP[JO�PZ�JOVZLU�ZV
[OH[�[OL�ZPNUHS�PZ�PU[LUZL�LUV\NO�I\[�[OL�HYYH`�PZ�UV[�ZV
KLUZL�[OH[�[OL�NYV^[O�JVUKP[PVUZ�HYL�HS[LYLK�ILJH\ZL
VM�PU[LUZL�ZOHKV^PUN�LMMLJ[Z��P�L� UHUV^PYLZ�JVTWL[�
PUN�MVY�NYV^[O�TH[LYPHS�� ;OL�ZHTWSL�PZ�[OLU�NS\LK�[V�H
4VS`IKLU\T�ISVJR�ZWLJPÄJHSS`�KLZPNULK�MVY�[OL�4),
ZL[\W�H[�:7YPUN��^P[O� 0UKP\T�NS\L�[V�TH_PTPaL� [OLY�
THS�JVU[HJ[� ;OL�Z\IZ[YH[LZ�HYL�HUULHSLK�H[����� *
[V�KLZVYI�[OL�UH[P]L�V_PKL�\UKLY�(Z�IHJR�WYLZZ\YL�HZ
L_WSHPULK�PU�ZLJ[PVU �� 9/,,+ PZ�\ZLK�[V�TVUP[VY�[OL
Z[H[L�VM�[OL�ZHTWSL�Z\YMHJL� (Z�ZVVU�HZ�[OL�9/,,+
WH[[LYU� [YHUZMVYT� PU[V�H Z[YLHR`� WH[[LYU� �JVUÄYTPUN
[OL�YLTV]HS�VM�[OL�V_PKL��[OL�[LTWLYH[\YL� PZ�YHTWLK
KV^U�[V�[OL�NYV^[O�[LTWLYH[\YL" [OL�NYV^[O� PZ�[OLU
Z[HY[LK�I`�VWLUPUN�[OL�0U�ZO\[[LY� -VY�[OPZ�L_WLYPTLU[
[OL� ZHTWSL� PZ� L_HJ[S`� PU� [OL�)YHNN�JVUKP[PVU� MVY� [OL
[1 0 1 . 5]s� ;OL�L_HJ[�WVZP[PVU�VM�[OL�>A )YHNN�Z�WLHR
PZ�KL[LYTPULK�\ZPUN�WYL]PV\Z�[LZ[�L_WLYPTLU[Z� ZPUJL
[OL�ZHTWSL�PZ�H[�OPNO�[LTWLYH[\YL�HUK�[O\Z�[OL�SH[[PJL
JVUZ[HU[�
6UJL�[OL�NYV^[O�PZ�Z[HY[LK�[OL�)YHNN�Z�WLHR�PU[LU�

ZP[PLZ�HYL�YLJVYKLK�MVY�VUL�M\SS�NYV^[O�VM�HWWYV_PTH[LS`
��OV\YZ� ;OLU�[OL�0U�Å\_� PZ�[\YULK�VMM�HUK�[OL�ZHT�
WSL� PZ�JVVSLK�KV^U�\UKLY�(Z�Å\_� \U[PS�[OL�Z\IZ[YH[L
[LTWLYH[\YL�YLHJOLZ�HWWYV_PTH[LS`������*�

����� 9LZ\S[Z
;OL�L]VS\[PVU�VM�[OL�>A HUK�A) )YHNN�Z�WLHR�PU[LUZP[`
PZ�TLHZ\YLK�I`�Z\TTPUN� [OL� PU[LUZP[`�VM�L]LY`�WP_LS
PUZPKL�[OL�960Z�YLWVY[LK�PU�ÄN\YL ����
,_�ZP[\�OPNO�YLZVS\[PVU�;,4 Z[\KPLZ�ZOV^�[OH[� [OL
�;OL�YLHKLY�^PSS�L_J\ZL�[OL�JVSSVX\PHSPZT�I\[�^P[OV\[�KP]PUN�PU[V

[OL� LSLJ[YVU� KPMMYHJ[PVU� YLHST� P[�Z� LHZ`� [V� NYHZW� [OL� TLHUPUN" H
Z[YLHR` WH[[LYU�JHU�VUS`�IL�NLULYH[LK�I`�H�JY`Z[HSSPUL�Z\YMHJL� ZPUJL
9/,,+ PZ�L_[YLTLS`�Z\YMHJL�ZLUZP[P]L�L]LU�H�[OPU�SH`LY�VM�UH[P]L�V_�
PKL�WYVK\JLZ�H�KPMM\ZL�YLÅLJ[PVU�YH[OLY�[OHU�H�Z[YLHR`�WH[[LYU�
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-PN\YL ���! *OHYHJ[LYPZ[PJ�7PSH[\Z�KL[LJ[VY�PTHNL
ZOV^PUN� [OL� YLNPVU� VM� PU[LYLZ[� MVY� [OL� Z[\K`� VM
UHUV^PYL�NYV^[O�K`UHTPJZ� ;OL�SPNO[�IS\L�HUK�YLK
960Z�HYL�\ZLK�[V�TVUP[VY�[OL�L]VS\[PVU�VM�[OL�>A
HUK�A) )YHNN�Z�WLHR�PU[LUZP[`�YLZWLJ[P]LS �̀

5>Z�OH]L�H�W\YL�>A Z[Y\J[\YL� 4VYLV]LY�:,4 Z[\K�
PLZ�ZOV^�[OH[� [OL�UHUV^PYL�HYYH`Z�OH]L�HU�]LY`�\UP�
MVYT�TVYWOVSVN`�HJYVZZ�[OL�^OVSL�ZHTWSL�HUK�L_[LU�
ZP]L�WHYHZP[PJ�NYV^[O�PU�IL[^LLU�[OL�UHUV^PYLZ" HZ�HU
L_HTWSL�H�:,4 TPJYVNYHWO�PZ�YLWVY[LK�PU�ÄN\YL ����
0U� ÄN\YL ��� [OL� L]VS\[PVU�VM� [OL�>A HUK�A) WLHRZ

-PN\YL ���! 9LWYLZLU[H[P]L� :,4 TPJYVNYHWO� VM
5> HYYH �̀ ;OL�5>Z�OH]L�[OL�ZHTL�TVYWOVSVN`
HZ�OPNOSPNO[LK�PU�[OL�PUZL[�VU�[OL�[VW�YPNO[� 4HPU
PTHNL�[HRLU�H[����VM�[PS[PUN� PUZL[�H[����" [OL�ZJHSL
IHYZ�HYL�����UT�PU�IV[O�PTHNLZ�

PZ�YLWVY[LK� *VUZPKLYPUN�[OL�YLZ\S[�VM�[OL�L_�ZP[\�TP�
JYVZJVW`�HUHS`ZPZ�^L�HZZVJPH[L� [OL�>A )YHNN�WLHR
PU[LUZP[`�L]VS\[PVU�VUS`�[V�[OL�5> NYV^[O�HUK�[OL�A)
VUS`� [V� [OL�WHYHZP[PJ�NYV^[O�VU� [OL�Z\IZ[YH[L� -YVT
��� H��P[�PZ�WVZZPISL�[V�ZLL�[OL�L]VS\[PVU�VM�H�JVTWSL[L
NYV^[O� (M[LY�H�ZOVY[�[PTL�SHN�IV[O�>A HUK�A) NYV^
PU�H�Z[LHK`�Z[H[L�YLNPTL� P�L� [OL�ZSVWL�VM� [OL� PU[LU�
ZP[`�L]VS\[PVU�PZ�JVUZ[HU[� (M[LY�HYV\UK����TPU\[LZ�VM
NYV^[O�[OL�ZPNUHS�MYVT�[OL�UHUV^PYLZ�Z\KKLUS`�Z[VWZ
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PUJYLHZPUN� Z\NNLZ[PUN�[OH[�[OL�JVUKP[PVU�H[�[OL�NYV^[O
MYVU[�OH]L�JOHUNLK� 0[�PZ�YLHZVUHISL�[V�[OPUR�[OH[�[OL
OPNO�KLUZP[`�VM�UHUV^PYLZ�JVTIPULK�^P[O�[OLPY�OLPNO[
PZ�YLK\JPUN�[OL�JVSSLJ[PVU�HYLH�HUK�[O\Z�[OL�^PYLZ�HYL
NYV^PUN�VUS`�MYVT�KPYLJ[�PTWPUNLTLU[�VM�NYV^[O�TH�
[LYPHS�VU�VY�]LY`�JSVZL�[V�[OL�KYVWSL[� (SZV�H�YV\NO�WSH�
UHY�NYV^[O� [LUKZ�[V�KLJYLHZL� [OL�KPMM\ZPVU� SLUN[O�VM
HKH[VTZ� ILJH\ZL�[OL`�^PSS�OH]L�TVYL�H]HPSHISL�ZP[LZ
MVY�PUJVYWVYH[PVU�PU�WSHUHY�NYV^[O� HZ�Z\NNLZ[LK�HSZV
I`�[OL�L]VS\[PVU�VM�[OL�A) PU[LUZP[`�YLWVY[LK�PU ��� H��
>L� HSZV� UV[L� [OL� LMMLJ[� VM� [OL� JVVS� KV^U� HM[LY� �

OV\YZ! [OL�PU[LUZP[`�VM�IV[O�A) HUK�>A KLJYLHZL�ZPN�
UPÄJHU[S �̀ >L�[LUK�[V�Y\SL�V\[�KLZVYW[PVU�ZPUJL�[OL�JVVS
KV^U�PZ�WLYMVYTLK�\UKLY�(Z�Å\_�HUK�[O\Z�[OL�Z[Y\J�
[\YLZ�HYL�Z[HIPSPaLK� ( IL[[LY�L_WSHUH[PVU�PZ�PUZ[LHK�[OH[
[OL�SH[[PJL�JVUZ[HU[�VM�[OL�JY`Z[HS�Z[Y\J[\YL�PZ�JOHUNPUN
^P[O�[LTWLYH[\YL�[O\Z�TV]PUN�IV[O�WLHRZ�V\[�VM�[OL
JOVZLU�960Z�
3HZ[S`� PU�ÄN\YL ��� I��H�aVVT�VU� [OL�ILNPUUPUN�VM

[OL�NYV^[O�PZ�YLWVY[LK� >L�ZLL�[OH[�[OLYL�L_PZ[Z�H�[PTL
SHN�IL[^LLU�VWLUPUN�[OL�0U�ZO\[[LY�HUK�[OL�ILNPUUPUN
VM�5>Z�NYV^[O� ( THSM\UJ[PVU�VY� SHN�VM� [OL�ZO\[[LY
PZ�Y\SLK�V\[�HZ�[OL�ZHTL�LMMLJ[�PZ�ZLLU�PU�V[OLY�ZHT�
WSLZ� HSILP[�UV[�YLWVY[LK�PU�[OPZ�[OLZPZ� ;OL�VIZLY]LK
[PTL� SHN� PZ� PUZ[LHK�H� MLH[\YL�VM� [OL�=3: TLJOHUPZT
VM�NYV^[O�HUK�PZ�YLMLYYLK�[V�HZ�PUJ\IH[PVU�[PTLB�� ��D�
2HSHJOL�L[ HS� B��D L_WSHPUZ�[OL�VYPNPU�VM�[OL�PUJ\IH[PVU
[PTL� HSILP[� MVY�(\�HZZP[LK�:P�UHUV^PYLZ� HZ� [OL� [PTL
YLX\PYLK�MVY�:P�[V�KPMM\ZL�[OYV\NO�[OL�(\�WHY[PJSL�[O\Z
YLHJOPUN�H� YLNPTL�^OLYL�U\JSLH[PVU�JHU�Z[HY[�H[� [OL
ZVSPK� SPX\PK� PU[LYMHJL" [OL�H\[OVYZ�WH`�UV�H[[LU[PVU�[V
[OL�HJ[\HS�U\JSLH[PVU�RPUL[PJZ� ^OPJO�^L�PUZ[LHK�[OPUR
HYL�L_[YLTLS`�YLSL]HU[� *VUZVUUP�L[ HS� B�D \ZL�Z[HU�
KHYK� PZSHUK� U\JSLH[PVU� [OLVY �̀ ^OLYL� [OL� PUJ\IH[PVU
[PTL�MVSSV^Z�(YYOLUP\Z�KLWLUKLUJ �̀ [V�KL[LYTPUL�IV[O
[OL�JYP[PJHS�U\JSL\Z�ZPaL�HUK�[OL�HJ[P]H[PVU�LULYN`�VM�[OL
U\JSLH[PVU�WYVJLZZ� 0U�SPNO[�VM�[OL�MVYTHSPZT�WYLZLU[LK
PU ��� ^L� [OPUR� [OH[�\ZPUN�HU�(YYOLUP\Z�KLWLUKLUJL
TH`�IL�UV[�LUV\NO�ILJH\ZL�VM�[OL�PU[LYWSH`�VM�KPMM\�
ZPVU�VU� [OL�Z\IZ[YH[L� PTWPUNPUN�ILHT�Å\_LZ� SPX\PK
KPMM\ZPVU�HUK�U\JSLH[PVU� >L�KL[LYTPUL�[OL�PUJ\IH[PVU
[PTL� [V�IL����ZLJVUKZ� MVY� [OL�ZHTWSL�ZOV^U� PU�ÄN�
\YL ���� 4VYL�NYV^[OZ�HYL�WLYMVYTLK�]HY`PUN�IV[O�[OL
NYV^[O�[OL�[LTWLYH[\YL�H[�H�Ä_LK V

III YH[PV�HUK�[OL V
III

YH[PV�H[�H�Ä_LK�NYV^[O�[LTWLYH[\YL�^P[O�[OL�HPT�[V�\U�
KLYZ[HUK�[OL�LMMLJ[�VM�[OL�NYV^[O�WHYHTL[LYZ�VU�[OPZ

HZWLJ[�K`UHTPJZ�VM�5>Z�NYV^[O� ([�[OL�[PTL�VM�̂ YP[PUN
[OL�HUHS`ZPZ�HYL�Z[PSS�PU�[OL�WYLSPTPUHY`�Z[HNL�HUK�[O\Z
UV[�PUJS\KLK�VU�[OPZ�[OLZPZ�
)`�ZSPJPUN�[OL�KL[LJ[VY�PTHNL�HSVUN�[OL�NYV^[O�KP�

YLJ[PVU� HUK�Z\TTPUN�V]LY�[OL�[OL�R�KPYLJ[PVU� �JM� ÄN�
\YL ����H��VUL�JHU�TVUP[VY� [OL�V]LYHSS�H_PHS�K`UHT�
PJZ�VM�[OL�NYV^[O� 0U�ÄN\YL ��� Z\JO�H�TLHZ\YLTLU[
PZ� ZOV^U" [OL� KLYP]H[P]L� VM� [OL� V]LYHSS� ZJH[[LYLK� PU�
[LUZP[`� PZ�WSV[[LK�HZ� M\UJ[PVU�VM� [OL�V\[�VM�WSHUL� P�L�
HSVUN�[OL�NYV^[O�KPYLJ[PVU� TVTLU[\T�[YHUZMLY�]LJ�
[VY��SHILSLK�HZ Qz ��HUK�[PTL� :L]LYHS�PU[LYLZ[PUN�MLH�
[\YLZ�LTLYNL� (Z�JSLHY� MYVT�ÄN\YL ���H��HYV\UK�[OL
>A WLHR�3H\L� MYPUNLZ�HYL� ]PZPISL� ;OPZ� JHU�HSZV�IL
ZLLU�PU�ÄN\YL ���I��^OLYL� SPUL�J\[Z�H[�YLWYLZLU[H[P]L
[PTLZ�HYL�YLWVY[LK� 0[�Z�LHZ`�[V�ZLL�[OH[�WLYPVK�VM�[OL
VZJPSSH[PVUZ�NL[Z�ZTHSSLY�Z\NNLZ[PUN�[OH[ ZVTL[OPUN PU
YLHS�ZWHJL�PZ�NL[[PUN�IPNNLY� TVYLV]LY�^L�JHU�KLK\JL
[OH[�[OL�KPZ[YPI\[PVU�VM�[OL�KPTLUZPVU�NL[[PUN�IPNNLY�PZ
\UPMVYT�HJYVZZ�[OL�^OVSL�ZHTWSL� LSZL�[OL�VZJPSSH[PVUZ
^V\SK�JHUJLS�V\[� *VUZPKLYPUN�^L�HYL�SVVRPUN�H[�[OL
V\[� VM� WSHUL� ZJH[[LYPUN� ]LJ[VY�^L�JVUJS\KL� [OH[� [OL
UHUV^PYLZ�SLUN[O�PZ�[OL�J\SWYP[�VM�[OL�VZJPSSH[PVUZ� (Z
ZLLU�PU�ÄN\YL ���H��MVY�H�NYV^[O�[PTL�NYLH[LY�[OH[����
ZLJVUKZ�[OL�VZJPSSH[PVUZ�ZLLT�[V�KPZHWWLHY� ;̂ V�MHJ�
[VYZ�JVU[YPI\[L�[V�[OPZ" ÄYZ[� ^OPSL�H[�[OL�ILNPUUPUN�[OL
UHUV^PYLZ�HYL�]LY`�ZOVY[�������\UP[�JLSSZ��HUK�[OL�KPZ[YP�
I\[PVU�JVU[HPUZ�H�SPTP[LK�U\TILY�VM�WVZZPISL�SLUN[OZ�
H[�H�SH[LY�Z[HNL�[OL�UHUV^PYLZ�HYL�SVUNLY�^P[O�H�T\JO
IYVHKLY�KPZ[YPI\[PVUZ�VM�WVZZPISL�SLUN[OZ�[O\Z ZTVV[O�
PUN�V\[ [OL� MYPUNLZ� :LJVUK� HZ�[OL�UHUV^PYLZ�NYV^
[OL�VZJPSSH[PVUZ�OH]L�ZTHSSLY�WLYPVKZ� YLHJOPUN�H�Z\JO
ZTHSS�]HS\L�PU ∆Qz [OH[�P[�MHSSZ�ILSV^�[OL�YLZVS\[PVU�VM
[OL�KL[LJ[VY�P�L� VUL�WLYPVK�PZ�ZTHSSLY�[OH[�VUL�WP_LS�
;V�NL[�H�MLLSPUN�VM�[OPZ�ILOH]PVY�VUL�JHU�ZL[�\W�H�]LY`
ZPTWSL�TVKLS� 0M�^L�JVUZPKLY�[OH[� H[�[OL�]LY`�ILNPU�
UPUN�VM�[OL�NYV^[O� UHUV^PYLZ�HYL� SPULHYS`�KPZ[YPI\[LK
^P[O�SLUN[O�]HY`PUN�MYVT���[V L \UP[�JLSSZ�HUK�H[�[PTL
[���IL[^LLU���HUK L− 1 [OLU�^L�JHU�^YP[L

FL(8) ∝=
L∑

l=0

l∑

j=0

ei8·9j =
L−1∑

l=0

l∑

j=0

ei8·9J +
L∑

j=0

ei8·9j

�����
^OLYL�[OL�ÄYZ[�Z\TTH[PVU�[HRLZ�PU[V�HJJV\U[�[OL�KPZ�
[YPI\[PVU�VM�\UP[�JLSSZ�� SLUN[OZ� ;OL�KLYP]H[P]L�JHU�IL
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^YP[[LU�HZ!

FL(8)− FL−1(8) =
L∑

j=0

ei8·Rj �����

^OPJO� PUKLLK� NP]LZ� MYPUNLZ� JVYYLZWVUKPUN� [V
UHUV^PYLZ�VM�SLUN[O�3 \UP[�JLSSZ� ;V�VI[HPU�X\HU[P[H[P]L
PUMVYTH[PVU� Z\JO� HZ� [OL� SLUN[O� VM� [OL� UHUV^PYLZ
HUK� [OL� NYV^[O� YH[L� ^L� Ä[� H� TVKLS� ZPTPSHY� [V� [OL
VUL�YLWVY[LK�HIV]L� I\[�HSSV^PUN�MVY�H�TVYL�YLHSPZ[PJ
.H\ZZPHU�KPZ[YPI\[PVU�MVY�[OL�SLUN[OZ�VM�UHUV^PYLZ� ([
[OL� [PTL� VM� ^YP[PUN� ^L� OH]L� MV\UK� NYLH[� HNYLLTLU[
^P[O� [OL�TLHZ\YLK� 5>Z� SLUN[O� MYVT� [OL� UHUV^PYLZ
HUK�[OL�YLZ\S[�VM�[OL�Ä[[PUN�WYVJLK\YL� I\[�[OL�HUHS`ZPZ
HYL�Z[PSS�PU�WYLSPTPUHY`�Z[HNL�HUK�[O\Z�HYL�UV[�YLWVY[LK
PU�[OPZ�[OLZPZ�
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-PN\YL ���! 0U(Z�UHUV^PYL�NYV^[O�K`UHTPJZ�V]LY]PL �̂ ;OL�>A HUK�A) )YHNN�Z�WLHR�PU[LUZP[PLZ�HYL�JHSJ\SH[LK
MYVT�[OL�960Z�YLWVY[LK�PU�ÄN\YL ���� H��6]LY]PL^�VM�[OL�M\SS�NYV^[O" [OL�ÄYZ[�]LY[PJHS�SPUL�ZOV^Z�^OLU�[OL�0U�ZO\[[LY
^HZ�VWLULK� [O\Z�Z[HY[PUN�[OL�NYV^[O�^OLYLHZ�[OL�ZLJVUK�SPUL�ZOV^Z�^OLU�[OL�NYV^[O�^HZ�OHS[LK�I`�JSVZPUN
[OL�0U�ZO\[[LY� ÄUHSS`�[OL�[OPYK�SPUL�ZOV^Z�^OLU�[OL�JVVS�KV^U�Z[HY[LK� ;OL�Z\KKLU�PUJYLHZLZ�PU�[OL�UVPZL�VM�[OL
ZPNUHS�HYL�K\L�[V�[OL�JOHUNLZ�PU�[OL�H[[LU\H[PVU�\ZLK�K\YPUN�[OL�TLHZ\YLTLU[�[V�H]VPK�YLHJOPUN�ZH[\YH[PVU�VM
[OL�KL[LJ[VY� I��AVVT�PU�VU�[OL�ILNPUUPUN�VM�[OL�NYV^[O� [OL�ÄYZ[�ISHJR�SPUL�ZOV^Z�^OLU�[OL�0U�ZO\[[LY�PZ�VWLULK
HUK�[OL�KHZOLK�SPUL� H[�[PTL ti = 75Z�LJVUKZ� ZOV^Z�^OLU�[OL�PU[LUZP[`�VM�[OL�>A WLHR�Z[HY[�PUJYLHZPUN�

Time (s)

0.93

1.05

1.18

0.55

0.67

0.8

log(|dI/dt|)

H� I�

-PN\YL ���! 3H\L�VZJPSSH[PVUZ�PU�[OL�NYV^[O�KPYLJ[PVU� H��3VNHYP[OT�VM�[OL�HIZVS\[L�]HS\L�VM�[OL�KLYP]H[P]L�VM�[OL
PU[LUZP[`�HZ�M\UJ[PVU�VM�V\[�VM�WSHUL�ZJH[[LYPUN�]LJ[VY�HUK�[PTL� 6ZJPSSH[PVUZ�HYL�LHZ`�[V�ZLL�HYV\UK�[OL�>A WLHR
H[ QZ = 0.89−1� I��3PUL�J\[Z�[V�OPNOSPNO[� [OL�KLJYLHZPUN�WLYPVK�VM� [OL�3H\L�VZJPSSH[PVUZ�HZ�[OL�NYV^[O�[PTL
PUJYLHZL� ;YHJLZ�HYL�JVSVY�JVKLK�^P[O�[OL�KV[[LK�SPUL�PU�H��[V�OPNOSPNO[�[OLPY�WVZP[PVU�PU�[PTL�
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��� .YV^[O�PU[LYY\W[PVUZ

.YV^[O� PU[LYY\W[PVUZ� P�L� ZO\[[PUN�VMM� [OL� 0U�Å\_� HYL
\ZLK� PU� VYKLY� [V� Z[\K`� K`UHTPJ� LMMLJ[Z� [OH[� SLHK� [V
JOHUNLZ�PU�[OL�JY`Z[HS�Z[Y\J[\YL� ;OL�NYV^[O�PU[LYY\W�
[PVU�TL[OVK�OHZ�ILLU�HSYLHK`� YLWVY[LK�HZ�H� [VVS� [V
NYV^�A)�;>�>A Z\WLYSH[[PJLZ� B�� ��D�I\[�[OL�K`UHT�
PJZ�VM� [OL�JOHUNLZ�VM�JY`Z[HS�Z[Y\J[\YL�HYL� PU�NLULYHS
SVZ[�^OLU�WLYMVYTPUN� L_�ZP[\�TLHZ\YLTLU[Z�THRPUN
P[� OHYKLY� [V�\UKLYZ[HUK� [OL�L]VS\[PVU�VM� [OL� Z`Z[LT�
;OL�Z\IZ[YH[LZ�MVY�[OL�UHUV^PYL�NYV^[O�̂ LYL�WYLWHYLK
HZ� L_WSHPULK� PU� ZLJ[PVU �����" [OL� KLZPNU� H� ZX\HYL
��TT_��TT�HYYH`�^P[O�H�� µT�WP[JO�ZRL[JOLK�PU�ÄN�
\YL ��� N\HYHU[LLZ�[OH[�[OL�?�YH`�ZPNUHS�PZ�JVTPUN�MYVT
[OL�UHUV^PYLZ��[OL�ZHTWSL�PZ�HSPNULK�ZV�[OH[�[OL�?�YH`
ILHT�OP[Z�H[�[OL�JLU[LY��

-PN\YL ���! :\IZ[YH[L�+LZPNU

;OL�Z\IZ[YH[LZ�HYL�HUULHSLK�H[����� * [V�KLZVYI
[OL�UH[P]L�V_PKL� 9/,,+ PU�[OPZ�JHZL�PZ�UV[�\ZLK�HZ
[OL�Z\YMHJL�PZ�JV]LYLK�^P[O�:P62 HUK�[O\Z�^V\SK�UV[
NP]L�HU`�]HS\HISL�PUMVYTH[PVU� 5HUV^PYLZ�HYL�NYV^U�MVY
���TPU\[LZ�^P[O�[OL�NYV^[O�WHYHTL[LYZ�LZ[HISPZOLK�[V
NP]L�[OL�ILZ[�YLZ\S[Z�HM[LY�ZL]LYHS�[LZ[�NYV^[OZ��;pyro
$������*� Tin$������*��(Z�Å\_�$�����×10−4�� (M[LY
���TPU\[LZ�[OL� 0U�ZO\[[LY� PZ�WLYPVKPJHSS`�VWLULK�HUK
JSVZLK�

����� 9LZ\S[Z
0U�ÄN\YL ��� H�JOHYHJ[LYPZ[PJ�7PSH[\Z�KL[LJ[VY�PTHNL�PZ
YLWVY[LK� 0[�PZ�LHZ`�[V�ZLL�IV[O�[OL�;> HUK�>A WLHRZ
HUK�[OLPY�*;9Z� ;V�MVSSV^�[OL�[PTL�L]VS\[PVU�VM�H�JLY[HPU
JY`Z[HS�Z[Y\J[\YL�̂ L�ZLSLJ[�H�YLNPVU�VM�PU[LYLZ[��960� HUK
[OLU�WSV[�[OL�Z\T�VM�L]LY`�WP_LS�PUZPKL�[OL�960 PU[LUZP[`
HZ�H�M\UJ[PVU�VM�[PTL�HZ�ZOV^U�PU�ÄN\YL ����

[10l ]s

1 1.5 2 l TW WZ ZB

-PN\YL ���! *OHYHJ[LYPZ[PJ�7PSH[\Z�KL[LJ[VY�PTHNL
ZOV^PUN� [OL� YLNPVU� VM� PU[LYLZ[� MVY� [OL� Z[\K`� VM
UHUV^PYL�NYV^[O�K`UHTPJZ� ;OL�NYLLU� ISHJR�HUK
IHI`�IS\L�960Z�HYL�\ZLK�[V�Z[\K`�[OL�L]VS\[PVU�VM
[OL�>A��;> HUK�*;9Z�ZJH[[LYLK�PU[LUZP[PLZ�

Icrystal truncation rod

Iwurtzite

Itwin

In Flux
On

In Flux
Off

-PN\YL ���! 5VYTHSPaLK� PU[LUZP[`� VM� [OL� KPMMLY�
LU[� JY`Z[HS� Z[Y\J[\YLZ�)YHNN»Z�WLHRZ� MVY� VUL� M\SS
NYV^[O" [OL�0U�ILHT�Å\_�PZ�VWLU�PU�KHYRLY�ZOHKLK
YLNPVUZ�HUK�JSVZLK�PU�[OL�SPNO[�YLNPVUZ�

0[�PTTLKPH[LS`�Q\TWZ�[V�[OL�L`L�[OH[�H[�[OL�]LY`�IL�
NPUUPUN�VM�[OL�NYV^[O�[OL�>A WLHR�Z�PU[LUZP[`�ZLLTZ
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[V�PUJYLHZL�]LY`�MHZ[�HUK�[OLU�Z\KKLUS`�Z[VWZ�PUJYLHZ�
PUN� HZ� PM� [OL�UHUV^PYLZ�^LYL�NYV^PUN�H[�H�]LY`�OPNO
NYV^[O�YH[L�H[�[OL�ILNPUUPUN�HUK�[OLU�Z\KKLUS`�ZSV^
KV^U� (S[OV\NO�[OPZ�LMMLJ[�SVVRZ�PU[LYLZ[PUN�HUK�WVZ�
ZPIS`�YLSH[LK�[V�[OL�UHUV^PYL�NYV^[O�K`UHTPJZ�̂ L�[LUK
PUZ[LHK�[V�Y\SL�V\[�[OH[�P[�Z�VUS`�H�K`UHTPJHS�LMMLJ[� 0[�Z
T\JO�TVYL�WYVIHISL�[OH[�P[�Z�YLSH[LK�[V�[OL�YLSH[P]L�WV�
ZP[PVU�VM�[OL�KL[LJ[VY�)YHNN�WLHR�*;9Z� ,]LU�[OV\NO
[OL� ZHTWSL�HSPNULK�JSVZL� [V� [OL�)YHNN�JVUKP[PVU� MVY
[1 0 1 . 5]s� ^L�HYL�HSZV�TLHZ\YPUN�H[�HU�OPNO�[LTWLYH�
[\YL�HUK�ZV�[OL�SH[[PJL�JVUZ[HU[�PUJYLHZLZ� [O\Z�TV]PUN
M\Y[OLY�H^H`�MYVT�)YHNN�JVUKP[PVU� (SZV�[OL�>A )YHNN
WLHR�KVLZ�UV[�L_PZ[�VU�[OL�ZHTWSL�ILMVYL�NYV^[O� ZV
P[�Z�UV[�WVZZPISL�[V�HSPNU�[OL�ZL[�\W�̂ P[O�P[� *VUZPKLYPUN
HSS�HIV]L� [OL�]LY`�ILNPUUPUN�VM�[OL�NYV^[O�YLX\PYLZ�M\Y�
[OLY�HUHS`ZPZ�HUK�P[�^HZ�UV[�L_HTPULK�PU�KLW[O�PU�[OPZ
WYVQLJ[�
-YVT�WVZ[�NYV^[O�:,4 HUK�;,4 PTHNPUN�^L�JHU

JVUJS\KL� [OH[� [OL�5>Z�VI[HPULK� MYVT�H�NP]LU�ZHT�
WSL�OH]L�[OL�ZHTL�V]LYHSS�TVYWOVSVN �̀ ZPTPSHY�MHJL[PUN
HUK�JY`Z[HS�Z[Y\J[\YL�KPZ[YPI\[PVU� HZ�HU�L_HTWSL�YLW�
YLZLU[H[P]L�:,4 TPJYVNYHWO�VM�HU�HYYH`�VM�UHUV^PYLZ
PZ�YLWVY[LK�PU�ÄN\YL �� �

-PN\YL �� ! 9LWYLZLU[H[P]L� :,4 TPJYVNYHWO� VM
5>Z�HYYH`�NYV^U" [OL�UHUV^PYLZ�HYL�TVZ[S`�\UP�
MVYT� HUK�OH]L�[OL�ZHTL�TVYWOVSVN`�HZ�[OL�VUL
YLWVY[LK�PU�[OL�[VW�SLM[�PUSL[� ;OL�ZJHSL�IHY�PZ�� µm
MVY�[OL�V]LY]PL^�HUK�����UT�MVY�[OL�PUSL[�

3L[�Z�UV^� MVJ\Z�VU� [OL� SH[LY�Z[HNL�VM� [OL�NYV^[O�

/PNO�YLZVS\[PVU�;,4 HUK�ZJHUUPUN�[YHUZTPZZPVU�LSLJ�
[YVU�TPJYVZJVW`� �:;,4� Z[\KPLZ�ZOV^�[OH[� [OL�5>Z
OH]L�H�W\YL�>A Z[Y\J[\YL�ZLWHYH[LK�^P[O�[OPU�ZSHIZ�VM
A) H[�[OL�ZHTL�SVJH[PVUZ�YLSH[P]L�[V�[OL�5> SLUN[O� (U
L_HTWSL�PZ�YLWVY[LK�PU�ÄN\YL ����� >L�JHU�JVYYLSH[L
[OLZL�Z[Y\J[\YHS� JOHUNLZ� [V� [OL�NYV^[O� PU[LYY\W[PVUZ
THKL�K\YPUN�NYV^[O� ^OLYL�[OL�0U�ZO\[[LY�̂ HZ�VWLULK
HUK�JSVZLK� ;OL�Ä]L�Z[Y\J[\YHS�JOHUNLZ�OPNOSPNO[LK�PU
ÄN\YL ���� HYL�[OL�LMMLJ[�VM�[OL���VU�VMM�J`JSLZ�YLWVY[LK
PU�ÄN\YL �����
+\YPUN�Z[LHK`�Z[H[L�NYV^[O�JVUKP[PVUZ�^L�JHU�ZLL

[OH[� [OL� 5>Z� MVYT� H� W\YL� >A WOHZL� ^OPSL� [OL
TLHZ\YLK� K`UHTPJZ� PU� [OL� UVU�Z[LHK`� Z[H[L� NYV^[O
YLNPTL� ^OPJO�PZ� PUK\JLK�I`�VWLUPUN�HUK�JSVZPUN�MVY
[OL�0U�Å\_� ZOV^�HIY\W[�JOHUNLZ�PU�[OL�JY`Z[HS�Z[Y\J�
[\YL� 0U�MHJ[� [OLYL�L_PZ[Z�H�JLY[HPU�NYV^[O�YLNPTL�[OH[
WYVTV[LZ�>A [V�A) YLJVUZ[Y\J[PVU� [YHUZP[PVUZ� ;OPZ
YLNPTL� ZLLTZ� [V� YLX\PYL� H� JLY[HPU� Z[HNL� PU� NYV^[O�
HZ� [OL� YLJVUZ[Y\J[PVU� [YHUZP[PVUZ� HYL�TLHZ\YLK� VUS`
PU� JLY[HPU� WLYPVKZ� ;OPZ� ILOH]PVY� PUKPJH[LZ� [OH[� [OL
NYV^[O�PU[LYMHJL�TVYWOVSVN`�WSH`Z�H�JY\JPHS�YVSL�PU�[OL
YLZ\S[PUN�JY`Z[HS�Z[Y\J[\YL�K\YPUN�NYV^[O� HZ�Z\NNLZ[LK
WYL]PV\ZS`B��� � D� >L�HSZV�MV\UK�[OH[�[OL�SLUN[O�VM�[OL
NYV^[O�PU[LYY\W[PVU�PUÅ\LUJL�[OL�OLPNO[�VM�[OL�ZSHIZ�
0U�ÄN\YL ���� I��[OL�PU[LUZP[`�L]VS\[PVU�VM�[OL�960Z

OPNOSPNO[LK�PU ���� H��PZ�ZOV^U� (S[OV\NO�P[�PZ�UV[�WVZ�
ZPISL�[V�JH[LNVYPJHSS`�KPZ[PUN\PZO�IL[^LLU�[OL�;> ZPN�
UHS� JVTPUN� MYVT� [OL� Z\IZ[YH[L� WHYHZP[PJ� NYV^[O� HUK
[OL� ZPNUHS� JVTPUN� MYVT� [OL� ZSHIZ� PU� [OL� UHUV^PYLZ
^L�ILSPL]L�[OH[�[OL�ZPNUHS� PZ� PUKLLK�JVTPUN�MYVT�[OL
UHUV^PYLZ�K\L�[V�[OL�Z[YPRPUN�HU[PJVYYLSH[PVU�VM�[OL�PU�
[LUZP[`�VM�;> HUK�>A"�[OL�SH[[LY�JHU�VUS`�IL�H�ZPNUHS
MYVT�[OL�UHUV^PYL� HZ�[V�[OL�ILZ[�VM�T`�RUV^SLKNL�UV
I\SR�0U(Z�>A Z[Y\J[\YL�OHZ�L]LY�ILLU�MV\UK� :\JO�HU
HU[PJVYYLSH[PVU�JHU�IL�L_WSHPULK�I`�JY`Z[HS�YLJVUZ[Y\J�
[PVU�TLHUPUN�[OH[�MVY�H�JLY[HPU�Z[H[L�VM�[OL�NYV^[O�MYVU[
P[�PZ�MH]VYHISL�[V�U\JSLH[L�PU�[OL�A) Z[Y\J[\YL��LP[OLY�HZ
HU�PZSHUK�PU�[OL�[VW�MHJL[� VY�VU�[OL�;3 B��� ��D��[O\Z�PU�
[YVK\JPUN�WHY[PHS�KPZSVJH[PVUZ" WHY[PHS�KPZSVJH[PVUZ�JHU
[OLU�NSPKL�\UKLY�[OL�KYP]PUN�MVYJL�VM�H�KLJYLHZL�PU�JV�
OLZP]L�LULYN` � PUK\J[PUN�H�ZVSPK�ZVSPK�A) [V�>A Z[Y\J�
[\YHS� [YHUZP[PVU� (S[OV\NO�^P[O�V\Y�TLHZ\YLTLU[�^L
JHU�UV[�MVSSV^�Z\JO�H�WYVJLZZ�H[�[OL�YLX\PYLK�KL[HPS�

�(Z�TLU[PVULK�PU�ZLJ[PVU � P[�PZ�RUV^U�[OH[�A) OHZ�H�SV^LY� HS�
[OV\NO�TLHZ\YLK�VUS`�PU�I\SR� JVOLZP]L�LULYN �̀
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P�L� H[�H[VTPJ�SL]LS� AOLUN�L[ HS� B��D YLWVY[LK�[OL�ZHTL
ÄUKPUNZ�\ZPUN�PU�ZP[\�;,4 HUHS`ZPZ�
>L�UV^�ULLK�[V�[\YU�V\Y�H[[LU[PVU�[V�[OL�U\JSLH[PVU

VM�A) H[�H�JLY[HPU�JVUÄN\YH[PVU�VM�[OL�NYV^[O�MYVU[� HZ
WYVWVZLK�I`�2YVNZ[Y\W�L[ HS� B��D� 0[�JHU�IL�ZOV^U�
\ZPUN�LX\H[PVU ���� [OH[�MVY�[OL�ZHTL�SPX\PK�Z\WLYZH[�
\YH[PVU�[OL�WYVIHIPSP[`�VM�U\JSLH[PUN�A)�>A� PZ!

PZB(WZ) ∝
∫ 30◦

0
e
−c(ω) Γ2(ω)

∆µZB(WZ)kbT dω �����

^OLYL Γ2(ω)
∆µZB(WZ)

= ∆G∗ P�L� [OL�TH_PT\T�[OL�MYLL�LU�
LYN`�\WVU�U\JSLH[PVU� Γ(ω)PZ�[OL�LMMLJ[P]L�Z\YMHJL�LU�
LYN`�VM�[OL�U\JSL\Z�� c(ω) PZ�[OL�U\JSL\Z�ZOHWL�MHJ[VY�
ω PZ�[OL�HUNSL�IL[^LLU�[OL�JLU[LY�VM�[OL�UHUV^PYL�MHJL[
HUK�[OL�ZP[L�̂ OLYL�[OL�U\JSLH[PVU�L]LU[�[HRLZ�WSHJL� HZ
ZOV^U�PU ����� ;OL�PU[LNYH[PVU�SPTP[Z�YLÅLJ[�[OL�ZP_�MVSK
Z`TTL[Y`�VM�[OL�UHUV^PYL�

H� J�

I�

ω

ω = 0◦

ω = 30◦

-PN\YL ����! +YVWSL[�5> JVUÄN\YH[PVU�VU�[OL�[VW�
MHJL[� H�5\JSLH[PVU� ZP[LZ� VU� [OL� [VW� MHJL[� [OL
YLK� SPUL� YLWYLZLU[� [OL� ;3�� I�� (U� H_PZ�Z`TTL[YPJ
KYVWSL[� J��( ZP_�MVSK�Z`TTL[YPJ�KYVWSL[�^P[O�H�;3
WPUULK�H[�[OL�ZPKL�MHJL[�VM�[OL�UHUV^PYL�

>L� JHU� ZLL� [OH[ ∆µZB(WZ) PZ� [OL� KYP]PUN� MVYJL
[V^HYKZ� U\JSLH[PVU� VM� A)�>A� H[� H� NP]LU� KYVWSL[
ZPaL�ZOHWL� :V�[V�\UKLYZ[HUK�[OL�LMMLJ[�VM�[OL�KYVWSL[
ZOHWL�VU� [OL�JY`Z[HS� Z[Y\J[\YL�^L�ULLK� [V� ZLL�OV^
Γ2(ω) HUK c(ω) JOHUNL� ^P[O� [OL� [OL� ZOHWL� VM� [OL
KYVWSL[� <ZPUN�LX\H[PVU ����!

d

dt
Nl = IIII + IV − Iinc. �����

HUK�JVUZPKLYPUN�[OH[�L]HWVYH[PVU�VM�NYV\W�000 LSLTLU[Z
PZ�ULNSPNPISL�H[�[OL�NYV^[O�[LTWLYH[\YL�PU�\ZLB��D� [OL

VWWVZP[L�ILPUN�[Y\L�MVY�L]HWVYH[PVU�VM�NYV\W�=��^L�JHU
^YP[L!

d

dt
Nl = IIII − IIII,l−a − Iinc. �����

^OLYL IIII PZ� [OL� SPX\PK�ZVYW[PVU�J\YYLU[� MVY�NYV\W� 000
LSLTLU[Z� IIII,l−a PZ�[OL�SPX\PK�[V�HKH[VT�Å\_� ,X\H�
[PVU ��� TLHUZ�[OH[�[OL�]VS\TL�JOHUNLZ�HYL�K\L�[V�H
JOHUNL� PU�NYV\W� 000��HUK�[OH[� [OL�HTV\U[�VM�NYV\W�=
PU�[OL�SPX\PK�PZ�SV �̂ (Z�ZLLU�PU�LX\H[PVU ���� [OL�SPX�
\PK� [V�HKH[VT�Å\_�KLWLUKZ�VU� [OL�JVUJLU[YH[PVU� PU
[OL�SPX\PK� OV^L]LY�^L�UV^�L_WLYPTLU[HSS`�[OH[ IIII >
IIII,l−a� TLHUPUN�[OH[�TVYL�NYV\W�000 NL[Z�ZVYILK�PU[V
[OL� KYVWSL[� [OHU� NYV\W� 000 LSLTLU[Z� NV� MYVT� [OL� SPX�
\PK�[V�[OL�HKH[VT�WOHZL� >L�HSZV�RUV^�[OH[ Iinc PU�
JYLHZLZ�^P[O IV ILJH\ZL�VUL�NYV\W�= H[VT�[HRLZ�VUL
NYV\W� 000 [V� MVYT�H�WHPY�HUK�WYLJPWP[H[L� PU[V� [OL�ZVSPK
WOHZL� -YVT�LX\H[PVU ��� ^L� JHU� JVUJS\KL� [OH[� H
OPNOLY��SV^LY� V

III YH[PV��P�L� IV
IIII

��THRLZ�[OL�]VS\TL�VM
[OL�KYVWSL[�[V�KLJYLHZL��PUJYLHZL�� ;OL�LMMLJ[P]L�Z\Y�
MHJL�LULYN`�VM�[OL�U\JSL\Z�JHU�IL�^YP[[LU�HZB��D!

Γ2(ω) =
[
1− α(ω)− β(ω)

]
γsl−step

+ α(ω)
[
γsv,ZB(WZ) − γlvsin(θ(ω))

]

+ β(ω)
[
γsv−step − γlvsin(θ(ω))

]
�����

^OLYL γsl−step PZ� [OL� ZVSPK� Z[LW�SPX\PK� LULYN`� HUK
γlv� γsv,ZB(WZ)�γsv−step HYL�[OL�ZVSPK�Z[LW�]HWVY�ZPKL
MHJL[�LULYN �̀ SPX\PK�]HWVY�Z\YMHJL� HUZ�ZVSPK�Z[LW�]HWVY
LULYN`�YLZWLJ[P]LS �̀ θ(ω) PZ�[OL�JVU[HJ[�HUNSL�VM�[OL
KYVWSL[�^P[O�YLZWLJ[�[V�[OL�[VW�MHJL[� α(ω) HUK β(ω)
HYL�[OL�SPX\PK�MYLL�MYHJ[PVUZ�VM�[OL�U\JSL\Z�WLYPTL[LY�PU
JVU[HJ[�LP[OLY�^P[O�[OL�ZPKL�MHJL[�VY�^P[O�[OL�[OL�[VW�
MHJL[�VM�[OL�UHUV^PYL�YLZWLJ[P]LS �̀ (UHS`aPUN�PU�KL[HPSZ
[OL� KPMMLYLU[� LULYNPLZ� PU]VS]LK� PZ� IL`VUK� [OL� ZJVWL
VM�[OPZ�L_WLYPTLU[�I\[�^L�JHU�NYV\W�[OL�YLSL]HU[�WH�
YHTL[LYZ� �P�L� [OVZL� [OH[�KLWLUK�VU� [OL� ZPaL�VM� [OL
KYVWSL[�B��D�PU[V! [OL�MYHJ[PVU�VM�[OL�;3 PU�JVU[HJ[�^P[O
[OL�ZPKL�MHJL[ χ HUK�[OL�JVU[HJ[�HUNSL�VM�[OL�KYVWSL[
^P[O�YLZWLJ[�[V�[OL�[VW�MHJL[ θ(ω)�
(Z�ZOV^U� PU� B��D� [OLYL�L_PZ[� [^V�KPMMLYLU[�ZJLUHYPVZ!
[OL�KYVWSL[� PZ�ZTHSS�LUV\NO�[V�IL�HU�H_PZ�Z`TTL[YPJ
ZWOLYPJHS�JHW�^P[O�H�JPYJ\SHY�;3 HZ�ZOV^�PU�ÄN\YL ����
I�� [OL�KYVWSL[�PZ�IPNNLY�HUK�WHY[Z�VM�[OL�;3 HYL�WPUULK
H[� [OL�ZPKL�MHJLZ�VM� [OL�UHUV^YPLZ�HUK� [OL�;3 PZ�UV

� 



SVUNLY�JPYJ\SHY�I\[�OHZ�[OL�ZOHWL�VM�HU�OL_HNVU� HZ
ZOV^�PU�ÄN\YL ���� J�� 0U�[OL�ÄYZ[�JHZL χ PZ�LX\HS�[V�aLYV
MVY�HSS�[OL�]HS\LZ�VM ω HUK�[OL�JVU[HJ[�HUNSL�PZ�LX\HS
[V�[OL�LX\PSPIYP\T�^L[[PUN�HUNSL� θ(ω) = φ ∀ ω� 0U
[OL� SH[[LY�JHZL θ(ω) JOHUNLZ�JVU[PU\V\ZS`�HSVUN� [OL
;3 HUK�P[�OHZ�[OL�IPNNLZ[�]HS\L�H[ ω = 0◦ P�L� ^OLU�PU
JVU[HJ[�^P[O�[OL�ZPKLMHJL[�HUK�[OL�SV^LZ[�]HS\L�^OLU
ω = 30◦� HZ�ZOV^U�PU�ÄN\YL ���� H�� ;OL�[OL�MYHJ[PVU
VM� [OL�;3 PU�JVU[HJ[�^P[O� [OL�ZPKL� MHJL[� χ� T\Z[�IL
L]HS\H[LK�U\TLYPJHSS`�I`�ZPT\SH[PUN�[OL�L]VS\[PVU�VM�[OL
ZOHWL�VM�[OL�KYVWSL[� (Z�JHSJ\SH[LK�I`�2YVNZ[Y\W�L[ HS�
B��D [OLYL�L_PZ[�[^V�YLNPTLZ��JM������ 0M θ(ω = 0) < 90◦

�P�L� [OL�KYVWSL[� PZ�ZTHSSLY�VY�LX\HSZ�[V�OHSM�H�ZWOLYL
^P[O� [OL� ZHTL� YHKP\Z� VM� [OL�5>�� ÄN\YL ����I�� [OLU
[OL�NYV^[O�WYVJLLKZ� PU� YLNPTL� 0 HUK� HU� PUJYLHZL� PU
[OL�KYVWSL[�ZPaL�^PSS�MH]VY�[OL�MVYTH[PVU�VM�>A ILJH\ZL
[OL�ZPU�θ(ω)��PZ�PUJYLHZLK�PU ���� 6U�[OL�V[OLY�OHUK�PM
θ(ω = 0) > 90◦� HZ�ZOV^U�PU�ÄN\YL ����J� [OL sin(θ(ω)
PZ�KLJYLHZLK�PU ��� [O\Z�MH]VYPUN�[OL�MVYTH[PVU�VM�A)�
0U�JVUJS\ZPVU�ILSV^�H�JLY[HPU θ = θc H�KLJYLHZL� PU
V
III YH[PV�THRLZ�[OL�KYVWSL[�IPNNLY�HUK�[O\Z χ IPNNLY�
MH]VYPUN�[OL�MVYTH[PVU�VM�>A��(IV]L�[OL θc [OL�VWWV�
ZP[L�OVSKZ�[Y\L�\U[PS�[OL�;3 L_WHUKZ�VU[V�[OL�ZPKLMHJL[
HUK�[OL�NYV^[O�WYVJLLKZ�PU�YLNPTL�00��HZ�ZOV^U�ÄN\YL
����K� +\YPUN�YLNPTL�00��JHSJ\SH[PUN�[OL�TVZ[�WYVIH�
ISL�JY`Z[HS�Z[Y\J[\YL�PZ�YH[OLY�JVTWSL_� I\[�P[�JHU�YLZ\S[
LP[OLY�PU[V�UHU^VPYL�[HWLYPUN�VY�RPURPUN�B��� ��D�
>L� JHU� UV^� PU[LYWYL[� [OL� KH[H� YLWVY[LK� PU� ÄN�

\YL ����� ;OL�UHUV^PYLZ�NYV^�PU�[OL�>A Z[Y\J[\YL�K\L
[V�[OL�ZLSLJ[LK V

III YH[PV� ^OLYL�VUL�JHU�HZZ\TL�[OH[
[OL�KYVWSL[�PZ�IPN�HUK�[OL�^L[[PUN�HUNSL�PZ�SV^��;3 Z[PSS
WPUULK� [V� MHJL[Z�" ^OLUL]LY� [OL� 0U� ZO\[[LY� PZ� JSVZLK
[OL V

III YH[PV�NL[Z�IPNNLY� HUK� [OL�;3 YL[YHJ[Z� HUK� PZ
PU�JVU[HJ[�VUS`�^P[O�[OL�[VW�MHJL[�MH]VYPUN�[OL�U\JSL�
H[PVU�VM�A)��;OL�KYVWSL[�JHU�HSZV�IL�IPN�LUV\NO�K\YPUN
NYV^[O�[OH[� L]LU�[OV\NO�[OL�0U�ZO\[[LY�PZ�JSVZLK� [OL
>A Z[Y\J[\YL�PZ�Z[PSS�[OL�MH]VYLK�JY`Z[HS�Z[Y\J[\YL� HUK
[OPZ�L_WSHPUZ�^O`�^L�ZLL�[OL�>A�;> [YHUZP[PVU�VUS`�H[
JLY[HPU�Z[HNL�VM�[OL�NYV^[O� >L�HSZV�UV[L�[OH[�[OL�0U
Å\_�JV\SK�KLJYLHZL�NYHK\HSS`�K\YPUN�NYV^[O� WYPTHY�
PS`�K\L�[V�H�ZTHSSLY�HKH[VT�JVSSLJ[PVU��JM� ZLJ[PVU ����
I\[�HSZV�K\L�[V�L_WLYPTLU[HS�MHJ[VYZ��P�L� 0U�JLSS�NP]PUN
H�SLZZ�PU[LUZL�ILHT�Å\_�H[�[OL�NP]LU�[LTWLYH[\YL�V]LY
[PTL��^OPJO�THRLZ�L]LU�TVYL�L]PKLU[�^O`�[OL�[YHUZP�
[PVUZ�VUS`�OHWWLU�H[�H� SH[LY�Z[HNL�VM� [OL�NYV^[O��P�L�
^OLU�[OL�KYVWSL[�PZ�PU�[OL ZTHSS�LUV\NO YLNPTL��

H� I� J� K�

-PN\YL ����! +YVWSL[�5> JVUÄN\YH[PVU� VU� [OL
ZPKL�MHJL[� H��I��J��HYL�KPMMLYLU[�JVUÄN\YH[PVU�MVY
[OL�NYV^[O�YLNPTL�0��^OLYLHZ�K��PZ�NYV^[O�YLNPTL
00��H��;OL�;3 PZ�PU�JVU[HJ[�VUS`�^P[O�[OL�[VW�MHJL[�
I��;OL�KYVWSL[�PZ�IPNNLY�^P[O�YLZWLJ[�[V�H��I\[�[OL
JVU[HJ[�HUNSL� PZ� SV^LY� [OHU 90◦� J��;OL�]VS\TL
RLLWZ�PUJYLHZPUN�HUK�[OL�JVU[HJ[�HUNSL�PZ�NYLH[LY
[OHU 90◦� K��;OL�;3 PZ�UV�SVUNLY�VUS`�PU�JVU[HJ[
^P[O�[OL�[VW�MHJL[�I\[�L_[LUKZ�V]LY�[OL�ZPKL�MHJL[�

;OL�KLWVZP[LK�:P62 ÄST�VU� [OL� Z\IZ[YH[LZ� WYLZLU[Z
LWP[H_PHS� NYV^[O� I\[� Z[PSS� WHYHZP[PJ� NYV^[O� ZWYLHKPUN
MYVT�[OL�YVV[�VM�[OL�UHUV^PYLZ� PZ�VIZLY]LK�Z\NNLZ[�
PUN�[OH[�H�IL[[LY�MHTPS`�VM�Z\IZ[YH[LZ�MVY�PU�ZP[\�Z[\KPLZ
JV\SK�IL�ZPSPJVU (1 1 1) ^P[O�:P62 V_PKL�ÄST�[OV\NO�[OL
NYV^[O�VM�0U(Z�5>Z�VU�[OPZ�RPUK�VM�Z\IZ[YH[LZ�PZ�Z[PSS
MHY�MYVT�ILPUN�VW[PTPaLK�
5VUL[OLSLZZ� [OL� WHYHZP[PJ� NYV^[O� JY`Z[HS� Z[Y\J�

[\YL� PZ� JOHYHJ[LYPaLK� ^P[O� YLJPWYVJHS� ZWHJL� THWZ
HUK� PZ� MV\UK� [V� IL� JVTWVZLK� VM� ZSHIZ� VM� ]HY`PUN
[OPJRULZZLZ� PUJYLHZPUN� ^P[O� NYV^[O� [PTL� ^P[O� OPNO
Z`TTL[Y`�MHJL[Z� TVZ[S` {1 1 1} HUK {3 1 1}� HZ�ZOV^U
PU�ÄN\YL ���� H��HUK�ZJOLTH[PJHSS`� PSS\Z[YH[LK� PU ����
I�� ;OL�[PTL�KLYP]H[P]L�VM�[OL�ZJH[[LYLK�PU[LUZP[`�K0�K[
JVYYLZWVUKZ� [V� [OL� PUZ[HU[HULV\Z� NYV^[O� YH[L� HUK
JHU�IL�\ZLK�[V�PKLU[PM`�JOHUNLZ�PU�NYV^[O�VM�KPMMLYLU[
Z[Y\J[\YLZ� 3H\L� MYPUNLZ� HYL� VIZLY]LK� UL_[� [V� [OL
;> HUK� A) WLHRZ� HZ� YLWVY[LK� PU� ÄN\YL ���� J�� PU
[OL� K0�K[� ZPNUHS� TLHUPUN� [OH[� [OL� Z\IZ[YH[L� NYV^[O
[HRLZ�WSHJL�MVYTPUN�ZSHIZ�VM�[OL�\UPMVYT�[OPJRULZZ�PU
[OL�TLHZ\YLK�HYLH� 4VYLV]LY� [OL� MYLX\LUJ`�VM� [OL
MYPUNLZ� PUJYLHZLZ� PU� [PTL� Z\NNLZ[PUN� [OH[� [OL� SPULHY
NYV^[O�YH[L��43�Z��PUJYLHZLZ� ^OLYLHZ�[OL�]VS\TL[YPJ

��



-PN\YL ����! (U�L_HTWSL�VM�H�;,4 PTHNLZ�VM�H�5>
MYVT�[OL�NYV^[O�L_WLYPTLU[� 4VYL�;,4 PTHNLZ
HYL�[HRLU�HUK�[OL`�HSS�ZOV^�[OL�ZHTL�TVYWOVSVN �̀
*LU[YHS�PUZL[Z� [VW�HUK�IV[[VT! /9;,4 ZOV^PUN
[OL�ZOHYW�PU[LYMHJLZ�JYLH[LK�I`�[OL�MVYTH[PVU�VM�H
[OPU�;> ZSHI� 4PKKSL� PUZL[! :;,4 PTHNL�VM� [OL
ULJR�YLNPVU�VM�[OL�UHUV^PYL�^OLYL�H�ZOHYW�[YHU�
ZP[PVU� MYVT�>A [V�;> HUK� MVYTH[PVU�VM� [^PUULK
;> PZ�UV[PJLHISL� ;OL� YLWVY[LK�WOHZL�JOHUNLZ
HYL�JVYYLSH[LK�^P[O�[OL�Ä]L�VWLUPUN�JSVZPUN�[OL�PU�
KP\T�Å\_� YLWVY[LK� PU ����� 9PNO[� PUZL[Z� JY`Z[HS
Z[Y\J[\YL�TVKLSZ�VM�[OL�JLU[YHS�PUZL[�ÄN\YLZ�

NYV^[O�YH[L�Z[H`Z�JVUZ[HU[� ;OPZ� PZ�WVZZPISL� PU�JHZL
VM�[OL�W`YHTPK�MVYTH[PVU� ^OLYL�[OPJRLY�ZSHIZ�NYV^�H[
[OL�[VW�PU�VYKLY�[V�JVUZLY]L�[OL�]VS\TL�

0U�JVUJS\ZPVU�^L�OH]L�Z[\KPLK�[OL�K`UHTPJZ�VM�[OL
NYV^[O�VM�UHUV^PYLZ�HUK�WHYHZP[PJ�NYV^[O�ZLWHYH[LS �̀
[OHURZ�[V�[OL�V_PKL�SH`LY�KLWVZP[LK�VU�[OL�Z\IZ[YH[LZ�
>L�ÄUK�V\[� [OH[� P[� PZ�WVZZPISL� [V�JYLH[L�HIY\W[�JY`Z�
[HS�WOHZL�JOHUNLZ�PU�0U(Z�5>Z�I`�ZVSPK�WOHZL�YLJVU�
Z[Y\J[PVU�[YHUZP[PVUZ�
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-PN\YL ����! 9LJPWYVJHS�ZWHJL�TVKLS�V]LYSHPK�[V�H�ZUHWZOV[�VM�[OL�HJ[\HS�YLJVYKLK�KH[H��[PTL����Z�� 4PSSLY�0UKPJLZ
MVSSV^�[OL�Z\YMHJL�PUKL_�UV[H[PVU� I��*;9 PU[LUZP[PLZ�MYVT�[OL�THYRLK�YLNPVUZ�PU�H��HZ�H�M\UJ[PVU�VM�NYV^[O�[PTL
MVY�H�ZLSLJ[LK�NYV^[O�WLYPVK� 0U�Å\_�PZ�VU�K\YPUN�PU�KHYRLY�ZOHKLK�HYLHZ� ;OL�*;9 PU[LUZP[PLZ�HYL�WYVWVY[PVUHS
[V�[OL�]VS\TL�VM�[OL�[OPU�ZSHIZ�VM�[OL�YLZWLJ[P]L�Z[Y\J[\YLZ� ;OL�VIZLY]LK�[YLUK�Z\NNLZ[�[OH[�HU�PUJYLHZL�PU�0U
WYLZZ\YL�MH]VYZ�[OL�MVYTH[PVU�VM�[OPU�>A ZSHIZ�HUK�A) [V�>A YLJVUZ[Y\J[PVU� ^OLYLHZ�MVY�Z[YVUN�YLK\J[PVU��P�L�
[\YUPUN�[OL�Å\_�VMM��[OL�VWWVZP[L�OVSKZ�[Y\L�

ZB
TW

1 1.5 2
l

lo
g(
dI
/d
t)

{111}
SiO2

InAs substrate
t1

t2

t3

H� I� J�

-PN\YL ����! H�:,4 TPJYVNYHWO�ZOV^PUN�[OL�WHYHZ[PJ�NYV^[O�TVYWOVSVN`" [OL�ZJHSL�IHY� PZ�� µ� I�:JOLTH[PJ
KPHNYHTZ�ZOV^PUN�[OL�TVYWOVSVN`�VM�[OL�WHYHZP[PJ�Z\IZ[YH[L�NYV^[O�JVUZPZ[PUN�VM�[OL�W`YHTPKHS�PZSHUKZ�VM�A)
^P[O�T\S[PWSL�[^PU�MH\S[Z� J��3H\L�MYPUNLZ�UL_[�[V�[OL�;> )YHNN�WLHR�ZOV^�PUJYLHZPUN�[OPJRULZZ�VM�[OL�;>�A)
ZSHIZ�[V^HYKZ�[OL�[VW�VM�[OL�PZSHUKZ�;OL�[YHJLZ�HYL�[HRLU�H[�[OYLL�KPMMLYLU[�[PTLZ��t1 < t2 < t3��HUK�HYL�VMMZL[�[V
OPNOSPNO[�[OL�KPMMLYLU[�MYLX\LUJ`�VM�[OL�3H\L�MYPUNLZ�
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� _ *VUJS\ZPVUZ�HUK�V\[SVVR

*VUJS\ZPVUZ
0U *OHW[LY�� ^L�OH]L�ZOV^U�[OH[�JVU[YVSSPUN�[OL�ZPaL
VM�[OL�JH[HS`Z[�WHY[PJSL�YLX\PYLK�MVY�NYV^PUN�UHUV^PYLZ
^P[O�[OL�=3: TL[OVK�JHU�IL�KVUL�V]LY�H�^PKL�YHUNL
HUK�^P[O� OPNO� WYLJPZPVU� 4VYLV]LY�^L� OH]L� ZOV^U
[OH[�P[�PZ�WVZZPISL�[V�JVU[YVS�[OL�WVZP[PVU�VM�[OL�KYVWSL[Z
^P[O� YLZWLJ[� [V� [OL� \UKLYSPUN� Z\IZ[YH[L�Z� JY`Z[HS
Z[Y\J[\YL� ;OPZ� YLZ\S[� PZ� VUL� VM� [OL� RL`� PUNYLKPLU[Z
MVY� [OL� MVYTH[PVU� VM� UHUV^PYL� UL[^VYRZ� ^OPJO� ^PSS
\UKV\I[LKS`� IL� VM� WHYHTV\U[� PTWVY[HUJL� PU� [OL
M\[\YL� >L�HSZV�ZOV^�ZVTL�WYLSPTPUHY`�HUK�WYVTPZPUN
YLZ\S[�MVY�[OL�MVYTH[PVU�VM�JVTWSL_�[OYLL�KPTLUZPVUHS
HYJOP[LJ[\YLZ� 3HZ[S`�^L� ZOV^� [OH[� P[� PZ� WVZZPISL� [V
WYVK\JL� Z\IZ[YH[L�^P[O� HU� V_PKL� JVH[PUN� [V� WYL]LU[
\UKLZPYLK�WHYHZP[PJ�NYV^[O�IL[^LLU�UHUV^PYLZ� :\JO
H�MHTPS`�VM�Z\IZ[YH[LZ�JHU�IL�L_[YLTLS`�]HS\HISL�^OLU
WLYMVYTPUN� PU�ZP[\� Z[\KPLZ� ^OPJO� WYV]PKL� H� NYLH[
HTV\U[�VM�PUMVYTH[PVU�VU�UHUV^PYL�NYV^[O�K`UHTPJZ�

0U *OHW[LY�� ^L�OH]L�YLWVY[LK�[OL�YLZ\S[�MYVT�[^V
ILHT[PTLZ�^OLYL�^L�TLHZ\YLK� PU[LYLZ[PUN�LMMLJ[� VM
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PU *OHW[LY��� ;OLZL� YLZ\S[Z�OPNOSPNO[� [OH[�UHUV^PYL
NYV^[O� PZ� HU� L_[YLTLS`� K`UHTPJHS� WYVJLZZ� 3HZ[S`
^L� ZOV^� [OL� [OL� UV]LS� Z\IZ[YH[LZ� MHIYPJH[LK� WSH`
H� ZPNUPÄJHU[� YVSL� PU� HS[LYPUN� [OL� WHYHZP[PJ� NYV^[O�
-YVT� [OL� ZLJVUK� ILHT[PTL� [OL� PUJ\IH[PVU� [PTL
OHZ� ILLU� TLHZ\YLK� MVY� (\�HZZPZ[LK� 0U(Z� UHUV^PYL
NYV^[O" [OPZ�̂ HZ�UL]LY�VIZLY]LK�UVY�TLHZ\YLK�ILMVYL�
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[LTWLYH[\YL�YH[PVZ� [OL�TLHZ\YLTLU[�VM� [OL�H]LYHNL
PUZ[HU[HULV\Z� NYV^[O� YH[L� MYVT� 3H\L� MYPUNLZ� PU� [OL
NYV^[O� KPYLJ[PVU� [OL� K`UHTPJZ� VM� 0U(Z:I� HUK� 0U:I
H_PHS�ZOLSSZ�VU�0U(Z�Z[LTZ� ([�[OL�[PTL�VM�[OL�^YP[PUN
[OL�YLZ\S[� MYVT�[OL�ZLJVUK�ILHT�[PTL�HYL�Z[PSS� PU� [OL
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[YHKP[PVUHS� L�ILHT� SP[OVNYHWO �̀ :\JO�H�JOHUNL�TH`
PTWYV]L� [OL� [OYV\NOW\[� HUK� PUJYLHZL� YLWYVK\JPIPSP[`
I\[�P[�TH`�PUJYLHZL�HSZV�[OL�JVZ[�HUK�YLK\JL�[OL�ÅL_�
PIPSP[`� VM� [OL� KLZPNU� WYVJLZZ� ILJH\ZL� P[� YLX\PYLZ� [OL
WYVK\J[PVU�VM� H�THZR� 6U� [OL�JOHYHJ[LYPaH[PVU� ZPKL
LTWSV`PUN�H�SHZ[�NLULYH[PVU�H[VTPJ�MVYJL�TPJYVZJVWL
^P[O�H�SHYNL�ZJHUUPUN�HYLH�JV\SK�PTWYV]L�[OL�WYLJPZPVU
VM�[OL�TLHZ\YLTLU[�VU�[OL�JH[HS`Z[Z��ZPaL� (SZV�VUL
JV\SK� [OPUR�VM�\ZPUN�H�NYHaPUN� PUJPKLUJL�?�YH`� [LJO�
UPX\L�HUK�\ZPUN�[OL�PUOLYLU[�H]LYHNPUN�[V�OH]L�Z[H[PZ�
[PJHSS`�JVYYLJ[�PUMVYTH[PVU� 0U�MHJ[�I`�\ZPUN�IV[O�^PKL
HUNSL�HUK�ZTHSS�HUNSL�ZJH[[LYPUN�VUL�JV\SK�NL[�IV[O
Z[Y\J[\YHS� PUMVYTH[PVU� HUK�TVYWOVSVNPJHS� PUMVYTH[PVU
PU�VUL�NV� (S[OV\NO� P[�T\Z�IL�UV[LK�[OH[�^P[O�Z\JO
H�TLHZ\YLTLU[�NL[[PUN�[OL�YLSL]HU[� PUMVYTH[PVU� �ZPaL
HUK�ZOHWL�MVY�PUZ[HUJL��JHU�IL�T\JO�OHYKLY�^P[O�YL�
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-PYZ[�HUK�MVYLTVZ[� 0�K� SPRL�[V�[OHUR�1LZWLY�5`NrYK
HUK� *OHYSPL� 4HYJ\Z� MVY� THRPUN� T`� THZ[LY� WYVQLJ[
WVZZPISL� ^P[OV\[� [OLT� 0�K�IL�Z[PSS�^HUKLYPUN�HYV\UK
/*�ZLHYJOPUN�MVY�HU�L_JP[PUN�QV\YUL`�PU[V�ZVSPK�Z[H[L
WO`ZPJZ� >P[OV\[�[OLT�0�K�UL]LY�OHK�[OL�JOHUJL�[V�ZP[
KV^U�HUK�[HSR�^P[O�7L[LY�2YNVZ[Y\W�HIV\[�[OL�^VUKLY
VM�UHV^PYLZ" H[�[OH[�WVPU[�0 KPKU�[�RUV^�OL�^V\SK�SH[LY
ILJVTL� T`� Z\WLY]PZVY� SL[� HSVUL� Z\JO� H� ^VUKLYM\S
Z\WLY]PZVY� 0 OHK�H�NYLH[� QV\YUL`� PU[V� [OL�ILH\[`�VM
[OLYTVK`UHTPJZ� HUK� [OH[�Z�JLY[HPUS`�K\L� [V�7L[LY�Z
NYLH[�Z\WLY]PZPVU�HSS�HSVUN�

-VSSV^PUN� UV� WHY[PJ\SHY� VYKLY� UVY� NLVNYHWOPJ� UVY
JOYVUVSVNPJHS� SL[�Z�Z[HY[�[OPZ�ZOV �̂ ( IPN�[OHURZ�NVLZ
[V�[OL�ZLJVUK�ÅVVY�JYL �̂ 4LYSPU� [OHUR�`V\�MVY�Z[LHS�
PUN�T`�^VUKLYM\S�WSHU[�HUK�[O\Z�RLLWPUN�P[�HSP]L! PU�T`
OVYYPISL�OHUKZ�P[�^V\SK�OH]L�JLY[HPUS`�KPLK� +���� HRH
[OL�WV[LU[PHS� K^LSS� PU� [OL�JVYYPKVY� OHZ�ILLU�H�^VU�
KLYM\S�JOPSSPUN�ZWV[�MVY�UPJL�JVU]LYZH[PVUZ�HUK�YHUKVT
�WT�ILLYZ�HUK�[OH[�Z�JLY[HPUS`�K\L�[V�[OL�PUOHIP[HU[Z
VM�[OL�VMÄJL� 4VY[LU�2Q¤YNHHYK� H�RPJR�HZZ�ZJPLU[PZ[
HUK�HU�V]LYHSS�H^LZVTL�WLYZVU� 0[�Z�MYVT�̀ V\Y�GVO�THU
ZJPLUJL�PZ�ZV�M������OHYK��Z[PSS�LJOVPUN�PU�T`�IYHPU�[OH[
0 VM[LU�NL[�V]LY�`L[�HUV[OLY� MHPSLK�L_WVZ\YL� +VJ[VY
>PSS`�*OHUN� MYVT�`V\�0 OH]L�SLHYULK�I`�VZTVZPZ�ZV
T\JO�ZJPLUJL�[OH[�UV[�L]LU�[^V�`LHYZ�VM�HSS�KH`�SVUN
IVVR�KL]V\YPUN�̂ V\SK�OH]L�[OV\NO[�TL� (SZV� ^P[OV\[
`V\Y�[HZ[L�MVY�ÄUL�[OPUNZ�[OPZ�̂ OVSL�QV\YUL`�̂ V\SK�OH]L
ILLU�VO�ZV�T\JO�K\SSLY� 3VVRPUN�MVY^HYK�[V�TLL[�̀ V\
HNHPU� PU�:PUNHWVYL� ^L�Z[PSS�OH]L�H� SV[�VM�4HY[PUP�.PU
ISLUKZ�[V�[Y �̀ :HTL�NVLZ�MVY�(UKYL �̂ HU�L_HTWSL�0�K
SV]L�[V�IL�HISL�[V�MVSSV^�PU�[OL�M\[\YL� ^OLU�P[�JVTLZ
[V� ILPUN� HU� H^LZVTL� WLYZVU� HUK� H^LZVTL� ZJPLU�
[PZ[! [LYYPÄJ�JVTIV� :VYY`�HNHPU�MVY�[OL�OLH[N\U� HUK
[OHUR�`V\�MVY�YLTPUKPUN�TL�[OH[�ILPUN�THK�H[�ZVTL�
VUL�JHU�IL�H�NVVK�VJJHZPVU�[V�SLHYU�OV^�[V�ILOH]L

WYVWLYS �̀ 4`� 0[HSPHU� MYPLUKZ� PM� 0 KPKU�[�OH]L�[OL�^VU�
KLYM\S�[PTL�0 OHK�KV^U�[OLYL�ILMVYL�SLH]PUN� 0 HT�Z\YL
0 JV\SK�UV[�MVJ\Z�VU�ZJPLUJL�HZ�T\JO�HZ�0 HT�KVPUN
UV �̂ Z[PSS�KLZWLYH[LS`�ZLHYJOPUN�MVY�`L[�HUV[OLY�HM[LY�
WHY �̀ 0 JHU�[�KLU`�0 TPZZ�HSS�[OL�M\U�^L�OHK�[VNL[OLY�
/H]PUN�H�ZVTLIVK`�PU�OV\ZL�[V�[HSR�WVSP[PJZ�^P[O�OHZ
ILLU�H�NYLH[�WSLHZ\YL� 1VOHUULZ� 0�]L� SLHYULK�H� SV[
MYVT�V\Y�JHZ\HS�[OPZ�^VYSK�PZ�ZV�^YVUN�JVU]LYZH[PVUZ�
5V^� [OH[�^L�IV[O�OH]L� ZVTL�RPUK�VM� QVI� P[�Z� NVPUN
[V�IL�PTTLUZLS`�M\U�[V�WSHU�J\S[\YHS�YL]VS\[PVUZ�MYVT
WVZO�JHMLZ��HUK�YLZ[H\YHU[Z� ;OVY]HSK�HUK�*OYPZ[PHU�
[OL� [YPJR`� HJ[� VM� IHSHUJPUN� YHJL�IPRPUN�LH[PUN�KPYRPUN
[VNL[OLY�OHZ�ILLU�YLHSS`�H^LZVTL� Z[H`�HZZ\YLK�[OH[
^L�^PSS�L]LU[\HSS`�ILH[�WYVMLZZVY�2HYZ[LU� (SZV� KVU�[
KLZWHPY� ^L�^PSS�WYVIHIS`�NV�[YV\NO�[OL�^OVSL�TLU\�VM
JVJR[HPSZ�HUK�WYVIHIS`�[OL�^OVSL�ZL[�VM�ZWPYP[Z�JVTIP�
UH[PVUZ�H[�6HR�9VVT�ZVVU�^P[O�[OL�VO�ZV�H^LZVTL
>LKULZKH`�UPNO[�VUL�KYPUR�VUS`�[YHKP[PVU� /LUYP�[OHUR
`V\�MVY�[OL�X\HSP[`�[PTL�̂ L�ZWLUK�[VNL[OLY�̂ OLU�̂ VYR�
PUN�SH[L�H[�UPNO[� P[�Z�HS^H`Z�UPJL�[V�RUV^�[OH[�[OLYL�PZ
ZVTLIVK`�LSZL�^P[O�H�^LPYK�IPVYO`[OT�HUK�[OL�ZHTL
NYVV]`�T\ZPJ�[HZ[L� (SZV� [OL�OPNO�SL]LS�WYVNYHTTPUN
HUK�ZJPLUJL�YLSH[LK�JVU]LYZH[PVUZ� [VNL[OLY�^P[O�[OL
Z[HWSL�SL[�Z�NV�MVY�[OL�]LY`�SH[L�UPNO[�]LY`�SHZ[�JVJR[HPS
OH]L�ILLU�H� SPML� ZH]LY� 1LWWL�HUK�:OP]� [OHUR�`V\Y
MVY�[VSLYH[PUN�T`�UVPZ`�RL`IVHYK�HUK�ILPUN�H^LZVTL
VMÄJL�TH[LZ�^OLU�0 Z[HY[LK� 0 VM[LU�TPZZ�OH]PUN�`V\
PU� [OL� VMÄJL� *SH\Z�:¥YLUZLU� ZVTL[PTLZ� 0 ^VUKLY
OV^�P[�Z�WVZZPISL�[V�OH]L�Z\JO�HU�PTTLUZL�[LJOUPJHS
RUV^SLKNL� 0 OH]L�SLHYULK�ZV�T\JO�MYVT�`V\Y�WH[PLU[
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PUN�HS^H`Z�[OLYL�^P[O�HSS�[OL�4), YLSH[LK�[HZRZ� ;VTHZ
:[HRL]PJ�^P[OV\[�`V\Y�N\PKHUJL�0 ^V\SK�Z[PSS�WYVIHIS`
IL�SVZ[�ZVTL^OLYL�PU�YLJPWYVJHS�ZWHJL� ^VYRPUN�^P[O
`V\�K\YPUN�[OL�[^V�ILHT�[PTLZ�OHZ�ILLU�H�[Y\L�WSLH�
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WHJRHNL�VUS`�PU�[OL�JSLHU�YVVT�HUK�ZRPW�HU`�RPUK�VM
JSLHUPUN�^P[O�VYNHUPJ�ZVS]LU[Z�
9LZPZ[�ZWPUUPUN PZ�WLYMVYTLK�HZ�MVSSV �̂ -VY�H�ZTHSS

WPLJL� [OL� ILZ[� HWWYVHJO� PZ� [V� \ZL� H� ��� TS� WSHZ[PJ
WPWL[[L� K\UR�P[�PU�[OL�YLZPZ[�IV[[SL�Z[H`PUN�H^H`�MYVT
[OL�LKNLZ�[V�H]VPK�HU`�JVU[HTPUH[PVU�^P[O�[OL�KYPLK
YLZPZ[�ÄILYZ�ZP[[PUN�[OLYL� 4V\U[�[OL�JOPW�VU�[OL�ZWPU�
ULY� JHYLM\SS`�[Y`�[V�TH[JO�[OL�NLVTL[YPJHS�JLU[LY�VM�[OL
ZHTWSL�^P[O� [OL� ZHTWSL� OVSKLY� Z\J[PVU�OVSL� >OLU
KPZWLUZPUN� VU� [OL� Z\YMHJL� SLH]L� VUL� ZPUNSL� KYVW� [V
[V\JO�[OL�Z\IZ[YH[L�HUK�[OLU�RLLW�H�Z[LHK`�ÅV^�^OPSL
PU�JVU[HJ[�^P[O� [OL�KYVWSL[� -VY�H 1

4 VY�IPNNLY�^HMLY
\ZL�H����TS�ILHRLY�^P[O�H ZWV\[ PUZ[LHK�VM�[OL�WPWL[[L�
9LTLTILY� [OH[� YLZPZ[� PZ� JOLHWLY� [OHU� [OL� Z\IZ[YH[L
HUK� P[�Z� ]LY`� PTWVY[HU[� [V� JV]LY� [OL� ^OVSL� Z\YMHJL�
6UJL� [OL�Z\YMHJL� PZ�JV]LYLK� JSVZL� [OL� SPK�HUK�Z[HY[
H�ZWPUUPUN�WYVNYHT�[OH[�ZWPUZ�MVY����ZLJVUKZ�H[�����
YWT� >OLU�[OL�WYVNYHT�PZ�ÄUPZOLK�JHYLM\SS`�[YHUZMLY
[OL�^HMLY�[V�[OL�OV[�WSH[L�HUK�IHJR�H[������* MVY� �
ZLJVUKZ� )HRPUN�[PTL�PZ�UV[�[OH[�PTWVY[HU[� ^OLYLHZ
OHUKSPUN�[OL�̂ HMLY�JHYLM\SS`�PZ�]LY`�PTWVY[HU[�LZWLJPHSS`
MVY�IPN�̂ HMLYZ�HZ�[OL`�HYL�ÅL_PISL�HUK�[LUK�[V�ZUHW� 3L[
[OL�^HMLY�JVVS�H[�SLHZ[����ZLJVUKZ�ILMVYL�ZWPUUPUN�HU�
V[OLY�SH`LY� LSZL�`V\�^PSS�Z\JJLZZM\SS`�Y\PU�[OL�Z\J[PVU
V�YPUN�VM� [OL� ZWPUULY� 0 OH]L�\ZLK� MVY�TVYL�H[� SLHZ[
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Z[HJR� PU�VYKLY�VM�KLWVZP[PVU!

� JVWVS`TLY� ��� P�L� JV�44( ��� PU� L[PS�SHJ[H[L�
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UHTL�(�� MYVT�4PJYVJOLT�JVYW�

6UL�PZ�UV^�MHJLK�^P[O�H�JOVPJL! L_WVZL�[OL�M\SS��′′�
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LHJO�P[Z�V^U�JOVPJL�I\[�PM�[OL�^HMLY�PZ�JSLH]LK�PU�X\HY�
[LYZ�THRL�Z\YL�[OL�[OL`�HYL�HZ�JSVZL�HZ�WVZZPISL�[V�NL�
VTL[YPJHSS`�WLYMLJ[� ( KL]PH[PVU�NYLH[LY�[OHU��TT�^PSS
THRL�[OLT�UV[�[V�Ä[� PU�[OL�4), [YVSSL �̀ *VUZPKLYPUN
[OL�Z\IZ[YH[L�PZ�JV]LYLK�^P[O�[OL�YLZPZ[�UV�ZPNUPÄJHU[
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ZJYPIPUN�JHU�IL�]PY[\HSS`�KVUL�PU�L]LY`�YVVT� \USLZZ�VUL
YLHSS`�KLZPYLZ�JHUJLY� 0�K�Z\NNLZ[�[V�OH]L�H�]LU[PSH[PVU
Z`Z[LT�[V�YLTV]L�[OL�ZLTPJVUK\J[VY�WHY[PJ\SH[L�[OH[
PZ�\UH]VPKHISL�^OLU�ZJYPIPUN�
,_WVZL [OL�JOPW�HJJVYKPUN�[V�[OL�KLZPYLK�KLZPNU�

+LWLUKPUN�VU�^OPJO�[OL�KVZL�ZOV\SK�IL�ZL[�HJJVYK�
PUNS �̀ ;OPZ� PTWSPLZ� [OH[� L_[LUZP]L� KVZL� [LZ[PUN�T\Z[
IL�WLYMVYTLK�HUK�[OH[�[OLYL�PZ�UV�THNPJ�U\TILY�[OH[
^VYRZ�HSS�[OL�[PTL� (S[OV\NO�H�ZHML�Z[HY[PUN�IL[�PZ�[V
Z[H`�IL[^LLU������ HUK���� pC H[����R= HUK�IL[^LLU
����HUK�� pC H[�����R=��[OL�U\TILYZ�HIV]L�KLWLUK
HSZV�VU�[OL�JOVZLU�HWLY[\YL�ZPaL� )\[�PU� ���VM�[OL
ZJLUHYPVZ�[OL`�^PSS�WYVK\JL�KV[Z�
+L]LSVWTLU[ PZ�KVUL�^P[O�40)2�!07( ���!�� �OLYL
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ZLJVUKZ�MVY�����2]� ( ZVVU�HZ�[OL�ZLSLJ[LK�KL]LSVW�
TLU[�[PTL�PZ�V]LY�YPUZL�[OL�JOPW�PU�PWH� HUK�PTTLKPH[LS`
ISV^�KY`�^P[O�H�UP[YVNLU�N\U�
)LMVYL�L]HWVYH[PUN�HU`�TL[HS�HZO�MVY����ZLJVUKZ�H[

���>H[[�PU�H�TPJYV^H]L�V]LU�V_`NLU�WSHZTH� ^P[O�SV^
V_`NLU��
4L[HS�KLWVZP[PVU PZ�WLYMVYTLK�^P[O�H�,�N\U�L]HW�

VYH[VY� MYVT� (1( PU[LYUH[PVUHS� H[� H� IHZL� WYLZZ\YL� VM
10−8 [VYY� ;OL�Z\NNLZ[LK�JY\JPISL�MVY�NVSK�L]HWVYH[PVU
PZ�HU�PU[LY�TL[HSSPJ�RPUK� (S[OV\NO�P[�PUK\JLZ�H�UV[PJL�
HISL�ZSV^�KV^U�K\L�[V�H�SVUN�[OLYTHSPZH[PVU�WYVJLZZ�
P[�Z�[OL�ILZ[�^H`�[V�H]VPK�JHYIVU�JVU[HTPUH[LK�NVSK�
3PM[�VɈ PZ�KVUL�^P[O�547� H[�����* PU�H�^H[LY�IH[O�

<Z\HSS`�[OL�NVSK�WLLSZ�VMM�UPJLS`�HM[LY�[^V�OV\YZ� HUK
[OL�THQVY�JH\ZL�VM�IHK�VY�OHYK�SPM[�VMM�PZ�V]LYL_WVZ\YL
K\YPUN�L�ILHT�SP[OVNYHWO �̀ 0 \ZL�H�[^V�J\WZ�Z`Z[LT
^OLYL�[OL�ÄYZ[�VUL�PZ�\ZLK�MVY�[OL�ÄYZ[�[^V�OV\YZ� HUK
[OL�ZLJVUK�VUL�PZ�RLW[�H[�[OL�ZHTL�[LTWLYH[\YL�I\[
LTW[ �̀ >OLU� [OL� NVSK� SVVRZ� JVTWSL[LS`� WLLSLK� VMM
[OL�ZHTWSL�PZ�KPWWLK�PU[V�[OL�JSLHU�ZVS\[PVU�HUK�[OLU
YPUZLK�^P[O�HJL[VUL� HUK�^P[O�07( HUK�X\PJRS`�ISV^U
KY`�^P[O�H�UP[YVNLU�N\U�
)LMVYL�SVHKPUN�PU[V�HU`�4), Z`Z[LT� [OL�Z\IZ[YH[L

ULLKZ�[V�IL�HZOLK�HNHPU�MVY����ZLJVUKZ�HUK�KPWWLK
�4L[O`S�PZVI\[`S�RL[VUL
�HJ[\HSS`�PU�V\Y�SHI�P[�Z�TVZ[S`�H�UP[YVNLU�WSHZTH�K\L�[V�H�SLHR�PU

[OL�Z`Z[LT
�5�4L[O`S���W`YYVSPKVUL

��



PU�H�I\MMLYLK����/- ZVS\[PVU�MVY����ZLJVUKZ�
0VU�TPSSPUN�JHSPIYH[PVU

0U�ÄN\YL � [OL�YLZ\S[Z�HYL�YLWVY[LK�^OLYL�LHJO�WVPU[

-PN\YL �! 0VU�4PSSPUN�WHYHTL[LYZ�

PZ�[OL�TLHU�VM�KPMMLYLU[�TLHZ\YLTLU[Z�HUK�[OL�LYYVIHY
HYL�[OL�LYYVY�VU�[OL�TLHU�

-PN\YL �! 0VU�4PSSPUN�JHSPIYH[PVU�YLZ\S[Z�

�� ,SLJ[YVU�4H[[LY�0U[LYHJ[PVU
;OPZ�ZLJ[PVU�PZ�WHY[PHSS`�HKHW[LK�MYVT�H�WYVQLJ[�0 KPK�IL�
MVYL�[OL�THZ[LY�[OLZPZ�
>OLU�HU�LSLJ[YVU�ILHT�OP[Z�H�ZVSPK� T\S[PWSL�WYVJLZZ
HYL�HJ[P]H[LK� ;OL�ILHT�JHU�IL�[YHUZTP[[LK� KLWLUK�
PUN�VU�ZHTWSL�[OPJRULZZ� VY�P[�JHU�IL�ZJH[[LYLK�K\L�[V
PU[LYHJ[PVU�^P[O�[OL�*V\SVTI�ÄLSK�VM�IV[O�[OL�ZHTWSL
LSLJ[YVUZ�HUK�U\JSL\Z� ( NYHWOPJHS� Z\TTHY`�VM� [OL
WVZZPISL�V\[JVTLZ�VM�[OL�PU[LYHJ[PVUZ�PZ�ZOV^U�PU�ÄN�
\YL �� HSVUN�̂ P[O�H�X\HSP[H[P]L�WVZP[PVUPUN�VM�[OLPY�VYPNPU�

-PN\YL �! ,SLJ[YVU�TH[[LY�PU[LYHJ[PVU�]VS\TL�HUK
ZPNUHSZ�NLULYH[LK�

0U� [OPZ� WYVQLJ[� VUS`� IHJRZJH[[LYLK� LSLJ[YVUZ� �):,�
HUK� ZLJVUKHY`� LSLJ[YVUZ� �:,� HYL� \ZLK� HUK� [O\Z
V[OLY� ZPNUHSZ� HS[OV\NO� VM� ]P[HS� PTWVY[HUJL� MVY� V[OLY
HWWSPJH[PVUZ� ^PSS�UV[�IL�KPZJ\ZZLK� 0[�PZ�^VY[O�UV[PUN
[OH[�):, HUK�:, IV[O�JVU[YPI\[L�[V�PTHNL�MVYTH[PVU
HUK�[V�WH[[LYU�L_WVZ\YL�K\YPUN� SP[OVNYHWO �̀ [OL�UL_[
WHYHNYHWOZ� ^PSS� KLZJYPIL� [OLPY� WO`ZPJHS� VYPNPU� HUK
WYVWLY[PLZ�

(Z�ZVVU�HZ�HU�LSLJ[YVU�LU[LYZ�[OL�ZVSPK�P[�JHU�LP[OLY
OP[� H� U\JSL\Z� VY� PU[LYHJ[�^P[O� [OL� LSLJ[YVU� JSV\K�SPRL
KPZ[YPI\[PVU� VM� [OL� ZVSPK� [OL� V\[JVTLZ� HYL� YLHSS`
KPMMLYLU[! PU� [OL�ÄYZ[�JHZL� [OL�JVSSPZPVU�^PSS�IL TVZ[S`
LSHZ[PJ�^OLYLHZ�PU�[OL�ZLJVUK�JHZL�^PSS�IL�PULSHZ[PJ�
;OL�ÄYZ[�WYVJLZZ�PZ�\Z\HSS`�TVKLSLK�MVSSV^PUN�9\[OLY�
MVYK� IHJRZJH[[LYPUN� [OLVY`� HUK� P[� PZ� WVZZPISL� [V� ZH`
[OH[� [OL� WYVIHIPSP[`� VM� ILPUN� IHJRZJH[[LY� PUJYLHZLZ
Z[YVUNS`�^P[O�A��[OL�H[VTPJ�U\TILY� HWWYV_PTH[LS`�SPRL
∝ Z2 HUK�Z[YVUNS`�KLJYLHZLZ�HZ�[OL�LSLJ[YVU�LULYN`
, PUJYLHZLZ�HWWYV_PTH[LS`�SPRL ∝ 1

E2 � HZ�P[�PZ�WVZZPISL
[V�ZLL�PU�LX\H[PVU � B��D!

Q(> φ0) = k(
Z2

E2
cot2(φ0))

(events > φ0)/[electron(atom/cm2)] ���

^OLYL�8 PZ�JHSSLK� [OL�JYVZZ�ZLJ[PVU� �cm2�� MVY�LSHZ[PJ
ZJH[[LYPUN�HUK�P[�PZ�[OL�WYVIHIPSP[`�MVY�ZJH[[LYPUN�H[�HU

� 



HUNSL�NYLH[LY�[OHU φ0� k PZ�H�U\TLYPJHS�JVUZ[HU[�
;OL�ZLJVUK�WYVJLZZ�PZ�\Z\HSS`�KLZJYPILK�SPRL�H�JVU�

[PU\VZ�SVZZ�VM�LSLJ[YVU�LULYN`�K\L�[V�ZTHSS�HUNSL�ZJH[�
[LYPUN� L]LU[Z� ^OLU� [OL� LSLJ[YVU� PZ� [YH]LSPUN� M\Y[OLY
KV^U�[OL�ZVSPK� 0[�^HZ�WYVWVZLK�I`�,]LYOHY[�HUK�/VMM
B��D�[OH[�[OL�WYVJLZZ�JHU�IL�TVKLSLK�^P[O�[OL�MVSSV^�
PUN�LX\H[PVU� ^OLYL�[OL�YH[L�VM�LULYN`�SVZZ� ,��HSVUN
[OL�KPZ[HUJL� :��PZ!

dE

dS
= −2πe4N0

ϱZ

EiA
ln(

1.116E

J
) (keV /cm) ���

^OLYL�( PZ�[OL�H[VTPJ�^LPNO[� 1 PZ�[OL�PVUPaH[PVU�WV�
[LU[PHS� KLÄULK�HZ�[OL�TLHU�LULYN`�SVZ[�WLY�JVSSPZPVU�
e PZ�[OL�LSLJ[YVU�JOHYNL� N0 PZ�[OL�(]VNHKYV�U\TILY�
ϱ PZ�[OL�KLUZP[ �̀ Z PZ�[OL�H[VTPJ�U\TILY�HUK Ei PZ�[OL
LSLJ[YVU�LULYN`�H[�HU`�WVPU[�PU�[OL�ZWLJPTLU�
:LJVUKHY`� LSLJ[YVUZ� HYL� SVVZLS`� IV\UK� V\[LY� ZOLSS�
LSLJ[YVUZ� MYVT�[OL�ZWLJPTLU�H[VTZ�ZP[[PUN� PU�Z\JO�H
WVZP[PVU�[OH[� [OL`�NL[�Z\MÄJPLU[�RPUL[PJ�LULYN`�K\YPUN
PULSHZ[PJ� ZJH[[LYPUN� VM� [OL� ILHT� LSLJ[YVUZ� [V� IL
LQLJ[LK� MYVT�[OL�H[VT�HUK�ZL[� PU[V�TV[PVU� ;OL�:,
JHU�WYVWHNH[L�[OYV\NO�[OL�ZVSPK� HUK�ZVTL�^PSS�PU[LY�
ZLJ[� [OL� Z\YMHJL� HUK� LZJHWL� :LJVUKHY`� LSLJ[YVUZ
HYL�KLÄULK�TVZ[S`�VU�[OL�IHZPZ�VM�[OLPY�RPUL[PJ�LULYN �̀
HUK�[OL�[OYLZOVSK�PZ�LTWPYPJHSS`�ZL[�[V�IL ≈ 50eV � HU`
LSLJ[YVU�̂ P[O�NYLH[LY�LULYN`�PZ�SHILSLK�HZ�):, PUZ[LHK�

+\L�[V�[OL�TLU[PVULK�ZJH[[LYPUN�LMMLJ[�[OL�KLW[O�VM
LSLJ[YVU�WLUL[YH[PVU�PZ�H�M\UJ[PVU�VM�[OL�ILHT�LULYN`
Eb B��D!

Re =
K

ϱ
Eα

b ���

^OLYL ϱ PZ� [OL� KLUZP[`� VM� [OL�TH[LYPHS� HUK k HUK α
KLWLUK�VU�[OL�H[VTPJ�^LPNO[�VM�[OL�TH[LYPHS�HUK�VU
ILHT�LULYN �̀ (U�L_WHUZPVU�[V�LX\H[PVU � PZ�NP]LU�I`
2HUH`H�HUK�6RH`HTH�B��D� HUK�P[�PZ�PU�NYLH[LY�HJJVY�
KHUJL�̂ P[O�L_WLYPTLU[HS�KH[H�MVY�OPNO�H[VTPJ�U\TILYZ
HUK�OPNO�ILHT�LULYNPLZ!

Re =
0.0276A

ϱZ0.899
E1.67

b (µm) ���

^OLYL�( PZ�[OL�H[VTPJ�^LPNO[�PU g
mol � *VUZPKLYPUN�HSS

[OL�HIV]L�TVKLSZ�P[�PZ�WVZZPISL�[V�\UKLYZ[HUK�[OH[�[OL
LSLJ[YVU�TH[[LY�PU[LYHJ[PVU�PZ�UV[�ZWV[�SPRL�I\[�YH[OLY�H
]VS\TL�SPRL�PU[LYHJ[PVU�^P[O�H�NLVTL[Y`�[OH[�KLWLUKZ

VU� [OL� UH[\YL� VM� [OL�TH[LYPHS� HUK� [OL�ILHT�LULYN �̀
<Z\HSS`4VU[L�*HYSV� ZPT\SH[PVUZ�HYL�KVUL�[V�LZ[PTH[L
HUK�]PZ\HSPaL�[OL�ZPaL�VM�[OL�PU[LYHJ[PVU�]VS\TL�
4VU[L�*HYSV�ZPT\SH[PVUZ�HYL�WLYMVYTLK�^P[O�[OL�ZVM[�
^HYL�*(:056 ]LYZPVU����� H�MYLL�[VVS�VM[LU�\[PSPaLK�MVY
TVKLSPUN� LSLJ[YVU�TH[[LY� PU[LYHJ[PVU� PU� SP[LYH[\YL� B D�
)`�ZLSLJ[PUN�[OL�HWWYVWYPH[L�WO`ZPJHS�TVKLSZ� MVY�[OL
H[VTPJ�U\TILYZ�HUK�ILHT�LULYNPLZ�PU�\ZL� PU�[OPZ�JHZL
[OL� 2HUH`H� HUK�6RH`HTH� LX\H[PVU� MVY� [OL� LSLJ[YVU
YHUNL�HUK�[OL�9\[OLYMVYK�LX\H[PVU�MVY�[OL�IHJRZJH[�
[LYPUN�JYVZZ�ZLJ[PVU� YLHSPZ[PJ�HWWYV_PTH[PVUZ�JHU�IL
VI[HPULK� -PN\YL � HUK � ZOV^� [OL�V]LY]PL^�VM� [OL
PU[LYHJ[PVU�]VS\TLZ�MVY�[^V�KPMMLYLU[�LULYNPLZ����2L=
HUK�����2L= YLZWLJ[P]LS �̀ 0[� PZ�LHZ`�[V�]PZ\HSPaL�[OH[
IV[O�[OL�KLW[O�HUK�[OL�^PK[O�VM�[OL�PU[LYHJ[PVU�]VS\TL
HYL�HWWYV_PTH[LS`�VUL�VYKLY�VM�THNUP[\KL�IPNNLY�MVY
[OL�OPNO�HJJLSLYH[PVU�]VS[HNL� )`�aVVTPUN�PU�H�YLNPVU

-PN\YL �! 6]LY]PL^�VM�4* ZPT\SH[PVU�MVY�H���UT
���2L= LSLJ[YVU�ILHT�� [OL�JVSVYTHW�YLWYLZLU[Z
[OL�LULYN`�VM�[OL�LSLJ[YVUZ� ;OL�ZPT\SH[LK�ZHTWSL
JVUZPZ[�VM�H����UT�[OPJR�744( YLZPZ[�HUK�H�I\SR
0U(Z�Z\IZ[YH[L� ����ZPT\SH[LK�LSLJ[YVUZ�

JSVZL�[V�[OL�744(�0U(Z�PU[LYMHJL�P[�PZ�WVZZPISL�[V�]PZ\�
HSPaL�JSLHYS`�[OL�LMMLJ[�VM�IV[O�[OL�):, HUK�PULSHZ[PJHSS`
ZJH[[LYLK�LSLJ[YVUZ� +\L�[V�[OL�SH[[LY�[OL�ILHTZ�NL[Z
UV[PJLHIS`�IYVHKLY�I`�[OL�LUK�VM�[OL�����UT�YLZPZ[�MVY

�4VU[L�*HYSV�TL[OVKZ��VY�4VU[L�*HYSV�L_WLYPTLU[Z��HYL�H�IYVHK
JSHZZ� VM� JVTW\[H[PVUHS� HSNVYP[OTZ� [OH[� YLS`� VU� YLWLH[LK� YHUKVT
ZHTWSPUN� [V� VI[HPU� U\TLYPJHS� YLZ\S[Z� P�L� I`� Y\UUPUN� ZPT\SH[PVUZ
THU`� [PTLZ� V]LY� PU� VYKLY� [V� JHSJ\SH[L� [OVZL� ZHTL� WYVIHIPSP[PLZ
OL\YPZ[PJHSS`

��



-PN\YL �! 6]LY]PL^�VM�4* ZPT\SH[PVU�MVY�H���UT
����2L= LSLJ[YVU�ILHT� [OL�JVSVYTHW�YLWYLZLU[Z
[OL�LULYN`�VM�[OL�LSLJ[YVUZ� ;OL�ZPT\SH[LK�ZHTWSL
JVUZPZ[�VM�H����UT�[OPJR�744( YLZPZ[�HUK�H�I\SR
0U(Z�Z\IZ[YH[L� ����ZPT\SH[LK�LSLJ[YVUZ�

���2L= �ÄN\YL ��� ^OLYLHZ�P[Z�P[�TVZ[S`�JVUZ[HU[�MVY����
2L= �ÄN\YL ��� 0[�PZ�HSZV�^VY[O�UV[PJPUN�[OL�HTV\U[�VM
):, HIV\[�[OL�ILHT�H_PZ�PZ�]LY`�OPNO�PU�H�ZOVY[�YHUNL
�≈ ���UT��MVY����2L= ^OLYLHZ�P[� PZ�]LY`�SV^�MVY����
2L=�� [OL� VWWVZP[L� OVSKZ� [Y\L� PU� H� SVUN� YHUNL� �≈ ��
µm�� 3HZ[S`� P[�T\Z[�IL�UV[LK�[OH[�[OL�HIV]L�ZPT\�

-PN\YL �! AVVT�VU�[OL�YLZPZ[�ZLTPJVUK\J[VY�PU[LY�
MHJL�����UT�� ZHTL�KL[HPSZ�HZ�ÄN\YL ��

SH[PVUZ�NP]L�VUS`�H�ÄYZ[�HWWYV_PTH[PVU�PU�\UKLYZ[H[PUN
[OL�WYV_PTP[`�LMMLJ[� ILJH\ZL�[OL`�HYL�JVUZPKLYPUN�Q\Z[
[OL`�VUS`�ZPT\SH[L�����LSLJ[YVUZ� H�UVU�YLHSPZ[PJ�KVZL

-PN\YL �! AVVT�VU�[OL�YLZPZ[�ZLTPJVUK\J[VY�PU[LY�
MHJL�����UT�� ZHTL�KL[HPSZ�HZ�ÄN\YL ��

PU�SP[OVNYHWO �̀

��



�� 0THNL�HUHS`PZ
0 OH]L�KL]LSVWLK�HU�HWWSPJH[PVU�[V�H\[VTH[PJHSS`�TLHZ\YL�[OL�ZPaL�VM�[OL�KV[Z�MYVT�:,4 WPJ[\YLZ�MYVT�V\Y�A,0::
:,4��0[�PZ�VW[PTPaLK�MVY�ZWLLK�HUK�JHU�LHZPS`�JY\UJO�NPNHWP_LSZ� <ZPUN�[OPZ�ZVM[^HYL�PZ�WVZZPISL�[V�TLHZ\YL
TPSSPVUZ�VM�KV[Z�HUK�NL[�WYVWLY�Z[H[PZ[PJZ� ;OL�ZVM[^HYL�PZ�YLSLHZLK�\UKLY�40; SPJLUZL�HUK�]HYPHISL�VU�.P[/\I!
O[[WZ!��NP[O\I�JVT�NP\SPV\UNHYL[[P�X[FKV[FÄ[[LY�� ( IYPLM�L_WSHUH[PVU�VM�[OL�ZVM[^HYL�MVSSV^Z�
;V�Y\U�[OL�THPU�HWW� HWW�W �̀ L_LJ[\[L�PU�VUL�SPUL!

^OLYLminFsize PZ�H�NYH`�U\TILY�[OH[�SPTP[Z�[OL�ZTHSSLZ[�WVZZPISL�HYL�Ä[[LK�I`�[OL�HWW" [OLYL�PZ�UV�NLULYHS�Y\SL�
P[�T\Z[�IL�MV\UK�V\[�P[LYH[P]LS`�HUK format PZ�[OL�MVYTH[�VM�[OL�PTHNLZ�VU�[OL�OHYK�KPZR� ;OLYL�PZ�HU�OPKKLU�SHZ[
HYN\TLU[�^OPJO�JVTLZ�PU�OHUK`�PM�^VYRPUN�YLTV[LS`�HUK�^HU[�[V�KYH^�[OL�.<0 YLTV[LS`�HUK�UV[�V]LY�[\UULSLK
?���VU�[OL�SVJHS�THJOPUL� ;OL�V\[W\[�VM�[OL�Ä[[LK�TLHZ\YLTLU[Z�PZ�ZH]LK�VU�[OL�KPZR�HZ��JZ]�ÄSL�MVY�L]LY`
PTHNL" \ZL�[OL�OLSWLY�M\UJ[PVUZ�PU�Z[H[�W`�[V�WHYZL�[OL�YLZ\S[Z�HUK�WYVK\JL�TLHUPUNM\S�WSV[Z� ;OL�THPU�.<0
^OLU�VWLUPUN�[OL�PTHNL�PZ�ZOV^U�PU�ÄN\YL ��

-PN\YL �! 0U[LYMHJL�^OLU�VWLUPUN�[OL�ÄYZ[�YLMLYLUJL�ÄSL

��

https://github.com/giulioungaretti/qt_dot_fitter/


;OL�YH^�PTHNL�PZ�SHILSLK�I`�JVUULJ[PUN�YLNPVUZ�VM�HU�PU[LNLY�HYYH �̀ (M[LY�[OL�PU[LUZP[`�[OYLZOVSK�OHZ�ILLU
ZLSLJ[LK�^P[O�[OL�ZSPKLY�[V�ZLWHYH[L�[OL�JVU[YPI\[PVU�MYVT�[OL�Z\IZ[YH[LZ�HUK�[OL�NLVTL[YPJHS�KV[Z��IYPNO[LY��
;̂ V�WP_LSZ�HYL�JVUULJ[LK�^OLU�[OL`�HYL�ULPNOIVYZ�HUK�OH]L�[OL�ZHTL�]HS\L� ;OL`�JHU�IL�ULPNOIVYZ�LP[OLY�PU
H����VY���JVUULJ[LK�ZLUZL!

;OL�HSNVYP[OT�̂ PSS�L_WHUK�[OL�JVUULJ[LK�WP_LS�HYLH�\U[PS�[OL�JVUULJ[PVU�KPLZ� ^OPJO�IHZPJHSS`�TLHUZ�JVUULJ[PUN
[OL�IYPNO[�WP_LS�VM�[OL�KV[Z�^L�^HU[�[V�TLHZ\YL� (Z�ZVVU�HZ�[OL�ZSPKLY�PZ�TV]LK�[OL�YPNO[�WHULS�^PSS�\WKH[L�^P[O
[OL�SHILSLK�PTHNL�[V�OLSW�JOVVZPUN�[OL�JVYYLJ[�[OYLZOVSK� HZ�ZOV^U�PU�ÄN\YL  �

-PN\YL  ! 3HILSLK�PTHNL� +PMMLYLU[�JVSVYZ�VU�[OL�YPNO[�ZPKL�PTHNL�TLHU�KPMMLYLU[�SHILSLK�YLNPVUZ

;V�JSVZL� [OL�WYVNYHT�JSPJR JSVZL� [V�Z[HY[� [OL� Ä[[PUN�WYVJLK\YL�WYLZZ JVU[PU\L� ,SSPWZLZ�HYL� Ä[[LK� [V� [OL
MLH[\YLZ� P�L� [OL�SHILSLK�HYLHZ�VM�[OL�PTHNL� [V�HJJV\U[�MVY�Z[PNTH[PVU�^OPSL�^YP[PUN�HUK�[HRPUN�[OL�PTHNLZ� ;OL
YLZ\S[Z�VM�[OL�Ä[[PUN�PZ�WSV[[LK�SP]L�PU�HU�L_[LYUHS�^PUKV �̂ I`�Z\WLYPTWVZPUN�H�JPYJSL�^P[O�H�YHKP\Z�^OPJO�PZ�[OL
H]LYHNL�VM�[OL�LSSPWZLZ�YHKPP� HU�L_HTWSL�YLZ\S[�PZ�YLWVY[LK�PU�ÄN\YL ���

��



-PN\YL ��! (U�L_HTWSL�VM�[OL�Ä[[PUN�YLZ\S[Z�

��



�� ?�YH`�KH[H�HUH`SZPZ
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3PZ[�VM�-PN\YLZ

��� 0U(Z�5HUV^PYL�TPJYVNYHWO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 4), [LJOUPJHS�KYH^PUN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� ;OL�=3: TLJOHUPZT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 4PSSLY�PUKPJLZ�MVY�KPYLJ[PVUZ�HUK�WSHULZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� A) JY`Z[HS�Z[Y\J[\YL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� A) JY`Z[HS�Z[Y\J[\YL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� *Y`Z[HS�Z[Y\J[\YLZ�Z[HJRPUN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  
��� 3H\L�*VUKP[PVU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� )YHNN�Z�SH^ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� )YHNN�Z�YLÅLJ[PVU�SVJH[PVU�MVY�A)�;> HUK�>A � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� *Y`Z[HS�[Y\UJH[PVU�YVK�L_HTWSLZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� ;OL�*VUJLW[�6M�3VJHS�,X\PSPIYP\T � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� ;YHUZP[PVU�Z[H[L�RPUL[PJZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� ;OL�Ä]L�[OLYTVK`UHTPJHS�Z[H[LZ�JVUZPKLYLK�PU�[OL�NYV^[O�TVKLS � � � � � � � � � � � � � � � � � ��
���� 4HPU�[YHUZP[PVUZ�WH[OZ�PU�UHUV^PYL�NYV^[O � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� +LZJYPW[PVU�VM�[OL�[YPWSL�SPUL�HUK�SPX\PK�]HWVY�JVSSLJ[PVU�HYLH� � � � � � � � � � � � � � � � � � � � � � 

��� ,SLJ[YVU�ILHT�SP[OVNYHWO`�WYVJLZZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� :\IZ[YH[L�MHIYPJH[PVU�WYVJLZZ�V]LY]PL^ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� :,4 TPJYVNYHWO`�VM�H 85µm× 85µm ZX\HYL�HYYH` � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� :,4 TPJYVNYHWO`�VM�*H[HS`Z[�HYYH` � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� *H[HS`Z[�ZPaL�H[����R= � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 7YV_PTP[`�LMMLJ[�H[���R= � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 7YV_PTP[`�LMMLJ[�H[����R= � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� *H[HS`Z[�ZPaL�H[�����R= � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� 5HUV^PYL�RPURPUN�WYVJLZZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� 7PJ[\YL�VM�H�Z\IZ[YH[L� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� O�ZOHWLK�UHUV^PYL�Q\UJ[PVU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� 5HUV^PYLZ�UL[^VYR � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� -HIYPJH[PVU�WYVJLZZ�V]LY]PL^�MVY�:P62 Z\IZ[YH[LZ � � � � � � � � � � � � � � � � � � � � � � � � � � � 
���� 9LWYLZLU[H[P]L�JYVZZ�ZLJ[PVU�:,4 TPJYVNYHWO�VM�:PV2�0U(Z�Z\IZ[YH[LZ � � � � � � � � � � � � � � � 
���� 0U(Z�UHUV^PYLZ�VU�:P62 HUK�0U(Z�Z\IZ[YH[L � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 0U�ZP[\�4), H[�)3��?< ILHTSPUL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 



��� *OHYHJ[LYPZ[PJ�7PSH[\Z�KL[LJ[VY�PTHNL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 9LWYLZLU[H[P]L�:,4 TPJYVNYHWO�VM�5>Z�HYYH`�0 � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 0U(Z�UHUV^PYL�NYV^[O�K`UHTPJZ�V]LY]PL^ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 3H\L�VZJPSSH[PVUZ�PU�[OL�NYV^[O�KPYLJ[PVU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� :\IZ[YH[L�+LZPNU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� *OHYHJ[LYPZ[PJ�7PSH[\Z�KL[LJ[VY�PTHNL�00 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 6]LY]PL^�VM�[PTL�YLZVS]LK�?�YH`�TLHZ\YLTLU[ � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� 9LWYLZLU[H[P]L�:,4 TPJYVNYHWO�VM�5>Z�HYYH`�00 � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� +YVWSL[�5> [VW�MHJL[�JVUÄN\YH[PVU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
���� +YVWSL[�5> ZPKL�MHJL[�JVUÄN\YH[PVU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� ,_�ZP[\�;,4 Z[\KPLZ�VU�5>Z � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� 5HUV^PYL�NYV^[O�K`UHTPJZ�00 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� *OHYHJ[LYPaH[PVU�VM�[OL�WHYHZP[PJ�NYV^[O � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 0VU�4PSSPUN�WHYHTL[LYZ� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
� 0VU�4PSSPUN�JHSPIYH[PVU�YLZ\S[Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
� ,SLJ[YVU�TH[[LY�PU[LYHJ[PVU�]VS\TL�HUK�ZPNUHSZ�NLULYH[LK� � � � � � � � � � � � � � � � � � � � � � � 
� 6]LY]PL^�VM�4* ZPT\SH[PVU�MVY�H���UT����2L= LSLJ[YVU�ILHT � � � � � � � � � � � � � � � � � � � ��
� 6]LY]PL^�VM�4* ZPT\SH[PVU�MVY�H���UT�����2L= LSLJ[YVU�ILHT � � � � � � � � � � � � � � � � � � ��
� AVVT�VU�[OL�YLZPZ[�ZLTPJVUK\J[VY�PU[LYMHJL�����UT�� ZHTL�KL[HPSZ�HZ�ÄN\YL��� � � � � � � � � � � ��
� AVVT�VU�[OL�YLZPZ[�ZLTPJVUK\J[VY�PU[LYMHJL�����UT�� ZHTL�KL[HPSZ�HZ�ÄN\YL��� � � � � � � � � � � ��
� 0U[LYMHJL�^OLU�VWLUPUN�[OL�ÄYZ[�YLMLYLUJL�ÄSL � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
 3HILSLK�PTHNL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� (U�L_HTWSL�VM�[OL�Ä[[PUN�YLZ\S[Z� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
�� -PSL�VYNHUPaH[PVU�L_HTWSL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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