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Abstract

This thesis is concerned with modelling the electrostatic environment in devices used for real-
izing Majorana zero modes (Majorana devices). A simulation model based on the Schrédinger-
Poisson method is developed and applied to two geometries.

The first geometry is a planar semiconductor-metal heterostructure contacted to a gate
electrode and with translational invariance in two directions. We show how to set up the
Schrodinger-Poisson method and include hybridization between the metal and semiconduc-
tor in the Schrodinger equation. Simulation results based on an InAs-Al junction are then
presented, and it is found that the electrostatic interaction creates wells at the various het-
erointerfaces. These results are then compared to an approximation, where the hybridization
is neglected, and it is found that the two approaches produce comparable results with some
deviation at the semiconductor-metal interface. Subsequently, the effects of this deviation on
the wave functions of the hybrid system is investigated and found to be negligible with our
parameters.

The second geometry is a cross section of a hexagonal semiconductor nanowire with transla-
tional invariance in the longitudinal direction. The nanowire is covered by a metallic supercon-
ductor on two facets and placed on a dielectric layer in contact to a gate electrode. We show
how set up the Schrodinger-Poisson method and argue that including hybridization between
the semiconductor and superconductor is too computationally demanding. Consequently a
simpler approach is used where the Schrédinger equation is solved only in the semiconductor
region. Simulation results based on an InAs nanowire with Al as the superconductor are

presented and good agreement with the results from the planar geometry is found.
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Introduction

0.1 Topological Quantum Computers

- From Theory to Experiment

Realizing a universal quantum computer is an idea that has sparked enormous scientific in-
terest in recent years. Fuelled by the rapid advances in quantum nanoelectronics and massive
financial interest from the semiconductor industry, quantum computers have gone from being
a purely theoretical idea to being the supercomputers of tomorrow.

The basic idea of a quantum computer is to use the superpositional nature of quantum states
to store information. The fundamental unit of quantum information is the quantum bit
(qubit), which is a two-level quantum system described by a state vector |¥) that can be in
any superposition of the system’s two eigenstates |¥) = a|0) + b|1). This is in contrast to a
classical computer, where information is stored in classical bits that are either 0 or 1.

Currently one of the biggest challenges for engineering a quantum computer is the fast de-
coherence time of quantum states. This has led to an approach known as topological quantum
computation [I], which, if realizable, is intrisically protected from local environmental noise.
Loosely stated, the idea of a topological quantum computer is to store information in exotic
many-particle states called Ising anyons, which, due to their non-trivial topological properties,
are immune to local sources of decoherence. Furthermore these exotic topological states are
believed to obey non-Abelian exchange statistics, which enables quantum computations to be
performed via simple particle exchanges.

The simplest and most promising way of realizing Ising anyons are as Majorana zero modes
in condensed matter systems [2]. Majorana zero modes are quasiparticle states, which, among
other key properties, are an equal superposition of an electron and a hole. An obvious type
of system for realizing this type of state are superconducting systems, where the quasipar-
ticles describing excitations above the superconducting ground state have both an electron-
and a hole-component. However, as explained in the review of [3], the realization of Majo-
rana zero modes requires these excitations to be effectively spinless, which is not the case for
the most common type of superconductors, s-wave superconductors. Consequently Majorana

zero modes were for years thought only to exist in few exotic states of matter which include



the rare p-wave superconductors [4] as well as certain states of the fractional quantum Hall
effect [5]. While interesting theoretically, these systems are notoriously difficult to handle
experimentally and consequently there has been great theoretical interest in finding more ex-
perimentally engineerable systems with Majorana zero modes.

A big breakthrough came in 2006, where Kane and Fu [0] showed that Majorana zero modes
may also be realized in systems with conventional s-wave superconductors when coupled to
a topological insulator with strong spin-orbit coupling. The essential discovery of Fu and
Kane was that combining the strong spin-orbit coupling with a magnetic field and induced
superconductivity allows an effectively spinless regime to be reached in the topological insu-
lator. The pioneering proposal of Kane and Fu accelerated theoretical discoveries of systems
hosting Majorana zero modes. Most notably the authors of [7] and [§] showed in 2010 that
Majorana zero modes may also be realized in systems composed of one-dimensional semicon-
ductor nanowires with strong spin-orbit interaction and induced superconductivity. With this
discovery, the ground was paved for experimentally realizing Majorana zero modes.

The first reported signature of Majorana zero modes came in 2012, where a research group
in Delft [9] published possible experimental evidence for the existence of Majorana zero modes
in InSb nanowires deposited onto an s-wave superconductor. The schematics of their setup
as well as their most important findings is shown in Fig. 1| (a). The experimental signature
was in this case the emergence of a zero-bias conductance peak which showed up at a critical
magnetic field [§]. These findings were later backed by experiments performed in other labora-
tories [10, 11]. A further breakthrough came from the materials department at the University
of Copenhagen [12| [13], who discovered a way to epitaxially grow the superconductor onto
the semiconductor nanowires as shown in Fig. |1 (b). This discovery has subsequently led to
significant improvements in the observed experimental signatures of Majorana zero modes.
While early experimental findings such as [9] are compelling, the non-Abelian nature of the
observed Majorana zero modes still remains to be demonstrated, and as of today the hunt for

decisive experimental evidence of the elusive quasiparticle continues.
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Figure 1: Overview of some of the significant experimental breakthroughs in realizing Majorana zero
modes. (a) First reported signature of Majorana zero modes by Mourik et. al. [9]. Top figure shows
the schematics of their setup consisting of an InSb nanowire deposited onto an s-wave superconductor,
which is then connected to various electrodes. Bottom figure shows the reported signature of Majorana
zero modes, which is a zero-bias conductance peak inside the superconducting gap of the nanowire. (b)
Discovery by Krogstrup et. al. of technique for epitaxially covering nanowires with a thin superconduct-
ing layer of Al [12,[13]. Top figure shows the schematics of a device with an epitazially coated nanowire
along with a TEM-inset of the epitaxial interface between the InAs nanowire and Al superconductor.
Bottom figure shows the measurement of the superconducting gap in the device, which shows significant
improvements compared to previous methods of depositing the superconductor.

0.2 Example of a Majorana Device

As the search for conclusive evidence of Majorana zero modes continues, so does the com-
plexity and engineerability of the experimental designs. As a motivation for the work of this
thesis we will here consider an example of one of the current types of devices used for realiz-
ing Majorana zero modes. Throughout this thesis we will collectively refer to such devices as
Magjorana devices.

Fig. [2] shows a schematic example of a state of the art Majorana device, which has shown

promising signatures of Majorana zero modes [14].
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Figure 2: Example of a state of the art setup for detecting Majorana zero modes, which was used for the
measurements presented in [T4)]. Here an InAs nanowire coated by an epitazial layer of superconducting
Al has been placed on a dielectric layer, which is connected to various electrodes. Bottom right image
shows a TEM image of the device. This figure is used with permission from Saulius Vaitiekénas, Center
for Quantum Devices, University of Copenhagen.

The Majorana device in Fig. [2] consists of an InAs nanowire partially coated by an epitaxial
layer of superconducting Al. This wire has been placed on a dielectric layer of SiOo, which is
connected to layer of doped Si that acts as a gate. A gate is essentially an electrode, which
may be used to tune the electrostatic environment of the device. In the setup shown, the
doped Si layer is denoted as the back gate. Additional gate electrodes include the pincher
gates as well as the plunger gates. All the gate voltages are measured with respect to the
grounded drain contact indicated by D, which is in direct contact with the superconducting
layer of Aﬂ Finally the device includes a source electrode, indicated by S, which is connected
to the drain electrode through a voltage source with a bias Vjas.

Loosely stated, the experimental recipe for creating Majorana zero modes in the setup
shown is to tune the device to a regime, where transport through the source and drain contacts
is dominated by tunelling of few transverse electronic modes in the wire[I4]. This happens by
applying negative voltages on the various gate electrodes in the system. Once such a regime
has been achieved, a finite magnetic field, B, is applied along the wire, which is necessary for

the emergence of Majorana zero modes. By subsequently sweeping B and Vs a 2D map of

LA geometry like this, where the superconductor is grounded, is a common choice for Majorana devices,
though a different variation is also used, where the superconducting layer effectively forms a floating island

3.



the differential conductance of the device is traced out, which potentially can show signatures

of Majorana zero modes.

0.3 Outline

This thesis is concerned with modelling the electrostatic environment in Majorana devices.
Based on the presentation of the experimental design of Fig. [2|it should come as no surprise
that a detailed theoretical understanding of the electrostatics in such setups is of great interest
for current research on topological quantum computation. This is also motivated by the fact
that the measured values of certain physical quantities, such as for example effective g fac-
tors seem to vary greatlyﬂ depending on the concrete setup used for realizing Majorana zero
modes. A plausible contribution to such variations is that the wave function describing the
quasiparticle states may exhibit different degree of semiconductor/superconductor character
depending on its weight in the respective regions. Understanding such details would obviously
require knowledge of the electrostatic environment of the devices in question.

The scope of this thesis is to set up a model for the electrostatic environment in Majorana
devices. This model is then applied to two simplified geometries inspired by the experimental
device of Fig. [2l The results obtained from this investigation may then be used as a qualita-

tive guidance of electrostatic effects in real Majorana devices.
The remainder of the thesis is divided into 6 chapters.

1. The first chapter describes basic theory needed for the development of our simulation
model. This includes different theoretical tools from band structure theory as well as a brief

introduction to band diagrams of semiconductors and metals.

2. The second chapter is devoted to explaining the idea behind the Schrodinger-Poisson
method, which is the main theoretical tool that our model relies on. The first part of the
chapter lays out the theoretical foundation of the method while the second part focuses on

the numerical implementation of the method.

3. The third chapter begins by describing the qualitative idea behind our simulation model
and subsequently moves on to discuss various assumptions that allow us to make it quan-
titative. The chapter is concluded with a presentation of two model geometries, that our

simulation model will be applied to.

4. The fourth chapter is concerned with applying our simulation model to the first of the

2For example [14] reports effective g-factor values of 4 while [I5] reports effective g-factor values of 20-50.



two model geometries presented. We first show how to set up our simulation model for the

geometry and subsequently discuss various results.

5. The fifth chapter is concerned with applying our simulation model to the second of the
two model geometries presented. Similar to the previous chapter we first show how to set up

our simulation model for the geometry and subsequently discuss various results.

6. In the sixth chapter we sum up our conclusions and provide a brief discussion of the

various results as well as future possible extensions of our model.



Chapter 1
Theoretical Background

In this chapter we set the theoretical foundation for the work carried out in this thesis. We
start with some mathematical tools from band structure theory such as the effective mass
approximation and the Schrodinger equation in the envelope function formalism. We then
move on to discuss band diagrams and band bending in heterostructures. The experienced

reader may want to skip this chapter.

1.1 The Effective Mass Concept

For many semiconduetorsE] the conduction band energies, F.(k), may be locally approximated

by an isotropic, parabolic dispersion around the conduction band minimum, E.,

h2k>

E(k) = B+ o

(1.1)

When we compare the parabolic dispersion above to that of free electrons with mass m, we
see that it has modified curvature which is determined by the quantity m* as shown in Fig.
(a). m* may thus be interpreted as an effective mass that the electrons in the conduction

band acquire when subject to the periodic potential of the semiconductor crystal.

!See for example Chapter 5 of [16]. Examples of semiconductors with a conduction band dispersion described
by are InAs and Insb, which are the most promising semiconductors for engineering Majorana devices.
The simulations presented later in this thesis will be based on semiconductor-metal heterostructures with InAs
as the semiconductor.
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Figure 1.1: (a) Illustration of the conduction band profile for a semiconductor with larger (blue) and
smaller (green) effective mass than the free electron mass, m. (b) Section of the band structure for InAs
obtained from DFT calculations. The approzimate parabolic behaviour of the conduction band (shown
inside the red box) is evident. InAs will be the most important semiconductor for the simulations in
this thesis. Figure adopted from [17].

Table shows the value of the effective mass for some common semiconductors, which are
relevant for Majorana devices. For the work described in this thesis, the effective mass will be
important for describing the behaviour of electrons in the conduction band of semiconductor-

metal heterostructures.

Semiconductor | Effective Mass [m)]
GaAs 0.063
GaSb 0.041
InAs 0.023
InSb 0.014

Table 1.1: Values of the effective mass for selected semiconductors. Adopted from [18].

1.2 The Schrodinger Equation in the Envelope Approximation

Using the concept of effective mass, we can reformulate the standard Schrodinger equation in
an alternative way that is particularly useful for the problems that will be worked on in this
thesis.

To do so we consider a perfect, infinite semiconductor crystal with a conduction band that
may be described by the parabolic dispersion in . We now wish to describe what happens
to the conduction band electrons, when they are perturbed by an external potential V(r).
Provided that V(r) varies slowly on the scale of the crystal lattice one can show that the

electrons in the conduction band may be described by a Schrodinger equation on the form

h2
<— V?+ E.+ V(r)> Y(r) = E(r). (1.2)

2m*



From this equation we see that the conduction band electrons respond to the external potential
as if they they were electrons with an effective mass m* moving inside V' (r).

The derivation of (1.2 is based on the formalism of envelope functions. In this approximation
the full wave functions, W, (r), of the system are the products of a fast-oscillating Bloch
function wu,o(r) and an envelope function, ), (r), which varies slowly on the scale of the

crystal lattice

\Ijn(r) = unO(r> : ¢n(r) (13)

When calculating macroscopic properties of the system such as for example the electron
density or electrostatic potential, the detailed microscopic behaviour of the wave function is
irrelevant and the envelope functions of may be used as the full wave functions of the
system. We will here not go further into the mathematical details of the envelope function
formalism. For a pedagogical introduction to the subject the reader is referred to Chapter 4

of [I9] while for the original papers on the problem, [20] and [2I] should be consulted.

1.3 The Schrodinger Equation for Heterostructures

The Schrodinger equation assumed a single, bulk crystalline semiconductor. For our
purposes we seek a more general form, which can describe the conduction band electrons in
heterostructures, where the material is composed of bulk regions of different semiconductors
or metalsﬂ The proper generalization of to this case is [22]

2
_%v . (m*l(r) V¢(r)> +(Bo(r) + V() $(r) = Eu(x). (1.4)
This is one of the central equations for the models developed in this thesis and will be used
extensively throughout the remaining chapters.

As it stands, there are two important differences between and . First of all we see
that the band offset E.(r) and effective mass m*(r) are now spatially dependent and take
different values in the semiconductor and metal regions. Secondly the form of the kinetic
energy operator is slightly different from what one might have expected, since the effective
mass appears inside the outer gradient operator. The reason that the kinetic energy is written
in this form is to ensure hermiticity of the full Hamiltonian. Details of the symmetrization
of the kinetic operator and alternative symmetrized forms may be found in for example [23]
and [22].

2For metals the effective mass description also holds. In this case the effective mass is simply the usual
electron mass.



1.4 Band Bending

In (|1.2) there are two potential terms. The first term stems from the spatial dependence of the
conduction band edge E.(r), which is a consequence of the mismatch in band edges between
the different materials in our system. The second term is the external potential V' (r), which

varies slowly on the scale of the crystal lattice. In litterature one often sets
E.r)=E.+V(r). (1.5)

This serves to underline the fact that V(r) may simply be viewed as a local variation in the
conduction band edge. We will not adopt this notation in thesis, but it is is important to keep
the picture in mind that V(r) indeed has the effect of changing the band edge locally. This is
for example the principle behind band bending, where an electrostatical potential causes local
bending of the band edge. In this case the slowly varying potential of is given by —eg(r),
where ¢(r) denotes the electrostatic potential in the system. This electrostatic potential could
arise for example due to an external electrode or from the mutual interaction between the
conduction band electrons themselves. Taking the latter into account is essentially the idea
of the Schrédinger-Poisson method, which will be the main theoretical method for the work

presented in the next chapters.

1.5 Band Diagrams

Fig. (a) shows the band diagram for a semiconductor. In such a diagram we plot the
energy of the valence and conduction band edge as a function of some spatial dimension, say
z, in the crystal. These energies are measured with respect to the vacuum energy, which is
indicated by the top line on the diagram. The Fermi level of the semiconductor is indicated
by the dashed line, which for an intrinsic semiconductor lies in the middle of the band gap.
If the semiconductor is n- or p-doped the position of this line will be closer to the conduction

or valence band edge, respectively.

10
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Figure 1.2: (a) Band diagram of a semiconductor. (b) Band diagram of a metal.

From the diagram we can read off two important material parameters of the semiconductor.
The work function, Wg,, is the minimum work needed to excite an electron from the Fermi
level of the semiconductor to vacuum. Since the position of the Fermi level depends on the
doping level, so will the value of the work function.

The electron affinity, xsas, is the minimum work needed to excite an electron from the con-
duction band edge to vacuum. Ideally this value is unchanged by doping and is thus closer to
being a material constant than the work function of the semiconductor. The electron affinity
will be an important parameter for the model of semiconductor-metal heterostructures devel-
oped later in this thesis. Table shows its value for some common semiconductors, which

are relevant for Majorana devices.

Semiconductor | Electron Affinity [eV]
GaAs 4.07
GaShb 4.06
InSb 4.59
InAs 4.9

Table 1.2: Values of the electron affinity for some common semiconductors. Adopted from [18].

Fig. (b) shows the band diagram for a metal with relevant parameters indicated. In this
case the highest energy band is filled with states from the band edge up to its Fermi level. The
distance between the vacuum energy and Fermi level of the metal is called the work function,
W, and is the minimum work needed to excite and electron from the Fermi level to vacuum.

The distance between the band edge and the Fermi level defines the Fermi energy of the metal.

11



Table shows values of the work function and Fermi energy for some common metals. For
metals both the Fermi energy and work function will be required parameters for modelling

semiconductor-metal heterostructures later in this thesis.

Metal | Work Function [eV] | Fermi Energy [eV]
Al 4.08 11.7
Cu 4.7 7.00
Au 5.1 5.53
Fe 4.5 11.1
Pb 4.14 9.47
Nb 4.3 9.47
Mg 3.68 7.08

Table 1.3: Values of the work function and Fermi energy for some common metals. Adopted from [27).

In the above we considered the case of bulk systems. In reality band bending due to charge
transfer at the surface of a material causes the surface value of the band edge to be different
compared to inside the bulk region of the system. Since the work function and electron affinity
of a material are measured from electrons emitted from the surface [25], these are generally
surface-dependent parameters, which may vary depending on the physics and chemistry of
the surface. For the theoretical model that we will develop later, this is problematic, since the
work function and electron affinities are vital input parameters. The values given in Table
and should therefore merely be seen as guiding values and not exact quantitative values

for our model.

1.6 Semiconductor-Metal Junctions

Since the physical systems that will be considered in this thesis are essentially semiconductor-
metal heterostructures, it is instructive to briefly summarize the classical theory of semiconductor-
metal junctions. Later we will discuss how the model that we set up compares to the conven-
tional theory.

When a metal is deposited onto a semiconductor two types of contacts may be formed: Ohmic
contacts and Schottky contacts.

Ohmic contacts are characterized by zero contact resistance and happen if the carriers are
free to flow in and out of the semiconductor. This is in contrast to Schottky contacts, where
a barrier is formed at the semiconductor-metal interface. As a rule of thumb [26], a metal
and n-type semiconductor will form an Ohmic contact if the work function of the metal is
smaller than the electron affinity of the semiconductor, while a Schottky contact is formed

if the opposite is true. For p-type semiconductors an Ohmic contact will occur if the work

12



function of the metal is larger than the sum of the electron affinity and the band gap of the
semiconductor, while a Schottky barrier is formed in the opposite case.

It is instructive to summarize the main ideas behind the conventional theory of Schottky bar-
rier formationﬂ To do so we consider a simple model for a Schottky contact, where a metal
with work function Wj; is deposited onto an n-doped semiconductor with electron affinity
Xsym < Wy, The situation is shown in the band diagram of Fig. (a).

3
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Figure 1.3: Illustration of the Schottky barrier concept. (a) Schottky barrier for an n-type semicon-
ductor. In this case the conduction band and valence band bend upwards thereby creating a barrier for
electrons. (b) Schottky barrier for a p-type semiconductor. In this case the conduction and valence
band bend downwards thereby creating a barrier for hole carriers.

To understand Fig. (a) we note that when the metal and semiconductor are brought to-
gether their Fermi levels will align due to thermodynamic equilibrium. Far from the interface,
in the bulk of the semiconductor, the Fermi level must be close to the semiconductor band
edge due to the n-doping, while at the interface it must match the work function set by the
metal contact. The way this is achieved is by band bending in the semiconductor, in which
the value of the band edge bends due to an electrostatic potential at the interface. As shown
in Fig. (a) the effect of the band bending is to create a barrier of height ¢sp at the
inteface, which is termed a Schottky barrier. Physically the band bending may be understood
as a result of donor ionization in the semiconductor, which creates a positive depletion region
in a small region around the semiconductor-metal interface.

For an p-type semiconductor the same arguments as the above may be applied, though in this
case the depletion region will be negative, since it arises from ionization of acceptors close

to the valence band of the semiconductor. The result in this case will therefore be that the

3This summary is largely based on Chapter 5 of [19].
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bands will bend downwards as shown in Fig. (b), which in this case creates a barrier for
hole carriers.

Above we argued for band bending in semiconductor-metal junctions based on donor- and ac-
ceptor ionization close to the metal interface, without however going into the physical details
of this phenomenon. It turns out that understanding this effect and understanding Schottky
barrier formation in general is more complicated and is closely tied to surface and interface
physics, in which one must include effects of induced interfacial states at the semiconductor-
metal interface. In fact, it turns out, that due to these complicated interfacial effects even
the simple assumption that the total band bending is determined by the difference in work
function and electron affinity of the semiconductor and metal is also not generally true. We
will not go into the details of understanding Schottky barrier formation in this thesis. The
interested reader is refered to [27, 28] 29].

14



Chapter 2

The Schrodinger-Poisson Method

With the most basic theory in place, we are now ready to focus on our main theoretical tool,
which is the Schrodinger-Poisson method. We will start by laying out the theoretical founda-
tions of the Schrodinger-Poisson method and subsequently move on to discuss its numerical

aspects.

2.1 The Schrodinger-Poisson Problem

The Schrédinger-Poisson method is a mean-field method used to describe a system of inter-
acting electrons. The key assumption is that the behaviour of the electrons may be described
using the Hartree approximation[ﬂ To understand this consider the many-body Schrédinger

equation for a system of electrons with Coulomb interaction

ZHo(ri) ZZWIH-%! U(ry,ra,....) = B¥(ry, 1o, ....). (2.1)

i#j J

Single Particle Terms Interaction Terms

Where ¥(ry,ro,....) denotes the full many-body wave function of the system. The idea of
the Hartree approximation is to assume that ¥ is a product of single-particle states ¥ =
1(r1)12(re)s(rs)... . Using this assumption it may be shown that (2.1) can be reduced to

a set of single-particle equations on the form

(10— [a £ 2 ) i) = Bt (2.2

'For a derivation of the Hartree approximation see the first chapters of [30].
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With the single-particle electron charge densityﬂ given by
pr) = —e) |v;(r)], (2.3)
J

which runs over all occupied single-particle states in our system.

Those familiar with the classical theory of electrostatics will notice that the second term
in is nothing but the interaction of each electron with the electrostatic potential ¢(r)
generated by the electrons in our system. Consequently may be written simply as

(Ho — es(x))vi(x) = Bui(x). (2.4)
With the electrostatic potential described by the solution of Poisson’s equation of classical
electrostatics
_ P
V. (V) =—. (2.5)
€0

The combined equations , and are the fundamental equations of the Schrédinger-
Poisson method. Together and define a functional, which yields a charge density
plo] for a given electrostatic potential, while Poisson’s equation defines a functional
yielding an electrostatic potential ¢[p] for a given charge density. To solve the coupled system

one must thus look for a self-consistent solution for which

plolpl] = p. (2.6)

The standard way to do this is through an iterative process, which will be described in detail
when we address the numerical details of the Schréodinger-Poisson method. Before doing so,
let us however quickly recap some basic facts about solving Poisson’s equation for a general

system.

2.2 Solving Poisson’s Equation for the Electrostatic Potential

Once we know the electron density in our system we can calculate the electrostatic potential
using Poisson’s equation (2.5). To proceed with such a calculation we will need knowledge
of the specific geometry and boundary conditions of our system. Nonetheless some general
points can be made if we consider a generic system as shown in Fig. [2.I] consisting of a

combination of different semiconductors, metal electrodes and insulating dielectrics.

2We write charge density to separate it from the particle density. From now on we will simply mean charge
density when we refer to the electron density in our system.
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Figure 2.1: Sketch of a generic setup for solving Poisson’s equation with different types of charges
present.

We first note that since Poisson’s equation must be solved in all space the dielectric constant,
€r, in (2.5)) will be spatially dependent, taking different values in the different material regions
in our system. Table lists some values of €, for common semiconductors and insulators,

some of which will be used for the simulations presented in the next chapters.

Material | Dielectric constant, €,
Vacuum 1.0
Si 11.9
SiO9 4.7
Ge 4.0
GaN 4.1
GaAs 5.1
GaSh 4.5
InAs 4.14
InSb 4.3

Table 2.1: Values of the relative dielectric constant for various semiconductors and insulators. Adopted

from [1§].

We also note that the spatial dependence of ¢, has consequences for the electrostatic boundary
conditions across the various heterointerfaces in our system. If we denote the dielectric con-
stants of two materials by €; and €9, the electrostatic boundary conditions at their interface

are generally given by (see for example Chapter 4 of [31])

P2 —¢1=0 (2.7)
E,-E|=0 (2.8)

g
e2Ey — e B = 6—;” (2.9)
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From this we see that the electrostatic potential and parallel components of the electric field
are continuous while the perpendicular component of the electric field is discontinuous with
the discontinuity determined by the mismatch of €; and €5 as well as the free surface charge,
oy, on the interface.

Let us now focus on the charges in our system. In the generic problem these can origi-
nate from multiple sources as shown in Fig. 2.1} First of all there will be mobile charges in
the semiconducting regions, which must be treated using the Schrodinger equation for het-
erostructures (|1.4)).

Secondly there may be space charge layers due to ionized dopants or due to the filling of sur-
face and interfacial states at the various heterointerfaces. We mention the latter two types of
charges for completeness, though they will not be relevant for the model that we will develop
in the next chapter.

Finally there may be image charges due to the metal electrodes as shown in Fig. Such
charges arise from the fact that the metal electrodes are conductors for which the interior
electric field must vanish. The metal electrodes achieve this by inducing a density of image
charges on their surfaces, which screens the electric field from the charges in the semiconductor
regions. Since the electric field is zero inside the metallic components of Fig. this implies
that the electrostatic potential must be constant in these regions. When solving Poisson’s
equation for the generic heterostructure in Fig. one should therefore not solve Poisson’s
equation in the metallic regions. Instead the metal electrodes act as boundary conditions

requiring that the electrostatic potential should take constant values on their surfaces S;

¢(r)ls,= i (2.10)

With the values of ¢; chosen to match the voltage differences between the different electrodes

in the system.

2.3 The Numerical Details

So far nothing has been said about how to obtain the solutions to the Schrédinger equation
and Poisson’s equation . In general these will not be solvable analytically and one
must resort to numerical methods. For the calculations presented in this thesis the finite
difference method has been used [32]. The basic idea of this method is to approximate
differential equations by difference equations, which may then be solved by linear algebra
methods. This is illustrated in the subsections below, where the numerical details of solving
the Schrédinger and Poisson equation are outlined. Furthermore we address the numerical

aspects of obtaining the self-consistent solution to the Schrédinger-Poisson problem.
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2.3.1 Solving the Schrodinger Equation Using the Finite Difference Method

Inspired by (|1.4)) let us consider a 2D Schrédinger equation on the formEl,

R [0 1 oy 0 1 o B
5 (s ey 2) * 3y (o)) + Ve =Fo @)

where V' (z,y) represents the two potential terms in .

Suppose we wish to solve this equation on a domain €2 with boundary 0f) as shown in Fig.
(a). To obtain a unique solution must be supplemented by a complete set of boundary
conditions. Since the numerical implementation of different types of boundary conditions is
rather technical, we will skip the details here. For a treatment of the problem with boundary

conditions the reader is referred [32].

a b
Yy y
A 0 A
v
Q

> .x._xx >

Figure 2.2: Illustration of the finite difference method. (a) Continuous domain on which we want
solve the Schridinger equation (2.11)). (b) Discretized domain with an illustration of the idea behind

the finite difference formula used in (2.13)).

The first step of the finite difference method is to reduce the continuous domain €2 to a finite
number of points (x;,y;) as shown in Fig. Doing so ([2.11)) is reduced to a set of equations

for each grid point,

h2 0 1 O 9 1 9y ) .
2 ([8:): <m* 835>L,j * [8y <m* 8?J>LJ> + Vijij = Eviy. (2.12)

In this notation v; ; = ¥ (x4, y;) and similarly for V; ; and the derivative terms.
The problem is now how to calculate the derivative terms appearing in (2.12)). The central idea

3The form and dimensionality of the Schrédinger equation can of course be very different depending on
the physical system of interest. The one chosen is appropriate for the 2D heterostructure systems, that will
be studied in this thesis. For 1D planar heterostructures, which will also be considered, the derivations and
conclusions in this section are essentially the same.
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of the finite difference method is to approximate such terms with finite difference formulas.
To clarify this consider the derivative term with respect to x appearing in (2.12)). The finite

difference approximation to this term can be taken a&ﬂ

[8 (15@”)] ~ 1 1L i =iy 1 iy =iy
oxr \m* Ox i (Tig1 — iz1)/2 m;'k+1/2,j Tir1 — T m:"—l/zj Ti — Ti1 '

(2.13)

Here the notation m7, /2,; eans the average value of the effective mass between the two grid
points (z;,y;) and (Z+1,;)-

A corresponding formula for the derivative term with respect to y appearing in can be
obtained in a similar way. Doing so may therefore be rewritten as,

—h? ( L iy — %y L iy — "‘pi—ld‘) (2.14)

Li+1 — Ti—1

h? ( L Wiy —viy L iy — i
m

* . J— . * PR— .
M1y, Titl = Ti M1y Ti— Li-1

. * . p— . * PR— .
Yi+1 — Yj—1 ij+1/2 Yit1 —Yj m; i1 Yi —Yji-1

) + Vijti; = Evy .

This is now the central equation for solving the Schrodinger equation. It is a difference
equation in the sense that it connects the value of the wave function at the grid point (z;,y;)
to its values at the neighbouring grid points (z;+1,y;) and (z;,y;j+1) as shown in Fig.

The simplest way to solve is to invoke standard linear algebra methods where the wave

function is expressed as a column vector

(1
Y= |¥2 (2.15)

containing the value of the wave function at each grid point. However, to do so it is clear that
the grid must be ordered according to a single index rather than the double index (i,j). This
ordering may in principle be chosen in many different ways but for most purposes the simplest
way is to use natural ordering, where the points of Fig. would be ordered by starting from
one corner and then scanned in either vertical or horizontal lines. Once a suitable ordering
has been chosen may be be put in the form of a eigenvalue equation

Hap = Evp. (2.16)

Here the matrix Hamiltonian must include both the potential and kinetic terms in (2.14]). It is

4In general there may several finite difference formulas that can be used to achieve the same results. We
will stick to the one presented here.
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clear that the potential term will always enter on the diagonal entries of the Hamiltonian, while
the kinetic energy terms will also give rise to non-zero off-diagonal elements since it couples
neighbouring grid points. The exact form of H will of course depend on the ordering and
geometry of the grid. Once this has been established, the wave functions 1 may be computed
as the eigenvectors of H. Since the numerical work of this thesis was done in MATLAB, this
was most easily done using the in-built algorithm eigs. This algorithm takes a given matrix
and a natural number N as input, and then computes the N smallest eigenvalues of the matrix
and the corresponding eigenvectors using sparse matrix methods. It is numerically efficient to
compute only the eigenvectors that correspond to occupied electronic states, since only these

enter in the expression for the electron density (2.3]) used in the Schrédinger-Poisson method.

2.3.2 Solving Poisson’s Equation Using the Finite Difference Method

Consider the 2D Poisson equation on the formﬂ

2 (w3 ) + o (alne) = 2L, (2.17)

€0

This equation has similarities with the Schrédinger equation in but while the Schrédinger
equation is an eigenvalue equation the Poisson equation above contains a source term. This
means that many of the numerical procedures described in the previous section carry over to
the treatment of , but there will also be important differences.

Suppose we wish to solve on the domain Q with boundary 92 shown in Fig. We
will once again skip the technical details of the boundary condition, but the interested reader
is referred [32].

Similar to the method used for the Schrédinger equation we reduce €2 to a finite number of

points (x;,y;). Doing so then yields a set of equations for each grid point,

[;; (er(x,y)gﬁ)]m + [ai/ (er(%y)gzﬂm = %}J (2.18)

Where we have adopted a similar notation as in (2.14). Approximating the derivate terms by

a finite difference formula then yields,

1 Pit1,j — Piy ¢ij—¢z‘—1j>
€, - L T e P A e P 2.19
(Ti41 — zi-1)/2 ( PR i — PR g — i (2.19)
1 Pij+1 — Qi ¢z‘j—¢z‘j1> —Pi;
€rij+1 2% —€rii—1/2 : ’ = =, (220)
(Y541 = yj-1)/2 < Py T g €0

5 Again we restrict ourselves to study the 2-dimensional case, since this is relevant for the 2D heterostructures
that will be presented in this thesis. The method is essentially the same for the one-dimensional planar
structures that will also be studied.
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Where the notation €, ;,/, ; means the average value of €. between the two points (z;,y;)
and (w41, Y5)-

The easiest way to solve is to put it in matrix form, where the electrostatic potential
¢ and density p are expressed as vectors of values belonging to each grid point. To do so we
must order the grid points according to a single index k, just like we did with the Schrodinger

equation. Once a proper ordering has been chosen we can then write (2.20) as

-r
€

D¢ = (2.21)

This equation may then be solved for the electrostatic potential by matrix inversion yielding

6=D1-F (2.22)
€0

2.3.3 Validity of The Finite Difference Approximation

Due to its time-consuming and technical nature, we will not address the general validity of the
finite difference approximations and . For a thorough treatment of this subject
the reader is referred to [32].

There is however a simple and intuitive argument for the validity of the finite difference
approximation of the Schrodinger equation that we will mention, since it will play a role for
the way we set up our numerical model in the next chapters.

To understand the argument let us for simplicity suppose that we want to solve the Schrédinger
equation on a uniform 1D grid with a constant effective mass m* and potential V4. In
this case the finite difference approximation reads

—hK?
m*  2Ax2

(Vi1 +Yic1 — 2¢) + Vo = B (2.23)

With Az = z; — ;1.
For the continuous problem the eigenstates of the uniform Schrodinger equation above are

plane waves with the standard parabolic energy dispersion of free particles

, h2k?
Vp(z) =€e* | B(k)=Vy+ S (2.24)
The corresponding eigenstates of the discrete problem are given by
. h2
Up(xi) = e E(k) = Vo + s x a1~ cos(kAx)) (2.25)

As may easily by verified by insertion into (2.23)).
At first sight the two dispersions ([2.24]) and (2.25)) look quite different. But if we assume that
our grid is fine such that KAz << 1 we find by Taylor expansion cos(kAzx) ~ 1 — %k2Aaz2
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leading to

h? 1 h2 k>
Ek)=V — ——(1- Az)) =V, .
(k) 0+t — 3 ( cos(kAx)) o+ Dy

(2.26)

The interpretation of this result is simple. For accurate results we should use a grid dis-
tance such that kAz << 1 implying that it should be chosen significantly smaller than the

wavelength of the states we wish to describe.

2.3.4 Obtaining the Self-Consistent Solution

We previously saw that the solution to the Schrodinger-Poisson problem must be calculated
self-consistently due to the mutual dependence of the electron density and electrostatic po-
tential. The standard way to do this is through an iterative process, which in our case may

be summarized in the steps below.

1. Using a suitable input potential for the electrostatic potential qﬁé”(r) the Schrédinger
equation ([2.4) is solved yielding a set of electronic wave functions {¢g(r)}.

2. From these wave functions one can then calculate the electron density in the system pg(r)
through (2.3]), which may be used to solve Poisson’s equation for an output electrostatic
potential ¢J“(r).

3. Using a suitable mixture of ¢§(r) and ¢3*!(r) a new input potential ¢¢"(r) is calculated.
With this new potential one proceeds to solve ([2.4)) again, yielding a new set of electronic

wave functions {¢7(r)}.

4. The process is repeated until the error between two successive iterations falls below

some predefined accuracy.

The process is shown diagramatically in the flowchart of Fig.
The mixture of ¢/"(r) and ¢2%(r) for the n’th iteration must of course be chosen such that

the problem converges to a solution. For the work in this thesis a simple mixing scheme was

used, where the new input potential was calculated according to
1 (r) = (1= X)) (x) + Mg (x). (2:27)

Here ) is a mixing parameter for which the typical value was chosen to be A = 0.1. The initial
input potential was simply chosen as ¢6” =
While more advanced mixing schemes exist [33],[34], which typically provide faster convergence,

implementing these has not been a focus of the work described in this thesis.
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Figure 2.3: Flowchart of our self-consistent Poisson solver.
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Chapter 3

The Simulation Model

With the necessary theory in place, we are now ready to introduce our simulation model. The
main tool of this model is the Schrodinger-Poisson method that we introduced in Chapter 2
though we will also build on the various theoretical methods presented in Chapter 1.

We will begin this chapter with a qualitative motivation for our model and then discuss
various assumptions that allow us to make it quantitative. Finally we will introduce two
simple geometries, which are inspired by the Majorana device of Fig. [2| and to which our

model will be applied in Chapter 4 and 5.

3.1 The Qualitative Picture

Since the fundamental building blocks of the Majorana device of Fig. [2| is a semiconductor
and a metallic superconductor, a natural starting point is to understand the physics of what
happens as these are brought together to form a heterostructure. We have already described
the conventional theory of band bending and Schottky barrier formation in such structures
but, as it turns out, the physics behind our model is different in several aspects, which we
now address.

First of all the conventional theory relied on the semiconductors being either n- or p-type such
that the ionization of donors or acceptors would create a depletion layer at the semiconductor-
metal interface. This is not the case for Majorana devices, where the semiconductor compo-
nents are intrinsic semiconductors.

Secondly we are interested in semiconductor-metal combinations for which the work function
of the metal is smaller than the electron affinity of the semiconductor. This is for example
the case for InAs-Al junctions, which is the material combination used in the experimental
device of Fig. [2| and which the results of Chapter 4 and 5 will be based on. In this case the
metal and semiconductor will form an Ohmic contact with no interfacial barrier. However,

there will still be band bending due to the metal donating electrons to the conduction band
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of the semiconductor. This is essentially what we wish to describe.

With this in mind let us now turn to the qualitative idea behind our model, which is shown
in the band diagrams of Fig. [3.1| (a) and (b). Fig. [3.1] (a) shows the band diagram for a
metal with work function Wj; and a semiconductor with electron affinity xsas > Wy at zero
temperature before contact. In this case the metal is filled up to its own Fermi level while the
semiconductor has a filled valence band and a Fermi level in the middle of the band gap. We
now imagine that the two materials are brought together to form a heterostructure. In this
case the electrons of the metal will spill in and hybridize with the empty conduction band
states of the semiconductor. Doing so an electrostatic potential builds up in the semiconduc-
tor which opposes the flow of charge by band bending. The final result will be as shown in
Fig. (b), where the band edges of the semiconductor bend down towards the metal due

to electrostatic interaction.
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Figure 3.1: Illustration of the qualitative idea behind our model. (a) Band diagram of a metal with
work function Wyr and semiconductor with electron affinity xsy < Wi before contact. (b) Band
diagram of the hybrid system. In this case electrons have spilled in from the metal and filled some of
the empty conduction band states in the semiconductor. This has caused the conduction band edge to
bend downwards. The positive charges in the metal are screening charges which are present to keep the
electric field constant inside the metal.

3.2 The Quantitative Model and Simplifying Assumptions

Let us now attempt to make a quantitative model for the above using the theoretical tools of
the previous sections. To do so we will need to make different simplifying assumptions and

approximations, which we will point out and discuss, as we go along.
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The central idea of our model is that the conduction band electrons in the hybrid semiconductor-
metal system may be described by the Schrédinger-Poisson model. The fundamental Schrodinger

equation for our problem is

2
_%v . <m*1(r) v¢> b E.(r)p — ed(r)p) = Ev. (3.1)
Which is the effective-mass Schrodinger equation for heterostructures with the slowly
varying potential given by the electrostatic potential in our system. Depending on the geome-
try of the system, will be solved either in both the metal and semiconductor region of the
system or only in the semiconductor region. We will address this in the next chapters where
we apply our model to two specific geometries. Notice also that we have completely neglected
effects of the valence band electrons in the semiconductor. Physically this amounts to the
assumption that these electrons simply form a filled band with no effects on the properties
of the conduction band electrons. Such a description is only correct for small temperatures
for which thermal excitations of valence band electrons are negligible. But this is exactly the
relevant regime for measurements on Majorana devices, which are performed at temperatures
on the milli-Kelvin scale. For these temperatures kg1 << Ej such that thermal excitations
on the order of the semiconductor band gap, E,, are heavily suppressed. For our simulations
we will simply assume zero temperature.

Having solved the Schrodinger equation for our system the density may be calculated
according to . To do this we must specify the Fermi level in our system. For our model
we will assume that the metal sets the Fermi level of the hybrid system. Physically the metal
is thus assumed to act as a resevoir of electrons whose physical properties are unchanged by
being merged with the semiconductor.

As for Poisson’s equation , this may be solved once we have computed the electron
density in our system. For our model Poisson’s equation will be solved in the semiconductor
region of Fig. as well as inside a dielectric region. The exact details of this will depend
on the specific geometry we wish to model. In all cases we will assume that the metallic
superconductor acts as a perfect conductor such that the boundary condition applies.
This means that the metal will screen the electric field in the semiconductor by placing image
charges at the semiconductor-metal interface as shown in Fig. [3.1| (b).

A last assumption of our model is that we completely neglect effects of surface and interfacial
states in our system, since including these would generally be complicated and would intro-
duce several unknown parameters in our model. Whether the assumption of neglecting them
is physically valid is currently unknown, though for interfacial states at the semiconductor-
metal interface a simple ad-hoc argument could be that these would merely contribute to a
surface charge density whose effect would be cancelled out by screening charges of the metal.

Regardless of whether this argument is valid or not, it still leaves us with the question of the
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effect of surface states at other interfaces in our system. In particular this question is relevant
for the interfaces between the semiconductor and vacuum regions, where band bending due
to surface charges is an experimentally known effect for many semiconductors. Most notably
InAs, which our simulations will be based on, is known to exhibit strong band bending at the
semiconductor-vacuum interface due to surface states [35), 36].

We will not discuss effects of surface and interfacial states further in this thesis but silently

assume that they may be neglected.

3.3 The Two Geometries

We now turn to our two model geometries, which are shown in Fig. [3.2] These are inspired

by the Majorana device of Fig. [2] but with some simplications, which we address below.

Metal

Dielectric | Dielectric
dv, oV,

Figure 3.2: Sketch of our two model geometries. (a) Planar geometry consisting of a metal, semicon-
ductor and dielectric layer. The dielectric is connected to a gate electrode from below, which is held
at a gate voltage Vi with respect to the grounded metallic layer. (b) 2D geometry consisting of the
cross section of a hexagonal nanowire, which is coated by a metallic superconductor on two facets. The
nanowire sits on a dielectric layer, which is connected to a gate electrode from below. This is held at
a voltage Vg with respect to the grounded metallic superconductor.

The first model geometry, shown in Fig. [3.2 (a), is a planar structure of metal, semiconductor
and dielectric, which is connected to a gate electrode from below. We will assume this gate
to be held at a voltage Vi with respect to the grounded metallic layer on top. It thus
behaves essentially like the back gate of the Majorana device in Fig. [2l When setting up the
Schrédinger-Poisson model for this structure, we will assume translational invariance along
its planar directions, which will reduce the Schrédinger and Poisson equation to
1D equations, which are computationally easy to handle. Most importantly we will see that
this allows us to include hybdridization effects between the metal and semiconductor in the
quantum mechanical description of the system.

The second model geometry, shown in Fig. [3.2| (b), is essentially a cut through the 2D cross
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section of the experimental device in Fig. [2| (a). Here we have thus assumed translational
invariance along the nanowire and focused on the electrostatic effects of the back gate below
the dielectric layer. Similar to the planar geometry we assume this to be held at a voltage
Vi with respect to the grounded metallic superconductor. Because of translational invariance
along the wire, the Schrodinger equation and Poisson’s equation for this geometry
will be 2D equations, which are computationally harder to handle than the 1D versions used
for the planar structure. Notably we will see that this forces us to neglect hybridization effects

between the metal and semiconductor.
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Chapter 4
The Planar (Geometry

We are now ready to apply our simulation model to the planar geometry. We start by outlining
the details of how to set up the Schrédinger-Poisson model and then move on to discuss various

simulation results.

4.1 Setting Up the Schrodinger-Poisson Model

We will start by setting up the Schrodinger-Poisson model for the planar geometry. Doing so,
we will also discuss the simpler case of the same geometry but without the gate and dielectric.

As we shall see the only difference between the two cases is the boundary condition used for
Poisson’s equation (2.5)).
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Figure 4.1: Geometry and band diagram for the planar structure. (a) Sketch of the planar geometry
oriented with its planar directions along the z- and y-direction and the perpendicular direction along the
z-azis. The lengths of the structure along the - and y-direction are denoted L, and Ly, respectively.
(b) Band diagram along the z-direction for the planar structure without electrostatic interaction. We
choose the Fermi level, which is set by the work function of the metal, to be at zero energy.
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4.1.1 The Structure

We consider the structure shown in Fig. (a), which shows a planar semiconductor-metal
junction placed on top of a dielectric layer. The dielectric material is contacted to a gate
electrode from below, which is held at a voltage Vg with respect to the metallic layer. The
lengths of the structure in the x- and y-direction are denoted as L, and L, and we will
assume that these are much longer than the thickness of the junction such that translational
invariance along these directions may be employed.

Fig. 4.1 (b) shows the band diagram for the system without electrostatic effects. The relative
offset between the band edges of the different materials is determined by the electron affinities
of the semiconductor and dielectric as well as the work function and Fermi energy of the metal.
Since the dielectric is an insulator its electron affinity, xp, is assumed close to the vacuum
level while the semiconductor electron affinity, xswm, is closer to the work function of the metal,
Whas. As discussed in the previous chapter we will assume that it is the work function of the
metal that sets the Fermi level of the hybrid system and therefore choose this as our reference

energy.

4.1.2 The Schrodinger Equation

Let us first discuss how to solve the Schrodinger equation for our system. As previously men-
tioned we will assume that the conduction band electrons may be described by the Schrodinger
equation (3.1)), which in the presence of translational invariance in the planar directions has

the form

2
_hZV(m*l(z)

From Fig. [4.1| (b) we see that the band edge term E.(z) is given by

V) +(Bel(2) - et(2))6 = B (4.1)

—Fr 0<z< Ly
Wy — xsm Ly <2< Lsy
E.(z) = (4.2)
Wy —xp Lsy <2< Lp
W Elsewhere

For our model only states with energies far below the vacuum level £ < 0 << Wj; will be
important, since these are the ones that contribute to the electron density in the system.

We may therefore without loss of generality assume that E.(z) is infinite in the vacuum and
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dielectric regions such thatﬂ

w(‘%y? 0) = 1/1(1’7% LSM) =0.

The essential parameters of is therefore the Fermi energy of the metal as well as the
offset between the electron affinity of the semiconductor, which we throughout this chapter
will denote as A = xsapr — Wiy

As it stands represents a three-dimensional eigenvalue problem. Because of translational
invariance in the parallel directions, we can however reduce it to a one-dimensional problem

by inserting an ansatz wave function of the form

b(r) = Pp(2)e™I™ Ky = (kg ky, 0).

Doing so we find

AL ey ]

3 2 Gy ao) (G + Bel2) = €6(2))0(z) = Bu(z). (4.3)

From this we can see that the effect of the parallel directions is an additional potential term

given by
h2kﬁ
thﬁ 5 0<z< Ly
R p— 4.4
2m*(z) (44)
h2k?2
Sl Ly <z<Lsu

To handle this term we must know the quantization values of the parallel momenta, which
may be found by imposing standard periodic boundary conditionsﬂ in the x- and y-directions
yielding

27 47 67 27 47 67

ky=0, £5—, +— + ky=0, +0—, +— +

= = . 4.5
L. Ly Ly L, "L, "L, (4.5)

For each k| there is now a set of distinct wave functions {wn,ku}7 which may be found by
inserting in (4.3) and solving. We note that it is the mismatch between the effective masses
in the two systems that creates this complication. Had the effective mass in the metal and

the semiconductor been the same, the wave functions would be unchanged by the term (4.4))

!The problem of solving the Schrédinger Equation the gate and dielectric is therefore the same, since in
both cases (4.1]) is only solved in the metal and semiconductor region.
Zsee for example Kittel [16] page 137.
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since it would simply represent a constant shift of the energiesﬁ

4.1.3 Calculating the Electron Density

The next step of the Schrédinger-Poisson method is to calculate the electron density according
to , where the sum index runs over all occupied states in our system. These are the solu-
tions to (4.3)) whose energies lie below the Fermi level. In general there will be a huge number
of wave functions satisfying this condition since there is a distinct wave function belonging to
each combination of the parallel momenta as we saw in the previous subsection.

Suppose that we have actually solved the Schrodinger equation for each k|| yielding a set of

wave functions {@Dmk“ } with energies En,ku . In this case the electron density may be computed

as
—2e
=Y TL,k”
En’kH <0

Where the factor of 2 comes from the fact that all wave functions are two-fold degenerate in
spin space.

In practice is tedious to work with. A simpler formula may be obtained by using that,
since L, and L, are long compared to the thickness of the structure, the values of k, and k,
may be assumed practically continuous, thus allowing us to replace the summation over k| in
by an integration in polar coordinates

p(z) = —e- (27]1'_)2 22.97 . /dk” Ky Z W”’ku (Z)\Q. (4.7)

Enka <0

This is now the central equation for calculating the electron density. To use it in our numerical
model we must first solve the Schrodinger equation for a set of values for k| and then perform

the integral numerically. Details of this numerical integration will be addressed later.

4.1.4 Poisson’s Equation

Having calculated the electron density in our system we must calculate the electrostatic po-
tential from Poisson’s equation (2.5, which with translational invariance along the x- and

y-directions takes the form

d <6T(z)d¢> _ =) (4.8)

% dz €0

n? k’ﬁ

2m*

3Formally, if 1, is an eigenfunction of some Hamiltonian, H, then it is also an eigenfunction of H +
h2k32
I

with energy E,, +

2m* *
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To solve we must specify the electrostatic boundary conditions in our system.

The first boundary condition should be specified at the semiconductor-metal interface and
applies for both the case with and without contact to a gate and dielectric. Here we have the
standard requirement that the electrostatic potential goes to a constant value. We will
choose the value of ¢ at this interface as the reference value for the electrostatic potential,
that is

¢(Lar) = 0.

The second boundary condition differs for the case with and without contact to a gate and
dielectric. For the gated junction the boundary condition is simple. In this case the gate
electrode imposes the requirement that the electrostatic potential should match the voltage

set by the gate electrode, Vi, that is

¢(Lp) = Vg. (4.9)

For the case without a gate we must be more careful, since in this case there is no electrode
that fixes the value of the electrostatic potential at the lower edge of the semiconductor. In
this case we can argue as follows: Since we have assumed translational invariance in the x- and
y-directions, we are basically studying the problem of calculating the electrostatic potential

from an infinite slab of charged semiconductor with a total surface charge density given by

Lsm
o= / p(z)dz. (4.10)

Ly

The electric field outside an infinite slab is generally given byﬁ

o
E=g (4.11)
Which notably is independent on the distance from the slab. We can use this observation to
argue that in order for the electric field to be zero inside the metal, there must be a layer of
screening charges of opposite surface charge density —o at its surface, which exactly cancels
out the field from the semiconductor charges.
At the lower edge of the semiconductor the total surface charge of the system, given by the
surface charge of the semiconductor, o, and the screening charge at the metal interface, —o,

will exactly cancel out such that the electric field at this point must also be zero. For the

4See for example Chapter 2 of [31].
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electrostatic potential this amounts to the Neumann boundary condition that

do

— =0. 4.12
dz z=Lgn ( )

4.2 Results

Let us now turn to the different results obtained from applying our model to the planar
geometry in Fig. We will start by focusing on the simple case without a gate electrode
and subsequently move on to discuss effects of the latter. Finally we will focus on varying
different parameters in our model and comparing it to simpler approaches.

The results of this chapter were mainly obtained for an InAs-Al junction with layer thicknesses
100nm and 5nm, respectively. In the cases, where we include a gate electrode, SiO2 was used
as the dielectric material with a layer thickness of 10nm. The values for the work function
and Fermi energy of Al, electron affinity of InAs as well as the various dielectric constants
were taken from the tabulated values shown in Table and Notably these values
yield and offset of A = 0.82eV between the conduction band of InAs and Fermi level of Al.
Altogether the values above define our standard choice of parameters and were used unless

anything else is specified.

4.2.1 Semiconductor-Metal Junction without Gate Electrode

We focus first on the simplest case of an InAs-Al junction without a gate electrode and with
the standard choice of parameters. Fig. shows the converged band diagram for such a
junction, where we have also provided a zoom-in around the Fermi level (black dashed line).
The diagram shows both the band edge obtained from the self-consistent Schrédinger-Poisson
method (solid blue line) and the band edge without electrostatic interaction (blue dashed line),

which one would get from simply matching the band edges of the two isolated materials.
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Figure 4.2: Band diagram for an InAs-Al junction without a gate electrode and with the standard choice
of parameters. (a) Full band diagram showing the band edge in both the metal and semiconductor region
obtained from the self-consistent solution of the Schrodinger-Poisson problem (solid line) and without
electrostatic interaction (blue dashed line). For the self-consistent solution the band edge saturates at
the Fermi level of the system (black dashed line). (b) Zoom-in around the semiconductor band edge
showing the electrostatic well at the semiconductor-metal interface.

The most important feature of Fig. is the character of the band bending. Moving away
from the InAs-Al interface we see that the effect of the electrostatic potential is an upwards
bending of the conduction band edge, which flattens out far from the interface due to the
boundary condition that the field vanishes at the edge of the semiconductor. The effect of
the band bending is therefore to create an electrostatic well in a region close to the InAs-Al
interface. The physical origin of this well is the screening of the electric field from the Al,
which is strong close to the interface.

A second important feature is the alignment of the band edge far from the interface. From
Fig. we see that this aligns with the Fermi level of the hybrid system. This expresses
the physically reasonable result, that the electron density must vanish far from the InAs-Al
interface. It may seem confusing that the band edge saturates at the Fermi level and not
above it, which is the standard assumption in litterature on semiconductor-metal junction
[19]. However, as we address later, this is an effect that owes to thermal excitations at fi-
nite temperatures and is consequently not captured by our simple model. For the subkelvin
temperature regime relevant for measuring on Majorana devices, thermal excitations are negli-
gible and our simple model produces identical results compared to a more complicated model,
where finite temperature effects are included.

Let us now investigate the profile of the electron density in the system, which is shown in
Fig. [4.3] Here Fig. [4.3| (a) shows the electron density in the full system while Fig. (b)
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and (c) show zoom-ins on particular regions of interest.
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Figure 4.3: Electron density for an InAs-Al junction without a gate electrode and with the standard
choice of parameters. (a) Electron density profile in full system. This is completely dominated by the
metallic region, where the electron density is centered around the bulk value with Friedel oscillations
around the edges of the metal. (b) Zoom-in on the density profile in the metal showing the Friedel
oscillations more clearly. (¢) Zoom-in on the density profile in the semiconductor region. FEvidently
the density here is around three orders of magnitude smaller than inside the metal layer, indicating
that only a small fraction of the electrons in the metal are allowed to spill in and hybridize with the
conduction band states of the semiconductor.

Evidently the profile of the electron density is dominated by the metallic region for which the
density profile is centered around the bulk value of the electron density in Al with oscillations
at the edges. These oscillations are shown more clearly in the zoom-in provided by Fig.
(b) and are a special case of the well-known Friedel oscillations that one observes at the
boundaries of a solid or at defects in general [37].

For our purposes we are mainly interested in the density profile in the semiconductor region,

which can be seen in the zoom-in in Fig. [4.3|(c). Here we show both the density obtained from
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the self-consistent Schrédinger-Poisson method (solid line) as well as the one obtained without
including electrostatic interaction (dashed line). Evidently the electrostatic interaction forces
the density to decay inside the semiconductor region, which is consistent with the band edge
profile of Fig.

From Fig. 4.3| (c) we also see that only a tiny fraction of electronic states are allowed to spill
in and hybridize with the empty conduction band states of InAs. In fact one sees that the
electron density induced in the semiconductor is around three orders of magnitude smaller
than that of the metal. The physical origin of this is of course the large Fermi energy of Al,
which effectively creates a deep well in the metal region. Looking at Fig. or consulting
Table [I.3] we see that this mismatch is on the order of 10eV, which means that almost all
electrons in the system are confined to the narrow metallic region in the system.

The above point can be made more evident if we make a small detour and look at the
different types of solutions that one can expect to find from . In general these will depend
on the value of the transverse momentum k) so let us focus on the solutions for kj = 0. We
will refer to these particular solutions as the different subband solutions of the hybrid systenﬂ
Fig. [£.4) shows a plot of three different subband solutions with their corresponding energies
plotted inside the band edge profile of the system.
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Figure 4.4: Illustration of the different types of subband solutions found from solving the Schrédinger
equation in the hybrid system. (a) Wave functions corresponding to a metallic state (blue), evanescent
state (red) and delocalized state (yellow). (b) corresponding energies of the wave functions plotted
inside the converged band diagram.

5The origin of this language is the fact that if the effective mass had been constant over the junction, the
solutions of the Schrédinger equation would be independent of k| and thus each would be degenerate
with a parabolic band of energies belonging to it. For the present case the energy spectrum will still form
a quasi-parabolic set of energy bands (see the section on the k| dependence), and we therefore refer to the
solutions for kj = 0 of these individual bands as the different subband solutions.
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Let us discuss the character of the wave functions shown in Fig. (a). In general they
represent the different types of solutions that one can expect to find for our system.

The lowest energy wave function (blue) has an energy close to the band edge of Al and is
therefore completely localized in the metallic region of the system. We will refer to this type
of subband solution as metallic.

The solution with second lowest energy is marked by red. Similar to the first wave function
it has an energy below the InAs conduction band edge but this time its energy is much closer
to the conduction band edge, which therefore allows it to have a significant leak into the
semiconduction region as seen from its decaying tail in the InAs region. We will refer to this
type of subband solution as evanescent due to its evanescent character in the semiconductor
region.

Finally the wave function marked by yellow has an energy above the conduction band of InAs.
In this case the wave function is delocalized both inside the metal and semiconductor region.
For this reason we refer to this type of subband solution as delocalized.

Returning to the original question, the crucial point is now that most of the electrons that
contribute to the density in the hybrid system belong to metallic solutions which are confined
to the metallic region. Only a small fraction of states close to the conduction band edge of
InAs has a significant contribution to the density in the semiconductor region.

You may think that the argument above is flawed, since we only argued based on the different
types of subband solutions and did not discuss the effect of the kj-dependence. Since the
effective mass is smaller in the InAs region, we can however see from that finite values
of k|| only has the effect of localizing the states even more inside the metal. We will discuss

this in more detail, when we later address the exact dependence of the energies on k;.

4.2.2 Gated Semiconductor-Metal Junction

Let us now turn to the gated junction, for which the semiconductor-metal heterostructure
sits on top of a gated slab of dielectric. A calculation for this structure is shown in Fig.
which shows the converged band diagram (a) and electron density profile (b) with the
standard choice of parameters. The gate voltage is here set to Vi = 0 but below we will also

investigate effects of varying this value.
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Figure 4.5: Self-consistent solutions for a gated junction with Vg = 0V. (a) Band edge profile which
clearly shows an electrostatic well on either side of the InAs region. (b) Density profile in the InAs
region. In this case the density is peaked both at the InAs-Al interface as well as the InAs-SiOs
interface.

Comparing Fig. 4.5/ (a) to the band diagram without the gate electrode in Fig. we notice
several differences.

First of all we have included the dielectric region in the band edge profile of the system. Since
the dielectric is an insulator E.(z) is close to the vacuum level (see Fig. 4.1/ (b)) in this region,
which is the reason that the band edge profile jumps abruptly at the semiconductor-dielectric
interface.

A second important difference is the character of the band bending. From Fig. we see
that when moving away from the InAs-Al interface the band edge first rises similarly to
Fig. [£.2] thereby creating an electrostatic well at the InAs-Al interface. But rather than
saturating at the Fermi level it starts to decrease towards the dielectric region thus creating
a second electrostatic well at the opposite end of the semiconductor layer. Once inside the
dielectric region this decrease continues linearly, which reflects the fact that the charge density
is zero such that Poisson’s equation reduces to Laplace’s equatiorﬂ The effect of the
dielectric region is thus simply a renormalization of the value of the electrostatic potential at
the semiconductor edge, which can be calculated trivially for any dielectric layer of arbritrary
thickness as long as the electrostatic potential and electric field are known at this point.

Assuming that these are known to be Vgps and Egps we find from combining the solution of

SFormally the solution to 2127? =0 is on the form ¢(z) = az + b with constants that must be determined by

matching with the electrostatic potential at the semiconductor edge.
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Laplace’s equation and the standard boundary conditions ([2.9))

Vo = Viour — f—DMESM.(LD—LSM). (4.13)
For the results presented in the remainder of this chapter we will simply specify the elec-
trostatic potential and electric field at the semiconductor edge. These results may then be
interpolated to the gate voltage corresponding to a dielectric of arbitrary thickness and di-
electric constant using .
Let us also discuss the profile of the electron density for the gated junction, which is shown for
the semiconductor region in Fig. 4.5/ (b). Similar to the case without a gate (Fig. 4.3|(c)) we
observe that the electron density is peaked at the InAs-Al interface indicating the presence of
an electrostatic well due to the screening of the Al layer. But unlike the case without a gate
we also observe that the electron density is peaked at the semiconductor-dielectric interface.
This behaviour is in agreement with our observation that the band edge in Fig. effectively
creates an electrostatic well on either end of the semiconductor layer. The origin of the well at
the dielectric interface is of course not surprising since for Vg = 0 both the gate electrode and
metallic layer act as screeners for the electric field. The screening from the gate electrode is
however weaker, since the dielectric here acts as a buffer layer for the decay of the electrostatic
potential.
Based on our discussion above, it is natural to ask how the electrostatic profile and electron
density in our system will respond as we change the gate voltage in our system. The result
of such an investigation is shown in Fig. 4.6/ (a), which shows the converged band profile in

our system for different values of the Vgyy.
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Figure 4.6: Band edge profile for different values Vspr. Values of the electric field at the semiconduc-
tor edge are (starting from most negative value of Veps indicated by blue): 0.199V/nm, 0.159V/nm,
0.119V/nm, 0.078V/nm, 0.037V/nm, -0.0815V/nm, -0.769V/nm, -1.659V/nm.

(a) Band edge profile in the full system. The profile is approximate linear for negative values of Vs
and then starts to flatten as we approach positive values. (b) Zoom in around the InAs-Al interface.
Evidently the band edge tends to a constant slope when approaching positive values of Vspy.

Starting from negative values of Vg we see that the band edge profile is approximately linear
but as we approach positive values the band bending starts to flatten out in the middle of the
InAs region. For positive values of Vg this behaviour persists but the band edge now starts
to bend down on the right hand side to match the voltage set by the gate electrode.

Fig. 4.6 (b) shows a zoom-in of the band edge at the interface. Evidently as we increase the
value of Vgys the profile of the band edge around the interface changes less and less and tends
towards a constant electric field.

Let us try to understand the physics behind the flattening of the band edge in Fig. [£.6] To do
so it is useful to think about what happens physically as we iterate towards the self-consistent
solution of the problem. During the first iteration the band edge will simply be linear with a
slope given by Lszsij‘”LM, since in this case we have not yet included the electrostatic interaction
between the electrons in the semiconductor. As we then start to iterate towards the self-
consistent solution, the electrostatic interaction will begin to push up the band edge of the
semiconductor. The effect is most prominent in the middle of the InAs region, since the value
of the electrostatic potential is fixed on either end of the junction by the Al layer and gate
electrode, reflecting the screening properties of these components. This behaviour continues
until effectively all electrons have been away from the middle region. A closer inspection of
Fig. reveals that this happens when the middle part of the band edge hits the Fermi level,
which is exactly what one would expect from a simple classical argument where the electrons

have an energy given by the local value of the band edge.
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From the argument above one would expect that the density profile in our system will be
peaked around the edges of our system and vanishing in the middle of the junction. To
confirm this suspicion we consider Fig. shows the corresponding density profiles in the

system.
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Figure 4.7: Density profile in InAs region corresponding to the band edges of Fig. . (a) Density
profiles in the full system. This plot is dominated by the electron density for the positive values of Vsar.
(b) Zoom-in around the metal interface showing the profiles for negative values of Vgpr. Evidently the
electron density is pushed closer to the metallic edge by larger negative values of Vspy.

As we expected, the density profiles for all values of Vg, is vanishing in the middle part of
the InAs region. For the negative values shown in Fig. (a) the density is confined to a
narrow region around the InAs-Al interface, which is what one would expect by looking at
the band edge profiles in Fig. For the positive values of Vgp; shown in Fig. (b)
the density profile is non-vanishing both at the semiconductor-metal interface as well as the

semiconductor-dielectric interface reflecting the downwards bending towards the dielectric in-

terface.

4.2.3 The Effective Mass Mismatch

We now focus on the consequences of the mismatch between the effective mass of the semi-
conductor and metal region. We previously argued that the effects of this mismatch is that
the electron density should be calculated using (4.7)), which forces us to solve the Schrodinger

43



equation a large number of times within each iteration. Since this is obviously compu-
tationally demanding, let us first investigate the dependence of the wave functions on k) to
determine whether this is significant or may be neglected without loss of generality.

We consider once again an InAs-Al junction with the standard choice of parameters. We fo-
cus on the first subband, which has an energy above the conduction band minimum of InAsﬂ
Fig. [4:8 shows what happens to the form of the wave functions belonging to this subband for

succesively larger values of k.

o
©
~

[ep

Weight in InAs: 0.61 0 _ _______

Té —  Weight in InAs: 0.27

=03 —  Weight in InAs: 0.07

7] >

S 9,

[|) 0 2 a

= @

- :

2 0.1

<]

o

0 = ' ' ' ' ' ' ' ' ' -1 . . . . .

0 20 40 60 80 100 0 20 40 60 80 100
| I
Al 5nm InAs 100nm Al 5nm InAs 100nm

Figure 4.8: Illustration of the strong dependence of the wave functions on k. (a) Wave functions
for three different values of k. The yellow wave function (kj = 0) has the largest weight in the
semiconductor region, since the effect of larger values of k| is to localize the wave functions more in
the metallic region. (b) Energies of the corresponding wave functions. Note that the energy differences
are purely due to different values of k.

Evidently the wave functions become increasingly localized in the metallic region for larger
values of k|, which is consistent with the term and the fact that the effective mass is
smaller in the InAs region. The physical interpretation of this is that the electrons prefer
to be localized in the metallic region since the kinetic energy due to their movement in the
planar directions is then smaller. From Fig. H we also see that the effect of the kj-term on
the wave functions is not small, since the weight in the InAs region of the wave function with
highest energy is only 12% of the weight for the wave function corresponding to k| = 0.

To dig further into the problem, let us investigate the dependence of the subband energies on

k”EI and compare to the situation, where the masses in the semiconductor and metallic region

"As we shall see below this is the most relevant state since it contributes most to the density in the
semiconductor region.

8Here we include negative values of Ky, which is a slight abuse of notation since this is, strictly speaking,
the modulus of k. The plots below should therefore be seen as a cut through the 2D bandstructure, which
one would obtain from plotting E(k;).
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are the same. In the latter case we already know that the k-term of simply represents
a constant offset and the energies belonging to each subband would therefore simply be a set
of paraboloids in k|-space with a curvature determined by the common effective mass of the
two regions. For our case, where there is a mismatch between the effective masses, this will
not be the case, since the effective mass of each subband dependends on its weight in the
semiconductor and metallic region. This is evident in Fig. [£.9 which shows the dependence of

the subband energies on k| for an InAs-Al junction with the standard choice of parameters.

3 -2 1 0 1
k, [nm] k, [nm7]

Figure 4.9: Cut through E(k)) showing the effect of the effective mass mismatch in the InAs and
Al region. For the lowest energy subbands the coupling is weak and they have parabolic dispersions
determined by the electron mass in Al. As we approach subbands close to the Fermi level, hybridization
effects become stronger and the dispersions show both semiconductor and metallic character.

In Fig. each colored line represents a subband of energies. Starting from the ones with
energies far below the Fermi level, we see that these subbands have approximately parabolic
dispersions with a curvature determined by the mass in the metallic region. This is exactly
what one would expect since these are predominantly metallic and have vanishing coupling
to the semiconductor. As we approach the Fermi level the subbands start to couple to the
semiconductor making their energy dispersions sharper due to the lower effective mass of
InAs. This effect is for example evident for the subband marked by the magenta color in Fig.
The states of this subband have a high InAs character around & = 0 and then become
increasingly more metallic for larger values of k| as is evident from the flattening of the energy
dispersion. The wave functions belonging to this subband are exactly the ones we plotted in
Fig. [4:§

It is natural to ask which subbands of Fig. contribute significantly to the density in
the semiconductor region. To answer this question we consider Fig. which shows the
integrated density in the semiconductor region for each subband of .
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Figure 4.10: Investigation of the contribution to electron density in the semiconductor region of each
subband. (a) Integrated density in semiconductor region for each subband. Evidently the highest con-
tribution comes from the one highlighted in magenta. (b) Plot of E(k)) around the Fermi level with the
subband with largest contribution to the semiconductor density highlighted. (c) Self-consistent energies
of the Schréodinger equation with k= 0. The energy corresponding to the subband with highest
contribution to the density in the semiconductor is highlighted in magenta.

From Fig. we see that the most significant contribution to the electron density in the
InAs region comes from the subband highlighted in magenta. This is exactly the subband
that we investigated in Fig. which therefore also serves to show that the effect of the

effective mass mismatch cannot be neglected.

4.2.4 The Hybridization Between the Metal and Semiconductor

One of the biggest motivations for our work is that a detailed understanding of the electro-
statics of Majorana devices could prove important for understanding variations in physical
quantities related to the formation of Majorana zero modes. For a quantitative description of
such variations we would need a more detailed microscopic model than ours, which explicitly
includes effects such as a finite magnetic field, spin-orbit coupling and induced superconduc-
tivity, which are the key components of realizing Majorana zero modes. Details such as these
are beyond the scope of this thesis. We can however make a qualitative motivation for the
relevance of our work by investigating how the hybdrization between the metal and semicon-
ductor depends on the value of the electrostatic potential at the semiconductor edge, Vgyy.

As a measure of the hybridization we will use the weight of the wave function in the semicon-
ductor region for the different subbands in our system. We focus only on the wave functions

with energies at the Fermi level since these are the ones that would be probed in transport
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experiments. Furthermore we will focus only on the subbands with wave functions that have
a significant weight in the semiconductor chosen as 0.1 or above. Fig. [£.11]shows the result of
such an investigation with the relevant subbands indicated on the right for the smallest and
largest of the investigated values of Vgps. Notice that we only plot the weight of the wave

function if the corresponding subband is occupied.
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Figure 4.11: (a) Weight in the InAs region of selected wave functions. Only wave functions with
energies at the Fermi level and with a weight of 0.1 or above are shown. Note that some of the points
are not visible due to overlapping. (b) Subbands at Vspr = —10V corresponding to the wave function
weights on the left. In this case only one of the corresponding subbands is occupied. (c¢) Subbands
at Vgpr = OV corresponding to the wave function weights on the left. In this case all subbands are
occupied.

From Fig. [4.11] (a) we see that for large negative values of Vgjps only one occupied subband
has a significant weight in the semiconductor. This corresponds to the situation shown in Fig.
4.11 (b), where all subbands except the lowest are above the Fermi level. As we then move
towards positive values of Vgjs more and more subbands become occupied which at the final
value Vgpr = 0 results in several subbands being occupied with weights ranging between 0.5
and 1. Interestingly we note that there appear to be no wave functions with weights between
the critical value 0.1 and 0.5, which seems to hold even for more negative values of Vgps not
included in Fig. This should however be more carefully investigated in future work.

47



4.2.5 Varying the Model Parameters

So far all the results presented were obtained for a particular thickness of the metal and
semiconductor region as well as the tabulated values of the work function and electron affinities
of Table [[.2] and [1.3

An important question to ask is how our overall conclusions change as we vary these input
parameters. For the thicknesses such an investigation is important since the ultimate goal
of our model would be to compare its results to actual experiments for which the exact
physical dimensions will vary. For the values of the electron affinity and work function such
an investigation is however equally important, since the tabulated values for these parameters
should be seen as guiding values with some uncertainty to them.

There are essentially two reasons for this uncertainty. The first is that these values appear to
fluctuate substantially in litterature. The work function for Al has for example been reported
to have values between 4.08¢V [24] and 4.28¢V [38], which is a large deviation on the energy
scales that we are interested in. The second reason, which is connected to the first, is that
the values of the work function and electron affinity for a material are surface-dependent
parameters, which are sensitive to several factors related to its surface chemistry such as its
morphology, the method of preparation, oxidation etc.

We start off by investigating effects of varying the thickness of the Al layer while the keeping
the other parameters fixed at their standard values. Fig. [£.12) shows the band edge profile
(a) and electron density (b) in our system for three different values of the Al thickness. The
calculation is here based on the simple case without a gate electrode, but the overall conclusion

holds true also for the gated junction.
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Figure 4.12: (a) Band edge profiles for Al layer thicknesses of 5nm, 10nm and 25nm respectively. (b)
Electron density profiles for Al layer thicknesses of Snm, 10nm and 25nm respectively.

From Fig. we see that the profiles of the electron density and electrostatic potential are
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quite stable to changing the width of the metal layer, which indicates that the results of this
chapter are not just a coincidence of the particular value chosen for the thickness of the Al
layer.

Focusing next on varying the thickness of the InAs layer, the result of such an investigation
is shown in Fig. 4.13| Here we once again plot the band edge (a) and density profile (b) for
the simple case without a gate electrode.
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Figure 4.13: (a) Band edge profiles for InAs layer thicknesses of 50nm, 100nm and 200nm respectively.
(b) Electron density profiles for InAs layer thicknesses of 50nm, 100nm and 200nm.

Similar to before we see that the profiles of the electron density and electrostatic potential
are quite stable to changing the width of the semiconductor layer, indicating once again that
the results of this chapter are not just a coincidence of the particular value chosen for the
thickness of the InAs layer. We should however note, that for the case where the gate electrode
is included the band edge and density profiles will of course depend on the semiconductor
thickness, since in this case the semiconductor thickness determines the distance from the
gate electrode to the semicondictor-metal interface.

Let us finally investigate effects of varying the offset between the work function of Al and
electron affinity of InAs, which for all our simulations so far was assumed to be A = 0.82eV.
Fig. shows the electrostatic and density profile for different values of this offset. The

calculations below were once again done for the simplest case without a gate.
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Figure 4.14: (a) Band edge profiles for different values of the offset, A, between the metal work function
and electron affinity of the semiconductor. In this case there are significant differences between the
resulting electrostatic profiles. (b) Electron density profiles for different values of the offset, A, between
the metal work function and electron affinity of the semiconductor, indicating that our results for the
density profile are very dependent on this value.

This time we see that there are substantial differences between both the band edge (a) and
density profiles (b). This is not very surprising since the value of A determines how many
electronic states of the metal that spill in and hybridize with the semiconductor, but it does
show us that we should be careful about applying our model to experimental systems. The
safest approach would probably be to use A as an unknown fitting parameter, which could
then be extracted by comparing to different experiments. It is however likely that these values
would fluctuate, because of the sensitivity of A to factors related to the surface chemistry of

the system.

4.3 Comparison with Simpler Models

The above concludes the results obtained from applying our model to the planar structure.
This section is devoted to comparing some of the above results to simpler approaches, which
are computationally easier to handle. We will also address effects of adding a finite tempera-

ture to our model.

4.3.1 Neglecting the Metal in the Schrodinger Equation

In the model we have set up the Schrodinger equation (4.3) is solved both inside the metal

and semiconductor region of Fig. [{.I] An obvious question to ask is how the results of this
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approach compare to a more simple approach where is solved only in the semiconductor
region with the boundary condition that the wave function is zero at the InAs-Al interface.
This question is especially interesting since we will use this simpler approach in the next
chapter, where we solve the Schrédinger equation in a 2D nanowire system. For understanding
hybdridization effects such as those of Fig. the comparison seems a bit meaningless since
the essence of the simpler approach is precisely to neglect these. If however the two approaches
turned out to yield identical results, one could argue for using the simpler approach for solving
the self-consistent problem and then ”adding” the resulting electrostatic profile to a more
detailed model which included the hybridization between the metal and semiconductor as
well as other microscopic effects. We will return to this point later in this section.

Fig. shows a comparison between the band edge in the semiconductor region for the
two approaches above. The profiles shown were calculated for an InAs-Al junction with the

standard choice of parameters and for three different values of Vgyy.
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Figure 4.15: (a) Band edge profiles for three different values of Vsas obtained from two approaches:
Solid lines: Self-consistent solution obtained from the full Schrédinger equation ,

Dashed lines: Self-consistent solution where the metallic region is neglected in the Schridinger equation
and the wave functions are set to zero at the semiconductor-metal interface.

(b) Zoom-in at the semiconductor-metal interface. In this case the band edge profiles show some deva-
tion. (¢) Plot of the electric field at the semiconductor-metal interface corresponding to the band edges
on the left. Black line indicates the electric field one would find without electrons in the semiconductor

region.

From Fig. [4.15] (a) we see that the band edge profiles for the two approaches are quite similar

far from the metallic region while there is some deviation close to the semiconductor-metal
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interface as shown in the zoom-in in Fig. (b). This is also evident in Fig. (c)
which plots the value of the electric field at the semiconductor-metal interface for the two
approaches for a wider range of values of Vgps. Interestingly we see that the electric fields
from the two approaches appear to follow the same trend but with an offset that persists even
for large negative values of Vgys. For these values the semiconductor region in the simpler
approach has been completely depleted of electrons which is evident from the fact that the
electric field approaches the zero charge solution of Poisson’s equation. Consequently the
offset in the electric fields must be due to the excess charge density that is stuck to the
semiconductor-metal interface when solving the Schrodinger equation in both the Al
and InAs region. This is confirmed by Fig. which shows the density profiles obtained
from the two approaches. Evidently these differ substantially close to the semiconductor-
metal interface, which is of course not surprising since in the simpler approach, the density

must go to zero at the boundary of the metal.
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Figure 4.16: Density profiles for three different values of Vspr obtained from two approaches:

Solid lines: Self-consistent solution obtained from the full Schrodinger equation .

Dashed lines: Self-consistent solution where the metallic region is neglected in the Schrédinger equation
and the wave functions are set to zero at the semiconductor-metal interface.
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As previously mentioned, the obvious question to ask is how the differences between the two
approaches above will influence results such as those of Fig. where we investigated
the weight of the wave functions in the InAs region. To address this we will focus on the
wave function corresponding to the weights indicated by blue in Fig. and plot these for
different values of Vgas. We do this for both the case where the wave function of the hybrid
system is solved for using the electrostatic profile from the simpler approach as well as for the
case where it is solved for using the electrostatic profile from the approach with hybridization

included in the self-consistent calculation.
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Figure 4.17: (a) Wave functions at Vsyr = —4V corresponding to the two approaches described above.

(b) Weight of the wave functions for selected values of Vspr. SE is short for Schrodinger Equation.

Evidently the result of the two approaches produce identical results within numerical uncer-
tainties. If this result is general, which in future should be investigated more carefully, it
shows that we can neglect hybdrization effects on the self-consistent calculation of the elec-
trostatic profile. This would be a huge advantage when setting up more complicated models,
since including hybdridization effects is very demanding computationally as we will see in the

next chapter, where we are forced to neglect these due to limited computational power.

4.3.2 The Thomas-Fermi Approximation and Finite Temperature Effects

As an interesting side note, we will use this section to compare our results with the Thomas-
Fermi approximation. The results shown for this approximation were obtained from a Math-
ematica script written by Karsten Flensberg, University of Copenhagen. Below we briefly
address the idea behind the script while details concerned with the numerical solving are

neglected.
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The central idea of the Thomas-Fermi approximation is to assume that the electrons in the
semiconductor may be treated as a homogeneous 3D electron gas with a density given by the

standard relation (see for example Chapter 6 of [16])

p(z) = % <W>g (4.14)

Here Uy(z) is the local Fermi energy in the semiconductor, which is determined by the offset

of the Fermi level and conduction band edge. With our definitions (see Fig. [4.1]) we have
Uf(Z) = xsm — War + ep(2). (4.15)

Combining (4.14)) and (4.15)) with Poisson’s equation (4.8)) yields the following equation

(4.16)

Bo  —e (2 (xsa— Wi +ed(2)\ ?
dz2  3er? h2

This is a non-linear differential equation for ¢(z) which may be solved with the boundary
conditions and using numerical techniques. The Thomas-Fermi approximation is
thus computationally much easier to handle than the Schrodinger-Poisson approach since the
self-consistent problem has been reduced to a single differential equation.

Fig. shows a comparison between the band edge profile in the semiconductor obtained
from the self-consistent Schrodinger-Poisson method and the Thomas-Fermi approximation

for the simple case without a gate electrode and with an InAs layer thickness of 35nm.
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Figure 4.18: Comparison between the band edge profiles in the InAs region obtained from the
Schridinger-Poisson method and the 3D Thomas-Fermi approximation. Here an InAs thickness of
35nm was used.

We see that in this case there is quite good agreement between the result of the two methods
indicating that the Thomas-Fermi approximation may be a good approximation for modelling
the electrostatics of Majorana devices. In future work this would of course need to be inves-
tigated more carefully using a similar approach as in Fig. where the eletrostatic profile
obtained from the Thomas-Fermi approximation is added to the full Schrodinger equation
with hybridization effects similar to the approach discussed for Fig.

The simplicity of the Thomas-Fermi approximation also allows us to incorporate finite tem-
perature effects in our system. To do so we again use the assumption of a homogeneous

electron gas but now with a charge density in our system given by

p(2) = pe(2) + pu(2) (4.17)

With the electron and hole densities determined by the standard relations (see e.g. Chapter
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4 of [19])

pelz) = —e / " DUE - E2) f(E.p) dE (4.18)
Ec(z)
Ey(2)

pn(z) = e / Dy(E — Eu(2)) - (1 — f(E.p)) dE.. (4.19)

Here p = 0 is the Fermi level in our system and D.(E — E.(z)) and D,(E — E,(z)) are the
local 3D density of states[19] for the conduction and valence band states with E.(z) and E,(z)
determined by

Ec(2) = Wy — xsm — eg(z) (4.20)
Ey(z) =Wy — xsm — E, — ep(z). (4.21)

Fig. shows the results of the Thomas-Fermi approximation for different values of kT
given in units of the band gap of InAs, £, = 0.43eV.

Band Edge [eV]

InAs 35nm

Figure 4.19: Band edge profiles in the InAs region obtained from the Thomas-Fermi approzimation
with finite temperature excitations included. The band edges shown correspond to different temperatures
measured in units of the band gap of InAs. The dashed black line is the Fermi level in the system.

In this case we see that for large temperatures the band edge deviates substantially from
the zero temperature solution with the band edge saturating such that the Fermi level is

approximately in the middle of the semiconductor band gap. This reflects the conventional
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rule of heterojunctions [19], where the Fermi level is assumed to be in the middle of the
band gap far from the interface due to thermodynamic equilibrium. On the other hand, for
small temperatures compared to the semiconductor band gap, which is the relevant regime
for our investigations, the band edge has close resemblance to the zero temperature solution
saturating close to the Fermi level of the system. In practice k7" = 0.1E, is already a large
temperature. For temperatures that are relevant for experiments on Majorana devices, kT is
several orders of magnitude smaller than the semiconductor band gap, and in this case the

solutions would be practically indistinguishable from the zero temperature solution.

4.4 Convergence and Other Numerical Aspects

This section is devoted to discussing convergence of the results presented above as well as

other important numerical details.

4.4.1 Numerical Parameters

All numerical results of this chapter were obtained using a grid distance of 0.1A in the metal-
lic region and 1A in the semiconductor region. These distances were chosen based on the
previously discussed criterion that the grid spacing should be significantly smaller than the
wavelength of the wave functions used to calculate the electronic density’} Furthermore the

mixing parameter of the self-consistent calculation was chosen as A = 0.1.

4.4.2 Convergence of the Schrodinger-Poisson Method

To address the convergence of our calculations we will take the results without a gate electrode
as an example (see Fig. and , though our overall conclusions are general. Fig.
shows the profile of the electrostatic bending ,—e¢, for selected iterations of the self-consistent

calculation.

27h
mEp
significantly smaller grid distance in the metallic region.

9The Fermi wavelength of Al is quite small Ap = ~ 3.6A, which explains why we choose to use a

57



7 0.82+2
— ‘ g
S . £
‘2. \\ -8
E \\\ 08113
m I . g
-9 \\\0-8 o 5
5 N
% NI
9 |l . X i N
g 0 20 40 60 80 100
| — 10 iterations
— 20 iterations
0 20 40 60 80 100 28 ilzee;:ttilg;z
I — 5000 Rerafione
Al 5nm InAs 100nm

Figure 4.20: Profile of the electrostatic bending —e¢ for selected iterations within the self-consistent
calculation of the band edge of Fig. [{.3

From Fig. we see that although the band edge appears to saturate after a certain number
of iterations, there are some oscillations in the value at which it saturates. Such oscillations

are also found in the corresponding densities which are shown in Fig.
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Figure 4.21: Density profiles for the self-consistent calculation described in Fig. |4.20
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For the conclusions of this chapter, these oscillations have little significance since they are
small and appear far from the semiconductor-metal interface where the electron density is
practically zero. In future work it would however be preferable if such oscillations in the

results could be avoided by for example using more advanced mixing schemes such as [33], [34].

4.4.3 Comparison with Analytical Solutions

In this section we compare the numerical solutions obtained from our Schrédinger- and
Poisson-solvers to problems where the analytical solution is known. The result of this com-
parison is shown in Fig.

Here Fig. (a) shows the eigenenergies of with k| = 0 and ¢ = 0 and compares
to those obtained by solving the Schrodinger equation analytically by matching boundary

conditions and numerically solving the resulting transcendental equation given by

mE=8) <\/2m1(E - EF)LM) — tan (\/ng(E " A (L — LM)) . (422)
mo(E — EF)

Where m and msa denote the effective masses of the metal and semiconductor regions, respec-

tively. Evidently the agreement between our numerical Schrédinger solver and the analytical

solutions are good.

Fig. [4.22| (b) shows the numerical and analytical solutions of Poisson’s equation for a flat

charge distribution in the InAs region with density py = 10°Cm ™3 for the cases with the

boundary condition and with the boundary condition that Vgy; = 5V. For these cases

the analytical solutions are

gbl(z) = %0 <—;(Z — LM)2 + (LSM — LM)(Z — LM)> , (4.23)
0a(z) = 2 ((LSM - Lz\;)(z —Lm) (2 —2LM)2> + VSML;;_LAEM. (4.24)

We see that for both solutions the agreement with our numerical solver is good.
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Figure 4.22: Comparison with analytical solutions. (a) Energies of for kj =0 and ¢ = 0
calculated using our numerical solver (blue stars) and calculated analytically (red line) by matching
boundary conditions and solving the resulting transcendental equation numerically. (b) Electrostatic
potential for flat charge distribution with pg = 10°Cm™3 obtained using our numerical solver (blue
line) and from analytical calculation (red line). The comparison is done both for the solution using the

boundary condition of zero derivative at the InAs edge (4.12)) and with the boundary that Vg = 5V.

4.4.4 The Numerical Integration over k|

We previously argued that it is necessary to integrate over the transverse momentum k|| using
in order to correctly calculate the density profile in the system. This integration must
be performed numerically and is computationally expensive since it requires knowledge of
the wave functions for many values of k|, forcing us to solve the Schrodinger equation many
times within each iteration of the Schrodinger-Poisson method. For the work in this thesis the
simplest possible approach to the problem was taken, where the integration was performed
with an equidistant step size in k. The step size was chosen carefully such that convergence
in the density profile was obtained while still providing reasonable computation times. An
illustration of the importance of choosing an optimal step size is shown in Fig. [4.23| (a),
which presents the density profile obtained with three different values of the step size. For the
largest step size the density profile is far from converged while the two smallest appear closer
to convergence. The computation time for the smaller of these step sizes is 10 times longer
than the other indicating the importance of choosing an optimal step size. Another obvious
optimization is to use the observation that the wave functions become almost completely
localized in the metallic region for large values of k|| as shown in Fig. This hints to an
approach where, instead of integrating over all values of k| up to the Fermi level, we only

integrate over the first N values of k), where N should be chosen carefully. Fig. [4.23| (b)
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shows the density profile in the semiconductor obtained with Ak = 10~ by integrating over
all values of k| up to the Fermi level (in this case there were ~ 400 values) as well as from
integration over only the first 50 or 100 values. Evidently the integrating over the first 50
values produces a poor result while integrating over the first 100 produces a result which is
practically indistinguishable from the full integration.

With all this said, the numerical integration was a very time-consuming part of the numerical

model used in this thesis and should there be significantly optimized for future uses.
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Figure 4.23: Density profile in the semiconductor region obtained from wvarious approaches to the
numerical integration over kj. (a) Density profile obtained for three different values of the step size
in ky. Ewvidently the largest step size produces a poor result while the two smaller appear close to
convergence. (b) Density profile obtained with Ak = 10~% by integrating over all values of k|| up to the
Fermi level as well as from integration over only the first 50 or 100 values. Evidently integration over
the first 50 values produces a poor result while integrating over the first 100 produces a density profile
very close to the one obtained from the full integration.
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Chapter 5
The Nanowire (Geometry

Having studied the planar geometry, we now turn to the nanowire geometry introduced in Fig.
While providing a more realistic geometrical description of the Majorana device in Fig.
we will see that this model is computationally much more demanding, which notably forces us
to neglect hybridization between the semiconductor and superconductor in the system. The
results of this chapter will therefore be of more qualitative character than the previous.

It should also be mentioned that the Schrédinger-Poisson problem for this type of structure
has already been investigated in the works of [39] and many of the considerations in this

chapter are inspired by this reference.

5.1 Setting Up the Schrodinger-Poisson Model

Similar to what we did for the planar structure, we will start by setting up the Schrodinger-
Poisson problem for the system. We will see that there are some similarities but also important

differences.

5.1.1 The Structure

We consider Fig. (a) which shows the 2D nanowire geometry that we introduced in
Chapter 3. It consists of a 2D cross section of a hexagonal wire, which is partially coated by
a metallic superconductor. The nanowire is placed on a dielectric layer contacted to a gate
electrode from below, which holds the lower dielectric edge at a voltage Vg with respect to the
grounded metallic layer. Finally we have highlighted different surfaces in the system Sy, Sy,
Sp, which are where we must specify boundary conditions for Poisson’s equation as discussed

later.
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Figure 5.1: (a) The nanowire geometry consisting of a hexagonal nanowire partially coated by a metallic
superconductor. The nanowire sits on a dielectric layer which is connected from below to a back gate
held at a voltage Vg with respect to the grounded metallic layer. The coloured lines indicate the
surfaces Syr, Sy, Sp, which are where we must specify boundary conditions for Poisson’s equation.
(b) Parabolic subbands corresponding to the transverse energy modes inside the wire.

5.1.2 The Schrodinger Equation

Similar to the planar structure we will assume that the electrons in our system may be
described by the Schrodinger equation (3.1). With translational invariance along the wire

direction, z, this has the form

K2 1
——_ V.

5 (mw)ﬂ&(w,y) —ed(x,y))b = By (5.1)

Where the effective mass, m*(x, y), conduction band edge, F.(z,y) and electrostatic potential
¢(x,y) are now dependent on the two transverse directions, x and y.
As before we assume that the Fermi level in our system is set by the metal, which we choose

as the reference energy for the band edge E.(z,y) such that this term is given by

(

—Erum in metal region
Wy — xs in semiconductor region
Eu(z,y) = X o smonaueror Tee (5.2)
W — xp in dielectric region
Wi in vacuum region

\

with the work function, Fermi energy and electron affinities as defined in Fig. [£.1]

Similar to the planar junction we are interested only in states with energies below the Fermi
level such that E < 0 << W}, and we may therefore without loss of generality assume that
the wave function is zero at the boundaries to vacuum and the dielectric. But while was
solved both inside the metal and semiconductor region of the planar structure, we will for the

nanowire system only solve (5.1]) in the green semiconductor region of Fig. ﬂ Furthermore
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we will assume that the wave function is zero at the semiconductor-metal interface. With
these assumptions the Schrodinger equation ([5.1)) reduces to
hZ

—%V%ﬁ —(A+ed(z,y) ¢ = E. (5.3)

With m™* being the effective mass of the semiconductor and with the boundary condition that
¥(x,y) = 0 at the boundary of the hexagonal nanowire cross section. Furthermore we have
defined A = Xgps — Wy similar to the previous chapter.

Let us furthermore exploit the translational invariance in the z-direction and insert an ansatz

wave function of the form (r) = 1 (x,y)e?*=* yielding

2 g2 2 2.2
o G + 5o+ (G + Ak o)) v = B (5.4)
This is the final form of the Schrodinger equation that will be used for our model. It repre-
sents a 2D eigenvalue problem, which is computationally much harder to handle than the 1D
equation . On the other hand, the density is more easily computed as we shall see in the
next section.
Before moving on let us discuss why we are forced to neglect the coupling to the metal in the
Schréodinger equation (5.4]). To understand this let us calculate the Fermi wavelength for Al.
Using table [1.3] we find

A= T 36A. (5.5)

2mFEr

As discussed in Chapter 3 this means that our grid distance inside the metallic region must be
significantly smaller than this value. If we for simplicity assume that we choose a rather coarse
grid distance of 1A this would for a wire diameter of 100nm and a metal layer thickness of 5nm
mean that we would need ~ 50 - 1000 points in the metallic region alone. This is significantly
above the number of points that our simple finite difference method can handle. On top of this
comes the fact that we would need to sum over an order of magnitude more wave functions
when calculating the density. A rough estimate of this number yields % ~ 4000, which
is an extremely large number of wave functions to solve for. In practice sparse matrix methods

are only efficient if one needs to calculate a relatively small number of wave functions.

5.1.3 Calculating the Electron Density

Similar to the planar structure we use (2.3) to calculate the electronic density in the system.
In this case calculating the density is however a lot easier since the solutions v, (z,y) of (5.4)

are independent of k, and thus degenerate with a parabola of energies belonging to each
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solution as shown in Fig. |5.1] (b)

h2k?

E, (k) =FE, .
(k2) +2m”‘

Where E,, denotes the n’th eigenenergy of (5.4) for k, = 0.

To calculate the electron density we use

pag) =70 3 Wl (5.7)

n,En,<0 k.

where L, denotes the length of the nanowire in Fig. Assuming that this is long compared

to the wire diameterﬂ we may approximate this sum by an integral to obtain

1 krn —2¢
pla) = =2e 530 [ ue P k= 223 o) ke (59
n —RFn n

Here k., denotes the value of k. at the Fermi level for each subband. Using (5.6 we find

V2B (5.9)

ke, =
F, h

Where the absolute value stems from the fact that the occupied states in the system have
negative energies (see Fig. |5.1/ (b)). Inserting the above in (5.8) yields

a9 = —e 3 V2Bl oy (5.10)

Which is the central formula for calculating the electron density in the system.

5.1.4 Poisson’s Equation

Let us now turn to Poisson’s equation (2.5). In our case translational invariance along the

z-direction reduces this equation to a 2D equation on the forIrE|
9 o¢ 9 o¢ —ep(z,y)
— | er(z,y) = — e (zyy)=— | = ————==. 5.11
o (ean32) + o (el ) ==L (5.11)

This equation should be solved in both the dielectric, semiconductor and vacuum region
indicated in Fig. (a), though the charge density is non-zero only in the semiconductor
region. It remains now to specify the boundary conditions for (5.11)).

IThis is a feasible approximation since the lengths of the nanowires used for Majorana devices are typically
on the order of several ym while the wire diameters are ~ 100nm. This is for example the case for the device
shown in Fig.

2This is on the same form as the Poisson equation discussed in the chapter on the numerical details.

65



For the first boundary condition we have the standard requirement ([2.10)) that the electrostatic
potential goes to a constant at the surface Sy of the metallic layer as shown in red in Fig.

Choosing this as the reference value for the electrostatic potential we thus require

o(z,y)|  =0. (5.12)

Sm

The second boundary condition is determined by the gate electrode, which sits on the lower
surface, Sp, of the dielectric layer as indicated in purple in Fig. [5.1} In this case we require
that

o), = Ve (5.13)

Finally we must specify the boundary condition on the surface Sy indicated in Fig. |5.1] (a).

In this case we require that the electric field perpendicular to the surface vanishes such that

~Vv¢| =o. (5.14)

Sy

The physical motivation for this boundary condition is the fact that the field vanishes far
away from an infinite line charge. This is essentially the problem that we are studying, since
we have assumed translational invariance along the nanowire. The idea is then that we can
make the vacuum region large enough to mimic an infinite box. This is obviously bound to fail
close to the gate electrode, where the electrostatic potential must fullfill . Fortunately
we will see that the exact boundary condition at the vacuum edge has almost no influence on
the electrostatic profile inside the nanowire region, which therefore allows us to use .

5.2 Results

We are now ready to proceed with discovering the different results that may be obtained from
our model. As in the previous chapter we will begin with some basic results and then move
on to a more systematic investigation of various phenomena.

The simulations presented in this chapter were obtained for an InAs nanowire with diameter
100nm covered by a 5nm Al layer as shown in Fig. The dielectric layer was chosen
to be SiOy with a thickness of 10nm. The values for the work function and Fermi energy
of Al, electron affinity of InAs as well as the various dielectric constants were taken from
the tabulated values shown in tables and Similar to the previous chapter these
values yield an offset of A = 0.82eV between the InAs conduction band and Fermi level of Al.
Altogether these values above defines our standard choice of parameters for the simulations

below and were used unless anything else is specified.

66



5.2.1 Introductory Results

As an introduction let us consider the result of a self-consistent calculation of the electrostatic
profile in our system for the standard choice of parameters. The result of such a calculation
is shown in Fig. for the case where the gate voltage is set to OV.
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Figure 5.2: Self-consistent calculation of the electrostatic potential in the nanowire geometry. The
most drastic changes in the electrostatic potential happen close to the metal layer and gate electrode,
where the electrostatic potential must increase to satisfy the required boundary conditions.

For the behaviour of the electrostatic potential it is clear that this is mainly interesting inside
the nanowire region, where there is a finite charge density. In this region we see that the most
drastic changes happen close to the edge of the metal layer, where the electrostatic potential
rises sharply to match the boundary condition set at this edge. The same thing happens as we
approach the gate electrode, since in this case the boundary condition at the two edges are the
same. However, in the latter case we see that the changes in the electrostatic potential happen
also inside the dielectric layer which thus acts as a buffer layer, suppressing the influence of
the gate electrodd?]

Since the electrostatic interaction felt by the electrons in the wire is given by —e¢ the behaviour

observed in Fig. [5.2]is essentially the same that we found for the gated planar structure in

3In general, the stronger the dielectric, the less is the suppresion of the gate electrode. We have used SiO2
for our simulations, which is a relatively weak dielectric and thus supresses the influence of the gate electrode
significantly.
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Fig. where the electrostatic potential had the effect of creating wells at the edges of the
semiconductor. One would therefore expect that the effect of the electrostatic interaction
is a localization of the electron density to the edge of the metallic layer as well as a weaker
localization at the edge of the dielectric. To confirm this suspicion we consider Fig. [5.3] which
shows the electron density profile obtained self-consistently as well as the profile obtained

without electrostatic interaction for comparison.

x10% x10%
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Figure 5.3: Result of self-consistent calculation of the density profile in an InAs-Al nanowire with
the standard choice of parameters. (a) Electron density profile obtained without including electrostatic
interaction. In this case the density profile is homogenous with slight oscillations at the edges, where
the wave functions must go to zero. (b) Electron density profile obtained from the self-consistent
Schrddinger-Poisson method. In this case the electron density is mainly localized at the metallic edge
but also with some localization at the semiconductor-dielectric interface. This is exactly what one would
expect from the electrostatic profile in Fig.
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Comparing Fig. [5.3|(a) and (b) we see that the effect of the electrostatic interaction is indeed
a strong localization of the electron density at the edge of the superconductor as well as a
weaker localization at the dielectric edge.

Having shown the profile of the electron density in the nanowire it is only natural to address
the form of the eigenstates that contribute to this density. We will here focus on the first
four occupied statesﬂ which are shown in Fig. along with the ones obtained without

electrostatic interaction for comparison.

4We focus on the lowest modes since these contribute most significantly to the electron density in the wire.
Later we will address the dependence of the number of occupied subbands in our system on various parameters.
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Figure 5.4: Probability density of the first four eigenstates in our system. (a) Eigenstates without elec-
trostatic interaction. In this case the wave functions have close resemblance to the commen eigenstates
of L. and L?. (b) Eigenstates obtained from the self-consistent Schridinger-Poisson method. In this
case the wave functions are localized close to the metallic interface, which is in good agreement with
the behaviour observed in Fig. .

For the wave functions without electrostatic interaction, we see that these have close resem-
blance to the ones obtained from solving the Schrodinger equation in a circular WGHE' with
a slight warping due to the hexagonal geometry. Comparing to the self-consistent ones the
effect of the electrostatic interaction is evidently a strong localization of the wave functions at
the metal interface, which is of course just what we expect from our discussion of the density

and electrostatic profile above?]

5.2.2 Effects of the Gate Electrode

Let us now investigate what happens as we change the value of the gate voltage to negative
or positive values. We focus first on the case of a positive value of V. Fig. |3;5| shows the

results of a self-consistent calculation for Vg = 10V with the standard choice of parameters.

SFor a treatment of the Schrédinger equation for the circular well see [40]. The eigenstates are essentially
the common eigenfunctions of L2 and L. with the energies depending on m?, where m denotes the quantum
number belonging to L,. The states are thus two-fold degenerate except for the non-degenerate ground state.
This is also reflected in the form of the wave functions in Fig. (a) with the second and third representing
a degenerate pair.

5The weak localization of the electron density at the dielectric interface happens for higher energy modes,
which have sufficient energy to overcome the electrostatic barrier in the middle of the nanowire.
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Figure 5.5: Overview of a self-consistent calculation for Vg = 10V. (a) Electrostatic profile in the
system. In this case the gate forces the electrostatic potential to be larger at the dielectric edge. (b)
Density profile in the nanowire. In this case the positive gate voltage has shifted the profile of the
electron density towards the dielectric interface. There is however still some localization of the density
at the metal edge. (¢) Probability density of the first four eigenmodes obtained from the self-consistent
solution. In this case the wave functions are localized at the dielectric edge.
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From Fig. [5.5] we see that the effects of a positive gate voltage is that the density profile now
becomes peaked at the bottom of the nanowire. A closer inspection of Fig. however also
shows that there is a significant density concentrated at the metal interface. The behaviour
of the density profile in Fig. is thus essentially the same as the one we observed for the
gated planar structure in Fig. [£.7 where even high positive gate voltages could not deplete
the electron density close to the metal interface.

We next focus on the case of a negative gate voltage. Fig. shows the results of a self-
consistent calculation for Vg = —10V with the standard choice of parameters. In this case
the gate electrode repels the electrons in the nanowire, which has the effect that the electron
density becomes even more confined to the metal interface compared to the situation in Fig
D. Ol
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Figure 5.6: Overview of a self-consistent calculation for Vg = —10V. (a) Electrostatic profile in
the system. In this case the gate repels the electrons thereby pushing them closer to the metal edge.
(b) Density profile in the nanowire. In this case the negative gate voltage has shifted the profile of
the electron density towards the edge of the metallic layer. (¢) Probability density of the first four
eigenmodes obtained from the self-consistent solution. In this case the wave functions are strongly
localized at the metallic edge.

The observations above were based on specific values chosen for the gate voltage. It is of
course preferable to have a more general understanding of the effects of the gate voltage on
various physical quantities. A step towards this is shown in Fig. where we plot the
number of occupied wave functions and the evolution of the five lowest subband energies in

our system as a function of V.
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Figure 5.7: (a) Number of occupied modes vs gate voltage with a zoom-in around the negative gate
voltages. For very megative gate voltages the wire is almost completely depleted with only one occupied
mode. As we approach larger gate voltages more modes start to get populated with increasing speed.
(b) Evolution of the five lowest subband energies as a function of gate voltage.

From Fig. m (a) we see that as we increase the gate voltage from negative towards positive
values the number of occupied subbands starts to rise, which is of course expected from our
earlier observations. What is more interesting is the character of this increase, since we note
a clear growth in the steepness. For the subband energies in Fig. (b) we see a matching
behaviour. These first decrease slowly and then suddenly start to decrease drastically at
positive gate voltages. This behaviour may be understood from our observations of the fact
that the electrostatic interaction tends to create electrostatic well at the edges of the metal
and dielectric layer in our system. At large negative gate voltages only the electrostatic
well at the metal interface is present and consequently this determines the behaviour of the
wave functions and energies in our system. As we then approach positive gate voltages the
electrostatic well at the dielectric interface begins to emerge and the sudden change in the
subband energies of Fig. marks a transition, where the lowest energy states in the system
go from being localized at the metallic edge to the dielectric edge.

Let us also comment on the values of the gate voltages in Fig. As explained in the
introduction of this thesis, the ideal Majorana experiments happen in a regime with few
occupied transverse modes in the wire, which is achieved by tuning the gate voltages of the
experiment to negative values. Comparing to our numerical simulation in Fig. we see that
to achieve such a regime, large negative gate voltages must be used, which are significantly
more negative than the typical ones used in the experiments [10} 14]. While the reason for this

deviation is not known, a likely explanation could be that we are using too large a value for
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the offset between the work function and electron affinity, A. We will address this in greater

detail, when we later vary the value of this parameter.

5.2.3 Alternative Geometries

So far all the results of this chapter were based on the geometry shown in Fig. As an
interesting side note, we will use this section to demonstrate that our model may also be
used to simulate geometries with different placements of the superconducting layer. Such an
investigation is especially interesting because the deposition of the superconducting layer on
devices such as the one in Fig. [2[is a highly controlled experimental process [12], which thus
allows for engineering Majorana devices with many variations in the design.

Fig. [5.8 shows the electrostatic profile and electron density in the system for three alternative
geometries which are relevant for current experiments on Majorana devices [12, [15]. The

simulations were done using Vg = 0.
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Figure 5.8: (a) Self-consistent calculation of the electrostatic profile and electron density for a wire
with five facets covered by a metallic superconductor. (b) Self-consistent calculation of the electrostatic
profile and electron density for a wire with the upper three facets covered by a metallic superconductor.
(¢) Self-consistent calculation of the electrostatic profile and electron density for a wire with the two
side-facets covered by a metallic superconductor.
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Combining results such as the above with more detailed microscopic models including for
example effects of spin-orbit coupling [41l 42] could be interesting for future work. For now
we will restrict ourselves to studying qualitative differences between the efficiency of the gate
electrode for the different geometries of Fig. [5.8] By efficiency we here mean its ability to
deplete the wires in Fig. of transverse subbands. The result of such an investigation is
shown in Fig. [5.9] where we have also included the original geometry of Fig. [5.1]

Occupied Subbands

30

2F

10F

Gate Voltage [V]

Figure 5.9: Number of occupied subbands in the wire as a function of Vi for different placements of
the superconductor.

From Fig. we see that the gate is far less effective for the nanowire, where the super-
conductor covers five facets, which is physically expected since in this case the metallic layer
screens the influence of the gate electrode the most. Evidently the geometry which is least

affected by the screening from the superconductor is the original geometry of Fig. [5.1

5.2.4 Varying the Value of A

So far all the results of this chapter were obtained for our standard choice of parameters
as described in the beginning of the results section. Notably this means that a value of
A = 0.82e¢V was used for the offset between the work function of the superconductor and
electron affinity of the semiconductor.

In this section we discuss the consequences of using different values for this offset. The result
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of such an investigation is shown in Fig. [5.10| (a), which shows the number of occupied

subbands in the wire as a function of Vi for different values of A.
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Figure 5.10: (a) Number of occupied subbands in the wire as a function of Vi and for different values
of A. (b) Pinch-off voltage of the wire as a function of A. The magenta point corresponds to the value
of A that was used for the simulations in this chapter.

Similar to the results obtained for the planar junction, we see that A has significant influence
on the results obtained from our model, and future work would therefore require a more
detailed approach, where our simulation results are compared to experiments in order to
extract a reasonable value of this parameter. However, as previously discussed, this value
is likely to depend on surface chemical properties, which could fluctuate from experiment to
experiment.

Let us also address the previously noted observation, that the gate voltages used in our
simulations appear to deviate substantially from the values used in the real experiments on
Majorana zero modes [I4) 15]. Such values obviously depend on the thickness and quality of
the dielectric layer used in the actual experiments and are therefore not readily comparable
to our simulations. Even with this in mind, the large negative values of V¢ of Fig. needed
for depleting the wire of subbands still seem suspiciously far from the experimental reality.
The point is, however, that these values will also be very sensitive to the value of A. This
point is illustrated in Fig. [5.10| (b), which plots the gate voltage needed for depleting the wire
of subbands, the so-called pinch-off voltage, for different values of A.
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5.3 Convergence and other Numerical Aspects

This concludes the results obtained for the 2D geometry. Similar to the previous chapter, we

will now address the convergence of our model as well as the effect of the boundary condition

at the vacuum edge ([5.14)).

5.3.1 Numerical Parameters

All the numerical results of this section were performed with a uniform grid spacing of 0.8nm
in the entire geometry of Fig. It is clear that this could be greatly optimized for future
work by for example using a non-uniform grid distance. This is especially a relevant point,
since the wave functions with electrostatic interaction (Fig. and are confined to
very narrow regions, where one should therefore optimally use a finer mesh size compared to
the rest of the geometry.

For achieving the self-consistent solution the mixing parameter of was chosen as A = 0.1.

5.3.2 Convergence of the Schrodinger-Poisson Method

In general the simulations for the 2D nanowire geometry showed smooth convergence without
substantial oscillations like those found for the planar structure. The results also appeared
stable to changing the electrostatic potential used as the initial input. This indicates that
the results of this chapter reflect the true self-consistent solutions of the Schrédinger-Poisson
problem and are not just artifacts of a local minimum in the iteration process. Fig. [5.11
shows the error in the electrostatic potential and electron density in the system for the case
with Vg = 0 as a function of the number of self-consistent iterations. Here we have cut out
the first points of the iterations process, since the errors of these would overshadow the error
of the remaining iterations. The error of the i’th iteration was calculated as max(¢; — ¢;_;)
and max(p; — p;_1), where max() denotes the maximum value of the vectors. Evidently both

physical quantities appear to converge.
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Figure 5.11: (a) Error in the electrostatic profile of our system as a function of the number of self-
consistent iterations. (b) Error in the electron density profile in our system as a function of the number
of self-consistent iterations.

5.3.3 The Boundary Condition at the Vacuum Edge

When setting up our model we argued that the physical validity of the boundary condition
used on the surface Sy of Fig. is bound to break down close to the gate electrode. In
this section we show that this boundary condition has little influence on the physical results
obtained from our model. To do so we consider Fig. which shows a self-consistent
calculation of the electrostatic potential with Vi = 0 for three different scenarios. For (a) the
boundary condition was used and a large vacuum region around the wire was included.
For (b) the boundary condition was likewise used but for this simulation the vacuum
region was made substantially smaller. For (c) a different boundary condition was used, where
the electrostatic potential was set to zero on the vacuum edge.

As previously discussed, it is the electrostatic profile inside the wire, which is relevant for our
conclusions, since this is where we have a finite charge density. From inspection of Fig. [5.12
it is evident that the boundary condition on the vacuum edge has very little influence on this.
This is further illustrated in Fig. |5.12| (d) and (e), where the absolute value of the difference
between the electrostatic profile of (a) and (b) and (a) and (c) is plotted.
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Figure 5.12: (a) Electrostatic profile obtained for a wire with a large vacuum region and using the
boundary condition . (b) Electrostatic profile obtained for a wire with a small vacuum region and
using the boundary condition . (¢) Electrostatic profile obtained for a wire with a small vacuum
region and using the boundary condition that ¢(x,y) = 0 on the boundary Sy shown in figure .

(d) Absolute value of the difference in the electrostatic profile in the wire region between b and a. (e)
Absolute value of the difference in the electrostatic profile in the wire region between ¢ and a.
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Chapter 6

Conclusions and Outlook

In this thesis a simulation model based on the Schrédinger-Poisson method was developed
and applied to two geometries inspired by experimental setups used for realizing Majorana

zero modes.

The first geometry was a planar semiconductor-metal heterostructure in contact to a gate
and dielectric. The structure was assumed translationally invariant in two directions. We
showed how to set up the Schrodinger-Poisson problem and notably included hybridization
between the semiconductor and metal in the Schrodinger equation. We then presented sim-
ulation results based on an InAs-Al junction both for the case with and without contact
to a gate and dielectric. Our most important finding was that the electrostatic interaction
creates wells at the semiconductor-metal interface as well as at the semiconductor-dielectric
interface for positive gate voltages. Our results were then compared to a simpler approach,
where the Schrodinger equation was solved only in the semiconductor region. We found that
the two approaches produced comparable results with some deviation in the electron density
and electrostatic profile at the semiconductor-metal interface. We investigated the differences
between using the electrostatic profiles from the two approaches when solving for the wave
functions in the hybrid system and found that they were negligible with our parameters. The
validity of this conclusion should however be more systematically investigated in future work.

Since the ultimate goal of our work is to understand electrostatic effects on details related
to the formation of Majorana zero modes, the next big step will be to combine our descrip-
tion of the electrostatic environment with a more detailed microscopic model. Doing so it
will be natural to investigate whether the deviations found between solving the self-consistent
problem with and without hybridization are significant for the outcome of the microscopic
description. If they turn out not be, which has been made plausible in Section 4.3.1, it will
be a significant result, since including hybridization in the Schrodinger-Poisson method is

computationally demanding and not a viable approach for more complicated structures such
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as the nanowire geometry investigated in Chapter 5.

Another point that must be adressed is the strong dependence of our results on the offset
between the work function of the metal and electron affinity of the semiconductor. This de-
pendence is problematic, since the values of these parameters are not known with certainty.
A future important task will therefore be to determine more carefully how our conclusions
depend on these parameters and ultimately to compare with experimental data to determine

more realistic values.

The second geometry was a 2D cross section of a hexagonal nanowire with translational
invariance in the longitudinal direction. The wire was placed on a dielectric layer contacted
to a gate electrode and covered by a metallic superconductor on two of its facets.

We showed how to set up the Schrodinger-Poisson model but argued that including hy-
bridization between the metal and semiconductor was too computationally demanding. Re-
sults were presented based on an InAs nanowire with Al as the superconductor. We found,
similar to the planar geometry, that the electrostatic interaction had the effect of creating a
well at the semiconductor-metal interface and one at the semiconductor-dielectric interface
for positive gate voltages. We then investigated the dependence of the number of occupied
subbands on the gate voltage and found large numbers compared to experiments. We argued
that this discrepancy could be due to the applicance of too large a value for the offset between
the work function of the metal and electron affinity of the semiconductor.

For future work it is clear that the first task will be to heavily optimize our numerical
model. Most importantly this would mean developing a more advanced method for varying
the grid spacing in our geometry, making it more dense close to the metallic region as well as
other locations, where the density and electrostatic profile varies significantly.

Once this has been achieved, the next big step would be to combine our description of the
electrostatic environment with a more detailed model including the microscopic components
needed for the describing Majorana zero modes. Here we are however restricted by the fact
that we cannot describe the hybridization between the metal and semiconductor regions due
to limited computational power. The ultimate approach would therefore be to combine our
efforts and use the simpler planar geometry for investigating the effects of the semiconductor-
metal hybridization on the electrostatic profile. Once this has been completely understood
the next challenge will be to combine the conclusions from this investigation with our model

of the 2D nanowire geometry.
Altogether, this thesis has laid the first stepping stones towards a full electrostatic descrip-

tion of Majorana devices. A description of such will hopefully prove valuable to the current

worldwide efforts of realizing a universal quantum computer.
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