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Chapter 1

Introduction

Superconductivity provides one of the most fascinating and intriguing problems of condensed
matter physics. Since the discovery of high-temperature superconductivity more than 20 years
ago this field has been a subject of intense debate. This has lead to a huge literature on the
subject consisting of more than 100.000 papers, but the mystery has not yet been solved.

The first high-temperature superconductor found was the cuprate La2−xSrxCuO4 (LSCO).
It has been studied in great detail, yet many questions remain unanswered. In particular
the doping regime where the phase changes from an antiferromagnetic Mott insulator to a
superconductor is intriguing and there is no consensus on the pairing mechanism leading to
the superconducting phase.

Since the discovery that magnetic order and fluctuations exist within the superconduct-
ing phase there has been many speculations about the co-existence of these two so different
phases. It has been and is still a leading question whether the phases compete or if the magnetic
ordering somehow acts as an agent for the superconducting pairing mechanism. The newly dis-
covered iron pnictides superconductors has since their discovery last year been studied in great
detail. Knowledge about their behaviour and their similarities and differences to the cuprates is
hoped to give more insight to the overall problem: What is the microscopic mechanism behind
superconductivity at finite temperatures? In these new compounds it is also being speculated
if the magnetic order acts as a precursor that facilitates superconductivity.

This thesis work has been one year’s insight to the vast amount of literature existing on
LSCO. The focus is on La1.88Sr0.12CuO4 in which the Strontium doping is 12%. This compound
is special in the sense that the magnetic order is well developed and the superconductivity
suppressed. It belongs to the underdoped regime, in which many investigations take place in
the hope to find the mechanism behind the pairing.

The first part of the thesis will briefly explain the main characteristics of superconductivity
and the experimental technique of neutron scattering and I will discuss previous work done
on magnetic correlations in LSCO. Thereafter I will turn to a description and discussion of
two neutron scattering experiments on low-energy magnetic fluctuations in LSCO. These ex-
periments were conducted several years ago by others, but I have done the data analysis. As
a part of the discussion of these data I calculate the anisotropy gap in the antiferromagnetic
structure of the undoped mother compound, LCO, and the result is discussed in connection
with an observed suppression of the low-energy magnetic fluctuations.

During the thesis work I have participated in three neutron scattering experiments at the
facilities Paul Scherrer Insitute, Switzerland, the National Institute of Standards and Tech-
nology, Washington D.C., USA and the Forschungs-Netronenquelle Heinz Maier-Leibnitz in
Munich, Germany. In the experiments different aspects of the static magnetic IC order in
LSCO was studied. I will present and discuss the results from the first experiment in which we
studied the effect of applying a magnetic field on the magnetic order of the material. Hereafter

7



8 CHAPTER 1. INTRODUCTION

I describe the second and third experiment, which are studies of the three-dimensionality of
the magnetic correlations in LSCO. This has previously been investigated by Lake et al. [23]
in LSCO of doping 11% and we have performed two neutron scattering experiments in order
to adress this question further.

1.1 Acknowledgements

I thank Kim Lefmann and Niels Bech Christensen for teaching me the technique of neutron scat-
tering, helping me in the data analysis and guiding me in the literature on cuprates in general
and LSCO in particular. I thank Johan Chang for letting me “inherit” his raw data on low-
energy fluctuations in LSCO. Thank you to Rasmus Toft-Petersen and Thomas Stibius Bagger
Jensen for helping with the Laue alignment at Risø, DTU. I thank Brian Møller Andersen for
discussions on the phenomenological theories on LSCO and calculations of the anisotropy gap
in LCO, with which Jens Jensen has also been very helpful.



Chapter 2

Superconductivity

Superconductivity was first discovered by H. Kamerlingh Onnes in 1911 in a study of the
resistivity of mercury at a few degrees of Kelvin 1 [1]. It is a very fascinating state of matter
in which the electrical resistance suddenly drops to zero below a critical temperature. That
the resistance becomes exactly zero is a intriguing fact that has challenged physicists in almost
100 years. The most convincing evidence of zero resistance - or infinite conductivity - is
the observation of persistent currents. A closed ring of superconducting material shows no
measurable decrease of the electrical current over a span of 105 years [1]. This fact has brought
about the possibility of producing high-field magnets, which are used in e.g. the neutron
scattering experiments performed in this thesis work.

In 1933 Meissner and Oschenfeld discovered a new feature of the superconducting phase;
the superconducting samples expelled an external magnetic field by displaying perfect diamag-
netic behaviour. Only if the external field exceeded a critical value was the superconductivity
destroyed and the magnetic flux lines passed through the sample.

The superconducting phenomenon was described in 1957 by Bardeen-Cooper-Schrieffer in
a microscopic theory called the BCS theory. The BCS theory successfully describes so-called
s-wave superconductivity in which the electrons show no external angular momentum. Each
electron pair with another electron of opposite spin and momentum with the pairing mecha-
nism due to phonons of the crystal lattice 2. These pairs, which are called Cooper pairs, are
bosons and they form the fundamental building blocks of the supercurrent. The BCS theory
successfully predicted the existence of an energy gap related to superconductivity; a finite en-
ergy is needed to break a Cooper pair. This contrasts the behaviour of a normal metal, where
an electron can be excited by an arbitrarily small amount of energy. The superconducting
energy gap disappears at the superconducting transition temperature at which the material
turns into a normal metal.

A basic assumption of the BCS theory is that the temperature must be very low with a
predicted upper limit of 30 K. Therefore it came as a big surprise when Bednorz and Müller in
1986 discovered a new type of superconductors displaying infinite conductivity at temperatures
above the BCS limit. These new materials therefore got the name High-Temperature Super-
conductors (HTSC). By this discovery the understanding of the superconducting phenomenon
was challenged once again. Today, after more than 20 years of intense research in the field, it
remains a challenge to understand why the superconducting phenomenon occur.

No theory has successfully provided an explanation of high-temperature superconductiv-
ity. Many attempts have been made and some phenomenological theories have succeeded in
explaining particular features of the materials, one of which will be discussed in Chap. 5. The

1This was enabled by the discovery of liquid Helium also by H. Kamerlingh Onnes just a few years before.
2Actually the BCS theory only relies on the fact that there exists some attractive (arbitrarily small) force

between electrons of opposite momentum and spin, but it is independent of the exact origin of this force.
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10 CHAPTER 2. SUPERCONDUCTIVITY

final goal is to develop a theory, which explains superconductivity at a microscopic level, but as
a first approach it is easier to handle a phenomenological theory. The fundamental phenomeno-
logical approach is given by the Ginzburg-Landau theory, which will be described briefly in
Sec. 2.3. This theory is based on thermodynamic calculations of the system properties with
the outset in the free energy of the system. The free energy is given by order parameters that
model the most important features of the material, e.g. a superconducting order parameter
and a magnetic order parameter.

Superconductivity is a huge area of research not only because of the interest in the fun-
damental physics behind this fascinating state of matter, but also because of the hunt for a
room-temperature superconductor, which would be extremely useful for e.g. conducting cur-
rents at long distances without loss. One approach consists in the search for new materials in
an experimental quest for higher transition temperatures, whereas a different approach is to
continue the study of well-known materials, thereby little by little increase the understanding
of what is going on. Both approaches are valuable and complement each other and it is very
likely that the answer lies within a combination of the two.

2.1 Type I and type II superconductors

Superconductors are divided into two different principal groups called type I and type II su-
perconductors. The superconductors, which were first discovered, are type I superconductors.
These materials show Meissner effect, i.e. they completely expel external magnetic fields below
a critical field strength, Hc. Above Hc the superconductivity breaks down. On the other hand
there is type II superconductors. Upon application of an external magnetic field these materi-
als develop a mixed state in which superconductivity persists even though magnetic flux lines
penetrate the material.

The classification into these two groups of superconductors arise from Ginzburg-Landau
theory. In this theory there exist two different characteristic lengths; ξ and λ. The supercon-
ducting coherence length, ξ, is the distance from the surface of a superconductor to the bulk
superconductor and λ is the penetration depth of an external magnetic field. The fraction of
these two lengths is called the GL order parameter: κ = λ

ξ .

In the pure type I superconductors ξ >> λ, i.e. we have a Meissner state. Abrikosov [1]
explored the opposite limit choosing ξ < λ, which favours a mixed state where magnetic flux
lines penetrate the superconducting regions. Thereby he derived the value of the GL parameter
which denote the separation point between type I and type II superconductors κ = 1√

2
.

κ < 1√
2

: Type I superconductor

κ > 1√
2

: Type II superconductor

In type II superconductors the magnetic field penetrates the material in quantums, with
each flux line carrying exactly one magnetic fluxoid of Φ0 = hc

2e [1]. At positions where a flux
line penetrates the superconductor a superconducting current acts so as to shield the magnetism
from the bulk superconductor by forming vortices. Abrikosov showed that the penetration of
flux lines took place in an ordered vortex lattice and this has also been observed experimentally
by the technique of Small-Angle-Neutron-Scattering (SANS) [2].

2.2 High-temperature superconductivity

High-temperature superconductors are extreme type II superconductors meaning that κ >> 1
or ξ << λ. When placed in an external field the flux lines penetrate the material for fields within
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a range of [Hc1,Hc2]. For fields above Hc2 the superconductivity breaks down. In contrast
to the conventional superconductors, which are s-wave, the high-temperature superconductors
show a spatial variation of the superconducting order parameter, which is d-wave.

The first high-temperature superconductors discovered had transition temperatures below
40 Kelvin 3. A few years later came the discovery of (Y1−xBax)2CuO4−δ [3] and BiSrCaCu2Ox [4]
with transition temperatures above the boiling-point of nitrogen (77 K) thereby making high-
temperature superconductivity more interesting for applications purposes. Even higher tran-
sition temperatures has been reached, with the highest of 164 Kelvin being measured under
high pressure in HgBa2Ca2Cu3O8+δ [5].

Until last year almost all high-temperature superconductors were cuprates, i.e. materials
containing CuO2 layers. In 2008 a new type of superconductors were discovered; the iron
pnictides, which are layered Iron Arsenic compounds. Much focus has been on these new
compounds and the research in this field is moving rapidly. The hope is that shedding light on
similarities and differences between cuprates and iron pnictides will possibly reveal more about
the fundamentals of the superconducting phenomenon in these layered compounds.

One of the important issues in the high-temperature superconductivity is the presence of
magnetic order for a certain doping range. The nature of this magnetic order in the cuprate
La2−xSrxCuO4 (LSCO) has been a subject of much research and is also the subject of this
thesis work.

2.3 Ginzburg-Landau theory

The phenomenological theory by Ginzburg and Landau relies on the basic assumption that
the free energy is the most important feature dictating the behaviour of the system. Features
of the system are explained by thermodynamical arguments based on the free energy and the
expression for the free energy is given by the use of order parameters. The resumé below follows
the book by Tinkham [1].

The presence of superconductivity is described by an order parameter ψ, which is in general
a complex number that is non-zero only when the system is superconducting. By use of this
order parameter the free energy in Ginzburg-Landau theory takes the following form:

f = fn0 + α|ψ|2 +
β

2
|ψ|4 + |( h̄

i
▽−e∗

c
A)ψ|2 +

h2

8π
(2.1)

The first and last term give the energy of the normal state whereas the middle three terms
describe effects of superconductivity. The terms involving α and β serve to mimic the behaviour
of ψ around the critical temperature, Tc, in such a way that ψ has a finite, non-zero value for
temperatures T < Tc and is zero for T > Tc. Since ψ must be finite for the theory to be useful
it is required that β > 0. The parameter α is positive for T > Tc and negative for T < Tc which
ensures that in the groundstate |ψ|2 is zero for temperatures above the critical temperature
and non-zero for temperatures below the critical temperature, i.e. |ψ|2 = −α

β for T < Tc. The
third term handles the energy contribution that arises due to fields and currents. It can be

3The transistion temperature, which is also called the critical temperature, Tc, is the temperature at which
the material becomes superconducting.
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rewritten in the following way:

|( h̄
i
▽−e

∗

c
A)ψ|2 = (

h̄

i
▽ ψ − e∗

c
Aψ)(− h̄

i
▽ ψ∗ − e∗

c
Aψ∗)

= h̄2 ▽ ψ▽ ψ∗ − h̄e∗

ic
▽ ψ · Aψ∗ +

h̄e∗

ic
Aψ · ▽ψ∗ + (

e∗

c
)2Aψ · Aψ∗

= h̄2(▽|ψ|)2 + h̄2(▽φ)2|ψ|2 − 2h̄e∗

c
(A · ▽φ)|ψ|2

= h̄2(▽|ψ|)2 + (h̄▽ φ− e∗A

c
)2|ψ|2 (2.2)

where ψ = |ψ|eiφ. The first term expresses the energy contribution from a domain wall, i.e. a
region where there is a gradient in the order parameter. The second term is associated with
the kinetic energy of the supercurrent, which has a velocity m∗vs = h̄▽φ− e∗A

c . The quantity
|ψ|2 is identified with ns, the number of superconducting pairs of electrons.
From the above definition of the supercurrent velocity we get:

J = e∗|ψ|2vs =
e∗

m∗ |ψ|
2(h̄▽ φ− e∗A

c
) (2.3)

Equation 2.3 is one of the two famous Ginzburg-Landau (GL) equations. The other one is
obtained by minimizing the free energy with respect to ψ∗:

αψ + β|ψ|2ψ +
1

2m∗ (
h̄

i
▽−e

∗

c
A)2ψ = 0 (2.4)

This equation resembles the Schrödinger equation of particles of mass m∗ and charge e∗, where
the nonlinear term acts as a potential which favours a spreadout of the order parameter ψ,
since β is positive.

We will now leave the subject of Ginzburg-Landau theory and turn to a description of the
experimental technique of neutron scattering, which is one of the most important techniques
for investigations of the magnetic order in the cuprate superconductors. Hereafter I will give
an overview of some important neutron experiments performed on LSCO during the last 23
years.



Chapter 3

The neutron scattering technique

In this chapter I will shortly review the technique of neutron scattering on single crystals with
emphasis on neutron scattering from a magnetic structure using unpolarized neutrons, since
this is the technique that has been used during this thesis work.

3.1 Scattering from the atomic structure

The differential cross section is a measure of how many neutrons pr. second are scattered in a
solid angle Ω ± dΩ and with an outcoming energy E ± dE, divided by the incoming flux. The
general expression for the differential cross section is1:

d2σ

dΩdE
=
kf
ki

(
m

2πh̄2

)2

|〈kfλf |V (r)|kiλi〉|2δ(Eλi
− Eλf

+Ei − Ef ) (3.1)

The initial/final wave vector of the neutron is denoted by ki/kf with energies Ei/Ef and
the initial/final state of the crystal is denoted by λi/λf . As for the interaction potential the

Fermi’s pseudopotential, V (r) = 2πh̄2

m bδ(r) is used, since the interaction is known to be very
short-ranged. The scattering length, b, is determined empirically.

The scattering from the atomic structure gives rise to two different types of scattering;
coherent and incoherent scattering. Coherent scattering is the scattering one would obtain if
all atoms had the same scattering length. It is related to the correlation of different neutrons
at different times as well as the same nucleus at different times. Incoherent scattering is due to
the fact that not all atoms in the structure have the same scattering length. This can be due to
disordering, presence of isotopes or spin of the nucleus. It contains the correlation of scattering
from the same nucleus at different times. This will therefore not contain any information about
the relative positions of the atoms in the sample. In our neutron scattering experiment we are
therefore only interested in the scattering arising from the coherent scattering, whereas the
incoherent scattering will be regarded as background.

3.2 Elastic and inelastic scattering

Elastic scattering
In elastic neutron scattering the neutrons diffract from the crystal according to Bragg’s law

q = 2k sin θ

1[7] Eq. (2.15)

13
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where the scattering vector, q = ki − kf , is a reciprocal lattice vector of the crystal and
|ki| = |kf |. No energy transfer takes place between the neutron and the nucleus. This tech-
nique is used for probing the atomic structure as well as the static magnetic structure of the
sample. For the latter purpose neutron scattering provides a very strong tool for bulk matter 2.

ki
�

�
�

�
�

��3

kf

Q
Q

Q
Q

Q
Q

QQs

q
6

2θ��

��

��

Figure 3.1: The scattering triangle giving the incoming and outgoing neutron wave vector ki

and kf and the scattering vector q = ki − kf .

Inelastic scattering
In this type of scattering the neutron either looses or gains energy when interacting with a
nucleus in the sample. The scattering function thus depends both on the momentum deposited

in the sample q = ki − kf and the energy transfer h̄ω = Ei − Ef = h̄2

2mn
(k2
i − k2

f ). Inelastic
scattering is used to probe fluctuations in the sample, e.g. phonons or magnons.

3.3 Differential cross section of magnetic scattering

The neutrons are spin-1/2 particles and therefore a magnetic dipole interaction occurs between
the spin of the neutron and the electronic spin of the atoms in the crystal. Unlike e.g. Nu-
clear Magnetic Resonance (NMR) and the muon scattering technique, neutron scattering is
not a local probe, but it averages over the magnetic properties of the whole crystal. Using
neutron scattering it is possible to determine the magnetic structure of the crystal and probe
for magnetic excitations by use of elastic and inelastic scattering respectively.

To obtain the differential cross section for magnetic scattering, the interaction potential in
Eq. 3.1 must be the Zeeman potential for the interaction between the neutron spin and the
dipole moment of the magnetic atoms. The thermal average in Eq. 3.1 must now also take into
account the spin state of the neutron. If the scattering is from a crystal which has only one
type of magnetic atoms then the differential cross section becomes 3:

d2σ

dΩdE
=

N

h̄

kf
ki

(γr0
2

)2

g2F (q)2e−2W

∑

α,β

(δα,β − qαqβ)
1

2π

∫ ∞

−∞
dte−iωt

∑

l

eiq·rl〈Sα0 (0)Sβl (t)〉
︸ ︷︷ ︸

Sαβ(q,ω)
︸ ︷︷ ︸

S(q,ω)

(3.2)

2High-energy X-ray diffraction can also be used.
3Eq. (2.65) and (2.66) in [6].
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The fraction
kf

ki
in the cross section refers to the experimental setup, while the remaining

quantities depend on properties of the sample only. The prefactor N is the number of unit

cells, γ = 1.913 is the gyromagnetic ratio, r0 is the electron radius r0 = e2

mec2
and g is the

Landé splitting factor. F (q) is the magnetic form factor, which is the Fourier transform of the
spin density of one atom:

F (q) =

∫

d3rs(r)eiq·r (3.3)

This factor depends on the scattering vector and the spatial distribution of the spin of one
atom. In the cuprate system the spatial distribution is d-wave, since the Cu-atom spin arises
from an unpaired electron in the d-shell. Therefore we have s(r) ∝ x2−y2. For large scattering
vectors the magnetic form factor falls off to zero. The factor e−2W is the Debye-Waller factor
which arises because of the atoms thermal vibrations away from their equilibrium positions. It
decreases with increasing temperature.

The function 〈Sα0 (0)Sβl (t)〉 gives the correlation between the components of two spins sepa-
rated by the distance l and by a time t with α, β being Cartesian coordinates, α, β ∈ {x, y, z}.
The angle brackets denotes a thermal average over configurations. The correlation function
is Fourier transformed in space and time and the factor (δα,β − qαqβ) reflects the fact that
only spin components perpendicular to the scattering vector q contribute to the scattering
signal. If for instance q̂ = (0, 0, 1) then we will only see contributions from the correlation
functions Sxx(q, ω) and Syy(q, ω), whereas there will be no contribution from Szz(q, ω) or the
“mixed“ terms Sxy(q, ω) etc. 4 The sum over the Cartesian coordinates α, β ∈ {x, y, z} gives
the function S(q, ω), which is the denoted the scattering function.

The monitor efficiency is proportional to 1/ki [6]. By counting at constant monitor and

doing the measurements at fixed kf the fraction
kf

ki
will be constant during a measurement

and thereby we get a more direct measure of the scattering function modified by the magnetic
form factor and the Debye-Waller factor 5.

The total magnetic spectral weight is constant, when integrating over all energies, h̄ω, and
q-vectors in the first Brillouin zone. This is denoted the total moment sum rule and it is useful
when discussing shifts in spectral weight from static order into fluctuations.

3.3.1 The fluctuation-dissipation theorem

The fact that the scattering function is so closely related to the spin-spin correlation function
allows us to compare it to the imaginary part of the dynamic susceptibility of a magnetic
system. The connection between these two quantities is given by the fluctuation-dissipation
theorem [6]:

χ′′(q, ω) = (1 − e−ωβ)S(q, ω) (3.4)

This provides the connection between theory and experiment if we extract S(q, ω) from the
measured intensity.

4This is due to the fact that the correlation function is the scalar product of the Fourier transformed spin
components perpendicular to q, Eq. (7.45) in [1].

5The inelastic scattering experiments of Sec. 6 were performed at two different values of kf and this needed
to be compensated for in the data analysis.
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3.4 Nuclear and magnetic elastic scattering from ordered
structures

The equation of elastic nuclear scattering from an ordered structure is given by 6:

dσ

dΩ
= e−2W |

∑

j

bje
iq·rj |2

= N
(2π)3

V0
e−2W |FN (q)|2

∑

Q

δ(q − Q) (3.5)

where the sum in the first line is over all lattice vectors rj . The nuclear structure factor is
given by:

FN (q) =
∑

i

bie
iq·di

where the sum is over all lattice vectors in a unit cell, N is the number of lattice sites, V0 is
the volume of one unit cell and Q is a reciprocal lattice vector satisfying eir·Q = 1 for r being
any lattice vector.

Elastic scattering from a magnetic structure gives rise to magnetic Bragg peaks at the
reciprocal lattice vectors of the magnetic structure. The equation for elastic magnetic scattering
from an ordered structure is given by 7:

dσ

dΩ
= (γr0)

2N(2π)3

V0

(g

2

)2

|F (q)|2|FM (q)|2e−2W
∑

QM

δ(q − QM ) (3.6)

where QM is a magnetic ordering vector. The magnetic structure factor is:

FM (q) =
∑

d

e−iq·d〈s⊥(d)〉 (3.7)

The sum runs over the lattice vectors d in a magnetic unit cell and 〈s⊥(d)〉 denotes the
thermal average of the spin components perpendicular to the q vector. Magnetic scattering
can be distinguished from nuclear scattering by measuring at temperatures above the magnetic
ordering temperature or by use of polarized neutron scattering [8].

3.4.1 Scattering from an antiferromagnetic ordered square lattice

The magnetic unit cell is in general larger than the structural unit cell with the exception of
a ferromagnetic structure. In Fig. 3.2 this has been illustrated for a cubic antiferromagnetic
structure. The structural peaks occur at the reciprocal lattice vectors (qx, qy) = (2π

a h,
2π
a k)

with h and k being integers. Due to the magnetic structure there will be additional scattering
at positions (q′x, q

′
y) = ( 2π√

2a
h, 2π√

2a
k) with the new (orthorhombic) coordinate system tilted 45o

with respect to the old (tetragonal) coordinate system. This is illustrated in Fig. 3.2 to the
right.

6Eqn. (7.3) and (7.21) in [8]
7Eqn. (9.39) and (9.40) in [8]
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Figure 3.2: A two-dimensional cubic structure with antiferromagnetic order. The dashed box
marks a structural unit cell of lattice constant a. The antiferromagnetic unit cell is twice the
size of the structural unit cell and contains two atoms of opposite spin. The lattice constant
of the AFM unit cell is

√
2a. The AFM order gives rise to additional scattering. In the right

figure scattering from the atomic ordering has been indicated by filled dots whereas magnetic
scattering from the antiferromagnetic structure is depicted by the unfilled dot.

3.5 Using a Triple Axis Spectrometer

A triple axis spectrometer is an instrument for investigating order and fluctuations in a single
crystal, structural as well as magnetic. A very schematic drawing is shown in Fig. 3.3. By
the monochromator angle, θM we select the wave vector of the incoming neutrons by Bragg’s
law; QM = 2ki sin θM , where QM is a reciprocal wave vector of the monochromator. If QM

is a reciprocal lattice vector so is 2QM and therefore so-called higher order neutrons are also
present, i.e. neutrons of wavelength λ

2 , λ
3 etc. The higher order neutrons can be avoided by

use of Be-filters, which let only through neutrons of wavelengths λ < 4.0 Å. The filter placed
either before the analyser or the sample. The latter is only possible when operating in constant
ki mode.

At the analyser we select which neutrons are detected, i.e. the travelling direction and
wavelength of the detected neutrons. By this arrangement we are able to search through
reciprocal space and thereby map out the order and excitations possible in the investigated
sample.
a3 scan
The angle a3 is the angle between the incoming beam and one orientation of the sample.
When performing an a3-scan the sample is turned around without changing the position of the
monochromator or the analyser. Hereby the angle 2θ, which is the angle between ki and kf , is
kept constant. I this way the length of the scattering vector q is also constant throughout the
scan, which corresponds to scanning along the circumference of a circle of radius q in reciprocal
space. An a3-scan of a structural peak reveals the peak broadening due to mosaicity of the
crystal as well as the broadening due to the instrumental resolution. The latter depends on
the configuration of the instrument and changes significantly when changing the orientation of
the monochromator and analyser. In an a3-scan one expects a flat background.
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Figure 3.3: Schematic drawing of a Triple Axis Spectrometer. The three axes are the arm
between the monochromator and sample, the sample and analyser and the analyser and detec-
tor. It is the arrangement of the two arms after the sample position that allow for detection
of outcoming neutrons of varying energies thereby making it possible to measure excitations.
In contrast a Two Axis Spectrometer has only one arm after the sample and can only detect
static order.

Possible powder lines arising from Aluminium and Copper in the vicinity of the sample can
reach the detector when the angle 2θ corresponds to the Bragg angle of the elastic scattering
from one of these two compounds. Such powder lines can be quite disturbing. A good way to
avoid the problem of powder lines is to do a3-scans. Then one can position the monochroma-
tor and analyser such that 2θ does not correspond to a scattering vector of Al or Cu. Even
if 2θ happens to coincide with a Bragg angle this will only raise background to a higher, but
constant level.

Scan through a line in reciprocal space
Another possibility is to scan through a line in reciprocal space. This will cause both a3 and
2θ to change during a scan. The background level can change during such scans due to powder
lines or change in the resolution, see Sec. 3.6. The advantage is that one gets to probe any line
in reciprocal space and can choose the steps in units of h, k and l.

3.6 Resolution

In general there is a finite spread in the directions of the neutrons and this divergence of the
beam causes a finite resolution in a neutron scattering experiment. The divergence can be made
smaller by inserting collimators. Collimators consist of parallel absorbing plates of a certain
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length and height, which are separated by a fixed distance. This distance determines the
collimation of the beam; the smaller the distance the more collimated beam. The collimators
cut away neutrons travelling in a direction that differs too much from the desired direction.
Insertion of collimators improve the resolution, but flux is lost and we must always weigh out
the gains in resolution with the loss in flux.

The finite resolution is described by distributions about the average wave vectors, ki and
kf . The distribution Pi(ki − ki) is determined by the mosaicity 8 of the monochromator and
the collimations of the neutron beam before it hits the sample. The incoming resolution volume
Vi =

∫
dkiPi(ki) is a measure of the spread in incoming ki-values. Likewise Pf (kf − kf ) is

determined by the collimators after the sample position and the mosaicity of the analyser.
The signal we measure is the convolution of the spectrometer resolution function and the

scattering function. In general deconvolution is needed to separate the scattering function and
the resolution function. The measured intensity at some wave vector q0 and energy transfer
h̄ω0 is given by 9:

I(ω0,q0) =

∫

dωdqR(ω − ω0,q − q0)S(q, ω) (3.8)

where the resolution function is defined by

R(ω − ω0,q − q0) =
h̄2

Vimn

∫

dkidkfPi(ki − ki)Pf (kf − kf )δ(q − kf + ki)δ(ω − h̄2

2mn
(k2
i − k2

f ))(3.9)

A reasonable approximation is to assume that the beam profiles, which emerge from the
different components of the spectrometer, e.g. monochromator and collimators, are Gaussian
distributions. An analytic calculation of the resolution function gives in this approximation
a four dimensional ellipsoid, the four dimensions being the 3 components of the scattering
vector, qx, qy, qz, and the energy, h̄ω. The cross section between the resolution ellipsoid and
e.g. the scattering plane (qx, qy) as well as the projection of the resolution ellipsoid onto the
scattering plane give ellipses. In an elastic scattering experiment the momentum resolution can
be determined by the width of a structural Bragg peak. It is important to be aware of the fact
that the resolution is a function of the scattering vector. The trick of using the Bragg peak
width as a measure of the resolution therefore only works if we are measuring at an ordering
vector very close to the position of the structural peak. If this is not possible a simulation of
the experimental configuration can be used to calculate the resolution width at an arbitrary
position. The program Reslib [9] for Matlab simulates the resolution of a given experimental
setup when provided the details of distances between the different components as well as the
dimensions of the components and the mosaicity of the monochromator, analyser and sample.
I will use this program to calculate the resolution of the PANDA triple axis spectrometer in
Sec. 9.2.

3.7 Correlation length

The signal obtained from a neutron scattering experiment is a peak of finite width. The
broadening of the signal is partially due to the resolution and partially due to an intrinsic
width. The intrinsic width gives information about the nature of the scattering and in the case
of magnetic scattering it will tell us how long- or short-range the order is. For infinite order a
resolution limited peak will appear, since the intrinsic peak is a δ-function. In general a neutron

8The monochromator consists of many perfect crystallites with small relative misorientations. The small
misorientations cause a divergence of the neutron beam, but they are necessary in order to get an acceptable
neutron flux.

9Eq. (4.13) in [6]
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experiment is limited by the resolution. For very long-range order we can only give an upper
limit for the intrinsic width. If the order is short-range the width of the peak might exceed
the resolution limited width and in that case we need to deconvolute the contributions from
the resolution and the intrinsic width. Taking both the scattering signal and the resolution to
be Gaussian distributions of widths σs and σR respectively, the measured signal will itself be
a Gaussian of width

σm =
√

σ2
R + σ2

s

For very broad signals, i.e. much broader than the resolution limited width, a deconvolution is
not so crucial. If, however, the scattering signal width is of the order of the resolution limited
width it is important to deconvolute the different contributions to the measured signal. In such
a deconvolution we need a program that can calculate the resolution function at any position
in reciprocal space, e.g. Reslib.

The intrinsic width of the peak is directly related to the correlation length of the order by
taking the inverse of the Half Width Half Max HWHM = 1

2

√
2 ln 2σ. For very long-range

order, where the peak is resolution limited, we can only give a lower limit for the correlation
length.

3.8 How to obtain the magnetic moment from neutron
data

It is not a simple matter to obtain the magnetic moment from neutron data. Furthermore there
is also often discrepancies between the magnetic moment obtained by neutron data and local
probes such as muons. Neutron data reflect an average over the bulk sample. The magnetic
moment of an ion is connected to the spin and angular momentum by µ = gµBJ with J = S+L.
Hund’s three rules 10 are ”thumb rules” from which we can determine the groundstate of a
magnetic atom. The first rule says that the value of S should be maximized. The second rule
says to maximize L and the third rule tells how to obtain the value of J. If the crystal field is
strong the actual groundstate might differ from the one predicted by Hund’s rules. The crystal
field can cause an orbital quenching of the system, i.e. L = 0 11. In the case of quenching we
therefore have

µ = gµBS

The magnetic moment can be obtained from the integrated intensity (integrated wrt. sample
rotation, a3) as discussed by Wakimoto et al. [11]. Here I only briefly outline their procedure.
The calculated integrated intensity, |FM |2cal over one reciprocal lattice vector Q is given by:

|FM |2cal = p2n2µ2F 2(q)|
∑

i

sign(i)e−iq·di |2〈sin2(β)〉

µ2 =
|FM |2cal

p2n2F 2(q)|∑i sign(i)e−iq·di |2〈sin2(β)〉
(3.10)

where F (q) is the magnetic form factor, β is the angle between the Cu spin and the scattering
vector q. The prefactor n is the number of spins in a magnetic unit cell and p is the neutron
magnetic scattering length. The magnetic moment is measured in units of µB .

Given that there is a constant ratio between the integrated intensities of the magnetic and
structural order, and that the magnetic signal is suppressed by some factor, B, relative to the

10Section (2.5) in [10].
11The cuprate system, which we will be investigating, is quenched, i.e. J = S.
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nuclear Bragg peak, Wakimoto et al. obtain a relation between the observed and the calculated
integrated intensities:

|FM |2cal
|FN |2cal

=
|FM |2obs
B|FN |2obs

= A (3.11)

where B is the extinction factor and A is to be determined experimentally. The magnetic
moment can be extracted from the relation:

µ2 =
A|FN |2cal

p2n2F 2(q)|∑i sign(i)e−iq·di |2〈sin2(β)〉
(3.12)

The form factor is known from previous experiments and if a spin glass structure is assumed
then 〈sin2 β〉 = 1/2. The results obtained by Wakimoto et al. will be discussed in connection
with an energy gap observed in LSCO of 12% doping, Sec. 6.
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Chapter 4

Overview of LSCO

In this chapter I will give a brief review of the vast amount of literature on LSCO. I show
figures from previous experiments, which have been key experiments in the development of
our understanding of LSCO. Mainly neutron scattering experiments are commented and if a
different technique than neutron scattering has been used this is mentioned explicitly.

4.1 Crystallographic structure and antiferromagnetism in
the mother compound

The mother compound of the cuprate superconductors is La2CuO4 (LCO). It consists of CuO2

planes separated by regions containing Oxygen and Lanthanum. A unit cell of LCO contains
two CuO2 planes in which the Cu-atoms are shifted relative to each other, see Fig. 4.1. In the
old literature the CuO2 planes are named (a,c)-planes whereas in newer literature c denotes
the interplanar lattice constant. I will use the new convention for nomenclature, such that the
CuO2 planes are called (a,b)-planes. For temperatures above 500 K the lattice structure is
tetragonal and a = b. Below T ≃ 500 K the crystal structure is orthorhombic due to a tilt of
the CuO6 octahedra depicted in the right part of Fig. 4.1. The difference between a and b is
of the order 0.1 Å [12]. Such a transition from High-Temperature-Tetragonal (HTT) to Low-
Temperature-Orthorhombic (LTO) also takes place in the doped daughter compound LSCO.
In related cuprate systems, e.g. LBCO, the structure at low temperatures remain tetragonal,
i.e. Low-Temperature-Tetragonal (LTT).

In LCO Lanthanum favours the La+3 state and Oxygen the O−2 state and therefore Copper
is in the state Cu+2. The electronic configuration of Cu is [Ar]3d104s1 and removal of 2 electrons
gives an incomplete d shell with only 9 electrons, giving it a total spin of 1/2. The Cu atoms
interact with each other through a superexchange coupling via the O-atoms and the Cu-atom
spins are antiferromagnetically ordered as observed in a powder neutron diffraction study [13].
From the integrated magnetic peak intensities they were able to estimate µF (q), i.e. the
magnetic moment of the Cu atoms multiplied by the form factor by a procedure similar to
the one outlined in Sec. 3.8, see Fig. 4.1. From an estimated form factor they were able to
deduce a value for the Cu magnetic moment equal to µ = gSµB = 0.48 ± 0.15µB [13], which
is smaller than expected since g ≃ 2. The electronic and magnetic structure of LCO makes it
a Mott insulator 1. The antiferromagnetic order within the CuO2 planes is long-range with a

1A Mott insulator is a compound with only one free electron (or hole) per lattice site and with a strong on-
site Coulomb energy. The Coulomb energy is minimal if each electron sits alone at a fixed site, but its kinetic
energy is lowered if the electron moves around. Antiferromagnetic order allows electrons to move between
nearest neighbour sites. However, they is not allowed to move to a next-nearest neighbour site because of the
Pauli exclusion principle. Therefore the system is an insulator.

23
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correlation length greater than 200 Å and the Cu spins cant slightly out of the (a,b)-planes by
an angle θ ∼ 0.17o [12]. In Chap. 7 I will discuss the antiferromagnetic structure further and
also derive a dispersion relation for the LCO structure.

Figure 4.1: Left: A unit cell of LCO. Only the Cu atoms are depicted and the antiferromagnetic
structure is shown. From Vaknin et al. [13]. Right: A unit cell of LCO with all atoms depicted.
In the middle an octahedra is shown and the arrows on the O-atoms indicate how it tilts when
in the orthorhombic state. From Peters et al. [12].

When doping LCO with Strontium these atoms replace some of the La-atoms at random
positions in the interplanar regions of the crystal. This leads to an effective hole-doping of the
CuO2 planes, since Sr+2 gives away one electron less than does La+3, so one hole is induced for
each replacement. The chemical formula of the compound is La2−xSrxCuO4 (LSCO), x being
the doping value. Since LCO is a Mott insulator it is quite surprising that doping changes the
behaviour of the crystal in such a dramatic way as to make it superconducting. The transition
from Mott insulator to superconductor has since its discovery been a very fascinating and
intriguing issue.

4.2 Incommensurability

The commensurate antiferromagnetic order which is present in LCO disappears upon doping,
but some magnetic order persists. This new type of magnetic order appears at wave vectors that
differ from the wave vector of the commensurate order in LCO and it is named incommensurate
(IC) magnetic order, since it is not positioned at integer values of (h, k, l). In the cuprates the
IC order appear as four ordering vectors around the 2D antiferromagnetic ordering vector
Q = (h 2π

a , k
2π
b ) with (h, k) = (1

2 ,
1
2 ) in tetragonal notation with a and b being the lattice

constants of the structural unit cell.
In the experimental chapters I will use the orthorhombic notation with the lattice con-

stants given by the unit cell of Fig. 4.1 and the parameters (h, k, l) are always measured in
reciprocal lattice units (r.l.u.) given by a∗ = 2π

a etc, with a being an orthorhombic lattice
constant. In this notation structural peaks are positioned at (h, k, l) = (±2, 0, 0) and (0,±2, 0)
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Figure 4.2: The four commensurate positions of the first Brillouin zone each surrounded by the
four incommensurate positions. The tetragonal and orthorhombic axes have been drawn. In
tetragonal notation the commensurate positions are at (h, k) = (± 1

2 ,± 1
2 , ) and (± 1

2 ,∓ 1
2 ) while

in the orthorhombic notation these are denoted (±1, 0) and (0,±1).

and the incommensurate positions in Fig. 4.2 are at (±1 ± δ,±δ, 0) and (±δ,±1 ± δ, 0). The
incommensurability, i.e. the amount by which the signal is displaced from the commensurate
AFM position, depends on the doping value. To the left in Fig. 4.3 it is seen that for dopings
x ≤ 0.12 the incommensurability is given by the doping value, i.e. δ = x. This figure also shows
that for dopings x < 0.055 the displacement of the IC peaks with respect to the commensurate
position is diagonal (in tetragonal notation). For dopings x > 0.055 it shifts 45o. To the right
in Fig. 4.3 it is shown that the incommensurability seems to flatten out for doping values above
x = 0.12. This indicates that there is something special about this incommensurability and
maybe an energetic favourable microscopic configuration is present at this particular doping.

Figure 4.3: Incommensurability ǫ as a function of doping measured by neutron scattering. The
incommensurability follows the doping ǫ = x for x ≤ 0.125 and thereafter saturates. From
Tranquada [14].
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4.3 The LSCO phase diagram

To which extent the crystal shows IC static order, IC fluctuations or both depends on the doping
value and the temperature. The phase diagram shows the magnetic transition temperature
(TN ) and superconducting transition temperature (Tc) as a function of doping and divide the
crystals into different phase regimes. These phase regimes are not fully understood, but there
are some general features, which allow for a division into different regimes. The phase diagram
has been drawn in Fig. 4.4.

Figure 4.4: Phase diagram of La2−xSrxCO4 (LSCO).

For dopings below 0.05 the crystal is an antiferromagnetic Mott insulator drawn as the
red area in Fig. 4.4. Above this doping value superconductivity (SC) sets in and for dopings
0.05 < x < 0.13 static IC magnetism, the so-called spin-density wave (SDW), is also present.
The groundstate is thus some kind of combined state, where static IC order co-exists with
superconductivity. Above the doping value of x = 0.13 the elastic IC signal disappears, but IC
fluctuations persist for higher doping. The doping value x = 0.16 is denoted optimal, since at
this doping value the transition temperature is maximal, Tc = 38 K.

For sufficiently high dopings superconductivity breaks down and the system becomes a nor-
mal Fermi liquid. Whereas no explanation exists for the superconductivity in the underdoped
regime the superconducting phase for high dopings is well described by BCS theory, because
of its proximity to the Fermi liquid phase.

The exotic phase denoted the ”pseudogap”-phase refers to the observation that there is a
gap in the static spin susceptibility. Furthermore there is a suppression of the electronic density
of states at (kx, ky) = (π, 0). One interpretation of the pseudogap is that electrons combine into
so-called preformed pairs. The formation of pairs, i.e. spin singlets, causes the susceptibility
to decrease. The ”strange metal” phase has got its name due to a strange in-plane resistivity.
The resistivity scales linearly with temperature instead of quadratically as does a normal Fermi
liquid.

M.-H. Julien has collected magnetic resonance data on LSCO [15] and thereby constructed
a LSCO phase diagram which include the transition temperature for the static IC order. His
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figure is depicted in Fig. 4.5. The data shows a clear peak of TG - the temperature of magnetic
freezing - at a doping value of about x = 0.12.

Figure 4.5: Magnetic phase diagram of the static order of LSCO from M.-H. Julien [15].
The data points show the transition temperature for magnetic freezing, TG as measured by
local probes, Muon Spin Resonance (µSR), Nuclear Magnetic Resonance (NMR) and Nuclear
Quadropole Resonance (NQR).

The neutron experiments performed in this thesis work will concern LSCO of doping 12%,
which is marked by a yellow star in Fig. 4.4. This doping value is special since there is a dip
in the superconducting temperature while the IC magnetic order is maximal, as seen by the
peaked behaviour of magnetic freezing temperature in TG, Fig. 4.5.

4.3.1 The 1/8 anomaly

The 1/8 anomaly denotes the doping value where certain cuprates show anomalous behaviour.
The superconducting transistion temperature, Tc, is suppressed and the system shows en-
hanced magnetic order, i.e. the magnetic signal is strong, long-ranged and is fully developed
in the sense that no enhancement due to an external magnetic field is possible. So-called
”true 1/8“ systems showing the above features are La2−y−0.12NdySr0.12CuO4 (LNSCO) and
La7/8Ba1/8CuO4 (LBCO) [16, 17]. LBCO actually shows complete suppression of Tc at the
critical doping.

Julien notes the peculiarity that in LSCO the enhanced order is seen for a doping value of
x = 0.12 rather than x = 0.125, as seen in Fig. 4.5. This indicates that for LSCO the doping
value of x = 0.12 is the special point of enhanced magnetic ordering. LSCO does show some of
the features of the 1/8 anomaly. The order is long-range with a correlation length of at least
200 Å [11] and it has a partial suppression of Tc=27 K ± 1.5 [16]. By muon experiments it
has been shown that there is magnetic ordering in the whole sample, i.e. it is not limited to
fractions of the volume 2. An applied magnetic field implies a significant enhancement of the
static signal of about 50 % at the IC peak position [16].

2Ph.d. thesis by Johan Chang [2] page 58-59
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4.4 Stripes

What kind of microscopic structure can give rise to the incommensurate magnetic order that
has been observed by neutron scattering experiments? This is one of the main questions con-
cerning the cuprates since the answer will bring us much further in understanding how and why
superconductivity co-exists with magnetic ordering. The most widely accepted understanding
of the microscopic structure is the idea of a stripe ordered phase. In this picture the holes are
believed to order into stripes and antiferromagnetic ordered domains will be divided by these
charge rivers.
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Figure 4.6: Schematic drawing of a stripe configuration of period 8 in the magnetic structure
and period 4 in the charge structure. The black points symbolize Cu-atoms of spin-1/2, while
open symbols is charged holes.

The signal observed by neutron scattering is proportional to the magnetic structure factor
squared. It is instructive to calculate the magnetic structure factor of a schematic represen-
tation of the stripe order as shown in Fig. 4.6. The magnetic structure factor sums over all
lattice vectors. We divide the sum in two; one over vectors within a unit cell and one sum over
all unit cells.

∑

r

eiq·rs⊥(r) =
∑

R

∑

d

eiq·(R+d)s⊥(d) (4.1)

Performing this sum of the configuration shown in Fig. 4.6 gives a non-zero contribution for
the at the IC positions drawn in Fig. 4.7 with an incommensurability will be δ = 1/8. Hori-
zontal stripes give rise to one pair of IC peaks positioned below and above the commensurate
position in tetragonal notation, while the vertical stripes give rise to the two peaks, which are
horizontally displaced from the commensurate position, see Fig. 4.7.

Observations of stripe order
Stripes have never been observed directly in LSCO, but has been seen in the related systems,
LBCO and LNSCO. In order to make probable the existence of stripe order one must prove
the co-existence of IC magnetic order and charge order, where the charge order has the double
incommensurability. This is due to the fact that charge rivers are antiphase domain walls for
the antiferromagnetic order, i.e. the charge periodicity is half the magnetic periodicity, see
Fig. 4.6. Tranquada et al. [18] found by neutron scattering experiments that charge order and
magnetic order do indeed co-exist in La1.08Nd0.4Sr0.12CO4 with the expected incommensurabil-
ities. Furthermore, they found that both the magnetic and charge order signal decreased with
temperature and disappeared at the transition from Low-Temperature-Tetragonal (LTT) to
Low-Temperature-Orthorhombic (LTO) meaning that the LTT structure favours stripe order.
Since LSCO has no LTT structure this might be the reason that stripes are not observed in
this material. However, the magnetic IC peaks are found in LSCO and the magnetic structure
is therefore believed to be similar to that observed in LBCO and LNSCO.
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Figure 4.7: The AFM peak of the mother compound LCO which is positioned at q = (h, k, 0) =
( 1
2 ,

1
2 , 0) in tetragonal notation. The four incommensurate peaks in the case of the stripe pattern

in Fig. 4.6 is depicted; IC peaks which arise from a horizontal orientation of stripes are drawn
in blue, whereas the red IC peaks arise from vertical stripes, i.e. perpendicular to the other
stripe direction. The incommensurability is δ = 1

8 .

4.5 Incommensurate fluctuations

Incommensurate magnetic fluctuations remain present at doping values x ≥ 0.135 when the
static incommensurate order breaks down. For lower doping values the static IC order is present
only in the superconducting phase whereas the IC fluctuations persist for temperatures well
above the superconducting transition temperature. The dispersion is very steep for low-energy
fluctuations and the IC position does not change for energy transfers smaller than 10 meV. For
higher energies the dispersion takes the form of an hour-glass as the higher energy fluctuations
are shifted towards the AFM commensurate ordering position [19], see Fig. 4.8.

For systems showing IC fluctuations static order can be induced by applying a magnetic
field and systems with an energy gap can display in-gap fluctuations when subjected to an
external magnetic field. The effects of applying a magnetic field will be reviewed in Sec. 4.7.

4.6 Energy gaps

In the optimal and overdoped regime, i.e. x > 0.135, there is no static IC order and there is
a clear energy gap in the excitation spectrum. This energy gap has been called the spin gap.
In Fig. 4.9 the energy gaps have been depicted as a function of the superconducting transition
temperature. It is seen that the spin gap in optimally and overdoped samples scales with Tc
indicating that the gap is related to the superconductivity. Samples of doping x < 0.135 show
no clear energy gap, but only a partial suppression of the scattering signal below a threshold
value of the order of magnitude 1 meV. This has been called a “hidden gap“ and it is not clear
why such suppressions occur. In these samples the scaling with Tc breaks down, as seen in
Fig. 4.9, which might indicate that the gap is not directly related to superconductivity.

Chang et al. [20] have observed a suppression of the scattering signal in LSCO of x =
0.105, see Fig. 4.10 (left). In relation to this experiment an interpretation of the low-energy
fluctuations in terms of a two-component model has been proposed. The fluctuations are
ascribed two different origins; fluctuations at energies above the ”hidden“ gap are due to the
same mechanism as is the fluctuations above the spin gap in systems of higher doping values.
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Figure 4.8: Dispersion of IC fluctuations. The dispersion is very steep for low-energy fluc-
tuations, i.e. h̄ω ≤ 10 meV. For higher energies the incommensurability gets smaller and
qIC is shifted towards the commensurate AFM position of the mother compound LCO. From
Christensen et al. [19].

Figure 4.9: Spin gap as a function of Tc. It is seen that in the optimal and overdoped regime
the energy gap scales with Tc, indicating that the gap is related to the superconducting phase.
In the underdoped regime the energy gap goes faster to zero than Tc and in this regime the
energy gap is not a clear gap, but a suppression of the scattering signal intensity. From Chang
et al [20].



4.6 Energy gaps 31

The fluctuations of lower energies are connected to the stripe order and has the same origin as
the static IC scattering signal. We will pursue this idea further in Chaps. 6 and 7.

Recent experiments by Kofu et al. [21] explore the fluctuations in LSCO of x = 0.135, 0.13
and 0.125. For the doping values x = 0.13 and 0.125 they observe a dip in the susceptibility,
which they ascribe to the presence of a ”hidden” gap. Their results are shown in Fig. 4.10.

Figure 4.10: Left: Hidden gap in LSCO of doping x = 0.105. A partial suppression of the
scattering signal is present for low temperatures and energies below h̄ω = 1.5 meV. From
Chang et al. [20]. Right: Energy scans in LSCO. For doping x = 0.135 the system show a clear
energy gap called a spin gap. For lower dopings there is no energy gap. A small dip in the
imaginary part of the susceptibility is present at these doping values. From Kofu et al. [21].
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4.7 The effect of an applied magnetic field

In this section I review some important observations of the effect of applying a magnetic field
to LSCO.

4.7.1 Enhancement of static IC order

For doping values x ≤ 0.13 for which a zero field elastic scattering signal is present, an external
field leads to an enhancement of the signal. The field was applied perpendicular to the CuO2

planes and the effect was first observed by Lake et al. at a doping value of x = 0.10 [22], see
Fig. 4.11 and was later observed at other doping values, e.g. x = 0.105 and x = 0.12 [16].

Figure 4.11: Left: Field enhancement of the static order in LSCO of doping x = 0.10. Red
(blue) data are taken at 2 K (30 K) and the upper (lower) figure shows zero (H=14.5 T) field
data. Right: The magnetic moment of the Cu-atoms as a function of field and temperature.
The order is present only below the superconducting transition temperature Tc. The magnetic
moment at T=2 K is an increasing function of magnetic field. From Lake et al. [22].

It is only a field perpendicular to the CuO2 planes, which can cause a magnetic enhance-
ment. This was shown by Lake et al. [23], who studied the change in the field-induced signal
with the field applied perpendicular to the CuO2 planes or with a small angle to these planes.
It was observed that it is the field-component perpendicular to the planes that accounts for
the enhancement of the magnetic scattering signal. In this experiment the field-effect of the
interplanar modulation was investigated. This we will return to in Sec. 4.8.1.

4.7.2 Inducing static order from fluctuations by an applied field

Recent experiments by Chang et al. [24] show that for doping x = 0.145, where no static order
is present in zero field, an applied field of H = 7 T induces static order. The observation
was succesfully explained by Zhang, Demler and Sachdev [28] using a Ginzburg-Landau like
model, where the order parameters for IC magnetism and superconductivity compete. We will
come back to this model in Chap. 5. The result of the experiment is given in the left part of
Fig. 4.12. The ability to tune the magnetic order parameter in LSCO samples was interpreted
as a field enhancement of the magnetic moment of each Cu atom and it was speculated that
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Figure 4.12: Field dependence of the IC magnetic scattering signal in LSCO of doping x =
0.145. The static response is gapped, but an external field of H=7 T induces static IC order.
From Chang et al. [24]. To the right: Tuning the magnetic order parameter by use of an
external magnetic field. From Chang et al. [16].

the field acts so as to drive the system towards the “true” 1/8 system in which the magnetic
order is maximal, see the right part of Fig. 4.12.

4.7.3 Possible explanations for the magnetic enhancement

One can think of different possibilities to explain why the IC signal is enhanced by an external
magnetic field of which I have listed some:

• The magnetic volume fraction within the CuO2 planes increases when a field is applied.
This is the most common understanding of the field effect.

• The magnetic volume fraction is unchanged, but the ordered moment is increased.

• The interplanar ordering is enhanced by an applied field, thereby sharpening the peak at
the IC positions without increasing the ordered moment.

• The field causes a rotation of the spins such that we for some directions will get the spins
more perpendicular to the q-vector, which would result in an enhanced signal. For other
directions one would then expect the opposite scenario, i.e. applying a field would result
in a suppression of the IC signal.

In this thesis work I will discuss the different possibilities.
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4.8 Three-dimensionality of the magnetic correlations

The cuprate system is generally believed to be quasi two-dimensional, since the exchange
couplings within the (a,b) plane are far stronger than the exchange coupling between the planes.
For purely two-dimensional IC order the expected scattering signal in a neutron scattering
experiment is a rod along the third direction in reciprocal space with no modulation in that
direction. Partly because of this and partly because of experimental difficulties with resolution
(see Sec. 9.2.2) the c-axis correlation has not been a subject of much investigation. Only once
has this question been adressed in LSCO of doping x=0.11 [23] and in other cuprates such as
LNSCO [25] and LCO-O [26]. The findings from these experiments will be reviewed in this
section.

4.8.1 Observation of interplanar order in LSCO of doping x=0.11

Lake et al. performed experiments on LSCO of doping x=0.11 3 [23] in order to investigate
the field-effect of the magnetic correlations between the planes.

Scans where performed through the peaks at different values of l in the range l ∈ [3.4, 4.1]
where crystallographically l = 4 corresponds to l = 0. In zero field the IC signal persisted for
every value of l. The effect of an applied field (H = 6 T) was to enhance the scattering signal
at the IC position at l = 4, while the signal away from that position remained the same as
in zero field. This indicates an enhancement of the correlations between the CuO2 planes and
the work by Lake et al. concludes that the zero field signal is two-dimensional while the field
induced signal is more three-dimensional.

Since it is observed that the scattering signal at l = 4 is enhanced by a field while the off-
position scattering signals are unchanged this indicates that the integrated moment is increased,
i.e. the magnetic volume fraction becomes larger when applying a magnetic field. If the
integrated volume had not changed one would expect negative values in Fig. 4.13 to the right,
since this figure depicts the intensity difference between zero field and field data as a function
of l. However, it would be interesting to have a broader scan in l in order to conclude on this
matter.

Figure 4.13: Left: Scans through (1.12 0.12 l) for l=4 and l=3.6 in LSCO of doping x=0.11.
Red (blue) data is taken in 6 T (zero) field at base temperature T=2 K. Right: The amplitude
of the zero field data has been subtracted from the field data at different values of l. From
Lake et al. [23].

3In the paper the doping of the material has been cited to be x=0.10, but after the publication it was shown
to be more likely x=0.11 in the Ph.D. thesis by R. Gilardi p. 23-24 [27]
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4.8.2 Observation of modulated interplanar magnetic order in excess-
oxygen-doped La2CuO4+δ

Lee et al. performed neutron diffraction studies of excess-oxygen-doped La2CuO4+δ (LCO-
O) in zero field [26]. They observe a strong modulation of the magnetic ordering along the
interplanar direction in LCO-O and conclude that the stacking arrangement of the spins of
neighbouring CuO2 planes is similar to the arrangement found in the mother compound, see
Fig. 4.14 (left). This will be discussed further in Sec. 9.3.

Figure 4.14: Left: Neutron diffraction data which has been background subtracted and fitted to
Gaussians convoluted with the instrumental resolution. A stacking arrangement of the planes
similar to that in the mother compound, LCO, is assumed and give a correlation of spins of
ξ ∼ 13 Å, i.e. across two planes only. From Lee et al. [26]. Right: Charge order 100 keV X-ray
scattering along (2-2ǫ,0, l) and (2-2ǫ,0.032, l) (Background scan). The inset is the diffference
between the two scans at k = 0 and k = 0.032 and the solid line is a fit to sin2(πl). From
Zimmermann et al. [25].

4.8.3 Modulated interplanar charge-order in La1.48Nd0.4Sr0.12CuO4

In one of the two compounds where evidence for stripe order has been observed, LNSCO, charge
stripe order has also been investigated by use of 100 keV X-rays [25] which are sufficiently
energy-rich to measure bulk properties of the sample. For l-values in the range l ∈ [−1, 1] it
was observed that a strong modulation of the charge order in the l-direction is present. The
modulated signal intensity resembled a sin2(πl)-function. This behaviour was ascribed to the
correlations between next-nearest neighbour planes, see Fig. 4.14 (right).
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Chapter 5

Phenomenological theories on
stripes

This chapter is a small intermezzo in which I will consider a small corner of the huge amount
of literature that has been published on theories of superconductivity in high-Tc materials.
This is done in order to discuss in more detail how the concept of stripes in invoked in the
phenomenological theories on the subject.

In 2002 Zhang, Demler and Sachdev [28] published a theory in which the field formalism of
quantum mechanics is used to describe the field enhancement of magnetic order in the cuprate
superconductors. It is a phenomenological continuum model for the regions outside the vortex
cores and it has succesfully described some neutron scattering experiments performed in an
applied magnetic field. The main achievement of this theory is to predict a phase diagram
for the cuprates as a function of doping and field. The model is described in [29] and more
extensively in [28]. In this chapter I will begin by deriving the zero field phase diagram and
thereafter I will discuss the theory of Zhang et al.

5.1 Phase transitions

A first order phase transition is by definition a transition where a first derivative of the free
energy displays a discontinuity. The breakdown of superconductivity for type I superconductors
at Hc is an example of a first order transition. A second order transition has continuous first
derivatives whereas the second derivatives are discontinuous. In a phenomenological model we
express the free energy as an expansion of the order parameters of the different phases. The
free energy must - in order to describe the system properly - be invariant under the different
symmetry operations of the system, i.e. translations, reflections etc. The free energy is written
as a power expansion of the order parameters and also includes dynamic terms as seen in
the classical Ginzburg-Landau theory of Sec. 2.3. Since the order parameters are small when
close to the phase transition only the first terms are necessary when describing the effective
behaviour. In order to have a stable theory the free energy need to be an increasing function
of the order parameters, when these become sufficiently large. If the opposite is the case more
terms in the free energy expansion must be included in order to obtain a stable theory.

5.2 Phase diagram in zero field

The phase diagram of a cuprate in zero field has been derived by Zachar et al. [30]. In their
model they study the spin and charge-order of the stripe phase and the phase transitions

37
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between ordered and disordered phases.
I will here show how to obtain the second order phase boundaries by direct calculations

from the free energy. The free energy includes the energy of the spin-density wave (SDW)
and charge-density wave (CDW) order and a coupling between these two orders. No order
parameter of superconductivity is included since this phase is regarded a background order for
the other phases, i.e. |ψ| 6= 0 at all times.

In the order parameters no time- or space-derivatives are included, since we in the first
approximation only search for static solutions for the order. The spatial wave nature of the
ordering is already taken into account in the form of the order parameters:

S(r) = S cos(q · r)ê1

ρ(r) = ρ cos(2q · r − θ) (5.1)

with q being the incommensurate wave vector. The ordering vector of the CDW order is twice
the ordering vector of the SDW order and θ denotes the relative phase of the SDW and CDW
orders. At spin domain walls the spin order is zero, i.e. q · r = π

2 (2n + 1). With θ = π the
charge order therefore peaks on the spin domain walls, which is consistent with the general
stripe picture: the hole lines separate domains of magnetic order and constitute antiphase spin
domain walls.

The expression for the free energy is:

F =
1

2
rsS

2 + S4 +
1

2
rρρ

2 + ρ4 − 2λ1S
2ρ (5.2)

We will derive the phase diagram as a function of the tuning parameters rs and rρ. The pa-
rameter λ1 tunes the coupling between the two orders and we take λ1 > 0, i.e. doping suppress
magnetic ordering. We are searching for the phase boundaries separating the three domains
given by:

Domain I: Disordered phase with no SDW or CDW order; S = ρ = 0

Domain II: Phase with CDW order, but no SDW order; S = 0 and ρ 6= 0

Domain III: Phase with CDW order and SDW order; S 6= 0 and ρ 6= 0

These domains is depicted in the phase diagram, Fig. 5.1. We are interested in values of the
order parameters that minimize the free energy and start by differentiating with respect to ρ
and get:

∂F

∂ρ
= rρρ+ 4ρ3 − 2λ1S

2 = 0 (5.3)

Omitting the term involving ρ3 (since ρ is small) gives the first approximation ρ ∼ 2λ1S
2

rρ
.

Inserting this expression for ρ into the expression for the free energy gives an effective free
energy for the spin order only:

F =
1

2
rsS

2 + (1 − 2λ2
1

rρ
)S4 + O(S6) (5.4)

For rρ > 2λ2
1 there is a second order transition at rs = 0, such that for rs > 0 the system

is magnetically disordered, S = 0, and when rs < 0 magnetic order is present, S 6= 0. This
second order transition line ends in a critical point, T1, for which rρ = 2λ2

1, see Fig. 5.1.
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For rs large we have S = 0 and from the free energy F (S = 0) = 1
2rρρ

2 + ρ4 it is seen
that there is a second order phase transition for the CDW order, such that we for rρ > 0 have
ρ = 0 and when rρ < 0 we get ρ 6= 0.

In the region where 0 < rρ < 2λ2
1 the coefficient of S4 becomes negative. There is a first

order transition for rs small in which both order parameters change from zero to a finite value.
The transition is driven by the coupling between the order parameters, λ1.

To determine the phase transition for rρ negative we can no longer assume that ρ is small

since it is finite on both sides of the transition line. From Eq. 5.3 setting S = 0 gives ρ =

√
|rρ|
2

and then by use of Eq. 5.2 it is seen that there is a second order transition in the spin order
parameter for rs = 4λ1ρ = 2λ1

√

|rρ|.

In Fig. 5.1 the result of the Landau theory is depicted. The tuning parameters rs and rρ
serves so as to mimic the change in the charge- and spin-structure of the cuprate material
as function of doping. For instance it has been observed that LNSCO undergoes two second-
order transitions; first charge order develops and later spin order becomes present [30]. From
their Landau analysis Zachar et al. conclude that the formation of stripes are charge-driven
rather than spin-driven. Other samples might follow different paths in the phase diagram upon
doping. For instance nicklates are also described by this Landau theory, and this sample show
a first order transition from phase II to III in Fig. 5.1.

Figure 5.1: Phase diagram of the SDW order parameter, S, and the CDW order parameter, ρ.
We have only discussed the case of collinear spin order giving rise to the domains I, II and III.
From Zachar et al. [30].

We now compare this classical Landau theory with the quantum field theory. The imaginary
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time formalism of field theory provides a way of calculating the partition function [31]:

Z =

∫

Dψ∗(r, τ)Dψ(r, τ)eS(ψ∗, ψ) (5.5)

S =

∫ β

0

dτ

∫

drψ∗(r, τ)∂τψ(r, τ) +

∫ β

0

dτH(τ) (5.6)

where ψ∗(r, τ) and ψ(r, τ) are complex numbers and the path integral is an infinite dimensional
integral, in which we integrate over all possible paths of ψ∗(r, τ) and ψ(r, τ). The Hamilton-like
term, H(τ) is given by:

H(τ) =

∫

dr
1

2m
∇ψ∗(r, τ)∇ψ(r, τ) +

1

2

∫

dr

∫

dr′ψ∗(r, τ)ψ∗(r′, τ)V (r − r′)ψ(r′, τ)ψ(r, τ) (5.7)

In Eq. 5.6 the quantity S is called the action. As seen from this equation the action is
related to the energy of the system. The free energy explored above corresponds to an action:

SΦ + Sφ + SΦφ =
1

T

∫

d2r[s(|Φxα|2 + |Φyα|2) +
u1

2
(|Φxα|4 + |Φyα|4) (5.8)

+u1|Φxα|2|Φyα|2 + s̃(|φx|2 + |φy|2)

+
ũ1

2
(|φx|4 + |φy|4) + ũ1|φx|2|φy|2

−λ(φxjΦ
2
xα + φyjΦ

2
yα + c.c.)]

where the order parameters are real, S2 = |Φxα|2 + |Φyα|2, φx = φy = 1
2ρ, the coupling

parameter is λ1 = −λ and 1
2 ũ1 = 1

2u1 = 1 and the tuning parameters are s(= 1
2rs) and

s̃(= 1
2rρ). As was the case in the classical Landau theory above, the superconducting order is

considered a non-critical order parameter, i.e. it does not change throughout the whole phase
diagram. Zhang et al. explore the phase diagram in the case of underlying superconducting
order and charge order. The SDW order parameter takes the more general form:

Sα(r, τ) = ℜ
[
eiKsx·rΦxα(r, τ) + eiKsy·rΦyα(r, τ)

]
(5.9)

with Ksx = 2π
a ( 1

2 − δ, 1
2 ) and Ksy = 2π

a ( 1
2 ,

1
2 − δ) denoting the incommensurate wave vectors.

The charge density order parameter takes a similar form, with the wave vectors being twice the
SDW wave vectors to account for the fact that the charge stripes form antiphase spin domain
walls, thereby giving the SDW order twice the period of the CDW order.

The form of Eq. 5.9 allows for different spin structures; the spins can be either collinearly
polarized or circular spiral. The spin modulation is accounted for by this equation. Only the
amplitude of the spin modulation is determined from the field calculations.

5.3 Gaussian theory

The simplest approach is a Gaussian approach, in which we consider only the SDW order
parameter, omitting the CDW order and take the superconducting order to be given by its
Abrikosov mean-field value. The action is then:

SG =

∫

d2rdτ
[
|∂τΦxα|2 + v2

1 |∂xΦxα|2 + v2
2 |∂yΦxα|2 + V(r)|Φxα|2

]
(5.10)

V(r) = s+ κ|ψ(r)|2 + 2u|Φxα(r, τ)|2 (5.11)
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The potential consists of 3 terms; the first term, s, which tunes between SC and SC+SDW
phases (mimicing the doping value), the second term gives rise to a competition between the
superconducting order parameter and the SDW order parameter (since κ > 0), while the third
term gives a repulsive interaction between the order parameter of the SDW ordering.

5.3.1 Effective action and the Schrödinger equation

The action is the basic quantity in the field formalism of quantum mechanics and it is therefore
related to the Hamiltonian. How to actually realize the connection to the Hamiltonian and
thereby also the Schrödinger equation we must rewrite the expression for the action given in
Eq. 5.10 whereby we can derive the corresponding Schrödinger equation. We consider the
action in Eq. 5.10 and rewrite it by using partial integration:

SG =

∫

d2rdτ [|∂τΦxα|2 + v2
1 |∂xΦxα|2 + v2

2 |∂yΦxα|2 + V(r)|Φxα|2]

=

∫

d2rdτ [|∂τΦxα|2 +

∫

d2rdτ [v2
1∂xΦ

∗
xα∂xΦxα + v2

2∂yΦ
∗
xα∂xΦxα + V(r)Φ∗

xαΦxα]

=

∫

d2rdτ [|∂τΦxα|2 −
∫

d2rdτ

[

v2
1Φ∗

xα

∂2Φxα
∂x2

+ v2
2Φ∗

xα

∂2Φxα
∂2y

]

+

∫

d2rdτV(r)Φ∗
xαΦxα

(5.12)

The second and third term give the time-independent Schrödinger equation:

−v2
1

∂2Φxα
∂x2

− v2
2

∂2Φxα
∂2y

+ V(r)Φxα = ∆2Φxα (5.13)

where ∆2 is the energy eigenvalue. Thus we have the action:

SG =

∫

d2rdτ [|∂τΦxα|2 + ∆2|Φxα|2] (5.14)

The SDW order parameter is determined by the Schrödinger equation. The eigenvalue ∆2

must be positive in order for the theory to be stable. It denotes the spin-gap; the energy of
the lowest possible SDW fluctuation. The onset of static SDW order is where ∆ = 0 and here
the stability of the Gaussian theory will break down.

5.4 The partition function and the saddle point equations

When considering transitions between phases in which the CDW order is non-zero at all times
we can obtain an effective theory for the SDW order by replacing the CDW order parameter
by its expectation value. This gives rise to a simpler action and the partition function takes
the form:

Z(ψ(r)) =

∫

Dφαe−
R

d2rdτ 1
2
[(∂τφα)2+(∇φα)2+[s+κ|ψ(r)|2]φ2

α]+ u
2
(φ2

α)2 (5.15)

×e−Y
T

R

d2r[−|ψ(r)|2+ 1
2
|ψ(r)|4+|(∇−iA)ψ(r)|2]

The last line is the contribution from the Ginzburg-Landau free energy of the superconducting
order. The SDW order parameter is a function of space and time, φα(r, τ).
We now introduce an auxiliary field V, which shall be integrated out. After having modified
the action,

Sφ → Sφ −
∫

d2r

∫ β

0

dτ
1

8u
(V − 2uφ2

α − s′)2
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and integrated out φα we get:

Z =

∫

DV(r)e−
N
2
Tr ln(−∂τ2−∇2+V)− 1

4u
Vs′+ 1

8u
V2− s′2

8u (5.16)

=

∫

DV(r)eL

The so-called saddle point equations are derived by differentiating the Lagrangian with respect
to V and ψ and setting equal to zero. Note that V is now only dependent on position and not
on time. Fourier transformation to the Matsubara frequency, ωn, gives the results 1:

δL
δV = 0 ⇔ VH(r) = s+ κ|ψH(r)|2 + 2NuT

∑

ωn

GH(r, r, ωn) (5.17)

δ lnZ
δψH(r)

= 0 ⇔
[

−1 +
Nκ

2Y T
∑

ωn

GH(r, r′, ωn) + |ψH(r)|2 − (∇r − iA)2

]

ψH(r) = 0

(5.18)

where the Green’s function, GH(r, r′, ωn) = 〈r| 1
ω2

n−∇2
r
+VH(r) |r′〉, is the propagator for the SDW

order parameter.
The main idea is to iteratively solve an eigenvalue problem for the Schrödinger equation

arising from the action:

[−∇2 + VH(r)]Ξµk(r) = E2
µ(k)Ξµk(r) (5.19)

where VH(r) is given by Eq. 5.17. Because of the periodicity of the vortex lattice the eigenvec-
tors take the Bloch form:

Ξµk(r) =
eik·r√
Au

∑

G

cµG(k)eiG·r (5.20)

which is an arbitrary function having the periodicity of the vortex lattice. Au is the area of a
unit cell in real space. The Green’s function parametrized:

GH(r, r, ωn) =
∑

µ,k

Ξ∗
µk(r)Ξµk(r)

ω2
n + E2

µ(k)

=
1

Au

∑

µ,k

∑

G,G′

c∗µ,G′(k)cµ,G(k)ei(G−G′)·r

ω2
n + E2

µ(k)
(5.21)

Through the Green’s function the potential depends on the eigenvectors. The eigenvectors
can only be found by solving the Schrödinger equation which involves the potential. It is now
apparent why an iterative procedure is needed. A very detailed description of the implementa-
tion of this theory in order to numerically derive the phase diagram is given in App. A. By use
of such iterative procedure it is possible to determine the lowest energy eigenvalue as a function
of field for a given doping value. The field at which the lowest energy eigenvalue becomes zero
is where a transition from no SDW order to SDW order takes place. The phase boundary
between the phase displaying SDW order and the phase with no order can be established in
this way. In order to establish the phase boundary of the regions SC+SDW and SDW, where
the latter phase shows no superconductivity, we need to account presence of SDW order at
each side of the phase boundary. In that case additional terms must be added to the action.

1See [28] Eqns. (4.5) and (4.7)
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5.5 Phase diagram

In Fig. 5.2 the phase diagram of Zhang et al. is depicted. The parameter s can experimentally
be varied by the doping value. The phase diagram is divided into 4 regimes as a function
of doping, s and field, H. The critical doping value, sc, is where SDW order arises in zero
field. In LSCO sc ≃ 0.135. Arrows indicate different experimental approaches: the arrow P1

indicates the experiments performed by Lake et al. [32] in which SDW order was induced by
an applied field in LSCO of optimal doping. A few years later Chang et al. [24] showed that
the same goes for LSCO of doping x = 0.145, see Sec. 4.7. The other arrow, P2, refers to
the measurement by Lake et al. [22] and Khaykovich et al. [33] in which existing SDW order
is shown to get enhanced by an external field in LSCO of doping x = 0.10 and La2CuO4.11

respectively. It is only possible to theoretically model a field enhancement if the model includes
a way of determining the dynamic spin susceptibility, which relates to the scattering amplitude
of neutron scattering experiments through the fluctuation-dissipation theorem.

The susceptibility is the Fourier transformed of the Green’s function and it takes the form:

χ(k, ω) =
∑

µ,G

∫

1BZ

d2pδ(p + G − k)
|cµG(p)|2
E2
µ(p) − ω2

(5.22)

Figure 5.2: Phase diagram where the regimes are divided with respect to doping value and
external field, H. SC refers to purely superconducting regions, where no static magnetic order
(SDW) is present. In the region SC+SDW superconductivity is co-existing with magnetic
order. In the SDW order superconductivity breaks down and the region is characterized by
magnetic order only. From Zhang et al. [28].

The procedure outlined in the previous section and App. A gives the eigenvector coefficients
cµG(p) up to some upper cut-off wave vector. In particular the coefficient |c00(0)|2 can be
mapped out as a function of field for a fixed value of s. This has been shown to give an
increasing function of field thereby explaining at a phenomenological level the observation of a
field enhancement of the magnetic order.
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Chapter 6

Magnetic fluctuations in a
x=0.12 LSCO sample

Two experiments were performed by Johan Chang and Lars Mächler from the Paul Scherrer
Institute and Kim Lefmann from the Niels Bohr Institute 1 at the triple axis spectrometer
PANDA at the FRM-II research reactor in Munich. The experiments took place in June 2006
and May 2007. I have done the data analysis on the background of logbooks and raw data files.

The aim of the investigation was to map out the temperature and field dependence of the
low-energy fluctuations (h̄ω ≤ 7 meV) in LSCO of doping x=0.12. Furthermore the possi-
bility of an energy gap was studied by doing scans in energy at the IC position for different
temperatures.

The first experiment consisted of mapping out the temperature dependence of the IC fluctu-
ations at an energy transfer of 0.5 meV as well as energy scans of the low-energy IC fluctuations,
h̄ω = 0.3−3 meV, at temperatures 2, 30 and 60 K. During the first experiment an investigation
of the field dependence was performed by comparing the data of zero field measurements with
data taken in an applied field of 10 T.

The second experiment continued this experiment by a more thorough investigation of the
temperature dependence of the scattering signal at different energy transfers; 0.3, 0.6 and 1.5
meV. Also energy scans at several temperatures were performed in the search of an energy
gap. Since the first experiment did not reveal any effect of an applied magnetic field the second
experiment was performed in zero field.

A paper manuscript of the data discussed in this chapter can be found in App. C.

6.1 Experimental setup

In the first experiment a vertical focusing pyrolytic graphite (PG) monochromator was used
to select the energy Ei of the incident neutrons. In this setting a monitor count of 300000
corresponded to a counting time of roughly 5.5 min.

In the second experiment a doubly focusing monochromator was used. The neutrons were
thereby also horizontally focused and the duration of a monitor count of 300000 was only half
the counting time, 3 min. All data has been normalized to a monitor count of 600000. In
the initial set-up, the inelastic background was about 2.7 counts/minute at energy transfers
from 0.5 meV and higher, with roughly 70% of the background arising from neutrons that did
not enter the slit opening before the sample. Placing a shielding tunnel between the beam
port and the sample slit reduced the background to a level of 1.2 counts/minute. In the second

1At the time of the experiment Kim Lefmann was employed at Risø

45
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experiment the use of the doubly focusing mode lead to an increase in intensity and background
of a factor 3, i.e. 4 counts/minute for the background.

The spectrometer operated in constant kf -mode and neutrons of final energy Ef = 5 meV
(kf = 1.55 Å−1) were selected by a doubly focused PG analyser. The choice of kf was made
so as to open the energy resolution as much as possible while still being able to use a Be-filter.
Scans at low energy transfer, i.e. 0.3 meV, were performed at a constant final wave vector
kf = 1.40 Å−1 (Ef = 4.1 meV) in order to reduce the inelastic tails of the incoherent scattering
background. These data was renormalized to compensate for the difference in resolution volume
and prefactor in the differential scattering cross section due to the altered value of kf [6], see
Sec. 6.1.1. This allows for a direct comparison between intensities of the different scans.

The instrument was configured with the collimations open-60′-radial-open 2 during the
first experiment and open-open-radial-open in the second experiment. A cooled Be-filter was
placed between sample and analyser to avoid contamination from higher-order neutrons. All
measurements were performed with a constant monitor count and constant kf , thereby keeping

constant the factor
kf

ki
in the differential cross section. Hence all data are directly proportional

to S(q, ω) convoluted with the resolution function.
The sample consisted of floating-zone grown single crystals (Tc = 27 K). In the first ex-

periment two crystals were co-aligned, while in the second experiment three crystals were
co-aligned. The samples were aligned with the orthorhombic c-axis vertical allowing access to

Figure 6.1: Left: Two LSCO crystals are coaligned in the first experimental setup. Right:
Three LSCO crystals are coaligned for the second experiment. Cadmium foil is used to shield
the aluminium, which is a strong scatter.

momentum transfers in the (a,b)-plane, i.e. (2π
a h,

2π
b k, 0).

In the first experiment the sample was mounted inside a vertical field 15 T cryomagnet
allowing for an applied field in the c-axis direction, i.e. perpendicular to the superconducting
planes. In the second experiment the sample was mounted in a He-flow cryostat and the
temperature dependence of the magnetic fluctuations was studied.

6.1.1 Incoherent scattering

In LSCO there is a lot of incoherent scattering. Since Sr-atoms replace La-atoms at random
positions throughout the sample this causes site-incoherent scattering and furthermore the
La-atoms give rise to some spin-incoherent scattering. This type of incoherent scattering is
primarily elastic. Due to the finite resolution it means that there is a large contribution from
incoherent scattering for small values of energy transfer, which can obscure the small scattering
signal arising from low-energy IC fluctuations. The width of the resolution function changes

2This notation means that before the monochromator there is no collimator, between the monochromator
and the sample there is a 60′ collimator, between the sample and the analyser is a radial collimator and after
the analyser there is no collimator. In a radial collimator the blades point radially out from the sample position,
thereby allowing all neutrons from the sample position to pass.
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for different configurations of the instrument and therefore the incoherent scattering is more
pronounced for some configurations of the spectrometer than others. At the beginning of the
experiment energy scans were made for two distinct values of kf and it was seen that due to
resolution effects kf = 1.55 Å−1 has larger tails of incoherent scattering than what is the case
for kf = 1.4 Å−1, see Fig. 6.2. Therefore, the latter was chosen for measurements at small
energy transfers (E = 0.3 meV and some of the E = 0.6 meV measurements).

To be able to compare count rates of the measurements taken at different values of kf ,
it is necessary to correct for the difference in resolution volume. This integrated intensity
(integrated over energy transfer) is proportional to the resolution volume of the outcoming
beam, Vf =

∫
dkfPf (kf − kf ), Pf (kf − kf ) being the resolution function in k, which is a

narrow distribution around kf [6]. We need to correct the data taken at kf = 1.4 Å−1 by

the fraction:
Vf (kf=1.55 Å

−1
)

Vf (kf=1.40 Å
−1

)
and we must also correct for the prefactor kf in the differential

scattering cross section. From Fig. 6.2 we can determine the resolution volumes. The data
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Figure 6.2: Energy scans of incoherent scattering at q=(1.77 , 0.9 , 0), which is away from any
ordering position. The integrated intensity is I =

∫
dωC(ω), where C(ω) is counts for an energy

transfer of h̄ω. By comparing the areas under the Gaussian curves we get
I(kf=1.55)
I(kf=1.40) = 1.991.

Therefore, to normalize the count rates of kf = 1.40 Å−1 we multiply by 1.991 1.55
1.40 = 2.204.

was corrected by firstly subtracting the reactor background (which is configuration independent
with a rate of 1.4 counts/min) whereafter normalizing the measurements from the kf = 1.4 Å−1

configuration by multiplying by the fraction of integrated intensities, see caption of Fig. 6.2.

6.1.2 The incommensurate position

First the incommensurate position was determined. Scans were made through the line (1.12 k
0), of which two are depicted in Fig. 6.3, the left scan is from the first experiment and the right
scan is from the second experiment. The scans reveal well-defined peaks at non-zero energy
transfer and both peaks appear at the IC position qIC = (1.125, 0.115, 0)±(0.005, 0.005, 0.005).
The position does not vary with energy transfer, which is consistent with the previous observa-
tions of the very steep dispersion for low-energy fluctuations [34, 19]. Neither did the position
vary with temperature. The width of the peaks are significantly broader than the resolution
limited width. The FWHM of the Gaussian peak to the left is κ1 = 0.040 r.l.u. = 0.049 Å−1
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and the FWHM of the Gaussian peak to the right is κ2 = 0.049 r.l.u. = 0.060 Å−1. The
correlation lengths obtained from the inverse of the HWHM of the Gaussian fitting gives ξ(0.5
meV)∼ ξ(1.5) meV ∼ 40 Å. The correlation lengths are significantly smaller than the correla-
tion length of the static IC signal [16], but comparable to the inelastic correlation length for
doping x=0.145 and energy transfer 2 meV[24].
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Figure 6.3: Scans through the IC position along the k-direction. Both peaks are observed at
the same IC position qIC = (1.125, 0.115, 0)± (0.005, 0.005, 0.005). The blue lines indicate the
resolution limited width and it is seen that the peaks are significantly broader. This means
that the correlation length is relatively short. Black (red) data are taken in zero (10 T) applied
field.

The well-defined peak positions made it possible to proceed by three-point scans, which
was a little less time-consuming. The angle a3 was kept constant and counting was done at
qIC and two points at the background values, q1 = (1.12, 0.16, 0) and q2 = (1.136, 0.01, 0),
each with half counting time compared with the qIC point. Counting on each side of the peak
enables correction for a sloping background.

6.2 The first experiment in zero and 10 T field

The purpose of the first experiment was to study the spin fluctuations at different temperatures
and to investigate if the application of an external magnetic field shifts the spectral weight or
the temperature dependence of the fluctuations.

6.2.1 Temperature dependence of the fluctuations for h̄ω = 0.5 meV

In LSCO of doping 12% the static IC order parameter falls off monotonically with temperature
and there is no static IC order for temperatures greater than Tc ≃ TN [27]. The inelastic
scattering signal persists for temperatures above the superconducting transition temperature
of 27 K as seen in Fig. 6.3 (a), where a strong inelastic signal is observed at temperatures
slightly greater than Tc.

The temperature dependence of the IC fluctuation at an energy transfer of h̄ω = 0.5 meV
was investigated in zero field and in an applied field of 10 T. We observed that low-energy IC
fluctuations remain present long after the break-down of superconductivity up to temperatures
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of the order 2Tc as seen in Fig. 6.4. This is consistent with the observations in LSCO of
different dopings [20, 16, 32]. The scattering signal peaks at or just above the superconducting
transition temperature and falls off rapidly at temperatures above 40 K. We observe no effect
of an applied field.
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Figure 6.4: a) Intensity of the inelastic scattering signal for an energy transfer of 0.5 h̄ω at
the IC position qIC = (0.125, 0.115, 0). Blue (red) data points are taken in zero (10 T) field
and the open triangles give the background level which is constant in temperature. A counting
time of about 11 min. corresponds to a monitor count of 600000. b) Background subtracted
neutron intensity converted to dynamic susceptibility, χ′′(T, ω), given in arbitrary units. A
vertical line is inserted at Tc= 27 K. Lines are guides to the eye.

The scattering function is related to the imaginary part of the dynamical susceptibility,
χ′′(q, ω), which also depends on temperature. Since we keep the scattering vector constant at
q = qIC in the following we consider the imaginary part of the susceptibility as a function of
energy and temperature, i.e. χ′′(T, ω). In Fig. 6.4 (b) we have converted the intensity data to
the imaginary part of the susceptibility.

Both the scattering function as well as the susceptibility show a small dip in the signal at
T ∼ 20 K, but it is not clear whether this is a real feature and we have no reason to suscept
that a dip is present or not. More data around this temperature value would be needed to
decide. The dip might indicate that the scattering signal has a strongly peaked behaviour at
T ∼ Tc.

6.2.2 Energy scan in the range h̄ω = 0.5 − 7 meV

The fluctuation signal was mapped out as a function of energy transfers in the range h̄ω = 0.5−7
meV with a coarse energy spacing of 0.5 − 1 meV. In Fig. 6.5 energy scans at three different
temperatures is depicted. The background is temperature independent as observed in Fig. 6.4.
It is seen that the observed energy dependence is given by the Bose-factor (1 − e−h̄ω/kBT )−1

and the imaginary part of the susceptibility is therefore roughly constant. From the data taken
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Figure 6.5: a-c) Inelastic scattering signal at temperatures T=2, 30 and 60 K. The red (blue)
data are taken in 10 T (zero) field and open triangles show the background. The yellow dashed
lines show fits to the Bose-factor c(1−e−h̄ω/kBT )−1 when allowing for an offset, c. The data at
2 and 30 K are well-described by the Bose-factor, whereas the 60 K data is not. d-f) Scattering
signal converted to the imaginary part of the dynamic susceptibility.

at T=2 K and 30 K it is seen that there is no effect of applying a 10 T magnetic field. Data
at 60 K was only taken in zero field.

6.3 The second experiment in zero field

The aim of second experiment was to determine whether a small energy gap is present in the
fluctuation spectrum at the incommensurate position. In order to do this the inelastic scattering
signal was measured for energy transfers in the range 0.3- 3 meV at varying temperatures
T = {5, 13, 22, 32, 42} K. Furthermore the temperature dependence of the fluctuations of energy
transfer E = {0.3, 0.6, 1.5} meV was investigated in a temperature range of 5 − 70 K.

6.3.1 Temperature considerations

It is of course of great importance for the conclusions based on these data that the temperatures
are correct. Therefore I have checked the data files to assure that there has been established
thermal equilibrium between the sample and its environment before measurement takes place
(this was not possible in the first experiment, since the temperature settings were not stored in
the data files). The issue seems to be somehow troublesome as the environment temperature,
sT , is almost at all times smaller than the sample temperature, sTB. The temperature in the
datafile is the measured temperature in the beginning of each data collection. In average one
measurement lasts roughly 5 minutes.

There are indications that for most of the measurements there is a fixed difference between
the sample temperature and the tunable environment temperature. One possible explanation is
an overshooting of the sample temperature prior to equilibrium establishment. However, from
Fig. 6.6 where the temperature is plotted versus scan number for some three-points scans,
it seems more likely that there is a constant temperature gradient between sT and sTB of
about 2 K apart from some single points with very large gradients. The latter points have been
omitted from the analysis due to the temperature uncertainty and the remaining data have been
plotted regarding sTB as the actual sample temperature throughout the entire measurement.
The reason for the constant temperature gradient between the sample temperature, sTB, and
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Figure 6.6: Temperature as a function of scan number of three-points scan through the IC
position. It is seen that there is a constant set off of about 2-3 K. The region of scan numbers
10-20 and similar regions have been omitted because of the temperature uncertainty in these
measurements.

the setting temperature sT can be due to heating of the Cadmium foil which are put in the
vicinity of the sample to shield the Aluminium, see Fig. 6.1. Cadmium absorbs neutrons rather
than scatter them and is thereby heated. The sample temperature, which is measured at the
plate below the sample, might therefore be somewhat higher than the setting temperature.
The data seems to indicate that this is indeed the case.

6.3.2 Temperature dependence of fluctuations of h̄ω = 0.3, 0.6, 1.5
meV

In Fig. 6.7 we show the temperature dependence of IC peak intensity for an energy transfer
of 0.3 meV. The signal is strongly temperature-dependent with a maximum at or just above
Tc ≃ TN , whereafter a sharp decrease sets in in the temperature range 35-50 K. Some data
points in the region of 40-50 K are missing due to a temporary instability in temperature
as discussed above. The data was taken in constant kf=1.40 Å−1 mode to minimize the
contribution from the incoherent scattering giving less intensity compared to kf=1.55 Å−1

mode used for scans of larger energy transfer, see also Sec. 6.1.1. This is corrected for in the
right part of Fig. 6.7.
In Fig. 6.8 the temperature dependence of the fluctuations at energy transfers h̄ω = 0.3, 0.6,
1.5 meV is depicted. The data differs only slightly from the Bose-factor indicating that the
imaginary part of the susceptibility is roughly constant for low temperatures. At temperatures
at or just above Tc the data curves bend away from the behaviour predicted by the Bose-factor
only showing that there is a change in the susceptibility at this temperature. The data at h̄ω=
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Figure 6.7: Temperature variation of fluctuations of energy transfer E=0.3 meV at the IC
position q=(1.125,0.115,0). In the left figure the red line indicates the reactor background
which is independent of the chosen kf mode and the open triangles show the mean value of
the background measured at each side of the peak position in the three-point scans. The data
is taken in constant kf = 1.4 Å−1 mode and to normalize the data to constant kf = 1.55
Å−1 one needs to subtract the reactor background in advance. In the right figure the reactor
background has been subtracted and the data has been normalized.

0.3 meV bend away from the Bose-behaviour at Tc and actually there might be indications of
a small dip in the scattering function at temperatures close to T=20 K making the scattering
function deviate from the Bose behaviour already at T=20 K. The dip feature is similar to
the observation in the first experiment at T= 20 K and h̄ω = 0.5 meV, though it is not as
pronounced here as it was in the first experiment. The data at higher energy transfers bends
away from the Bose behaviour at temperatures slightly greater than Tc at T ∼ 34 K.

In the lower part of Fig. 6.8 the data has been corrected for the Bose-factor and it is seen
that χ′′(T, ω) is only approximately constant for low temperatures, but seems to decrease at
temperatures below 10 K for energy transfers 0.3 meV and 0.6 meV.

6.3.3 Energy scans in the range h̄ω = 0.3 − 3 meV

Energy scans at different temperatures are depicted in Fig. 6.9. All data was taken at constant
kf = 1.55 Å−1. The background at energy transfer h̄ω = 0.3 meV is high due to incoherent
scattering. The background was assumed to be temperature independent based on the observa-
tion in Fig. 6.7. Background subtraction was performed pointwise for the first point, h̄ω = 0.3
meV and for the remaining points the background level given by the dotted line in Fig. 6.9 a)
was subtracted.
In the right part of Fig. 6.9 data was converted to the imaginary part of the susceptibility. It is
seen that there is no clear energy gap at low temperatures, where clear energy gap is defined as
a complete suppression of the scattering intensity below a certain threshold energy. However,
we observe a partial suppression of χ′′(q, ω) at energy transfers below h̄ω = 0.6 meV and the
effect is most pronounced for the lowest temperature T=5 K, where it drops by more than a
factor of 3. For higher temperatures the tendency of suppression for h̄ω ≤ 0.6 meV remains,
but is less strongly pronounced.
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Figure 6.8: Upper part: Temperature dependence of the fluctuations at the IC position for
an energy transfer of h̄ω =0.3, 0.6 and 1.5 meV in zero field. The background, which is
energy dependent but temperature independent, has been subtracted and data is normalized
to constant kf=1.55 Å−1 mode. The dashed lines indicate the low-temperature behaviour due
to the Bose-factor only, i.e. assuming constant χ′′(T, ω). Lower part: Data converted to the
imaginary part of the susceptibility. Lines are guides to the eye. The vertical dotted line
indicates the superconducting transition temperature, Tc = 27 K.
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Figure 6.9: Left: Energy scans at the IC position qIC in zero field. Open triangles show
background data taken at q = (1.12, 0.2, 0). Lines are guides to the eye. Right: Data converted
to the imaginary part of the susceptibility.

6.3.4 Fitting of the data

One way of analysing the data is to fit the scattering signal to the Bose-factor to determine
the temperature and energy where the behaviour deviates from the Bose-factor. In Fig. 6.10
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the Bose-factor, Eq. 6.1, has been plotted for the relevant energies and temperatures.

1 + nB(T, ω) =
1

1 − e−h̄ω/kBT
(6.1)
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Figure 6.10: a) The Bose-factor plotted as a function of energy for 3 chosen temperatures.
The arrows indicate the position of h̄ω = kBT . b) The Bose-factor plotted as a function of
temperature for 3 chosen energies. The arrows indicate the position of T = kB

h̄ω .

The data is fitted to a constant times the Bose-factor to determine how much of the behaviour
is solely due to that factor and how much is related to changes in the imaginary part of the
dynamic susceptibility. As an example of the procedure consider the temperature dependence
of the fluctuations for a fixed energy transfer of 0.6 meV. The fit to a Bose-factor is also made
for the scans of Fig. 6.9 where we keep the temperature fixed. An example has been shown
in Fig. 6.12. The fitting obtained at different energies and temperatures has been depicted in
App. B. In Fig. 6.13 the fitting parameter χ2 has been plotted as a function of temperature and
energy. From these plots we read off the point (T, ω), where the behaviour of the imaginary
part of the susceptibility changes, i.e. where χ2 differs significantly from 1.



6.3 The second experiment in zero field 55

0 10 20 30 40 50 60
0

20

40

60

80

100

120

h̄ω = 0.6 meV
χ2 = 49.0295

Temperature [K]

C
ou

nt
s 

[M
on

 6
00

00
0]

0 10 20 30 40 50 60
0

20

40

60

80

100

120

h̄ω = 0.6 meV
χ2 = 31.1701

Temperature [K]

C
ou

nt
s 

[M
on

 6
00

00
0]

0 10 20 30 40 50 60
0

20

40

60

80

100

120

h̄ω = 0.6 meV
χ2 = 7.174

Temperature [K]

C
ou

nt
s 

[M
on

 6
00

00
0]

0 10 20 30 40 50 60
0

20

40

60

80

100

120

h̄ω = 0.6 meV
χ2 = 3.1991

Temperature [K]

C
ou

nt
s 

[M
on

 6
00

00
0]

Figure 6.11: Fitting to Bose-factor for energy fixed at h̄ω = 0.6 meV. We start by including
all data and gradually omit data of high temperatures. When fitting to data for temperatures
below T ∼ 35 K a fairly good agreement between the data and the Bose-factor is obtained.
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Figure 6.12: Fitting to Bose-factor for temperature fixed at T=5 K. We start by including
only a few data points just below h̄ω = 3 meV and gradually include more data. When
fitting to data for energies above h̄ω ∼ 0.6 meV a fairly good agreement between the data and
the Bose-factor is obtained. For temperatures above 35 K there is a change in the dynamic
susceptibility.

The points (T, ω) are hereafter plotted in Fig. 6.14. This figure provides a rough way of
mapping out points in (T, ω)-space, where the imaginary part of the dynamic susceptibility
changes, but it gives no information about how it changes and it is not complete, i.e. there
might be other ”zone boundaries” along which χ′′(T, ω) changes. The reason why such zone
boundaries are interesting is because they might help us to get an overview of where the
system changes behaviour. If there is a dramatic change in the susceptibility as a function
of temperature or energy the phase of the system has changed such that new excitations are
possible.

The black points in Fig. 6.14 have been obtained by fitting as shown in Fig. 6.11. At the
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Figure 6.13: χ2 as obtained from the fitting procedure described above and in App. B, where
data has been fitted to the Bose-factor.

energy transfer of 1.5 meV the fit to a Bose-factor gives no change in the susceptibility as a
function of temperature for T < 45 K, as shown by the right-most black point in Fig. 6.14.
The blue points in Fig. 6.14 have been obtained by keeping the temperature constant and then
fitting to the Bose-factor from an energy transfer of h̄ω = 3 meV and downwards in energy,
see Fig. 6.12. It is emphasized that what we obtain is a very crude picture of the susceptibility
changes and we cannot rule out the possibility that χ′′(T, ω) changes as a function of temper-
ature in this blue regime, but Fig. 6.9 (right) indicates that the variation with temperature is
small in this energy range.

In the lower domain of Fig. 6.14 it is not very clear what happens. In this regime the
susceptibility is smaller than in the blue domain and it is not constant; the right part of
Fig. 6.9 indicates that χ′′(T, ω) changes with energy, but not with temperature.

6.4 Discussion

In LSCO of dopings above x = 0.135 there is a clear energy gap at the IC position for energy
transfers below h̄ω ≃ 3 meV. In LSCO of lower doping there is no clear energy gap, only a
partial suppression in the scattering signal for low energy transfers. It is natural to ask if this
difference in whether we observe a clear energy gap or not, is connected to the presence of
static IC order in the underdoped LSCO and the absence of such an order at higher doping
values. Maybe the microscopic origin of the low-energy fluctuations in underdoped samples is
different than the origin of the fluctuations at higher energies. The high energy fluctuations in
underdoped LSCO then maybe have the same microscopic origin as the fluctuations observed
in LSCO of doping x ≥ 0.135.

One idea could be that there is an anisotropy in the magnetic order as a residual feature
of the LCO mother compound. If we consider the anistropy of the antiferromagnetic mother
compound to play a significant role for the incommensurate order in the daughter compounds
the suppresion of the susceptibility could be due to an anisotropy gap in the magnetic structure.
This will be discussed in Chap. 7.

In Fig. 6.15 I have plotted the energy gaps, clear gaps as well as ”hidden” gaps observed
in LSCO. The spin gaps in samples of dopings x ≥ 0.135 are depicted in blue, whereas the
“hidden” gaps are drawn with red open symbols. The highest value of the gap is observed at the
optimal doping x = 0.16. The ”hidden” gap that we observe is quite small compared to those
observed by Chang [20] and Kofu [21] for x = 0.105 and x = 0.125 respectively. Especially the
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Figure 6.14: Overview of the results from the fitting-procedure described above, where data
has been fitted to the Bose-factor. The blue points are determined from the energy scans of
Fig. 6.9 and show when χ2 starts deviating from 1, when fitting the Bose-factor to the data
with respect to the energy variable, keeping the temperature constant. The black points stem
from similar procedure, now keeping the energy constant and fitting the data to the Bose-factor
for increasing temperatures. The lowest black point for which h̄ω = 0.3 meV, the fit to the
Bose-factor is not very convincing, see App. B for details. The dotted lines are guides to the
eye. These indicate “zone boundaries“ at which there is a change in the imaginary part of the
dynamic susceptibility, χ′′(T, ω).
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Figure 6.15: Schematic drawing of the values of spin gaps and “hidden“ gaps.

value reported by Kofu et al. is large even though their doping value is only slightly different
than ours. This is most likely due to the fact that their definition of a ”hidden” gap is different
than ours. In the data from Kofu et al. the susceptibility is not suppressed below the cited
gap value; there is only a dip in the susceptibility χ′′(T, ω). From the energy scan by Kofu et
al. which is shown in Fig. 4.10 it is seen, that they actually observe a suppression of about a
factor 3 in χ′′(T, ω) at h̄ω ≃ 0.6 meV, which is consistent with our observation.
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Chapter 7

Antiferromagnetic spin-wave
theory

In the following sections I calculate the dispersion relation for the antiferromagnetic spin-waves
in the mother compound LCO. Section 7.1 treats the simple case of a Néel ground state and
no applied magnetic field, whereas Sec. 7.2 handles the more complicated case of spins canted
slightly out of the (a,b)-plane and a magnetic field applied perpendicular to the CuO2 planes.

7.1 Spin-waves in zero field with the spins in the CuO2

planes

I follow the procedure outlined by Yosida [37] and start by considering spin-waves in the case
of zero applied field and no canting. The Cu spins lie in the CuO2 planes and to account
for the antiferromagnetic ordering we construct a Néel state as the ground state by use of
anisotropy. We consider a Heisenberg Hamiltonian, where the exchange coupling is strongest
in one direction giving rise to an easy axis. The LCO system is quasi 2D since the total exchange
coupling between spins residing in neigbouring planes is of the order J⊥ = 0.003 ± 0.003 meV
which should be compared to a average in-plane exchange constant of JNN ≃ 116 meV as
reported by Thio et al. [35].

The aim is to calculate the dispersion relation which relates the energy transfer h̄ω to the
wavevector q and the energy constants of the Hamiltonian. The idea is to Fourier transform
the spin fluctuations and assume that these have a harmonic time dependence, i.e. of the form
eiωt. Furthermore we assume that the ground state of the system is given by a Néel state with
the spins antiferromagnetically ordered along the y-axis. For the excitations we thus have:

Sn = S + δSn , Sm = −S + δSm

where n is the index for the first sublattice and m is the index for the second sublattice and

Sn =





δSxn
S
δSzn



 and Sm =





δSxm
−S
δSzm





The changes are very small compared to the total spin, δSx, δSy, δSz << S, and since we only
consider terms which are zero or first order in the fluctuations, δSy is omitted (all terms contain

59
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a product of two spin-components). We consider the Hamiltonian:

H =
∑

n,ρ

JyS
y
nS

y
n+ρ + Jxz(S

x
nS

x
n+ρ + SznS

z
n+ρ)

(7.1)

The index n runs over one sublattice of the Néel structure and the ρ runs over its nearest
neighbours, which lie on the other sublattice. We assume Jy > Jxz > 0 in order to obtain
an AFM model with one-axis anisotropy along the y-direction 1. Recall the spin commutation
relations which will be used in the following: [Sx, Sy] = ih̄Sz.
The equation of motion is given by:

h̄

i

dSn
dt

= [H,Sn] (7.2)

By use of this and the commutation relations we get:

h̄δṠn = −
∑

ρ





JySδS
z
n + JxzSδS

z
n+ρ

0
−JySδSxn − JxzSδS

x
n+ρ



 (7.3)

where terms which are second order in the fluctuations have been omitted. For the other
sublattice the overall sign is changed:

h̄δṠm = −
∑

ρ





−JySδSzm − JxzSδS
z
m+ρ

0
JySδS

x
m + JxzSδS

x
m+ρ



 (7.4)

We Fourier transform using two different names, Aq and Bq, for the components belonging to
different sublattices:

δSn =

√

2

N

∑

q

eiq·RnAq (7.5)

δSm =

√

2

N

∑

q

eiq·RmBq (7.6)

where N
2 is the number of sites in each sublattice. We have

∑

ρ Jy = zJy, where z is the
number of nearest neighbours and

∑

ρ

Jxze
iq·(Rn+ρ−Rn) = zJxzγq

where the last sum is independent of n because of the lattice structure. In our case of a 2D
square lattice we have:

γq =
1

z

∑

ρ

eiq·(Rn+ρ−Rn) =
1

2
[cos(qxa) + cos(qyb)] (7.7)

After a Fourier transformation we obtain:

h̄





Ȧxq
Ȧyq
Ȧzq



 =





SzJyA
z
q + SJxzzγqB

z
q

0
−SzJyAxq − SJxzzγqB

x
q



 (7.8)

1Section 7.2 treats the case of different exchange constants in all spin-directions, but keeping the easy axis
along the y-direction.



7.1 Spin-waves in zero field with the spins in the CuO2 planes 61

−6.2832

−3.1416

0

3.1416

6.2832

−6.2832

−3.1416

0

3.1416

6.2832
0

50

100

150

200

250

qxa
qyb

h̄
ω

−6.2832

−3.1416

0

3.1416

6.2832

−6.2832

−3.1416

0

3.1416

6.2832

0

50

100

150

200

250

qxa
qyb

h̄
ω

−6.2832
−3.1416

0
3.1416

6.2832

−6.2832

−3.1416

0

3.1416

6.2832
0

50

100

150

200

250

qxa
qyb

h̄
ω

−6.2832
−3.1416

0
3.1416

6.2832

−6.2832

−3.1416

0

3.1416

6.2832
0

50

100

150

200

250

qxa
qyb

h̄
ω

Figure 7.1: Upper part: Dispersion relation Eq. 7.12 plotted for Jbb=116 meV, Jaa = Jcc =
0.9Jbb (left) and Jaa = Jcc = Jbb (right). Lower part: Dispersion relation Eq. 7.13 plotted
for Jbb=116 meV, Jaa = 0.95Jbb, Jcc = 0.90Jbb. In the left-most figure the dispersion relation
h̄ω+(q) is shown, while the right figure shows the dispersion h̄ω−(q).

and

h̄





Ḃxq
Ḃyq
Ḃzq



 =





−SzJyBzq − SJxzzγqA
z
q

0
SzJyB

x
q + SJxzzγqA

x
q



 (7.9)

When converting to creation- and annihilation operators this results in the four equations:

Ȧq± = Ȧxq ± iȦzq

= ∓iS [zJyAq± + JxzγqBq±] (7.10)

Ḃq± = Ḃxq ± iḂzq

= ±iS [zJyBq± + JxzγqAq±] (7.11)

In this way we reduce the eigenvalue problem to a 2× 2 matrix, since A+ couples only to A+

and B+. We anticipate a harmonic time dependence of the form eiωqt and solving the equation
system we get:

det

[
−SzJy − h̄ωq −SzJxzγq
SzJxzγq SzJy − h̄ωq

]

= 0 ⇔

h̄ωq = zS
√

J2
y − J2

xzγ
2
q (7.12)
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The number of nearest neighbours is z = 4 and γq ∈ [−1, 1] and since Jy ≥ Jxz we have real
solutions at all values of q. Only if Jy = Jxz is the dispersion curve gapless at (qx, qy) =
(πnx

a ,
πny

b ) with nx, ny ∈ Z both odd or both even. In the case that all exchange constants are
different, Jbb > Jaa > Jcc, the dispersion relation is given by:

h̄ω± = Sz
√

(Jbb ± Jaaγq)(Jbb ∓ Jccγq) (7.13)

In the neutron scattering experiments of Chap. 6 the fluctuations in the CuO2 planes are
explored and the scattering vector is of the form q = (qx, qy, 0). I have plotted the dispersion
spectrum of Eqns. 7.12 and 7.13 in Fig. 7.1. In an AFM spin wave neighbouring spins will
turn in opposite directions. When Jaa 6= Jcc two different scenarios are possible corresponding
to the different signs in Eq. 7.13. A schematic drawing of the spin waves in a classical picture
is given in Fig. 7.2. If we consider the dispersion relation h̄ω+(q) and the a-component only,
it is seen that the energy of the spin wave is maximal if λ = a, which gives q = 2π

a , and
minimal if λ = 2a, i.e. q = π

a , whereas for the c-component the opposite holds. Therefore
if Jaa > Jcc we get a spin-wave dispersion as shown in the left-most corner of Fig. 7.1. This
picture is circumvent in the dispersion relation given by h̄ω−(q) as seen in the right-most corner
of Fig. 7.1.
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Figure 7.2: A schematic drawing of the two dispersion relations h̄ω±(q) for uncanted spins in
the Néel state.
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7.2 Canted spins and applied field

In LCO canting of the spins occurs upon cooling when the structure changes from HTT to
LTO. The symmetry break happens because the CuO6 octahedra tilts as indicated by arrows
on the O-atoms in Fig. 4.1. In a theoretical model the tilt can be described by a new term in
the Hamiltonian, the so-called Dzyaloshinsky-Moriya (DM) energy [37]:

HDM =
∑

i,δ

D · (Si × Si+δ)

The canting takes place at the expense of exchange energy. When no canting is present and
the spins are antiparallel the exchange energy is at minimum and the DM energy is zero. If the
spins are perpendicular it is the other way round. The amount by which the spins are canted
depends on the ratio D

J . Setting D = (Jbc, 0, 0) the new Hamiltonian including exchange
energy as well as the DM energy can be written as:

H =
∑

i,δ

Si · JNN · Si+δ, JNN =





Jaa 0 0
0 Jbb Jbc

0 −Jbc Jcc



− gµBH ·
∑

i,δ

(Si + Si+δ) (7.14)

We take Jbb > Jaa > Jcc > 0 and let the CuO2 planes be the (a,b)-plane with the b-axis being
the easy axis as before. The off-diagonal terms Jbc are much larger than the differences in the
exchange coupling terms |Jaa− Jbb| and |Jcc− Jbb|. The Zeeman term arises from the applied
field perpendicular to the CuO2 planes.

Canting of the spins
Let us consider the off-diagonal terms in the Hamiltonian Eq. 7.14; Jbc(Syi S

z
i+δ − Szi S

y
i+δ).

Because of the easy direction the spins will have large components along the y-direction. If we
take Jbc < 0 the canting of the spins is as depicted in Fig. 7.3 (taking Jbc > 0 will cant the
spins in the opposite direction).
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Figure 7.3: Exaggerated drawing of the canting of spins out of the (a,b)-plane due to the DM-
energy. It is crucial to distinguish between the two different sublattices, since the Hamiltonian
is not invariant to interchange of the lattices due to the DM term.

Canting angle
The torque on a spin in a magnetic field is given by T = µ×H. The magnitude of the canting,
θ, is found from a balance argument of the effective interactions. In equilibrium the total torque
must be zero, i.e. for every spin in the system we must have µ×Htot = 0, where Htot include
the applied field as well as the effective exchange interaction from the surrounding spins.
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Figure 7.4: Canting of the spins out of the CuO2 planes by an angle θ.

Effectively we have three torques acting on each spin, Si:

1 The exchange coupling to the nearest neighbour spins, JNN , will act so as to align the
spins in an antiparallel manner in the planes as seen in the previous section. Here we
do not account for the anisotropy since it does not lead to a canting of the spins. The
torque due to the exchange coupling is 2: Nexchange = JNNSi ×

∑

δ Si+δ.

2 The anisotropic superexchange field arising from the DM term gives rise to a torque:
NDM = JbcSi ·

∑

δ Si+δ

3 The applied interplanar field will act so as to align the neighbouring spins out of the easy
plane with the torque being: NH = gµBS × H.

The exchange coupling drags in the opposite direction as the the anisotropic superexchange
field and the applied interplanar field. These considerations can be summarized in the equation:

|Nexchange| = |NDM| + |NH| ⇔

S2zJNN sin 2θ = S2zJbc cos 2θ + gµBSH cos θ ⇒

θ =
Jbc + gµBH/(zS)

2JNN
(7.15)

where I have used that θ is very small and z = 4 is the number of nearest neighbours in the
plane.
Spin waves of canted spins
In Section 7.1 we calculated the dispersion relation in the case of an antiferromagnet, where
the spins are lying in a plane and are antiparallel. We will now calculate the dispersion relation
in the case of canted spins and an applied interplanar field. We allow for different exchange
constants in all 3 directions. The two different scenarios have been pictured in Fig. 7.5. To
simplify the calculations I have used the Holstein-Primakoff method as described in the next
section.

2This can either be seen from the torque on a spin in an effective field from the surrounding spins or it can
be derived from the quantum mechanical equation of motion

h̄

i

dSn

dt
= [H,Sn] with H =

X

i,δ

JNNSi · Si+δ

where the evaluation of the commutation results in a cross-product of neighbouring spins.
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Figure 7.5: The left figure represents the spin rotation for a single spin in the case of no canting.
The right figure shows spin rotation in the case of canted spins.

7.3 Holstein-Primakoff method

The Holstein-Primakoff method provides an alternative for calculating the dispersion relation in
the formalism of second quantization. It also provides a way of calculating energy contributions
from spin wave interactions. However, we will only consider the simple spin wave energy not
including interactions. In the method we must introduce a local spin coordinate system to
align the spin along one of the axes. In our case we will choose the y-axis as the easy axis
as before. Thus we must begin by rewriting the Hamiltonian, such that the spin-coordinates
are expressed in two local coordinate systems, one for each lattice. When this has been done
we can use the Holstein-Primakoff transformation: For the l sublattice (in which the main
component of the spins point along the positive y-direction) we introduce the bose operators
a and a† which relate to the spin operators through the relations:

Sly = S − a†l al Sl− = (2S)1/2a†l

(

1 − a†l al
2S

)1/2

Sl+ = (2S)1/2

(

1 − a†l al
2S

)1/2

al (7.16)

For the second sublattice m we introduce the bose operators b and b†

Smy = S − b†mbm Sm− = (2S)1/2b†m

(

1 − b†mbm
2S

)1/2

Sm+ = (2S)1/2
(

1 − b†mbm
2S

)1/2

bm (7.17)

In our case we are only concerned with the first order approximation and therefore we will omit
the second order terms:

Smy = S − b†mbm Sm− = (2S)1/2b†m Sm+ = (2S)1/2bm (7.18)

We start by introducing two local coordinate systems which has been rotated with respect to
a common unrotated system. For the l-sublattice we rotate the angle θ about the x-axis while
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as for the m-sublattice we rotate the angle π − θ about the same axis. The spin coordinates
of the unrotated coordinate system as a function of the spin coordinates of the rotated spin
coordinates can be written:





Sx
Sy
Sz



 =





1 0 0
0 cos θ − sin θ
0 sin θ cos θ









Sx1

Sy1
Sz1





=





Sx1

Sy1 cos θ − Sz1 sin θ
Sy1 sin θ + Sz1 cos θ



 (7.19)

and





Sx
Sy
Sz



 =





1 0 0
0 − cos θ − sin θ
0 sin θ − cos θ









Sx2

Sy2
Sz2





=





Sx2

Sy2 − cos θ − Sz2 sin θ
Sy2 sin θ − Sz2 cos θ



 (7.20)

This we insert into the Hamiltonian whereby we get:

H =
∑

m,l

[JaaSxl S
x
m + JbbSyl S

y
m + JccSzl S

z
m + Jbc(Szl S

y
m − Syl S

z
m)] + gµBH0(

∑

l

Szl +
∑

m

Szm)

=
∑

m,l

[Jaa(Sx1

l Sx2

m ) + Jbb(Sy1l cos θ − Sz1l sin θ)(−Sy2m cos θ − Sz2m sin θ)

+Jcc(Sy1l sin θ + Sz1l cos θ)(Sy2m sin θ − Sz2m cos θ)

+Jbc [(Sy1l sin θ + Sz1l cos θ)(−Sy2m cos θ − Sz2m sin θ) − (Sy1l cos θ − Sz1l sin θ)(Sy2m sin θ − Sz2m cos θ)]

+gµBH0[
∑

l

(Sy1l sin θ + Sz1l cos θ) +
∑

m

(Sy2m sin θ − Sz2m cos θ)]

=
∑

m,l

[JaaSx1

l Sx2

m + (−Jbb cos2 θ + Jcc sin2 θ)Sy1l S
y2
m + +(Jbb sin2 θ − Jcc cos2 θ)Sz1l S

z2
m

+Sy1l S
z2
m

(
−Jbb cos θ sin θ − Jcc cos θ sin θ − Jbc cos2 θ + Jbc sin2 θ

)

−Sz1l Sy2m
(
−Jbb cos θ sin θ − Jcc cos θ sin θ − Jbc cos2 θ + Jbc sin2 θ

)

+gµBH0[
∑

l

(Sy1l sin θ + Sz1l cos θ) +
∑

m

(Sy2m sin θ − Sz2m cos θ)] (7.21)

Next step is to replace the spin operators by the operators al, a
†
l , bm, b

†
m This is done by the

replacements:

Sy2m = S − b†mbm

Sx2

m =
1

2
(2S)1/2

[(

1 − b†mbm
2S

)1/2

bm + b†m

(

1 − b†mbm
2S

)1/2
]

≃ 1

2
(2S)1/2

(
bm + b†m

)

Sz2m =
1

2i
(2S)1/2

[(

1 − b†mbm
2S

)1/2

bm − b†m

(

1 − b†mbm
2S

)1/2
]

≃ 1

2i
(2S)1/2

(
bm − b†m

)

(7.22)
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and similarly for the other lattice. Inserting into the Hamilton and only keeping terms which
are linear or quadratic in the operators we get:

H =
∑

m,l

[Jaa
S

2
(al + a†l )(bm + b†m) + (−Jbb cos2 θ + Jcc sin2 θ)(S2 − S(a†l al + b†mbm))

−S
2

(Jbb sin2 θ − Jcc cos2 θ)(albm + a†l b
†
m − alb

†
m − a†l bm)

+
(
−Jbb cos θ sin θ − Jcc cos θ sin θ − Jbc cos2 θ + Jbc sin2 θ

) S
√

2S

2i
(bm − b†m)

−
(
−Jbb cos θ sin θ − Jcc cos θ sin θ − Jbc cos2 θ + Jbc sin2 θ

) S
√

2S

2i
(al − a†l )

+gµBH0[
∑

l

((S − a†l al) sin θ +
1

2i
(2S)1/2

(

al − a†l

)

cos θ)

+
∑

m

((S − b†mbm) sin θ − 1

2i
(2S)1/2

(
bm − b†m

)
cos θ)] (7.23)

Rearranging the terms gives:

H = h0 +
∑

l

h1ala
†
l +

∑

m

h1bmb
†
m +

∑

l,m

(

h2albm + h2a
†
l b

†
m + h3a

†
l bm + h3alb

†
m

)

+gµBH0[
∑

l

√
2S

2i

(

al − a†l

)

cos θ +
∑

m

√
2S

2i

(
bm − b†m

)
cos θ]

+
∑

m,l

(
−Jbc + (Jcc − Jbb) cos θ sin θ

) S
√

2S

2i
(bm − b†m) +

(
Jbc + (Jcc − Jbb) cos θ sin θ

) S
√

2S

2i
(al − a†l )

(7.24)

where

h0 = zNS2(Jbb cos2 θ + Jcc sin2 θ) +NSgµBH0 (7.25)

h1 = −zS(−Jbb cos2 θ + Jcc sin2 θ) − gµBH0 sin θ (7.26)

h2 =
S

2
(Jaa + Jcc cos2 θ − Jbb sin2 θ) ≃ S

2
(Jaa + Jcc) (7.27)

h3 =
S

2
(Jaa − Jcc cos2 θ + Jbb sin2 θ) ≃ S

2
(Jaa − Jcc) (7.28)

The linear terms, i.e. the last two lines of Eq. 7.24 cancel out as a consequence of the canting of
the spins in the equilibrium configuration. This is seen by setting equal the coefficients of the
operators al−a†l (the same equation holds for setting equal the terms containing the operators
bm − b†m). Setting cos θ ≃ 1 and sin θ ≃ θ results in the equation:

gµBH0 = zS
(
(Jbb + Jcc)θ − Jbc

)
⇔

θ =
Jbc +H0gµB/(zS)

Jbb + Jcc
(7.29)

If anisotropy is not taken into account - similar to the argument leading to Eq. 7.15 - we have
Jbb = Jcc = JNN whereby we obtain the equilibrium canting angle, see Eq. 7.15.
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To proceed we Fourier transform the problem to reciprocal space 3:

H = h0 +
∑

q

h1(aqa
†
q + bqb

†
q)

+
∑

q,δ

(

h2e
iq·δaqb−q + h2e

−iq·δa†qb
†
−q + h3e

iq·δa†qbq + h3e
iq·δaqb

†
q

)

= h0 +
∑

q

(

h1(aqa
†
q + bqb

†
q) + zγq(h2aqb−q + h2a

†
−qb

†
q + h3a

†
qbq + h3aqb

†
q)
)

(7.30)

Next step is to diagonalize this Hamiltonian. This can been done by a method described by
Lindg̊ard et al. [38]. Setting sin2 θ = 0 we get the following eigenenergies:

h̄ωq = ±
√

h2
1 + (zγq)2h2

3 ± 2zγqh1h3 − (zγq)2h2
2

= ±
√

(zS)2J2
bb − (zS)2γ2

qJaaJcc − 2zSJbbgµBH0 sin θ ± zSγq(Jaa − Jcc)(zSJbb − gµBH0 sin θ)

= ±zS
√

J2
bb − γ2

qJaaJcc ± γqJbb(Jaa − Jcc) − (2Jbb ± γq(Jaa − Jcc))
gµBH0

zS
sin θ

(7.31)

In the second line I have assumed that the differences in exchange couplings are bigger than the
DM energy term. In the case of θ = 0 the expression is simplified to the dispersion relation of
non-canted spins given by Eq. 7.13 as expected. In the case of zero field there is no contribution
from the canting of the spins in the dispersion relation to first order in sin θ.

This result is not consistent with the spin wave dispersion in the papers by Peters et
al. [12] and Thio et al. [35]. They claim that two energy gaps are present, one which they
identify with ∆ = 4JbcS for q = 0 and another gap which arises from the small difference
is exchange couplings [12]. Their dispersion relation is based on the assumption that the
difference in the in-plane exchange constants is vanishing compared to the DM energy, i.e.
|Jbb− Jaa| << Jbc and |Jbb− Jcc| << Jbc. We now make the same assumption and since Jbc is
larger than the differences in the exchange couplings we do not omit the terms containing sin2 θ
in Eqns. 7.26, 7.27 and 7.28. In this case we get some extra contributions to the dispersion
relation (arising from the terms (zγq)2h2

3 − (zγq)2h2
2 ± 2zγqh1h3)

4:

(zS)2γ2
q

JaaJbb
(Jbb + Jcc)2

(Jbc +H0gµB/(zS))2 ± (zS)2γq
J2
bb

(Jbb + Jcc)2
(Jbc +H0gµB/(zS))2

In the limit where we take Jbb ≃ Jaa ≃ Jcc ≃ JNN and consider q-values for which γq = ±1
we see that the extra terms gives (under the squareroot in Eq. 7.31)

1

2
(zS)2(Jbc +H0gµB/(zS))2 or 0

3As an example we get

X

l

ala
†
l

=
2

N

X

l,q1,q2

ei(q1−q2)·Rlaq1
a†
q2

=
X

q

aqa†
q

X

l,m

albm =
2

N

X

l,δ,q1,q2

eiq1·Rleiq2·(Rl+δ)aq1
bq2

=
X

q,δ

eiq·δaqb−q

4I have just found out that I haven’t taken into account the contribution from h2
1. Therefore the conclusion

below is not correct. I will try to resolve this question before the thesis defence and have therefore left the
calculations uncorrected for now.
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In summary, when taking both exchange anisotropies and the DM-energy into account, the
dispersion relation is:

h̄ωq = ±zS
[

J2
bb − γ2

qJaaJcc ± γqJbb(Jaa − Jcc) + γ2
q

JaaJbb
(Jbb + Jcc)2

(Jbc +H0gµB/(zS))2

±γq
J2
bb

(Jbb + Jcc)2
(Jbc +H0gµB/(zS))2 − (2Jbb ± γq(Jaa − Jcc))

gµBH0

zS

Jbc +H0gµB/(zS)

Jbb + Jcc

]1/2

(7.32)

In the limit of the DM-energy being much larger than the differences in exchange couplings we
get an energy gap (in zero field) of ∆ ≃ 1√

2
zS|Jbc| ≃ 3S|Jbc| and another energy gap, which

is much smaller and due to the exchange coupling differences. This is roughly consistent with
the gaps cited by Peters et al. From the fourth and fifth term it is seen that an external field
(H0 ≃ 10 T) does change the energy gap visibly, since H0gµB/(zS) has the same order of
magnitude as Jbc ≃ 0.5 meV 5. Moreover, we observe that in the case of zero field the energy
gap scales with the spin, S. This observation will be useful in the discussion of the next section.

7.4 Discussion of the energy gap observed in LSCO 12 %

Peters et al. [12] report the in-plane and out-of-plane energy gaps in LCO at the zone center
(q = 0) observed by neutron scattering. They find ∆in-plane = 1.0±0.3 meV and ∆out-of-plane =
2.5 ± 0.5 meV. If we want to compare the energy gap of LCO with the “hidden“ gap of the
IC order in LSCO it is probably more adequate to compare with the energy gaps at the
commensurate AFM position in LCO, q = (πa ,

π
a ) (in tetragonal notation). We get γ2

q = 1 at
the commensurate position and therefore the energy gap will be the same as at the zone center,
where also γ2

q = 1.
It is only possible to distinguish between the in-plane and out-of-plane fluctuations if using

polarized neutron scattering. In our experiment we used unpolarized neutron scattering. We
therefore observe both in-plane and out-of-plane spin waves and we assume to get equal con-
tributions from both types of dispersion. We will try to scale the values of the energy gaps in
LCO by the magnetic moment of the spins in LSCO of different dopings obtained from neutron
scattering [11, 16]. This is done in order to decide whether an anisotropy gap might explain the
suppression of scattering intensity seen in neutron scattering data for small energy transfers in
Sec. 6.3.3. The observed magnetic moment in the mother compound LCO is smaller than what
is to be expected from the spin 1/2 of each Cu atom as mentioned in Sec. 4.1. Furthermore,
in LSCO, the moment is strongly dependent on the Sr-doping as seen in Fig. 7.6.

5The Bohr magneton is µB = 0.05788meV
T
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Figure 7.6: Left: Magnetic moment q as a function of doping, x. There is a peak in the
moment at the doping value x=0.12. Above x=0.14 there is no static moment. The moment
is derived from neutron scattering data from [11] and [16] and has been determined by the
procedure outlined in Sec. 3.8. Right: Anisotropy gap of undoped LCO normalized to the
magnetic moment at different dopings.

We use the relation: S = µ
gµB

with g=2.2 and the moment given by the experimental values
in Fig. 7.6 and thereby scale the anisotropy gap in LCO with the observed spin value to get an
estimate of an anisotropy gap at the incommensurate position in LSCO. At a doping value of 12
% we see that the rescaled energy gaps are roughly ∆out-of-plane ≃ 0.7 meV and ∆in-plane ≃ 0.3
meV. With the unpolarized neutrons we observe both of these gaps. We can thus interprete
the signal drop in the data of Sec. 6.3.3 at ∆ ≃ 0.6 meV as a signature of the out-of-plane gap,
while the in-plane gap is not resolved. It is due to the small in-plane gap that we do not see a
total suppression in the scattering at energies below 0.6 meV.



Chapter 8

Investigation of the field-effect of
the elastic scattering signal in a
x=0.12 LSCO sample

This experiment was performed at the cold neutron triple axis spectrometer Rita-II at PSI,
Switzerland, by Niels Bech Christensen and the author. We adressed the topic of magnetic
enhancement of the static IC order. The goal of the experiment was to clarify if the observed
field-enhancement of the incommensurable magnetic peaks 1 could be due to a rotation of the
spins.

In the LCO mother compound the exchange coupling constants is of the order 100 meV [12,
35]. We can expect the exchange constants giving rise to the IC magnetic order to be of the
same order of magnitude. It is the small anisotropies in the spin Hamiltonian, which causes
the spins to align in a preferred direction. These anisotropy energies are of the order 0.5
meV [12, 35]. A field of 13.5 Tesla corresponds to an energy of about 1 meV. Thus it is not
unlikely that the field can cause a rotation of the spins.

Since the scattering signal arises from the spin components perpendicular to the scattering
vector, a rotation of the spins could cause enhancement of the scattering signal at some IC
positions while at other positions the signal would decrease. A decrease in IC signal upon
application of a field has never been observed. Experiments are typically performed in the
first Brillouin zone, since the form factor variation of the neutron cross-section implies that
magnetic signal is generally more likely to be observable here. It might therefore be, that the IC
signals which have been observed all happen to show an increase, while we need to investigate
some new positions to see a possible decrease.

We set out to study the IC signal at positions in the first Brillioun zone as well as the second
Brillioun zone. Such a study is time-consuming because it requires significant counting times
to find and resolve the magnetic IC signal even in the first Brillouin zone, since the signal is at
most 30 % above the background when measured in zero field. It is therefore not an easy task
to find several IC positions, especially if going to higher Brillouin zones, since the signal is even
smaller due to the decrease in the magnetic form factor 3.3. Nevertheless it is of fundamental
interest to investigate the matter which questions the general understanding of the effect of an
external field; that the field causes an increased magnetic volume fraction in the sample.

The idea was to investigate different Brillouin zones to see if an enhancement of the peak at
one position in reciprocal space was accompanied by a decrease in signal for a peak at another
position as could be the case if the spins rotate in a field, but would not be the case if the field

1The field enhancement is discussed in Sec. 4.7

71



72
CHAPTER 8. INVESTIGATION OF THE FIELD-EFFECT OF THE ELASTIC

SCATTERING SIGNAL IN A X=0.12 LSCO SAMPLE

1.4 1.6 1.8 2 2.2 2.4 2.6 2.8
0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

q [Å−1 ]
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Figure 8.1: Formfactors of Cu-ions with spin 1/2 for wave vectors q=(1.12 k 0) as a function
of q (left) and k (right). The blue curve corresponds to s-wave; the spin density, ρs(r) only
depends on the length of r and not its direction. The green curve shows the formfactor of an
d-wave distribution of the spin density, i.e. with ρs(r) being a function of x2 − y2. Plots have
been made by use of the Matlab functions formfactorsq.m and mff cu3d.m, see App. D.

altered the volume fraction, while having no effect on spin directions. Since it is not clear how
the spin orientation is for each of the IC peaks the study should ideally include several zones
in all directions to get a complete picture. However, because of the low signal-to-noise ratio
and limited time, we had to settle for only two peaks in the first Brillioun zone and one peak
in the second Brillouin zone.

A second outcome of the experiment was a very detailed investigation of the splitting of
the crystal into different domains upon cooling. When the crystal temperature is lowered
the crystal structure changes from a High-Temperature-Tetragonal (HTT) structure to a Low-
Temperature-Orthorombic (LTO) structure. The lattice constants a and b differ by less than
1% and therefore the crystal splits into domains in which the long and short crystal axes
interchange directions. The domain splitting is apparent when scanning through a structural
peak and the phenomenon is called twinning. This matter will be discussed in Sec. 8.2. In
the following sections I present the data obtained at the IC positions in zero field and in an
external field of 13.5 Tesla.

8.1 Experimental setup

The crystal under investigation is a x = 0.12 doped LSCO of transition temperature Tc =
27 ± 1 K. The crystal, which has the form of a cylinder with the c-axis almost radial was
mounted in a 15 T cryomagnet. A Be-filter was placed between the sample and the analyser to
avoid contamination from higher order neutrons. The crystal was aligned with the (a,b)-plane
horizontally such that scattering vectors of the form q = (2π

a h,
2π
b k, 0) were accessible. Only

elastic scattering was performed.

8.2 Twinning into 4 domains

From gridscans of the structural peaks it was apparent that a splitting of the Bragg peaks did
occur upon cooling and we were able to resolve 4 domains in the crystal. The transition from
HTT to LTO structure occurs due to a tilt of the CuO6 octahedra. The octahedra can tilt
around the axes [110] or [110] of the HTT phase in tetragonal notation. The rotation can be
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either clockwise or anti-clockwise and thereby a total number of 4 domains are possible. One
of the possible tilts is indicated by arrows in Fig. 4.1 of Sec. 4.1. The crystal was aligned with
respect to the strongest structural Bragg signals and the lattice parameters were:

a 5.356 Å
b 5.312 Å

Table 8.1: Lattice constants which define the orthorhombic coordinate system with respect to
which we measure the scattering vectors q = (h k 0).

The splitting increases for large values of q and is therefore easier to resolve at the position
(0 2 0) than at (0 1 0). This is apparent in Fig. 8.2. The gridscan at (0 1 0) is obtained by
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Figure 8.2: Left: Gridscan around (0 2 0). Right: Gridscan around (0 1 0).

removing the Be-filter, thereby letting through higher order neutrons. I will briefly explain
how this comes about:
Let 2d denote the lattice spacing corresponding to the reciprocal lattice vector (0 1 0), i.e. d
corresponds to (0 2 0). If we let the spectrometer be configured to reach the position (0 1
0) given by λ = 2(2d) sin θ1 ⇔ θ1 = λ

4d no signal occurs, unless we let through higher order
neutrons. We get:

λ = 2(2d) sin θ1 ⇔
λ

2
= 2d sin θ1 (8.1)

Neutrons of wavelength λ
2 that diffract from (0 2 0) as given in Eq. 8.1 will give a signal at the

nominal position (0 1 0).
The IC peaks that we investigate are situated in the vicinity of (0 1 0) and (-1 0 0). It

is however easier to resolve the different peaks and the signal is larger at (0 2 0) and (-2 0
0). Therefore we fit the peaks at (0 2 0) and (-2 0 0) to Gaussians, which for the 4 peaks in
Fig. 8.2 gives the results tabulated in Tab. 8.2. The fourth peak is very weak and only visible
as a shadow in Fig. 8.2. A similar procedure is used at the structural peak position (- 2 0 0).

To obtain the positions of the second order peaks we simply divide the positions by a factor of
2. Errorbars are likewise divided by a factor 2 2. The reason that we fit the first order peaks

2Uncertainty of a product q = Bδx, where B is known exact is δq = |B|δx from [36]
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h [r.l.u.] k [r.l.u.] counts [monitor 1000] width along h-direction [r.l.u.] Domain
−0.0025 ± 0.0002 1.9996 ± 0.0004 7200 ± 200 0.0061 ± 0.0001 1
−0.0101 ± 0.0002 1.9839 ± 0.0005 5000 ± 100 0.0067 ± 0.0001 2

0.0098 ± 0.0002 1.9834 ± 0.0002 3800 ± 100 0.0060 ± 0.0001 3
−0.0206 ± 0.0009 2.000 ± 0.001 1200 ± 80 0.005 ± 0.001 4

Table 8.2: Position, amplitude and width of the twinned peaks around the structural position
(0 2 0). The domains are named by numbers 1-4 for later reference; the most pronounced
domain is called Domain 1 etc.
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Figure 8.3: Gridscan around the structural peak position (-2 0 0).

and thereafter divide by 2 is that the signal is stronger and the twinning better resolved at
the first order positions. The results are given in Tables 8.3 and 8.4 and give a very detailed
description of the twinning in our crystal.

h [r.l.u.] k [r.l.u.] Domain
−0.0013 ± 0.0002 0.9998 ± 0.0002 1
−0.0051 ± 0.0001 0.9920 ± 0.0003 2

0.0049 ± 0.0001 0.9917 ± 0.0001 3
−0.0103 ± 0.0003 1.0000 ± 0.0005 4

Table 8.3: Table of the splitting of the second order peaks (0 1 0).

h [r.l.u.] k [r.l.u.] Domain
−0.9996 ± 0.0002 −0.0011 ± 0.0001 1
−1.0075 ± 0.0001 −0.0061 ± 0.0001 2
−1.0043 ± 0.0002 0.0042 ± 0.0001 3
−1.0010 ± 0.0003 −0.0101 ± 0.0002 4

Table 8.4: Table of the splitting of the second order peaks (-1 0 0).

I calculate the lattice constants of the different domains in order to determine which domains
have a < b and which have a > b. We expect two of each type. Let (hD1, kD1) and (hD2, kD2)
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Figure 8.4: A schematic drawing of the observed structural peaks around (-200) and (020) with
Domain 1: red, Domain 2: yellow, Domain 3: blue, Domain 4: cyan. Our coordinate system is
orthorhombic and the lattice constants are derived from the peaks of highest intensity, drawn
in red.

denote the structural peak position of the Domain 1 peak and Domain 2 peak respectively with
respect to the defined coordinatesystem, Fig. 8.4 of lattice constants aD1 and aD2 of Tab. 8.1.

√

(hD1a∗D2)
2 + (kD1b∗D2)

2 =
√

(hD2a∗D1)
2 + (kD2b∗D1)

2 (8.2)

Using the structural peaks around (0 1 0) and (-1 0 0) gives two equations of two unknowns
yielding the results of Tab. 8.5. Within an uncertainty of 0.006 Å all domains except Domain

Domain a [Å] b [Å] type
1 5.356 5.312 a > b
2 5.314 5.354 a < b
3 5.331 5.355 a < b
4 5.348 5.311 a > b

Table 8.5: Lattice constants derived by Eq. 8.2 and the data of Tabs. 8.4 and 8.3.

3 give the same lattice constants (The results of Domain 1 and 2 agree within an uncertainty
of 0.002 Å). It is not clear why the result of Domain 3 deviates. Possibly the peak position
has not been well established, which might be due to tails from the stronger peaks arising from
Domain 1 and 2.

It is not well understood how the twinning affects the IC order. One speculation might be
that there is a twinning effect of each IC peak. Such a splitting is hardly resolvable since the
twinning is not very well-defined at (0 1 0) and the IC signals are low. However, it can not be
ruled out that a possible broadening of the observed IC peak could be due to a twinning effect
within each IC signal. This would complicate the interpretation, since the correlation length
of the magnetic order is then not directly related to the width of the IC peak.
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Another possibility could be that the different IC peaks arise from different domains. It is
often hard to find the IC signals. Whether this is because of a large disturbing background
level or due to no magnetic ordering at the specific position is hard to tell. If the domain
splitting is what causes the different IC signals this is maybe the explanation why sometimes
only some of the IC peaks are observed.

IC peaks come in pairs. Let us consider a peak of the IC quartet around (1 0 0). If we have
an IC peak at G=(1 − δ, δ, 0) there will also be a peak at -G=(−1 + δ, −δ, 0). By adding a
reciprocal vector (2 0 0) we get (1 + δ, −δ, 0), which is another peak of the IC quartet around
(1 0 0). A common understanding is that the IC peaks come in pairs, with one pair belonging
to the a < b domains and the other belonging to the b < a domains. If stripes lie in the
direction of either the long or the short orthorhombic axis, the stripes of different domains will
be perpendicular to each other. If the spins point in the direction of the stripes, then spins of
different domains would be perpendicular to each other. If we combine these interpretations
this results in spins of different IC pairs being perpendicular.

The idea in this experiment 3 was to explore the data in order to clarify whether it seems
probable that each IC signal splits in the same way as the structural peaks or if it is likely
that the different IC peaks arise from different domains. In order to answer the latter question
we set out to investigate the relative intensities and positions of the Bragg peaks belonging
to different domains and compare with the IC peaks found. Unfortunately, the data was too
sparse to allow for a systematic mapping of the IC signals. In the data analysis I in general
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Figure 8.5: Left: One scenario, in which the two domains of a > b gives rise to two IC peaks,
and the other domains of a < b gives rise to the other two IC peaks. The structural peak
(0 2 0) with twinning and the IC quartet around (1 0 0) have been drawn as filled and open
circles respectively. A possible connection between the structural peaks and the IC peaks has
been indicated by the red and blue color. The proposed pairing is arbitrary. In this scenario
there is no twinning of the IC peak. Right: In the other scenario we expect the IC peaks to
show the same twinning profile as the structural peaks display. Thereby the IC signals display
a complicated structure and we expect the same incommensurability (δh, δk) for all of the IC
twin peaks. The drawing depicts the case of one common incommensurability δh = δk = δ.

3This is beside the aim of investigating if a rotation of the spins takes place due to an applied field.
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consider the incommensurabilities in the h- and k-direction as independent. Furthermore I do
not apriori anticipate the underlying magnetic structure such as the hypotesis given in Fig. 8.5
(left).

8.3 Field effect of the magnetic scattering signal

Two IC peaks are found in the first Brillouin zone, see Figs. 8.6 and 8.7. Both peaks are
enhanced by a magnetic field of 13.5 T, but by differing amounts of enhancement. At the
position Q1 = (−0.1240, 1.1022, 0) the fraction of amplitudes in field and zero field is R =
Amp(H=13.5 T)
Amp(H=0 T) = 3.08 ± 0.38 whereas at Q2 = (−1.1244, 0.1149, 0) we get R = 1.24 ± 0.25.

We turned to look for an IC signal in the second Brillouin zone. It was not a simple matter
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Figure 8.6: Scan along the direction (1 -1 0) through the IC position Q1 = (−0.1240, 1.1022, 0).
Black (red) data are taken in zero (13.5 T) field. Signal is shown as a function of h (left) and
k (right).

since it required very large counting times to resolve a signal. In Fig. 8.8 we have counted
roughly 60 minutes per point at the central points. Surprisingly we found no signal in zero
field, but a signal was present when applying a magnetic field. Fitting the zero field data to a
Gaussian with the same center and width as the in-field peak gives an amplitude of Amp = 0±2
counts.
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Figure 8.7: Scan along the direction (1 1 0) at the IC position Q2 = (−1.1244, 0.1149, 0). Black
(red) data are taken in zero (13.5 T) field. The scan at this position is made broader in order
to decide whether the peak width increases in a field or if there was an increase in background.
It seems to be an increase in background level, but it is not clear what is the reason for this
increase.
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Figure 8.8: Zero field and in-field data at a IC position in the second Brillouin zone, Q3 =
(−0.887, 1.885, 0).

8.3.1 Correlation length

Since we got the strongest signal for measurements in a field we determine the position and
width of the peak from the field data. From the Gaussian fit to the data in Fig. 8.6 the
width is σh = 0.0052 ± 0.0004 r.l.u. and σk = 0.0056 ± 0.0004 r.l.u. along the h- and k-
direction respectively. The fitting of the peak in Fig. 8.7 gives σh = 0.005 ± 0.001 r.l.u. and
σk = 0.0048 ± 0.0008 r.l.u. In the scenario where each IC peak is twinned in the same way
as the structural peaks, see Fig. 8.5 (right), we expect the signal to be broader in h and k if
scanning along the (1 1 0) direction than if scanning along the (1 -1 0) direction. This is due
to the structure of the twinning, the two most pronounced peaks stemming from the Domain
1 and 2. This does not seem to be the case for our two scans through Q1 and Q2 which are
scanned along the (1 1 0) and (1 -1 0) direction respectively.

This width is compared to the width of a Bragg peak at (0 1 0) which gives the resolution
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limited width due to the instrument and the sample mosaicity. Fitting of the structural peaks
at (0 1 0) given in Fig. 8.2 (right) gives for a single twin peak σh ≃ σk ≃ 0.004 ± 0.001 r.l.u.

The width of the IC signal is comparable to the width of a Bragg peak within the given
uncertainties. We conclude that the magnetic signal is resolution limited and it therefore
doesn’t seem plausible that there is a twinning effect within each IC signal. A resolution
limited width corresponds to a correlation length of

ξin-plane ≥
1

HWHM
=

1

0.005
√

2 ln(2)

5.312 Å

2π
= 144 Å

The data taken in zero field was well-fitted to a Gaussian with the position and width
parameters determined from the field-data. Therefore we conclude that the incommensurate
signal does not shift position and the width is resolution limited also in zero field, i.e. within
the resolution of the scattering experiment the correlation length in the (a,b)-plane does not
change when applying a field.

8.3.2 The incommensurate positions

From the Gaussian fitting of the IC signal we get the positions:

Q1 = (−0.1240, 1.1022, 0) ± (0.0004, 0.0004, 0)

Q2 = (−1.1244, 0.1149, 0) ± (0.0009, 0.0009, 0)

I have numbered the peak positions for later reference. These positions are with respect to
the strongest structural Bragg peak referred to previously as Domain 1. It is seen that the
displacements are not given by one displacement constant only and it differs in the h- and
k-direction.
The peak in the second Brillouin zone is centered at:

Q3 = (−0.887, 1.885, 0) ± (0.002, 0.002, 0)

The fact that not just one displacement constant can account for the incommensurability of the
different IC peaks raises the question if the different IC peaks belong to different domains like
the scenario described in Fig. 8.5 (left). In order to investigate this, we compare the positions
of the IC peaks with the structural peak positions.
From the positions around (1 0 0) and (0 -1 0) we get the positions of the structural Bragg
peaks around (-1 2 0) given in Tab. 8.6. By subtracting the structural positions from the IC

h [r.l.u.] k [r.l.u.] Domain
−1.0021 ± 0.0003 1.9985 ± 0.0004 1
−1.0176 ± 0.0002 1.9778 ± 0.0005 2
−1.0141 ± 0.0002 1.9876 ± 0.0002 3
−1.0216 ± 0.0009 1.990 ± 0.001 4

Table 8.6: Calculated positions of the structural peaks around (-1 2 0).

positions we get the incommensurabilities given in Tab. 8.7. This is done in order to investigate
if the different IC peaks belong to different domains.
It is seen that the incommensurabilities, δh and δk, vary by approximately 0.01 r.l.u. and
they differ from the relation δ ≃ x = 0.12, see Fig. 4.3. The incommensurability contains
information about the periodicity of the microscopic arrangement of the spins and it is not
fully understood what kind of structure gives rise to the IC order 4. The question we ask is

4Different possibilities include the stripe order, SDW order and spiral order, see e.g. [43]
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D Q1: δh [r.l.u.] Q1: δk [r.l.u.] Q2: δh [r.l.u.] Q2: δk [r.l.u.] Q3: δh [r.l.u.] Q3: δk [r.l.u.]
1 (a > b) −0.1227 ± 0.0004 0.1024 ± 0.0004 −0.1248 ± 0.0009 0.1160 ± 0.0009 0.115 ± 0.002 −0.114 ± 0.002
2 (b > a) −0.1189 ± 0.0004 0.1102 ± 0.0005 −0.1169 ± 0.0009 0.1210 ± 0.0009 0.131 ± 0.002 −0.093 ± 0.002
3 (b > a) −0.1289 ± 0.0004 0.1105 ± 0.0004 −0.1201 ± 0.0009 0.1107 ± 0.0009 0.127 ± 0.002 −0.103 ± 0.002
4 (a > b) −0.1137 ± 0.0005 0.1022 ± 0.0006 −0.1234 ± 0.0009 0.1250 ± 0.0009 0.135 ± 0.002 −0.105 ± 0.002

Table 8.7: Table of the incommensurabilities. Data marked in blue show common incommen-
surabilities of (δh, δk) = (0.118, 0.112) ± (0.003, 0.002).

whether we can find the same set of incommensurabilities (δh , δk), across Table 8.7. If we
find the same incommensurability between different IC peaks and structural peaks this could
be an indicator that the IC peaks belongs to different domains. Since Domain 4 gives a very
low-intensity structural Bragg peak we do not expect this domain to be of great importance.
On the opposite we expect Domain 1 to give rise to at least one of the IC peaks.

The two peaks of the first Brillouin zone are connected via a reciprocal lattice vector of the
commensurate AFM order of LCO. Therefore a first guess could be, that they arise from the
same domain. However, the incommensurabilities of the two IC signals do not coincide for any
of the domains.

When comparing the incommensurabilities of Table 8.7 we see that if we match domains
and IC peaks in the following way: Domain 2 → Q1, Domain 3 → Q2, Domain 1 → Q3 (marked
by blue in Tab. 8.7) we get discrepancies of maximum ∆δh = 0.005 r.l.u. and ∆δk = 0.004
r.l.u. and a common incommensurability of (δh, δk) = (0.118, 0.112) ± (0.003, 0.002). This
could indicate that the three IC peaks correspond to different domains. However, it would be
very surprising if signals at positions that differ by the reciprocal lattice vector, (1 1 0), do not
correspond to the same domain. The only reason for this could be if the magnetic unit cell is
different than we think. It is also intriguing why the strongest domain (D1) match the weakest
IC signal, though of course there is the influence of the magnetic form factor to account for. It
is hard to make a final conclusion on this sparse background. More IC signals would be needed
to be able to either confirm or reject the hypothesis.

8.4 Discussion

We obtain a resolution limited signal width in zero field as well as in an applied field of 13.5
Tesla. This is consistent with what has previously been observed by Chang et al. in LSCO
of doping 12 % [16] and by Lake et al. in LSCO of doping x=0.11 [22], where ξin-plane ≥ 110
Å and ξin-plane ≥ 400 Å respectively. If the effect of a magnetic field is to increase the
magnetic volume fraction this would lead to an increase the in-plane correlation length if the
magnetic domains are correlated. Because of the limited resolution we are not able to resolve
this question. However, LSCO of doping 10.5% has a correlation length of ξin-plane = 46 Å [16]
which is below the resolution limit and it does not change in a magnetic field of 12 T. This
suggests that if the effect of a magnetic field is to introduce new magnetic regions these are
uncorrelated with the already existing ones. The correlation length in the third direction,
i.e. in the interplanar direction, has long been considered less important in the quest for an
explanation of the observed field-enhancement. Only one experiment has investigated the issue
and found that an external field does modulate the signal in that direction, see Sec. 4.8. We
will return to the question in Chap. 9.

One of the main questions leading to this experiment was if the magnetic field causes a
rotation of the spins. Unfortunately we only obtained three convincing IC signals all of which
showed an enhanced signal upon application of a magnetic field. The surprising result that
there was no zero-field signal at the IC position Q3 = (−0.887, 1.885, 0) could indicate that the
spin alignment is parallel to q in zero field and rotate in a field, such that a spin-component
perpendicular to the scattering vector becomes present. It is actually hard to think of other
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explanations why an IC signal, which was not there in zero field, becomes present in field. Let
us therefore pursue this idea a little further.

Let us assume that all three IC peaks have the same spin alignment direction in zero field as
well as in a field and let us try a simple model, where the spins are turned 90◦ upon application
of a field. The direction of the spins in zero field is then given by Q3 and we can calculate
the angles between the scattering vectors and the spins. Let α1 denote the angle between the
scattering vector, Q1, and the spin direction of the spins giving rise to the IC signal at Q1 etc.
See Fig. 8.9 for a schematic drawing of the IC positions and the proposed spin configurations.
The results for the angles between the scattering vectors and the spin alignment are tabulated
in Tab. 8.4 We compare the angles between the scattering vectors and the proposed spin
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Figure 8.9: Schematic drawing of the three incommensurate positions Q1, Q2 and Q3 and pos-
sible spin alignment directions for zero field (blue arrows) and field (red arrows) configurations.

zero field field
α1 19◦ 71◦

α2 59◦ 31◦

α3 0◦ 90◦

directions for the peaks Q1 and Q2 in order to compare with the different enhancements, R,
that were obtained from the data in Sec. 8.3. The elastic scattering signal is proportional to
the magnetic structure factor squared; |FM (q)|2 ∝ sin2 α, where α is the angle between the
scattering vector and the spin direction and we assume that all spins are aligned in the same
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direction. The ratio of the amplitudes of field and zero field data, Rcal, is calculated. For the

IC signal at Q1 we get: Rcal = sin2(α1(H=13.5T ))
sin2(α1(H=0T ))

= 8.4 and for the IC signal at Q2 we get:

Rcal = sin2(α2(H=13.5T ))
sin2(α2(H=0T ))

= 0.36, so the proposed scenario would actually give a decrease for the

signal at Q2. One could continue the speculations that the spins might not be rotated 90◦, but
rather by a smaller amount. However, we will end the discussion by noting that in any case
three peaks are not sufficient to get at complete picture of the field-effect at different positions
in reciprocal space and we are therefore not able to conclude whether a rotation of the spins
takes place. The peculiarity that we only observe a signal in a field in the second Brillouin
zone could be an indicator that the spins rotate. However, since the signal is very weak, one
could also argue that it is because the magnetic volume fraction is simply too small to resolve
a good signal at a position, where the magnetic form factor suppresses the IC signals.



Chapter 9

Investigation of c-axis
correlations for LSCO of doping
x=0.12

In this chapter I describe two recent experiments in which we investigate the c-axis correla-
tions in LSCO of doping 12%. The first experiment was performed at the thermal triple axis
spetrometer BT-7 at NIST, Washington D.C. in April 2009, and the second experiment took
place at the cold triple axis spectrometer PANDA at FRM-II, Munich in June 2009. Both
experiments were done by Kim Lefmann and the author.

A correlation between the CuO2 planes will cause a modulation in the scattering signal
along l. In LSCO this has only been investigated once at a slightly smaller doping of x=0.11
and for a very small range in l [23]. Our experiments took place in zero field and the sample
was well-suited for the purpose, since the static IC order is well developed already in zero field.

9.1 Experiment at BT-7, NIST

9.1.1 Experimental setup

Our sample was the same LSCO of 12% doping as used in the Rita-II experiment, see Sec. 8.
The crystal was mounted in an He-flow (orange) cryostat with the alignment as described in
Sec. 9.1.2. We used the collimation open-50′-50′-open 1. The monochromator was unfocused
horizontally and focused vertically onto the detector in such a way that the intensity of a Bragg
peak was maximized. The analyser was in flat configuration mode. At BT-7, the neutron flux
at the sample position is 2 · 107 neutrons/(cm2· s). From the sample we measured a large
background of roughly 5 counts/s. We suspect that the beam was larger than the sample.
Furthermore the Aluminium sample holder was not shielded and this gave rise to strong Al
powder lines.

Elastic scattering was performed with the energy of the neutrons being 14.7 meV which
corresponds to a wavevector of k=2.6634 Å−1. We counted to constant monitor and a monitor
count of 28000 corresponds to 1 minute. Most measurements were performed at base temper-
ature, T= 4.3 ±0.5 K, with a few reference scans at T=40 K which is above the magnetic
ordering temperature.

1These collimation specifications refers to collimators inserted between the source and the monochromator,
the monochromator and sample, the sample and analyser, and the analyser and detector, respectively.

83



84
CHAPTER 9. INVESTIGATION OF C-AXIS CORRELATIONS FOR LSCO OF DOPING

X=0.12

9.1.2 Alignment

To be able to access wave vectors of the form (hIC , kIC , l) for varying values of l we needed
to align the crystal accordingly. The crystal, which is cylindershaped, is depicted in Fig. 9.7
of Sec. 9.2. The c-axis is parallel to a radial vector of the thick part of the cylinder. The
pre-alignment was performed using the Laue backscattering technique at Risø, DTU. In the

Figure 9.1: A diffraction pattern obtained by the Laue backscattering technique. The or-
thorombic (1 0 0) axis points out of the picture and is almost parallel to the beam direction.
From the distance to the central white spot the (1 0 0) axis is determined to be about 2.5◦ off
the horizontal plane. The c-axis is vertical.

mounting of the sample the horizontal orthorhombic axis and the c-axis was put into the
horizontal (scattering) plane. The Laue picture shown in Fig. 9.1 is the horizontal plane of
the alignment. The c-axis points vertically upwards and is tilted about 2.5◦ out of the plane
causing the small displacement between the central white and black spot. The orthorhombic
axis, which we named the a-axis points horizontally.

At the spectrometer BT-7 the precise alignment was done by doing a small tilt with the
cryostat, which can be titled about 10o. To obtain the (1 0 0) and (0 0 1) axes in the plane we
needed to tilt the upper and lower goniometers The cryostat can be tilted by use of two goniome-
ters, which rotate about two axes that are perpendicular to each other. by αupper = 0.296◦

and αlower = −4.68o respectively. In this configuration the lattice constants were determined.
In orthorhombic notation these are given by:

a 5.32611 Å
c 13.1129 Å
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9.1.3 Powder lines

The powder lines are present at constant angles a4=2θ, where θ is the scattering angle. Given
the angles, a4, at which a powder line is present we can calculate h as a function of l and a4. To
that end we need the length of a reciprocal lattice vector given by (h 0.12

1.12h l) which go through
the expected incommensurate position (1.12 0.12 l). To find the powder peak positions as a
function of h and k we do the following calculation:

q2 = q2x + q2y + q2z = (a∗h)2 + (b∗
0.12

1.12
h)2 + (c∗l)2 = q2Al ⇔

h2 =
q2Al − (c∗l)2

(a∗)2 + (0.107b∗)2
=

1

(a∗)2
q2Al − (c∗l)2

1 + (0.107b∗/a∗)2
⇔

h =
1

1.1797

√

q2Al − (0.4792l)2

1.0115
(9.1)

Since we know that Al has the structure of an fcc lattice, we know that the allowed reflections
have either all Miller indices odd or all even. Using the lattice constant dAl = 4.05 Åwe
calculate the length of the first, second and third order reciprocal lattice vectors, qAl and insert
into Eq. 9.1 thereby obtaining the plot in Fig. 9.2 The fraction b∗

a∗ = a
b ≃ 1.001 from the lattice

constants obtained from the Rita-II experiment, Sec. 8.2. The same procedure is used for Cu,
which has also fcc structure and dCu = 3.61 Å.
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Figure 9.2: A plot of the Al (blue) and Cu (magenta) powder lines of concern given the position
(h,k) in reciprocal lattice units. The green lines show the scan direction. The red line indicates
the position of the expected IC position for which h = 1.12. An a3 scan will be parallel to a
powder line, as discussed in Sec. 3.5.

9.1.4 Finding the IC positions

The IC peaks are found by tilting the sample and the cryostat. The tilting angle is given by
tan θtilt = b∗

a∗
kIC

hIC
, where we take a∗ ≃ b∗ since we cannot measure b∗ in this alignment 2. The IC

position (1.12 ± 0.12 0) can be reached by tilting the crystal an angle tan−1(± 0.12
1.12 ) = ±6.12◦

2Actually b can be determined from a twinned Bragg peak as shown in Sec. 9.2, but since the vertical
resolution is poor this small adjustment in scattering angle is not important.
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about the c-axis such that the orthorhombic axis, which was first in the scattering plane, is
tilted 6.12o out of the scattering plane. We tried to tilt in both directions and found a small
IC signal only at one of these positions, which we denote (1.12 -0.12 0). In Fig. 9.3 we show
the result of an a3-scan through (1.12 -0.12 0) 3. The cryostat was kept in this tilted position
through the whole experiment. We searched for an IC signal at positions (1.12 -0.12 l) for
differing values of l, always scanning through the line (h -0.11h l) 4.
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Figure 9.3: a3-scan through (1.12 -1.12 0). The Gaussian fit is centered at h = 1.109 ± 0.004
indicating that the rotation might be off and we might not have tilted correctly in order to
hit the IC peak position. The width is HWHM=0.017 and the signal-to-noise ratio is roughly
218/8600 ∼ 3 %.

The signal-to-noise ratio is only 3%, which is very small compared to the IC signals observed
at Rita-II, which was about 30%, see Fig. 8.6. Due to the resolution function we expect a lower
signal than in the experimental setup where the (a,b)-plane is in the scattering plane. In the
ideal setup the long axis of the resolution ellipsoid points in the same direction as the crystal
axis along which the signal is broadest, i.e. along which the correlation length is shortest. In
our case the signal is broadest in the c-direction, since the correlations between the CuO2 planes
is much more short-ranged than the in-plane correlations. In the experimental configuration
we have vertical focusing, which causes the resolution function to broaden along the vertical
direction. The crystal is aligned with the orthorhombic b-axis - along which the IC order is
long-range - pointing almost vertically, while the c-axis lies in the scattering plane. Hence,
we have a less optimal setup regarding the resolution, but since we set out to investigate the
correlations along the c-axis, there is no way we can get about this un-optimal configuration.

Even though the above resolution considerations explain why it is not surprising that we
obtain a smaller IC signal than in the Rita-experiment, there is also the possibility that we
might not have rotated the crystal correctly in order to position the IC peak exactly in the
plane. The fact that the Gaussian fitting is centered at h = 1.11 indicates that this might be
the case.
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Figure 9.4: Scans through (h −0.107h l) for l = 0.2, 0.3, 0.8, 1. There is no clear signal at
positions l = 0.2, 0.3, 0.8. At l = 1 the scan was made at 4 K (red) and 40 K (black). The
data has been fitted to two Gaussians of same width fixed at σ = 0.015 r.l.u. and keeping the
centers fixed at positions h = 1.115 and h = 1.167. The latter is the expected position of an Al
powder line. The 40 K data does not convince us that the right-most peak is a powder peak,
but the statistics are quite poor and therefore it is not possible to conclude whether the signal
persists at high temperatures. The fit indicates that there is an IC signal at l = 1 of about
160
4130 ≃ 4%.

9.1.5 Scans through (1.12 −0.12 l) for l ∈ [0, 3]

In this experiment we did not succeed in resolving a really convincing IC signal at (1.12 −0.12 l)
for l 6= 0. This was mainly due to the high background and the fact that strong diffraction
from powder lines was present in many of the scans. Even though the calculation in Sec. 9.1.3
enables us to avoid certain powder lines, there is still a risk of Al diffraction at slightly different
positions, which may arise due to neutrons that scatter from Al situated a little off the sample
position. The only way to be sure of a magnetic signal is to use polarized neutrons or scan
above the magnetic transition temperature to see if it disappears. In Fig. 9.4 I plot the scan
results at positions l = 0.2, 0.3, 0.8, 1, i.e. the four lowest green lines of Fig. 9.2. Except for the
scan at l = 1 no IC signal is resolved at the positions. At l = 1 there is a peak which presumably

3h = 2k sin θ√
(a∗)2+(b∗0.107)2

with θ = a4
2

4Only the first scan through l = 0 was performed as an a3-scan while the remaining scans were not a3-scans.
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is a powder line in the right part peak of the scan, and a peak positioned at h ≃ 1.115. From
the 40 K scan it seems like both peaks dissappear above the magnetic transition temperature,
but it might be due to the bad statistics that we don’t get a signal at the calculated powder
peak position.

The scan through l = 1.7 was obscured by an Al powder peak and will not be shown here.
At l = 2 a Cu powder peak was present. The position is crystallografically identical to the l = 0
IC position and we therefore expect an IC signal. It is seen from Fig. 9.5 that the 2 K data
seems to lie above the 40 K data. By pointwise subtraction of the data we can roughly estimate
the strength of the IC signal, but from the left part of Fig. 9.5 we see that the background
subtracted data does not show a clear peak.
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Figure 9.5: Left: Scan through (h −0.107h 2) at 4 K (red) and 40 K (blue). The non-magnetic
signal is due to a Cu-powder line as predicted in Fig. 9.2. The data has been fitted to Gaussians
of the same width and sloping background. Right: The 40 K data has been subtracted pointwise
from the 4 K data. No clear signal is present.

The results from this experiment does not allow for any conclusions about the c-axis corre-
lations, but it provided a good preliminary study for the PANDA-experiment, which will be
described in the next section.
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9.2 Experiment at PANDA, FRM-II

In the previous experiment at BT-7, NIST, we had some valuable experiences concerning the
difficulties of the experiment, which made us able to avoid some mistakes during the experiment
at PANDA. Among these the most important ones was to avoid the Al powder lines by shielding
the sampleholder by Cadmium and by carefully choosing suitable values of l and doing some of
the scans as a3-scans. Furthermore we made simulations of the resolution function in order to
choose l-values for which the long axis of the in-plane cut of the resolution ellipsoid is maximal
along the c-axis. This is discussed in Sec. 9.2.2 below.

9.2.1 Experimental setup

The crystal under investigation is the same x = 0.12 doped LSCO as used in the Rita-II and
BT-7 experiments, see Chap. 8 and Sec. 9.1 respectively. The crystal was mounted on a Al-
holder shielded by Cadmium foil. A small Aluminium wire was tied around the crystal. A
Cu adapter was used for the mounting, but was very far from the sample and hence not in
the beam. The monochromator was vertically focused 5, but in horizontal flat mode and the
analyser was in flat mode. In the experiment we did elastic scattering only and we used 5.0
meV neutrons, i.e. ki = kf = 1.55 Å−1. The Be-filter was placed before the sample to remove
the higher order neutrons thereby getting a very clean beam at the sample position.

We started the experiment by using no collimation at any position. The background was
roughly 6 counts/s. This configuration was used only at the first day where we scanned through
the IC position (1.12 0.12 0). At the second day of the experiment we changed the experi-
mental configuration by setting up collimators of 60′ between the monochromator and sample
and between the sample and analyser, i.e. open-60′-60′-open. Thereby we were able to reduce
the background by a factor of two, i.e. 3 counts/s, whereas the intensity at the Bragg peak
position (0 0 -2) was only reduced by roughly 20 %.
At PANDA the neutron flux is 1.9 · 107 neutrons/(cm2· s), when using no collimation and
focusing vertically at the monochromator. The flux is thus comparable to the flux at BT-7.
Since we used collimators and a Be-filter before the sample, the flux was reduced, but we get
the advantage of a clean beam, which showed to be very valuable for the experiment.

Alignment
Alignment was done prior to the experiment at BT-7, NIST, in April 2009. Before tilting the
cryostat the horizontal plane of the alignment contained the two reflections (2 0 0) and (0 0
-2). The lattice constants after cooling was:

a 5.318 Å
b 5.355 Å
c 13.276 Å

We were able to obtain an estimate for the lattice constant b by using the twinning of the
crystal. The twinned Bragg peak is depicted in Fig. 9.6.

Finding the IC positions
The IC peaks were found by tilting the sample. To reach the position (1.10 0.12 0) we tilted
the crystal tan−1( 0.12

1.12 ) = 6.12o about the c-axis 6 such that the orthorhombic axis was tilted
out of the scattering plane. We found a small signal at this position, obscured by a close-lying
Al-powder line.

5The vertical resolution is roughly 4◦.
6The c-axis was aligned such that a tilt around that axis corresponded to a tilt of the y goniometer.
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Figure 9.6: A scan through (2 0 0). Twinning of the Bragg peak due to domain splitting in
the LTO phase. At this position the twinning is about 0.015 r.l.u.

To avoid Al powder lines we tried the position (0.88 0.12 0) by tilting 7.8o. This position
revealed a more convincing peak at the position qhk = 0.890 (measured in units of a∗) which
can be converted to h in the following way:

a∗qhk =
√

(a∗h)2 + (b∗k)2 ⇔

h =
0.89

√

1 +
(

0.12
0.88

b∗

a∗

)2
= 0.882 (9.2)

9.2.2 Resolution considerations

We want to measure at optimal IC positions when taking the resolution function into account.
We scan perpendicular to the l-direction7. Using the Matlab program Reslib [9] and the in-
strument configuration of PANDA it is possible to map out the change in the resolution width,
i.e. the width of a Bragg peak, for different measuring positions in reciprocal space. We will
map out the resolution widths at the positions (0.88 0.12 l) 8 as a function of l. In Fig. 9.8 I
plot the width of a Bragg peak at the position (0.88 0.12 l) for scanning directions along (0.88
0.12 0) and (0 0 l) as a function of l for the experimental configuration open-60′-60′-open.

We are interested in a l-value for which the width along (0 0 l) is maximal while we want the
width in the other direction to be as small as possible. This will give us the best position for
observing an IC peak, since we scan along the direction (h 0.14h 0). Furthermore, we should
be aware that the form factor becomes smaller for larger q-values. With 5 meV neutrons the
largest l-value obtainable is l = 3.8 r.l.u. 9

7In most scans l is held constant. At positions where there is the risk of hitting a powder peak, we do a3
scans and therefore there will be a small change in the l-value. However, since this type of scan is only used for
large l-values the change in l during a scan is only small compared to the expected slow modulations in l, see
Fig. 9.2.

8I show the results for the simulations at these positions, because this was where the major part of the
experiment was performed.

9The theoretically largest l-value is found from the relation q = 2ki (2θ = 180◦) while in practice 2θ ≤ 130◦

giving q ≤ 1.8ki.
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Figure 9.7: Left: The LSCO single crystal aligned with the c-axis and the orthorhombic (1 0
0) axis in the plane. Right: Panda, FRM-II. The cryostat is tilted 7.8◦ in order to reach the
IC position (0.88 0.12 0).
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Figure 9.8: Left: The resolution limited width given as FWHM along the directions (h 0.14h 0)
and (0 0 l) as a function of l. The optimal positions are those where the Bragg width is broad
along (0 0 l) and narrow along (h 0.14h 0) and it is seen that an optimal position is found for
l-values in the interval l ∈ [1, 2] although the relative variations are small. Right: Resolution
width converted to Gaussian width σ in r.l.u.

From the Reslib simulations we saw that the relative variation in resolution widths were
small while scanning at positions with |l| ≤ 3 and therefore we decided to perform scans in the
range l ∈ [−3, 0].
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9.2.3 Scans through the IC positions for l = 0,−0.5,−1,−1.5,−2

Scans were made at the two different possible positions, (1.12 0.12 0) and (0.88 0.12 0). A
convincing signal was found at the position (0.88 0.12 0) after the change of the experimental
configuration to collimated mode.

IC peak at (1.12 0.12 0)
We began the experiment by tilting the cryostat 6.12◦ to scan through the line (h 0.11h 0)
looking for a signal at the incommensurate position (1.12 0.12 0). Scans were done at 3 K
as well as 40 K, which is well above the magnetic ordering temperature (TN = 30 K) and
the superconducting transition temperature (Tc = 27 K). The result is shown in Fig. 9.9. No
clear peak is present. Because of the poor signal we altered the experimental configuration by
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Figure 9.9: Left: Scans through the line (h 0.11h 0) at 3 K (red) and 40 K (black). Right:
Difference between the data at 3 K and 40 K.

putting collimators of 60′ between the monochromator and sample and the sample and anal-
yser. Furthermore we decided to look for the peak at (0.88 0.12 0), which has no powder peak
in its vicinity, see Fig. 9.2. Moreover, if we expect the IC peaks to arise from different domains,
the peak at (0.88 0.12 0) belongs to a different domains than does (1.12 0.12 0) and according to
the relative intensity of the domains it is possible that the signal at (0.88 0.12 0) will be stronger.

IC peak at (0.88 0.12 l) for different values of l
We scanned through the line (h 0.14h 0) searching for a peak at (0.88 0.12 0). At this position
we found a convincing magnetic signal which is about 7 % above background level, see Fig. 9.10
upper left corner.
The data has been fitted to a Gaussian on a sloping background with all parameters free. The
fitting parameters is given in Tab. 9.1. The peaks are broader than expected, since the reso-
lution limited width at these positions in reciprocal space is σ ≃ 0.006, see the right part of
Fig. 9.8. At Rita-II we found IC peaks of resolution limited width and we expect the same in
this experiment. In Sec. 9.2.4 I have fitted the data with Gaussians of fixed resolution limited
width.
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Figure 9.10: The four upper figures are scans through the line (h 0.14h l), l = 0,−0.5,−1,−1.5.
The scan at l = 2 is a scan in a3 through the position (0.88 0.12 0). Data are taken at 3 K
(red) and 40 K (black).

9.2.4 Fitting with fixed resolution limited width

In the fitting procedure described in the Sec. 9.2.3 different Gaussian widths, σ, emerge for
the different peak positions and all peaks are broader than expected from the resolution since
we know from the experiment at Rita-II, Chap. 8, that the IC signal should be resolution
limited in the (a,b)-plane. From the resolution simulation we obtain the expected peak widths
which are given in the first two columns of Tab. 9.2. By use of the simulated widths we try
a different fitting approach in which we fix the Gaussian widths of the peaks and the slope of
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l Signal amplitude Center Width, σ Background at h = 0 Background slope

0 75 ± 12 0.883± 0.002 0.0108 ± 0.0023 1122 ± 9 -609 ± 221
-0.5 34 ± 12 0.883 ± 0.003 0.0079 ± 0.0036 1115 ± 7 -671 ± 190

-1 36 ± 22 0.886 ± 0.007 0.018 ± 0.012 1018 ± 25 -397 ± 330
-1.5 81 ± 13 0.883 ± 0.002 0.0093 ± 0.0019 1023 ± 8 -109 ± 193

-2 79 ± 13 0.887 ± 0.001 0.006 ± 0.001 1015 ± 6 39 ± 240

Table 9.1: Parameters for the Gaussian fits to data shown in Fig. 9.10

the background to that given by the 40 K data, see Fig. 9.11.

l FWHM [Å−1] σ [r.l.u.] Amplitude Center
0 0.0149 0.00536 73 ± 13 0.882 ± 0.001

-0.5 0.0147 0.00528 37 ± 12 0.886 ± 0.002
-1 0.0143 0.00514 23 ± 9 0.884

-1.5 0.0143 0.00514 87 ± 15 0.884 ± 0.001
-2 0.0146 0.00525 80 ± 15 0.887 ± 0.001

Table 9.2: Resolution limited widths for the PANDA configuration.

For the data at l = 1 a Gaussian fit is only possible when fixing the h-position and it is
questionable whether there is a signal at this position.

9.2.5 Three point scans

We considered if it was possible to gain time by doing three point scans instead of scans as
those of Fig. 9.10. Therefore we calculated the counting time necessary to have errorbars of
10 counts per 5 min of the background subtracted signal to match the statistics obtained in
Tab. 9.1. At all positions we count roughly 1000 counts in 5 min. with the signal being at most
10 % above the background value. Let us now count 5 ·N min. at the assumed peak position
and 5 ·N min. on the background position (or 2.5 ·N min. at each side of the assumed peak
position to eliminate a possible slope in the background) and let us find the number N that
will give the decided statistics. The errorbar of the background subtracted signal for a 5 min.
count can be estimated to:

error(sig) =
1

N

√

error(bck)2 + error(sig + bck)2

=
1

N

√
2 · 1000 ·N

=

√

2000

N
(9.3)

If we want a counting time which gives error(sig) = 10 we therefore need N = 20. We must
count 100 min. on the peak position and 50 min. on each background position giving a total
counting time of 200 min. This should be compared to the time used on the scans in Fig. 9.10,
where we have used 450 min on average. We can thus gain a lot of time by doing three point
scans, when the IC position is known. The three point scans are done as a3-scans, rotating
only the sample during a scan, which should give a flat background and eliminate the risk of
hitting powder peaks, see Sec. 3.5. As discussed previously, l is not kept constant during an
a3-scan. The change in l-value during a scan is greater for small values of q as seen from the
illustration of the powder lines, Fig. 9.2.

The uncertainty in l for the a3-scans is noted on the relevant scan figures and we have a
maximum uncertainty of ∆l = 0.15 for the scans of smallest q. In Fig. 9.12 I have plotted the
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Figure 9.11: Five scans through the line (h 0.14h l). Data is the same as in Fig. 9.10, but the
fitted Gaussians have fixed resolution limited width.

three-point scans. The data taken at T=40 K reveals that we have detected a spurion 10 at l=
-1.25 and l= -1.35. It is this same spurion which causes the raised background value in the l=
-1.15 scan and the non-flat background in the l= -1.25 scan.

From the three-point scans with l ≤ −1.35 we see that the a3-scans give an almost constant
background that varies only 1 % and is about 1015 counts per 5 min, which is within the
statistical uncertainty. From the last plot for l= -1.85 we see that the signal is indeed magnetic
and this plot also gives the order of magnitude by which the background is lowered at T= 40 K

10We don’t know the origin of this non-magnetic signal, therefore the name “spurion“.
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Figure 9.12: Three-point scans in a3 through the position (0.885 0.121 l) for different values of
l. The background points are taken at ∆h = 0.03 r.l.u. on each side of the peak position. The
red data is taken at 3 K, while the blue data is taken at 40 K and the markersize is as big as
the errorbars.

due to the Debye-Waller factor. The Debye-Waller factor is given by e−2W , where 2W depends
on the thermal average of the number of phonons which becomes larger at higher temperatures.
Our data at 40 K for the l= -1.85 position gives a background counting rate of 1003 counts
per 5 min. whereas the straight line through the background points at 3 K gives a counting
rate of 1012 counts per 5 min. This gives a difference of 1 % or 9 counts per 5 min, which
is within the statistical uncertainty. However, since we see an overall tendency of a decrease
in the background level for all scans at 40 K we ascribe this to the Debye-Waller factor and
account for small difference when subtracting the 40 K data from the 3 K data at the spurion
position.

9.2.6 Signal as a function of l and the interplanar correlation length

The signal amplitudes obtained above the background level was determined from the three
points scans and the Gaussian fitting of Sec. 9.2.4, Fig. 9.11. We plot the signal amplitude as
a function of l, see Fig. 9.13. The data is fitted to a convolution of two Gaussian functions of
equal amplitude and width centered in l = 0 and l = 2 respectively and the resolution function
of the experiment by use of Reslib [9].

Finding the intrinsic correlation length requires a deconvolution of the observed signal in
order to separate the contribution from the resolution function and the scattering function 11.

11This it not so important for a very broad signal like this, since the resolution width is much smaller than
the width of the scattering function.
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Figure 9.13: Background subtracted signal amplitude as a function of l fitted to a convolution
of the resolution function and two Gaussian functions of equal amplitude and width at fixed
positions l = 0 and l = −2.

From the fitting in Fig. 9.13 we get an intrinsic width of σ = 0.42 ± 0.12 r.l.u. corresponding
to a correlation length of ξ = 1

HWHM ≃ 5 Å. This is slightly smaller than the distance between

two CuO2 planes of ∼ 6.5 Å. Thus the spin correlation between the planes is very short-range,
which could be expected since the interplanar exchange coupling of the mother compound LCO
is small.

9.3 Discussion

For the experimental setup we experienced that a cold axis spectrometer such as PANDA was
more adequate for the study than was a thermal spectrometer like BT-7. At PANDA we were
able to get a very clean beam by placing a Be-filter before the sample which in itself should
minimize the risk of disturbing powder lines. If in any case some powder lines should occur we
were very aware of the avoiding such lines by doing either a3-scans or carefully choosing the
scan line away from the calculated Al powder line positions. The high flux at PANDA made it
possible to perform the experiment within a total of 5 days of which 4 days were used for data
collection.

There is a clear modulation of the scattering signal along the c-axis with intensity maximum
at l even and minimum at l uneven indicating a correlation between neighbouring CuO2 planes
with a correlation length of only 5 Å, which is roughly the spacing of two planes.

We compare our results with those obtained by Lee et al. [26] in excess-oxygen-doped LCO-
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O, see Sec. 4.8.2. In LCO-O the c-axis modulations are consistent with a stacking arrangement
of the CuO2 planes similar to that in the mother compound, LCO-O, see Fig. 9.14. A magnetic

Figure 9.14: Magnetic structure of LCO depicting the orthorhombic axes and the spin direc-
tions. The structural cell is spanned by two vectors and the magnetic unit cell is doubled,
spanned by four vectors, see e.g. Tab. 9.3. From Lee et al. [26].

unit cell can be spanned by the vectors of Tab. 9.3 with a, b, and c being the lattice constants
of a magnetic unit cell in orthorhombic notation.

lattice vector, r relative spin direction

(0 0 0) +

(a2
b
2 c) -

(0 b
2
c
2 ) +

(a2 0 c
2 ) -

Table 9.3: The vectors spanning a magnetic unit cell of LCO.

The scattering vectors of the commensurate order of the LCO structure are q =(2π
a 0 2π

c l) and
q =(0 2π

b
2π
c l). From these vectors we calculate the magnetic structure factor (Eq. 3.7):

FM ((hkl) = (0 1 l)) = S(1 − e−iπ + e−iπ(1+l)) − e−iπl) = 2S(1 − e−iπl)) =
{

0 l even
4S l uneven

FM ((hkl) = (1 0 l)) = S(1 − e−iπ + e−iπl) − e−iπ(1+l)) = 2S(1 + e−iπl)) =
{

4S l even
0 l uneven

(9.4)

Due to the interplanar spin arrangement there is Bragg peaks at (hkl) = (1 0 l) for l even and
at (hkl) = (0 1 l) for l uneven. Lee et al. observed a twinning of the IC peak of LCO-O with
one of the twin IC peaks (near (1 0 l)) centered at even l and the other IC twin peak (near (0
1 l)) centered at uneven l. The naming is of course just a matter of convention. They conclude
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that the interplanar correlations stem from the spins arrangement in nearest neighbour planes
similar to the interplanar spin arrangement given Fig. 9.14.

We have only observed the IC signal at one position close to (1 0 l) in our notation. We see
maximum signal amplitude at l even. This suggests that the IC order in LSCO is related to
the commensurate magnetic order of the mother compound and that the spin arrangement is
somehow partially maintained upon doping. These observations support the idea of a striped
phase in which the magnetic regions has the same spin configuration as the undoped mother
compound.

Let us now return to the question asked in Sec. 8.3.1: Is there a twinning within each IC
signal? In the discussion of that section we concluded that it is not likely that each IC signal
is twinned, since the IC signal is resolution limited. If there is a twinning like the one observed
by Lee et al. we do not observe it along the scan direction. The question is, if a small tilt
would be needed in order to hit the possible twin IC peak. Such a tilt would be very small, less
than 1◦, and this is below the limit of resolution, since a tilt scan through the Bragg peak (2
0 0) gives a resolution of ∼ 4◦ in tilting angle. We are therefore not able to resolve a possible
twinning of the IC peak.

According to the results of Lee et al. if we are not able to resolve the two twin IC peaks
this will result in no modulation along the c-direction. This we conclude because the signals
from the two twinning domains resolved at the structural Bragg position in Fig. 9.6 are equally
strong and therefore, if a twinning of the IC signal was present, we would expect magnetic
peaks for l even and l uneven of equal amplitude. Our observations of the c-axis modulations
therefore indicate that there is no twinning of the IC signal; the IC signal observed at (0.885
0.121 l) belong exclusively to those two domains, which stem from rotating about one of the
orthorhombic axes. In this interpretation, the other two domains (corresponding to a rotation
about the other orthorhombic axis) cause stripes in a direction perpendicular the stripes from
the first domains and give rise to a different pair of IC peaks. In the stripe picture we would
expect the IC peaks to be paired as shown by colors in Fig. 9.15.

We now have a plausible explanation of why we do not always observe all four IC peaks at
l = 0. If the peak belongs to the domain for which the signal is maximum at l uneven there
will be no signal at l = 0 except for maybe a small tail of about 2% above the background as
seen for l = 1 in Fig. 9.13. Since the naming of the orthorhombic axes a and b is arbitrarily
chosen it might differ which IC peaks are strongest. In the Rita-II experiment we observed IC
signals at l = 0 and we only resolved convincing signals at three positions which belong to the
same domain, see Fig. 9.15. This is consistent with the above interpretation.

The connection between twinning and IC peaks has been studied in detail in different
cuprates and other more elaborate spin patterns have been proposed in order to relate the
twinning to the occurence of either two or four IC peaks [45]. We are not in a position to
conclude about the origin of the different IC peaks. The poor signal obtained at (1.12 0.12 0)
could be due to the less optimal experimental configuration of PANDA used for data collection
at this position the first day of the experiment. Maybe, if the spin configuration is as proposed
in Fig. 9.15 then the signal is also diminished as an effect of the spins being more aligned with
the q vector. It would have been interesting to see if the signal was more convincing at (1.12
0.12 1), in which case there would be a more solid foundation for the above interpretation.

9.3.1 Outlook

For a future experiment it will be very interesting to investigate whether an application of a
magnetic field perpendicular to the CuO2 planes will change the modulation of the signal along
the c-axis. If due to a field the spins in neighbouring planes become increasingly correlated
then this will bring about an sharpening of the magnetic signal in the c-direction. It is possible
that the enhancement of the IC magnetic signal observed in the (a,b)-plane is due to such a
sharpening rather than an increased magnetic volume fraction. This has only been investigated
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Figure 9.15: Schematic drawing of the IC positions. IC peak positions drawn in red (blue)
belong to different domains. If the spin direction is as in the mother compound, i.e. along the
b direction, it will be perpendicular for the two domains. This proposed spin pattern has been
plotted by the black arrows.

once [23] and it is of great interest to follow up on this experiment by similar measurements in
a field. For this future experiment a horizontal field is needed in order to be able to acces wave
vectors of the form (hIC kIC l) while applying the field perpendicular to the CuO2 planes.
Unfortunately there was no time to pursue this question further during this thesis work, but
we have applied for beamtime at PANDA for this purpose, where a horizontal field magnet is
now available.

Another interesting question arises: How is the modulation along the c-axis for the field-
induced static order observed in LSCO of x=0.145? It has been shown that the field-induced
order is long-range in the (a,b)-plane [24] and it would be interesting to study whether the
order also resembles the static order of the underdoped compounds with respect to the c-axis
correlations. It is possible that the field-induced order displays a larger correlation length
due to a straightening of flux lines perpendicular to the CuO2 planes, as proposed by Lake et
al. [23], but this remains an open question for future experiments.



Chapter 10

Conclusion

The main discussion of this work has been the nature of the incommensurate order and how it
is influenced by a magnetic field. It has been discussed whether an anisotropy in the exchange
interaction and a canting of the spins out of the CuO2 planes can explain why we see suppression
of the IC fluctuations at energies below h̄ω = 0.6 meV. By simple arguments we have shown
that such an interpretation is indeed possible. This provides a new view on the low-energy
fluctuations in LSCO, as it suggests that these fluctuations are due to anisotropy in the spin
ordering residual from the anisotropy in the mother compound. This might be the explanation
why in underdoped LSCO (x < 0.135) scattering is observed at energies below ∼ 3 meV, while
in LSCO of higher doping values there is a total suppression of the IC fluctuations. The energy
gap in LSCO of x > 0.135, i.e. the so-called spin gap, scales with the superconducting transition
temperature, indicating that the fluctuations above this gap are connected to superconductivity.
On the contrary it is likely that the low-energy fluctuations are connected to an anisotropy of
the IC magnetic order rather than the superconductivity.

The experiments of the interplanar correlations confirm that the IC order bears strong
resemblances to the commensurate AFM order of the LCO mother compound. On the back-
ground of these experiments we conclude that there is no twinning within the individual IC
peaks. The twinning could cause the different IC peaks to appear, where one pair of IC peaks
belongs to those domains in which the CuO6 octahedra tilts about one orthorhombic axis, while
the other IC pair appears due to domains that stem from a tilt about the other orthorhombic
axis. Thus we observe an IC quartet only if the crystal contains at least two domains, one
of which a > b while the other has a < b. What complicates the picture even further is the
possibility that two of the IC peaks in a quartet are present at even l, while the two others
peaks occur at uneven l. Further studies are needed to confirm this. One experiment that
could clarify the matter conclusively would be to measure at the IC positions in a one-domain
crystal to search for all 4 peaks in a quartet both at positions for l=0 and l=1. If our model is
right, such an experiment would result in an IC signal at only two of the four positions at l=0
or l=1 and at the other two positions at the other l-value. However, such an experiment is
extremely time-consuming and first of all a single domain crystal is needed. It might therefore
not be a realistic possibility.

The peak modulation along the c-direction shows that interplanar spin correlations are very
short-ranged with only the nearest neighbour planes being correlated. It remains for future
studies to explore if the application of an interplanar magnetic field increase the correlation
length along this direction. With this work we have obtained a very good starting point for
such a study and we know the interplanar correlation length in zero field.

The results from the inelastic experiments as well as the elastic experiments on the static
IC correlations both suggest a strong connection between the nature of the IC magnetic order
in the doped compound and the commensurate magnetic order of the undoped mother com-
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pound. These results may suggest that the IC order is really a residual feature of the mother
compound more than it is a new type of order. The magnetism and superconductivity are
two competing orders, as in the phenomenological model of Zhang et al. and as the super-
conducting transition temperature is increased upon doping, the static magnetism disappears.
However, some separation of the charged regions is probably necessary to enable the develop-
ment of superconductivity. If the charged regions become too close, superconductivity breaks
down and the compound becomes just a normal metal. The magnetic regions are necessary
for the superconducting order, simply because this arrangement enables some sort of channels
in which the superconducting current can exist. Only because they are surviving regions of a
Mott insulator do they provide efficient insulating walls and the magnetism is just an in-build
feature of the Mott insulator regions, which in itself is not necessary for the superconductivity
to develop. It is the insulating property, which is the crucial ingredient. From this viewpoint
the IC order does not act as a precursor, but is just a small fingerprint that insulating regions
remain in the material upon doping.



Appendix A

Numerical solution in the SC
phase

For the numerical solution I will use the technique proposed by E. H. Brandt in [39]. This is
only possible when anticipating a vortex lattice. We will assume a triangular vortex lattice,
since this is the structure that has been observed in LSCO. In LSCO of doping x=0.12 quite
surprisingly no vortex lattice has ever been detected [2]. However, we need to assume a regular
spacing of the vortices to enable the numerical solution.
The goal is to find the lowest excitation energy of the Schrödinger equation corresponding to
a particular value of the doping, i.e. of the parameter s-sc.
The Schrödinger equation is, see Eq. 5.13 and set v1 = v2 = 1:

[−∇2 + VH(r)]Ξµk(r) = E2
µ(k)Ξµk(r) (A.1)

where VH(r) is given by Eq. 5.17. Because of the periodicity of the vortex lattice the eigenvec-
tors take the Bloch form:

Ξµk(r) =
eik·r√
Au

∑

G

cµG(k)eiG·r (A.2)

i.e. an arbitrary function which has the periodicity of the vortex lattice. Au is the area of a
unit cell in real space. By using this form of the eigenfunctions we can rewrite the Schrödinger
equation on the following form:

∑

G′

MG,G′(k)cµG′(k) = E2
µ(k)cµG(k) (A.3)

where MG,G′(k) = (k + G)2δG,G′ + dG−G′ . We choose M reciprocal lattice vectors and
perform the sum over these. Accordingly the matrix M is of dimension M × M and has
M eigenvalues. The band index µ runs over these different eigenvalues. The matrix M is
symmetric since dG = d−G.
The tricky part is the term dG−G′ , which invokes the potential. This potential is unknown
and is itself a function of the eigenvalues and -vectors of the Schrödinger equation. Therefore
we need to iterate between the Schrödinger equation and the equation of the potential.
The potential can be written on the form:

V(r) =
∑

G

dGe
iG·r (A.4)
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where the sum is over the reciprocal lattice vectors (of which we choose the M shortest). By
use of the explicit form of V(r) we derive the Fourier components for the potential. We use
the parametrization of the Green’s function:

GH(r, r, ωn) =
∑

µ,k

Ξ∗
µk(r)Ξµk(r)

ω2
n + E2

µ(k)

=
1

Au

∑

µ,k

∑

G,G′

c∗µ,G′(k)cµ,G(k)ei(G−G′)·r

ω2
n + E2

µ(k)
(A.5)

Furthermore we use the Fourier transformation of the superconducting order parameter:

|ψ(r)|2 =
∑

G

aG(1 − cos(G · r)) (A.6)

aG =
1

Au

∫

d2r|ψ(r)|2 cos(G · r) (A.7)

Using the above rewritings we get the Fourier coefficients of the potential:

d0 =
1

Au

∫

d2rV(r)

=
1

Au

∫

d2r

[

∆2
0 + κ(|ψH |2 − |ψ0|2) + 2Nu

(

T
∑

ωn

GH − 1

Au

∑

k

∫
dω

2π

1

ω2 + k2 + ∆2
0

)]

= ∆2
0 − κ|ψ0|2 + κ

∑

G

aG +
2Nu

Au
T

∑

k,G,ωn,µ

|cµ,G(k)|2
ω2
n + E2

µ(k)
− 2Nu

∫
dω

2π

∫
d2k

4π2

1

ω2 + k2 + ∆2
0

= ∆2
0 − κ|ψ0|2 + κ

∑

G

aG +
Nu

Au




∑

k,G,µ

|cµ,G|2 coth(
Eµ

2T )

Eµ(k)
−
∑

k

2

∫
dω

2π

1

ω2 + (k2 + ∆2
0)





= ∆2
0 − κ|ψ0|2 + κ

∑

G

aG +
Nu

Au




∑

k,µ

coth(
Eµ

2T )

Eµ(k)
−
∑

k

1
√

k2 + ∆2
0





= s− sc − κ+ κ
∑

G

aG +
Nu

NkAu




∑

k,µ

coth(
Eµ

2T )

Eµ(k)
−
∑

k

1
√

k2 + ∆2
0



 (A.8)

where ∆2
0 − κ|ψ0|2 = s− sc − κ.

The wave vector k is a wave vector in the first Brillouin zone of the vortex lattice. The sum
is an average over this first Brillouin zone. When choosing a specific number of k vectors we
need to divide by this number, Nk, to make the result independent of that choice. This is what
has been added in the last line of Eq. A.8.
It is important to distinguish between ω and ωn, since the latter is the Matsubara frequency
for bosons (ωn = 2nπ

β ) and the sum need therefore to be evaluated according to this:

T
∑

ωn

1

ω2
n + E2

µ(k)
eiωn0+ =

1

2Eµ
(nB(Eµ) − nB(−Eµ))

=
coth(

Eµ

2T )

2Eµ
(A.9)

The sum in µ is a sum over band index, meaning a sum over all eigenvalues and functions.
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For G 6= 0 we get:

dG =
1

Au

∫

d2rVH(r) cos(G · r)

=
1

Au

∫

d2r

(

κ|ψH |2 cos(G · r) + 2NuT
∑

ωn

GH cos(G · r)
)

=
1

Au

∫

d2r

(

κ
∑

G′

aG′(1 − cos(G′ · r)) cos(G · r) + 2NuT
∑

ωn

GH cos(G · r)
)

= −κ
2
(aG + a−G) +

1

A2
u

∫

d2r2NuT
∑

ωn,µ,k

∑

G′,G′′

c∗µ,G′′(k)cµ,G′(G)

ω2
n + E2

µ(k)
ei(G

′−G′′)·r cos(G · r)

= −κ
2
(aG + a−G) +

2NuT

Au

∑

ωn,µ,k

∑

G′,G′′

c∗µ,G′′(k)cµ,G′(G) 1
2 (δ(G + G′ − G′′) + δ(G − G′ + G′′))

ω2
n + E2

µ(k)

= −κ
2
(aG + a−G) +

NuT

Au

∑

ωn,µ,k

∑

G′′

c∗µ,G′′(k)(cµ,G′′+G(k) + cµ,G′′−G(k))

ω2
n + E2

µ(k)

= −κaG +
Nu

2NkAu

∑

µ,k

∑

G′

c∗µ,G′(k)(cµ,G′+G(k) + cµ,G′−G(k))
coth

Eµ(k)
2T

Eµ(k)
(A.10)

Again the normalization with respect to Nk ensures that the average over the first Brillouin
zone of the vortex lattice is independent of the number of k-vectors chosen.
It is seen that we cannot solve the potential without knowing the eigenvalues Eµ(k) and the
coefficients for the superconducting order parameter aG. But since these are unknown - we
wanted to find the potential to be able to get the eigenvalues of the Schrödinger equation - we
must start out with some guesses and the iterate between the different equations. To complicate
the problem even further we also need to solve the equation for the superconducting order
parameter, i.e. iteration of one more equation must be taken into play. Using the notation
ω = |ψ|2 and the same procedure as Brandt [39] we derive the equation of the superconducting
order parameter. We start by the GL equation:

f = α|ψ|2 +
β

2
|ψ|4 + |(∇− iA)ψ|2

= αω +
β

2
ω2 +

(∇ω)2

4κ2ω
+ ωQ2

= αω +
β

2
ω2 + g + ωQ2 (A.11)

where Q = A− ∇φ
κ , φ being the phase of the superconducting order parameter and g = (∇ω)2

4κ2ω .
Doing a variational calculation in ω gives 1

(−∇2
r + 2)ω = 2

[(

1 + (1 − κ2

4uY )|ψ0|2 −
κ

4uY (VH − ∆2
0)

)

ω −
(

1 − κ2

4uY

)

ω2 − ωQ2 − g

]

(A.12)

This is the equation that corresponds to Eq. 5.18, where we minimize the free energy with
respect to the superconducting order parameter. Equation A.12 gives us an iteration equation

1OBS: I get opposite sign of g in Eq. A.12 and no κ in the denominator.
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for aG:

aG =

2
Au

∫
d2r cos(G · r)

[

−
(

1 + (1 − κ2

4uY )|ψ0|2 − κ
4uY (VH − ∆2

0)
)

ω +
(

1 − κ2

4uY

)

ω2 + ωQ2 + g
]

G2 + 2
(A.13)

aG = aG ×
〈
[(

1 − κ2

4uY

)

|ψ0|2 − κ
4uY (VH − ∆2

0)
]

ω − ωQ2 − g〉
〈ω2〉[1 − κ2/(4uY)]

(A.14)

Equation A.14 ensures fast convergence [39]. The supervelocity Q is given by Q = A − ∇φ,

where φ is the phase of the superconducting order parameter and g = (∇ω)2

4ω . As a first
approximation we use the Abrikosov flux lattice to describe the magnetic field:

∇× QA(r) =

[

B − Φ0

∑

R

δ(r − R)

]

ẑ (A.15)

(A.16)

QA(r) =
∇ωA × ẑ

2κωA
(A.17)

One should ideally iterate Q from GL-like equations, since due to the phase of the supercon-
ducting order parameter, Q will change. We expect the change to be very small and therefore
as a first approximation we omit iteration of Q.

To summarize the task ahead of us we must:

1 Choose a value of the parameter s− sc. This defines where we want to explore the phase
diagram, i.e. at which doping value.

2 Choose a temperature, T.

3 Choose M values of G, the reciprocal lattice vectors over which we sum (finite momentum
cut-off). Then we have the band index µ = 1 · · ·M and the matrix M becomes of
dimension M ×M .

4 Choose the k vectors by which we average over the first Brillouin zone of the vortex
lattice.

5 Make a guess for the superconducting order parameters, aG

6 Solve Eqn. A.3 (inserting a guess for dG) to get the eigenvalues Eµ(k).

7 Use Eqns. A.8 and A.10 to get a temporary value of the potential. Iterate step 6 and 7

8 Use Eqns. A.13 and A.14 to obtain a temporary value of the superconducting order pa-
rameters.
Continue step 6 to 8 until convergence is obtained.

A.1 The triangular vortex lattice

To do the numerical solution we need an explicit form of the reciprocal vortex lattice vectors.
We consider a triangular vortex lattice. In a quadratic coordinate system the real space vectors
are:

Rmn = aV (m+
n

2
,

√
3

2
n)



A.2 Programming for 5 reciprocal lattice vectors 107

where aV is the spacing between the vortex cores and m, n are integers. The reciprocal lattice
vectors are those that satisfy Kij · Rmn = 2π which can be written as:

Kij =
2π

aV
(i,

2√
3
(j +

i

2
))

i, j being integers.
The reciprocal lattice is thus also a triangular lattice tilted by 30o compared to the real lattice.

A.2 Programming for 5 reciprocal lattice vectors

Figure A.1: Illustration of the reciprocal vortex lattice. M vectors are chosen denoted by
G1, · · ·GM . In this case M=5. A unit cell is drawn by the red square.

The reciprocal vectors chosen in Fig. A.1 are:
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(A.18)

The matrix M(k) becomes:

M(k) =

















(k + G1)
2 + d0 dG1

dG2
dG5

0

dG1
(k + G2)

2 + d0 dG1
dG4

dG5

dG2
dG1

(k + G3)
2 + d0 0 dG4

dG5
dG4

0 (k + G4)
2 + d0 dG1

0 dG5
dG4

dG1
(k + G5)

2 + d0

















(A.19)

It is symmetric and the coefficient dG decrease rapidly for large values of G 2. We simply set

2App. E in Zhang et al [28]
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dG = 0 for reciprocal lattice vectors different from those marked in A.1.
The system we solve gives the energy of the Schrödinger equation for the SDW order parameter,
where the ansatz is the SC phase, that is no SDW order. We want to explore which field strength
will induce SDW order, i.e. will give the energy eigenvalue E(k = 0) = 0, where k = 0 means
that order develops at the incommensurate position.
The effect of the magnetic field enters indirectly through the superconducting order parameter
in VH .
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Figure B.1: Fitting to Bose-factor for energy fixed at h̄ω = 0.3 meV.
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Figure B.2: Fitting to Bose-factor for energy fixed at h̄ω = 1.5 meV.

B.2 Fitting for constant temperatures
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Figure B.3: Fitting to Bose-factor for fixed temperature T=13 K.
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Figure B.4: Fitting to Bose-factor for fixed temperature T=22 K.
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Figure B.5: Fitting to Bose-factor for fixed temperature T=32 K.
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Figure B.6: Fitting to Bose-factor for fixed temperature T=42 K.
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We present high-resolution neutron studies of the magnetic fluctuations in the high-temperature
superconductor La1.88Sr0.12CuO4. The Sr-doping of the material is critical, close to 1/8 which

denotes the regime of suppressed superconductivity and enhanced magnetic order. We have studied
the field and temperature dependence of the incommensurate magnetic fluctuations by inelastic

neutron scattering. Fluctuations are observed for temperatures below and above the superconducting
transition temperature, Tc, and the scattering signal peaks at a temperature exceeding Tc, but

decreases rapidly above a certain threshold temperature. This threshold temperature increases with
the fluctuation energy. At low temperatures we observe an energy gap below which the intensity is

partially suppressed. This might be due to residual anisotropies of the antiferromagnetic order in the
mother compound LCO.

It is generally believed that the salient
magnetic properties of the insulating, antifer-
romagnetic parent compounds of the cuprate
high-temperature superconductors can be de-
scribed by nearest neighbor Heisenberg models
for exchange-coupled S=1/2 spins residing on
Cu2+ ions.

H =
∑

〈i,j〉
JSi · Sj (C.1)

The nearest neighbor exchange integral J has
been found to be in the range 100 − 150 meV
in the parents compounds of both electron and
hole-doped superconductors [1]. Inelastic neu-
tron scattering allows magnetic fluctuations to
be probed as a function of momentum Q and
energy h̄ω, and has proven an essential tool in
investigating and cataloguing the many sur-
prising characteristics of the magnetic excita-
tion spectrum of cuprate superconductors and
their antiferromagnetic ancestors.

Starting from the parent compounds, re-
markably accurate accounts of the tempera-
ture dependence of the spin-spin correlation
length in La2CuO4 [2, 3] and Sr2CuO2Cl2 [4]

have been demonstrated within a theoretical
approach based on a continuum treatment of
Eq. (C.1). Similarly, excellent descriptions of
the magnetic excitation spectra of La2CuO4

[5] and YBa2Cu3O6.15 [6] on energy scales of
order Jnn meV have been obtained using the
linear spin wave theories of the appropriate
Heisenberg models.

However, higher resolution experiments
probing the short-wavelength, high-energy ex-
citations in La2CuO4 [7] as well as early work
on the long-wavelength, low-energy excita-
tions in La2CuO4 [8] and YBa2Cu3O6.30 [9]
reveal that quantitative or even qualitative
agreement with experiment requires consid-
eration of smaller terms to be added to Eq.
(C.1): Coldea showed that four-spin cyclic ex-
change terms are necessary to describe the
dispersion of the magnetic excitations along
the magnetic zone boundary [7], while Tran-
quada [9] and Peters [8] showed how ex-
change anisotropy combined with symmetry-
allowed Dzyloshinskii-Moriya (DM) interac-
tions [8] gives rise to small (of order J/100) in-
plane and out-of-plane spin wave gaps at the
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antiferromagnetic ordering vector QAFM =
(1/2, 1/2).

In superconducting samples, obtained by
doping the antiferromagnetic parent com-
pounds with holes the low-energy spin exci-
tation spectra peak at a quartet of incom-
mensurate wavevectors Q = (1/2, 1/2) ± (δ, 0)
and Q = (1/2, 1/2) ± (0, δ) around QAFM

[12, 13]. In both La2−xSrxCuO4 (LSCO) and
YBa2Cu3O6+δ (YBCO) the incommensurabil-
ity parameters δ varies linearly with hole-
doping nh deep in the underdoped regime,
but then saturates at a value of close to 0.12
(0.10) for nh > 0.12 (nh > 0.10) in LSCO [14]
(YBCO [13]).

In the normal state of both LSCO and
YBCO the magnetic excitation spectrum is
gapless but upon entering the superconduct-
ing state, optimally and overdoped samples
develop a gap, commonly referred to as the
”spin gap” [10, 11, 13]. The spin gap en-
ergy ∆SG scales with Tc [13, 15] indicating
a causal link between superconductivity and
low-energy magnetic fluctuations. In under-
doped LSCO [15, 16] and YBCO [17, 18], how-
ever, the scaling relationship breaks down as
the gap to magnetic excitations approaches
zero more rapidly than Tc [15, 13].

The drop of the gap with underdoping co-
incides with qualitative changes in the static
magnetic properties: In LSCO incommen-
surate magnetic order is observed for un-
derdoped samples with 0.055 < x ≤ 0.13
[22, 23, 24] whereas optimally and over-
doped samples (x > 0.13) do not show any
signatures of magnetic order in zero field.
The static magnetism in underdoped super-
conducting LSCO is similar to the mag-
netic order observed in the ”stripe” com-
pounds La1.48Nd0.40Sr0.12CuO4 [25, 26] and
La1.875Ba0.125CuO4 [27] in the sense that all
display a quartet of incommensurate Bragg
peaks. However, unless nh ≃ 0.12 the in-plane
magnetic order in LSCO is typically short-
ranged whereas in La1.48Nd0.40Sr0.12CuO4

[25], La1.875Ba0.125CuO4 [27] and LSCO with
nh ≃ 0.12 the magnetic coherence length is of
order 100 in-plane lattice spacings. Optimally
and overdoped YBCO samples are also mag-
netically disordered, but evidence is emerging
[18] that underdoped YBa2Cu3O6.35 displays

short-ranged incommensurate magnetic order
at the lowest temperatures.

It seems plausible that the rapid decrease
of the gap with underdoping is a consequence
of the onset of order and the associated
changes in electronic properties. If so, it would
be logical to think of the gaps observed in the
spin excitation spectra of underdoped super-
conductors displaying magnetic order as aris-
ing due to anisotropies in the spin Hamilto-
nians, such as anisotropic exchange and DM
interactions, rather than due to superconduc-
tivity.

Here we report an inelastic neutron scat-
tering study of the low-energy excitations in
La1.88Sr0.12CuO4, revealing the presense of
a small gap, of magnitude ∆ ≃ 0.5 meV.
The evolution of the dynamic response with
temperature identifies the gap as caused by
anisotropies in the spin Hamiltonian rather
than by superconductivity.

The outline of the rest of the paper is as
follows: In Sec. C.1 we describe the experi-
mental details, in Sec. C.2 we present the data
and in thereafter we turn to a discussion of our
results in Sec. C.3.

C.1 Experimental details

We have performed two experiments on the
PANDA triple axis spectrometer at the FRM-
II research reactor in Munich, Germany. In
the first part of the experiment a vertical fo-
cusing pyrolytic graphite (PG) monochroma-
tor was used to select the energy Ei of the in-
cident neutrons. In the second part a double-
focusing monochromator was used. Neutrons
of final energy Ef = 5 meV (kf = 1.55 Å−1)
were selected for detection by a doubly focused
PG analyzer. The choice of kf was made so
as to open the energy resolution as much as
possible without loosing intensity due to the
Be-filter. Scans at low energy transfer, i.e. 0.3
meV, were performed at a constant outgoing
wave vector kf = 1.40 Å−1 (Ef = 4.1 meV)
in order to the reduce the inelastic tails of the
incoherent scattering background. These data
was renormalized to compensate for the differ-
ence in resolution volume due to the altered
value of kf [35] allowing for direct comparison
between intensities of the different scans.
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In the initial set-up, the inelastic back-
ground was about 2.7 counts/minute at en-
ergy transfers from 0.5 meV and higher. We
found that roughly 70% of the background
arose from neutrons that did not enter the slit
opening before the sample. Placing a shielding
tunnel between the beam port and the sample
slit reduced the background to a level of 1.2
counts/minute. In the second experiment the
doubly focusing mode lead to an increase in
intensity and background of a factor 3.

The instrument was configured in W-
configuration with the collimations open-60-
radial-open during the first experiment and
open-open-radial-open in the second experi-
ment. An adjustable diaphragm was placed
just before and after the sample and adjusted
tightly to the sample dimensions and a di-
aphragm of width 30 mm was placed just
before the doubly focusing analyzer. The
sample-analyser and analyser-detector dis-
tances were equal and roughly 1050 mm. A
1 inch detector tube was used and a cooled
Be-filter was placed between sample and ana-
lyzer to avoid contamination from higher-order
neutrons. All measurements were performed
to constant monitor, eliminating the effect of
wavelength dependence of the incoming flux.
Hence all data are directly proportional to
S(q, ω) convoluted with the resolution func-
tion.

The sample consisted of co-aligned
floating-zone grown single crystals (Tc = 27
K) aligned with its orthorhombic c-axis ver-
tical, allowing access to momentum transfers
q = ki − ki of the form (h(2π/a), k(2π/b), 0).
With this choice of notation, the incommen-
surate ordering wavevector and the lowest
energy magnetic excitations are located at
qIC = (1 ± δ, δ, 0) and qIC = (δ, 1 ± δ, 0).

In the first part of our experiment, the
sample was mounted inside a vertical field 15
T cryomagnet allowing for an applied field in
the c-axis direction, i.e. perpendicular to the
superconducting planes. We looked for field-
induced changes in the low-energy excitation
spectrum. In the second part, it was mounted
in a He-flow cryostat and we studied the tem-
perature dependence of the magnetic excita-
tions.
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Figure C.1: a) Inelastic scan along the reciprocal lat-
tice vector (1.12, k, 0) with energy transfer 0.5 meV at a
temperature of 30 K. Black (red) data are taken in zero
(10 T) applied field. The FWHM of the Gaussian peak

is κ1 = 0.040 r.l.u. = 0.049 Å−1, which is broader than
the resolution limited width indicated by the blue line. b)
Scan of energy transfer of 1.5 meV in zero field at 17 K.
FWHM of the Gaussian peak is κ2 = 0.049 r.l.u. = 0.060
Å−1. Both peaks are observed at the same IC position
(1.12, 0.11, 0). The correlation lengths obtained from the
inverse of the HWHM of the Gaussian fitting gives ξ(0.5
meV)∼ ξ(1.5) meV ∼ 40 Å. c) Intensity of the inelas-
tic scattering signal for an energy transfer of 0.5 h̄ω at
the IC position qIC . Blue (red) data points are taken
in zero (10 T) field and the open triangles give the back-
ground level which is constant in temperature. a counting
time of about 11 min corresponds to a monitor count of
600000. d) Background subtracted neutron intensity con-
verted to the imaginary part of the dynamic susceptibil-
ity, χ′′(T, ω), given in arbitrary units. A vertical line is
inserted at Tc= 27 K.

C.2 Results

Scans through the IC positions in the (h, k)-
plane revealed well-defined peaks at non-zero
energy transfer. In Fig. C.1 (a) and (b)
two scans along the reciprocal lattice vector
(1.12, k, 0) for energy transfers of respectively
0.5 and 1.5 meV are shown. Both peaks ap-
pear at the IC position qIC = (1.12, 0.11, 0).
The correlation lengths were of about 40
Å which is significantly smaller than the cor-
relation length of the static IC signal [20], but
comparable to the inelastic correlation length
for doping x=0.145 and energy transfer 2 meV
[29]. The scans of energy transfer h̄ω=0.5 meV
were performed in zero field as well as an ap-
plied field of 10 T at a temperature of 30 K.
No effect of the applied field was observed as
seen in Fig. C.1 (a).

In critically doped LSCO, the static IC
order parameter falls off monotonically with
temperature and breaks down for tempera-
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tures greater than Tc though the exact on-
set temperature for the elastic peak may differ
slightly from the onset temperature of super-
conductivity [36]. As seen in Fig. C.1 (a) a
strong inelastic signal is observed at tempera-
tures slightly greater than Tc=27 K, i.e. low-
energy IC fluctuations remain present when
superconductivity breaks down which is con-
sistent with the observations in LSCO of dif-
ferent dopings [15, 20, 30].

To map out the temperature dependence
and investigate the effect of an applied mag-
netic field we varied the temperature in the
range from 3 K to 80 K and performed
three-point scans, i.e. one point at qIC and
two points at the background values, q1 =
(1.12, 0.16, 0) and q2 = (1.136, 0.01, 0), each
with half counting time compared with the
qIC point. This was done for an energy trans-
fer of 0.5 meV in zero field as well as in a field
of 10 T. Intensity as a function of temperature
is shown in Fig. C.1 (c). The scattering signal
peaks at a temperature just above the super-
conducting transition temperature and falls off
rapidly at temperatures above 40 K. We ob-
serve no effect of an applied field.

The observed scattering signal is the convo-
lution of the scattering function S(q, ω) with
the resolution. The scattering function is re-
lated to the dynamical susceptibility through:

S(q, ω) =
χ′′(q, ω)

1 − e−h̄ω/kBT

In Fig. C.1 (d) we have converted the inten-
sity data to susceptibility. The susceptibility
peaks at a temperature close to Tc and falls
off to zero for temperatures above 50 K.

Three temperatures were selected for
studying the energy variation of the IC signal
using three-point scans through the IC peak.
This was performed at temperatures T=2 K,
30 K and 60 K. The susceptibility data is
shown in Fig. C.2. No effect of an applied
field was observed at any energy either at 2 K
or 30 K.
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Figure C.2: The imaginary part of the dynamic suscep-
tibility as a function of energy at the IC position qIC for
temperatures 2, 30 and 60 K. The blue (red) data points
are taken in zero (10 T) field.
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Figure C.3: Temperature scans at the IC position
qIC for an energy transfer of h̄ω =0.3, 0.5 and 1.5 meV
in zero field. The background, which is energy depen-
dent, has been subtracted and data is normalized to con-
stant kf=1.55 Å−1 mode. The lines indicate the low-
temperature behaviour due to the bose factor only, i.e.
assuming constant susceptibility. b) Data converted to
susceptibility. Lines are guides to the eye.

To map out the temperature dependence
of the scattering intensity at different values of
energy transfer we performed three more scans
in temperature at energy transfers of h̄ω = 0.3,
0.6 and 1.5 meV in zero field. The scattering
signal is depicted in Fig. C.3 (a) and the imagi-
nary part of the susceptibility has been plotted
in Fig. C.3 (b).
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Figure C.4: The imaginary part of the dynamic sus-
ceptibility as a function of energy at the IC position qIC

at 5 different temperatures.

Energy scans were performed in zero field
at 5 different temperatures for energy trans-
fers in the range from 0.3 meV to 3.0 meV, see
Fig. C.4. There is a suppression of χ′′(T, ω)
for energy transfers smaller than 0.6 meV. The
change is most abrupt at a temperature of 5 K,
while for higher temperatures it becomes less
dramatic, even though the partial suppression
persists for h̄ω < 0.6 meV at all temperatures.

C.3 Discussion

The present data show a number of features
that differs from the observations in LSCO of
different dopings, i.e. x=0.105, 0.145 and 0.16.
A) We do not observe any effect of an applied
magnetic field in the considered energy range
of 0.3 meV to 7 meV. This indeed contrasts
the significant field-enhancement of the static
IC order that has been observed in the crys-
tals of identical doping from the same batch
[20]. Furthermore the absence of field effect
on the low-energy fluctuations at any tem-
perature (Fig. C.1) is unlike the behaviour of
LSCO with slightly smaller doping as well as
LSCO of higher dopings, which all show an
enhancement of the spectral weight at lower
temperatures. LSCO of doping x=0.12 shows
no signature of a vortex lattice at any tem-
perature or field [37] and the phase is there-
fore believed to be much more like a vortex
liquid. From this perspective a field effect
of the inelastic scattering signal would be ex-
pected, since x=0.105 doped LSCO shows sig-

nificant field effect of the inelastic scattering
signal (h̄ω = 1 meV) in the temperature range
where a vortex liquid phase is present [15].
However, as demonstrated very recently in un-
derdoped YBCO [38] the enhancement of the
scattering signal at one energy transfer has to
be matched by the decrease in signal at an-
other energy as predicted by the total moment
sum rule [39]. Since large enhancements of
the signal has been observed both for zero [20]
and very large energy transfers (100 meV) [40]
a reduced signal is expected at some energy
transfers. It is therefore not unlikely that for
some energy ranges the signal is unchanged,
although the microscopic explanation of this
behaviour is not clear.
B) From our results we observe that LSCO
of doping x=0.12 displays an energy gap of
roughly 0.6 meV. For all temperatures in the
range 5-42 K there is a partial suppression
of the susceptibility at h̄ω < 0.6 meV even
though the effect is strongest at 5 K where we
observe a drop of a factor 3. We propose that
the energy gap is due to an anisotropy in the
IC order and has it’s origin in the anisotropy
of the antiferromagnetic order in the parent
compound LCO. The energy gaps in LCO due
to anisotropy and the DM-energy has reported
by Peters et al [8] to be 1 meV and 2.5 meV for
the in-plane gap and out-of-plane gap respec-
tively. The dispersion relation shows that the
zero-field energy gap will scale with the spins
of the Cu atoms. The magnetic moment as
obtained from the integrated intensity of the
scattering signal is strongly dependent on the
doping value [42]. In a naive picture where
we regard the IC order as a residual feature of
the antiferromagnetic order in LCO we sim-
ply scale the anisotropy gap of LCO with the
magnetic moment of the Cu spins. This gives
an energy gap of the order 0.7 meV and 0.3
meV in LSCO of doping 12 %. We conclude
that we observe the out-of-plane energy gap at
h̄ω ∼ 0.6 meV, while our experiment does not
resolve the in-plane energy gap of 0.3 meV. We
therefore do only observe a partial suppression
of the scattering signal rather than a clear en-
ergy gap at 0.6 meV.

In La1.875Ba0.125CuO4 an energy gap of
the same magnitude, 0.6 meV, is observed [43,
34] ascribed to spin anisotropy of the spin-
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ordered state due to lack of field-induced sig-
nal in a 7 T field. LSCO of doping x=0.105
has a gap that persists for temperatures T
≥ 22 K [15], i.e. much higher temperatures
are needed to facilitate sub-gap fluctuations,
whereas LSCO of doping x=0.15 (Tc=37.3 K)
has a spin gap of ∆ = 3.5 meV that disappears
into the background already for temperatures
below 15 K [11].

As mentioned in the Introduction sub-gap
fluctuations has been induced by an applied
magnetic field in LSCO of dopings x=0.145
and x=0.16. It would be interesting to investi-
gate if field-induced IC excitations are present
below the zero field gap in our system de-
spite the absent field effect for energy transfers
above the gap. This would, however, require
improved energy resolution which would lead
to loss of intensity. Thus only spectrometers
at the new neutron sources could perfom this
task.

C) A common feature observed in our sam-
ple and in samples of dopings x=0.105, 0.15
and 0.163 [15, 11, 30] is the fact that for low-
energy fluctuations the signal strength is max-
imal for temperatures just about Tc. It is re-
markable that this behaviour persists through-
out the doping range. For energy transfers
larger than 0.5 meV the dynamic susceptibil-
ity is non-zero and roughly constant in the su-
perconducting phase and it remains non-zero
for temperatures above Tc. In the tempera-
ture range of roughly 35-50 K the susceptibil-
ity drops off to zero. This is similar to the
gradual decrease observed in LSCO of doping
x=0.105 [15] and very different from an experi-
ment on x=0.14, where the intensity remained
non-zero up to room temperature with the
quantum critical (1/T) behaviour [41]. In the
latter system excitations for an energy trans-
fer of 6.1 meV were present at the IC peak
positions up to room temperature, where they
gradually broaden and loose intensity. The
susceptibility was found to be linear in ω up
to about 8 meV and even higher energies for
T ≥ 80 K. The 3.5 meV signal diverge as 1

T 2

down to Tc where the gap opens and no sig-
nal is observed. Furthermore the peak width is
proportional to T2+ω2. These observations in-
dicate a quantum critical point (QPT) within
the SC phase; a most interesting information

for finding the origin of HTSC [41].
It is tempting to view our results in terms

of critical scattering from a magnetically or-
dered system instead of the usual cuprate su-
perconductor picture of quantum critical fluc-
tuations in a metallic system [41]. However,
the observation that the threshold tempera-
ture above which intensity drops off increases
with energy transfer is a seemingly rather in-
teresting glassy behaviour and not a signature
of critical scattering.

C.4 Conclusion

We have observed no field dependence of
the low-energy fluctuations of critically doped
LSCO for an applied field of 10 T. A spin gap
of roughly 0.5 meV was observed acsribed to
an anisotropy gap of the static IC magnetic or-
der. The temperature dependence of the low-
energy fluctuations resembles the behaviour
observed in LSCO of quite different doping val-
ues where the signal peaks at or very close to
Tc.
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Appendix D

Matlab code

D.1 Formfactors of Cu

D.1.1 s-wave

function [formfactorsq] = formfactorsq(mod Q)

% Calculates the magnetic form factor for Cu(2+) ions
% using parametrisation by Brown in International tables
% for Crystallography, Volume C, pp 392.
% Author: Niels Bech Christensen
% Input in AA−1

A=0.0232;
a=34.969;
B=0.4023;
b=11.564;
C=0.5882;
c=3.843;
D=-0.0137;

% Calculate the form factor
jo=A*exp(-a*(mod Q/(4*pi)).2̂)+B*exp(-b*(mod Q/(4*pi)).2̂)+C*exp(-c*(mod Q/(4*pi)).2̂)+D;
formfactorsq=jo.2̂;

D.1.2 d-wave

function fQ=mff cu3d(Qx,Qy,Qz)

% calculates anisotropic form factor for a Cu2+ ion in a 3d (x2̂-y2̂) symmetry
% z axis perp to the symmetry plane (x,y)
% Qx, Qy, Qz matrices with wavevector components in AA-̂1
% Author: Niels Bech Christensen

modQ=sqrt(Qx.2̂+Qy.2̂+Qz.2̂);
beta=acos(Qz./modQ);
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t=[0.0232 34.969 0.4023 11.564 0.5882 3.843 -0.0137;
1.5189 10.478 1.1512 3.813 0.2918 1.398 0.0017;
-0.3914 14.740 0.1275 3.384 0.2548 1.255 0.0103];
s=modQ/(4*pi);
j0=t(1,1)*exp(-t(1,2)*s.2̂)+t(1,3)*exp(-t(1,4)*s.2̂)+t(1,5)*exp(-t(1,6)*s.2̂)+t(1,7);
j2=(t(2,1)*exp(-t(2,2)*s.2̂)+t(2,3)*exp(-t(2,4)*s.2̂)+t(2,5)*exp(-t(2,6)*s.2̂)+t(2,7)).*s.2̂;
j4=(t(3,1)*exp(-t(3,2)*s.2̂)+t(3,3)*exp(-t(3,4)*s.2̂)+t(3,5)*exp(-t(3,6)*s.2̂)+t(3,7)).*s.2̂;
fQ=j0-5/7*(1-3*cos(beta).2̂).*j2+9/56*(1-10*cos(beta).2̂+35/3*cos(beta).4̂).*j4;
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