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Abstract

Majorana fermions are quasiparticle excitations which are features of a two-dimensional
quantum system in a so-called topological phase. Majorana fermions are non-Abelian
anyons and the system therefore has a degenerate groundstate protected by a gap to the
other excitations. It has been proposed that a system with Majorana fermions can be
utilized for performing fault-tolerant quantum computations and their existence in solid
state systems is thus of big general interest. In this thesis it is shown how Majorana
fermions may be used to realize a quantum computer and how they can occur in solid
state systems. Specifically we consider a system of a semiconducting nanowire with
strong spin-orbit coupling in proximity to a conventional superconductor and show that
this system should indeed have a so-called topological phase with Majorana fermions
localized at each end of the wire. Properties such as spectrum, wavefunctions and gap size
are investigated analytically as well as numerically. Lastly the tunnelling conductance
characteristics of a wire with Majorana fermions are calculated and we find a robust
zero-bias conductance peak as a characteristic feature.






Resumé

Majorana fermioner er kvasipartikelexcitationer, der er specielle traek ved todimensio-
nelle kvantesystemer i en sakaldt topologisk fase. Majorana fermioner er ikke-Abelske
anyoner og systemet har derfor en degenereret grundtilstand adskildt fra andre excita-
tioner af et gap i spektret. Det er blevet foreslaet at et system med Majorana fermioner
can benyttes til at udfgre fejlsikre kvanteberegninger og deres eksistens i faststofsyste-
mer er derfor af stor interesse. I denne athandling vises hvordan Majorana fermioner
kan anvendes til at realisere en kvantecomputer og hvordan de kan opsté i faststofsy-
stemer. Specifikt betragter vi et system bestaende af en halvleder nanowire med kraftig
spin-orbit kobling i umiddelbar neerhed til en konventionel superleder og viser at det-
te system rent faktisk har en topologisk fase med Majorana fermioner lokaliseret ved
hver ende a nanowiren. Egenskaber sdsom spektrum, bglgefunktioner og stgrrelsen af
excitationsgappet undersgges analytisk savel som numerisk. Til sidst beregnes tunnelle-
ringskonduktansen for en nanowire med Majorana fermioner og vi finder at en top ved
nul bias-speending er en robust karakteristisk egenskab af Majorana fermioner.
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Chapter 1

Quantum Computation

The research in the field of topologically protected non-abelian modes in condensed mat-
ter systems has become very active within the last couple of years. While the fundamen-
tal nature of topological states of matter is interesting in its own right, the observation
that systems with non-Abelian topological order can be used to construct a quantum
computer that is naturally immune to errors has focused much more attention on this
field. To see how topological quantum computer can be realized and why it is considered
“better” than other proposals, we will in this chapter first review the basics of normal
quantum computing. Though the rest of this thesis will mainly not be concerned with
quantum computation, there may be drawn references to specific aspects of this subject.
Therefore I have chosen to include this section which will serve as a short overview of the
main principles of quantum computation. Some parts of what is going to be described
will not be completely necessary for understanding the main subject of this thesis but
have however been included to give a coherent picture of quantum computation.

1.1 Classical Computation

The electronic computers that nowadays are present in everything from telephones to
cars are all implementations of a classical binary digital computer. As the name implies
this type of computer operates on information which can be represented by an array of
binary digits, i.e. a number which can only take one of two values: 0 or 1. Formally a
classical computer is a function f that takes an input register of n bits, each having the
value either 0 or 1, and returns an output register of m bits, i.e.

f:{0,1}" ={0,1}™. (1.1)

The value of the output register is uniquely determined by the value of the input and
thus we say that the classical digital computer is a deterministic computer [35], since
running the computer again and again with the same input always yield the same result.
In an electronic computer the input and ouput registers consists of metallic leads and
their binary value is represented by the voltage of the lead. The computation of the
desired function f is implemented by an electronic circuit consisting of various electronic
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components such as resistors, diodes and transistors, that connects the input leads with
the output leads. With many input bits one can imagine that the wiring needed to
implement the function correctly would be pretty complicated. However any function
can in fact be decomposed into a series of elementary operations, called logic gates,
acting on a small number of bits. One of these gates is the single bit NOT (—) gate
that simply evaluates to the opposite value of the input bit, which in binary arithmetic
(where z is a binary number) can be stated as

NOT: —x=1-ux. (1.2)

Examples of two bit gates are the AND (A), that evaluates to 1 if both inputs are 1 and
0 otherwise, and OR (V), that evaluates to 1 if just one (or both) of the input are 1 and
0 otherwise. In binary arithmetic these are written as

AND: zAy=2x-y (1.3)
OR: zvy=z+4+y—=z-y. (1.4)

All of the mentioned gates possibly changes the values of the input bits, but in some
calculations we might need to save the input values for some other part of the calculation
later on. This can be acheived by copying the bit with the COPY gate that simply
output two bits of the same value as the input. The COPY gate is however not always
considered a logic gate, and instead one just assumed that it is always possible to copy
a bit. With these gates on can construct a variety of different functions - in fact on can
show than any function can be implemented by a series of these gates, thus we call this
a universal gate set. However these gates are not unique and one can construct other
gates like NAND, NOR, XOR, etc., and also find universal sets among these and from
one universal set all other gates can be constructed. The exact combination of the gates
that evaluates the function is called the circuit and it is often useful to visualize it by a
diagram in witch the bits are represented by lines and the gates as various symbols with
in- and outgoing connections. For example the AND-gate can be visualized as

v &
'—m/\y
yJ

and a more complex function combining different gates is for example

T 1z
Y1 — — z

l Z
Tro9 —

sz —

In this way it is possible to build all computational operation off a few elementary gates
and vizualize it in simple diagrams as above.
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1.2 Qubits and Quantum Parallelism

The basic principle of a quantum computer and what is essentially what seperates it
from a classical computer is its use of quantum bits or qubits as inputs and output. In a
classical computer the bit takes a value of either 0 or 1 for instance represensted by two
different voltages as in an electronic computer. In a quantum computer however, the
basic building block is the qubit, which can be represented by any physically realizable
two-state system. For instance one might represent a qubit system by the ground state
and an excited state of an atom, the two spin states of an electron or atom or two
polarization directions of a photon. If we let |0) and |1) denote the two basis states of a
single qubit system then the basic principles of quantum mechanics states that the actual
state of the system can be in any superposition of these two states. Mathematically we
define the two states |0) ad |1) as basis vectors (they need to be orthorgonal) in a 2-
dimensional vector space, the Hilbert space, and the state |1)) of the system can then be
written as the vector

) = |0) + B[1), (1.5)

where a and 3 are complex coefficients satisfying the normalization condition |a|?+|3]? =
1. Like the case for classical bits we can use a system of several qubits to represents
binary strings, e.g. |z) = |01101...101). With a system of several qubits the system
can be in any superposition of the multi-qubit basis states, also called the computational
basis, given by

{]0,0,...,0),|1,0,...,0),...,[1,1,...,1)}. (1.6)

The state of an N qubit system can thus be represented as a normalized vector in the
2N_dimensional Hilbert space, i.e. it can be expanded in the computational basis as

2N 1

W) = 3 ale), (1.7)

0

where x denotes the binary string corresponding to the given state. In the case of the
classical computer we can only evaluate an input corresponding to one of the basis states
a time. A quantum computer, however, can take any superposition of the basis states as
an input, and in this way evaluate the function for several values at the same time. This is
what is called quantum parallelism [9] and one of the reasons why quantum computers are
believed to be able to perform certain tasks faster than classical computers. As already
mentioned the classical computer is deterministic which always ensures the same outcome
for a given input. A quantum computer on the other hand is probabilistic, meaning that
a calculation based on some input z may result in any of all possible outcomes y;, each
with a certain probability p;(x). For instance if the result of a quantum computation is
the single qubit state |¢)) given by Eq. and measure in the basis |0) and |1) we get
0 with probability |a|? and 1 with probability |3|2. In fact it is the probabilities of the
outcomes that encode the result of the computation.
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1.3 Quantum Gates

So now we have introduced the quantum equivalent of the classical bit, the qubit, and we
have seen hints of how we possibly can make use of the quantum feature of superposition
to exploit massive quantum parallelism, but we still haven’t seen how we actually do
computations with the qubits. Actually we haven’t really made clear exactly what is
understood with a quantum computation, so let’s do that now. If we consider an N-qubit
system we can prepare it in som known initial state [ig), e.g. [00...0), then a quantum
computation is some operation f that takes the initial state to some final state,

’1/10> quantum computation ‘f(wo», (18)

which is then understood as the result. We can read out the result by performing
measurements on the qubits that project them onto the |0) or |1) states and a given
outcome will come with some probability. Thus in general a single measurement will
typically not be enough to get the result with a certain accuracy and one then has to do
the computation several times until the desired accuracy is reached.

However not any final state is possible, there are some natural constraints on what
the operation f can do. First of all qubits cannot be added or removed from the system
during the operation, so the Hilbert space is preserved. Secondly, the overall probability
is preserved such that the final state is still normalized to one. These two constraints are
only satisfied if f is a linear unitary operation, and it can therefore be represented by a
unitary operator (or matrix) Uy. Thus the result of the computation of the function f
of the input state |¢) is the state given by

[f(%0)) = Uglto)- (1.9)

Even though mathematically we are able to construct an infinite number of different
unitary operators, the qubits follow the laws of nature and we therefore have to do some
physical actions in orde to carry out a specific operation. In the Schréodinger picture the
state of the qubit system evolves in time as if subject to a unitary transformation U (t),
which satisfies the Schrédinger equation
au i
T hH(t), (1.10)
where H(t) is the Hamiltonian of the system. Thus by cleverly modifying the system
and therefore the Hamiltonian we can effectively implement a specific unitary operator
that carries out the desired computation.
For classical computers we can divide any computation into a series of one- or two-bit
logic gates so we might look for equivalent quantum gates. For instance the quantum
equivalent of the single bit NOT gate works as

al0) + b[1) X% a1) + b|1), (1.11)
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where |0) and |1) simply has been exchanged. If we represent the state as the vector
(a,b) then we see that the unitary matrix corresponding to the NOT gate is the Pauli

matrix o, = (9}),
) 2= (3] )= ) &

However, contrary to the case for classical computers this is not the only single qubit
gate, for instance we may simply apply a phase factor e(iH) to the state, an operation
which does not make sense for a classical bit. In fact the group of single qubit operators
U(2) is infinite, and while this certainly gives us some possibilities it can also give us
some problems as we will see in the next section.

To generalize the tools from classical computation we also need quantum equivalents
of the two-bit logic gates like NAND and XOR. NAND and XOR and any other useful
two-bit gate takes two bits as input but only outputs a single bit and single bit of
information is therefore lost in the process, making the gate irreversible, meaning that
we cannot reconstruct the input bits from the output bit. Another way to say it is that
the function it implements is not one-to-one but many-to-one and therefore cannot be
inverted or reversed. Qubit operations, however, has to be unitary and since a unitary
transformation is guaranteed to have an inverse, quantum computation is guarenteed to
be reversible. In fact classical computation can also be made reversible [4, 35], typically
by introducing an extra so-called ancilla bit that ends up storing the result of the gate.
An example of a reversible gate is the reversible XOR gate given by

XOR: (z,y) = (z,2 DY) (1.13)

which can be visualized in circuit diagram as

T —1

Yy—>——2rDy

The reversible XOR gate flips the seconds bit if the first is 1 and does nothing otherwise
and of this reason it is also called the controlled-NOT or CNOT gate, since the first bit
controls whether a NOT operation should be carried out on the seconds bit or not. The
cost of a reversible computer is that it needs more bits, the gain however, is that it in
principle can run without any energy consumption, a feature the traditional irreversible
computer does not have since the erasure of one bit of information inevitably requires a
minimum work of k£7'In 2, as given by the famous Landauer’s Principle [20)].

The same way we constructed a quantum equivalent of the NOT gate we can find
a qunatum equivalent of the CNOT gate. If we let 1)) = a|00) + b|01) + ¢|10) + d|11)
denote a general two-qubit state then we see that the CNOT gate acts on the state as

CNOT:  a|00) 4 b[01) + ¢[10) 4 d|11) — a|00) + b[01) + d|10) + ¢[11).  (1.14)
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Representing the state by the vector (a,b,c,d) we note that this is equivalently stated
as

a a a
b b b
CNOT : ¢ = UcnoT el = la (1.15)
d d c
where the transformation matrix is given by
1 000
0100
Ucnvor =14 ¢ 0 1 (1.16)
0010

There are only a finite number of n-bit reversible classical gates and one can find quantum
equivalents to all of them, but this is however not all quantum gates, since these span
the continuum of the unitary operators of U(2"). But as for classical computers we do
not need all of them to perform a general computation, with a limited universal set of
quantum gates one can construct any unitary transformation.

1.4 Errors and Error Correction

In theory both the classical and quantum computer would function fine as described
above, but unfortunately the real world does not always behave as well as we want
and both classical and quantum computers can suffer from computational errors. In a
classical electronic computer electronic noise in the circuit could “flip” a bit or make it
unreadable. To avoid this kind of problem one could simply increase the voltage between
the two bit values so that it is much bigger than the typical fluctuations. However this
might not be wanted because it could lead to a bigger power consumption which again
leads to heating and then perhaps more errors. Instead one can use an error correction
code that via some method correct the typical errors. The simplest way to do this is
to store each bit of information in a redundant way, so that we do not rely on a single
physical bit. We might for instance encode each logical bit in three physical bits:

0 — (000), 1 — (111) (1.17)
Then if an error occurs that flips e.g. the third bit so that
(000) — (001), (111) — (110), (1.18)

then to correct the error we can just set the value of all the physical bits to that of the
majority. In the case of a three-bit encoding this works if only one bit flips at a time - if
two bits flip the correction code fails to correct the error. We can improve this method
to any desired reliability by just encoding the logical bit in enough physical bits. In
practice this works quite well as we all know, since our everyday computers seem pretty
reliable.
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In quantum computers the thread from errors is more serious. First of all the typical
physical realizations of qubit systems we can think of tend to be of very small size
and the treshhold between the two qubit states can be hard to control so that natural
fluctuations might be a bigger problem. Secondly, the errors may be more subtle, since
the information is stored in the superposition of basis states of the qubit.

Errors in quantum system occur because we cannot construct a truly isolated qubit
system. It is therefore inevitable that the environment will interact with the qubit in
some way that we may not be able to determine and therefore may cause some of the
information stored in the qubit system to be lost - a process called decoherence. To
see how this happen we let |¢)) = a|0) 4+ b|1) be the state of the qubit and consider
the environment as some auxillary system which initially is in the state |e;). Then the
total system [¢)|e;) evolves in time under some unitary transformation given by the total
Hamiltonian H such that

(al0) + b[1))]ei) — a(uoo|0)|eoo) + uo1|1)eor) + b(uo|1)|ero) + urr|1)lern)),  (1.19)

where u;; is the matrix elements of the transformation and |e;;) denotes different states
of the environment. From Eq. it is clear that the resulting state of the qubit is
entangled with the environment an thus we can no longer write it as pure superposition
of its basis states but it is said to be in a mixed state. The effect of this is that when
we measure the state of the qubit by projecting it onto its basis it seems like random
transformations has been applied. We note that Eq. may be written in the form

lei) — (len)I + lex)) X + [ey)Y + |ez) Z)[¥), (1.20)

where |er) = wugoleoo) + uiolero), lex) = uoileor) + wiilenr) and so on. I, XY, Z are
operators acting on the qubit states, where I is the identity and X, Y and Z = XY
correspond to three types of errors that can occur to the qubit. The errors are bit flip
errors (X), phase errors (Y) and both (Z = XY'). Besides errors that occur due to the
environment even when we do nothing there is also the possibility that during operation
we ourself may introduce errors due to insufficient control over the gates. These types
of errors are called unitary errors. The different types of errors are summarized below:

1. Bit flip errors. In analogy with the classical case we can imagine an event that
flips the value of the qubit. If we consider a single qubit in a general state spanned
by the basis |0) and |1) then the bit-flip errors acts as

al0) + b|1) — a|l) + b|0), (1.21)

such that in essence the coefficients of the linear superposition swaps, a <+ b. The
effect of a bit-flip error is immediately clear since it destroys information just as
in the classical case.

2. Phase errors. An error which is perhaps more subtle is if the two basis states |0)
and |1) acquires a random (or at least unknown) relative phase, such that

al0) 4 b|1) — a|0) + be®|1). (1.22)
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A phase error may cause operations that utilizes superpositions and interference
to fail.

3. Unitary errors. As already noted, the qubit states are continuous and the same
is true for the operations that we can do on them, since these are represensted by
unitary transformations, which might not be implemented exactly. For instance
we may want to apply the unitary transformation U, but in reality we apply the
transformation given by

U=U(1+0(e), (1.23)

where O(e) is some other transformation of order e. After many consecutive oper-
ations the small errors can accumulate and lead to a totally different result.

In the classical case we could protect the system from error by storing the information
in a redundant way by simply making several physical copies of the logical bit. The
same procedure is not possible for qubits since the no cloning theorem states that the
state of a quantum system cannot be copied and reproduced in another system. For
a classical bit we can just read its value and create a new bit with the same value,
however, when we measure the state of a qubit we interfere with the system and project
it onto one of the eigenstates of the measurement operator and the information stored
in the superposition is lost. This fact was first thought to make the realization of a
quantum computer practically impossible, but is has since been shown that one can in
fact construct quantum error correction codes that allow for reverting all the possible
errors [38, 34]. While this has certainly increased the optimism for the possibility of
creating a working quantum computer, for the error correction codes to work, the rate
of errors has to be below some finite treshhold which for typical proposed quantum
computer systems seems hard to reach at the current stage.



Chapter 2

Topological quantum computation
with non-abelian anyons

2.1 Abelian and non-Abelian anyons

In the quantum theory elementary particles are all treated as identical and the particle
types can be classified as either Bosons or Fermions according to the behavior of their
collective wavefunction under the interchange of two such particles. When interchanging
two bosons their wavefunction will be exactly the same as before the interchange opera-
tion, while for fermions the wavefunction will acquire a minus or equivalently a phase of
7. This results in the different statistics of the two types of particles, namely that no two
fermions can exist in the same state while no such limitation exists for bosons. Mathe-
matically this can formulated by requiring that the annihilation and creation operators
for bosons, a,, aL, satisfy the canonical commutation relations

[auv CLM = 6,uua [aua azx] =0 (2.1)

and the annihilation and creation operators for fermions, ¢, CL, satisfy the canonical
anti-commutation relations

{Cua C:f/} = 5#1/7 {Cua CV} =0. (22)

This makes is easier to make sure the particle statistics is satisfied when dealing with
many particles.

The reason why only two transformations of the wavefunction are possible can be
seen from the fact that the operation that exchanges two particles can also be viewed as
a process where one particle is taken adiabatically around the other, a so-called braid.
In three dimensions the operation of taking the particle all the way around the other and
coming back to its initial position is then equivalent to a situation where the particles
do not move at all. To see this we can imagine tying string to the two particles as seen
in Fig. and then adiabatically move them around such that one particle is taken
all the way around the other and back to its initial position. We see that the string
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can always be routed such that they do not form any knots or twists and the final state
can thus always be made identical to the initial state. Thus exchanging the particles
do not change the physical state of the system, and after one exchange only possible
transformations of the wavefunction is a multiplication of a factor of either +1 or —1.

z z

exchange
_—

Figure 2.1: The effect of the exchange of indistinguisbale particles in three dimensions. By
attaching virtual string to the particles one can keep track of the system during a physical
exchange operation.

The physics of particles in a two dimensional world is however less restrictive on this
point and allow for other particle statistics. To see this consider again particle with
string image in Fig. [2.I] and imagine the particles to live in a two-dimensional world.
When moving one particle all the way around the other it will at some point need to
cross the string of the other particle and thus we cannot say that the wavefunction of the
final state in general is equal to that of the inital state, since the two states may have
different topology [31]. This has profound consequences for the statistics of particles in
two dimensions, for instance if ¥ (r;,re) is the wavefunction of two identical particles
in two dimension, then if one particle is moved around the other, equivalent to two
exchange operations, the wavefunction may aquire an arbitrary phase

P(ry,r2) — (e, 10), (2.3)

contrary to the case in three dimensions where the wavefunction has to return to itself.
This also means that under a single exchange the wave function acquires a phase 0, i.e.

Y(ry,r9) — eiew(rl, ro), (2.4)

which for bosons and fermions naturally is 0 or 7 respectively. Particles that do not have
exchange phases of 0 or 7 are called anyons, a term coined by Frack Wilczek who was
one of the first to study such particles [44} 45]. In systens with more particles one can
also have particles of different kinds or species and one can construct a group of so-called
braiding operations that act on the wavefunction when two particles are interchanged. If
all braiding operations commute, i.e. the order of the operation do not matter, which is
the case if each brading operation satisfies the relation , the braid group is Abelian
and we say that the particles are Abelian anyons.

10
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As already noted, the relation is just a certain example of the result of an
exchange operation, in general the exchange may not only change the phase of the
wavefunction but change the wavefunction itself, i.e. exchanging two particles takes the
system to another state. Since the exchange operation should in theory be possible to
carry out adiabatically this can only be possible id the states have the same energy. If
there are g degenerate states with NV particles we can define the orthonormal basisvector
by ¥, with @ = 1,2,...,g. The exchange of two particles, say 1 and 2, can then be
expressed as

Yo = [U(1 < 2)|apts, (2.5)

where U(1 <> 2) is a g X g unitary matrix corresponding to the unitary transformation
of exchanging the two particles. If two such operations do not commute, ie.

Ul<2)U(2+3)#U(2+3)U(1+2), (2.6)

the braid group consisting of all the exchange operation is non-Abelian and we say that
the particles are non-Abelian anyons.

2.2 Anyons as topological features

Anyons are not normally seen in in nature, which is due to the fact that our world is
naturally three-dimensional and so the basic particles has to obey bosonic or fermionic
statistics. We may however construct a system that confines electrons or other elemen-
tary particles to move in an effectively two-dimensional space, and it turns out that such
systems under certain circumstances can have localized excitations above the ground
state whose corresponding quasiparticles obey anyonic statistics. If a system has any-
onic quasiparticles it is in a topological phase, which is defined as a state in which all
local correlation functions of observables vanish [31]. In essence this means that the
state of the system is encoded in a nonlocal manner, namely in how the quasiparticles
are located among each other, so that the state of the system is determined by its topol-
ogy. Normal phases of matter can generally be described by the breaking of a symmetry
and introduction of an order parameter, but a topological phase cannot be described by
an order parameter, but is said to have to have topological order, characterised by the
existince of robust degenerate ground state [43].

Since the underlying system consists of fermions the degenerate ground states cor-
respond to different fermionic excitations. In the simplest case the system has two-fold
degenerate groundstate, which however should still be able to realize all the different
types of anyonic particles that the system support. A system with multiple degenerate
ground state can be envisioned by introducing more topological defects and thus any-
onic quasiparticles. When bringing defects and thus quasiparticles close together so that
their wavefunctions overlap, the quasiparticles may fuse together to create a new quasi-
particle with the combined quantum numbers.Due to the overlap of the quasiparticle
wavefunctions the ground state degeneracy will split and this will allow us to determine
which of the states the system is in.

11
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There is no general scheme to find systems that can realize a topological phase, one
merely discovers them experimentally or find them theoretically by some clever guesses
but there are however some requirements and some distinctive features. A topological
phase is in general characterized by having anyonic excitations. In order for the system to
have a finite number of anyonic particles and thus a finite set of degenerate ground states,
the non-anyonic quasiparticle states must be separated from the degenerate ground state
by an energy gap. It doesn’t matter how big the energy gap is, as long as it does not
vanish even for a system of infinite size. The gap is necessary but not sufficient to
guarentee the existence of anyons, because the system needs to have some features in its
topology, such as a local potential, impurity or interface, where the gap locally vanishes
such the anyons may form.

The fractional quantum hall effect where the conductance of special two-dimensional
electron systems is found to be fractions of the standard electron conductance quantum
% was explained by the existence of abelian anyons with excange phase %, i.e. a fraction
of that of normal fermions [3]. It was later showed that the fractional quantum hall
system could possibly also be in a state with non-Abelian anyons [29] but even today no
conclusive experimental data has proven this, and thus non-Abelian anyons are still to
be observed.

2.3 Fault tolerant quantum computation using non-Abelian
anyons

We have previously discussed that one of the biggest problems in constructing a usable
quantum computer is its susceptibility to errors such as qubit decoherence and errors in
the qubit operations. While errors can be overcome by good error correction codes these
require us to increase the number of qubits and operations done making the computer
bigger and slower and it is therefore desirable to minimize the rate of errors in the first
place by cleverly constructing the qubit systems. In fact one can use a system with non-
Abelian anyons as a quantum computer which, in theory, is completely immune to errors
[18]. The scheme is to use the degenerate ground states corresponding to the locations
of a fixed number of quasiparticles in the topological phase as the computational basis.
Computational operations are then carried out by braiding the quasiparticles taking the
system from one state to another. Since all other excitations are separated from the
ground states by a finite energy gap for low temperatures the system is constrained to
evolve within the space of degenerate ground states. Furthermore essentially all non-
trivial unitary transformations within this space can only happen by performing a braid
operation of the quasiparticles, and these depend only on the topology of the braid and
not on the time or path taken [31]. This last property is a strong one, since it essentially
states that no local pertubation or interaction can accidentally change the state of the
system within the groundstate manifold and thereby introduce qubit errors. The reason
is that the groundstates are nonlocal and a local transformation will therfore not have
any non-vanishing matrix elements within these states. To show how to construct a
quantum computer using non-Abelian anyons we now list the requirements and how
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these can be fulfilled.

e Qubits: The qubit states correspond to two states among the degenerate ground-
state manifold. By combining non-Abelian quasiparticles which are widely sepa-
rated in space one can form a normal fermionic mode that represents the state
of the qubit. The nonlocal nature of the state and means that the qubit value is
well-protected against decoherence.

e Initialization Initialization of the qubit can be done by bringing the quasiparticles
corresponding to the qubit together such that its states will acquire a finite energy
splitting and one can perform a local operation that brings it into the desired state.
Thereafter one can quickly move the quasiparticles away from each other and the
qubit will again be topologically protected.

e Gates The computational gates are unitary transformations performed by braid-
ing different quasiparticles, which will rotate the system within its ground state
manifold. The transformations are uniquely determined by the topology and order
of the braids and unitary errors will therefore not happen. However, far from all
non-Abelian anyons have a set of braiding operations that can be used to construct
a universal gate set. The missing operations may be performed by traditional un-
protected gates, which together with error correction codes may still lead to a
feasible quantum computer.

e Readout The readout of the qubit state may be done as the inverse of the initial-
ization scheme, where the quasiparticles corresponding to the qubit are brought
together to give an energy splitting between the qubit states, which may be mea-
sured by some experiment. The state my also be inferred from an interferometer-
like experiment [31].

Wee see that the combination of fault tolerant qubits from non-Abelian anyons with
state of the art micro- and nano-fabrication techniques could pave the way for powerful
quantum computers.

2.4 Majorana Fermions

In the beginning of the development of relativistic quantum field theory the Italian
physicist Ettore Majorana found that a neutral spin—% in the form of a real scalar field
satisfies the real part of the relativistic Dirac equation [27]. Such a particle has the
property that it is its own antiparticle and it has since been proposed that the neutrinos
are in fact Majorana Fermions, a claim that has yet to be verified [46]. Besides their
occurance in elementary particle physics, it has been found that Majorana fermions may
also emerge as non-Abelian quasiparticles in certain two-dimensional solid state systems.
To see how this comes about we first note that if we let v denote the annihilation operator
corresponding to a Majorana fermion, the property that it is its own antiparticle can be
stated as

7= (2.7)
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Acting with this operator twice is in a sence the same as creating a Majorana fermion and
destroying it leaving the system unchanged, and we therefore see that we have 42 = 1.
1

Since Majorana fermions are spin-35 particles they obey an anticommutation relation,

which due to the fact that v2 = 1 takes the unusual form

{5} = 2045, (2.8)

where v; and 7, can correspond to different Majorana fermions. Since the underlying
system consists of normal electrons, the Majorana operator may be written as an ex-
pansion of the electron creation and annihilation operators. In fact we note that with
the properties above, we may use two different Majorana fermion operators v4 and ~p
to construct an arbitrary normal fermionic operator

F=glntim), f=station), (£ =1 {Fh=0  (29)

From this we see that Majorana fermions can be considered as the real and imaginary
parts of a real fermion. Writing the Majorana operators in terms of the fermion opearot
we have
w=r+f w=r-1, (2.10)
from which we see that they can also be thought of as a linear combination of a particle
and its antiparticle or hole, and this hints us to look for them in superconducting systems.
In conventional superconductors the excitations are separated from the supercon-
ducting groundstate by an energy gap and their quasiparticle operators take the form
a = ucy + vc}, where ¢, is the annihilation operator for an electron with spin ¢ and u
and v are in general complex coefficients. We see that this is in fact very close to be
a Majorana fermion since af has the same structure if v = v. However, the operator
contains a mix of spin and can therefore not be a Majorana fermion. Instead we may
consider superconductors with triplet pairing symmetry which will have quasiparticle
excitations that are superpositions of electrons with the same spin. The excitations of
a bulk superconductor form a continuum and are separated from the groundstate by an
energy gap and are furthermore more or less delocalized over the entire superconductor
so we cannot speak of a finite set of generate ground states corresponding to a number
of localized quasiparticles that can be interchanged. As discussed in Sec. we need
to “puncture” the gap locally by introducing some potential or impurity in the system
such that localized Majorana fermions will form at these locations and the groundstate
will become degenerate, and it has actually been shown that superconductors with p
and p; + ipy-symmetry can have Majorana fermions in the center of vortices [36, [16], [19]
and it has also been shown that an effective 2D p-wave superconductor with Majorana
fermions may form at the interface between a normal bulk s-wave superconductor and
a topological insulator [IT].

2.4.1 Non-Abelian statistics of Majorana Fermions

The Hermitean nature of Majorana fermion operators is not enough to guarentee that
they will obey non-Abelian statistics. As we saw in Eq. (2.10) we can imagine any
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fermionic excitation, even one corresponding to a non-topological state, as a superpo-
sition of two Majorana fermions and these may not exhibit any non-Abelian character-
istics. The non-Abelian statistics has to be calculated by considering an actual system
which has Majorana fermions in its topological phase. To obtain the braiding statistics
one would normally have to study the full evolution of the system and its Berry phase
under the adiabatic interchange of two quasiparticles. However, in the case of p + ip
superconductors the braiding statistics of Majorana fermions bound to vortex cores can
be obtained in a much simpler and more intuitive way [36, [16] which we are briefly going
to sketch here.

It has long been known that superconductors can have vortices that encircles a single
flux quantum and thus the phase of the superconducting order paramater must change
by 27 when going around the vortex core, i.e. for a single vortex we may write it as
A(r) = |A(r)[e' %) where  and 6 are the polar coordinates and we have assumed
azimuthal symmetry for simplicity. It has later been shown that p 4 ip superconductors
can have unusual vortices with only half a flux quantum. In the low energy regime the
system near the vortex core can essentially be described by spinless electrons and it
turns out that it has zero energy solution localized at the vortex core that happens to
be a Majorana fermion. The quasiparticle operator for this solution takes the form [41]

v = \}i /dr [F(r)e*%‘z’\l?(r) + F*(r)e%‘ﬁ\lﬁ(r)] , (2.11)

where F(r) is an envelope function that falls off exponentially with the distance to the
vortex core, W(r) is the annihilation operator for the effectively spinless electrons and ¢
is the phase of the superconducting order parameter. We note that if the phase of the
order parameter changes by 27 the quasiparticle acquires and overall = phase, v — —~.
If we consider a system of IV vortices the superconducting order parameter has to rotate
by 27 around each vortex and thus it cannot be single valued everywhere, but we have
to introduce branch cuts. Considering two vortices at positions R; and R; and their
corresponding Majorana fermions, v; and «y;, we can write the order parameter near the
i'th vortex as A(r) = |A(r)|exp(i0;+i¢;)), where 0; = arg(r—R;) and ¢; = arg(R;—R;).
Braiding the vortices, i.e. taking vortex j all around vortex ¢ and back again, is the same
as letting the vector R; — R; rotate by 27 and we thus see that this operation takes
Vi = i

If we fix the initial positions of the vortices we can construct the braid operation
of any two vortices by sequentially interchanging neighboring vortices. Thus we can
construct all elements of the braid group by a product of the elementary interchange
operation that exchanges ; with «;41. From the discussion above we see that one of the
involved Majorana fermions will always cross a branch cut in the order parameter and
thereby acquire a minus. If we choose to align all branch cuts in the same direction we
see that the action of an interchange can be stated as

Vi = Yit1
Tt Y1 = = : (2.12)
Vi =Y forj#Aiandj #i+1
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Figure 2.2: Interchange of to Majorana fermions, v; and +;, bound to vortex cores situated at
R; and R;. The phase of order parameter of the superconductor changes with 27 upon going
around a vortex and order parameter will therefore have branch cutes, here shown with wiggled
lines. When the two Majorana fermions are exchanged, one of them has to cross a branch point.

The interchange action can also be written in terms of fermionic operators acting
on the Hilbert space which is convenient when we want to see how the operation affects
the state of the system. If we by 7(7;) denote the fermionic operator corresponding to
the interchange T; such that

T(y;) = 7(T)ylr(T)] 7, (2.13)
then in terms of the Majorana operators it takes the form

T 1

7(Ti) = exp (4%‘+1%> = ﬁ(l + Yit17i)s (2.14)

which can easily be verified by insertion into Eq. . To truly reveal the non-Abelian
nature of the Majorana fermions we now consider the effect of braiding in two simple
systems containing two and four Majoranas, respectively.

As we noted in Eq. we may combine two Majarana fermions into a regular
fermion. In the case of a system with only two Majoranas, v; and -, there is only one
way to do this, namely f = %(’71 +iye), fT = %(’Yl —i72). The ground state is doubly
degenerate corresponding to the occupation of the fermion level which can be measured
by the operator n = f1f = %(1 +1i7172). The operator corresponding to the interchange
of the two Majoranas is given by

7(T) = exp (Z’yg’yl> = exp (iZ[Zfo - 1]) = exp (iZaz> , (2.15)
where ¢, is a Pauli matrix acting on the basis {|0),[1) = fT7|0)} represented by the
vectors (1,0) and (0, 1) respectively. The effect of the interchange is

0) =10), 1) = —[1) (2.16)

and does therefore not change the state of the system. The reason for this is clear:
the two ground states differ by a fermion and even though we consider superconducting
systems where fermion number is not conserved, the fermion parity, i.e. fermion number
modulus two, is conserved, and there is thus no way to remove or add a single fermion
to the system.
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If we consider a system with four Majorana fermions we can combine them into two
regular fermions, f; = %(’Yl +iv9) and fo = %(’Y:% +i74). The ground state now has four
degenerate states corresponding to the occupations of the two fermions. The interchange
operators written in the basis {|0), f{r|0>, fQT\O>, f;f{r\m} are

e—i7r/4
T /4
7(T1) = exp (147271> = oim/4 ,
ei7r/4
e—i7r/4
T g~in/4
7(T3) = exp (147473> = oin/4 ) (2.17)
ei7r/4
1 0 0 —i

)101—10

T
T(T2):eXp (17271 _E 0 —i 1 0

4

We see that interchanging the Majorana fermions corresponding to a single regular
fermion merely add a phase to the state. On the other hand an interchange of two
Majorana fermions belonging to the different fermions correspind to a rotation within
the Hilbert space. For instance we have 7(73)|00) = %(]00} —i|11)) and 7(73)[10) =

%(HO} —i|01)) from which we again observe that the fermion parity is conserved. We
have thus proved that Majorana fermions in half-quantum vortex cores are non-Abelian
anyons and furthermore characterised their braiding statistics.

2.5 The Kitaev chain

In last section we briefly mentioned that localized Majorana fermionic modes can appear
at vortex cores of 2D p or p, +ip, superconductors or a similar effective system created by
a normal superconductor and a topological insulator. However, topological insulators as
well as p-wave superconductors are still quite exotic materials and if one wishes to show
the anyonic feature of the Majoranas one would have to physically move the vortices
around on the surface which seems like a hard task to do experimentally. In this section
we are going to introduce a much simpler system first studied in this context by Kitaev
in 2001 [17], which seems to avoid all the trouble of the 2D topological superconductors
and in fact should be realizable with the current technology. The system of interest is
that of a chain of spinless fermions with p-wave superconductivity, which is the only
form of superconductivity realizable for spinless particles. If we let the chain consist of
N spinless fermionic sites, the tight-binding Hamiltonian takes the form

N
1 *
H = Z [—t (C;r-Cj_H + c;+lcj) - ,u(c;-cj‘ - 5) + Acjcjr1 + A C}L-_Hc;r- , (2.18)
j=1
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where ¢; annihilates an electron at site j, ¢ is the hopping parameter (we will typically
have t = %) and g is the chemical potential measured from the ground state energy
and A = |Ale' is the superconducting order parameter. We will now arbitrarily define
two Majorana fermion operators for each site,

i0 —if
vaj =€ /2cj +e! /2c} (2.19a)
f)/B] = —i (eie/QCj — e—i@/QC";) (219b)

where we have included the phase of the SC order parameter in the definition, however
for purely real order parameters we just have v4; = ¢; + c;- and yp; = i(c;'- —c¢j). It is
easy to see that these in fact do satisfy the Majorana condition 77 = ~ as well as the
anticommutation relations {va;,v4;} = {vBi,¥B;j} = 20;; and {v4;,vBj} = 0. In terms

of these operators the ordinary fermion operators can be expressed as

1 _. .

cj = 56 i0/2 (’YAJ + YYB]') (220&)
1. .

C} = 5610/2 (’YA_] _ lfyBj) , (220b)

which lets us rewrite the Hamiltonian in Majorana-basis as

N

H=3 > [=uyavBi + (=t + A)yajvejer + (t+ A)ygivajvl - (2.21)
j=1

The easiest way to see that this Hamiltonian leads to localized Majorana modes is to
first consider to special cases.

(a) The first case is the trivial one with no superconductivity, |A| = 0, and a vanishing
hopping parameter ¢t = 0. The Hamiltonian is then reduced to

1 )
H=—p) (C}Cj - 2) =15 > v4iVB;; (2.22)
j j

which we can interpret as a pairing (if 4 < 0) between Majorana A and B at the
same site, see Fig. [2.3h. The ground state of the system is the normal supercon-
ducting ground state.

(b) The second case is the special situation where ¢ = |A| > 0 and g = 0 in which case
the Hamiltonian in Majorana basis is

H =iw)  vBjyaji1- (2.23)
J

This corresponds to a pairing between Majoranas at adjacent sites as illustrated
in Fig[2.3b. We now define new fermionic annihilation and creations operators,

1 41

Cj = 5(%9]‘ + i'YAjJrl)acj = §(VBJ' — 745+41), (2.24)
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Figure 2.3: The two different types of pairing of two Majoranas into complex fermions: (a) The
Majorana fermions associated with each physical fermion is paired together. (b) The Majorana
fermions associated with neighboring physical fermions are paired together, which leaves two
Majorana fermions at each end of the wire unpaired.

such that
Yaje1 =i(C = &)=+l j=1...N—1. (2.25)

In terms of the newly introduced fermionic operators the Hamiltonian becomes

H=2t)Y (5}@- - ;) , (2.26)

which is diagonal in the basis described by the ¢; operators and thus has a ground
state with none of the new fermionic states occupied. However we note that the
sigle particle Hilbert space spanned by these operators is only of dimension N — 1
and not equal the original size N. In fact the Majorana operators v41 and vy does
not enter the Hamiltonian and we can thus construct an extra fermionic operator,
Co = %(Wu +iypN), corresponding to the missing state. One can easily check that
this is also an eigenstate of the Hamiltonian and it is clear, since the ¢y operator
does not appear in the Hamiltonian, that it has zero energy and thus is also a
ground state.

To find out when the system has unpaired Majorana fermions for a more general para-
mater regime, one has in general to find the eigenfunctions to the Hamiltonian and show
that these contain a zero-energy solution corresponding to unpaired Majorana fermions.
It can be shown that the system actually has unpaired Majorana fermions as long as
|A] # 0 and 2w > |p| [I7] but I will not go through the derivation here. We have now
seen that a general 1d system consisting of spinless fermions with p-wave superconduc-
tivity will have unpaired Majorana fermions located at the ends of the system. Such a
system is not easily found in nature but it may perhaps be able to engineer it by clever
use of materials and tools that are already used in laboratories, which is what the next
chapter is about.
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Chapter 3

Majorana Bound States in
Semiconductor Nanowires

Even though Kitaev early pointet out the possibility of having Majorana modes in one-
dimensional superconducting systems it took almost 10 years before the first proposals
for realistic implementations of his model appeared. The first system that was considered
was suggested almost simultaneaously by Sau et Al. [37] and Oreg et Al. [32] and consists
of a quasi one-dimensional semiconducting wire with strong spin-orbit interactions in
proximity to a normal s-wave superconductor and with an applied magnetic field. Due
to the simplicity of the system and the fact that such a system could be experimentally
realizable with the current technology, sparked a big rush to study its properties and
how the system could be improved.

In this chapter I will describe the system and show how Majorana fermions can
appear and under which requirements. As we saw from the Kitaev model in Sec.
what we need in order to have unpaired Majoranas in a 1-dimensional wire is that of
spinless electrons and superconductivity, which since the electrons are spinless must be
of the p-wave type. However, this is not easily obtained in solid state systems: Electrons
are natural spin—% particles and in the absence of a magnetic field, the energy levels
are degenerate. Trying to remove this degeneracy by e.g. applying a magnetic field or
placing the superconductor in proximity to a magnetic insulator, one risks destroying the
delicate supercondutivity. Instead one can follow another route which seeks to create and
effective p-wave pairing by using a semiconducting wire with strong spin-orbit interaction
and contacting it with a regular s-wave superconductor, such that the semicoductor will
feel an effective pairing interaction through the so-called proximity effect. One then still
has to split the spin-degeneracy by for example applying a magnetic field which could
have the effect of destroying superconductivity, but in some semiconductors the electron
can have an effective Landé g-factor which is many times bigger than that of the free
electron, g =~ 2, so that a relative small field can be used.

In the following I will first describe how one in general can deal with superconducting
systems together with some of their features and secondly I will briefly review spin-orbit
interactions and how they appear in solid state systems. With this covered we are then
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ready to study the specific model and show how it can realize Majorana fermions.

3.1 General properties of superconducting systems

Superconductivity is the phenomenon of exactly zero electrical resistance of a material
when it is cooled to a temperature below a certain value called the critical temperature.
For conventional superconductors this phase transition was first explained by Bardeen,
Cooper and Schrieffer as a result of an effective attractive interaction between the oth-
erwise mutual repulsive electrons. They showed that the attractive interaction leads to
a ground state in which all electrons are paired together in so-called Cooper-pairs, that
are then free to move without any apparent friction. In the BCS-theory the effective
attractive interaction of the electrons was explained as a result of the electrons interac-
tion with phononic vibrations of the positively charged atomic lattice. However for the
unconventional superconductors like e.g. the cuprates the microscopic origin of attrac-
tive interaction is still an unsolved puzzle. In the following a general way of describing a
superconducting system without regard to the microscopic origin will be shown, we will
simply assume an attractive interaction between the electrons.

The origin of the BCS theory came from Coopers observation that if two electrons
are added on top of a filled Fermi sea which they do only interact with through Pauli
exclusion, then if they are subject to a net attractive interaction they pair up to form
a bound state. In effect the attractive interaction renders the Fermi sea unstable and
it “condenses” into a ground state in which all electrons are paired. In the case of s-
wave superconductivity, each electron is paired with its time-reversed counterpart, and
in a mean-field description where the total particle number is not exactly conserved, the
many-body ground state is the celebrated BCS-groundstate given by [0]

Wpes) = [ (uk + vieefrel i) (3.1)
K

We see that the ground state consists of a superposition of states, each always containing
an equal number of pairs CLTCT_k .- The coefficients ux and vi are determined either by
substituting the state into the Schrédinger equation and minimizing the energy or by a
method that will be described below.

Conventional superconductors are metals for which the Couloumb interactions are
effectively screened so a model that can be used to describe both the ground state and
the excitations does in the simplest case only need to take the attractive interaction
responsible for the pairing into account. A general Hamiltonian for such a simple model

with s-wave pairing is

H = Z gkCLngU — Z ka’clT(Tchkf—k%Ck’% (32)
ko kk’

where & = e — p is the single electron energy measured from the chemical potential.
We expect the ground state of the model to be the BCS groundstate which consist of
a superposition of occupied or unoccupied pair states. This leads us to the observation

22



3.1. GENERAL PROPERTIES OF SUPERCONDUCTING SYSTEMS

that the expectation value of the pair annihilation and creation operators, (cx|ckt) and
<CI(TCL 1)» is nonzero, contrary to the normal metallic case. The Hamiltonian is then
typically simplified by a mean-field approximation in which the pair-creation operator
is written as its expectation value plus fluctuations

CLTCT_M = <CLTCT—k¢> + . (3.3)

Assuming the fluctuations to be small we can then insert this expression in the Hamil-
tonian (3.2]) and neglect terms bilinear in i to get

H = Z €kCLO_CkU + Z ka/ (CIT(TCT—k¢<C*k/~LCk/T>
ko kk’ (34)

+ (eloycl i e esair + (elge ) (e aor) ) -

The last term in this expression is constant and can effectively be included in the chemical
potential, which has to be calculated self-consistently anyway. Now introducing the
superconducting order parameter

Ag = —> Viae{c—x cxr) (3.5)
k/

we finally reach the BCS mean-field Hamiltonian given by

Hpcsmr = ZﬁkCLUCka - Z (AkCLTCT_M + AﬂkaWkﬁ) . (3.6)
ko k

This Hamiltonian is quadratic in the electron annihilation and creation operators and
it is therefore exactly solvable. The downside is that it no longer conserves the par-
ticle number due to the existence of terms that add or remove particle pairs like the
operator CLTC]:k x This however, means that the particle parity, i.e. the whether the
particle number is even or odd, is a still a conserved quantity. Also the mean field pa-
rameter now included in the superconducting order parameter Ay has to be determined
self-consistently so that is actually satisfies Eq. . The Hamiltonian (3.6) can be
diagonalized by a linear transformation, the so-called Bogoliubov transformation, given
by

Ckt = UROK1 + V2 (3.7)
C_k| = —VROK1 + UKk,

where the coefficients uy and vy are the same coefficients as those that appear in the BCS
groundstate in Eq. (3.1). The coefficients satisfy |uy|? + |vk|? = 1 and the newly intro-
duced operators g thus preserve the canonical anticommutation relations for fermions,

g, Oy b = OO and {axy, axrn} = 0. Rewritten in terms of the quasi-particles
F v} = Giaedry and 0. Rewritten in t f th i-particl
the Hamiltonian ([3.6)) then takes the canonical form

H = Z Ekoz;[dak)\ + Ey (3.8)
kA

23



CHAPTER 3. MAJORANA BOUND STATES IN SEMICONDUCTOR
NANOWIRES

where FEy is the BCS groundstate energy, which is lower than the ground state energy
of the normal state, Ep, = pN. The quasi-particles described by the axy in (3.8)
correspond to the excitations of the superconductor and their energies are

= V& + AP (3.9

where we see that they are separated from the groundstate by an energy gap given by
Ag.

3.1.1 Bogoliubov method for non-homogeneous superconductors

In general one would like to study superconductors with localized impurities, spacially
varying potentials or interfaces between a superconductor and another material. In such
cases the homogeneous BCS Hamiltonian in Eq. will not suffice. Instead we can
introduce a real-space equivalent given by

H= Z/drqﬁ PHo oo (1)U (1) = [ e (AE)TL0)W] (1) + A ()W, (0)B10))

(3.10)
where Ho(r) is the usual single-particle Hamiltonian for the system including potentials
which can be magnetic of nature and therefore it carries spin-indices. The supercon-
ducting order parameter, A(r), is here a spatially varying scalar function, but for other
pairing types than s-wave it will in general be an operator. The Hamiltonian can
be treated by introducing a generalization of the Bogoliubov transformation (3.7) given
by

U,(r) = Z (un/\’g(r)an)\ + UZ)\J(I')QL/\) , (3.11)
n\
where the quasi-particle annihilation and creation operators should satisfy the canonical
anti-commutation relations for fermions and A can be thought of as a pseodo-spin index.
The eigenfunctions u,y(r) and v,)(r) are determined such that the Hamiltonian ([3.10)
becomes diagonal in the quasi-particle operators. When doing so it turns out that the
eigenfunctions has to satisfy the coupled Bogoliubov-de Gennes equations [42]

Z [/HO,UO’(I')UU’(I') + A(r)(UZ)UU’UU’(r)] = Eu,(r)

o./

> [~ Hb 01 (1001 (1) + A (1) (02) 0071100 (1) = Evg (x).

o—/

(3.12)

One can consider these as the superconducting equivalents of the single particle Schréodinger
equation of the normal state. If we let A(r) = 0 then we see that these equations reduces
to

Z Ho oo (T)Ugr (1) = Eug(r) (3.13)

ZHS,U a(r)va ( ) = —E’UU(I'), (314)

24



3.1. GENERAL PROPERTIES OF SUPERCONDUCTING SYSTEMS

from which we observe that u(r) is a single electron wavefunction satisfying the normal
state Schrodinger equation. v(r) on the other hand appears to be the eigenfunction
for a hole, which are characterised by being the time-reversed counterparts of electrons
having negative energy. One can see this from the fact that the Hamiltonian depend on
time through the momentum operator p = —¢AV. Thus one can represent time-reversal
by complex conjugation if one at the same time flips the spin indices since angular
momentum changes sign under time reversal. The Hamiltonian for holes is therefore
seen to be that on the left hand side of Eq. .

It often convenient to deal with both the electron and hole eigenfunctions by intro-
ducing so-called Nambu spinors given by

)
U(r) = Wﬁ;. (3.15)

The minus on the last component is chosen by so that the Hamiltonian may be written in
a special form and has therefore no physical significance and others may use a different
convention. In terms of ¥(r) the Bogoliubov-de Gennes equations can be written
compactly as

Hpyc(r)¥(r) = EY(r) (3.16)

where the so-called Bogoliubov-de Gennes Hamiltonian is given by

et = (5,30,

where 1 is the unit matrix in spin space. Here —o, H(r)o, corresponds to the negative
energy time-reversed Hamiltonian for holes. By introducing 4 x 4 Nambu Pauli matrices
acting in particle-hole space 7; = 6; ® 1 and in spin space o; = 1 ® G;, where &; are the
usual 2 x 2 Pauli matrices, we can typically write the BAG Hamiltonian very compactly.
Since the BdG Hamiltonian is 4 x 4 and a normal state Hamiltonian is only 2 x 2, it
is clear that the Bogoliubov-de Gennes equations Eq. will lead to twice as many
eigenstates. However, the real number of independent solutions is in fact not changed,
since half of the eigenstates are related to the other half by particle-hole symmetry. The
particle-hole transformation can be performed by the operator

0 00 —1
0 01 0

P=nok=|0 1 0 o |5 (3.18)
~100 0

where K is the complex conjugation operator. When particle-hole transforming the BdG
Hamiltonian we see that

PHpa(r)P! = —Hpqc. (3.19)
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Thus when acting on the BdG equations Eq. (3.12)) we see that
PHpag¥(r) = PHpag(r)PTPW = —HpagP¥(r) = EP¥(r), (3.20)

which states that if U(r) is a solution to the BAG equations with energy E, then another
solution is given by PV (r) with energy —FE.

3.2 Spin-orbit interaction in solid state systems

One of the typical ingredients necessary for Majorana modes is that the system has some
sort of spin-polarizing mechanism. This can be achieved in two ways, either through the
use of some ferromagnetic properties of the medium or by a spin-orbit interaction which
couples the spin of the electrons in the medium to its momentum p. Here I will give a
brief explanation of how this last phenomenon comes about.

Spin-orbit interaction is a relativistic effect that is due to the fact that if the particle
is moving in an electric field, in its own inertial frame it will effectively see both an
electric field and a magnetic field and if the particle has spin it will interact with this
field.

To see this lets consider an electron moving with velocity p in a constant electric field
E and magnetic field B. If we make a Lorentz-transformation to the reference frame
that moves with the electron we will have to transform the electric and magnetic fields
accordingly. For small velocities v < ¢ one can show [I4] that the fields transforms as

E—-E =E+vxB
1

BB =B- 5vxE, (3.21)
C

If no magnetic field is applied we thus see that the electron will still see a local magnetic
field, AB = c%v x E, perpendicular to its motion and the electric field. This magnetic
field will interact with the magnetic moment of the electron giving rise to a splitting in
energy. For a free electron moving in an electric field we can include this energy in the
Hamiltonian by a term

AHso = —p- AB = £EBs (v x B), (3.22)
c
where S is the spin operator. For normal two-component spinors we have S = %0' with
o = (04,0y,0,) being the vector of Pauli matrices. Using that the velocity is v = %p
we may thus write

f o-(pxE) (3.23)

g
A0 =5 2

from which we see that the energy is proportional to both the momentum of the electrons

and the electric field. From just looking at the prefactors we see that the size of the
splitting is extremely small if not the electron velocity is high and strength of the applied
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electric field is huge. As an example we can take the velocity for an electron to the Fermi
velocity of a metal, which typically is in the order of 10 x 10° m/s and assume that the
electric field is ~ 10 x 10 V/m which is close to the electric break down of air and with
these values the spin-orbit splitting is AFEg, ~ 10 x 1077 eV, which is hardly measurable
by any method.

In semiconductors the electron velocities are usually not considered in the range
where relativistic effects needs to be taken into account, sizeable spin-orbit effects can
still occur even without any applied electric fields. The reason for this is first that the
g-factor for electrons is replaced by the effective Landé g-factor for the material, which
can be many times larger than g5 and secondly because the electrons move in the strong
potentials from the atomic lattice. However the electrons will only feel a net electric
field if the potential does not have inversion symmetry along all axes. Systems with
spin orbit interaction can generally be classified in the two ways the effect originates
from: Bulk Inversion Asymmetry (BIA) or Structural Inversion Asymmetry (SIA). As
the name implies, the crystal lattice for materials having bulk inversion asymmetry does
not have a center of inversion. In Fig. are shown the unit cells of the zinc-blende
lattice structure (eg. GaAs, InAs and InSb) and the wurtzite lattice structure (eg.
GaN) which both have bulk inversion asymmetry. As seen the lattice structure is quite

(a) The unit cell of the zinc-blende (b) The unit cell of the wurtzite lat-
lattice structure. tice structure.

Figure 3.1: Unit cells of lattice structures with Bulk Inversion Asymmetry.

complex and the effective electric field that the electrons experience is not constant as
in the simple picture given above. To calculate the spin-orbit interaction contribution
to the Hamiltonian one has to take the full lattice and its band structure into account,
which was first done for the zinc-blende structure by Dresselhaus [§]. While in three
dimensions the spin-orbit coupling is quite complicated, then if a material with BIA is
strogly confined in two dimensions the the most dominant contribution to the spin-orbit
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coupling is given by the Dresselhaus term [47]
HDresselhausQD = 5<kz>(0yky - Uzkx)a (3'24)

where we have chosen the z-axis perpendicular to the plane and 3 is a material dependent
parameter.

Besides materials with intrinsic spin-orbit interactions due to bulk properties one can
also engineer systems that will exhibit spin-orbit interaction by some means construct-
ing an asymmetric confining potential, which is why we call this Structural Inversion
Asymmetry. This can be done by actually applying an electric field, though the required
strength of this field for obtaining any measurable changes need to be huge as shown
above, or by making heterostructures of different materials. When two semiconductors
with different conduction band and valence band edges contact, the bands will bend near
the interface resulting in a potential gradient which can be quite strong. The effect is
however restricted to the electrons close to the interface but in two dimensional electron
gases like those realized in quantum wells the effect is well studied.

In these cases the potential gradient will always be in the direction of the asymmetry,
i.e. perpendicular to the plane or interface, and thus the spin-orbit interaction can be
included in the Hamiltonian by the so-called Rashba term

HRashba = QO - (p X ﬁ), (325)

where « is a parameter of the material or structure called the Rashba parameter and i
is the unit vector in the direction of the inversion asymmetry. It is clear that the effect
of Rashba spin-orbit coupling is a momentum dependent splitting of the spin-levels. In
a simple model of a free two-dimensional electron gas with Rashba spin orbit coupling
the total Hamiltonian is

H = ¢ — a(pz0y — pyoz), (3.26)
2 2

where g, = kz;nky is the normal dispersion for free electrons. The Schrédinger equation

for the Hamiltonian (3.26)) can easily be solved and yields the energies
Ei =¢p £ ak, (3.27)
where we have written the momentum vector in polar coordinates, k, = kcosf and

ky = ksin6. The corresponding eigenstates are

k,+) = D) +ie”| 1), k=) =ie 1) +]]), (3.28)

where | 1) and | |) are the two spin eigenstates in the z-direction. It is informative to
calculate the expectation value of the in-plane spin direction of the two states
(S)1 = (k, +/(02, 3y [k, +) = (sin 0, cos ) (3.29)
(S)_ = (k,—|(0g,0y)|k, =) = —(sin b, cos ), (3.30)
and we see that the spin of electrons in the two states are always parallel and point
perpendicular to the momentum, as illustrated in Fig. If one then applies a magnetic

field perpendicular to the effective spin-orbit field one will further split the bands, and
if only the lowest band i occupied, the electrons are effectively spin-polarized.
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A4 gk

ks /ko

Figure 3.2: Spectrum for free electron with spin-orbit coupling moving in the plane. The arrows
point in the expectation value of the spin direction. The spectrum is shown in dimensionless
units in terms of the characteristic wave number kg = 2ma/h? and energy Ey = 2ma?/h?.

3.3 Model of the system

The system that we are going to investigate is that of a semiconducting nanowire placed
in contact with a superconductor. The wire and the superconductor are separated by
an insulating barrier, eg. a thin oxide layer, but allow for electron tunnelling between
the two materials which we hope will induce an effective superconducting gap in the
wire, called the proximity effect. The size of the nanowire (they are typically rods width
a diameter of 50nm and a length of a few microns) will typically allow us to treat it
as a quasi-1D system. We also assume that the interface between the nanowire and
the substrate it is placed on will cause a sizeable Rashba spin-orbit coupling in the
wire which we furthermore take as constant troughout the wire due to its small extend
perpendicular to the surface. Lastly we will also need to consider the application of an
external magnetic field.

B
z _—
Y
1/ \ Nanowire ﬁ
x
U SPE LT

Figure 3.3: Sketch of the system considered. A semiconductor nanowire is placed on top of a
conventional s-wave superconductor and a magnetic field is applied along the wire

The system so described can be modelled by the Hamiltonian
H = Hy + Hy. + Hy_qc, (3.31)

where Hy, is the Hamiltonian of the wire, Hg. is the Hamiltonian of the superconductor
and Hy s is the Hamiltonian decribing the tunnelling of electrons between the wire and
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the superconductor. If we take the wire to lie along the x-direction and the effective spin-
orbit electric field to point in the z-direction and disregard interactions the Hamiltonian

of the wire can be written
2
p
- Mw — U 600’
<2m;*v I (r)>

Z/d?’r \I/T
+ QO 5q! * (P X 2) + Ogg! * Vzm] \Ilw,a’(r)7

(3.32)

where m™* is the effective mass of the nano-wire, u is the chemical potential, « is the
Rasba parameter and U(r) is an electric potential either applied or due to deformations
or charged impurities. The last term is the Zeeman potential due to the applied magnetic
field and takes the value

giB

where g is the effective Landé g-factor. We take the superconductor to be a conventional
s-wave superconductor, eg. a slab of metal cooled below its critical temperature, which
can be described within the effective BCS mean-field approximation, as considered in
Sect. We can thus decribe the superconductor by the Hamiltonian

Hy = Z / dsr \I’lc g' <27I:j* - ﬂsc) \I’sc,a(r)
/ Pr (AL (0P, (1) + A7 (0 Vo (1) Wi (1)

(3.34)

where pg. is the chemical potential and A(r) is the superconducting order parameter.
The tunnel Hamiltonian may be written

Huose = 3 [ @ (H0)Wh o () 0o () + 0 (W (Do (6)) . (3:35)

where the tunnel couplings are formally given by ¢(r) = 9, (r) H (r)¢)sc(r), with H being
the single particle Hamiltonian of the combined system including the barrier and )y (r)
and 1y (r) being the single particle wavefunctions of the two uncoupled systems. We
will not calculate the tunnel couplings from first principles but instead use reasonable
estimates.

3.4 Effective low-energy 1d model

The model Hamiltonian in is quite hard to work with due to the fact that it
describes two different and coupled systems. However in the case of an homogenous
superconductor A(r) = Ay it is possible to “integrate out” the superconductor degrees
of freedom and create a low energy effective Hamiltonian for the wire, which does not
include the superconductor but where the wire is by itself superconducting [40]. We
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say that the superconductor induces superconductivity in the wire - this mechanism is
called the superconducting proximity effect. In the case where the wire is effectively
one-dimensional the effective Hamiltonian takes an especially simple form [39]

Heff - ZHW + Hind,sm (336>

where Z is a renormalization factor that rescales the energy and Hiqs. is the Hamil-
tonian decribing the induced superconductivity. The renormalization factor is given

by
.

Z=—"1_

1+/A¢

where 7 is the effective coupling between the wire and superconductor and is proportional
to ¢t? and has the unit of energy. The term for the induced superconductivity is

(3.37)

Hingse = = [ do (AU @)W} (@) + A", (2) 1 (x) (3.38)

Here A is the effective superconducting order parameter, which is related to the order
parameter of the bulk superconductor, Ag by

7Aq

A:
v+ Ay

(3.39)

and we see that for v — oo the induced gap approaches Ag. The Hamiltonian
is quite accurate in reproducing the spectrum of the full model Eq. for energies
lower than gap of the superconductor [39] which is sufficient for our purpose, namely
showing that the system has Majorana bound states.

We now consider the case of a clean wire where the coupling to the superconductor
is considered weak so that the renormalization constant is Z ~ 1. If we take the Zeeman
field to be in the x-direction (along the wire) and for simplicity chose A to be real, the
Hamiltonian can be written

H:/dx{zxp;(x)l

oo’

h2
Y 0% — p+ i (0y)0orOr + V(02) 00! | Uor ()

+ AW ()] (@) + A\Iu(x)‘l%(x)}’

where o, = ha. The corresponding single particle Bogoliubov-de Gennes Hamiltonian in
the Nambu basis ¥(z) = (uq(z), v (z), v (x), —v)(x)) as introduced in Sect. can

be written

20— ad+V A 0
—ad, +V L9 I 0 A
Hpag = * 2m= O 3.40
BdG A 0 — 272* P4+ —ad,+V ( )
0 A ady +V =2 4y
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or written in terms of Pauli matrices in spin space, 0, . and in particle/hole-space,

Tﬁ,y,27
R .
Hpge = S 0y — p+itapoyOy | . + Vo, + A1y, (3.41)
The Hamiltonian (3.41]) can be put in a convenient dimensionless form
- 1 , - -
Hpge = [(28§ — i+ wyaj) .+ Vo, + ATI} , (3.42)
* 2
where parameters with a tilde have been rescaled by the characteristic energy F, = %
and lengths are measured in units of the characteristic length [, = m’z—zh Following the

procedure introduced in Sect. the Hamiltonian (3.40)) can be put in a diagonal
form by introducing Bogoliubov quasiparticle operators

an = / daftn, ()1 (@) + thny (2), (2) + Vo, V] (@) + 03 ()81 ()] (3.43)

where up o (), vno(z) are solutions to the BAG equations Hpqg¥(z) = EW¥(x) that
satisfies the boundary conditions of the problem. The BdG equations are a set of four
coupled linear second order differential equations which in theory should allow for exact
solutions. The form of the general solutions is however not very enlightening because it
depends very much on the involved parameters. Instead we will consider the system in
some special cases or solve it numerically.

First we are going to study the spectrum of the bulk states, which we can approximate
by that of a similar but translationally invariant system. In this case we can take the
solutions to the BdG equation to have the form ¥(x) = e (us,uy, vy, —v;) and the
BdG Hamiltonian reduces to

Hpac = (§k — arkoy) 72 + Vo + ATy, (3.44)

where &, = giy’fj — p. The solutions to the BAG equations HpggV(z) = EV(x) have
energies =F, where the solutions with —F are related to the solutions with +FE by
particle-hole symmetry, as discussed in Sect. The energy spectrum can be found

exactly and is given by

E2 =+l + V24 A%+ 2\/A2V2 + a2k2e? + V22, (3.45)

where ¢, = ;’i’ff and the two branches 4+ and — are due to spin-splitting. In Fig.
several examples of the spectrum for various values of the parameters are shown. As we
expect, the spectrum is non-gapped when A = 0. Even though the Zeeman field can
open up a gap at k = 0, the spectrum goes to zero for other momenta. When turning
on superconductivity A # 0 we see that the spectrum acquires an overall non-zero gap,
which is however not given by the same value as the induced SC order parameter. From

the lower branch of (3.45)) we see that the gap at kK =0 is

Ey=FE(k=0)= \/;ﬂ FV2 4 A2 -2 VA2 4 V22 = [V — /A2 4 2| (3.46)
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3 3
mts 2 8 qud 20 -
~ ~
S . N1 |
| | | | |
00 1 2 3 4 0O 1 2 3 4
k/kq k/kq,
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Figure 3.4: Energy spectrum for the bulk Bogoliubov quasiparticle excitations in the 1d nanowire
as given by Eq. . The blue lines are E; and the red lines are £_. The energy and all
parameters are given in units of F, = 2’23’*‘ and the momentum is given in units of k, = 7.
(a) Excitation energy for an electron in the non-supercondting wire without Zeeman field. (b)
Without Zeeman field, superconductivity open an overall gap of size A. With superconductivity,
the excitations are a combination of electrons and holes. (c¢) An applied Zeeman field leads to
a splitting at &k = 0 and the gap diminishes here. (d) At a certain value of the Zeeman field
the gap closes completely. The closing of the gap signalizes a topological phase transition. (e)
Increasing the Zeemand field above the critical value reopens the gap. In this regime the wire is
in a topological phase. (f) A finite chemical potential may close the gap and eventually destroy
the topological phase.
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which closes for V = /A2 — 2. We see that if C = V2 — A? + 42 > 0 the gap is
dominated by the value of V and for C' < 0 it is dominated by A. We will show later
that for C' < 0 the system is in a topological trivial phase, while for C' > 0 the wire is
in a topological phase characterized by a zero-energy Majorana bound state. Another
interesting thing worth noticing is that the second gap for finite £ in the topological
phase, C < 0, is lower than the k£ = 0 gap for large Zeeman fields and increasing Zeeman
field value decreases the gap, see Fig. This fact restricts the parameter regime
in which Majorana bound states in nanowires are feasible for quantum computation
purposes, since the coherence time of a Majorana qubit depends on the gap between
the Majorana states and the bulk states. Increasing the Zeemand field increases the
gap at k = 0 but descreases the gap at finite k, so to ensure the greatest topological
protection of the Majorana fermions, one have to adjust the parameters to a “sweet spot”
[26]. In order to find the parameter regime that best protects the Majorana qubit, we
have calculated the minimum gap as a function of the Zeeman field for various realistic
parameters and the results are shown in [3.6] In the calculation we have included the
effective coupling to the superconductor, v, as it determines the induced gap. From Fig.
[3:6] we however see that the minimum gap in the topological phase, i.e. for V' > Vijitical,
is not proportional to the induced gap. The SC coupling and thus the induced gap
does have some influence on the gap in the topological phase, but the most important
controlling parameter seems to be the Rashba spin-orbit coupling - a strong spin-orbit
coupling is essential for the protection of the Majorna qubit.

k/keo Vom [meV]

Figure 3.5: Quasiparticle excitation spectrum  Figure 3.6: The minimum gap as a function of
for A = %, V= % and i = 0. The wireisinthe  Zeeman field plottet for different SC couplings
topological phase but the size of the Zeeman 7. The solid lines is for a Rashba parameter of
field has caused the gap in the “wing” to be  a, = 0.1eV A and the dashed lines are for o, =
smaller than both the gap at k = 0 and the  0.2eV A. The curves have been calculated for
induced superconducting gap A. a wire with electron mass m = 0.015m, and a
superconductor with A = 2meV.
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3.4.1 Reduction of model to Kitaev chain

In previous section we studied the spectrum of the bulk quasiparticle excitations for the
Hamiltonian of the effective 1d wire model and saw how the Zeeman field at a certain
critical value causes the energy gap to exactly close and we argued that this signifies a
topological phase transition. So far our arguments have been completely without proof,
we have not yet shown that in the two regions V < Vi3t and V' > V;j; the wire is in two
different phases with different topology characterised by the existince or non-existence of
a Majorana bound state. We will now make that up by showing that in the low-energy
regime, the model described by the Hamiltonian can be mapped to the Kitaev
model. We now consider the Hamiltonian without superconductivity, which in
terms of the momentum operator p = —ihd, reads

p2
- apay> Ty + ATy, (3.47)

Hpac = <2m

Since we take the wire to be homogenous, we can consider p as a c-number and proceed
to diagonalize the Hamiltonian in the usual way. The positive energy solutions are given

by
2

_r 2,2 2
By=g— —p+fa?p? + V2, (3.48)

with the corresponding Nambu eigenspinors

1 . 1 .
\IJJr = 5(6107 17070)7 v_ = ﬁ(_éﬂ’ 170a0)7 (349)

where the angle 6 is given by the relations \/a?p? + V2 cos = V and \/a?p? + V2sinf =
ap. The negative energy solutions are determined from electron-hole symmetry, ie.
¥ = —71,0,¥* and are thus

- 1 . _ 1 .
T, = ﬁ(o,o, —e 1), U_= E(O,O,e_‘(’, 1). (3.50)

The unitary transformation that diagonalizes the Hamiltonian is given by

ei9/2 _619/2 0 0
1 e—i9/2 e—19/2 0 0
U= E 0 0 6—19/2 _e—i9/2 (351)
0 0 619/2 ei9/2

so that Hy = UAUT, where A = diag(E,,E_,—E_,—E,). Transforming the total
Hamiltonian including the superconducting pairing term to the eigenbasis of Hy we have

EL 0 Acosf iAsinf
- 0 E_ iAsind Acosf
_ 77t _
H=UHU = Acosf —iAsinf —FE_ 0 (3.52)
—iAsind Acosf 0 —-E,
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If we assume the Zeeman field to be strong we may ignore the E, branch and only study
the low-energy physics by projecting the Hamiltonian on the E_ branch, which yields

= E_ ising\ p? [ 5 o 2 ap
H ~ <_181n0 _E_> - <2m* —H = a“p + V Ty — A ,7@2192 T V27—y- (353)

If we furthermore make a low momentum expansion taking ¥ < 1 we end up with

2
p ap
H =~ P v [N 54
<2m* i V>7' v (3.54)

which has the corresponding many-body Hamiltonian

2 A A
H = / devi(z) (2~ ) w(w)+ / da [aw<x)pqﬂ(g;)+o‘m(x)pq/(m) . (3.55)
2m* V V
where V' has been included in the chemical potential. We see that this Hamiltonian
exactly maps to the Hamiltonian of the Kitaev model, Eq. (2.18), and we do therefore

expect it to lead to a Majorana bound state.

3.5 Analytical Majorana Bound States

We have in the previous sections investigated the bulk spectrum of the SM-SC wire
and shown that the model in the small momentum approximation reduces to the Kitaev
model. However while we have gotten hints that this system can host a topological phase
with a pair of Majorana fermions, we still lack to show that this is actually true for a
general region in parameter space. We are now going to fill out this gap by explicitly
solving the single particle Hamiltonian given by Eq. in the case of a semi-infinite
wire.

The BdG equations corresponding to the Hamiltonian is a system of four cou-
pled second order linear differential equations which in theory can be solved analytically
by decoupling the equations. This can be done by writing the equations in matrix form

0,v = Mv, (3.56)

where v = (¥(z), 0, ¥(x))T is a vector containing the Nambu spinor and its first deriva-
tive and M is an 8 x 8 matrix consisting of the coefficients in the differential equations. If
we let A be the matrix of eigenvalues of M and U the corresponding matrix of eigenvec-
tors so that M = UAU™! we can rewrite the differential equations in a decoupled
way by introducing u = Uv as

O,u = Au. (3.57)

The solutions to this equation are of the form u = (cle’\l(E)x, coet2(B)r ,cseAB(E)x)

where \;(E),i = 1,2,...,8 are the eigenvalues of M which in general depend on the
energy E. The solutions to the original BAG equation, Eq. (3.56) is then found from

I
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the relation v = U~'u and we thus see that in general the Nambu spinor components
of a solution takes the form

Up(z) = Y ci(U™)ipeti B, (3.58)
=1

where the 8 coefficients and the energy has to be determined from the boundary condi-
tions and normalization. So it is indeed possible to solve the system analytically and find
all the eigenstates and their energies. Unfortunately, in the general case the algebraic
equations for the eigenvalues and -vectors are so big and complicated that they cannot
be used for investigating if and when the system has Majorana solutions an how these
solutions then might look. Due to the form and symmetries of the BAG Hamiltonian
we can rewrite the equations in a way (following Refs. 37 and 25)) that allow us
to see that the system can have Majorana bound states localized at the wire ends.

In the following we will consider an infinitely long wire, and if it supports a Majorana
bound state, we expect it to have exactly zero energy E = 0 and that its wavefunctions
are localized at the ends of the wire. From the general argument of particle-hole sym-
metry we know that if ¥ is a solution with energy F = 0, then ¥_ = 7,0,V is also
a solution with zero energy, E_ = 0. Furthermore we note that the Hamiltonian (|3.41))
is reaﬂ and therefore ¥ and ¥* are also solutions. But we only expect E = 0 to be
once degenerate, so these two solutions cannot be linearly independent from the other
two. In general we may therefore write

V) =al, + bW (3.59)
U = (10,05 )" = 7,0, = W + dU_. (3.60)

Inserting the above expression for ¥% in the the expression for ¥_ we find

V_ =710, =7y0,(aVy +0¥_) & (3.61)
U_ = (1-bryo,) tar,o, 0, = %bz(Tyay —b)V,. (3.62)
Inserting in the expression for ¥* in we get
Tyoy Uy =V + %(Tyoy —-b)¥,, (3.63)
which by rearranging gives the relation
Tyoy Vi = W\LF =AU, (3.64)

where A is a scalar constant. Acting from the left with 7,0, we have

(1y0,)2 V4 = N(1y0,) ¥4 = N2, (3.65)

! As long as the Zeeman field and the effective Rashba spin-orbit field are orthogonal we can always
rotate the coordinate system to make the Hamiltonian real.
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which, since (7y0,)? = 1, constrains A to take the values 1. This means that instead
of solving the system for the original Nambu spinor, we can solve for the two Nambu
spinors satifying the relation Eq. with A = £1, ie. where v,(z) = Aug(x). In
essence, the solution for each A value correpond to the Majorana wavefunctions of the
full fermion solution. To see this we note that the general Nambu spinor solution takes
the form
up 1 () + up, - (z)
() = u¢,+(x) + ui,—(x) ’ (3.66)
up, () —uy,—(z)
—up () + up, - (2)
where the index + denotes the solution for A = =4 respectively. The corresponding
quasiparticle operator is then

& = /dw {4 (@) + w04 (@) + [y 4 (@) + vy )0y (2)

] ] (3.67)
oy 4 (2) = uy, 8 (@) + Jup 4 (2) = ur ]0L(2) } -

This can be written as & = 44 + i9_, where the Majorana operators are given by

Ay = s(a+al)

— i [ do (w2 B (2) + g - () By (0) = ) - (@) B 0) — w1 (@) B @), (3.69)

where it can easily be verified that 'Ayl = 44. Thus if the system has a Majorana bound
state we expect to find zero energy solutions for which u, + is located at each end of the
wire.

Instead of solving the BAG equations for the full system we may now instead solve
for the A = + parts separately. In the dimensionless form the BdG equations for one of
the Nambu spinors then take the form

S A T -
HVY(z) = xA ’ 8 10240 —0;+V Auzji(x:z)
0 A O +V L2+ p) \— ()
(502 — ) us(@) + (05 + Va)uy (2) + MAuy(2)
_ | G- u@) + o+ Tw@ - Aw@ |
A (302 + ) uy (8) = =05 + Va)ur (&) + Auy ()
X (502 + 1) i (7) + MOs + Vi )uy (2) + Auy (7)
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From this we see that we may reduce the equation involving the 4 x 4 BAG Hamiltonian
to an equivalent equation, involving only a 2 x 2 matrix, given by

192 -~ v A .
—507 — [ Oz + Vi + AA\ [ur(2)
2 z - T z T = O 3.71
(—@e +Vo-MA Lo ) (uuf) ’ (3.71)
We note that we may write Eq. (3.71)) as two coupled 2nd order differential equations
given by

W + 2w — 2u) — 2(V 4+ MA)uy =0 (3.72)
u] + 2fiuy + 2uh — 2(V — AMA)uy = 0. (3.73)
To decouple the equations we now differentiate Eq. (3.72)) twice to find
W' + 2 — 2u]’ — (V + AA)u| = 0, (3.74)
which now depends on the second and third derivative of u (Z). An expression for the
second derivative is found from Eq. (3.73)), which implies

u) = 2V — AA)uy — 2uh — 2fiuy, (3.75)
and by differentiating we also have

"
u

D= 2(V — AA)U/T — 2uf — 2.

(3.76)
Inserting these expressions in Eq. we have
0 =/ + 27 — 2 [2(V = MA)uh — 2 — 2fiat}) |
= 2(V, + A4 [2(V, = MA)uy — 2u} — 2y ()] (3.77)
="+ 2(fi + 2)uf — SAAU'T —4(V? = AMuy + Afiful, + (Vo + AA)uy).

From Eq. (3.72) we have u| + (V 4+ M)u, = %u%’ + fiuy which when inserted in Eq.
(3.77) totally decouples the differential equations, yielding a homogeneous 4th order
linear differential equation for u4(Z) given by

0 =uf" +4(ji + D)uf + 8 AU} + 4[3? + A? — Vuy. (3.78)
A equation of the exact same form is valid for u|(Z). In general this has solutions of the
form u(#) = Ae*® and the corresponding characteristic equation for z is

A4 AE+a41)22+8 Az 44C) =0,

(3.79)
where Cy = fi2 + A2 — V2. A general full solution to Eq. (3.78) takes the form
u(Z) = 16T 4 ¢9e72% 4 377 4 017, (3.80)
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where z,, n = 1,2,3,4 are the roots of the characteristic polynomial and ¢, are coeffi-
cients to be found by matching boundary conditions and by requiring the solutions to
be normalized. We note that by writing the characteristic polynomial as an expansion
in its roots,

P(z) = 22 + 4(i 4+ 1)22 + 8AAz 4 4C)
=(z—21)(z—22)(2 — 23)(2 — 24)

=z - (21 + 22+ 23+ 24)23 + (2122 + 2123 + 2124 + 2223 + 2224 + 2324)2;2

(3.81)
— (212223 + 222324 + 212324) % + 21222324,
the roots are seen to satisfy the relations given by
4 4
H zn, = 4C) and Z zn, = 0. (3.82)
n=1 n=1

These relations allow us to make some general remarks on the existence of Majorana
modes. In the case Cy > 0 and all z, are real the relations implies that two of
the roots will be < 0 while the other two must be > 0. If one of the roots is complex,
z1 = a + tb, then another solution is its complex conjugate, zo = a — ib and then from

the relations ([3.82)) we have
(a +1ib)(a — ib)z3z4 = (a® + b*) 2324 = 4Cy, (a+1ib) 4+ (a —ib) + z3 + z4 = 0, (3.83)
which combined gives a second order equation for the two remaining roots,

4Cy

2
-9 v
z az—|—a2 b2

(3.84)

having the solutions 234 = —a £ /a —4Cy/(a® + b?). In the case where Cp > 0 it
is guaranteed that |a| > |Rey/a — 4Cy/(a? + b?)|, so in general for the Cy case there
are always two solutions with Re(z) < 0 and two with Re(z) > 0, as shown in Fig.
From the form of the characteristic polynomium it is clear that the term with A
determines the position of the lowest point of the polynomium, so in the above analysis
we see that the value of A\ determines the sign of a, and the analysis thus holds for
both values of A\. Therefore in the Cy > 0 case there are two decaying and two growing
solutions for each value of A\. The solution for each A value corresponds to the Majorana
wavefunctions which should be localised at each end of the wire, and they should satisfy
the local boundary condition and are furthermore required to vanish inside the wire
and be normalized®l The vanishing into the wire forces two of the coefficients to be
zero and we are left with two coefficients to determine from boundary conditions and
normalization. However, Eq. states that the solutions for different spin are
connected, and this gives us two boundary conditions and only two coefficients to match,
which cannot be fulfilled if the solutions at the same time should be normalized. Thus
for Cy > 0 no zero-energy Majorana solutions exists.

2Since the left and right solutions do not overlap they can each be normalized separately.
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(a) Roots for Co >0 with p =0, A=1,V = 1. (b) Roots for Co < 0 with p =0, A=1,V =2.

Figure 3.7: Roots of the characteristic polynomium (3.79) for (a) Co = 3 > 0 with V = 1 and
(b) Cy = —3 < 0 with V = 2. In both cases we have used i = 0 and A = 1.

Repeating the analysis for the Cy < 0 case, we see that in this case we always have
three solutions with the same sign of Re(z), as seen in Fig. We therefore have
three coefficients to find and two constraints from boundary conditions and one from
normalization, which can always be satisfied. Zero-energy solutions which are localised
at the wire ends does therefore exist for Cy < 0. In Fig. [3.8|one of the spinor components
of the wavefunction of the left Majorana for specific set of parameters is shown. It is
seen that it is an oscillating function that decays ito the wire, with the frequency and
decay length set by the specific parameters. When considering a wire of finite length we
will have to relax the requirement of extact zero energy and in general the energy has to
be found from satisfying boundary conditions and requiring solutions to be normalized.

Figure 3.8: Plot of the Majorana wavefunction
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3.6 Numerical solutions

In previous section we outlined a method by which the spectrum and eigenfunctions of
the Bogoliubov-de Gennes equations for the wire in theory could be solved analytically,
but also noted that algebraic equations involved were practically useless. Solving the
system for a set of given parameters may be more duable, but it stills involves matching
boundary conditions and finding the energy from some probably very complicated rela-
tion for each eigenmode. While the acquired accuracy of the eigenfunctions and energies
are to the precision of the calculator one uses, this method is still quite tedious, and the
precision is rarely needed. To solve the BAG equations for its spctrum and eigenfunc-
tions we are instead going to put the system on a lattice by discretizing the Hamiltonian
thereby transforming the BdG equations to a set of linear equations that can be solved
effeciently on a computer. This method further has the advantage that we can leave the
simple picture of a strictly one-dimensional homogeneous wire and instead consider more
realistic systems with several subbands and inhomogenous potentials from e.g. disorder
and impurities.

To make the model suitable for numerical solution we discretize the quantum field
operators by a lattice constant a such that ¢(r) — ¢ with i = (i;,4y,7,) where 1 <
iz,y,> < Ngy,.. The dimensions of the wire are then given by L, . = a(Ngzy,> +1). By
this procedure we have for e.g. the z-direction

0 1
%1/’(1”) - %[ 16, — Ci—é,)
0? 1

520 (1) = —5leise, +cizs, — 2enl,
with 6; = (1,0,0). The Hamiltonian thus takes the tight-binding form
H =Hy + Hy + Hym + Heo (3.85)

with

HO = Z tichUCjU - MZCIUCiU
io

17J7U

e’
Hgo = 'L% Z {Ci—i—ciz,a (O-y)aa’cip — Citdy,0 (Ox)aa’ci,a’ + h.c.
i,0

Hzm = Z CI’U(V . U)UU’Ci,O'
i,oo’
He =Y |Asdl iy +h
sc lcl,Tclva .C.
i
We only consider nearest neighbor hopping, ¢;; = 2{p and an on-site contribution ;315 =
ﬁ. This model can easily be implemented numerically by projecting

the corresponding Bogoliubov-de Gennes Hamiltonian on the single-particle position
states. However with N, ~ 103, Ny ~ 102 and N, ~ 10 the Hilbert space will be of

—tg, where ty =
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size ~ 4 x 105 making a direct diagonalization computationally intensive. Instead we
will treat the spin-orbit interaction, Zeeman-field and superconductivity as pertubations
to the free Hamiltonian and project the full Hamiltonian on the low energy states of
Hy, which will contain the most relevant physics, thereby reducing the Hilbert space
drastically. Solving the eigenproblem of Hy is lucklily easily done and the eigenfunctions
are

TNy

. 2 .
Une(i) = ] N1 sin N, 1 X0 (3.86)

H=T,Y,2

where n = (ng,ny,n,), with 1 <n, < N,, and X, is an eigenvector of a Pauli matrix.
The corresponding eigenenergies are

o ™y L\
en = —2tp Z (COSN#—G—l 1> L (3.87)

H=T,Y,2

To include all the other parts of the Hamiltonian, they have to be rewritten in this basis.
By some math the matrix elements of the spin-orbit part is given by

1— (=1)n=tn Sin X gin e
<d}no”HSC|¢n/0"> = aén n’ ( ) - (iU oo’ et Nerl/ 5n n!
zTly ™ ™™ Yy
Ny +1 COS J — COS g
. : (3.88)

(wHy)},

where the (z <> y) term corresponds to the first term with x and y interchanged. The
electric and magnetic potential terms are

<wnU’Hel‘wn/a’> = Z in:w' (i)ﬂ)n’a’ (1) (3'89)
<1/}na|Hzm‘wn’o’> = ana(i){v(i) ’ U}aa’w;a(i) (390)

The numerical implementation has been carried out in MATLAB which was chosen
due to its accessible and effecient matrix tools. I will here sketch how the implementation
has been performed. We want to numerically investigate a one- or two-dimensional model
of the wire and thus the wave-functions are multidimensional scalar fields. In MATLAB
a scalar field can simply be represented as a vector with the index corresponding to
position. However for multidimensional fields we need to combine the dimensions so
that the position can be represented by a single index. The wavefunctions, Eq. ,
are a product of wavefunctions in each dimension so a single index wavefunction vector
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is constructed by taking the Kronecker product of the wavefunctions in each dimension

[ DYy (Dhe(1) ]
bz (1)1y (1)1 (2)

U=, @y @ = | (L) (De(Ny) (3.01)

ey (Qa(l)

L 2(N2) 1y (Ny )tz (Nz) |

The eigenbasis Hamiltonian matrix Hy is constructed as a matrix consisting of the
energies given by Eq. in the diagonal up to a certain cutoff energy Fi,.x thereby
approximating the system to only involve a certain number of states Ny, < N,N,N..
The corresponding wavefunctions are given as the columns of the wavefunction matrix M
of size Ny Ny N, x Ni,. When the electric and magnetic potentials have been rewritten as
single index vectors their representation in the eigenbasis of Hy are then easily calculated
as

Uv=MUM, V,,.=U'V,, .U  A=UAU. (3.92)

We then construct the BdG Hamiltonian as given by Eq. and solve the corre-
sponding eigenvalue problem to obtain the the spectrum and wavefunctions.

To carry out the numerical calculations we take as parameters values which are the
same or close to those reported in recent experiments with InSb nanowires in contact
with a NbTiN superconductor [30]. In InSb the effective electron mass is m = 0.015m,
and in nanowires a spin-orbit length of [, = 200nm has been reported, leading to a
Rashba parameter o = 0.2eV A. This sets the energy scale of the spectrum to Ey =
mTO‘Z = 791eV and the corresponding length scale is lp = “* = 254nm. NbTiN has
a superconducting gap of ~ 2meV and Mourik et al. reported a supposedly induced
superconducting gap of ~ 250peV so we have used values of that same order. In the
effective model of section [3.4] this means that the effectice superconductor coupling is of
order ~ 0.3meV. InSb has an effective g-factor of ~ 50 which implies that we only need
to apply a moderate magnetic field, small enough to not destroy the superconductivity.
In the numerical calculations we have used a lattice constant of 5 A which means that a
wire of length 5pm will be discretized in 10* sites. Moreover we assume that the wire is
very flat so that only one subband in the z-direction is occupied and thus we can neglect
this dimension all together by simply taking the number of sites in the z-direction as
N, =1.

We first consider a 5pm long strictly one-dimensional wire with N, = 1 x 10* and
Ny = 1 with Rashba parameter o, = 0.2 eV A and induced gap of 200peV. The BDG
spectrum of the first modes is shown in Fig. In Fig. showing the spectrum of
the first 100 modes and their hole equivalents the general features of the bulk spectrum
can be seen and one can somewhat read off the induced superconducting gap which
however has been suppressed by the magnetic field for the lowest energy modes. In
Fig. the lowest energy modes are shown and here we clearly see the existence of a
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zero-energy mode. As such the fact that this mode has zero energy does not neccessarily

IV
/ .
I ya | L
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N~ 0l ./J . N ol X x i
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—20 - ) - ol i N x X |
/\r | | | | | | |
—100 =5 0 50 100 —10 -5 0 5) 10
n n
(a) Lowest 100 states. (b) Lowest 10 states.

Figure 3.9: Excitation energies. The energies have been calculated using parameters correspond-
ing to a spin-orbit energy Es, = 7911eV a length scale of [ = 254 nm and a length of the wire of
L =5.3um.

imply that it is a Majorana bound state. One could change the system parameters and
check if the state stayed at zero energy, but still this only verifies that it is a bound state
and does not show that it corresponds to localized majorana modes. Instead we consider
the wavefunction as shown in Fig. and see that the mode is in fact localized at the
ends of the wire whereas the n = 2 (and higher) modes extends over the full width of
the wire. To fully verify that this is due to localized Majoranas we explicitly calculate

1072
I T I T
—n=1
Ly —n=2]
= 0.5) .
0, |
| | | | | |

Figure 3.10: Squared amplitude of the particle part of the wavefunctions of the lowest modes.

the wavefunctions corresponding to the left/right Majorana operators vy, , = ¢, + CIL
and YR, = —i(cy, — cl,). The particle components of the wavefunctions are thus given
by URne () = Une () + vl (x) and uppe () = Une(x) — v} (z). In Fig. |3.11] we see that
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the wavefunctions of the left and right Majoranas for the zero-energy mode are located
at each end of the wire confirming that this is a Majorana bound state. In constrast we
see that the Majorana wavefunctions for the higher energy state overlaps over the entire
length of the wire and are thus clearly not localized. We also note that even though
we consider a wire of finite length, the wavefunction of the Majorana modes does not
change qualitatively from them obtained in the case of an infinite wire shown in Fig.
0.

1072

0.1} — UL || 51 | | — ULy |

—URt —URt
0t | ol |
—0.1f 8 5l |

| | | | | | | | | | | |

0 1 2 3 4 ) 0 1 2 3 4 )

x x
(a) Mode n=1 (b) Mode n=2

Figure 3.11: Particle spin up components of the left and right Majorana wavefunctions of the
two lowest energy modes. (a) For the first mode the majorana wavefunctions do barely overlap
and the state has localized Majoranas. (b) The Majorana wavefunctions corresponding to the
state with n = 2 overlaps over the whole length of the wire and the Majoranas can therefore not
be considered localized.

Though not clear from the spectrum, Fig. the Majorana modes are not situ-
ated at exactly zero energy, but do have a small energy do to the finite overlap of their
wavefunctions. When increasing the Zeeman field we expect the decay length of the
wavefunctions to increase leading to a bigger overlap and thus higher energy. Further-
more we expect the bulk gap to decrease for increasing Zeeman field as we saw in Fig.
B:6 so in Fig. [3.12] we show how these features carries over in the finite length wire.
From the figure it is clear that the bulk gap follows pretty well the behavior found for the
infinite wire for small Zeeman fields, but for larger Zeeman fields an oscillating behavior
is seen. The same is true for the energy of the Majorana mode, which after the wire
has entered the topological phase at the critical Zeeman field is effectively zero until the
Zeeman field causes it to oscillate with an increasing amplitude. The oscillating behavior
is due to the finite size and can be understood as the result of interference between the
left and right parts of the wavefunctions. Again we note that the size of the spin-orbit
coupling sets the scale of the bulk gap, as we also found earlier. The spin-orbit coupling
also sets the decay length of the Majorana wavefunctions and thus we see that for a big
spin-orbit coupling the energy of the Majorana mode generally stays at approximately
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Figure 3.12: Energy of the two lowest modes as a function of Zeeman field.

zero energy for larger Zeeman fields.

3.7 Quantum Computation with Majorana bound states
in nanowires

While two separated Majorana fermions may be combined into a nonlocal fermion to
define a topologically protected qubit system, in order to use this system to perform any
calculations one will have to physically braid Majorana fermions from two distict qubit
systems. This could initially be thought to be a mayor problem for this 1d system, since
first of all we need to move the Majoranas along the wire and secondly we need to braid
two Majoranas, a process which is ill-defined in one dimension since there seems to be
no way the particles can move around each other. The first problem can be overcome
by placing gates along the wire such that the local chemical potential can be controlled.
In this way one can move the domain walls of the topological phase an thereby the
Majorana fermions by gradually switching gates on and off. The second problem can
in fact also “easily” be overcome by constructing networks of nanowires perpendicular
to each other such that they form intersections. It is then, in theory, possible to move
one Majorana fermion from one wire into another and temporarily park it here while
another Majorana from a connecting takes its initial position, see Fig. [B.13] If this
process of a Majorana three point turn is repeated, one actually ends up braiding the
two Majorana fermions. It has been shown [I}, [7] that this process actually has the same
braiding statistics as the vortices on the surface on p-wave superconductor.

However, there are other problems with using Majorana fermions as qubits systems.
First of all the two degenerate groundstates corresponding to a Majorana pair differ by
one fermion. This fermion is essentially an electron which is in the wire or supercon-
ductor somewhere. This means that if an electron can tunnel into the system from the
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Figure 3.13: Networks of nanowires can be used to braid Majorana fermions. Figure a to d shows
how two Majorana fermions belonging to the same fermion can be braided by use of an auxilary

wire. Figure e to h shows how two Majoranas belonging to different fermions can be braided
using an auxilary wire. Figure from Ref. [1l

environment this will change the state of the fermion level, a process called quasiparticle
poisoning. One can avoid this by electrically isolating the wire and superconductor from
the surrounding system and making sure that the electronic states of the neighboring
materials are separated by a gap to the Majorana levels. But then there is the problem
that the Majorana is now sitting on an isolated “island” and the two states, which differ
by a fermion, will then be capacitatively coupled to other islands implicitly coupling the
different fermion systems. The solution to this problem is to store each qubit in two
pairs of Majorana fermions, i.e. by placing two wires on the same superconductor. The
combined system will always have the same fermion number and the qubit states then
correspond to whether one of the wires is in the even or odd parity state. This however
means that one has to measure the state of both wires to determine the qubit state.
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Tunnelling Spectroscopy

Perhaps the simplest way to experimentally detect the presence of a Majorana bound
state in a superconductor-nanowire system is by measuring its transport characteristics
like tunnelling differential conductance. This can be done by connecting leads with a
thin insulating layer to the ends of the wire so than when a bias voltage is applied
the current-voltage characteristics can be measured, see Fig. Since the Majorana
bound state is ensured to have zero energy electrons are free to tunnel in and out of
the wire with no energy cost and in the presence of a MBS we therefore expect the
differential conductance to have a peak at zero bias voltage. In real systems zero bias
peaks may also arise due to other artifacts or competeting phenomena, however a quite
clear signature of the Majorana is if the zero bias peak sustains while changing the system
parameters. Still transport experiments like those described above can only detect the
presence of a mode with zero energy and as we will see, to some extend be used to
map the amplitude of its wavefunction and thus these types of experiments only exploit
whether the necessary conditions for Majorana states are satisfied. Another necessary
signature of a Majorana bound state is the 47 periodic Josephson current [I7, [12], which
is also called the fractional Josephson effect, since it is stems from the fact that the
Josephson current is not carried by Cooper pairs but instead by a single electron which
is half of a Cooper pair. While these two signatures will probably convince the most
people of the existence of a Majorana bound state, the unambigiously proof this one has
to verify the braiding statistics via some interference experiment.

In this section we will focus on the determination of the tunnelling characteristics of
a nanowire with Majorana bound states. There are traditionally two ways of calculating
the current from one system to another: a) the method of using scattering matrix theory
where one calculates the transmission and reflection coefficients of a wave incoming on the
interface between the two systems or b) og using the tunnelling Hamiltonian approach
where the two systems are initially treated indenpendently and the contact between
the systems are provided by a tunnelling term in the total Hamiltonian that couples
the two systems. In this method an expression for the current can typically be found
by use of the formalism of non-equilibrium Green’s functions also called the Keldysh
formalism. However, since we consider a superconducting system which has terms in
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Nanowire

Superconductor

Figure 4.1: A schematic showing the setup. The superconductor does not conserve the electron
number and can thus be considered connected to ground.

the Hamiltonian that does not conserve the particle number, the usual usual methods
have to by altered slightly. In the normal transport picture when an electron with
momentum k and energy E in the lead impinges on the interface between the lead and
considered system it will get reflected if there are no available states in the system with
energy less than E and transmitted otherwise. If the energy levels in the system are
well enough separated, i.e. if the system is small enough, this leads to the experimental
observation of quantized conductance. In superconductors we would therefore naively
expect that the conductance is strictly zero (at zero temperature) for bias voltages below
the superconducting gap, which is the minimum excitation energy. This is however not
true, because if two electrons with the same energy tunnelled into the system at the
same time they could form a Cooperpair which will be added to the superconducting
groundstate, a process which can happen for any energy above the groundstate energy.
In the formalism of Blonder, Tinkham and Klapwijk [5] one can also view this process
as a single particle process where an electron with energy E impinging on the interface
is reflected as a hole with energy —F, which is called an Andreev reflection [2]. If ¢(E)
is the transmission amplitude for a single electron with energy E then the transmission
amplitude for an Andreev reflection is of the order ¢(F)? since it is a two electron process,
and we therefore expect the conductance due to Andreev reflection to be suppressed in
the weak tunnelling limit and dominated by Andreev reflections in the opposite regime.

The scattering matrix and BTK-method are easy ways to calculate the tunnelling
current and conductance of a superconducting system when one is only interested in a
few modes or when a continuous variable such as momentum is a good quantum number
and they have already been used to predict the zero bias conductance peak of a system
with Majorana bound states [21, 23] [33]. On the other hand if the system is complicated
in the sense that it may be of finite size, special geometry, be inhomogeneous, have
disorder or impurities or have interaction effects, it may be easier to treat it using
the tunnelling Hamiltonian approach, where current can be expressed in terms of non-
equilibrium Green’s functions. Since the nanowire system we are investigating is already
a complicated system, we adobt the non-equilibrium Green’s function method, which as
we will see also has the advantage that it is very easily implemented numerically using
the methods of Sec. 3.6
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4.1 General expression for the current into a supercon-
ducting system

In this section we will develop an expression for the current through a superconducting
system in a setup similar to that shown in Fig. We will use the tunnelling Hamil-
tonian approach and the calculations will in general follow the lines of Ref. 28 where a
non-superconcucting system is treated.

We will denote the superconducting system as the central system and for the sake of
generality consider the case where the central region can be connected to multiple leads.
The system can then be modelled by the following effective Hamiltonian

H=H.+» Ho+ Y Hia, (4.1)
o «

where H, is the Hamiltonian of the the lead denoted by «, H, is the Hamiltonian of
the central superconducting system and H; , is the tunnelling Hamiltonian, describing
the coupling of each lead and the central region. Initially at time ¢ = —oo we assume
that the systems are uncoupled and in equilibrium, i.e. Hp = 0. The systems are then
brought into contact, and since the chemical potentials of the subsystems may not be
equal, the system will in general not be in equilibrium and a current will flow between
the systems. If the leads are connected to big electron resevoirs such as a battery or a
powersupply the chemical potentials of the leads will be constant and after some time,
say at t = 0, a steady state current through the central region has been reached.

While we want to study a nanowire with induced superconductivity, we will for the
time being simply consider the central region as being an arbitrary superconducting
system, which can be modelled by

Ho =Y wlitie + 3 (VhAuol + valdivg) + Vin({0l) (va)),  (42)
1) 1)

where the summation indices represents the the quantum numbers, typically spacial
position and spin, i.e. i = (r,0). The corresponding free Hamiltonian, i.e. with
Vint({¢2i}a {#¢;}) = 0 can be diagonalized by a Bogoliubov transformation

Yei d d Yei i i
()-peelt) « (@)-3on() vee( )
[} o ' i () 7, 7

where the coefficients w;,,, v;, are found from solving the corresponding Bogoliubov-de-
Gennes equations. In the eigenbasis the Hamiltonian simply takes the form

He =Y eudd,+ Viu({d}, {d,.}), (4.4)
17

where €, are the positive energy solutions to the BdG equations and Vint({dL}, {d.})
is the interaction part rewritten in the eigenbasis. The leads will typically be metallic
and describing them as a free electron gas is thus a good approximation and this will in
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CHAPTER 4. TUNNELLING SPECTROSCOPY

fact be required for this method to work. However, in theory we can also include the
case where the leads are superconducting as long as this can be described in the BCS
framework. Though we will actually not consider that case we here just briefly show
how this general case treated. The BCS Hamiltonians for the leads are

H, = Zd}llﬂ'laijwaj + Z (¢aiAo¢ij'¢aj + wiiAZijd)Lj) : (4-5)
ij ij

As in the case of the central region the eigenbasis is found by solving the BdG-equations
and the corresponding eigenstate annihilation operator is cor = >; (U}, Vai + viakwli)
where k labels the eigenstate. The Hamiltonian can then be written

Ho =Y carcl,con (4.6)
k

As usual we can define a matrix in Nambu space, Ui defining the Bogoliubov transfor-
mation diagonalization of the lead Hamiltonian. We also ote that in the case of normal
metallic leads the hole part of the eigenstates vanish, v;ox = 0. The tunnelling Hamil-
tonian describes the tunnelling of electron between the lead and the central region and
is

Hio=> (taijwliwcj + tf;ijwiiwa;) (4.7)
]
tai' 0 wC]
= 1/’:;@ Yai ( ! ) < ) (4.8)
(Whe vas) |5 e ) L
wc'
= (dfiu %n) Taij <w]' : (4.9)
cj
In the eigenbasis this becomes
d
Hio = (chy car) Ul Tai Uy ( d’;) (4.10)
g,k H
d
= Z ( ak Cak:) akp <d¢> (4.11)
n
- Z (tozkucak:du + wakuclkd/t + tZk;udLCak + kauducak> , (4.12)
kp

where we have defined

t
Tore = o T2 ) =3 UL Tay U (4.13)
TWaky T laku ij

Having rewritten the problem in the eigenbasis of the lead and wire we are now able to
write an expression for the current from lead o and into the central region. The electrical
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current is the current of positive charge from the lead into the central region which is
equal to the number of electrons leaving the wire and getting into the lead per unit time
times the elementary charge, therefore when a steady state situation has been obtained
at t = 0 the current is given by

T = e{Na(0)) = " (1H, NJ(O)) (119

The number operator N, commutes with the both lead Hamiltonian and the central
region Hamiltonian so we only need to calculate the commutator of the number operator
and the tunneling Hamiltonian, which is

[Hta, Na] = Z {takuclkdu + wakuclde + tzk#dT Cak + wa;w ucak} ank;/cak’

k
(4.15)
= Z {ttxku [Clkduv CLklcak’] + waku[CLkUdL> Clkz’cak/]
kK
+ toku [chak, ch,cak/] + Wikl dpucak, clk,cak/]} ) (4.16)
Using that
[chdfj),nakr] = —cakd( ) St
[d,(j)cak, Nk = dg)cakékk/ (4.17)
we end up with
[Hia, No] = >~ { ~tamuChydy — warpelydf, + thrudficor + warpducar ). (4.18)

kp
Thus the current may be written
e
To = 5 > { ~takchady) = war(chadl) + tinu(dhcar) + wary(ducar) } - (4.19)
ku

and we see that in general it contains terms corresponding to anormalous tunnelling,
where a conduction electron from the lead tunnels into the superconductor as a hole. It
will later prove useful to have the expression standing in both a particle-hole, which we
obtain by anti-commuting half of all the terms,

ie *
Io ~op Z {_taku@jxkdu) - waku<clde> — Wagp{Cakdy) — ak,u<cakdl:> (4.20)
ku
+t2ku<dzcak> + wak#<ducak> + Wokp(duCak) + taku<duclk>} (4.21)
€ *
== ﬁ {takﬂGiak‘(O) + wakﬂF;fak(O) + wakuF;fak(o) + tak,uGuak:( ) (422>
akuGak/L( ) wakﬂF;ku(O) - ozkchfk,u (0) - takuétjku(o)} (423)
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where we have introduced the non-equilibrium Green’s “lesser” function G;ak(t,t’ ) =
i(clk(t’)du(t» and the anomalous Green’s function F, (t,) = 2<ch (t’)dL(t)) and their
equivalent hole versions G;ak(t,t’) = z(cak(t’)dL( )) and Fiak(t,t’) = i(car(t')du(t)).

With these introduced we see that the current can be written very compactly as

at(0) Frn (0 (tary wa
I = QHZT l(F}é k(o) G}ék( )) (w*ku +* ku)

pok pok akp aku
| toky  Waku G;,W(O) F;k (0)
w;ku taku F;ku(o) G;ku( )
ZTr |G (0,0)0- Ty, — Ty, 0G5, (0,0)] (4.24)

where we have defined the Nambu Green’s functions as

G (4t F<,.(tt)
< / _ pak\” pak
Guak( ) - <Fu<ak;(t7 t/) G;ak( /) (425)
and B -
G<. (tt) FS (41
< / — akp\” akp\®
ot 1) (F(fku(t ) Gau(t:t)) (4.26)

To find expressions for the lesser Green’s functions we start with considering their general
time-ordered equivalents given by

Coop J el (@) du(t)cak(t’)}
Gk (t, 1) = <T{ ) d| (t)cak(t,)> (4.27)

We now apply the equation of motion technique to obtain closed expressions for the
Green’s function. For a general time-ordered fermionic Green’s function of the form

Gl p(t,t) = —i(T{A@®)B(t)}) = —if(t — t')(A()B(t')}) — (=)0(t' — t)(B(¢)A(t))

(4.28)
we have
i0G p(t 1) = 6(t — t) (A B(t) + 0(t — ') (A1) B(1))
+o(t" = )(B()A(1)) + 0(t' — t)(B(t)DA(t))
=0t = t')({A, B}(t)) + (T{0:A() B(t)})
=0t = t')({A, B}(t)) + i(T{[H, A|(t) B(t')}) (4.29)
Similarly, if we differentiate with respect to ¢ we have
i0y Gy p(t,1') = —0(t — ') {({A, BY(1)) + i{T{A(t)[H, B]()}) (4.30)

The EOM for the Green’s function ((4.27)) is

. o [ ) d I car)(®)
ik Gkl €)= = <T {dm (HL () d}(0)[H et <t’>}> 3y
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We have
[H, car] = [Hi, ca] + [Hr, carl,  [H,chy] = [Hy el ] + [Hr, el ], (4.32)
where
[Ha, Cak] = Zsk/ Nak's Cak] = —EakCak (4.33)
[Ha ci) = Zeak' [k i) = carchy (4.34)

k/
[Htav Cozk] = Z (tak’u[cik/duv Cak] + wak’,u[clk/dLa Cock]

kk'p
ok [Cak’duacak]+wak’u[cak’dLacak]) (4.35)
—Z( okl — oy, ) (4.36)
[Hiar clg] = 3 (tornlchpdur chid + wawnleldf, el
kk'p
i [cak/du,cak]+waklu[cakld#,cak]) (4.37)
= Z ( e+ wzud#) : (4.38)

We then see that the EOM for the Green’s function is

—ihdy Gpak(t,t') = —i <T {g%d#( )ean(t') _Eakdu(t)cak(t/>}>
v G Lok (2, (

Eandl (t )c L) —gade(t)cak

T
-3 Z <T {taku’dﬂ(t)d?’ (t,) ak,u (t
/
w t:vk,u' dL(t)d'u’ (t ) ak,u (t
— Guak(ta t/) Euak(ta tl) Eak 0
Fuak(t,t/) Guak(t;t/) 0 —Eak
'y G (t,t/’) Fyw (t,t’/) tokw  —tokw
,U/ F;L/.L,(t7t ) G“#/(t,t ) tak,u’ taku/
= cakGpak(t,t)o. + Y G (t, )T, (4.39)
w
If we consider the time arguments as matrix indices we note that we may write
Guakﬂgt/(—ihat/ — €ak0'z) = Guakit/g;kl:’t/t/ == Gﬂﬂlatt/TLku” (440)
where g;]i o = —1hOpy — eq1,0; is the inverse of the lead free Green’s function satisfying
the equation of motion g;,i w8aktrtr = Oy We can therefore cancel this factor by

95



CHAPTER 4. TUNNELLING SPECTROSCOPY

multiplication from the right with the lead free Green’s function and we get

G/,Lak(ta t,) = Guak,tt”g;]i’t//t//gozk,t”t’ = Guy’,tt”TLkulgak,t”t’
- / dt" Gan(t, )T gar () (4.41)

Since we consider a time-independent problem, the Green’s functions only depend on
the time difference ¢t — ¢’ and it may thus prove useful to consider the frequency space
function which are obtained by Fourier transformation,

Guak(@) = G (@) Ty 8ok (). (4.42)
Similarly one finds the equation for the other Green’s function

MGy (t, 1) = €ak0:Gapu(t, 1) + > Tapw Gupu(t,t'), (4.43)
Nl

from which we get

Gkt t') /dt"Zgak (t,t" )Tk Guu ' 1), (4.44)
w

which has the Fourier transform

ozk:,u Z gak aku’ G,u’u(w> . (4'45)
Inserting these expressions in the current we have

e dw <
In=—— / o Z Tr [Guu’ (W)leu/gak(w)azTaku - leuo’zgak(w)Taku’Gu’u(w)}
m

2h ) 2w o
- ;l:ZITr (G () (85 () = BBy (@)) = (50 @) — ) Gra()]
! (4.46)

where the “lesser” part should be taken of each of the terms before taking the trace. We
have also used that

Z Tak,uo'zgak (w)Taku’ - EZMN( ) Egu,u ( ) (4'47)
k

with

g(w) 0
OCHH Z Tak,u ( 0) TO&’W’ = Z ng,up’gak(w)
k

0 L
ZTak/L ( _ak(w)> Togkp/ = zkjﬂak,uu/gak(w).
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Using the Keldysh contour continuation rule (AB)< = ARB< + A<B? the current
becomes

IO‘ = 27i 2ﬂ. Z Tr { (EZE O Egz M) + G:ﬂ/ (23‘2 K zgﬁ #)

(ZeR L EhR ) G< (2e< _ »h< ) Gﬁm}

app app! app/ app
_ A < h<
- 2h QWZT [( ’_Guu’) (Zzuu_zauu)
- Gy ([Ez%u ] — (B — 2o (4.48)
The retarded and advanced lead free Green’s functions are
R/A, N _ 1
Yok (Ld) W — Eak 4 ,”7
_R/A 1
= 4.49
such that we have by use of the usual rules of complex analysis
e R/A 1 _
a/w Z Qok T m AZW (W) F QFZHH /(W)
hR/A, N 1 _Ah h
204,“4// CL)) == %:Qak’uu/m == Aaﬂﬂl(w) F 2:[‘04“[1 ( ) (450)

where the linewidths are given by
T, (W) =273 Q00w — eak) = 27 / 0 ok Por(Eak) 2 (2ak)0(w — Eak)
k

= 2mp(w) 2y, (W) (4.51)
I‘EW (w) =27 Z nguwé(w +eqk) =27 / de ok pa(aak)ﬂgwl (Eak)O(w + €ak)
k

= 27rp(—w)9}:m/(—w), (4.52)

where pq(€) is the density of states in the lead. The A matrices are given by

dw' T dw' T
79/‘“ Loy ) 79/“’ Loy () (4.53)

O‘““ o w—uw' a”“ ot w—w'

where P denotes Cauchy’s principal value of the integral. The “lesser” lead free Green’s
function is

o () = ilel (B)ear(®))o, (4.54)
where (-)g denotes the thermal average at before the systems are brought into contact.
Thus we have

gae(t, ) = i{cl (B car(®))o = ie =k (el copdo = ifalcan)e Sor 1) (4.55)
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where f,(g) is the Fermi-Dirac distribution of the electron levels in the lead. Similarly
the free Green’s function for holes is given by

Iae(tt) = ilcan(t)ehy ()0 = i€ =Nt condo = i falear)er 1), (4.56)

where f,(g) = 1 — fa(€) is the distribution function for holes in the lead. Their Fourier
transforms are given by

05 (W) =1 / dr &7 fo () 50T = 271 fa (€0 5(w — Eak)
5 (w) =i / A7 67 Fo (i) 5T = 271 fo (0 )0(w + Ea)- (4.57)
We then see that the lesser self-energies are

B (W) =270y Q% fa(Ear)d(w — £ar)
k

= 21 [ deak palear) X (Cat) falcar)d(w = car)

:27mp0£( ) auu( )fa( )
=il 0 (W) fa(w) (4.58)
225# ( ) = 27”2 chk,,u,u/fa(gak)é(w + 5ak)
k

— 211 [ dear palear) Ry (o) falEar)3(e + car)

= 27ipa(—w )Qaw (—w) fa(—w)
= a,uu( )fa( ) (459)

Inserting the expressions for the self-energies in (4.48) the expression for the current
takes the form

Ion=—5; o tr {[GE - Gﬁ] [fa,wrgw - fa,—wrg7w] + Gj [I‘g,w - I‘g,w]} . (4.60)
This is the final result when we do not have any other knowledge of the system or make
any further assumptions or approximations. However in the simple case when we take

the electrons in the central system to be non-interacting we can find a closed expression
for the central region Green’s function. The time-ordered wire Green’s function is

e /

and its equation of motion is thus

. n o / . ’(t/)
ih0 G (t, 1) 5(t—t)5uu’+Z<T{[H did @) [H dT](t)er(t’)}> (4.62)
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The wire operators commute with the lead Hamiltonians so we have

[Had ] = [Hc>d +ZHt a ] (4.63)
[H,d}] = [He,d})] + Z Hy o, d], (4.64)
where

[He,d,) = —€,d, (4.65)
[He,d})] = e,d}, (4.66)
[Ha, dy) = Y (WakpChy — thpucak) (4.67)

k
[Hiardl) = (tarpchy — whican)- (4.68)

k

We then have

d, eud,(t)d,y (t
Gy (1, 8) = (¢ = )8 ‘< { (> ( (t) —%2)5#%2')»
L)

t
df,(t)d
s <T { SepCak ()l () — wapch, (4)dl, () oy can(t)d (1) — wakuclk(t)d /(t’)}>
T\ lwhpcan(t )d* (#) = takuch O () W, Car(O)dy () = taruchy, () dw (¥)
_ , e, O Guu () Euutt)
= 0t = )0 + <€ —€H> (F:Zj/(t,t) 3 (t,t’))
o —Wak Gk /(t,t/) ak ( )
* Z ( 0:; _tak:> <Fak,5’(t7t,) akZ ( ))
— 6(t — )b+ €p0 Gy (1) + > TakuGakM/ (t, 1) (4.69)
ok

The equation of motion for the free Green’s function for the wire is (¢h0;—e,0.)g,, (t,1') =
6(t —t')0,, so by multiplication by the free Green’s function from the left we get

G, (tt) = /dt” lgw(t,t”ﬁ(t” — )0, + Zgw(t,t”)TLkuGaW (t”,t’)]
ak

= 8,08 (1, 1) +Z/dt” gW(t,t”)TLkuGakw(t”,t’) (4.70)
The Fourier transform is

GN,U/( ) uu’guu +Zg,u,u, ak,u ak;p/((d). (471)
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Inserting the expression for the lead-wire Green’s function found in (4.45) we arrive at
the Dyson equation

G (@) = 68 (@) + Y 8un (@) Tl 8 (@) Ty Gy ()

ak,v

uu guu ) + Z guu auu )Gyu’ (w) (4.72)

where the total lead self-energy is given by

Eau,u Z Takugozk( )Tak,u’ = Eguu ( ) + Eguu ( ) (473)

From iterating over the Dyson equation and using that we consider a steady state situ-
ation we have [15]
Gs/> = Z Gizslrah, (4.74)

which can be used together with the relation between the non-equilibrium Green’s func-
tions GR — G* = G> — G< to rewrite the expression given by

Gy -Gi=G;-G5=) fo(EE,w - 25,63
(6%
=Y GREE, -=5,)Go=—i Z GHre, +Th )G (4.75)
e
The expression for the current (4.60)) can then be simplified to

e * dw _
lo= =5 3 [ S {GREG o+ T ) GATS fa ~ Thom)

2h — )0 2w
_GR(FB’ fa’ w T Fh’ wf_a',*w)Gg(remw - Fg,w)}
i 2 | o tr{GET LT s — fo) = GETG LG o)
+G5Fg wGAI‘g,w(fa,w - foz’,—w) - Gﬁrgw(fa,—w - fa’,—w)}
dw Mee eh r
- 2h { ( )(fch fa’,w) - Ma’a<w)(f047—w - fa’,w)
+M§3/ (w)(fa,w — forr) = M (@) (fao = for )] (4.76)
where we have set
M, (w) = tr GETE  ,GTS, (4.77)
Mgy (w) = tr GATE  GATY, (4.78)
M2, (w) = tr GATh  GATS, (4.79)
M2 (w) = tr GETS  GATY (4.80)
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A closer study (see Appendix finds that M"™(w) = M®(—w) and M"(w) =
Me"(—w). In the case where the central region is connected to a left and right lead were
the left lead is held at voltage V and the right lead is held at V = 0, the current then
takes the form

e [ dw

1=— [ T {MiR [+ eV) = f@)] = Mib (@) [fw+eV) = flw—eV)]}. (481)

We see that the first term is just the normal Landauer formula for the current through
a non-interacting region. The second term is only non-zero if the central region is
superconducting and thus allow for Andreev reflection. If we only consider a single lead
coupled to a superconductor the current is simply

I= % %Meh(w) [f(w+eV) — flw—eV))]. (4.82)
This is the main result of this section and it shows that a non-zero current can flow from
the lead into a superconducting system, since the Hamiltonian of the superconducting
system does not preserve the electron number. In principle one could modify the super-
conducting Hamiltonian such that it preserves the total number of Cooper pairs, but we
will not consider this here and instead think of the superconductor as being connected
to ground as also depicted in Fig.
If the energy levels of the superconducting system does not depend on the bias voltage
it is easy to derice the differential conductance from Eq. , which yields

dl e? [ dw d, d,
AL ey (A
dV h J_ oo 27 de de
The Fermi-Dirac distributions merely broadens the conductance spectrum due to fluctu-
tations from finite temperature. At zero temperature the Fermi-Dirac distribution turns
into a step function and the differential conductance is simply.
dI
dv

] . (4.83)
w+eV w—eV

62
= = [M(—eV) + M (eV)] (4.84)

T=0 h
Though this formula looks simple, to determine M®"(¢) one has to determine the Green’s

functions for the system, which need not be a simple task. In the following we will
investigate a few simple cases where the M (¢) can easily be found analytically.

4.1.1 Wideband limit

If we further make the assumption that the tunnelling coefficients does not depend on
the momentum of the lead electron, the so-called wide-band approximation, further
simplification is possible. Multiplying the Dyson equation, Eq. with the now lead
indenpendent tunnelling coefficient matrix T, we have

Z T.Guw = Z T.8upduw + (Z TquTL> <Z gak) <Z TVGVM')
p 1 1 k v

= Tu’g,u’u/ + 2Opl (VTVGV) s (4.85)

61



CHAPTER 4. TUNNELLING SPECTROSCOPY

where we have set

3 = Z Tug,uuTL: P = Z ak- (4.86)
o k

We see that we now have a closed equation for the summed product on the left hand
site in Eq. (4.85)), which can then be inverted to give

ZT“G#W = (1 — Zopl)_l Tﬂlgﬂlul' (487)
o

This can then be reinserted in the Dyson equation and the full Green’s function is thus
given by

G##/ = 5ﬂﬂlgﬂﬂ + gMHTLpl (1 — Eopl)_l T“/gulﬂl. (488)
Using that the linewidth matrix can be written as I}, , = 27rp1(w)TLHeTM/ where IT =

(33) we see that the transparency function may be written

M(w) = tr{GERTe GAT*}
= (2np(w))? tr{TGRTIII*TGR T 11}

= (271 (w))? tr{ CRITcCATI¢}, (4.89)
where we have defined
C=TGT'
= Tg [1+ TTp(1 - Zp) ' Tg| T (4.90)
=3 {1 +pi(1 - Eop)flzo} (4.91)

4.2 Analytical investigation

4.2.1 Tunnelling current through a single level

We are now going to apply the formula for the tunnelling current found in previous
section on simple system consisting of a lead connected to a system containing a single
superconducting level. One can think of this level as a single sub-gap excitation like a
Majorana bound state, though we will also treat the case where the level is of normal
fermionic of nature.

As the Hamiltonian for the single level system we take

H = ¢yd'd, (4.92)

The d is some linear combination of the underlying electronic operators of the supercon-
ductor. In this simplified picture we can take the tunnelling matrix as defined in Eq.

(.13) as
T=t (Z Z) . (4.93)
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where ¢ is the tunnelling amplitude and u, v, u? +v? = 1, sets the amount of normal and
anormalous tunneling. Taking the density of states in the lead to be constant, p(g) = po,
from Eq. (4.51)) and Eq. (4.52)) we see that the electron and hole linewidths are given

by
e 9 u v 1 0\ (u v) _ u?
Ly, =2mt"p (v u) <0 0) (v u) =1 (uv v2> (4.94)
h 9 u v\ (0 0\ [fu v) _ v? ww
Lo =2mt"p0 (v u) <O 1) (v u) =1 (uv u2> ' (4.95)

where we have defined the coupling strength I' = 2mpgt2. The retarded/advanced self-
energy is then

T e (1 2w
»R/A — Fo(T5 + rhy = —ig <2uv . ) . (4.96)

To use the formula for the current, Eq. (4.82)), we first have to find the full Green’s
function for the site, G(w). Since we only have a single level this is lucklily easily
calculated from the Dyson equation (4.72]), which in this special case reads,

Gw = 8w — ngwGw- (497)
This equation is solved for the Green’s function and we see that we have

1-g.¥x, w—H-X,’

G (4.98)

where we have used that the inverse of the free Green’s function is g=! = w — H with
e O

the Nambu Hamiltonian simply being H = ( 0 —eo
self energy (4.96)), the retarded Green’s function is

~1
R_|. (e O 1 2w
G = [w (0 —eo> —HQ (21”) 1

1 _ : .
_ (w e+il'/2 il pyuv ) (4.99)

). Inserting the expression for the

iTuw w+e+iI'/2

where
k(w) = (w—e+1i0/2)(w + € + iT/2) + %0, (4.100)

The advanced Greens function is most easily found by taking the Hermitean adjoint,
GA = GRT. The anormalous transmission function is found to be

M (w) = tr GRreGAT:
_ AT?u2v%w? (4.101)
T (w— e+ 1iT/2)(w + €+ iT/2) + T2u20?|? ‘
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Figure 4.2: Tunnelling current and differential conductance of a single superconducting level at
energy € = 0 for several values of the BCS parameter u.

and we can then proceed to calculate the current and conductance (4.84). In
Fig. we show the current and differential conductance for a single level with zero
energy € = 0 for a range of values of the BCS-parameter u. It is clear that for a
normal fermionic level with © = 1 no anormalous current may flow so the conductance
is trivially zero. When the value of u is decreased from 1 the conductance develops
two peaks symmetrically around eV = 0 with increasing height and smaller separation.
The peak height culminates when the quasiparticle level is an equal superposition of
particle and hole, ie. u = /1/2, and thus is like a Majorana bound state. Here the
conductance has a single zero bias peak of height % confirming what has been found
by many others [21) [10, 23]. Introducing a finite level energy, € # 0, has the effect of

splitting the conductance peaks for any value of u.

4.3 Numerical Investigations

We now employ the numerical formalism presented in section to calculate the con-
ductance of the full wire system in more realistic settings. One of the strengths of the
non-equilibrium Green’s function approach for obtaining an expression for the current
and conductance as developed in section [£.1]is that it is very easily implemented numer-
ically. When writing the BdG tight-binding Hamiltonian in an arbitrary basis,
then the wire Green’s function can simply be calculated as

G'w) =wl-H-%)". (4.102)

In the wide-band approximation and assuming constant density of states in the lead we

have
SR — _inpoTIT, (4.103)
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where T is the tunnel coupling matrix in the basis chosen. In the following we consider a
strictly one-dimensional wire, ie. N, = 1, and assume that the lead is connected to any
point zg along the wire and that the tunnel coupling decays exponentially away from
this point

_lz—=pl

t(z) =toe W (4.104)

where tg is the coupling strength and [; is a characteristic length. We will usually take
Iy = 10a = 5nm which basically ensures that the lead is only coupled to very few lattice
sites. Since we do not calculate the coupling matrix from first principles but instead
arbitrarily select representative values, we choose to incorporate the constant density of
states of the lead into o by setting pg = 1. This means that when not stated otherwise ¢
really means to/,/po and has the dimension of ,/energy. We may also use the linewidth
constant I'g = 2mpt?, which has the dimension of energy.

We now start out study by considering a wire of length 5pm and with a Rashba
parameter of a, = 0.15¢V A and the usual effective mass of InSb, m* = 0.015m.,
which yields a characteristic spin-orbit energy of E, = 441eV. We let the induced
superconducting gap be 200peV =~ 4.5F, and let the lead be connected to the left
end, xg = 0. For simplicity we take the chemical potential to be zero, u = 0. We have
typically calculated the conductance plots at a temperature of 20 mK which broadens and
smoothens the peaks somewhat, and serves both to make the results closer to what one
would obtain in an experiment which inevitably is done at finite temperature and it also
better allows to resolve some very thin resonance peaks. We first calculate the differential
conductance for various coupling strengths in the absence of an applied magnetic field
with the results shown in Fig. 3] We first note that the induced superconducting
gap is a clear feature of the conductance plot and thus measuring the conductance at
zero Zeeman field can serve as an experimental method of determining the induced gap
and thus the wire-SC coupling. Furthermore we note that stronger coupling leads to
an increase of the conductance within the induced gap which, as expected, is a result
of Andreev reflections. Next we turn on a magnetic field of strength 0.15T along the
wire direction equivalent to a Zeeman field of strength 5F, which should satisfy the
topological phase condition V' > A. As a result, see Fig. [£.4] we see that the conductance
plot develops a pronounced zero bias peak due the existence of a Majorana bound state.
In the simple picture ignoring bulk states, see Fig. , we predicted a peak height
of 2%, but this seems not to be the case here. For weak couplings the zero bias peak

height can be much smaller than 2%, which is due to the temperature broadening, but
for strong couplings the peak height can also be larger than this value.

To investigate how the bulk spectrum and the Majorana zero bias peak changes
under the transition from the topologically trivial phase with V' = 0 to the topologically
non-trivial phase where V' > A, we calculate the conductance for a range of Zeeman
field values and the result can be seen in Fig. From the plot we clearly see how
the minimum gap closes for increasing Zeeman field values until the critical field is
reached where a zero bias peak appears and the minimum gap opens again as expected.
One interesting thing we note is that the lowest bulk states inside the induced gap
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Figure 4.3: Differential conductance for the nanowire when no external magnetic field is applied
for various values of the tunnel coefficients ¢ = v/pot. The induced superconducting gap of
~ 4.5F,, where E, = 44 peV, is clearly observed. A temperature of 20 mK has been used, which
has smoothened the peaks somewhat.

~ 4.5EF, have very small and broadened conductance peaks. As we saw in Fig. the
lowest bulk states are somewhat localized in the center of the wire and since tunnelling
coefficient decays rapidly into the wire, the tunnel matrix elements for these states can be
extremely small leading to very sharp conductance peaks which are heavily suppressed
by temperature. We can compare this plot with a similar plot obtained in an experiment
by the group of Leo Kouwenhoven [30] which is shown in Fig. 4.6

4.4 Tunnelling into nanowire through a quantum dot

Motivated by a proposal by Flensberg and Leijnse [22] for a way to determine the
life-time of a Majorana bound state, we will now consider a normal metal-quantum dot-
nanowire junction or N-QD-NW in short. It has already been shown that conductance
measurements in this type of setup can be used to exploit the zero-energy nature of
the MBS as zero bias peak as in the N-NW case [22, 24} [I3], but these considerations
have however typically simplified the nanowire system by completely ignoring the the
bulk states. Using the numerical methods used so far we can instead calculate the
conductance through a quantum dot connected to a nanowire in the more realistic case
where bulk states are also taken into account.
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Figure 4.4: A plot of the differential conductance dI/dV of tunnelling into the end of the wire.

4.4.1 Single level connected to quantum dot

As a preliminary we are first going to study a much simpler system, where a quantum
dot with a single level is connected to another single level i the nanowire. This is perhaps
an oversimplification, but it can be solved analytically and gives a good intuition of what
goes on the much more complicated case. The Hamiltonian of the quantum dot-nanowire
system is

H = qu + Hy + qu_w, (4105)

where Hgq is the Hamiltonian for the quantum dot, Hy, is the wire Hamiltonian and
Hyq— descibes the tunnelling between the quantum dot and the wire. For simplicity
we will assume that the dot is very small so that the level spacing is big and if a
strong magnetic field is applied we can effectively describe the quantum dot by a single
electronic level coupled capacitatively to the metallic lead, and thus we also disregard
the coulombic interactions between the electrons on the dot. The Hamiltonian may thus
be written

Hyq = (eqa — 1 — aVy — fVD) d'd, (4.106)

where €4q is the level energy, o and 8 are constants that depend on the capacitance
and V; and V] are the voltages of the gate and lead respectively. When measuring the
conductance the gate voltage is held constant, so both the dot level and the capacitative
energy due to the gate may be included in an effective potential Uyq = €qqa — pt — V.
We will ignore the bulk states of the nanowire and it can therefore also be approximated
by a single fermionic level:

Hy = ega'a, (4.107)
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Figure 4.5: A plot of the differential conductance dI/dV of tunnelling into the end of the wire.
The tunnel coupling is exponentially decreasing into the wire with peak value of t) = 10E at the
end. Each curve has been offset an amount of 0.1 and represent a different value of the Zeeman
field with V,,,, = 0 for the lowest curve and increasing with ?FEqy upwards. In the calculations a
temperature of 20 K has been used.

where a is a Bogoliubov quasiparticle operator. Since the nanowire is effectively super-
conducting, we must allow for anormalous tunnelling and the tunnelling Hamiltonian
therefore takes the form

Hyg—w = tud'a + tvd'a’ + h.c., (4.108)

where t is the electron tunnelling amplitude and u and v are the electron and hole
components of the quasiparticle and satisfy 1 = u? 4+ v?. Introducing combined Nambu
spinors ¥ = (d, df, a, a’) the total Hamiltonian may be written

1
H = 5\11* Hpqaa ¥, (4.109)

with the BAG Hamiltonian given by

Eqq 0 tu tv

_ 0 —Egqa —tv —tu
Hpac =1 4, 4y ew 0 (4.110)
tv —tu 0 —ew

where Fqq = Ugq — BVi. The coupling between the quantum dot and wire mode causes
the the energy levels to shift and to investigate how the shifts depend on the coupling anf
the nature of the wire level we solve the BAG Hamiltonian and show the eigenenergies
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Figure 4.6: Differential conductance for several values of the applied magnetic field obtained in
experiment. Image taken from Ref.

as a function of the coupling I'y, = t? in Fig. We see that if the wire is non-
superconducting and the level thus is normal fermionic with u = 1 and v = 0, its energy
will decrease to exact zero energy for the coupling strength I'y, = e are for stronger
couplings it will again increase. On the other hand, if the level is chargeless u = v = %
the coupling will only force the level towards xero energy. We thus expect that a zero
bias conductance peak due to a Majorana mode will stay put for large couplings while
that of a normal fermionic mode will split, a phenomenon which potentially can be used

to detect Majoranas.

T T T T T T T T T T
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(a) Normal fermion: u =1,v = 0. (b) Majorana fermion: u = %,v = %

Figure 4.7: Energy shifts of the quantum dot and wire level as a function of the tunnel coupling
Iy, when the wire level is either a (a) normal fermion or (b) a Majorana fermion. The wire level
has energy €, and the quantum dot level is at eqq = 0.5 in arbitrary unit.

The coupling of the metallic lead and the quantum dot can be described by the
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Hamiltonian
d
t
_ 1 t _ t v 0 0 0)\|d
qud—zk:<l/cakd+ud cak>—§k:(cak, Cak) (0 oo o) |5 (4.111)
A1
We thus see that the electron and hole coupling are given by
v 0 1 000
o 0 —v| (1 O0\(v O O O\ _ 00 00
=21y g (0 0) <o —v 0 o)‘ro 0000 (4.112)
0 0 00 00
v 0 00 00
h 0O —v| (0 O\ (v O 0 0) 0100
=2l o 1lo 1)lo = 0 0)7f0 00 ol (4.113)
0 0 00 00

where we have set I'g = 27p;v? with p; being the density of states in the lead which is
assumed constant. The retarted tunnelling self-energy of the QD-NW system due to the
metallic lead is

= —%I‘ - —%(re +rh) (4.114)
and the retarded Nambu space Greens function is given by
1 -1
Gr(w) = (w — Hpqg + Er)_l = (w — Hpgg — iQF> . (4.115)

The matrix inversion can be performed but the general expression, even in this simple
case, is rather long so we do not write it here. Inserting the expression for ' and the
Green’s function in the expression for the transmission, Eq. (4.78), we obtain

. oa 42020 T3w?
M(w) = tr(G* (w)T*G?(w)Th) = TR (w)‘g (4.116)
where
1
2 2 2 . 2 2
klw)=(w*—FE2 — -T'7 — iwl w’ —e
@) < ad g0 0)( w) (4.117)

— 2(2w — iwlg) — 2t* Egaey (u* — v?)

The expression can now be used to evaluate the current Eq. and determine
the conductance dI/dV. We first consider the case where both the wire level is situated
at some small finite energy e, = 0 and take €qq = 0, a = % and I =Ty, = % In Fig.
we see that the conductance has a slightly split zero bias peak corresponding to the
superconducting level that stays fixed for all gate voltages. The peak-dip line through
the diagram corresponds to the quansum dot level which naturally shows this structure
due to its capacitative coupling to the lead. The different level splitting of the Majorna
(u = \/1/2) and other quasiparticle (u # /1/2) level seen in Fig. can be observed
in Fig. where it leads to an asymmetry in the zero-bias peak along the gate voltage

axis.
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Figure 4.8: Tunnelling conductance into a quantum dot connected to a superconducting level as
a function of bias and gate voltage. In (a) we have u = \/m corresponding to a Majorana level
and in (b) we have u = 1/7/8. The units of the conductance is ¢2/h and energies are measured
in arbitrary unit.

4.4.2 Full nanowire system coupled to quantum dot

We now calculate the current through a wire and quantum dot system in a system similar
to the one treated above, where the wire however only had a single level. Again we take
the dot level to be at zero energy since this only the relative energy between the dot and
wire is of importance and this is controlled by the gate voltage. This time we include a
Zeeman splitting on the dot since it is situated in a magnetic field. We take the effective
Landé g-factor to be that of free electrons, so the Zeeman splitting will be quite small,
of order ~ 1peV. We take the capacitative coupling of the lead to be § = 2 and the lead
to dot coupling to be I'|_qq = E, and the dot to wire coupling to be given by the usual
exponentially decaying tunnelling coefficients of initial height ¢y = 30v/E,. All other
parameters are kept as the ones used previously, ie. E, = 441eV and an induced gap of
A =200pueV = 4.5F,. The results are shown in Fig. and we see that qualitatively
the conductance is spectrum is not changed much from the single level case. We note
that a zero-bias peak is still the most dominant feature and the conductance from bulk
states is heavily suppressed. One thing to note is that the height of the zero-bias peak
is no longer 2¢?/h, but in fact far less. This is of course not surprisisng since all current
is carried by two tunnelling processes, first from the lead to the dot and then from the
dot to the wire and the conductance is thus very sensitive to the two tunnel coupling
strengths.
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Figure 4.9: Differential conductance through a quantum dot coupled to a nanowire.
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Chapter 5

Conclusion

In this thesis we have carried out a theoretical investigation of the special condensed
matter phenomenon known as Majorana bound states, that are believed to be useful
for realizing robust qubit systems in a solid state quantum computer. As many are in-
terested in the development of a quantum computer this research into Majorana bound
states has recieved much interest lately. To understand how this phenomenon can be
used to construct a quantum computer, the basics of quantum computing was first re-
viewed. From that we concluded that it is possible to carry out computations on a
quantum system consisting of a set of qubits if one can perform quantum gates, which
are elementary unitary transformations on a subset of the qubit states. However, quan-
tum information decohere over time due to the interaction between the qubits and the
environment, so in order for quantum computation to be feasible, one has to minimize
this interaction.

Secondly we introduced the concept of anyons, which are particles living in a (241)-
dimensional space-time whose wavefunction, contrary to the fundamental bosonic and
fermionic particles, need not acquire a simple factor of £1 when two identical particles
are physically interchanged. If a system has non-Abelian anyons the groundstate of
the system is degenerate and interchanging two such particles may not even change the
phase of the wavefunction but change the state within the groundstate manifold. It was
noted that the general requirements for the existence of anyonic particles is that the
excitations of the system has some non-vanishing gap and that parameters are such that
a topological phase is favoured. In this topological phase, the system is said to have
topological order, which cannot be characterized by a symmetrybreaking as in the case
of normal phase transitions. The concept of anyons was first introduced to describe the
Fractional Quantum Hall Effect, but it has been suggested that there are non-Abelian
anyons bound to half-quantum vortices on the surface of p-wave superconductors. These
quasiparticles would have the property that they are Majorana fermions, which are
characterized by being its own antiparticle or hole. It was shown how one could construct
qubit systems out of non-Abelian anyons and so also Majorana fermions, which are
naturally protected from decoherence since the state of the qubit system is stored in
a nonlocal way. Also these kinds of qubits would be less susceptible to unitary errors
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introduced while performing quantum gate operations since many gates can be performed
by braiding anyonic quasiparticles, which will perform an exact unitary operation on
the qubit states. A system using non-Abelian quasiparticles such as Majorana fermions
would thus be a strong candidate for a feasible quantum computer.

Next we focused on the concept of Majorana fermions and how they are envisioned to
exist in one-dimensional solid-state system which have triplet-pairing superconductivity
as first noted by Kitaev. We investigated how a realistic implementation of Kitaev’s
model could be engineered using heterostructures of semiconducting nanowires with
strong Rashba spin-orbit coupling and a conventional s-wave superconductor subject to
a sizeable Zeeman field. The low energy physics of this system could be mapped to that
of spinless fermions with an effective p-wave pairing symmetry and thus it effectively
simulates the Kitaev model. We found the spectrum for bulk excitations in the general
case and saw that their gap closes when the parameters fulfilled a special relation. We
attributed the gap-closing with a topological phase transition and showed that in the
topological phase the system has a degenerate ground state characterized by the existence
of Majorana fermions at each end of the wire. We also solved the system numerically in
the case of a wire of finite length and we saw that the characteristics from the analytical
investigation carried over into the general case, though the degeneracy of the ground
state was slightly split.

It would be a remarkable milestone if Majorana fermions was experimentally ob-
served. We studied one of the proposed methods for observing the features of Majorana
fermions, namely tunnelling spectroscopy. Since Majorana fermions are a feature of su-
perconducting systems, we needed a method for calculation of the electrical current into
such systems, which was then developed using the methods of non-equilibrium Green’s
functions. We showed that a system with Majorana fermions is charactericed by having
a conductance peak of height % at zero-bias due to the fact that the Majorana bound
state is ensured to be localized at approximately zero energy. In a numerical study we
saw that even in the general case the zero-bias peak is a robust feature which only occur
when the system parameters satisfy the requirements for the topological phase. We com-
pared the conductance spectrum with that obtained from recent experimental efforts to
observe the Majorana bound state and generally remarked that the spectra had some
similar features but the scales of the conductance peaks did not match. However we
only studied a single band model and the peak height is very dependent on temperature
and effective coupling to the level and thus it cannot be verified nor falsified that Majo-
rana fermions has experimentally been observed. In general the existence of Majorana
fermions cannot be verified by the observation of a zero-bias conductance peak alone,
and the long term goal is to carry out a braid of two Majorana fermions and observe the
changes to the system state.

Lastly we considered tunnelling into a Nanowire with Majorana fermions through
a quantum dot, which is capacitatively coupled to the lead. We saw that this method
should also be a viable way to observe the zero-bias conductance peak of a Majorana
bound state. It can possibly also be used to distinguish true Majorana bound states
from other states that are not an equal superposition of particles and holes. However,
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due to the heavy calculations, a conductance spectrum for the full wire was not obtained
by the finishing of this thesis.

We see that Majorana fermions may provide a feasible method for constructing a us-
able solid state quantum computer. While they can easily be shown to exist theoretically
using only single-particle quantum mechanics, no conclusive experimental signature has
yes been seen. One could also imagine that many-particle interactions may influence the
existence of the Majorana bound state as well as lead to competing features in the con-
ductance spectrum that might be misinterpreteted as signatures of the Majorana bound
state, or suppress the real signatures so that they are hard to observe. Much reseach is
currently going on to uncover these effects and hopefully many more experiments will
soon give a better insight into the system.
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Appendix A

Simplification of expression for
the current

In this Appendix the simplification of the expression for the current in (??) will proven. We note that
the expression contains four terms of the form

MEMEM () = ¢ GRTY/PGAT/. (A1)

We are now going to show that these terms can be related to one of the other thereby reducing the
expression for the current. First we consider the term M®®(w) and using the expression for the linewidth

given in we see that we have
M (w) = (2mp.)* tr GIRLGL,
= (2mp,)? tr GETIII°T,, GATI IT°T,,
= (27pu)* tr TLGETI I T, GA T 1T, (A.2)

where II° = (} 3) and we have used that the trace is cyclic to move the last T,, to the front in the last
step. We now let

[ Post Qui+) t
Kuii - <Qwii ﬁwii) = ZTiquwuuTiww (A3)
nv

where the t-subscripts on K, ++ determines the sign of w on the T4, matrices. We see that we then
may write

M (w) = (27mpn)* tr Koy [ TI°K,  TI°
P, QF 1 0\ [(Phy Qb 1o
= 2 wtt+ Yottt wt+ Yottt
= (@mpu)"tr { <Q5++ Pl ) \0 0 srr P )J\0 0
= (2mpu)* Py Poiy (A.4)

Similarly if we insert the expression for the hole linewidth from ([4.52) in the expression for the term
M (w) we get

M"™(w) = @2rp_n)’ tr T_GET! m"T_,GST! 11", (A.5)
where IT = (3 9). If we use the above definition of K.++ we may write

M" (W) = @2rp_,)* tr K5__II"K4__1"

R SR A -
e (G S (0 ) (& B0 )

= (2mp_o)*PY _P5 _ (A.6)
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Similarly we find that the other two term are given by
M (w) = (2n)?pup_w tr Kb TI°KS, _TI"
P}, QF 1 0\ (PX_ Q5._\(0 0O
_ 2 w—+ Yw—+ w+ Yw+
= (B pep-u { (Q5_+ pi o o) \eis ) o
= (27)°pup-w Qi+ Q- (A7)
and
M (w) = (2n)?pup_wtr Kby _TI"KS_ TI°
PR QE, \ [0 0\ [Py, Q5 10
_ 2 w+ v w+ w—+ Yw—+
= (27T) PwpP—w tT { (Q5+ PBJr— 0 1 Q$7+ P$7+ 0 0
= (QW)QPwP—wQ}}Jerﬁ—Jr- (A.8)

Inserting the expressions for T, given in Eq. (4.13)) in the definition of K.++ in Eq. (A.3]) we see that

we have

Pw:l::l: = Z [tiquwuut:*tmu + t:l:w,uﬁwpuw*iwy + w:tquw,uut*iwu + wiwuéwuuwlwu] (Aga)
nz

ij:j: = Z [w;quwuuwiwu + wlwuﬁwuutlwu + t*iwp,quuw:twu + t:*twuéwul/tﬂ:wU] (A9b)
nz

Qw:l::l: = Z I:_wji:w,u,Gw,th;wu - w*j:wuﬁwuij:wll - t:*I:w,u,le-LVt*iwl/ - tji:w,u,éw,ul/wj:wu] (A-QC)
Iz

Qw:{:i = Z I:_t:tquwqu:twu - t:tquw,u,Vt:twu - w:ﬁ:quwuuw:I:wu - w:l:wuéwpvtj:wu] . (Agd)
Iz

From the definition of the retarded and advanced Green’s function we easily see that
G (8,8 = —ib(t — ') ({dyu(), d()}) = =i0(t — ') ({dL(¢'), du(t)}) = =Gt 1), (A.10)

from which it then follows that G}, (w) = —C;’,(,# —w) and F}(w) = —F},(~w). Similar relations hold
for the corresponding hole Green’s functions and we then see that for e.g. P}, . we have

~A * —A *
PLI}++ = Z [twu(_G—wuu)twu + twu(_F—wl/u)wwu

2
A * A *
+wWM(_F7qu)twu + ww#(_waVu)wwujI
=PA .. (A.11)

One can easily convince one-self that the following general relations hold true,
R/A SA/R R/A A/R
Pw:l/:lzl:Q = - 74.{&:2:!:17 Qw:/tl:tQ = _Qw:/tQ:tl (A12)

where the numbers on the subscript £-indices denote the order of the signs to clarify that these are
interchanged. Similar relations also hold for the corresponding hole versions. Using the in the expression
for M™(w) in (A.§) we see that we have

M™ (@) = 2m)pup-uQ s Q0 = M (~w), (A.13)

where we have used that an overall change of sign on w also changes the sign of the sign subindices.
Taking a look back on the expression for M (w) in Eq. (A.6) we note that this may be written

M"™(w) = (2mp_.)? PR, __P2,__ = M*(-w) (A.14)
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