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ABSTRACT

Over the past few years, experiments on three-terminal molecular junctions gave new insights
in the understanding of a variety of quantum electron transport effects. In this work, we model
a molecular junction as a few-spin system tunnel coupled to two electrodes. We calculate the
differential conductance due to cotunneling and study the behavior of the Kondo temperature of
the system, which in general depends on the internal exchange couplings between the interacting
spins. A proposal for the experimental study of the two-channel Kondo model is sketched. More-
over we demonstrate that a simple two-spin model allows to reproduce a peculiar, not previously
explained, feature characterising the differential conductance of a Mn complex in the neighbor-
hood of a singlet to triplet ground-state transition [5]. We come to the conclusion that such a
feature, contrary to what stated in [5], must be due to the non-equlibirum rearrangement of the
occupation probability of the different two-spin states.

ABSTRACT ITALIANO

I risultati sperimentali degli ultimi anni nel campo dell’elettronica molecolare hanno fornito im-
portanti dati per la comprensione degli effetti quantistici nel trasporto degli elettroni attraverso
una singola molecola o un complesso molecolare. In questo lavoro abbiamo modellizzato una
giunzione molecolare attraverso un sistema di pochi spin interagenti ed accoppiati a due elet-
trodi metallici. Abbiamo calcolato la conduttanza differenziale dovuta agli effetti di cotunneling
e abbiamo studiato il comportamento della temperatura di Kondo del sistema, che dipende in
generale dagli accoppiamenti interni al sistema di spin interagenti. Abbiamo inoltre suggerito
una proposta per la realizzazione sperimentale dell’effetto Kondo a due canali. Abbiamo inoltre
dimostrato che un semplice modello a due spin ci permette di riprodurre una certa caratteris-
tica, mai spiegata prima, che appare in [5] nelle misure della conduttanza differenziale attraverso
un complesso di Mn nelle vicinanze di una transizione dello stato fondamentale da singoletto
a tripletto. Siamo arrivati alla conclusione che questa caratteristica, contrariamente a quanto
affermato in [5], sia dovuta agli effetti di non-equilibrio nel riarrangiamento delle probabilita di
riempimento dei diversi stati di spin.

INDLEDNING

Inden for det sidste arti har eksperimenter med tre-terminal molekylaere transistorer givet
ny indsigt en raekke kvante-elektrontransport effekter. I dette arbejde beskrives en molekylaer
transistor under Coulombblokade som et fa-spin-system, cotunnelkoblet til to elektroder med
en patrykt spaendingsforskel. Den differentielle ledningsevne beregnes og systemets Kondo tem-
peratur studeres som function af de interne exchangekoblinger i molekylet. Der gives endvidere
et forslag til en realisering af den sakaldet to-kanal Kondo effekt. Endelig demonstreres det,
at en simpel to-spin-model er nok til at forklare en saerlig cotunneleringslinje, som tidligere
er observeret i et Mn-komplex i neerheden af en gate-induceret overgang fra singlet, til triplet
grundtilstand[5]. I modsaetning til den ufuldsteendige forklaring givet i [5], konkluderes det her,
at den karakteristiske linjeform, som observeres experimentelt, kun kan forklares ved at indrage
uligevaegtsbesatning af de forskellige spin-tilstande.
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1. Introduction

The demand for device miniaturization is nowadays pushing the size of electronic components
toward their natural limit and this challenges our ability to manipulate and exert control over
the nanometer scale, where quantum phenomena typically play a fundamental role. Combining
the advantages of high chemical versatility and small length scale, single-molecule devices set
apart as particularly suitable systems for studies on this topic.

Over the past few years single molecule devices have been regarded as interesting systems, both
from a theoretical point of view and for the promising envisioned applications. The fields of
molecular electronic and spintronics have developed to meet the need of full control over the
electronic and spin degrees of freedom of single-molecule devices and numerous achievements
have already been reached, proving transistor effects and information storage properties [8, 9, 10].
Nevertheless there is still a wide variety of not understood properties arising in the study of a
single molecule coupled to two metallic electrodes. This is the elementary structure behind all
electrical devices and therefore a deep understanding of the physical phenomena taking place in
it is required to exert full control over its properties.

From a theoretical point of view single-molecule junctions can be studied by identifying the
interesting molecular orbitals with a number of single-level quantum dots. In order for this to be
a sensible approximation, a careful study is needed that takes into account the renormalization
effects of the molecular levels due to the internal electron-electron interactions and the effect of
the coupling to the lead electrodes (tunneling coupling, localization effects of the spin degrees of
freedom etc...).

The motivation for the present work comes from the experimental data of the conductance
properties of a Mn-complex [5] (Figure 1.1) and a thiol and-capped m-conjugated molecular
junctions [6]. We take our move from the interesting features of their conductance spectrum
in order to develop a more general theoretical framework for the study of molecular junctions.
The treatment of the internal molecular interactions are out of the scope of this work, while we
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Figure 1.1.: Schematic representation of the Mn-complex junction studied in [5] and sketch of
the simplified model we deal with. Part of the scope of this thesis is to check the
validity of such a model for describing the differential conductance spectrum of the
Mn-junction of [5].
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focus, instead, on the electronic transport properties of these devices. We discuss a two-spin
and a three-spin system in a three terminal junction, where two metallic leads act as source and
drain electrodes and a third terminal acts as a gate voltage, allowing the shifting of the discrete
energy levels of the two- or three- spin system in and out of resonance with the Fermi level of
the two metallic leads. A number of features of these systems are discussed, primarily giving
a description of the differential conductance: inelastic cotunneling, Kondo temperature of the
system and a study of the ground-state transitions, due to the tuning of an external magnetic
field, are considered.

The thesis is structured in the following way. In Chapter 2 we review the basics of electronic
transport in quantum dots in the Coulomb blockaded regions, where electrostatic Coulomb re-
pulsion between electrons prevents current to flow through the junction. Nevertheless quantum
mechanics allows higher order tunneling processes between the electrodes and the dot and these
give rise to a measured current (cotunneling current) even in the regions where Coulomb re-
pulsion classically prevents electron flow. We then give a theoretical introduction to the Kondo
effect. This consists of a zero-bias peak in the differential conductance when the dot has an even
number of electrons in it. We will see that the two-fold spin degeneracy of the unpaired electron
is at the origin of the resonance peak in the conductance spectrum. In Chapter 3 we define the
basic Hamiltonians for a number of simple two- and three-dot systems coupled to two electrodes.
We namely study a central region between the leads, which is not any more characterized by just
one dot, but by a number of them. We study the differential conductance through the systems
in the limit of big Coulomb in-site repulsion inside each dot, so that the ground state solution
of our systems has one (and only one) electron in each dot.

Two- and three-charge systems, like the ones here considered, can allow energy degeneracies of
the different total-spin states. Such situations can give rise to the Kondo effect, in a way analogous
to the spin-degeneracy induced Kondo peak appearing in a even-occupied single quantum dot.
The Kondo effect is due to the strong coupling between the dot electrons and the electrodes
ones, which bind together in an entangled state. A well specific energy scale, called Kondo
temperature, marks the temperature at which this strong coupling effect sets in.

In Chapter 4 we study the behavior of the Kondo temperature for the three-spin system.

Because of the internal spin-spin interaction between pairs of electrons within the central region,
the Kondo temperature depends on the strength of these internal couplings.
In the last part of the thesis (Chapter 5) we turn to the low-energy features of the double dot
and we compare our results with the differential conductance spectrum of the Mn-complex of
[6] inside a Coulomb diamond presenting two-charge features. A singlet-to-triplet transition
is observed in the ground state of system and where this transitions occurs a very peculiar
line, to our knowledge not previously observed, appears in the differential conductance maps
against bias and gate voltage. We show that our double dot model accounts for this line and its
characteristic shape. We conclude by giving a detailed description of this line and hypothesize
that its appearance is related to the non-equilibrium rearrangement of the occupation probability
of the different two-spin states.



2. Physics of electron transport in
quantum dots

Quantum dot systems are nanometric electronic structures characterized by a strong confine-
ment potential in all three spatial directions. Confinement in real space makes these structures
effectively zero-dimensional giving a discrete energy spectrum, in many ways similar to that of
real atoms. For this reason, quantum dots are often regarded as “artificial atoms”.

From a theoretical point of view, quantum dots stand out as the simplest systems allowing the
study of low-energy electronic transport in break junctions and STM devices. The basic model
includes a central region (which can be either described as a single quantum dot or a number of
them) tunnel-coupled to two metallic junctions.

In this Chapter we first (2.1) review the basic physics of electronic transport in quantum dots.
Then we will discuss the Kondo effect (2.2) and extend the basic theory to more complicated
situations (2.3), involving more then one quantum dot.

2.1. Basics of electronic transport in quantum dots

The typical setup allowing the study of electronic transport through a quantum dot is represented
in Figure 2.1. The right and left leads serve as a double barrier junction, while the gate voltage
allows the discrete energy levels of the dot to be shifted on and off resonance with the Fermi
energy of the leads.
Classically, current can flow from one lead to the other if the addition energy, i.e. the energy
required to add an electron to the dot, is overcome by the thermal energy of the conduction
electrons. However at low enough temperatures current flow is not allowed and the system is
said to be Coulomb blockaded. This regime can be described by a so-called “constant interaction
model”, which relies on two assumptions. The first is that interactions among electrons can be
characterized by a constant capacitance C' = Cy + Cs + Cy4, where () is the capacitive coupling
to the gate and Cj, Cy is the capacitive coupling to source and drain electrode, respectively. The
second is that the dot’s energy spectrum is independent of electron-electron interactions. The
ground state energy U(N) of the system with N electrons in the dot can then be approximated
by:
U(N) _ [B(N - NO) — CQ‘/;]]Q
2C
where C,V} is the charge induced in the dot by the shifting of the gate voltage V; and Ny is the
number of electrons in the dot at zero gate voltage. C' is the total capacitance between dot and
electrodes and gate: C' = C + Cq + C4. The chemical potential of the dot with N elecftrodes
tdot(N) is defined by the difference between the energy of the dot with N electrons and N — 1
electrons:

(2.1)

i (N) = U(N) — U(N — 1) = E, (N N2 C{Q) (2.2)

where F,. = % is the charging energy. Notice that for CgeVQ =N — Ny + % the charge states

N and N + 1 become degenerate. This means that no energy is required to add an electron to
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Figure 2.1.: Schematic representation of the typical nanostructure allowing electronic transport
measurements through a quantum dot or a molecular system. The molecular/dot
system is placed between two lead electrodes, which we define source and drain.
Each electrode is characterized by a chemical potenitial p and the difference between
source and drain chemical potenitial gives the bias voltage eV = ugs — g (e is the
electron charge). A third electrode, called gate, is characterized by a voltage V;; and
it allows to shift the energy levels of the molecule/dot. [17].

the dot and therefore the probabilities of finding N or N + 1 electrons in the dot is equal. This
regime is called “mixed valence regime”.

The transition amplitude I'y,; y for an electron to jump from a lead o (ar can be either the
source or the drain electrode) to the dot is given by:

INyin = Ta(UN +1) = U(N) = paot(N) + pra)np [UN +1) = U(N) = paot(N) + pa] (2.3)

which depends on the alignment of the chemical potential of the dot pg.(N) with the chemical
potential p, of the lead a. Notice that we have introduced the combined tunneling density of
states I, = 27|t |*VaotVa, Where t, is the tunneling amplitude from the electrode « to the dot,
V4 is the density of states in the electrode, and vy, is the density of states in the dot.

If the gate voltage V is tuned in such a way that the two energy states U(N + 1) and U(N)
become degenerate, I'y 1 v & (Hdot(N) — ta)O(ftaot (V) — pa) and one electron can jump on
the dot for po = pdot(N) (Figure 2.2 (a) and (b)).

Away from the mixed valence regions the energy gap between the different charge states prevent
charge changing in the dot. Shifting the gate voltage one can gradually scan regions with a
fixed number of electrons in the dot (Figure 2.2 (c)). At each energy degeneracy (mixed valence
region) a single electron is added to the dot. By shifting the gate voltage one can then gradually
charge the dot in a sequence of single-electron additions. This regime is called “sequential tunnel-
ing”, being characterized by a sequence of tunneling processes, each separating two equilibrium
conditions of the system.

The application of a bias voltage V' between the leads opens an energy window eV = pus — ug.
If this is large enough current can flow for values of the gate voltage where it was previously
not allowed. When V is larger then the addition energy E. required to add one electron to the
dot, |eV| > paot(N + 1) — pgot(N) = E., high conductance regions arise. Plotting the differen-
tial conductance dependence on V; and V, diamond-like zones of high conductance are outlined
(Figure 2.2 (d), (e) and (f)).

If the bias voltage is turned on, also excited states may be involved in electronic transport be-
tween the leads. In fact, when the bias voltage is high enough to allow the occupation of an
excited state, transitions between the excited state, with e.g. IV charges, and the ground state
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Figure 2.2.: Sequential tunneling regime. (a) No transport is allowed if the chemical potential of

the dot is not aligned with the chemical potential of the leads. (b) When the gate
voltage shifts the chemical potential of the dot to the level of one of the leads, one
electron can jump from the lead to the dot, changing the charge of the dot by one
unit. (c) The gradual change of the gate voltage periodically brings the dot’s available
energy level in resonance with the leads, allowing the measurement of an increased
current and therefore periodical peaks in the differential conductance. (d and f) If a
bias voltage is applied to the leads, an energy window eV = us — pg opens up. (f)
This allows a finite value of the differential conductance (gray in (f)) for all the values
of Vg for which a dot energy level falls within the window. Allowing both the bias V
and the gate Vg to change, we obtain the sketch in (f), which outlines diamond-like
regions of zero conductance (Coulomb blockade), characterized by a specific charge
state (written inside the diamonds in (f)). The edges of the diamond (two of them
in colour in (f)) are obtained by setting pgot = ps/thdot = pa and solving fot V
and V; through (2.2). (g) A typical measurement of a Coulomb blockaded spectrum
(measurements on a InAs-wire based Quantum Dot, T.Sand Jespersen, NBI).
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(a)

Figure 2.3.: Sequential tunneling through an excited state. (a) Schematic representation of the
process and (c) of the energy levels involved. (b) Differential conductance against
bias V' and gate voltage V;, where black lines represent the edges of the two Coulomb
diamonds corresponding to charge states 0 and 1, and colored lines (only shown at
positive bias for simplicity) correspond to the sequential tunneling events involving
the corresponding high energy states in (c). (b) and (c) have been reproduced from
[14].

with N + 1 charges may occur. This possibility shows up in the high-conductance lines running
parallel to the Coulomb diamonds (Figure 2.3).

Let us now consider a well defined charge state, i.e. a specific Coulomb diamond. Inside this
region no charge fluctuation is classically possible and the dot contains a well specific number
of electrons. In this regime quantum mechanics allows energetically forbidden transitions to
different charge states within the time scale of two consecutive tunneling events. Electrons
from one lead can jump into energetically forbidden states and then jump out into the other
lead leaving the dot either in the initial state (“elastic cotunneling”)or in a different final state
(“inelastic cotunneling”). In this second case, the electron jumping off the dot belongs to an
energy level different from the one occupied by the incoming electron. The central region is then
left in an excited state. For a schematic representation of cotunneling, see Figure 2.4.

The physics of cotunneling can be described by an Anderson Hamiltonian H 4:

HA = Hd + Hleads + Ht (24)

which includes the Hamiltonian of a single-level quantum dot Hy, the leads Hjeqqs and the
tunneling coupling between the dot and the leads H;.
The non-interacting dot is described by Hy:

Hy = ngdldo’ + Unagynay (2.5)

where ¢4 is the single electron energy, df, and d, are the creation and annihilation operators,
respectively, of the dot, i.e. df creates an electron with spin ¢ on the dot, d, annihilates an
electron with spin ¢ from the dot. ng, is the number operator, which counts the number of
electrons with spin o in the dot and U is an on-site Coulomb repulsion, which penalizes double
occupation in the dot.

The Hamiltonian of the lead electrodes Hjqqqs iS:

Hleads = Z €kCLkUCo¢kUa (26)
a={R,L}k,oc
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N=1

Figure 2.4.: (a)Elastic cotunneling. (b) Inelastic cotunneling. Inelastic cotunneling can only oc-
cur when the bias voltage exceeds the excitation energy (i.e. the energy difference
between the final excited state and the initial one). Elastic cotunneling gives a fi-
nite background conductance inside the classically blocked regions, while inelastic
cotunneling gives a step-like increase of the differential conductance for bias voltages
corresponding to the excitation energy (the step is shown in (c) as a schematic line
running parallel to the gate voltage). If the life-time of the excited state left by an
inelastic cotunneling process is long enough, a single-electron tunneling process can
take its move from there. Such a combined process is called cotunneling-assisted
single-electron-tunneling (COSET) and can occur only for bias allowing the popu-
lation of the starting excited state. The COSET high-conductance lines are repre-
sented in (c) as lines running parallel to the diamond edges and starting above the
cotunneling steps. (c) has been reproduced from [14].

where a = { R, L} keeps track of the leads (labeled as right, R, or left, L) and ¢/, and cqp, are the
creation and annihilation of the electrodes electrons. Notice that each electron is characterized by
a label «, keeping track of which electrode it belongs to, and k and o are the electron momentum
and spin projection, respectively. The electrodes are described as Fermi seas with Fermi energy
equal to their chemical potential.

The tunneling part of the Hamiltonian H; allows an electron to jump from one lead to the dot

or vice versa with probability ~ |¢|?:
=Y (ta,kdj,ca,k(, + t;kc;kgda) . (2.7)
ak,o

Applying perturbation theory to the Anderson Hamiltonian one can obtain a description of all
the weak-coupling features of the differential conductance inside a specific Coulomb diamond.

Using second order perturbation theory one can calculate the amplitude 'y, of the cotunneling
processes involving transport from the left to the right lead.

T'‘req

2
€d oo

rtrk 1
(Apiv —eVInp(Agiy —eV)n, = 5 2 (eV — Ayiy)O(eV — Ayig)ng
T &4

FRL ~
oo’

(2.8)
where I'* = 27|t,|?va, n, is the probability for the dot level considered to be in spin state o,
np(E) = kf is thew Bose function (kp =~ 8.6 x 10° éV/K being the Boltzmann constant

e"BY —1

and T being the temperature) and A, is the energy difference between the two spin states
o’ and o. If no external magnetic field is applied to the system, the energy levels of the dot
will in general not depend on the spin degree of freedom and the occupation probabilities of the
two spin states |1) and [{) will be equal. In this case A,, = 0 and the last equation gives the
elastic cotunneling contribution to the current, which is linear in V' and is present for any bias
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voltage, therefore leading to a non-zero (classically absent) back-ground conductance inside the
Coulomb diamonds. On the contrary, inelastic cotunneling can occur when different spin states
have different energies, e.g. when an external magnetic field is applied to the system. In this case
a non-zero tunneling probability through the dot appears when the bias voltage is high enough to
let an excited state to be filled. For all the bias voltages higher then a certain threshold, required
to fill the excited state, the current is increased, giving a step in the differential conductance vs.
bias. These inelastic cotunneling events are represented by two high conductance lines running
at finite (positive and negative) bias inside the Coulomb diamond (Figure 2.4 (c)).

When even stronger coupling between the dot and the leads is allowed, the perturbative treat-
ment used above breaks down. In strongly correlated systems the hypothesis of perturbation
theory are not valid any more and non-perturbative treatments have to be found. Physically
speaking the failure of perturbative methods is due to the presence of other effects, and therefore
other energy scales, taking over when the many body system is highly correlated. A typical ex-
ample of strong-coupling regime is the Kondo effect. Let us consider a quantum dot with average
occupation equal to an odd integer, we are then inside a Coulomb diamond characterized by an
odd number of electrons, e.g. one. Because of the spin degeneracy, there are two states with
the same energy (in absence of an external magnetic field) and this opens more possibilities for
electrons to cotribute by virtual processes to the cotunneling current. The degeneracy thus gives
rise to a peak in the zero-bias differential conductance. A physical picture for this phenomenon
exploits a screening effect of the conduction electrons over the dot spin. In fact if we consider a
single 1/2-spin in the dot, virtual processes allow the spin to jump off the dot while an electron
from the leads replaces it inside the dot. The new electron can have either spin up or spin down.
Taking all such processes together then produces a resonance. The ground state of the total sys-
tem (dot plus conduction electrons) becomes a many-body entangled state, with effective total
spin zero (effective singlet). This effect leads to a rise in the scattering processes between lead
and dot electrons, thus allowing an enhancement of the differential conductance.

The Kondo effect is controlled by a well defined energy scale, called Kondo temperature. For
temperatures below the Kondo temperature, the strong-coupling regime is entered and the zero-
bias peak appears. For temperatures above the Kondo temperature the dot and electrodes spins
remain independent and no Kondo peak is present in the zero-bias differential conductance spec-
trum.

The study of Kondo physics requires the condition of odd charge occupation in the dot, i.e. a
single electron in the highest occupied level. We thus need a Hamiltonian intrinsically satisfy-
ing this condition. This can’t be the Anderson Hamiltonian (2.4) defined above, which allows
in principle double occupation of each dot level, but we can nevertheless start from there and
assume that the energy cost for setting two electrons in the dot is extremely high. This is what
we are going to do in the next section. The procedure outlined below will eventually lead to a
Hamiltonian describing exactly singly-occupied dots.

2.2. From the Anderson model to the Kondo model

In introducing the Kondo effect, we said that it can occur when the average dot occupation is odd.
Let us then start by treating the case of average occupation equal to 1. We are then considering
a single level system, which can in principle contain zero, one or two (spin-antiparallel) electrons.
For the assumption of average occupation equal to 1 to be valid, we must find a way of excluding
the double-occupied and zero-occupied states by making them “unlikely”, namely energetically
inconvenient. This assumption is formalized by the following statement on the energy scales of
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the Anderson model system (2.4):
ea < U

where €4 is the single-electron energy and U is the energy cost for having two electrons inside
the dot.
The goal of the following calculation is to write a Hamiltonian describing a single-occupied dot,
i.e. the inside of the Coulomb diamond with one charge inside the dot. Thanks to the cou-
pling to the electrodes (2.6), the single-occupied dot can still experience tunneling (energetically
forbidden) processes to different charge states, i.e. to the high energy states with zero or two
electrons in the dot, but such transitions only occur as cotunneling processes and any charge
state different from one is not allowed as ground state of the system.
Let us for a moment forget about the presence of two different leads and assume the dot is cou-
pled to a single lead. The procedure outlined in the following part, can then be easily generalized
to the two-lead case. In order to restrict to the 1-occupation region, we need to project out the
zero and double-occupied states by effectively going to a single-electron Hilbert space. This is
done by writing the Schrodinger equation for the system in the following way:

Hopo Hot O o o
Hyg Hyi Hipo Y1 | =E| i (2.9)
0 Hy Hoy o o

where the terms in the diagonal H,, describe the energy of the system with n electrons in the
dot and the off-diagonal terms H,, represent the tunneling Hamiltonians allowing to change
the number of electrons in the dot from n to n'/. v, is the state of the system with n electrons
in the dot.

The off-diagonal terms of (2.9) can be rewritten as tunneling events occuring when the system
is its ground state (i.e. single occupation in the dot):

Hyp =Y trdi(1=na_o)cro
k,o

Hoy = Hy = > ticl,(1 - ni—o)ds
k,o

Hy = Ztkdind—ocka
k,o

Hyy = HY) = the] ,ni—odo. (2.10)
k,o
Formally these expressions are obtained by projecting the total Hamiltonian of the system ap-

pearing in (2.9) in different subspaces: H,, = P,HP,, where P, is the projector operator on
to the subspace with n electrons in the dot, i.e.

Po=(1—-naq)(1 —nay)

Pr=nas + N4, — 2nd1nd,)

P2 = NdNd,]| - (2.11)
Physically speaking, the projections (2.10) describe tunneling process occuring when the dot has
only one electron on it (the number operators ng, actually make sure that each tunneling process

is only allowed when the dot is singly occupied with an electron with the proper spin.) When
we eliminate the double and zero occupied states in the dot, we obtain from (2.9):

[Hi1 + Hio(E — Hyo) ' Hay + Hio(E — Hoo) " Ho |1 = Evy. (2.12)
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Figure 2.5.: Figure representing one of the second order processes in Hya(E — Hay) ™! Hay where
the dot goes through a cotunneling process involving one more chrage state, i.e. an
electron jumps into the dot, making it double occupied, and then out of the dot
again, restoring the single-occupation ground state of the dot. This process gives a
contribution equal to -, . %SJ%EMCM/T, i.e. the final electron inside the
dot has spin up, while the initial electron had spin down, a spin flip process has
namely occured which has increased the z-spin component (from which the factor
ST describing the increase of the dot spin). At the same time the conduction electron
(the electron going from one lead to the other) has decreased its spin in the process
(c%:,c |CLEt, 1.e. an electron with spin down has been annhilited in the left electrode
and an electron with spin up has been created in the right one). The denominator

of #t_’“;k/ gives the total energy cost of this virtual process (U + ¢4 is the energy
required to add an electron to the dot, while —ejs is the energy cost of having
annihilated an electron in the left lead), while the numerator gives the probability
of this process in terms of tunneling amplitudes to the left and the right lead. More

detailed on the study of these terms can be found in Appendix .

A One can calculate the terms in round brackets and obtain:

_ — it FE—H
Hio(E — Hop) "Hpy = Z ko (1 - b

-1
) crorch dl dy (1= ng_g)(1 = ng_0)

kk:’oo’ak_sd €k —&d
(2.13)
—1
_ —t*tk/ E—Ed—Hk
Hyo(E — Hy) ' Hoy = Z U+ 6]:1 — g (1 C U+4eq—ecw Chotrardodl na—ona—o
k,k' 0,0’
(2.14)

where Hy, is the Hamiltonian of the conduction electrons. To lowest order one can forget about
the second term in brackets.

Before going further on, let us just notice that each term of (2.13) and (2.14) can be represented
like in Figure 2.5. Moreover, one should remember that in the ng = 1 subspace the following
relations are valid:

Nt —+ Nnd, = 1

NarNd| = 0

d,J;d\L(l — Ngpr — TLd\Q = S+
dIdT(l — Ngp — ndi) =5
1

§(ndT - ndi) = 5% (2-15)

One can then calculate the different terms in (2.13):
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if o’ ZT, g Zl, Ck’TclTudidi(l - ndT)(l - ndi) = —S+C;2¢Ck/¢
if o' =],0 =1 Ck’icszIdT(l - ndl)(l — ndT) = _S_Circk’i
crpchydidy (1= nay) (1= nay) + eyl dldy (1= ngp) (1= nay)

ifo' =0
= —%ng,clgckrg/ - SZTEU/CLUC]C/J/

so that, all together

_ tite I -
Hlo(E — Hoo) 1H01 = Z z—jkkf{-jd <2T20/C£UC]€/UI + 5 Toa’clgck’a’> (216)
k,k', 0,0’

and analogously the terms in (2.14) give:

_ tity I —_—
His(E — Hyo) 'Hoyy = Z m <_2Tga’c£g—ck’o’ +5- Taa'CLUCk'a) - (217
k.k' 0,0

The new interaction Hamiltonian will then look
g - I
H/ = Z (Jkk/s ) TUU/C;ack'U' + Wkk’ 2Tga’c£o’ck’o”) (218)
k,k' 0,0’

where

1 1
T = tits +
kk Ktk (U+€d_€k’ €k_5d>

1 1
Wi = titp — . 2.19
ok Kok (5k5d U+€d€k/> ( )

When taking into account two leads, one will have to take track of the lead which is considered
step after step. In order to deal with this one can introduce an index o« = R, L and in general
the coupling constants will depend on this index: Juok o/k’s Wak,a/k-

Equation (2.18) is the well known Schrieffer-Wolff Hamiltonian [13]. By performing a unitary
transformation on the Anderson Hamiltonian and projecting into the single-occupied state of the
dot, we have effectively got a new Hamiltonian, which is able to describe both the weak-coupling
cotunneling conductance and the strong-coupling limit leading to the Kondo effect.

Using first order perturbation theory on (2.18), one recover the same expressions (2.8) for the
transition probability between the leads and therefore the same result for the conductance. The
Kondo Hamiltonian then lets us deal more easily with the calculations describing the single-
occupied dot, because it effectively lowers the order of the problem. If the Anderson Hamiltonian
includes in principle all the charge states, the Schrieffer-Wolff Hamiltonian is only valid inside
the one-electron Coulomb diamond.

Equation (2.18) also let us understand what exactly goes wrong when trying to push perturbation
theory beyond its range of validity. In other words, we can now specify the energy scale at which
the system becomes strongly correlated, and therefore the break down of perturbation theory.
As a matter of fact, when third order perturbation theory in the tunneling is performed on the
Schrieffer-Wolff Hamiltonian, one obtains:

IocI'pp —I'Lp = /dé’ (np(€ = pr) —nr(§ —ur) T(S) (2.20)
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Figure 2.6.: Lateral double-dot. The only tunneling couplings considered are the ones in Figure.
Therefore the lowest order processes transporting an electron from one lead to the
other are second order processes, involving a transition through both the dots.

where we defined the transmission coefficient:

D

3 1
T()= |5 (wrJrL)® [ 1-2 Z VFJBﬁ/ dénp (& — ps) 7 | + 2m4(vrWre)?

2 g -D £§—¢

(2.21)
We then see that the conductance has a logarithmically divergent peak at low temperatures:
D D -7
1 1 1 T

dén — %/ dén fz/ d:ln() 2.22
| dsnre—memg~ [ deneterg~ [ deg=m( (222)

where D and —D represent the edges of the band width of the leads and vp is the density of
states in the leads (here assumed to be the same in both the leads). This marks the break down
of perturbation theory and the transition to a strong correlated regime. A simple estimate of the
energy scale at which this transition occurs is given by the energy scale at which the logarithmic
temperature-dependent term in (2.21) becomes relevant, i.e. of the same order of the other term
in parenthesis. This occurs for a typical temperature, called “Kondo temperature”, which is then
seen to be exponentially dependent on the coupling constants:

1
Tk ~ De >=82%/88"F (2.23)

At T < Tk non-perturbative methods are needed in order to deal with the strong coupling
regime. For calculating equilibrium properties of a Kondo system in this regime, the numerical
renormalization group methods by Wilson can be used. One of the most striking result of this
method is that the conductance at the Kondo resonance for symmetric coupling to the leads
(tL =tgr), is given by G = 2%.

2.3. From the extended Anderson model to the second
order Kondo model

When the middle region between two leads is not a single dot, but rather a multi-dot system,
transitions between different dots are allowed. In this case virtual transitions to states with one
more or one less electron in the central region can be mediated by an internal transition between
two dots.

We want to develop a theoretical formal description of such systems. We want to see the relation
between a generalized Anderson-like model and a Kondo-like model, in cases where such new
channels internal to the middle region are open and therefore higher order processes can take
place.
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Let us write the Anderson-like Hamiltonian for a system like the one in Figure 2.6:

Hy= > eaidlydio + > CakChgCako + > (thdTLUCLka + tszTLkgdLa)
i={R,L},c a={R,L}k,oc k,o

+ Z (tdej{UCng + t*RkCJlr%kUdRﬂ) + Z (tHdTLadRa + t*Hd}L%UdLU) +U Z Nd; 1T, |
ko - i={R,L}
(2.24)

where dr, and dg label the two (right and left) dots. In the same spirit as before we can then
write the following Schrodinger equation:

1 1
ERO OO et et o 00 ) gy 1
1,1 1,01 1,11 1,02
H)PYO gt H Y 0o HY® 0 0 01 01
11,10 11 01 11,11 11,20 11 02 11,21 11,12 11 11
By oy T ot Ha 0 Hatt Hyt
H217 002 01 H%22711 H227 002 02 H237 002 12 %)2 - E %2
0 H21’ H 0 H22’ 0 H 2 2
21 11 21,20 21,21 21 12 21 21
0 0 H3, H3y 0 H3y His 3, 3,
12 11 12,02 12,21 12 12
0 0  Hiy 0  H2" HP* HY 3 3
(2.25)

where the subscript gives the total number of electrons in the central region and the superscript
gives the exact configuration in the two dots, so that a process that maintain two electrons in
the central region and brings one of them from the left dot to the right one is represented by
H22 1 . Through this notation we keep track of what dot is involved in each process.

Going through the calculation in a way similar to what has been done for a single quantum dot
and keeping the lowest-order processes, one obtains terms of the following kinds:

H11 107;10 10H10 1 — JR§R-§R+mTOcTRcR

H2111 ,01 e Hfll mH?gl 11 N JLSL 5+ WL 701 er

Hy ' g 1;13 o iy 5 H?f rHy — JurTir-Sor+ Worlyrochen (2.26)
Hll 01 o Hloll 01 HOl 10 E_ h}10 T0 Hlo " — JRLTRL SRL + WRL 7-OCJ}r%CL
Hgg’”ﬁgmﬂgg 21 — J12Sr - S

where I wrote some of the terms on the left side and the overall contribution they give on the
right side. Notice that the first two terms are exactly the same of the single-dot case (which is
not hard to believe if one notices that they involve just one of the two dots) and T and P° are
convenient operators, whose explicit expression has to be found by looking at each single second
order process connecting the left and the right lead. It is not hard to believe that similar terms
involving transitions to double occupied dots will also appear when dealing with the complete
Hamiltonian (2.25). The coupling coefficients J,, W, ( and J,o and W, for the second order
processes) will then include a sum of terms 1/F (or 1/(E; E>) in case of second order processes),
where E is the energy required for the virtual process involved in the transition. The complete
expressions for the coupling coefficients can for example be found in [4].

The Schrieffer-Wolff transformed interaction will then look like:

L . I
H' = J15Sg - S+ E <Ja,kk/Sa 'Taa’clkacak’a/ + Wa,kk’iﬂgglclkgcak’a’
a={R,L},k,k’ 0,0’
)y 5L PO
+ (Jaa’,k:k’Taa’ . To‘a’clkgcoc’k’o" + Waa’ kk! —5— 9 ggfclka-ca’k’ 4 (227)

a,a’={R,L},k,k’ 0,0’
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Our next task is to find the explicit form of the two operators T and P°. This is what we are
going to do in Chapter 3.



3. Cotunneling transport in molecular
junctions

The physics of single molecule three-terminal junctions is in many ways similar to that of analo-
gous quantum dot devices. The energy spectrum of a single molecule is characterized by discrete
energy levels, which couple to the electrodes. It is often convenient to consider the highest oc-
cupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO), whose
energies will in general be perturbed by the coupling to the leads. This is usually modeled as a
double barrier, whose height is related to the strength of the tunneling coupling, i.e. the over-
lapping between the molecular wave function and the wave function of the leads. The strength
of the tunneling barriers are therefore highly dependent on the specific geometry of the molecule
and the interface between this and the electrodes.

The level broadening of the molecular levels given by tunneling hybridization (I") can be smaller
then the charging energy of the molecule, I" < E,., leading to a weak-coupling regime, or bigger,
I' > E., thus giving strong-coupling effects.

In the weak coupling regime, the double barrier effectively blocks electronic transport when the
molecular levels are off-resonance with the chemical potential of the leads (Coulomb blockade
regime). The characteristic Coulomb diamonds described in 2.1, arising in differential conduc-
tance maps as a function of gate and bias voltage, are also observed in single molecule junctions
[6, 5, 11, 12]. Inside the Coulomb blockade diamonds higher order virtual processes can occur
(cotunneling) in a way analogous that described in 2.1. Signatures for these processes have also
been observed in single-molecule junctions [6, 5, 11, 12].

In this chapter we focus on the weak-coupling physics of single-molecule junctions. The theo-
retical model describing the physics of such systems can vary a lot, depending on the molecular
complex considered. Here we focus on a number of simple two-dot and three-dot models. We
moreover assume a privileged single-electron occupation in each dot, thus taking into account
only virtual transitions to the doubly- and zero-occupied (higher energy) states.

Thinking a molecule as a system of two or three coupled quantum dots, each of them containing
a single spin, is really a huge simplification, that therefore requires a proper justification. This
can only come by a careful study of the energy levels of the isolated molecule together with the
understanding of the effects on them of the tunneling coupling to the leads. Such studies have
been done in relation to specific molecular junctions [6], but are out of the scope of this thesis,
which focus instead on a number of abstract two- and three-spin models. We should nevertheless
keep in mind that, when dealing with these models, we are really describing molecules with a
very specific electronic configuration. We always assume the following:

e the considered state of the molecule has a total spin 1 (two-spin model) or 3/2 (three-spin
model)

e the two or three total effective spins considered happen to be localized in well specific posi-
tions inside the molecule and such positions correspond to a very specific dot configuration
in relation to the leads.

As stated above, these two assumptions are not justified a priori, but they may be proven
reasonable for specific molecular junctions, when the shell structure of the atoms in the molecule
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Dt Do G ) e

Figure 3.1.: Vertical double dot with one dot coupled to the leads. Example of a second order
process coupling different total-spin states in the central region (spin-flip process).
The initial state of the system (represented in the left figure) has one electron in each
dot. Then a virtual process occurs (central figure) where the electron of the lowest
dot is transfered out of the dot into the right electrode. An electron from the left
lead is then transfered into the dot, thus replacing the electron that has gone. The
final state of the system (right figure) has therefore once again one electron in each
dot. Overall the process has transfered an electron from the left to the right lead
while in the double dot a virtual transition to a zero-occupied (high-energy) state has
occured, before the system has set back to its ground state, with one electron in each
dot (single occupation). The final total spin of the two-dot system has been changed
by the process, because the incoming electron (from the left lead) had a different spin
from the outgoing one (that gets into the right lead). This process is then a spin-flip
process and it is described by the term proportional to Juos in (3.2). Processes that
do not flip the spin can also occur (f.e. if the incoming electron had the same spin as
the outgoin one) and are described by the term proportional to Wy, in (3.2). Taking
into account all the processes of this kind (involving virtual transitions to zero- or
double-occupied states in the lowest dot), both the spin-flip ones and the non-spin-
flip, one obtains the total form of the Schrieffer-Wolff transformed Hamiltonian (3.2).

and the tunneling-coupling perturbation due to the leads are carefully studied.

In the first part of the chapter we write the Hamiltonian of the double-dot and three-dot
systems considered, in the second part we focus on the cotunneling physics. We will see that
the inelastic cotunneling peaks of a triangular triple dot (TTD) strongly depend on the inter-dot
exchange coupling. A different inter-dot coupling between the two lowest dots and the third
top electron gives an asymmetric differential conductance against bias voltage (3.2.2). This
configuration breaks in fact the overall symmetry of the system, which is recovered when equal
couplings are chosen, thus giving an usual symmetric dependence of the differential conductance
on the bias voltage.

3.1. Model Hamiltonian

3.1.1. Vertical double dot with one dot coupled to the leads

We will first study a vertical double quantum dot, i.e. two quantum dots in parallel, as they
appear in Figure 3.1. This consists of two dots, each of them we assume singly occupied. Moreover
tunneling to the leads is assumed to be allowed just through one of the two dots (Figure 3.1).
This very peculiar situation is then described by a standard Anderson Hamiltonian:

Hp = Z caid] diy + Z EakCh o Cako + Z (toekdjgcozka + t?;kch,,dza)
i={l,u},o a,k,o a,k,o

+ Undmndﬁ — B(SZZ + SZ) (31)
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Figure 3.2.: Vertical double dot with both the dots coupled to the leads. Example of a second
order process coupling different total-spin states in the central region (spin-flip pro-
cess). This process is analogous to that of Figure 3.1 and it is in fact described
by a similar Hamiltonian (3.3). The only difference between this system and the
previous one (i.e. the one of Section 3.1.1) is that now both the quantum dots are
coupled to the leads, i.e. they can both exchange electrons with the electrodes. Vir-
tual processes can thus occur both in the uppermost and the lowermost dot. As a
consequence, in the Hamiltonian (3.3) there are two similar terms added together,
each of them referring to virtual transitions occurring in one of the dots. Here a
virtual transition to a zero-occupied state in the lowermost dot is shown.

where [ and u label the upper and lower dots, respectively, so that S, and S, are the spin
operators of the two dots. Moreover we have added an external magnetic field to the system,
whose effect is the addition in the Hamiltonian of a Zeeman term depending on the spin state
~ BS*.

The Schrieffer-Wolff transformation of Section 2.2 allows us to transform the Anderson model
(3.1) into a standard Kondo Hamiltonian:

— — — o Waa/
HS = JlQSl . Su + Z (Jao/Sl * Sak,a’k’ + T ZTSU’CLkJCa’k’U’> (32)

’ ’
o, oo

kK’

where Suk.a'k' = Y aa’ Fagfclkgca/k/,,/ refers to the conduction electrons tunneling into and out
Kk’
G'O'/

the leads.

Notice that in this model an anti-ferromagnetic coupling J12 > 0 between the dots promotes a

singlet ground state in the uncoupled central region.

3.1.2. Vertical double dot with both the dots coupled to the leads

If we allow for both the dots to be coupled to the leads, then transport from one lead to the
other can occur through either dots (Figure 3.2). This possibility is taken into account in the
following Hamiltonian:

o o o Wi aar
- ) o .t
Hg = Ji125,- S+ E E Jd,0arSd * Sak,ark! + — E Too! Cokor Cal k! o (3.3)
a,a’ | d={lu} kk’
kK oo’

where [ stands for the lowest dot and u for the uppermost.

3.1.3. Lateral double dot

We would now like to study yet another two-spin system. This time we consider a lateral double
dot (Figure 3.4), i.e. two dots in series, whose ground state is a two-electron system.
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Figure 3.3.: Lateral double dot (i.e. two quantum dots in series). Example of a second order non-
spin-flip (top picture) and spin-flip (bottom picture) process. The process involves
a virtual transition to a double-occupied high-energy state in the left dot. Similar
processes involving the electron tunneling between the right dot and the right lead
can also occur. All the second order non-spin-flip (i.e. with the final total spin
state equal to the initial one) processes (top picture) are described by the terms
% D omtl c!  Cao in the first line of (3.6). On the contrary, all the spin-flip (with the
final total sspin state different from the initial one) second order processes (bottom
picture) are described by the terms J, S, - 5, in the first line of (3.6). Notice that
in this system second order processes (processes involving two tunneling events) can
only involve one lead at the time, each dot being coupled just to one lead.

Dt gln Dittrlrg iSRG Lglrging
tr tr, ta tr tr,
Dt g Dt g fLplngleg

Figure 3.4.: Lateral double dot. Example of a third order non-spin-flip (top picture) and spin-flip
(bottom picture) process transfering an electron from the left to the right lead. Non-
spin-flip processes (top picture) couple equal total-spin states in the central region,
i.e. the final two-spin state in the dot is identical to the initial one. All the processes
of this kind are described by the term %Po Zg:¢,¢ c! cars in the second line of
(3.6). Spin-flip processes (bottom picture) couple different total-spin states in the
central region, i.e. the final two-spin state in the dot is different from the initial one.

e [ * Suer in the second

line of (3.6). Notice that in this system the only way of transfering an electron from

one lead to the other is to tunnel through both the dots, a third order process (three
tunneling events) is namely required.
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. Operator O describing the process:
Representation of a three-step

(i.e. third order) process involving O trtute
transport from one electrode o

dTLTcLTdJIr%TdLTCTRLdRi
——
tr, tg tgr JRL
DateltC A _
th Matrix elements of O between all the possible
’D P o-- G initial and final states represented in the singlet-

D offfq> G triplet basis:

t T O|s)=-2ch ¢
)7134> 4 G {<+1| | 5) \/izuLT

to the other in a lateral dot: (T41 10| To) = \/ﬁcTR¢CLT

Figure 3.5.: Example of a spin-flip process needed to write down the unitary transformation giv-
ing the final Schrieffer-Wolff-like Hamiltonian for a two-singly-occupied-dot system.
This process involves transitions to the high-energy zero-occupied state in each dot.
On the right side all the matrix elements of the transition operators between the
possible initial and final state of the dot are calculated. Notice that the basis used
to describe dot states is the singlet-triplet basis, namely the basis of the two com-
bined spins, and therefore a certain state, e.g. |1}) might represent two different
singelet-triplet states, e.g. the singlet state | s) and the triplet state | Tp).

We assume that, because of the relative distance between the dots and the leads, each dot can
exchange electrons just with the nearest lead and with the other dot. This means that transport
from one lead to the other must always be mediated by a virtual transition in each dot, i.e. a
three-step process. The Anderson like Hamiltonian for the system is therefore:

HA = Z Edid;radig — B(Si + S]Zg) + Z Ea,kCLkgcaka + Z (thdEgCchr + tzkczkadl/o')

i={L,R},o a,k,o k,o
+ (tdejzaCRka + t*RkCJlr%kadR‘7> +Y (tH d} ,dro + t*HdTRndLU) + Y Ungnag
ko o i={L,R}

(3.4)

where L and R stand for the left and the right dot, respectively.

We furthermore assume that |e4, —ep| < U and €4, < e so that the ground state configuration
is the one with one electron in each dot. Then it is convenient to work in the basis generated by
two coupled spins, i.e. the singlet-triplet basis:

[11) = d b, | 0) = Ths)
triplet { [{) = dTL¢dTR¢ | 0) :=|T_1)

[0 _ dhpdh,10)+d] df (o) = Ty) (3.5)
m>f|ff> dppd; \OH%E djy110)
singlet 7= LT Rl ﬂ“ f =] s)

where the notation | S;.Sg) =| S1)® | Sr) describes the four dimensional space of two combined
spins.

We then want to project out the high energy three- and one-occupied solutions. This is done
through a Shriffer-Wolff transformation, following the procedure of Section 2.3. We therefore
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need to find the specific form of the operators 7' and P° (appearing in (2.27)) by looking at all
the processes involving virtual transitions to higher energy states (see the example of Figure 3.5).
We then calculate the matrix elements of each possible process in the singlet-triplet basis and
write the Hamiltonian for all these processes as a sum of projection operators over the states of
the dot. All the details of this somehow cumbersome calculation are shown in Appendix A. The
resulting Hamiltonian for two-singly-occupied dots can then be rewritten through the usual spin
operators in the following form:

T - Wy
Hév :J12SL'SR+ Z JaSa‘g’a"’_i Z CLUCOCU

2
a={R,L} o=t
J = = W ’
+ Z %Taa’ *Saa’ t ;Oc PO Z CILUCOL/U (36)
a#a’ o=",1
a,a’={R,L}

where the exchange operator T is now found to be:

— —

Thor = (Sa + Sa) — 2i(Sa x Sa) (3.7)
and the potential scattering term P is:

P 5z 1 .
70 = 2(51 - S)+ | s)(s |= 1+ Sp - Sp. (3.8)

The first term in (3.6) represents the internal coupling of the two dots uncoupled to the leads,
i.e. the isolated two-coupled-spin system. The second and third terms, on the contrary, give the
coupling between the central region (the two-dot system) and the leads. These terms represent
virtual transitions involving a different charge state in the central region. Such transitions appear
as virtual fluctuation given by tunneling in and out the dot. Remember, in fact, that the
Schrieffer-Wolff procedure, applied to get this form of the Hamiltonian, describes singly occupied
dots, effectively eliminating double and zero-occupied states. These states appear now only as
non-energy conserving virtual fluctuations.

The second term of the Hamiltonians describes such virtual fluctuations in and out of the same
lead, thus involving the same tunneling amplitude ¢,. The term proportional to W, describes
events leaving the dot in the same state as it was before the transition (Figure 3.3 top), while the
term J,, §a - 3, represents event that flip the spin of one dot (Figure 3.3 bottom). The third term
of the Hamiltonian is the only one describing electron transport from one lead to the other (i.e.
it contains terms like ¢ c,/, With a # ). In this system the only way such electron transport
can happen is through tunneling events involving both the dots. Once again the total spin (i.e.
of the two combined electrons) of the dot can be left untouched by the transition (Figure 3.4
top) and this is described by the term Wear Py ZU:T i CLUCQ/J, involving the scalar operator P.

2 )
Otherwise a spin flip (Figure 3.4 bottom) of the combined two-spin-1/2 system can occur. Such

possibility is taken into account by the term J‘*T‘”’faa/ - §4a/- This combination is still a dot
product of spin operators (as it was the spin-flip term representing virtual transitions in only
one dot) but the new spin operator T effectively takes into account the spin of both the dots
involved in the transition and therefore it is actually a combination of the 1/2-spin operators of
each dot.
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Figure 3.6.: Example of possible (second and third order) processes coupling different total-spin
states in the central region. The processes involve virtual transitions to a zero-
occupied state.

3.1.4. Vertical double dot with both the dots coupled to the leads and
tunneling between the dots

We now consider the situation in which both the dots are coupled to the leads and moreover
there is a tunneling probability between the two dots as well (Figure 3.6). This situation is
much richer then the previous ones because many channels are open simultaneously, allowing for
transport between the leads to be either a second order process (involving virtual transitions in
just one of the dots just like in the systems 3.1.1 and 3.1.2) or a third order process, mediated
by two virtual transitions involving both the dots, like in the lateral double dot 3.1.3.

The Hamiltonian for this system will have to keep track both of the leads and each dot involved
in each transition. Moreover third order processes allow for a virtual transition to a doubly or
zero-occupied states to occur in dot 1 first and dot 2 afterwards or vice versa. We thus have to
keep track of the order in which the dots are driven into the higher energy virtual states. All
this is taken into account in the Hamiltonian:

Hs=J12§1'§2+Z >

(Jd aa’sd Saa' +
a,a’ | d={1,2}

E Too! akaca/k’0/>

kk'oo’

Jl()/ 20/ 1 Wl()/ 20/
+ < 9 Tla 2’ * Saal + —— 9 Poor E Cakgca’k’ 4
kk'oo’
o100 7 . Waa,1a/ $
+ 27 T2a,1a’ “Saa’ T 2’ aa’ E CakoCa'k/c’ (39)
kk'oo’

Moreover flR,QL = 51 + §2 — 2i(§1 X 52) and TQRJL = §1 + §2 —
=51 + S + 2i(S1 x S3).

where PRL = PLR = Po.
22(52 X §1)
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Figure 3.7.: Example of a third order process coupling different total-spin states in the central
region. The process involves a virtual transition to a zero-occupied state in each
dot. Studying all the processes of this kind one obtains the form of the Schrieffer-
Wolff transformed Hamiltonian for the triangular triple dot. Notice that the central
uppermost dot is not tunnel-coupled to the leads. We therefore expect the tunneling
terms in the Hamiltonian to look the same as for the system 3.1.3.

Once again the first term in (3.9) is the internal coupling between the two spins. The second term
in the first line (the parenthesis) describes processes coupling two leads through a virtual charge
fluctuation in one dot. The process allows tunneling in and out of the same lead (processes with
a = '), giving processes like the ones described for the lateral double dot and represented in
Figure 3.3, or coupling the two leads (« # ), in which case the term contributes to the current
through the system (top two pictures in Figure 3.6). The terms in the second and third line of
(3.9) describe third-order processes, instead, i.e. involving virtual transitions in both the dots
(two bottom pictures in Figure 3.6).

3.1.5. Triangular three-spin system

The last system we are going to study is similar to the lateral double dot of 3.1.3: there are
still two quantum dots in a lateral configuration which are tunnel-coupled to the leads but one
more dot is added to the system so that the central region is a triangular three-dot configuration
(Figure 3.7). In general the new dot broadens the range of possible configurations of the system,
giving the possibility for more electrons to be in the central region. Nevertheless, if we once
again assume the condition (2.9), the ground state configuration has one electron in each dot.
Moreover, we assume that just the two lateral dots are coupled to the leads, just like in 3.1.3,
while the newly added dot is not tunnel coupled to the leads or any of the other dots. The
triangular three-dot system so obtained will then have characteristics very similar to the lateral
double dot previously studied. In fact, one can even guess how a Schrieffer-Wolff Hamiltonian
for this system might look like. Since the central region is coupled to the leads through the
same tunneling couplings as the two-dot system 3.1.3, the terms describing transport from one
lead to the other will look exactly as in (3.6). Studying the processes giving the Schrieffer-Wolff
transformation, we will in fact confirm this prediction.

Let us start our study by reviewing the eigenstates of three isolated spins so that later on we can
use this basis. We want to find eigenstates for the total spin operator 52 and its z-component,

S#. From the rules of addition of the angular momentum one finds that three spins % combine in

a quartet of total angular momentum 52 = % and z-component S*% = :I:%7 :I:% and two doublets

of angular momentum S? = L and z-component S = £1. We therefore have eight states with
the correspondent simultaneous eigenvectors for 52 and S7. In order to find these eigenstates let
us write the possible combinations of the three spins in terms of eigenvectors of the single spins.

We will call « the eigenvector of a single spin with z-component S* = % and 3 the eigenvector
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with z-component S* = —1.

U1(1,2,3) = a(l)a)a(3)  [111)
U5(1,2,3) = a(1)B(2)a(3)  [T1)
U3(1,2,3) = a(H)a(2)5(3)  [TTL)
¥4(1,2,3) =a(1)B(2)5(3) 1)
U5(1,2,3) = B(Da)a(3)  [I11)
U6(1,2,3) = B(1)B(2)a(3) 1)
U7(1,2,3) = B(Da(2)63) 1)
Us(1,2,3) = B(1)AER)BE) ) (3.10)

Now let us apply the S* = (S%(1) + S*(2) + S#(3)) operator to each of these states. We obtain:

3 1 1 1
Py = S0 Py =~ R Py = -
S5y 5 V1 S%W, 5 V2 S*W3 5 Vs S5y 5 Y
z 1 z 1 z 1 z 3
5705 = S s §°Wg = 3 U 57y = 5 Uy §7Ws =S s (3.11)

and the §? = (S(1)+5(2)+5(3))1(S(1)+5(2)+5(3)) = 2+25(1)-5(2)+25(1)-5(3)+25(2)-5(3)

operator applied to the states (3.10) gives:

[

ﬂ 15 - 7 & 7

S20, = qul S2W, = 1\112+x113+\1/5 S0, = pr3+\1/2+\115

=9 7 =9 7 =9 7
S\I/4=Z\I/4+\I/6+\I/7 5\11521\1154—\1/24-\1’3 S\IJGZZ\I/6+\I’4+\I/7

- 7 15

52U, = 1\1:7 + U, + g S2yg = lelg (3.12)

Diagonalizing the system above one finds the following simultaneous eigenstates of 52 and 57
{\Ifl, Ug, Uy + Vg + Uy, Uy + U3+ U5, -V, + Uy, —Uy + Uy, —Uy + \I/g} (313)

corresponding to the following eigenvalues for 52

15 15 15
L 14
{474747 ’ } (3)

Let us finally couple the three-spin system to the two metallic leads. We want to find the
Schrieffer-Wolff-like Hamiltonian describing such coupling. As previously stated, we assume that
no tunneling can occur between the central dot and the lateral ones, so that transport from one
lead to the other effectively occurs as in 3.1.3. The only difference between the lateral dot of
Section 3.1.3 and the present case is the basis states of the uncoupled dot Hamiltonian which is
used to represent the transport operators. Having at hand a three-spin system, the basis we are
going to use is the one found above, which we now rewrite assigning a name at each state. We
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Figure 3.8.: Example of a spin-flip process needed to write down the unitary transformation giv-
ing the final Schrieffer-Wolff-like Hamiltonian for a three-spin system in a triangular
configuration. This process involves transitions to the high-energy zero-occupied
state in each dot. On the right side the matrix elements of the transition operators
are shown. Notice that the basis used is the doublet-quartet-doublet basis given by
combining three spins.

here rewrite the normalized states of three combined spins:

| +3) = d{qu?Td%T | 0)
| %> 7dL1,dC¢d Rl | 0)

quartet _ 40, A5y 0)+d] 1 dGy e 1004+d] dErdfs 10) [N HITTD+ID)
| +q) == . V3 =
| —q) = G |00+ 6 iy |0 4] Aoy iy 0) _ [1L)+HALD -+
S T gt T \/Tg N V3
|+d _ dbydbdfy 0 —dlydh dfy ) L)1) (3.15)
doublet1 2 2
Ly db Ry |0 —d]1dE, AR, 00 )~
R V2
ULy dby Ay 0 —d]1dE A5y 100 |11 —[141)
doublet2 V2 V2

_ Ly by ARy 10)—d]1dE,dRy10) L) -1

&
S

The generalized procedure 2.3 applied to this three-spin system exploits the same ideas of
Section 3.1.3 (Figure 3.8) and is reported in Appendix B. The following Schrieffer-Wolff-like
Hamiltonian is found:
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L L L . W
Hg = J1251 - So + JasSc - Sp+ J13St - Sp+ Y | JaSa - 5o + - > chiotane

a={R,L} o={14}
k'

J = - W ’ — — - —
2 | e Faw £ 5 R D coptarkr | = B (8L + S0+ S)

2
a#a’ o={t1}
a,0’={R,L} kK
(3.16)
where
TRL = gL +§R *QigL X gR
TLR = gL +§R —2i§R X §L
- o I
Py=Pl =2 [SL - Sk + 4] (3.17)

and the conduction electron operators are: Sgr, = FM/CTR,WCL;C/(,/ and S, = FMICTL,WCR;C/U/.
Notice that, as we expected, in 3.16 we find the same operators T and P that also appeared in
the two-spin lateral system treated in 3.1.3. Using the procedure outlined in Appendix B these
operators show up in the form of matrix elements of an 8 x 8 matrix written in the three-spin
basis 3.15.

From the procedure outlined in Section 2.3, the values of the inter-dot couplings Ji2, Jos and Js;
appear to be fixed by the values of the tunneling coupling between the dots ¢ty and with the leads
tr, tr- However we should remember that we are trying to describe a molecular system, where
interactions taking place among electrons inside the molecule are in general complicated. In
particular we can expect an interplay between a ferromagnetic Hund’s rule and an antiferromag-
netic spin-spin interaction between electrons belonging to the same orbital. The full treatment
of electron-electron interactions occurring in specific molecular systems is out of the scope of
this thesis. We nevertheless account for such interplay by allowing the inter-dot couplings Ji2,
Jos and J3; to be either ferromagnetic or antiferromagnetic. We then don’t set any sign to
the spin-spin inter-dot interactions a priori. Instead we reserve the right of choosing a specific
character for these couplings when we confront our data with a real molecular system. In that
case we will refer to specific studies on the lectron-electron interactions in the isolated molecule
in order to decide the ferromagnetic or anitferromagnetic character of the coupling coefficients.

3.2. Differential conductance

In this section we will finally study cotunneling transport through the different systems consid-
ered. For each configuration we will first describe the unperturbed Hamiltonian basis states and
then apply first order perturbation theory in the tunneling Hamiltonian. The basic equation
giving the transport amplitude between the left and the right lead, approximated at first order
in the tunneling parameter, is given by Fermi Golden Rule:

I'rp = 2”2 [(f | H | )*Wi(Ef — E). (3.18)
i
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where W; is the occupation probability of the initial state of the system and FEj;, E; are the
total initial and final energies, respectively. Written in this form, 3.18 gives the probability for
transport to occur from the left lead L to the right lead R, no matter what the initial and final
states of the dots are. Only the terms proportional to cTRkUch/(,/ will then give a contribution
to this amplitude while we will have to sum over all the possible initial and final configurations
of the dot system.

The current is then calculated as the neat difference between the charge transported from the
left to the right lead and that transported from right to left:

IZ&[FRL—FLR]. (319)

The crucial quantity to be studied is the differential conductance, which is given by the derivative
of the current with respect to the bias voltage j—‘l/. The study of a differential quantity, rather then
the classical ratio G = é, allows the study of the highly non-linear effects entering cotunneling.
At the end of this section we will be able to plot the differential conductance dependence on bias
voltage for the different systems previously considered. We will see that a rich physics arise in

the most complicated case of a triple dot.

3.2.1. Double dots

Eigenenergies of two coupled spins
vS. Zeeman energy B

2 Br_)
1
B
: E|T0>
QU
LL] 0
Ejs)
-1
E|T1)\

0.0 0.5 1.0 1.5 2.0

BlJ12]

Figure 3.9.: Eigenvalues of the bare Hamiltonian of a double dot (singlet and triplet energies)
plotted against the the Zeeman energy B. Both the Zeeman term B and the eigenen-
ergies E, of the singlet and the triplet states are in unit of Ji2. At % =1 a crossing

from a singlet to a triplet ground state can be observed.

For the vertical double dot systems of Subsections 3.1.1, 3.1.2, 3.1.4 and the lateral double dot
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of 3.1.3 the unperturbed Hamiltonian has the same form:

Hy = Z Edidzadig’ + J12§1 . 52 — E . (§1 + §2) (3.20)
i={1,2},0

where we have called §1 what is called §u in the vertical dot and §L in the lateral dot and 52
what is S in the vertical dot and Sy in the lateral one. Notice that this change in the name
assigned to the dots does not carry any physical meaning. All the operators mentioned are simply
spin operators, which have been labeled in different ways to distinguish them inside the central
region.
In 3.20 an external magnetic field is present. The effect of such field is to change the single-
particle energy of the electrons because of the interaction between the field and the electron spin
(Zeeman term). If the field is strong enough, it can allow a transition to a different ground state
in the double-dot (Figure 3.9).
By rewriting

3.5, = SFSy -;S;SJ

and assuming the magnetic field to point in the z-direction, one can rewrite the Hamiltonian in
matrix form in the single-spin basis {| 11),| T4), | 1), | ) }:

+ 5753 (3.21)

1(-4B+J12) 0 0 0
0 ~J2 T2 0
Hy= > cadl,di, + 0 5, 0 (3.22)
= o 2 4
fr2h 0 0 0 1B+ 1)

This is diagonalized by the same basis that also diagonalizes the total spin, namely the eigen-

vectors 1) = 41)
|s) = =5+

| To)

| T41)
| T-1)

(3.23)

which have eigenenergies {—2212 12 1(_4B 4 J}5), 1(4B + Jy2)}, respectively.

The current can now be calculated. We start by evaluating the transition amplitude from the
left to the right lead through (3.18). The final state of the leads is then given by | fieqds) =
c}r%k/o,cuw | icads), sO that the transition amplitude can be rewritten as follows:

I'rp =2m Z |(i1cads; P | CTLkUCRk’a/hRL | iteads; PY* Wirewaa1tp0 (i +Ey —ex—E,) (3.24)
k,k',o,0",p,p’

where hry is the part of the Hamiltonian contributing to electron transport from the left to the
right lead, p, p’ describe the initial and final states of the central region as given in the eigenstate
basis of the unperturbed Hamiltonian, (3.23), and the occupation distribution of the initial states
of the leads W;,,,,. and the central region n, have to be considered.

Let us consider the vertical double dot with both the dots coupled to the leads and tunneling
between the dots (Subsection 3.1.4). All the other two-dots systems considered in Section 3.1
can then be obtained from this one by taking some of the tunneling couplings to be zero.

For the considered system transport from one lead to the other can either be obtained by a
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Differential conductance
vs. bias voltage (double dot)
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Figure 3.10.: (a) Typical cotunneling differential conductance for a double quantum dot. At val-
ues of the bias voltage corresponding to the excitation energies (marked as vertical
lines in the plot), inelastic cotunneling peaks appear in the differential conductance.
(b) Occupation probabilities of the different two-spin states of the double dot. Once
again the vertical lines correpond to the excitation energies (i.e. the energy differ-
ences) between the different two-spin states of the double dot system. Here we
used B = 0.8, t = 0.008, th = 0.8, tlL = 0.57, tQR = 0.34, tgL = 0.68, tH = 0.5,
U = 10, all in units of Jy5. The differential conductance dI/dV is expressed as a
ratio dI/dV — AV and it is in units of e?/h.

27|'l/t1Rt1L/U
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second-order process involving just one of the dots or through an intermediate virtual transition
between the dots (third-order process). For a sketch of these two possibilities see Figure 3.6.

The operators describing the second order spin-flip processes are the usual spin operators of the
dots (51 and §2), while the potential scattering term, which leaves the total spin of the central
region invariant must be proportional to the identity matrix (d,,/). The third-order process are

given by the the exchange operator Try and the potential scattering term P. 'y, then becomes:

=2 ¥ %

ile/ads , P’
k.k ey
a,0',n,m

i i JIR2L /i JoRAL i
ZTm]’ <Z Jd,RLSd,p'p + T(Tm,u)p’p + T(T2R,1L)P'P
i d

<ileads | CTLkach’a/CI{qncqu’n’ | ilead5>

2

Wa RL WiRr,2rL WarirL
+T7?’7/ (Z 2 69//3 + 2 PP'P + 2 PP'P Wilcadsnpé(gkl + Ep’ — &k — Ep)-
d
(3.25)
Looking just at the conduction-electron part of the equation, one then ends up with:
, t t : 2
Z ‘<Zleads | CLkoCRE' o' CRqnCLq'n’ | iteads)| Wiieaas0(er + Ep —e — Ep) =
0.d o
= Z 10k g007n0kq: Oom/ Mgy (1 — ann)|2 WiiewasO(Err + Ey — ek — E))
it
= Z nigy (1= nren) Wiius,0(6q + Ey — ¢ — Ep)
tleads
4,4’
= Z np(eq —pr) (1 —nr(ey — pur)) d(eq + Ey —eq — Ep)
a9
= VLVR/dE/dE/nF(€ — ,[LL) (1 — nF(sl — ,[LR)) 6(5/ + Ep/ — & — Ep)
= VLVR/d€/d€/nF(€ —ur)(l—nple+E,— Ey — pigr)) (3.26)

where I defined the density of states in the two leads as v, and vr and I assumed them to be
uniform in the energy range of interest. I now use the following two relations:

nr(e1)(1 —nr(ez)) =npler — e2)[nr(e2) —nr(e1)]

/de(np(e) —nple+w)) =w (3.27)

with e =¢ — pur and e =+ E, — E,y — g so that my w becomes w = E, — E, — (41 — Rr)-
The lead part of the transition amplitudes then becomes ng(A,, —eV)(A,, —eV), where the
bias voltage is defined as eV := ur — pur and the energy difference between two states of the
total spin, e.g. | s) and | 1), is called Ay, = E, — E,.
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Defining;:
RLy J13,2L i JoRAL ;i
(T Z Ja RLSd P 72 (TlR,2L)P’P + 2 (TQR,1L)p’p
W W W-
RL d,RL 1R.2L 2R,1L
Ppp= Z 5 et 5 Popt =Dy (3.28)
d

the transition amplitude then becomes:

2
FRL:27TVLVRZZnB(Ap’p_e TRL 0 PRL Np
psp’ My’
=2mvvr Y np(Dy, —eV)(Ay, —eV) { Z (THEY™(TEEY 42 )PRL }np (3.29)
p:p’

where I used 7, = 7, because of the hermitianity of the Pauli matrices. Notice that the
RL RL RL RL
sum Y-, |79, Pyp|? gives Znn o Pypl® = 22— P[> = 2/P,|* (because there are 2
possible spin states) and Tr[ri7Y = Trlic;ik™" + 6;;) = 2;;. In a similar way the expression for
the transition amplitude from the right to the left lead is seen to be:

T'ir=2mvve Y np(Bpy,+eV)(Ay, +eV) { Z (THEy=(TLE) + 2 ’PLR
p:p’

} n, (3.30)

TLR PLR

where we have defined and as the matrix elements obtalned by TRL and Pﬁi respec-

tively, through the substltutlon L + R. Tt is worth notice that TL® o'p T?ﬁ, being the following
relations valid:

Tiror = S1 + Sa — 2i(S) x S) = TiL2r
Torar =51+ Ss +2i(S) x Sb) = Torir (3.31)

as observed in Subsection 3.1.4.
The current can then be written in the following way:

I=e(lrr—ILR)

- 627”/LVR Z |:|<Z.leads; l)/ | cTLkgch,U/h’RL | 7:leads; p>|2WiLEadsnp6(€k’ + Ep’ — &k — Ep)
kK
a,0',p,p'

—|(t1eads; P | CJ]E{]@/U/CLkahLR | iteads; 0 ) *Wiruopr 6 (e + E, — €3 — Ep/):|

2
RL
p'p

= e2nvLVR Z(Ap/p —eV)[np(Apy, —eV)n, +np(—Ay, +eV)ny]
PP

(3.32)

= e2mvprR Z(Apxp —eV)Inp(Ap,—eVn, — (1 +np(Ay, —eV))n,y]
PP

where I defined ) )
RL|® . RLvi* ;mRL\i RL
‘Mp,p =23 (TEL)Y*(TEL) 4 2 ‘Pp/p

9

(3.33)
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and I used that hpr = h};L and the fact that when I look at the processes from the right to the
left leads the initial state corresponds to the final states of the opposite processes (from left to
right).

In order to calculate explicitly the final expression one needs to know the occupation probabilities
n, for the different dot states. Following a standard rate equation approach one can write the
following;:

N1 = Ih1,0m0 + Ip16ne — To+1mq1 — s 4141

noy=I_10ng+1I_1sns—Io_1n_1—Is_1n_1

no = Lo+1n41 +To—1m—1 + Tosns — L10m0 — I-10m0 — Is0m0

ng =TI iny1+ s 1n1+Tsono—Iy1,sns — I 150 — Tpsns. (3.34)
(3.34) can be rewritten in a more compact form:

np = Z (Lpprnp — Lprpnp) (3.35)
o

which basically states that the change in the occupation of state p is given by the difference

between the filling (i.e. >° , I')yyn,) and the emptying (i.e. 3, I}y,n,) of that state. Looking
for stationary solutions, i.e. setting n, = 0, and imposing the normalization condition:

an =nyg1+n_1+ng+ns=1. (3.36)
P
one can solve the rate equations and get the bias dependence of the occupation of each state.
The coefficients Iy, can again be calculated using Fermi Golden Rule. This time the initial and
final states of the central region will be fixed, while jumping to any lead will be allowed:
Lyp=Y Ies =r8k 4 rhly rif g bk, (3.37)
aa’
The following is found for the transition coefficients:

F/ﬁ;’ = 2TV VR Z |<fleads§p/ | H | ileads;p>|2Wi15ad56(Ef - Ez) (338)

lleads
fleads

In a way similar to the above calculation for I'* and I'“%, one finds the following expression:

/ 2
FI%LP = QWVLVRHB(Ap/p - GV)(Ap/p - GV) ’Mf’ﬁ

/ 2
FLp]g = 27TVLVRnB(Ap/p + GV)(Ap/p + GV) ‘Mfl;/lj

' aa |2
Fgap = 27Tl/al/anB(Ap/p)(Ap/p) |Mp’p

(3.39)

Solving numerically the Master equations (3.34) one obtains solutions of the kind in Figure 3.10.
Note that the differential conductance is always symmetric in the bias voltage, with step-like
increasing at values of the bias corresponding to the energy required to fill the higher-energy
states. These steps correspond to inelastic cotunneling processes. The cusp at the threshold
energies is due to the effect of the non-equilibrium ridistribution of the occupation probabilities
before the saturation value is reached at larger bias. This effect can also show up as a monotonous
increasing after the inelastic step up to the saturation value. The appearence of either a cusp or
a an increase really depends on the details of the non-equilibrium occupation probability. More
details on this can be found in [1].
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Eigenenergies of three coupled spins Eigenenergies of three coupled spins
vs. Zeeman energy B vs. Zeeman energy B
(12 ferromagnetic, b3 & J3; antiferromagnetic) (12, J23, J51 antiferromagnetic)
3

E,[Ja1]
E,[Ja1]

(a) B[J31] (b) Bl/s1]

Figure 3.11.: Eigenvalues of the bare Hamiltonian of a triangular triple dot plotted against
the Zeeman energy B. This and the eigenenergies are in units of J3;. In (a)
all the inter-dot couplings Ji2, Joz and Js; are antiferromagnetic (Ji2 = 1.5J31
and Joz = 0.2J31), in (b) Jio is ferromagnetic and J31, Jo3 are antiferromagnetic
(J12 = —1.5J31 and Joz = 0.2J31). Notice that in (a), where one of the couplings
is ferromagnetic, the low energy states at zero magnetic field (B = 0) are a degen-
erate doublet and a degenerate quartet, while in (b), where all the couplings are
anitferromagnetic, the low energy states at zero field are two degenerate doublets.

3.2.2. Triangular triple dot

Let us now turn to the case of the triangular triple dot (TTD) of Subsection 3.1.5. The unper-
turbed Hamiltonian now depends on the three inter-dot couplings Ji2, Jo3 and Jsi:

Hy = Zfakclkgcaka + J125 - Se + Ja3Sc - Sp+ J13SL - Sp— B - (Sp + Sc + Sg). (3.40)

ako

This is diagonalized by the eigenvectors:

341
) 1= a (1) + b [114) + ¢ [i11) (3.4

| +d') == d [T) + 1T +g 1)
| —d) =1 [ +m 1) +n [11)
| =d') == o [1LL) +p 1) +a [I1)

where the last four are some linear combinations, with appropriate coefficients a, b, ¢, d, f, g,l,m,n,0,p, q,
of the states with spin z-component 1/2 and —1/2 of three combined spins. These coefficients

are in general some complicated functions of the internal couplings Jy2, Jo3 and J3;. With some

abuse of notation I call | +d), | —d), | +d’), | —d’) the last states, meaning that | +d) and

| —d) have lower energies then | +d’) and | —d’). From now on these names will refer to the
combinations of total spin eigenstates that diagonalize the bare Hamiltonian.
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The respective eigenvalues are given by:

i(—GB + Jio 4+ Jog + J31)

(2B + Jiz + Jaz + J31)

i(2B + J12 + J23 + .]31)

i(GB + J12 + J23 + J31)

1 (2B — Jig — Jog — Js1 — 20/ T3y — Jizdos + J3y — JiaJa1 — JozJa1 + ng) (3.42)
1 (2B = Ji2 — Jog — Ja1 — 2v/J3y — Jiadas + J35 — JiaJa1 — Joz a1 + ng)

L (2B — Jig — Jog — Ja1 + 2/ T — Jiadas + J% — Jizds1 — Jasda1 + ng)

i 2B — Jig — Jaz — Ja1 + 2\/J122 — JiaJos + J35 — Jiods1 — Jag a1 + ng)

The eigenvalues of the bare Hamiltonian (3.42) are plotted in Figure 3.11 as a function of the
applied magnetic field. Notice that, being the bare Hamiltonian dependent on the three inter-dot
couplings Jyo, Joz and Js31, the ground state depends on the relative values of these couplings.
When all the three couplings are antiferromagnetic (i.e. positive), the zero-field spectrum has
two low-energy doublets and a high-energy quartet. On the contrary, choosing Ji2 to be ferro-
magnetic, the spectrum at B = 0 is composed of a low-energy doublet, followed by the quartet
at higher energies and the second doublet at even higher energies.

Notice that the choice J3; = Ja3 allows us to rewrite the eigenvectors of (3.40) in a much
simpler way:

| +3)
| +q)
| —q)
| -3)
| +d) == 5 (= [N+ [11) (3.43)

) = 5 (5 10 — V2 111 + L5 i)
| —d) 1= 5 (1) + [10)
| =)= 5 (&5 1) = VZ D) + &5 W)

Observe that the coefficients are now independent of the internal couplings Jio, Jo3 and Js;.
The respective eigenvalues now simplify to:

6B + Ji2 + 2.J23)
2B+ Jio + 2J23)
2B + Jia + 2J23)
(6B + Ji2 + 2.J23)
—2B — 3J12)

2B — 3J12)

—2B + Jy13 — 4Jo3)
2B + Jig — 4J23)

(
(
(

(3.44)

B L L L L T L e

(
(
(
(

We now study the behavior of the differential conductance against the bias voltage. Let us
start by noticing that the formula (3.32) for the current and the rate equation (3.35) remain valid
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Differential conductance
vs. bias voltage (triple dot)
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Figure 3.12.: Differential conductance and state occupation probabilities of a triangular triple dot
for the specific choice of inter-dot couplings J12 = Ja3. The differential conductance
(a) is symmetric in bias. (b) shows the occupation probabilities of the different basis
states.
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Differential conductance
vs. bias voltage (triple dot)
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Figure 3.13.: Differential conductance and state occupation probabilities of a triangular triple dot
for a generic choice of inter-dot couplings Jis # Jos. The differential conductance
is asymmetric in bias (a). (b) shows the occupation probabilities of the different
basis states.
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for the three-dot system, the only difference being that the operators (3.33) are now written in
the three-spin basis (3.41). Being this basis dependent on the inter-dot couplings Jis, Jos and
Js1, the operators (3.33) will also depend on these quantities. One can then observe that the
ST Thy and Y, T Ti p operators are not symmetric. This has some strong consequence
in the calculation of the occupation probabilities and the conductance. From Figure 3.13 we
see, in fact, that the differential conductance is asymmetric in bias voltage. This comes directly
from the observation on the asymmetry of the fRL and TL r operators. When calculating the
transition amplitude from the left to the right lead I'J} each term of the sum on p and p’
correspond to the term with the same fixed p and p/ in I';%, meaning that the first is the
transition amplitude from a state p to a state p’ in the dot when the bias is V', while the second
is the amplitude between the same initial and final states in the dot when the bias is opposite, i.e.

*

§ *
—V. We know that Tf;ﬁ = {(TRL) } = {TLR] because the Hamiltonian is hermitian, and
’ pp’

n
we can rewrite the latter as [TLR} = (TLR> . This last expression is in general different
p'p

pp’
* -

from (TLR) , being the T r operators not symmetric. As a consequence, the two symmetric
p'p

points at fixed V and —V give different contributions to the current (and consequently also to
the differential conductance). Notice that, if the operators T and T#Y were symmetric, the

T %1 *
equality (TLR) = KTLR) } = (TLR) holds and consequently also Tﬁi = (TLR)
p'p p'p p'p

*

) \ oo
1k K3

Since in the transition amplitude what really matters is the product (Tﬁ,ﬁ”) (Tﬁ,lz) , the fact

that the last equality holds taking the complex conjugate of Tﬁ,l;f rather then Tff};‘ itself does

not matter. If the TR 1, and TL Rr operators were symmetric we would then have a symmetric plot
of the differential conductance.

As a matter of fact one can see that the asymmetry of the Y, Th7 T, and Y, T1% T} 5 operators
is due to the specific choice of basis states. If one considers the very special case Jijo = Jog, then
the last operators turn out to be symmetric and the differential conductance is also symmetric
(Figure 3.12). From a physical point of view these conclusions seem reasonable, when a symmetry
argument is carried out. Remember in fact that transport from one lead to the other can only
occur through the right and left dots, while the central dot just assist to the process, without
influencing it directly. The only way in which the latter dot plays a role, is through the internal
couplings Jy2 and Jog of the unperturbed dot Hamiltonian (3.40). When we keep the symmetry
of the system by choosing J15 = Jos the conductance is then symmetric in bias. When we choose
J12 # Joz and thus break the symmetry, the conductance is asymmetric.

Just to better understand the form of the operators we are dealing with, let us report them here.
In the double dot case the . T T, operator written in the singlet-triplet states is:

Z Ti:Thr = (3.45)
i

e e =)
_ = O
O = =
= O ==

In the case of the triple dot, the sistuation is very different. Since the eigenvectors of the three-
spin (bare) Hamiltonian (3.40) depend in general on the internal couplings Ji2, Jos and Jsi,
the entries of the matrix operator ), T}é*LTIi% 1, will also depend on the internal couplings. For
the specific (but completely random) choice Jio = 0.86, Jog = 0.54 and J3; = 1, B = 0.8 the
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operator lokks like:

1 0 067 0 0 052 0 0.81
0 0.0l 043 0.12 1.30 0.02 0.87 0.25
0.67 0.17 0.11 0.27 0.00 0.35 0.89 0.54
E:ijﬁ _ 0 0.65 0.01 0.33 0.03 1.29 0.02 0.67
_ "RLYRL 0 052 0 081 1 0 067 0
! 1.30 0.02 087 025 0 0.01 0.43 0.12
0 0.35 0.89 0.54 067 0.17 0.11 0.27
0.03 129 0.02 067 0 065 0.0l 0.33

(3.46)

which is asymmetric. Choosing J12 = Ja3, the eigenvectors of the bare Hamiltonian (3.40) happen
to be independent of the internal couplings J12, Jos and J3; and the operator Y. T4 T, is given
in this basis by:

10 % 0010 é
1 2
20 112 43
. o 111 1 % 828
Y THThi=| o 3 81 33 38 (3.47)
‘ 1023 9911
g 2 & 3 2 1 1 %
13088 5111
3 3 9 9 3 9 9

Notice that in this last case Y, Ti; T, is a symmetric operator. Ths is at the origin of the
restored symmetry in the plot of the differential conductance in 3.12, as discussed above.



4. Kondo temperature in a TTD

Eigenenergies of three coupled spins
vs. Zeeman energy B
(J12 ferromagnetic, J,3 & J31 antiferromagnetic)

E,[J51]

0.0 0.5 1.0 1.5 2.0

B[J51]

Figure 4.1.: Eigenvalues of the bare Hamiltonian of a triangular triple dot plotted against the
magnetic field. The inter-dot couplings Ji2, Jo3 and J3; are chosen such that Jis is
ferromagnetic and Js1, Jo3 are antiferromagnetic.

As we have seen in the last chapter and again in Figure 4.1, the ground state of a triangular
triple dot (TTD) system changes depending on the strength of the applied magnetic field. If we
set the internal dot couplings such that Ji, is ferromagnetic and Jo3, J31 are antiferromagnetic,
the spectrum of the three-spin system not coupled to the leads looks exactly like in Figure 4.1.
At B = 0 there is a degenerate doublet, for higher values of the magnetic field B > 0 this splits
and one of the states of the total-spin 3/2 quartet gets closer to the low-energy component of this
doublet. The latter become degenerate at a well specific value of B and for even bigger values
the quartet state becomes the unique ground state of the system. Increasing the magnetic field
we then meet two degeneracies, which we now want to study.

From a transport point of view these degeneracies are not different from the energy degeneracy
of the two possible spin-states of a singly-occupied quantum dot. As we know, in such a system
a strong coupling regime is entered at “low enough”temperatures. The “low enough”temperature
regime here is set by the typical temperature Tk characterizing the Kondo effect. For tem-
peratures smaller then the Kondo temperature 7" < Tk, a strongly entangled many-body state
is formed between the spin of the dot and that of the conduction electrons. In this situation,
the dot spin is effectively screened by the conduction electrons, thus allowing for an enhanced
zero-bias conductance (Kondo peak).

In this chapter we want to investigate the properties of the Kondo temperature for the more
complicated degeneracies of the TTD system. We start by writing the low-energy Hamiltonians
(valid in the neighborhood of the degenerate ground states) for the system. In 4.2 we then re-
view the “Poor man’s scaling”approach to Kondo physics. This allows us to take into account the
strong coupling effects through a renormalization of the Hamiltonian coupling coefficients. In 4.3
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we then extend the scaling procedure to a more general anisotropic Hamiltonian, so that we are
able to apply the idea behind this approach to our very specific triplet dot system. We can thus
investigate the presence of a possible zero-bias Kondo-like peak at the ground-state-degeneracies
of our system. If any peak is present, then its relative strength when compared to the cotunnel-
ing peaks, would possibly enable actual experimental measurements of enhanced values of the
conductance at the degenerate point.

4.1. Effective low energy TTD Hamiltonian

We start the study of the degeneracy points by projecting the perturbative Hamiltonian (3.16)
for a triangular triple dot (TTD) into the subspace created by the two low energy competing
ground states for each of the degenerate situations. We then want to write down an effective
Hamiltonian describing the physics of the system in the neighborhood of each degeneracy. We
will see that the resulting Hamiltonian turns out to be anisotropic in the different directions.

We have seen that for a choice of inter-dot coefficients where J15 is ferromagnetic and Jogz, J31
antiferromagnetic, there exist two degeneracy points. At B = 0 the two doublet states | +d)
and | —d) are degenerate, but when increasing the magnetic field they split and | —d) raises in
energy, while at the same time the higher energy state | —|—%> decreases. At some point | —d) and
| +3) will cross, so that the two competing low-energy states become | +2) and | +d). For a
specific value of the magnetic field the respective energies will equal E| sy = E| 4y giving again
a degenerate ground state. For still higher values of the external field the unique ground state
becomes | +3).

4.1.1. Low energy Hamiltonian at B =0

Let us begin by writing the low-energy Hamiltonian for B = 0. We then need to project the
interaction Hamiltonian (written in the eigenstate basis (3.41)) into the subspace generated by
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the low-energy doublet {| +d),| —d)}. We obtain:

0 A 0 0 Bl 0 .
Hepp=Jp |:<0 0 )CEJ,CLT—’_(A 0>CETCL¢+< 0 BQ)TUU/CEJCLU’:|

L ( - )TSU,CLUCLC,,

+Jr K 8 g >CJ1r%J,CRT+ ( g 8 ) chicry + ( D01 D02 )Tjg,c}wc%l
+ % ( (1) (1) )TgU/CRUCRU/

+ %RL [( 8 ](5)? )CJ;NCLT + < g 8 )CETCM + ( %1 CE‘)Q )Tjg,ckgcwi
LW [( oo )ZcRchU]

2
JER 0 FE 0 0 Gl 0 R

oy K 0 0 >CTL¢CRT+ ( E 0 )CTLTCR¢+ ( 0 G2 )TW’CEGCR”’}
WER

( 131 132 )ZJLUCRJ (4.1)

where the quantities A, B1,B2,C,D1,D2,FE,G1,G2,H1, H2 are in general some complicated
functions of the inter-dot couplings Ji2, Jo3 and J3; and their exact expression is given in
Appendix C.2. In the simplified case Joz3 = J31 the eigenvectors of the bare Hamiltonian are
independent of the internal couplings Jio, Jas and Js; (see Section 3.2.2) and therefore also the
couplings appearing in (4.1) turn out to be simple numbers, namely:

N[ N[~ O
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When, on the contrary, Jo3 = Ji2, the couplings become:

2
A:—g
1
Blzgl
_ 2
C=3
Dl=3
p2=-1 (4.3)
E=4
3
_ 2
Gl=}
Hl=1
H2 =

so that the Hamiltonian becomes isotropic.

4.1.2. Low energy Hamiltonian at B > 0

In order to study the second degeneracy at finite B, we need to project into the subspace
generated by the two states {| +3),| +d)}. We then get:

0 A 0 0
Heff:JL |:< 0 0 )CE\LCLT'F(A 0 >CTLTCL¢+(

Ol

0
B ) T;G/CTLUCLU/:|

WL 1 0 0 -i-
+ 7 ( 0 1 > Too'CL,eCLo’
0o C 0 L B
+ Jr [( 0 0 )CR,LCRT + ( C 0 ) CRtCRL + < (2) D )TUU,CEUCRU/:|
Wr(1 0 0
+ T ( 0 1 ) Too'CRoCRo!
JRE 0 E 0 0 1 0 ;
S E Yo (2 9o (8 e
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where the explicit dependence of A,B,C,D,E,F,G,H on Ji», Jos and J3; can be found in
Appendix C.1 and for the special case Jo3 = J3; they become:

_ 1
A=
5]
2
C=-\/2
D=-1
6
(4.5)
2
_ /2
F=,/2
G=1
1
H=-1
When, on the contrary, Jo3 = Ji2, the couplings become:
(4.6)

T QoD QW
I

Il
— w\wgwh—t "‘w’_‘%"“
S
ol

4.1.3. General expression for the low energy Hamiltonian at B =0 and
B >0

Notice that both in (4.1) and (4.4) we have obtained an effective anisotropic Kondo Model, which
can in general be rewritten in the following way:

H = Z [J;r'aTJrCL/kwcakT + Jo;aT_CL'k%Caki + J;TQTZCL’]C’TCO‘]CT + J«iflaTZCL'kwcaki

! ’
a,al k. k

0 0
+JaTaTOCL/k’TcakT + Ja"l,aTOcL’k’J,cakJriI (47)

by introducing the new coefficients J;',a,J(;,a,J;,Ta,J;,ia,JgTa,Jg/ia (for more details see Ap-
pendix C.1).

In the part of the Hamiltonian involving transport just through one of the leads (i.e. terms like
ch,UcakU) the anisotropy is just between the coefficient parallel to the magnetic field and the
coefficient orthogonal to the magnetic field. On the contrary in the part of the Hamiltonian
involving transport from one lead to the other (i.e. in the terms involving creation and annihila-
tion operators of both the right and the left lead) also the two in-plane coefficients are different,
leading to a "total anisotropy “also in the plane perpendicular to the magnetic field.

We now want to apply a scaling procedure to these two low-energy Hamiltonians. Such study
allows us to focus on progressively decreasing energy ranges within the bandwidth of the leads.
We can therefore follow the behavior of the system at very low temperatures and study the
possible crossing to a strong coupling regime.
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In order to go on with our plan, we now need to introduce in some more details the ideas of this
"Poor man’s scaling”approach. This is done in the next section. In 4.3 we then generalize the
"Poor man’s scaling”to a more complicated model, which will then allow us to study our specific
Hamiltonians (4.1) and (4.4).

4.2. Poor man'’s scaling equations for the anisotropic Kondo
model

When doing perturbation theory with a standard 1/2 Kondo model, we know that already at third
order divergences appear (see Section 2.2). The divergent terms in the perturbative expansion
arise in the form of logarithmic divergences In(KpT /D) where D is the conduction band of the
leads. This dependence on the cut-off energy is very different from a dependence of the kind
1/D or 1/D?, in which case the limit of infinite band width, D — oo, can be taken without any
divergence arising from that. Physically the last situation means that the high energy excitations
don’t contribute to the physical interesting quantities when considering the low energy levels. On
the contrary, with a logarithmic dependence on the conductance band the limit of an infinitely
large conductance band leads to a divergence, meaning that contributions from high energy
excitations must be taken into account. This can be done through a renormalization of the
coupling constants. That is the essence of the scaling approach. When considering different
widths of the conduction band one must rescale the coupling constants of the model in the
proper way. Let us see how this come about.

One can consider the states lying at the edge of the conductance band and see what happens at
the model Hamiltonian when eliminating virtual transitions to them 4.2 (a). One can end up
writing down differential equations relating the change of the coupling coefficients with respect
to the reduction of the band width. To see exactly how this works let us consider a general
perturbative Kondo Hamiltonian of the form:

H = Z [(J+T+c£¢cm + J_T_CLTCkli) + JZTZ(CLTCIC/T — CL,LCk'i)} (4.8)
kK’

when considering all the possible scattering processes involving virtual transitions to the band
edges and eliminating the correspondent terms from the scattering matrix one finds an Hamil-
tonian that looks exactly the same as the original one (look, for example, [2] for a detailed
treatment) but with modified couplings J* — J* 4+ §J* and J* — J* + §.J7, where

1 1
§Jt = —2J% 7% |6 D
PO‘ |:E—D+€k+E—D—€k/:|
1 1
§J% = —2J T poldD . 4.
It = 2 ploDl | gt | (49)

For low energy excitations relative to D the E dependence can be neglected and, when considering
scattering of conduction electrons near the Fermi energy, €5 and €/ can also be neglected relative
to D. Therefore one can rewrite the previous equations in the following form:

dJ* I

dnD ~ ol

dJ? _

D~ —4poJ I (4.10)

From these two equations one finds the invariant trajectories
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oD}

States to be removed

Figure 4.2.: (a)Sketch of the idea behind the scaling procedure (reproduced from [16]). The high
energy states within the bandwidth are gradually eliminated and their contribution
enters in a renormalization of the coupling constants of the model Hamiltonian.
(b) Invariant trajectories of the scaling equations in the J*-J* plane. The x-axis
represents J?, the y-axis J*. For initial parameters in the region J* < 0, J% < |J?|
the renormalization process leads to some finite limiting values of the coupling J*
and J* — 0 so that the new renormalized model describes almost non-interacting
particles.

(J*)? — J*J~ = const (4.11)

which correspond to the trajectories of Figure 4.2 (b). Notice that some initial coefficients J§ and
JOi lead to a situation with divergent couplings at a well specific energy scale. Others lead instead
to a completely different scenario where the z-coupling J# increases up to a finite value while the
orthogonal coupling goes to zero. These initial values are those that satisfy the following:

J* <0 J* <0
Jt>0 or Jt <0 (4.12)
7% > T+ 7% > [T

corresponding to the trajectories in the left-lowest part of Figure 4.2, i.e. the trajectories under
the line J§ = —J;- and the specular area in the half plane J- < 0 (not shown in figure).

When J+ = 0 exchange coupling processes with different initial and final spin states in the dot
are not possible. This means that for initial values satisfying (4.12) the scaling of the coupling
constants can continue indefinitely, giving a limiting situation with an almost free spin system
in the dot. In conclusion for initial values of the couplings satisfying (4.12) there is no Kondo
effect.

When analyzing specific situations we will therefore have to check in what part of Figure 4.2 the
initial conditions are situated.

4.3. Poor man'’s scaling equations for the completely
anisotropic Kondo model

It is now time to deal with the complete low-energy models given by (4.1) and (4.4), respectively
for the degeneracy at B = 0 and at B > 0. We should then find a way to write down scaling
equations for all the coupling constants of our models. In order to do that, let us derive once
again the scaling equations in more details.
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As we have seen in (4.7) both our low energy Hamiltonians can be written in the following form:

H= Z [J;aT+CL’k’¢CQkT + Jf;'aT_cL’k’Tcaki + J;TaTZCL/kITCakT + el k| Cokl
a,al kK

+J2TQTOCle)/TCakT + Jg;l/aTOCL’k/\Lcaki} (4.13)

where o and o’ label the leads and the T operators represent the low energy projections of the
full dot operators (i.e. the operators S, and Th/ o)

In order to remove scattering to the band edges let us project the Hamiltonian into the Hilbert
space where one excitation exists in the upper band:

Hy =) [J doT ChgyCant + T Chorant + TELT okt + Ty Cary
B,a:k

0
+J T’T cﬂcham + JﬁaT ngﬁaki (4.14)

where ¢ labels the high-energy excitation in the upper band. The Hamiltonian describing the
presence of a hole in the lower band instead is given by:

_ + o - t f ' i
Hoy = Z [‘]Ba’T BatCoriry T o CBalChrry T i T Coqt Coror + Jar T CoalClriry
B,q,k

0t .0 i 0} _0
+J 50T CBq1Corprr T S T c/ngL,k,J (4.15)

where ¢ this time labels the excitation in the lower band. Calling v; the wavefunction of the
unexcited system, 1, the state of the system with one excitation in the upper band and v the
state with one hole in the lowest band, we can write the following Schrédinger equation:

Hop Hor O Yo Yo
Hyg Hyi Hype v | =E| ¥ (4.16)
0 Hy Hp o o

which, once we have eliminated the excited states, gives:
[Hio(E — Hoo) ™ 'Ho1 + Hi1 + Hi2(E — Has) ' Hoy| = Etpy (4.17)

where H10 = H(-Jrl and H12 = H;l

Calculating the different terms in (4.17), we end up with a model formally similar to the one we
started from, but with renormalized coefficients. We namely obtain a Hamiltonian of the same
form as (4.13) but with new couplings J — J + dJ. The relation between these new coupling
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coefficients and the initial ones is given by the following scaling equations:

dJz
din D
dJ°!
din D
AT
din D
d‘];’a zl — — 2T
dnD > (Ja'ﬁ‘]ﬂa B Ja’ff‘]ﬂa) po
dJ*
din D

dJo

= _4'];’,6’Jﬂ_ap0

=0

=2 (T + Tos i) po

= 4J;,5J;a,00

The calulations leading to the previous equations are shown in detail in Appendix D.
Note that in the case a = o/ and JZ},, = —J2 (D.4) become:

dJg=t 4=t
- — _4gtg-
dnD _ dlnD po
dJ+
gt gt
dln D AT po
dJ-
g g
T = AT (4.19)

which completely agree with (4.10).

Notice that the procedure applied in this section gives a renormalization of the coupling coef-
ficients due to the elimination of virtual scattering events to the band edges of the leads. We
have gradually adjusted the value of the couplings to the new band width until we have got to
an energy scale where this procedure broke down, giving diverging couplings. We have there-
fore started from a very big band width and gone all the way down to the energies of the two
degenerate ground states, so we have completly eliminated any influence that the higher energy
states of the dot may have in setting the Kondo temperature. A more careful treatment would
consider also these states by applying a similar renormalization procedure until the energy of
the highest excited state. Then we would reiterate the same approach starting from this new
energy scale (and the correspondent initial conditions on the coupling coefficients) and going all
the way to the second highest energy state. This will have to be reiterated until we get to the
lowest degenerate ground state and in this way we would have a more accurate estimate of the
Kondo temperature. Nevertheless, let us try to see what our approach predicts.

We now solve the scaling equations (D.4) for the two degeneracies (at B = 0 and B > 0) of the
TTD. Since the initial conditions for the coupling constants now depend on the internal inter-dot
couplings (Jy2, Jog and J31), their flux and the Kondo temperature will also depend on these
quantities. Evaluating the crossover conditions from a weak coupling to a strong coupling regime
in our system is therefore non-trivial.

We start by studying the ground state degeneracy at B > 0 first and then we turn to the
degeneracy at B = 0.
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Inverse couplings vs. In(D/Dy) Inverse couplings vs. In(D/Dy)

50

=50

Figure 4.3.: Inverse couplings J* and J* against In(D/Dy) plotted for a specific choice of the
internal couplings Ji2, Jos and Js1. (a) is calculated in the limiting case of tg = 0,
(b) is calculated for ¢;, = 0. Note that in both cases there is a value of D, which we
define as the Kondo temperature, at which both the couplings J* and J* diverge
(i.e. their inverse go to zero).

4.4. Renormalized coupling constants for the low-energy
model at B >0

Solving numerically the scaling equations (D.4) with the initial conditions defined in (C.4) we can
evaluate the Kondo temperature of the system, which we define in this context as the temperature
(if such quantity exists) at which all the coupling constants diverge. This rough definition agrees
with the general statement that the Kondo temperature should give the energy scale marking
the transition to a strong coupling regime. If all the couplings diverge for a very specific energy
scale, then it is reasonable to believe that this scale can be a good quantity to consider.
It is convenient to start by studying the Kondo temperature in the two simplifying cases tg = 0
and t;, = 0. With such assumptions the scaling equations (D.4) reduce to the usual form (4.10).
In the case tg = 0 the low-energy effective Hamiltonian for the TTD system becomes:

H.pp=Jp T+CELCL¢ + T‘CETCM + JzTZ(CTLTcm — C—EJ/CL‘L) + JgTO(CzTCLT — CTMCLU- (4.20)

We then need to solve (4.10) with the initial conditions for the couplings at D = Dy:

Tt Dy = 724
1/2—-B
J;(In Dy) = %
1/2+ B
J2(In Dy) = % + % (4.21)

All the coupling constants are seen to diverge at some energy scale, which depends on the choice
of the inter-dot couplings (Figure 4.3 (a)). We then want to study in more details how this
energy scale depend on the internal couplings and find an explanation for such behavior.

Let us start our study of the Kondo temperature by considering the physical phenomena which
can influence its magnitude. Roughly speaking, the Kondo temperature gives the energy scale
at which virtual exchange processes start to dominate, when compared to the weak coupling
cotunneling processes. We therefore need to look more closely at the matrix elements |(+d |
Hepp | +3)]-
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Figure 4.4.: Left column: plots of the dependence of the Kondo temperature against two of the
internal coupling constants (the third is fixed) for the Kondo peak at B > 0 in the
limit ¢tz = 0 (a) and ¢, = 0 (c). Right column: probability of the single-spin states
H,TT) (b) and |T/N,> (d) VS. J12 and J23 (J13 ﬁxed).
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If Jio is ferromagnetic and Jog, Jog are antiferromagnetic, the privileged spin configuration will
have the spin in the left dot aligned to that in the central dot and antiparallel to the one in
the right dot. Rewriting the competing ground states | +-d) and | +3) in the single-spin basis
(3.10), we obtain the following representation of the low-energy doublet: | +2) =|t11) and
| +d) = a |t +b [11)) + ¢ [{11), where a, b, ¢ are assumed to be normalized to 1. The only
exchange scattering process that can couple the two competing ground states when tg = 0 is the
following:

1) ~[111) o Jr. (4.22)

Then the only contribution to the exchange term is given by the single-spin state |{11), which
enters in the low-energy state | +d) with amplitude c. The probability |c|? of finding the state
| +d) in the configuration ||11) will then be small, since the spin in the left dot and the spin in
the central dot are antiparallel. If the probability |c|? increases with the internal couplings Jio,
Jas and Jsq, then the probability of the exchange process (4.26) will also increase. Following
the intuitive picture which links the Kondo temperature to the likeliness of exchange processes
connecting the two low-energy states, we then expect the Kondo temperature to follow the same
trend, e.g. increase with the internal couplings. The Kondo temperature then follows the same
dependence on the internal couplings as the probability for the dots to be in the proper spin
state allowing exchange processes between the two competing low-energy states. This conclusion
is qualitatively depicted in Figure 4.6.

Let us now consider the other extreme case, t;, = 0, in which the effective Hamiltonian becomes:
Hepp= JE [T+C;[%¢CRT + T_CETCRi] + JIZ%TZ<CETCR¢ - CJI[?,,LCRU + JIO%TO(CTRTCRT - CTR¢CR¢) (4.23)

and the initial values are

JrC
Jii(n Do) = ==
Jr(1/2—D
Ji(lnDp) = 7227 D) /2 )
1/2+D
Jy(In Dy) = % + % (4.24)

In this case the process giving exchange coupling between the two low-energy states, through
tunneling to the right lead, is the following:

[T ~ 111 < Jr (4.25)

so one has to look at how the coefficient of the state |11]), as entering in the state | +d), change
with Jis, Jog, Jig (Figure 4.6 (d) ). In the same way as before, one can then explain the be-
havior of the Kondo temperature when changing the internal couplings. When Ji4, Jos, J13 are
well turned on, with Ji2 < 0 (ferromagnetic) and Ja3, J13 > 0 (antiferromagnetic), the spin-
configuration in |11]) is also the most likely in | +d), having the two spin coupled by Jio parallel
to each other. We then expect exchange processes coupling the two ground state to be more
likely now then in the previous case, where tg = 0. In fact in that case the allowed processes
required a spin configuration |{11), which is clearly not likely when Jj5 is ferromagnetic. When
all the internal couplings are on, we then expect a much higher Kondo temperature for the very
asymmetrical coupled situation with ¢;, < ¢ then in the opposite case (tg < t1,). A comparison
between Figure 4.6 (a) and (c) clearly confirms this statement.
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Figure 4.5.: (a) Inverse couplings (for a specific choice of the internal couplings Ji2, Jos and
Js1) against In(D/Dy) for the complete Hamiltonian (4.1) describing the degenerate
ground state at finite B field. All the inverse couplings flow to zero for a certain
energy scale, i.e. the Kondo temperature. (b) Kondo temperature dependence on
Ji2, Jos (J31 fixed) for the full Hamiltonian (4.1) when both the couplings to the
leads t;, and tr are on. A qualitative explanation for this behaviour exploits the
study of all the exchange processes coupling the two degenerate states | +d) and
| +3).

Probability of [TT1) vs. J12 and Ja3

Tk vs. Ji2 and Jo3

Figure 4.6.: (a)Plots of the dependence of the Kondo temperature against two of the internal
coupling constants (expressed in units of the third one, J31) for the Kondo peak at
B > 01in the limit t;, = 0. (b) Occupation probability of the single-spin states |[11) |
against Jio and Jas (in units of Ji3).
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All the coupling constants are seen to diverge at some energy scale, which depends on the

choice of the inter-dot couplings (Figure 4.3 (a)). We then want to study in more details how
this energy scale depend on the internal couplings and find an explanation for such behavior.
Let us start our study of the Kondo temperature by considering the physical phenomena which
can influence its magnitude. Roughly speaking, the Kondo temperature gives the energy scale
at which virtual exchange processes start to dominate, when compared to the weak coupling
cotunneling processes. We therefore need to look more closely at the matrix elements |(+d |
Hepp | +3)1.
If Jyo is ferromagnetic and Jo3, Jo3 are antiferromagnetic, the privileged spin configuration will
have the spin in the left dot aligned to that in the central dot and antiparallel to the one in
the right dot. Rewriting the competing ground states | +-d) and | +2) in the single-spin basis
(3.10), we obtain the following representation of the low-energy doublet: | +32) =|111) and
| +d) = a [T + b |[T1)) + ¢ [411), where a, b, ¢ are assumed to be normalized to 1. The only
exchange scattering process that can couple the two competing ground states when ¢, = 0 is the
following;:

[T1) ~ 111 < Jr (4.26)

Then the only contribution to the exchange term is given by the single-spin state |11]), which
enters in the low-energy state | +d) with amplitude b. The probability |b|? of finding the state
| +d) in the configuration [11]) will then be small, since the spin in the left dot and the spin in
the central dot are antiparallel. If the probability |b|? increases with the internal couplings Ji2,
Jas and Jsq, then the probability of the exchange process (4.26) will also increase. Following
the intuitive picture which links the Kondo temperature to the likeliness of exchange processes
connecting the two low-energy states, we then expect the Kondo temperature to follow the same
trend, e.g. increase with the internal couplings. The Kondo temperature then follows the same
dependence on the internal couplings as the probability for the dots to be in the proper spin
state allowing exchange processes between the two competing low-energy states. This conclusion
is qualitatively depicted in Figure 4.6.

Let us now consider the other extreme case, t;, = 0, in which the effective Hamiltonian becomes:
Heff = Ji‘ T+CE¢CLT + TicTLTCL\L + JETZ(CTLTCLT - CELCLl) + JETO(CETCLT — CLCLL)' (427)

and the initial values are

Ji(InDy) = %
1/2-B
Ji(nDy) = 2122 B) /2 )
1/2+B
J0(In Do) = % . % (4.28)

In this case the process giving exchange coupling between the two low-energy states, through
tunneling to the right lead, is the following;:

) 1) o T (4.29)

so one has to look at how the coefficient of the state |11]), as entering in the state | +d),
change with Jio, Jog, J13 (Figure 4.6 (d) ). In the same way as before, one can then explain the
behavior of the Kondo temperature when changing the internal couplings. When Jyo, Jos, Ji3
are well turned on, with Jy12 < 0 (ferromagnetic) and Jog, J13 > 0 (antiferromagnetic), the spin-
configuration in [t1]) is also the most likely in | +d), having the two spin coupled by Ji5 parallel
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Figure 4.7.: (a) Inverse couplings (for a specific choice of the internal couplings Jia, Jo3 and
Js1) against In(D/Dy) for the complete Hamiltonian (4.1) describing the degenerate
ground state at finite B field. All the inverse couplings flow to zero for a certain
energy scale, i.e. the Kondo temperature. (b) Kondo temperature dependence on
Ji2, Joz (J31 fixed) for the full Hamiltonian (4.1) when both the couplings to the
leads t;, and tg are on. A qualitative explanation for this behaviour exploits the
study of all the exchange processes coupling the two degenerate states | +d) and
| +3)-

to each other. We then expect exchange processes coupling the two ground state to be more
likely now then in the previous case, where tg = 0. In fact in that case the allowed processes
required a spin configuration |}11), which is clearly not likely when Ji5 is ferromagnetic. When
all the internal couplings are on, we then expect a much higher Kondo temperature for the very
asymmetrical coupled situation with ¢; < ¢ then in the opposite case (tg < t1,). A comparison
between Figure 4.6 (a) and (c) clearly confirms this statement.

The general situation with ¢tp ~ ¢, will be more involved and it requires to solve the full set of
differential equations D.4 with initial conditions (C.4). The behavior of the Kondo temperature
as a function of the internal couplings is shown in Figure 4.7.

4.5. Renormalized coupling constants for the low-energy
model at B =0

Now that we have learned how to deal with the scaling equations for the low-energy Hamiltonian
obtained in the neighborhood of the degeneracy at B > 0, let us deal with the degeneracy at
B = 0 where the relevant energy states are | +d) and | —d). Keeping in mind what we have
learned so far, it is convenient to look directly at the plot of the inverse coupling constants
against In(D/Dy) (Figure 4.8). Figure 4.8 shows that in the limiting case of tg = 0 there
exists an energy scale (the Kondo temperature) at which the coupling coefficients in the effective
Hamiltonian diverge. On the contrary in the case t;, = 0 the coupling coefficients of the low-
energy Hamiltonian flow to zero. In this last case, we are then in a situation similar to that set
by 4.12 and depicted in the left-lowest part Figure 4.2 (b). The coupling constants renormalize
to smaller values, leading to a situation of almost-uncorrelated electrons. The physical picture
justifying this behavior is the following. Assume the dot is initially in state | +d). Being Ji2
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Inverse couplings vs. In(D/Dy) Inverse couplings vs. In(D/Dy)
for the degeneracy at B=0 (z=0) for the degeneracy at B=0 (#,=0)
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Figure 4.8.: Inverse couplings J* and J*# against In(D/Dy) (plotted for a specific choice of the
internal couplings Jis, Jog and J31) for the model (4.4) describing the spin degeneracy
at zero magnetic field. (a) is calculated in the limiting case of tz = 0, (b) is calculated
for t;, = 0. Note that in the last case the coupling constants don’t diverge, but tend
to a finite value instead. In this case the system then tend to a regime where dot
and lead electrons are almost uncorrelated. In this situation it does not make sense
to speak about Kondo temperature.

ferromagnetic the left and central spins tend to be bound in a parallel configuration, so that the
most probable configuration of the three-spin system is [111). If only tunneling to the right lead
is allowed, the spin system cannot flip to any configuration setting the three spins in the | —d)
state. Therefore no Kondo resonance is allowed in this situation.

Let us now study in more detail the Kondo temperature for the limit tg = 0. At B = 0 the
low-energy doublet is given by:

| +d) = a |11 + b 1) + ¢ [111)
| —d) = LTI +m (L) +n [11) (4.30)

and therefore there exists more then one single-spin state in | +d) and | —d) that contribute to
the exchange processes involving the left lead, giving a non-zero contribution to (+d | Heyy | —d).

The following processes contribute:

[ 1) ocmady
L) ~[1M1)) o nbJy. (4.31)

From Figure 4.9 one sees that the interesting coefficients (the ones multiplying the states en-
tering in (4.31)) have different behaviors when plotted against the same coupling constants (.J12,
Jag or Ji3). Nevertheless what we are really interested in, is the product of these coefficients
as they appear in (4.31). When looking at Figure 4.9 more carefully, one realizes that the two
processes in (4.31) give a contribution that has the same overall behavior against the internal
couplings Ji3, J12 and Jo3. In some sense the two processes cooperate to give a certain behavior
of the Kondo temperature. For example if we look at the evolution of the Kondo temperature
with Jo3, we see that it increases when Jo3 increases. This is consistent with the fact that the
probability of the processes in 4.31, i.e. the square of their amplitudes, also increases with Jas.
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Figure 4.9.: Probability of the spin-configurations |[t/1) (a) and |11]) (¢) in | +d) and the con-
figurations |[J1) (b) and |[{1)) (d) in | —d).



Renormalized coupling constants for the low-energy model at B =0 55

(a)

Probability of exchange
Ti/Do vs. Ji» and Jos processes betweend|+d) and |-d)
for the degeneracy at B=0 (£z=0) vs. Ji2 and Jo3

05 J23l 311

-0.5

]12[]31]-

05

SVa/a Ji2lJ31] ~<
00 ™ (b) 00 0

Figure 4.10.: Study of the Kondo temperature Tk of the degeneracy at B = 0 in the limit
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tr = 0. (a) Kondo temperature (in units of the initial bandwidth Dy) dependence
on the internal coupling constants Ji2 and Joz. The internal couplings are in
units of J3;. The other coefficients are chosen to be ¢t;, = 0.83J31, tg = 0.93J31
and U = 10J3;. (b) Combined probability of the spin configurations allowing the
exchange processes (4.31) against the internal couplings. Notice that the Kondo
temperature dependence on the internal couplings is qualitatively the same as the
occupation probabilities of the states that allow exchange processes between the two
degenerate states of the system. The similar behavior of the two quantities is in
agreement with the qualitative picture linking the value of the Kondo temperature
with the probability of exchange processes between the degenerate states.

Tx/Do vs. J12 and Jo3
for the degeneracy at B=0
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Figure 4.11.: (a) Inverse couplings 1/J (in units of 1/J3;) for the complete Hamiltonian (4.4)

against In(D/Dy), where Dy is the initial bandwidth. The internal couplings Ji,
Jgg are chosen to be J12 = —1.5J31, J23 = 0.2J31 and tR = 0.76J31, tL = 0.83J31,
tg = 0.93J3; and U = 10J51. (b) Kondo temperature (in unit of the initial band-
width D) dependence on Jia, Jas. Ji2, Jo3 are expressed in units of Js;.
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Figure 4.12.: The plot shows the region of the t;-tg plane where Tk (B > 0) 2 Tk(B > 0).
tr, and tr are in units of the charging energy U. The darker color represent a
smaller difference between the two Kondo temperatures, the lighter one a bigger
Kondo temperature of the degeneracy at B > 0 when compared to the one at
B = 0. Notice that at t, = 0 the Kondo temperature of the system at B > 0
always prevails. This is in agreement with the calculation above, showing that in
this limit, the system does not show Kondo behavior at zero field.

We have seen that the tunneling coupling to the right lead allows a renormalization process
where the values of the coupling coefficients decrease. This leads to a situation where the lead
and dot electrons behave as uncorrelated particles, in opposition to the strong coupling regime
driven by tunneling to the left lead. In the intermediate situation, where both the tunneling
couplings are on, we then expect the two regimes to compete. If the system is driven toward a
strong coupling regime, then the Kondo temperature is likely to have a behavior similar to that
found in the extreme case tgp = 0. This is seen in Figure 4.11.

4.6. Comparaison between the Kondo temperature of the
two degeneracies for the case J3; = Jy3

We have seen that in the simplified case where the two antiferromagnetic couplings J3; and Jog
are equal, the eigenstates of the three-spin system uncoupled to the electrodes are independent
of Jia, Josz and J31 (see Section 3.2.2). In this case also the coefficients of the low-energy Kondo
Hamiltonian (4.7) are independent of Jis, Josz and J3; and the system is characterized by a
well specific Kondo temperature, independent of the specific values assumed by the internal
couplings. The only variables left are the tunneling couplings to the electrodes. We can thus
compare the Kondo temperatures of the two degeneracies for different choices of the tunneling
coefficients t;, and tr. Figure 4.12 shows that the Kondo temperature of the system at B > 0
is often bigger then the Kondo temperature at B = 0. Looking at the case t;, = 0, we see
that the Kondo temperature at B > 0 is always bigger then the Kondo temperature at B = 0.
This is in agreement with what discussed in the previous sections, where we observed that the
renormalization process of the coupling coefficients for the system at B = 0 doesn’t lead to a
strong coupling regime, i.e. no Kondo effect is present in the system. This means that the
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differential conductance spectrum of the system at very low temperatures (i.e. T < Tk (B > 0))
is likely to show a zero-bias Kondo peak at B > 0 and no Kondo effect at B = 0. In the limit
tr, = 0, the system shows a transition to a strong coupling regime both at B =0 and at B > 0.
As a consequence the two Kondo temperatures compete and one or the other are dominant,
depending on the value of tg.

4.7. Conclusions on Kondo physics ina TTD

We have studied the Kondo temperature for the effective doublets at B > 0 and B = 0 and we
have found that for internal couplings Ji2 < 0, Jog > 0 and J3; > 0 a certain general behavior
of the Kondo temperature can be found.

At a certain finite magnetic field B > 0 the two states | +3) and | +d) become degenerate.
Since the coupling Jio is ferromagnetic, when the central region is in state | +d), the privileged
configuration of the three spins will have the first and the second spin aligned, i.e. [t1J). This
is reflected in the normalized amplitude of this configuration in | +d), which is in fact bigger
in absolute value then the amplitude of states [1]1) and |{11). This means that the prevalent
exchange process between the two states of the doublet will be given by

1) M) o TR (4.32)

thus privileging exchange processes involving the right lead. Generally speaking we therefore
expect the Kondo temperature given by exchange to the right lead to be bigger then the Kondo
temperature arising by processes involving the left lead. This statement is confirmed by the
data.

At B = 0 the degenerate states are | +d) and | —d). We have seen that exchange processes
involving the right lead tend to give a renormalized model with almost independent electrons
in the dot. On the contrary, exchange involving the left lead renormalizes the model coupling
coefficients to always bigger values. The divergence of these coefficients marks the transition to
a strong coupling regime, where perturbation theory stops to be valid. The energy scale giving
this crossover is thus determined by the processes involving scattering to the left lead. Given
that the states of the low-energy doublet are | +d) and | —d), it is complicated to find just one
prevalent process giving exchange scattering between the two states. We can nevertheless say
that the two predominant processes will be the ones involving the most probable state in | +d)
and | —d), namely [t1]) and [{|T1), respectively, i.e.:

) 1) oy
1) ~ ) o< i (4.33)

Considering the two degeneracy points together one comes to the conclusion that Kondo peaks
should in general be present. The visibility of such peaks in a real conductance spectrum re-
ally depends on the value of the Kondo temperature when compared with the characteristic
energy scales of the cotunneling processes. A qualitative prediction can nevertheless be made,
by considering the following observations:

e in the limit ¢tz = 0 both the degenerate doublet at B > 0 and that at B = 0 show a Kondo
peak, at temperatures lower than the respective Kondo temperatures.

e in the limit t; = 0 the situation is very different for the low-energy doublet at B > 0 and
the one at B = 0. For the doublet at B > 0 the coupling coefficients flow to bigger values,
giving a Kondo peak. On the contrary for the doublet at B = 0 there is no Kondo effect,
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Figure 4.13.: Sketch of the suggested device allowing the study of the two-channel Kondo effect.
Rotating the central region we can manipulate the coupling coefficients of the two
Kondo channel.

because the coefficients flow to a limiting situation with lead electrons uncoupled to the
dot electrons. The conductance spectrum of the system should therefore show a Kondo
peak at B > 0 and no Kondo effect at B = 0.

In the case of very asymmetric coupling with ¢t >> ¢, we then expect a Kondo peak to be
visible when an external magnetic field of the proper strength is applied and no Kondo peak at
B =0.

4.8. Outlook

All together we have seen that a competition between two different channels (the coupling to the
right lead and the coupling to the left lead) contributes to screening the dot region and therefore
to set the Kondo temperature of the system. Turning off the tunneling coupling to one of the
leads or the other we obtain a Kondo model that (roughly speaking) looks like H = J,S - sq4-
When the couplings to the two independent leads are considered together the model Hamiltonian
will have a contribution from each of the channels: H ~ J;S - s, + JrS - sg. This Hamiltonian
has attracted substantial theoretical interest in the last twenty years because of the non-Fermi
liquid low-energy behavior. Nevertheless a clear experimental evidence for such behavior hasn’t
been found yet, despite the interesting attempts of the last years [18].

The main difference between the two-channel model Hamiltonian and the Shrieffer Wolff Hamil-
tonian of a dot coupled to two different leads is the intrinsic independence of the two leads. In
a standard Shrieffer-Wolff Hamiltonian the coupling coefficient J is built up as the product of
the tunneling coupling to the two leads: J = % (see 2.2). The two leads in this case only
appear to be independent, while in fact they are not. A simple unitary transformation on the
left-right lead space is in fact enough to notice that the dot electrons interact just with a specific
combination of the lead electrons. Let us see how this come about.

The tunneling Hamiltonian of a single dot coupled to two leads has a tunneling term that looks
like this:

Hr =Y (thchuw + t’zkc},wdg) +y (tdeT,cha + t*ch}ikadU) . (4.34)
k,o k,o

This includes tunneling processes between the dot and both the leads. (4.34) can be rewritten
in the following way:

Hyp = \/Jto]? + [tal? (di,cekg + cl,wdg> (4.35)
k,o

when the following rotation in the left-right space is performed:

oo YL (ot ) (e ). a3
Coko VIto]2 +[trl2 \ —tr tL CRko
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The Hamiltonian (4.35) shows that the dot coupled to two leads can really be described by a
one-channel model because only the even combination ¢, of left and right lead electrons is tunnel
coupled to the dot.

In our situation a similar approach cannot be performed because, even though we derived our
model Hamiltonian (4.7) from an Anderson Hamiltonian, we have later on assumed that the
internal coupling coefficients Jy2, Joz and Js; can be both positive and negative, their real
origine in a molecular system being a competition of the internal electron-electron interactions
(see the discussion at the end of Section 3.1.5). In our system the lead electrons of the two leads
are therefore fully independent and this allows us in principle to access the two-channel Kondo
physics. We can infact think about a device where our three-spin system is allowed to rotate
with respect to the position of the lead electrodes. We can then switch between a position where
the ferromagnetic coupling breaks the symmetry of the system (Figure 4.13 left) and a position
where the dots tunnel coupled to the leads are ferromagnetically coupled (Figure 4.13 right).
Such a device would allow control over the two-channel Kondo coupling coefficients and might
therefore be used to investigate experimentally the non-fermi liquid behavior of the system.



5. Singlet-triplet ground state transition
in a double quantum dot
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Figure 5.1.: Eigenvalues of the bare Hamiltonian of a double dot (with antiferromagnetic coupling
J12) plotted against the magnetic field. At % ~ 1 a crossing from a singlet to a

triplet ground state can be observed.

In this chapter we turn to the study of the degeneracy features of a double dot (DD). From
Figure 5.1 we see that tuning an external magnetic field the energy spectrum of a two-spin
system presents a crossing from a singlet (at B < Jio in Figure 5.1) to a triplet ground state
(at B > Ji2). Our main goal is to study the differential conductance in the neighborhood of
the transition. We assume that the energy levels are gate-dependent and moreover the two
competing ground states are mixed by a weak interaction (possibly a weak spin-orbit-like term).
In this case an interesting feature arises in the differential conductance map at the singlet-triplet
degeneracy point. We will discuss the main characteristics of this new feature and compare them
with the experimental data from [5], which show similar characteristics.

5.1. Differential conductance near the degeneracy of
weak-coupled singlet-triplet ground states

In this section our major goal is the study of the differential conductance in the proximity of a
singlet-triplet ground state transition in a double dot (DD). Our system is once again the same
discussed in 3.1.4, where the ground state is an effective two-electron dot, allowing only virtual
(classical forbidden) fluctuations to the zero- and three-electron states.

As seen in 3.2.1, the uncoupled dot Hamiltonian is diagonalized by the singlet-triplet basis (3.23),
and the eigenenergies of the singlet state | s) and the triplet state | T1) become degenerate at
finite field B > 0 (Figure 3.9).



Differential conductance near the degeneracy of weak-coupled singlet-triplet

ground states 61
a di/dV (nS) b di/dV (nS) c di/dV (nS)
900
900
S S
E £
> >
500
-7

0.3 0.3 1.1

0.7 0.7
Ve (V) Vg (V)
Figure 5.2.: Reproduced from [5] (supplementary information). Experimental measurements (for
different values of the external magnetic field) of the differential conductance against
bias and gate voltage. The measurments point out the presence of an almost vertical
line (marked by black arrows in figure) at the singlet-triplet transition point. The
red dot corresponds to the singlet-triplet crossing at zero bias, the red line is used
as a guide to the eye.
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Figure 5.3.: Density plot of the differential conductance against gate (x axis) and bias (y axis)
voltage (all in a.u.), in the neighborhood of the singlet-triplet ground state transition
as obtained from the model described in the text.
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Figure 5.4.: Reproduced from [5]. Density plot of dI®/dV? against bias (V') and gate (V) voltage
at zero (a) and finite (b) magnetic field (B = 107). In (c¢) and (d) the essential
features of (a) and (b) are schematically drawn and an energy level diagram is
sketched. A singlet to triplet ground state transition is seen to occur at V; ~ 1V
(point marked by a red circle).

If we now assume the singlet and triplet competing ground states to be weakly coupled (e.g. by a
spin-orbit term), and moreover we add a weak gate and bias dependence of the internal coupling
J12(V, Vy) = Ji2(1 — Va — Vgf), the dot Hamiltonian in the singlet triplet basis {| T%1),| To), |
T_1),| s)} becomes:

—B+ 1J1,(V, V) 0 0 Y
0 0 B+ 112(V, V) 0 '
- 0 0 =3 J12(V, V)

where the off-diagonal spin-orbit term is here assumed to be a constant (\).

The addition of a somehow artificial gate and bias dependence is justified when considering
the real system we have in mind. In fact, in this section we mostly refer to a three-terminal
molecular junction containing a Mn-transition metal complex [5]. This system presents a singlet
to triplet ground state transition inside the charge state 2 Coulomb diamond, as confirmed by
measurements of the magnetic field dependence of the inelastic cotunneling lines (Figure 5.4).
The energy levels of the different spin states are seen to be gate dependent, so that we can model
the inter-dot interaction through a gate-dependent exchange coupling Ji2(V,). Figure 5.4 ((c)
and (d)) shows a schematic view of the gate-dependent singlet and triplet energy levels. On
the left hand side the ground state is a singlet. Inelastic cotunneling to the triplet states then
gives gate dependent high-conductance lines in the density plot (a) and (b). When an external
magnetic field is turned on these cotunneling lines are seen to be equally spaced, as predicted
by a Zeeman spitting ~ gupB. On the right hand side | T'4;) is the ground state, and the
inelastic cotunneling transitions | T'y1) —| Tp), | T+1) —| T-1) become gate-independent, being
the Zeeman splitting ~ gupB a constant, while the transition to the singlet state depends on
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Figure 5.5.:

Differential conductance vs. gate voltage in the neighborhood of the singlet-triplet
ground state transition for different fixed values of the bias voltage. The plots are
offset: from bottom to top higher (from high negative to high positive) values of the
bias have been chosen.
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Figure 5.6.: (a) Artistic impression of the molecular junction used in [5]. The specific geomet-
ric configuration suggested in Figure would justify an asymmetric coupling to the
electrodes. (b) Schematic representation of the gate dependent inter-spin coupling
Jia.

gate.

Having studied how a gate-dependent Ji5 coupling can account for the main featured experi-
mentally observed, let us try to give a physical argument for it. An asymmetry in the coupling
of the two edges of the molecular complex to the leads could in fact account for the V| energy
level dependence. If one edge of the molecule happens to be more strongly coupled to the nearby
electrode then the other edge to the second electrode, then its electrons will be screened by the
electrode’s potential and consequently its gate dependence will be weaker. This also accounts
for a very weak bias dependence, given by the consequent change of capacitive coupling to the
gate.

The overall picture is revisited in Figure 5.6, where the right spin is assumed to be more strongly
coupled to the left lead then the right spin to the right lead. Increasing the gate coupling then
affects almost uniquely the right spin, whose energy lowers. The antiferromagnetic inter-spin
coupling Ji2 becomes ferromagnetic, thus suggesting an interplay between an antiferromagnetic
spin coupling and the ferromagnetic Hund’s rule, favoring the latter.

The projection of (5.1) into the low energy subspace {| T41),]| s)} is:

—B+ 1J,(V, V) Y
( ) —3 715V, V) (5.2)

which, defining 2 := 1 [B — J12(1 — Va — VgB)], has eigenvalues

5
Ei:—Z—LB—i—;:I:\/xQ—i-)\Q (5.3)
and corresponding (normalized) eigenstates

| £) =ax|s)+Be|Th1)
A 5) + T F V2 + A2
YR+ pE VN’ YR+ ervain)”

| T'y1). (5.4)

Notice that a2 = 1 — 2. We can then calculate the current and the differential conductance
as in (3.32), representing all the operators in the basis (5.4). Fixing the bias voltage and plot-
ting the differential conductance as a function of the gate voltage in the neighborhood of the
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Eigenenergies of two coupled spins
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Figure 5.7.: Eigenvalues of the bare Hamiltonian of a double dot with spin-orbit coupled | s)
and | T1) states, plotted against the magnetic field B. The values are in units of
J12. Notice the avoided crossing (zoom in the inset) of the low energy states of the
system.
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Figure 5.8.: Differential conductance vs. gate voltage in the neighborhood of the singlet-triplet
ground state transition for different fixed values of the bias voltage. The plots are

offset: from bottom to top higher (from high negative to high positive) values of the
bias have been chosen.
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singlet-triplet ground state transition, a very peculiar feature can be observed (Figure 5.8). At
high negative bias we can observe a dip-peak line, which gets less sharp at smaller negative bias
and reduce to a step at V' =~ 0. Going to positive bias a reversed, but otherwise similar, feature
can be observed: a peak-dip line which gets deeper and deeper when going to higher bias. This
situation is seen to be preserved also for a simplified model where ¢ty = 0. In the following we
will therefore deal with this simplified version of the system, in order to get easier calculation,
in any case still preserving the main physics.

Figure 5.8 has many characteristics, which need to be discussed. We start by giving an explana-
tion of the step, that can be observed at zero bias. At zero bias voltage the dominant contribution
to the differential conductance is given by elastic cotunneling. A step at the singlet-triplet ground
state transition then means that one of the two competing ground states gives a bigger elastic
contribution then the other. We can try to estimate this contribution by calculating the equi-
librium elastic current. Let us assume that the ground state is either | s) or | Ty1). We are
then well inside the {V g, V} area where either the singlet or | T41) are the undiscussed ground
state. We can then safely assume that in such a region either n,, = 1 or n|, ) = 1. Let us deal
with both the possibilities at once and assume that a certain state p is occupied with unitary
probability (n, = 1), while all the other states are empty. Under such assumptions the current
(3.32) becomes:

I =e2nvpvg

eV{QZ (Tpr*)i (Tfjj) +2|PEE| }

+ Z Ay, —eVing(Ay, —eV)— (Apy,+eVing(Ay, +eV)]

p'F#p
2}

RLx g RL ‘ RL
{2Z(TM,) (i) +2 P

so that the elastic cotunneling contribution is given by:

eV {22 (Tff*)i (Tfj})i +2 ‘Pff‘QH . (5.6)

We then find for the singlet ground state p =| s):

(5.5)

Iopus = €2TVL VR

Ljas =~ €22nvvRV {0 + 2W2} (5.7)
and for the triplet ground state p =| T41):
Letas ~ €22mv vV {2102 + 2|W[*}. (5.8)

We can then observe that a triplet ground state gives a contribution to the elastic cotunneling
current which is bigger then the one given by a singlet ground state. This accounts for the step
in Figure 5.8 at zero bias. We then conclude that looking at the differential conductance deep
inside the singlet (triplet) ground state region, a lower (higher) value is observed, when compared
to the triplet (singlet) region. This can be seen in the density plot 5.3, where different colors
(i.e. different values of the elastic differential conductance) characterize the two regions where
either | s) or | T41) is the undiscussed ground state.

We now turn to the dip-peak feature running along the singlet-triplet line. Let us start by
observing that the characterizing dip-peak structure changes into a simple dip (at negative bias)
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or a simple peak (at positive bias) for very asymmetric couplings to the leads (Figure 5.9). The
presence of a peculiar peak (or dip) at the singlet-triplet transition appears then to be an equi-
librium effect, while the peak-plus-dip (dip-plus-peak) effect seems to be due to non-equilibrium
effects.

Let us now study how the dip-peak structure changes with the strength of the off-diagonal
mixing term A. In the case of very asymmetric couplings to the leads temperature is the energy
scale setting the shape and width of the feature at the singlet-triplet transition. This can be
seen in Figure 5.10 (b) where a very clear dip at high negative bias is seen to set at A = 0 and to
survive until A =~ ¢t. When A > ¢, A becomes the predominant energy scale, which smears the dip
structure. The bigger A when compared to ¢, the wider and less sharp the dip in the conductance.
When non-equilibrium effects play a strong role, a dip-peak can be seen (Figure 5.10 (a)). When
A =0, the singlet and triplet competing ground states are not mixed and the current presents a
step at the singlet-triplet degeneracy, which translates into a peak in the differential conductance
(not really visible in Figure 5.10 because of the scale used). But when ) is turned on the current
presents a dip (peak) at the degeneracy point for high negative (positive) bias. The width of the
dip (peak) is set by the strength of A, which is then the crucial energy scale. The A-dependent
dip (peak) in the current translates into the dip-plus-peak (peak-plus-dip) seen in the differential
conductance. Figure 5.10 shows that smaller values of the off-diagonal coupling A\ lead to a
sharper dip-peak in the differential conductance. A gradual decreasing of the value of A then
leads to an abrupt transition from a dip-peak (peak-dip) at positive A to a dip (peak) at A = 0.
Such a transition is highly unphysical, as it is our model when very low-energies are considered.
In fact, in our treatment we have never taken into account the broadening of the energy levels
due to tunneling. A calculation taking care of such broadening would set a limit at the height
and sharpness of our feature.

To sum up, we have observed the following crucial features:

¢ when the gate and bias voltage are tuned well inside the region where | T'1) is the ground
state, the elastic cotunneling contribution is bigger then the correspondent contribution
inside the | s)-ground state region.

e when approaching the singlet-triplet degeneracy, | T.1) and | s) are mixed into a bonding-
and an anti-bonding-like states; cotunneling processes result in an interesting behavior of
the differential conductance:

e for very asymmetric couplings to the two leads, a step is observed in the current as a
function of the gate voltage, which translates into a peak (at positive bias) or a dip (at
negative bias) in the differential conductance;

e for situations where non-equilibrium effects play an important role (tr = t;,) the peak (dip)
feature becomes a peak-dip (dip-peak); this line shape is seen to be related to the values of
the occupation probabilities and it is seen to be highly enhanced by a population inversion
in the occupation probabilities of the two low-energy-states.
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(a) Differential conductance against gate voltage (in the very neighborhood of the
singlet to triplet ground state transition) at fixed high (negative) bias for different
asymmetries in the tunneling couplings to the leads (different plots are offset and
scaled). The top line correspond to symmetric choice of the tunneling coefficients to
the left and the right lead, the bottom one corresponds to tg =~ 100t,(b) Occupation
probability of the different states against gate voltage. (a) corresponds to the very
asymmetric limit (yellow line in the dI/dV plot), (b) has a weaker asymmetry (blue
line in the dI/dV plot), (c) is symmetrically coupled to right and left leads (red line
in the dI/dV plot).
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Differential conductance vs. gate voltage Differential conductance vs. gate voltage
fot different singlet—triplet coupling A fot different singlet—triplet coupling A
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Figure 5.10.: Differential conductance vs. gate voltage (at high negative bias) in the neigh-
borhood of the singlet-triplet ground state transition for different values of the
spin-orbit coupling A (different ratio A/t where ¢ is the temperature). In (a) the
tunneling coefficients to the leads are of the same order ¢;, =~ tg, in (b) t; < tg.
The plots are offset: from bottom to top higher values of the ratio A/t. Notice that
the blue line in (a) and (b) corresponds to the choice A ~ t, while the purple line
corresponds to A = 0.
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6. Conclusions

In this thesis we have built up a general theoretical framework for modelling low-spin molecular
junctions inside the Coulomb blockade regime, where classical electronic transport is blocked.
We have considered a number of two and three-dot configurations coupled to two electrods. We
have further assumed that double- and zero-occupation of each dot are energetically expensive
and therefore each dot is effectively singly occupied, leading to a model where single-spins play
the role of the dots. We are therefore dealing with two and three localized spins, interacting
both within each other (through what we call inter-dot coupling) and with the electrods.

We have studied the differential conductance as a function of the applied bias voltage. For
the two-spin systems a plot of the differential conductance vs. bias voltage shows the usual sym-
metric structure with sharp increased values corresponding to the energy excitations coupling
different dot-states (inelastic cotunneling peaks). For the three-spin case a richer structure can
be observed. Depending on the values of the inter-dot couplings, the differential conductance can
be symmetric (for equal couplings of the two edge-spins to the third central one) or asymmetric
(for different values of those couplings). The origin of such an asymmetry is due to the peculiar
second-order terms in the Shrieffer-Wolff Hamiltonian, which turn out to be non symmetric in
the three-spin basis.

We have then focused on the low-energy states of the two- and three-spin systems. We have

seen that at specific values of the external applied field the two low-energy states might become
degenerate. A degenerate ground state can give rise to a Kondo peak in the zero-bias differential
conductance. Such peak is a strong coupling effect which can be catched with non-perturbative
methods. We have mostly been interested in finding the energy scale giving the crossover to the
strong coupling regime (Kondo temperature), which can be captured by studing the renormal-
ization of the coupling constants due to a finite band width in the leads. When a break-down
of perturbation theory occurs, the renormalization procedure outlines a monotonous increase of
the couplings. In such cases the Kondo temperature can be identifed with the energy scale at
which the inverse couplings go to zero. In our three-dot case the Kondo temperature shows a
complicated dependence on the inter-dot couplings, which makes it difficult to compare to the
other energy scale of the system. Nevertheless, we have been able to conclude that in systems
very asymmetrically coupled to the leads, we can predict the appearence or not of a Kondo peak
at zero bias.
We then turned to the double-spin system at the singlet-triplet degenerate point and we have
built up a model where a small perturbative term couples the two competing ground states.
Such a model accounts for a very peculiar dip-peak line-shape observed in the differential con-
ductance vs. the gate voltage at the singlet-triplet transition in experiments on a Mn-complex
three-terminal junction [5]. Further work has still to be done in order to get a full under-
standing of the origin of this feature. Our results have nevertheless given a first insight on the
non-equilibrium origin of the dip-peak structure.
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A. Shrieffer-Wolff tranformation for a
two-dot lateral system

We here want to show the detailed procedure used in order to project out the zero- and doubly-
occupied states of each dot in the two-dot system of Section 3.1.3. The following detailed study
allows us to take the usual Shrieffer-Wolff [13] transformation one step further, in order to
describe “two-stage” virtual processes in the central region. We end up finding the form of the
operator describing virtual high-energy transitions (to doubly- and zero-occupied states) in the
left dot first and in the right dot afterwards (or viceversa). Since we work on the basis of two
combined spins (singlet-triplet basis), the final operator will be given in form of matrix elements
on this basis states.

Let us then start by studying all the processes giving transport from the left to the right lead
(the ones from the right to the left lead being the hermitian conjugate of these) through virtual
transitions in the dots. For each process we calculate the matrix elements between the initial and
final state written in the singlet-triplet basis, so that the operator describing all such processes
will then be given as a sum of projector operators in this basis.

Processes proportional to CJEQCLT

o JRLdTLTCLTdETdL¢C}LﬂdR¢ =0

and after reordering;: 0= JRLdTLTdLTdTRTdmCTmCLT
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Processes proportional to C;ﬂcu
x JRLdELdLTd;%TdRic}L%icLi =0

RN A 1
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D 1G

= CquLi
pITNC

Total operator describing two-stage transport processes from the left to
the right lead

The resulting coupling Hamiltonian describing the processes proportional to Jp ~ %HEE can
therefore be written in the following way:

1
Hpyp = JreL 75 U Tend(s [+ [ To)(To | + | To{{Ta | + | sH{T ) chyerr

+—= (| To{Tia | = [ $)(Tha | + | T ){(To | = | Toa)(s |) clpery

Sl

+ = (| To)(To | = | To)(s | + | s)(To | = | s)(s | +2| T1)(Th1 |) chycrr

i A

5 CITTo |+ | To)(To | = | )T |+ To)s | — | s)s ) elyery

Proceeding as above one can calculate H; , and therefore verify that the ralation H/LTR = Hy,,
holds.

Our next goal is to put this Hamiltonian in a form involving the spin operators S, and S r of
the two dots. Therefore one needs to find relations between these operators and the projectors
| ¥) (¢ | appearing in the Hamiltonian.

Let us define:

(§L+§R)i:(§L+§R)Iii(§L+§R)y=§f+§§ (Al)
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and see how it acts on the triplet and singlet states:

(Se+Sp)t [ Tha) =0
(Sp+Sp)™ | Toa) =+ [11) = v2

(Si+Sr)" | T) = (S0 + Sr)* <|T“j;“¢>>

(&+$ﬁ@—@u@owJM§—WMﬂMM—

(Sp+Sr)™ | Tha) =)+ [14) = V2 | To)
(SL+Sr)™ [ T1) =0

(S 4+ Sr)™ | To) = (S + Sr)~ (

ST+ 111) = V2| Th)

%\

rm+m» (+ ) = V3 T

V2
1)
V2

%\

<§L+§R>|s><§L+§R>('N> )\[uw L)) =

From this we see that the two operators ST = (SL + SR) can be rewritten as:

ST = (St +Sr)t = V2| Tr)(To | +V2 | To)(T-1 |
S™=(8L+8r) " = V2| T )(To | +V2 | To)(T41 | -

One can then calculate the commutator between ST and S~:

[S7.57] = 5757~ §75 =2 Ty)(Ta | — | Ta) (T |) 1= §°

(A.4)

where we defined S” in such a way that the commutation relations for spin operators are satisfied.

In fact with the definition:
8% =|Tya)(Tha | = | T-1)(T-1 |

we get the following standard relations:

[S*,57] = 28°
[5*, 57 = -5
[S™,87] =S

Let us now see how the operator Sy - §R defined as:

Sp - Sp=S;SE + SYS%+ SiSh

OSP4 S SE+SE | SE—Sp S-SR
T2 2 T % 2i +SLSR

(A.5)

1 — — —Q— — — - Q- zZ Qz
=1 [SESE+SESE + 8.8k +5.SR] — 1 [Sgsj,; — SFSy — S SE+ 5. Sk] + 515k

1 — — Z Qz
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acts:
- 1
Sp-Sr|Th) = 7 | Th)
= 1
Sp-Sr|T-1) = 3 | Toa)
= 1
SL'SR|T0>:Z‘TO>
SiSnls)=—2|s)
L R|S) = 4 S).
So the operator Sy - §R can be rewrtitten like:
- 1
Sp-Sr= [l Tea)(Tha [+ [ To) (T |+ | To){To [ =3 | s)(s ] (A.6)
Finally the operator §L X §R acts like:
S x Sp = (SYS% — SiSY%, —SES% + 575%,525Y — SYS%)
1 1
= (%(525% — Sy Sk = SESk + S1SR), 5(=SL Sk — Sp Sk + SLSE +S19g),
1 _ _
27-(*5;53 +5 SE))

and, when applied to the basis states, it gives:

(Sux S 1Ty = 5 (—5 0+ 5 110) = 515 1)

(Sux S0 1T = 5 (5 b+ 5 110) = 5119

— 5 (-5 0+ 5m) - —# 5
( M= 1)) = s 19

(S x 5o 1 To) = s (5 1110+ 5 ) = 5 111) = 5 ) =

i2v/2
(§LX§R>y|To>—2%(; 5 10+ 5 1) = 5 1 ) =0
(81 % S0 | To) = —= (= [T+ 141)) = =55 | )
(B x S 1) = s (— 1+ 1) = f< [T+ 1 7))
(S0 x S | f@ 3+ 3 1)+ 5 10) = 515 ( T+ | 7o)
(5o x Sw)7 1 9) = 5= (1th+ |¢T>)*%|To>-
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Introducing the following operator:
(St x Sg)* = (Sp x Sr)* +i(Sy x Sg)Y (A.7)
one gets:

(Sp x Sr)T | Ty1) =0

<§LX§R>—|TH>=—£|s>
<*LX*R>+\T1>:%|s>
(_'LX _'R)_ |T_1)=0

(_’LX qR)+\T0>:

(Sr. x Sr)™ | To) =0

(Sp, % ﬂR)+\S>=£|T+1>
(S Sr)” |18) = =5 | T-a)

The newly defined operators (§L X §R)i can now be written like:

(50 S)* = = | Tua)(s |+ | (T |
(S1 % Sp)” = —% | T1)(s | —% | )T |
(Skx Sr)* =5 1 80| =5 | 0)s .

All the previous definitions let us rewrite the coupling Hamiltonian in the following form:

One can rewrite the Hamiltonian in a more compact form by defining the operator:

T = (Sp, + Sgr) — 2i(SL x Sgr) (A.8)
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and moreover if one notice that

2(Sp - Sp)+ | s)(s | = %[I Tia)(Toa |+ [T Toa [+ [ To)(To [ + | s)(s | =4[ s)(s I+ [ s)(s |

]. 1 = PO
=4I Sri= A.
1 + 51 - Sk 5 (A.9)
we end up with:
1= 1 L
H}{L:JRL 5TS+ (4I+SLSR> Z CLO'CLG’ (A]_O)

o="1,{
where § refers to the coduction electron operators: §= %’Uafcjzgc Lo’- Note that this result agrees
with [?].
It is interesting to note that the potential scattering term of the Hamiltonian can also be rewritten
in the following way:

B = 8, St [(S5)7 + (83 (A11)
once one have noticed how the combination (S7)? + (5%)? acts on the different states:
(SE2+ (S | To) = 5 | Toa)
(SE)?+ (S | Toa) = 5 | Ta)
(S5)2+ (S3)° | To) = 5 | To)
(SE)2+ (S | s) =5 | ).
and therefore it can be rewritten as:
(S1)? +(S7)* = % (I T ) (T |+ [T )Ty [+ [ To)(To [+ | s)(s ]) - (A.12)

Let us end by giving the complete expression for the Shrieffer-Wolff Hamiltonian for the lateral
double-dot system:

I R | 1. - 1
Hg:«]lQSL'SR"’iJLSL'SL"‘gWL E CLUCTLU+§JRSR'SR+§WR E CRO'CTRO-
o=1,4 o=1,]
+ L T 5 +1WP§ I +1WP§ !
— s — CLoC - - S — CRosC
5 RLTRL - SR+ 5 WRLED LoCre T 5 LRTLR - SLR + S WLRE RoCly

o=", o=",4
(A.13)
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B. Shrieffer-Wolff transformation for a
three-dot lateral system

Processes proportional to CJ;uCLT

(og JHdETdLTd}LﬁdRLC}LuCLT =0

. 1
(+q10|—q) = 3 ((0 | drtdcydrt + (0 | drydetdry
+(0 | dryderdr,) dldbydiydirdry
(dTLTddeTm | 0) + dTLidTC\LdTRT | 0)
. t t
D1 "‘dhdmd;u | 0>> CRiCLT
©) :1<0\d doydpqrds  dbdirdgydh db, db ] Ol e
DT G 3 RYOCLELYC AU CLH ORI O 480 YR RLCLT
1
;
7CR\LCLT
@ R 3
DIEEE (+a 10| —d) = = Jschyery
(+q|O|-d) = —%C}(%Cm
e (+d| O | ~q) = —Jgchycrs
(+d | O | —d) = Jchcrr
(+d | O | ~d') = jcfcr
(+d"[ O] —q) = —%CHCM
(+d' | O | =d) = el ey
(+d' | O | =d') = Sefy v
©)
D14
@ (o8 JHdETdLTd]ILgTdRLC}LﬁCLT = O
DEINC .
D a (+510]+q) = %chcm
@ (+3 | O[+d) =0
DAC (+310 | +d) = Lk enr
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©
D
@ (o8 JHdETdLid];%J,dRic'Ir%,LCLT = O
R { A
DASIAC (4101 -3) = Lo
©) (—d| Q\ *%> = *%Chcm
Do (~d'| O] =3) = 5k crr
O,
DRNIC
o Jyd dpydy drich ey =0
LtYLIYR | ®RICR CLT -
O ¢ (+q10 | —q) = Leb ey
(+4| 0| —=d) = Zcl cir
D¢®@ (+¢ O] =d)=0
(+d|O]—q) =0
@ (+d| O] —d)y=0
DINC (+d| O | —d') =0
. (+d' | O | —¢) = J5ck cnn
PR E*‘d/ : —d/> = 3ChcLt
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Processes proportional to c}ﬁcu

o JHdzidLTd}LQTdRTCJJrQTCL.L =0

(06 JHdTLJ,dLTd;%TdRTCTRTCLi =0

(—q | O | +q) = Lchpery
(=q| O] +d) = = Jschyer,
(—q| O | +d') = = Jschen
(=d| 0| +q) =

(=d| O] +d) =

(=d| O | +d') =

(=d' | O | +¢) = Jscher,
(=d"| O | +d) = —5cpecry
(—=d' | O|+d") = —%CRTCL¢

(+a |0 +3) = Jxchen
<+d | O ‘ —|—%> = %CETCL¢
(+d' | O] +3) =0
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4¢
@ (o8 JHdTLidL¢dTRJ,dRTCTRTCL¢ = O
il T A
22 (210 | a) = Jychers
©) (=310 =d)=0
DG (=310 | =d) = J5cheny
>4
o Jydy dpydly dprchicr) =0
HGp 0L 0Rp CRTCRCL| *
hESYe (~10 | +0) = dcyers
(—q| O | +d) = fCTRTCLi
D¢®6 <q|O|+d’> 0
(~d| 0| +q) = % R1CLL
@ (=d| O | +d) = Jelyer,
DG (~d| 0| +d) =0
® (=d'| O] +q) =
PINAC <d|0|+d>—0
(—d' | O | +d') =0
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Processes proportional to c}ﬁcm

o JHdETdLid}LgidRTCJJrQTCLT =0

D) ¢@¢ C 2‘1 : g : Zi = écjﬁcm
10| —d) =
D i@ G (—aql O: | —d') = \}gCJ}rgTTCLT
(=d|O|—q)= V6 CRACLT
@ (~d| O] -d)=0
DING (=d| O] =) = —Lchcrr
® (=d’| o | —q) = \}gCTR'rCLT
DENAG (~d'| 0| ~d)=0
(~d' | O | ~d') = ~Jelyery
o< Jpdy,dpydy drrchiery =0
SPYe (+41 0 | +0) = Schyers
(+410 | +d) = —J=chrerr
D¢®G (+q]O | +d) =0
(+d O] +q) =0
® (+d | O | +d) =0
D L@ (+d | O | +d') =0
- (+' | O | +a) = Jchert
VG (+d'| O] +d) = Jchyersr
(+d' |0 | +d')y =0
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(o8 JHdETdLTdTRTdRTCTRTCLT = O
& (+a1 0| +a) = jehyer
<+q | O | +d> ICETCLT
®© +q Ol +d)=—"L¢ cr,
Dt G e
(+d] 0| +q) = }cﬁﬁcm
®© (+d | O | +d) = CRTCLT
DIRIG (+d | O | +d') = cRTcLT
o (+d' | O | +q) = CRTCLT
DENNG (+d' | O | +d) = *CRTCLT
(+d' | O | +d') = §chrers
@®
Do (
@ ~
T) 1 6 (08 JHdTLTdLTdTRTdRTCTRTCLT =0
® { +3101+8) =chyerr
D@
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Processes proportional to c}ucu

(0@ JHdTleLTdTR¢dRJ,CJ1ruCLJ, =0

DEeAe (<410 ~q) = behen,
(—q| 0| —d) = —Jechyer,
O, (—=q| O | =d'y = —Lcb epy
A (~d[0]-g -0
o (~d| O] ~d) =0
DINC (—d|O | —d)=0
o (=d' | O | —q) = Jschcny
PN (~=d'| O] ~d) = —3chcr,
(=d'| O] —d') = —3chen,
(o8 JHdEJ,dLTdJ;%Tde,CTRicLL = O
) T®¢ C (+q| O | +q) = Chcu
(+q| O | +d) =0
32 (+| O | +d') = Jech en,
(+d | O | +q) = fcjucu
@ (+d | O | +d) =0
DIENC (+d | O | +d') = C%¢CL¢
® (+d' | O | +¢) =0
Y G (+d'| O | +d) =0
(+d' | O | +d')=0
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5P
o o Jyd dpydh dricheny =0
DEAC HGp OLICR | ARICR CLL
o { (=310 =3) = 1cleny
»%a
YOG
o Jydh dp,d dgich cr =0
LIYLIYR ®RICR CLL
D ¢®¢ C (—q| O | —q) = Lchery
. (=] 0| —d) = Jclyery
_ N —
D 1 G (—q| Q | —=d') Lt
(—d| OA | —q) = 6 CRICLL
® (=d| O] ~d) = jcp ery
DIAC (—d| O] —d') =0
® (=d'|O|—q)=0
L@ (=d'"|O|—d)y=0
(=d"|O]—=d)=0
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The interacting Hamiltonian for the processes described above can then be written in the
following form:

Haw = |75 |+ ra ] +5 |+q><—q|+%|—q><—§|—%|+q><—d/ 5 =)
13, 1
+ 5 |45 | == i) {ma | === | =d) =5 | +5 | +a)(—d]

1 1
+2|+JM—J|+2|+dM—J|++Jﬂ—dqcbpm+

+ [} [ +a)(+o |42 | —a)(+a | +\if | ~2)-q —7 | —g)(+d | +f | —d')(+q|

— 5 |~ | =5 | —d) (|4 |+ |+ | =5
+% ~dyrg |+ | —dyird @ chrerit
+ |51 =g |45 =o' - [ =gl =3 | =)~ |
— 2 |~ | =5 | =) |45 |+ | + ] ) |
= VB ) | =z ) g | 5 | ) |+ | |
g |4 |+ [+ || expely+
A HE IR NS d’|+f|fd'><—qwi|fd'><fd\
il d/|+,|+q><+q\+f\+q><+d/|+f\+d><+q\
g |+ [+ =5 |4z | —d)a)
#3 1 ==d | uachy

Notice that in the Hamiltonian the sum of the term proportional to CTRTC 1+ and that proportional

to ck ,CL) can be rewritten in the following way:

1 1 a+b —b
aCTI-%TCLT_FbCTR,LCLwL = |—a (TZ + TO)O.O-/ + 5b (TO — TZ)UGJ:| CTRO_CLU/ = |: 5 O'O'/ + 9 Ta.zo./:| CTRUCLo'/

2
(B.1)
where a and b are the coefficients of the term proportional to c;Tc £+ and c}z LCLL respectively and
{7% 7Y, 77,79} are the Pauli matrices and the identity matrix. Let us use this trick to rewrite
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the Hamiltonian:

3 1 3

Hiw = |75 1430k 143 [ +a)-a | + 5z | —a)- 5\—7|+q><—d' 5 | =) |

1 3

+ﬁ|+§><+d/|—7|+d><—(J|—ﬁ|— ) (= *|+ | +d)(—d |
+%|+d’>< d’|+ | +d)y(—d' | + | +d')(—d |] chiert
+[j§|+q><+§+§| ><+q\+f| ) |—%|—q><+d’|+%|—d’><+q|
— 5 |~ | =5 | =) |+ |+ |+ | =50 |
+% ~dyrg |+ | —d)d @ chyeny+
b3 g matal g Lol + 1+ D63 - 123 1+ 2 -t
2 , 2 ’ 2 ’
—%|—d><—q|—%|+q><+d = =g~ | g | + |+ e

1 1 1
5| = @) =] 4 |+ (k] 4 |+ | = | —d)(~d|

1
—5 | =) (=d ] T Chy Lo+

#3 || o |+ a4 1 +5 0 [+ =55 | = [ =) |45 |4} |

1 1 1
-3 | —d)(—d' | + | +d'){(+d | + | +d)(+d | -3 | —d')(—d | +5 | —d)(—d | +§ | +d)(+d || 70k, cror

It is useful to define the following two-spin operators:

Seum = S + Sk
Suir = SL - Sr
gprod = §L X §R
Saor = S1 - Sr
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wich can be rewritten in our basis:

(Sp+SR) = —= | +2)(+a | +2 |+~ | ——= | +d)(~q | —— | +d')(~q |

V32 3 V6 V6
+ a5 |~ | == |+ | +5)(+d |+ | +a)(d
1) |+ |+ (= |+ |45 (|
(Su+S0) = —= |+t | +5 | = e | == | —a)(d. —\if [ —a)(+d! |
s =gl — s |- §>< d)+ 25 |+ g |+ |~
| =) |+ | =) o |+ |+
(St +5r) =l +3)3 |43 | +a)(ha | —3 | —a)(=a | — | —3%—3 |
- 5 1|~ |+ (|~ | —d)(ma |z | +a) (|
43 1D +3 |+ |z | =a)(=d | —5 | —d)(~d |
—%|+Q><+d’|+l|+d><+d’|+1|+d’><+d|
(sLst>t—F|+>< 0| +5z | +d) (=] #vdx%v%vd%%
_FH ><+d|—276|+q><—d|+§\+d’>< d|+ f|+ o)1 +d)
= o |0 |45 [+ (= g |+ |
(i % Si)” :7|+d><+§\f\%\+d'><+ 505 | D] + 7= | =)
2f| g (kd] 2 | d’><+d|+2f| 3~ | = |
a2 | wx+w|+;; |
(1 % Si)* :—F|+d><+q|+7|+d'><+q| = | =) | == | ~d)a)
+F'+q><+d'+ |+d’><+d|+7| —q)(—d | +7 | —d)(~d|
M|+q><+d'|—f\+d><+d'|+7| @)= | — |~y |

- 3 1 3 3
SL-Sp= Z | +§><+§ | +Z | +q){+q | +Z | —q){—q| +1 | —§><—§ |

_§ s ANV [ § ! § /_§ AV _§ _ _
Sl | S | |+ | =S | —d)—d | =5 | —d)(-d'].
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Notice the following combination of the above operators:

3

d){=3

da| — -

1
sl ﬁ" Vo
Jmd | g | )~ | 5 | )|

S1(Se+ Sn) —2i(Sp x Sw)]* = - dY (=2 |+ | +d)(~d|

13,
+ﬁ|+§><+d \f\Jrq
oz |+ g | +aa |+ | a5 | +3 | +d(=d]

(S + Si) = 20(S1 % S = 5 | +) (g |+ | - ><+q|+f|fd'><+d\
! ]‘ ! !/ ]' 3 !
-5 | | =5 | )| "7 | =3 | +—= |40+ |
+3 1=t | =3)a |+ | —d)(+d]

(S Sn) =20(S1 xSy =~z |+ (v | =2 | =d) =g |~z | ~d) (= |

1 /! 1 /! 1 /! 1 /
43 1 |+ | =) (d | = |+ |4z | o) (|
D [ [+ |5 e | — | —a)(~a

13,3, 1 1 R
5 1N s g [+ (k] = | —d){=d | +5 | )+ |

With the definitions above and introducing the conduction electron operator § = TUU/CJI[%UCLU/

and the identity operator in the spin Hilber space 79 , = §,,/ the Hamiltonian becomes:
/ 1. 1. ~
Hy, = 5[—22(SL XSR) (SL+SR)] CRJ,CLT+2 [ i2(Sy, XSR)+(SL+SR)] CRTCL¢+

]‘ - z__z z
5 [—i2(SL x Sg) + (SL + SRr)] TG.O.ICTRUCLU/ SL SR + = ((SL) (SR)Q) TSU/CEJCLGI

(B.2)

Note that the combination S, - Sx + 2 ((S3)* + (5%)?) is an operator that replace the left spin
by the right one and viceversa. Let us define an “exchange”operator P in the following way:P =

2 [S_L - Sp+ $((53)* + (SIZ{)Q)} and an exchange operator T = —i2(Sy, x Sg) + (S + Sg) so
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that we can rewrite the Hamiltonian:
, 1 1 1 1
Hyp = iT CRﬁLT + T CRTCLi + T /cRacLa + PT /CR{,—CLG

1 1 1
= *(Tw + iTy)CRlCLT + *(TI — iTy)CRTCL¢ + QTZT;U/C;[{UCLJ’ + PT /CRUCLJ/

2 2
+ t + .
- lTx Too'CRoCLo" T Tyo1CRoCLO + lTy Too'CReCLo" — T5o'CRoCLa’ + ETZT CR cLor + PT CR L
2 2 2 2i 27 oo/ "RoTLY o' “Ro Lo’
1 1
= §T“”T§U,c}r%ch/ + §TyTUyU’CTRUCLU + 2T TZ ,cRUcL[, + 2P7’ ,cRUcLU
1=

=-T.-5+ 2P7' /CRUCLU

—i2(§Lx§R)+(§L+§R)] 54 [SL Sp+ = ((SL) +(S2)?) | 70, chocror. (B.3)

N = N

Observe that we call S, some real spins, while we are calling 5,4 the conduction electron opera-
tors, with the following convention: 5,5 = FM/CLJCB(,r, which differs from the usual convention
for a factor 1/2.

Note that this Hamiltonian looks exactly the same as the one for the two-spin case. This result
is reasonable since the transport process involves just two of the spins.

All together we can write a transport Hamiltonian that looks this way:

Jp - Tn = L L L
H= Zgakclkacaka + TLSL -5+ TRSR -8p + J12SL - Sc + J23Sc - Sr + J13SL - Sk

ako

1 = = - - . 1
+ §JH(SL + Sr —2iS;, X Sg) - S + §PZCEUCLU +hrr

hrr

where hp g is the term describing transport from the right to the left lead. This term turns out
to be the same as hgy, in fact if one analyzes all the possible processes, as we did above, one
would get, e.g. for the terms proportional to CTmCRi:

)G

@ which is exactly the process one obtains by taking the third process propor-

D 1 Q tional to CEuCLT and looking at it from the last to the first picture, i.e. it’s
the inverse process.

Moreover the matrix elements are easily seen to be the the complex conjugates

® of the ones considered in the the previous process (proportional to c}% ¢CLT)-

D Q In fact the previous final states becomes the initial state here and viceversa

and the operator is the Hermitian conjugate of the one considered earlier:

@Ot fy=(f1010)

o J;Id}L{LdRTdTLTdLTCTLTCRl« = (O)T
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One can therefore easily understand that hpg will be given by:

((Sp + Sr) — 2i(S x Sg))*" CLTCI% + = ((SL + Sr) —2i(S. < Sgr))~ CTMCRT

N

hrir =

1 , . 1 3.3
+5((Sp+ Sr) — 2i(St, x Sgr)) ng/CTLUCRa’ +3 | =) (=g |+ | +a)(+a | + | +§><+§ |

__§ __§ _ _ A __/ 1 ! !
=55 L= I =d) (= | 45 | +d)(+d |
1 1 1
-5 —d)(=d" |+ | +d')(+d | + | +d){+d" | —5 | —d'){(—d | +5 | —d)(—d |70 ,chcRg
1 Th 4 1 , ;
=5 ((SL + Sgr) — 2i(Sg x SL))” "2" CRo + 5 ((Sp + Sr) — 2i(Sg x S1)) " B UU’CLU’CRU

((SL + SRr) — 2i(Sr x S1))7 72,.¢} _,cro + potential scattering term 70, ¢l cp,

N |

(SL +SR — QiSR X SL) -SLr + §PZCTLUCR0

where I used Pt = P The final total Hamiltonian then looks as follows:

Jr = . Jra L . L L
H= Zﬁakclmcako + TLSL 5L+ 7RSR -8r + J12SL - S¢ + J23S5¢ - Sg + J13SL - Sk

ako
— — — — 1 =N 1 1 * M = 1 *
— B (S + 8¢+ 8r) + 5JuT - 5pr + inpgcgchg + 5 n T Fin + inpg;chgcRg
hRL hLR
n Jo= o Jr= S o 5 = S =
= Zfakcakgcaka + 75L 8L+ ?SR «8r + J125L - S¢ + J235¢ - Sg + J13SL - Sk
ako

e [ | 1
—B.(sL+SC+SR)+§J}}LT.SRL+QWngzajcgchﬁiJH T-5Lr+ W RPZCLUCRU

hRL hLR

where T = §L + §R — 2i§L X §R, T = §L + §R — 2i§R X §L and the conduction electron
operators are: Sgy = FM/CTRMCL;C/J/ and S§.r = Tyo/Cpp,CRE/or Let us know have a look at the
commutation relations for the operators defined above. One finds:

[Szum7 Ssum} ZElessum
b [S(Zjlfa Sszf] Zgljkssum

o [Siums Séif] = igijk’sgif

i J

* [Spr0d7 Sp’rod] Eljksb um
i j — e

hd [Spr0d7 Sgum] - Z‘€1JI€SpTOd

Moreover, one also find the following;:

o [Sim,T9] =g T"

[S;um7 ] = igijkfk
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(T, T
] l,T]] = 4€ijk5k
[TZ’Tj prod
=4
€ijkSy

prod

axy
[ T9] = 2ie
ik Sk

P.
[P, P]=0 "
[P, T"] =
: —25¢
[P7 TZ] ) 25 minus



C. Coefficients of the low-energy Hamiltonians

C.1. Coefficients of the low-energy Hamiltonian for B > 0

A=
- - = 2 - : 2 2
*J12+J23+\/Jf2*J23J12+J§3+J§1*(112+J23)J31 123*131+\/Jf2*123J12+J§3+J§1*(112+J23>J31 +1
J12—J31 J12—=J31

1
Bl = —

2

—Ji2 (\/‘]%2 — J31(J12 + J23) — J12J23 + I35 + I3 + 2J23> + J31 (JBL - \/‘]%2 — J31(J12 + J23) — J12J23 + J35 + J§1> +2J23 <\/(7f2 — J31(J1g + J23) — J12J23 + I35 + J2 — Jal) + I3y + 2735
B2 =

2 2
2 *J12+J23+\/J122*123112+J§3+J§1*(112+J23)131 123*J31+\/J122*J23112+J§3+J§1*(112+J23)J31
(J12 — J31) — — +1
J12—J31 J12—J31
o \/1%2*131(112+123)*112123+J§3+J§1*112+‘723
2 2
*J12+123+\/Jfng23J12+J§3+J§1*(J12+J23)J31 J23*131+\/1f2*J23J12+J§3+J§1*(J12+J23)J31

(J12 = J31) T12—J31 J12—J31 t

1
D1 = —

2
D2 - \/J122 — J31(J12 + J23) — J12J23 + Jﬁg + J§1 + J23 — J31

= . . = 2 : = 2 2z
*J12+J23+\/Jf2*123J12+J§3+J§1*(112+J23>131 J23*131+\/Jf2*123112+J223+J§1*(112+J23>131

(J12 = J31) J12= 731 J12—J31 1

- 2 (\/1122 — J31(J12 + J23) — Ji2J23 + I35 + J2; — Ji2 + st)

2 2

-723—J31+\/Jf2—4’23'712+-’§3+~7§1 —(J12+J23)J31 i1

J12—J31

—‘112+J23+JJf2—4’23‘112+-’§3+~’§1 —(J12+J23)J31
(J12 = J31) T12—J31

(c1)

Jruref] ASI9Us-MO[ 9} JO SHUSIDYFO0))

surIuoO



- 2
- 2 2
—J1a+ 234/ Iy —J23J12+ I35+ I3 — (J12+J23) 31 Joz—J31+\/JPy—Jag J12+ I35+ I3, — (J12+J23) I31
3t/3 31T/3 1
J12—J31 J12—J31
G1=1
2J31 (-’31 =92y = J31(J12 + J23) — J12723 + I35 + J§1> + Ja23 (2\/-’%2 — J31(J12 + J23) — Ji2Jo3 + I35 + JF) — 3~731) + I8y — J12(Ja3 + J31) + 2735
G2 =
Pl 2
2 —112+J23+\/J%2—123112+J§3+J§1—(J12+J23>J31 123—J31+\/J%2—123J12+J§3+J§1—(J12+J23>J31
(J12 = J31) J12=J31 J12—J31 1
H1=1
(J12 + Jag — 2J31) ( —2y/J35 — J31(J12 + J23) — Ji2J23 + I35 + JZ; + J12 — 2J23 + J31
Ho - 3T 73

2
*112+J23+\/Jfg*J23J12+J§3+J§1 —(J12+J23)J31

J23*J31+\/J52*123112+J§3+J§1 —(J12+J23)J31

Jig — J31)2
(J12 31) (' Ti2 —T31

Rewriting the low-energy Hamiltonian (4.4) as in (4.7), i.e

J12—J31

2
+1)

H = Z {JJQT+CL’I¢/¢CQ’€T+J& aT C ’k'TCOLki+Ja aT C ’k/TCakT+Ja aT C o k! ¢Cak¢

’ !
a,al kk

0
+JaTaTOCL’k’TCO‘kT + ch aT C(x/k’Lcaki}

(C.2)

0 < g 10j ueruojruref] ASI9Ua-MO[ 97} JO SHUSIDYJP0))

g6



the following constants have implicitly been defined:
T2V (n(Dg)) =
T (n(Dg)) =
I, (n(Dg)) =
Jp L (In(Dg)) =
JZY (n(Dg)) =
775 (n(Dg)) =
T2 (n(Dg)) =
T (n(Dg)) =
T R(n(Dg)) =
Jpr(n(D0)) =
T (n(Dg)) =
IR (in(Dg)) =
.]EL(ln(DO)) =
IO (n(pg)) =
T (n(Dg)) =
Tp(n(Dg)) =
JEL (in(Dg)) =
IO (in(Dg)) =
77T (n(Do)) =
IO (n(Dg)) =
JFRn(DY)) =
T r(n(Dg)) =
JEh (n(Dg)) =

IO (in(Dg)) =

Jp(1/2 — B)
2
JL(1/2+B) Wy,
_ 4+ =
2 2
Jp A
2
JpA
2
JL(B —1/2)
2
Jr(1/24+ B) Wy,
e
2 2
Jr(1/2 — D)
2
Jp(1/2 + D) LR
2 2

JRC
2
JRC
2
JRp(D —1/2)
2
_Jr(1/2+ D) N Wr
2 2
Jrp(1 - G) + Wrr( - H)
4
JrrL(1+ G) +Wgrp(1+ H)
4

JRLE
4
JRLF
4
—JRrL (1 —=G)+ Wgrp (1 - H)

4
—Jrr(1+G)+ Wgrp(1+ H)
4
JLR(I - G)+WLR(1 — H)
4
JrRAO+ G+ Wrr( + H)
4

JLRrF
4
JLRE
4
-Jpr(1 - G)+ WL r(1 — H)

4
—JLrRA+G)+Wrr(+ H)
4

(C.4)
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Coefficients of the low-energy Hamiltonian for B > 0
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C.2. Coefficients of the low-energy Hamiltonian for B =0

3 2
A= (2 (~712(‘723 — J31) + Ji2 ('723 (\/leg — J31(J12 + J23) — J12J23 + I35 + JF — ,131) —J31 \/~7122 — J31(J12 + J23) — J12J23 + I35 + J§1)

p p 2 2
+ Ji12J23 (J23 (\/sz — J31(J12 + J23) — J12J23 + I35 + J2 — J31) + J23 + 2J31)

2 2 2 2 2 2 2 2
—J23J31 \/‘712 = J31(J12 + J23) = Ji2J23 + J33 + J3; + J23 /( (723731 — Ji2 \/']12 = J12(J23 + J31) + J33 — J23J31 + J3; + Ji2

2
—Ji2 + J2z + \/J%Q — JogJi2 + J%g + Je%l = (J12 + J23)J31 n Ja3 — J31 + \/1%2 — JagJi2 + J%g + J§1 = (J12 + J23)J31

Ji2 — J31 Ji2 — J31

v +1

2
—Ji2 + J31 + \/J122 — JagJ12 + I35 + I3 — (J12 + J23)J31 4 —J23 + J31 + \/J122 — JagJi2 + I35 + I3 — (J12 + J23)J31

Ji2 — J23 Ji2 — J23

p 2 2
—J12 (\/J%Q — J31(J12 + Ja3) — J12Jag + J35 + I3 + 2J23) + J31 <J31 - \/J%Q — J31(J12 + Ja3) — Ji2Jag + J35 + ng) +2J23 (\/sz — J31(J12 + J23) — Ji2Jdas + I35 + JZ, — J31> + Jig +2J33

Bl =
2 *~712+~723+\/le2*A723~712+J§3+-’§1*(‘712+x723)~731 ~723*J31+\/~7122*A723~712+J§3+-’§1*("12%723%731
(J12 — J31) +1
J12—J31 J12—J31
Bo— \/'7122 — J31(J12 + J23) — J12J23 + -733 + '73?1 —Jiz2 + J31
- 2 2
—J12+J31+\/J%2—-123J12+J§3+J§1—(~712+J23)J31 —J23+J31+\/J122—J23~’12+J§3+J§1—(J12+~123>J31
(J12 = J23) Ji2="7T23 Ji2—=JT23 1
2
c=2/ly —J12 + Ja3 + \/‘7122 — Ja3Ji2 + I35 + JZ — (Ji2 + J23)J31 N J23 — J31 + \/']122 — Ja3Ji2 + I35 + JZ — (Ji2 + J23) 31 L
Ji2 = J31 Ji2 = J31
2
—J12 + J31 + \/1122 — Ja3Ji2 + I35 + JZ) — (Ji2 + J23)J31 + —J23 +J31 + \/Jfg — Ja3J12 + I35 + I3 — (J12 + J23)J31 1
Ji2 — J23 Ji2 — J23
D1 \/"%2 — J31(J12 + Ja3) — J12Ja3 + J35 + J3; + J23 — J31
2 2
—~712+J23+\/J122—J23~’12+J§3+J§1—(J12+~’23)J31 J23—J31+\/J122—J23~712+J§3+J§1—(J12+~’23)J31
(J12 = J31) J12=7T31 J12— 731 1
Do — \/sz — J31(J12 + J23) — J12J23 + J§3 + ng — J2z + J31
—J10+J J2, —JogJ J2,+J2, —(J J23)J 2 —J. Jg144/ T2, —Jo3J J2, 402 —(J Jog3)J. 2
12+J31+y J{o—J23J12+ 53+ I3 12+J23)J31 23+J31 19 —J23J12+J53+J3; 12+J23)J31
(J12 = Ja3) J12—J23 + J12="723 1

4 2 2
= (2 (2112 + Ji2 <J23 (\/sz — J31(J12 + J23) — J12J23 + J35 + I3 — 4131> + J31 (131 - \/sz — J31(J12 + J23) — Ji2J23 + I35 + J§1) + ng)

2
+ J12J23 ('723 (\/leg — J31(J12 + J23) — J12J23 + J35 + I3 — ,731> +2J31 (131 — 92, — J31(12 + J23) — J12J23 + I35 + J§1) + st)

2 : 3 :
—J33J31 (\/1122 — J31(J12 + J23) — J12J23 + I35 + I3 + Jag — J31) +2J72 (\/J122 — J31(J12 + J23) — JiaJos + I35 + JF — J31)>)

2 2 2 2
/ (~723"31 = J12 <\/~’12 — J12(J23 + J31) + J53 — J23J31 + J3; + "12))

2
—Ji2 + J2z + \/‘]%2 — J2zJi2 + J%g + -7%1 = (J12 + J23)J31 " Ja23 — J31 + \/‘]%2 — JagJi2 + J%g + J321 = (J12 + J23)J31

Ji2 — J31 Ji2 — J31

v +1

2
—Ji2 +J31 + \/J122 — Ja3J12 + I35 + I3 — (J12 + J23)J31 N —J23 +J31 + \/J122 — JagJi2 + I35 + I3 — (J12 + J23) 31

Ji2 — J23 Ji2 — J23

+1
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F =F

2J31 <J31 - \/J122 — J31(J12 + J23) — J12J2s + I35 + J§1) + J23 (2\/J%2 — J31(J12 + J23) — J12J23 + I35 + I3 — 3J31) + J%y — J12(J2s + J31) + 2035

G1 =
2 2
2 7‘]12+J23+\/J%27J23J12+J§3+J§17(‘]12+J23)J31 123*J31+\/J1‘)2*J23J12+J§3+J§1*(J12+J23)J31
(J12 — J31) T12—J31 J12 =731 +t
1
G2 = — 5 2
*J12+J31+\/Jf2*J23112+J§3+J§1*(J12+J23)J31 *J23+J31+\/J122*J23J12+J§3+J§1*(J12+J23>J31 1
J12—J23 T12—J23
(J12 + J23 — 2J31) (*2\/‘71"2 — J31(J12 + J23) — Ji2J23 + I35 + JZ; + J12 — 2J23 + J31)
H1 = —
2 2
2 —J12+J23+\/J122—J23v]12+J§3+J§1—(J12+J23)131 4723—‘]31+\/J122—J23v]12+J§3+J§1—(J12+J23)J31
(J12 — J31) T12—J31 J12=J31 e
(J12 + J23 — 2J31) (*2 <\/sz — J31(J12 + J23) — Ji12J23 + J§3 + J§1 + J31) + Jiz2 + Jz3>
H2 = —

2 *112+J31+\/Jf2*J23112+J§3+J§1*(J12+J23)J31
(J12 = J23) J12—J23

P)
N l —Jag+731+\/ I3 — 23712+ 35473, — (J12+723) Js1
J12—J23

2
+1)

Rewriting the low-energy Hamiltonian (?7?) as in (4.7), i.e

H = Z {J;,(ITJFCL,kaakT + Ja aT C ’k’TCaki +Ja aT C ’k/TCO‘kT + Ja aT C o k! ¢Cak¢
a,a’ kk!

0
+JaTaTOCL’k’TcakT + Ja aT C(x/k’Lcaki}

(C.5)
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the following constants have implicitly been defined:
JZT (n(Dg)) =
9 (In(Dg)) =
JE L (n(Dg)) =
J L (n(Dg)) =
I (In(Dg)) =
T4 (n(Dg)) =
T (D)) =
IO (n(Dg)) =
TER(n(Dg)) =
Jpr(In(Dg)) =
JEh (n(Dg)) =
TR (n(Dg)) =
TRl (n(Dg)) =
I (n(pg)) =
Jhp (n(Dg)) =
Tgp(n(Dg)) =
JEL (n(Dg)) =
J9% (in(Dg)) =
T7 T (n(Do)) =
T (n(Dg)) =
T (D)) =
JLr(n(Dg)) =
TEh (In(Dg)) =

IOt (in(Dg)) =

Jr,(B1 — B2)
2
Jr(Bl14 B2) Wp
_t+ =
2 2
Jp A

2
Jp A

2
Jr, (B2 — B1)
2
Jr(Bl+ B2)  Wp
-+ =
2 2
JR(D1 — D2)
2
JRr(D1+4 D2)  Wg
_+ —
2 2
JRrC
2
JRC

2
JR(D2 — D1)
2
_ Jr(D1+ D2) N Wr
2 2

JRL (Gl — G2) + WRp (H1 — H2)
4

JRL(G1+ G2) + Wiy (H1 + H2)
4

JRLE
4

JRLF
4

—JRL(G1 — G2) + WR (H1 — H2)

4
—JRL(G1+4 G2) + Wiy (H1 4+ H2)
4
JLR(G1l — G2) + W g(H1 — H2)
4
JLr(Gl 4 G2) + Wy p(H1 + H2)
4

JLRF
4
JLRE
4
—JpR(G1 — G2) + W g(H1 — H2)
4
—JpR(G1+ G2) + W r(H1 + H2)
4

(c.7)
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D. Calculations regarding the Poor
man’s scaling equations for the
completely anisotropic Kondo model

In this appendix we write in detail the steps needed to go from (4.17) to the scaling equations
(D.4).
We use the following relations:

T =2(1Y — 1%)
Fter — _pEet —
T T =—T"1" =17
TETE = 7_0

(D.1)
in order to rewrite the terms appearing in (4.17), which thus look as follows:

Hyo(E — Hoo) " Hoy =
S [(205 550 + T I8 + T Th) 72 4 (205 5050 + T T+ T T50) 70 canorel
Bao
[T T3+ T T T T + TR T canely
[T T+ Tag IO = T T+ Wi T sy
+ [(—2J;,ﬁJ;a + IO T+ Jg,iﬂ,]gl) T 4 (2J;,BJ;a + I+ Jg,iﬁjgg) TO] Cark 1 Chgy
Vigar (E = D+ )~

Hy3(E — Ha) 'Hay =
S (=275 5T + JEa T+ TSN 75 (205 T+ T T3+ T I8 ) 70 ehsscans
Bao
| =TT+ TE IO+ T T + T T Tl ot
[T+ Tag I8 = T T+ a5 Ty cans
o+ [(278 T + a5+ T I8 ) 7+ (205 50+ Tiba Tk + T I85) 70 el ans
1 = npge)(E — D — i)t (D.2)



Calculations regarding the Poor man’s scaling equations for the completely

102

anisotropic Kondo model

Plugging these expressions into (4.17), one obtains an Hamiltonian that looks just like (4.13) but
has renormalized couplings J — J + 6J where §J is given by:

1

21 + -
§I = [—zJa,ﬁJﬁa (

E—D+ ey

1
+ED€k>

(I8 4 I0,050) (

[e% [e%

8o, = [(QJ;,BJB— + 72,

+ 7+ + g2
5Th e = [(—JQ,BJM + T T5) (

_E—D+&:k/

2T ot

1 1
0D
+E—D—5k>}p0| |

1 1
JOT) -
b )\"E_Dien TE-D_zf

) =

E—D+Ek/+E—D—Ek

)i

+ 704 0T 7+
+ (TE a8+ I35 (

1 1
- 5D
E—D+ak/+E—D—sk>}p0| |

530 = |(its950 = 92050) (5 p2 " 5 s)
+ (Ta a8 + I 750 (—E - ; ot 11) - ekﬂ poldD|
§J7 = _QJC;,ﬁJga <E_$+€k/ + E—ll)—gk)
+ (T8 + 5L (—E - ; ot T g — Ekﬂ poldD|
I, = :(QJMJ;Q T T T0) (—E — Dl 5 ]; — Ekﬂ poldD|.  (D.3)

By gradually eliminating virtual transitions to states at the edges of the bandwidth of the leads,
our model Hamiltonian can be rewritten in the same form (4.13), but the coupling coefficients
are scaled depending on the width of the elimated band edges.

When dropping E, e, e (which can be assumed to be small), (D.3) give the following scaling

equations:

dJ?T

dinD
dJ°r

din D
dJ3,
din D
dJyg
dinD
dJzt,
din D
dJ°r

dinD

= —4J;6Jgap0

0

— 2T+
=2 (=20, 7

o + J;’B‘Igi) Po
_ 2 - ~ et

=2 (i 50— Tas 5L ) po
= 4Jc:’ﬂ']/;’i_ap0
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