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Abstract

This thesis describes two subjects that I mainly work on during my PhD study. They
are both about scattering amplitudes, covering gravity and gauge theories, tree and loop
level, with or without supersymmetry. The first subject is Kawai-Lewellen-Tye(KLT)
relation in field theory, which mysteriously relates Yang-Mills amplitudes to gravity am-
plitudes. Based on many known works about KLT and super-KLT relations, we provide
a complete map between super-gravity amplitudes and super-Yang-Mills amplitudes for
any number of supersymmetry that allowed in 4-dimensional theory. We also provide
an explanation for vanishing identities of Yang-Mills amplitudes as violation of linear
symmetry groups based on KLT relation argument. The second subject is integrand re-
duction of multi-loop amplitude. The recent methods based on computational algebraic
geometry make it possible to systematically study multi-loop amplitude with general-
ized unitarity cut. Using Groébner basis and primary decomposition, we thoroughly
study integrand basis and solution space of equations from maximal unitarity cut for
all 4-dimensional two-loop topologies. Algorithm and examples of this computation are
illustrated in this thesis. We also study a special type of two-loop and three-loop dia-
grams where equations of maximal unitarity cut define complex curve. Geometry genus
of complex curve is a topological invariant, and characterizes the property of curve. We
compute the genus of complex curve for some two-loop and three-loop diagrams from in-
formation of degree and singular points of that curve using algebraic geometry method.
Information of integrand basis, structure of solution space as well as geometric genus is

useful for future multi-loop amplitude computation.
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Chapter 1

Introduction

1.1 Scattering amplitude in a nutshell

Pursuit of simplicity has never been stopped for physics research, even though we are
confronting more and more complicated phenomena. In the past decade, tremendous
researches have been done to uncover the simplicity of scattering amplitude[l]. Many
old ideas are studied again. With a modern interpretation, their hidden power has been

released for amplitude computations that can not even image to do so in old days.

Traditionally, scattering amplitude is computed perturbatively by Feynman rules of
Feynman diagrams. Feynman rules are derived from Lagrangian description of field
theories. In the days when it is firstly proposed, it served as very efficient method for
computing amplitude. However, the Feynman diagram approach suffers many disadvan-
tages in modern amplitude computations. This is because we are already going beyond
simple amplitude of few points and tree level scattering process. The complexity of
computation using Feynman rules is factorial in the number of particles as well as num-
ber of loops. This leads to a bottleneck for computing complicated amplitudes. It also
suffers from unphysical singularities in intermediate steps of computations, which cause

unnecessary errors in numeric computations.

To bypass disadvantages of Feynman diagram approach, we have a straightforward way:
throw it away. New changes for amplitude computation take place since 2003, at which
time Witten showed that perturbative gauge theory can be described as string theory
in twistor space[2]. The simplicity of scattering amplitudes then shows up, and hints
new methods for amplitude computation. Soon after that, a method is proposed in
Cachazo-Svrcek-Witten(CSW) formalism[3, 4]. By using MHV rules, it is possible to
compute Maximal-Helicity-Violating(MHV) amplitude from MHYV vertices through cer-

tain off-shell continuation. Then a simple and powerful recursion relation is proposed

1



2 Chapter 1. Introduction

by Britto-Cachazo-Feng-Witten(BCFW)[5, 6]. The BCFW recursion relation interprets
amplitude as complex function of single variable. Then complex analysis can be intro-
duced in amplitude computation, especially Cauchy’s theorem. The physical amplitude
is computed from lower-point on-shell tree amplitudes. The on-shell condition excludes
many Feynman diagrams, which greatly simplify the computation. Since it does not
rely on any specific Lagrangian description of field theories, this motives us to re-think
the S-matrix program proposed in 1960’th[7-9]. Many well known results are re-studied
in the framework of S-matrix program using BCFW recursion relation, especially for
tree amplitudes. On one hand, complicated tree amplitudes are being computed from
three-point amplitudes without referring to the Lagrangian of field theory[10-12]. On
the other hand, non-trivial relations of tree amplitudes are proved. These non-trivial re-
lations include the U (1)-decoupling relation[13-15], Kleiss-Kuijf(KK) relation[16] as well
as recently proposed Bern-Carrasco-Johansson(BCJ) relation[17]. They are examined

from string theory approach[18, 19] and pure field theory approach[20-25].

Since so many works have been done for tree amplitudes from 2003, there are almost no
simple researches left now. We are forced to study gravity amplitude and loop amplitude.
This is of course lucky for physics, but somehow unlucky for students, since computation
of gravity amplitude and loop amplitude is so difficult. Every small effort contributes to
a little progress, which pushes the research a step forward. But we are still on the road

no matter how difficult it is.

Almost no one likes gravity amplitude computation, not even drawing all contributing
Feynman diagrams. Fortunately, there is an indirect way of computing gravity ampli-
tude from Yang-Mills amplitudes via Kawai-Lewellen-Tye relation[26]. This relation is
proposed in 1985 for string amplitudes, but it finds its important application in field
theory amplitude computation. However, KLT relation is only valid for tree gravity and
Yang-Mills amplitudes. We should go beyond tree level, since any simple and not so
simple pieces of tree amplitudes have already been studied and re-studied during last
decade. Shortly after the discovery of BCJ relation, a BCJ conjecture[27, 28] has been
proposed. This conjecture states that, for representations of Yang-Mills amplitudes
where kinematic factors of diagrams follow the same Jacobi identity of color factors
from corresponding diagrams, the gravity amplitude can be straightforwardly produced
by squaring kinematic factors of two Yang-Mills amplitudes in those representations.
Such representation can be constructed for both tree and loop amplitudes, as far as the
Feynman diagrams to be included are cubic diagrams. So the BCJ conjecture can be
used to compute loop gravity amplitude from loop Yang-Mills amplitude[29-37], with
the help of computer.



1.2 Outline of the thesis 3

Computation of loop Yang-Mills amplitudes goes far beyond computation of loop grav-
ity amplitudes. While results of loop gravity amplitudes are still restricted to some
examples, the systematic computation of one-loop Yang-Mills amplitudes is already
fully implemented[38]. Any one-loop integrals can be expanded to finite number of
known integrals, and the expansion coefficients can be computed by unitarity cut. The
computation takes advantages of spinor-helicity formalism and compact tree amplitude
results produced by BCFW recursion relation. Researches on integral reduction of two-
loop and three-loop amplitudes also provide very inspiring results[39-47]. For the inte-
grand reduction approach, recent researches inspired by computational algebraic geom-
etry method[48, 49] push one-loop integrand induction[50-55] to multi-loop integrand
reduction[56—65]. This is theoretically true, but practical computation still depends on
the efficiency of algorithm and ability of computer. The first step is taken by comput-
ing integrand basis of multi-loop amplitudes via Grébner basis method and generalized
unitarity cut method. It is totally translated to mathematical problem, so systematic
algorithm can be implemented. Further information of the algebraic system defined
by generalized unitarity cut of multi-loop amplitude is detailed explored by algebra-
ic geometry methods such as Grobner basis, primary decomposition of ideal, varieties
and branch structures of reducible algebraic set, geometric genus of complex curve, etc.
This information can be used in the further steps of multi-loop amplitude computation-
s such as integral reduction with Integration-By-Parts(IBP) method[66-69] or fitting

coefficients of master integrals.

Although theoretical tree amplitude computation is approaching the final stage, theo-
retical loop amplitude computation is still in its very early period. The complexity of
multi-loop gravity and Yang-Mills amplitudes is really a challenge both for theoretical
and practical computations. The simplicity of tree amplitude discovered in the past
decade starts a revolution of tree amplitude computation, and finally makes it trivial to
compute any tree amplitudes theoretically. We believe that the simplicity of multi-loop
amplitude is still hidden somewhere waiting for us to pursuit. This belief will inspire

further researches on the amplitude community.

1.2 Outline of the thesis

This thesis describes two subjects that I mainly work on during my PhD study[61, 70, 71].
They are presented in following chapters after a brief introduction of basic knowledge

and convention that are frequently used in amplitude computations.

The whole chapter 2 is devoted to KLT and super-KLT relations in field theory. Since
(super-)KLT relation has already been proven by pure field theory method, we think it
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is consistent within field theory and do not mention its string theory origin in this thesis.
The first section describes various formulations of KLT relations and shows that they are
equivalent through BCJ relation. The second section describes our work on super-KLT
relation. The complete map between super-gravity amplitudes and super-Yang-Mills
amplitudes for any number of supersymmetry in 4-dimensional theory is provided. The
linear symmetry groups of super-gravity theories that inferred from KLT products are
also illustrated, and their roles in the vanishing identities of Yang-Mills amplitudes are

discussed. The main results of this section have been published in [70].

Chapter 3 describes the basics of loop amplitude computation. After introducing two
major representations of loop integral, we focus on one of them where color information
is separated and kinematic information defines color-ordered partial amplitude. This
representation is especially useful for practical computation. Firstly we introduce the
traditional integral reduction procedure, and concentrate on one-loop integral reduction.
The unitarity cut and generalized unitarity cut are introduced for the reduction. Then
a whole section is devoted to the introduction of algebraic geometry. With these mathe-
matical concepts, the last section describes integrand reduction of multi-loop amplitude
as a problem of algebraic geometry. Ideas and algorithms discussed in this section will
be applied to detailed analysis of two-loop and three-loop diagrams in chapter 4 and

chapter 5.

Chapter 4 describes integrand basis of 4-dimensional two-loop topologies. The integrand
basis is obtained by computational algebraic geometry methods. Possible topologies
of two-loop amplitude are discussed in the first section. The second section provides
general discussion of algebraic system defined by equations of maximal unitarity cut of
4-dimensional two-loop topologies. Since complete results for all topologies are too much
to present, in this thesis, we select two typical topologies and provide detailed analysis

in section 3 and section 4. The complete results have been published in [61].

Chapter 5 describes a special type of multi-loop topologies where equations of maximal
unitarity cut define a complex curve. For this complex curve, we compute the geometric
genus. Since geometric genus is topological invariant, it characterizes properties of curve.
It is also a judgement of rational solution for equations of maximal unitarity cut. The
first section describes the way of birationally mapping non-plane curve to plane curve,
whose genus is much easier to be computed. The second section discuss genus of curves
from two-loop diagrams and the third section discuss genus of curve from three-loop

diagrams. The main results of this chapter have been published in [71].

Conclusion and outlook are given in the last chapter.
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1.3 Preliminary

Many concepts and notations are frequently used in amplitude computations. In this
section, we introduce some basics which will be used in following chapters. They can be

found in many review papers, for example [72, 73].

1.3.1 (Gauge group

For convenience we can study Yang-Mills theory of SU(N) group. The generators (7%) Z-j ,
a=1,2,...,N?>—1, of SU(N) group in fundamental representation are N x N traceless

Hermitian matrices. They can be normalized as
Te(TT%) = 6% | [T9,T° = iv2[%T° (1.1)

where square bracket is normal commutator and f®¢ is Lie algebra structure constant.

Gluon is in the adjoint representation of SU(N) group, and it carries an adjoint color
index a, a = 1,2,..., N? — 1. Quark or antiquark is in the fundamental representation,
and carries an i or j index, 7,5 = 1,2, ..., N, but color free. Each gluon-quark-antiquark
vertex contains a factor (T“)ij , each gluon three-vertex contains a structure constant
fec and each gluon four-vertex contains structure constants f€fe¥  To simplify
amplitude computation, it is better to eliminate all structure constants by generators

T“ before computation. This can be done by applying identity
iV2f%¢ = Te(TTPT¢) — Te(TT°T) . (1.2)

As a result, the color factors of Feynman diagram are represented by products of traces

of generators as Tr(...)...Tr(...). If external quarks are also involved, there will be

strings of generators ended by fundamental indices as (7% . ..Tam)zj . Then we can

apply Fierz identity of SU(N) group

~ = - = 1 = =
Z(Ta)ifl(Ta)iiz = 51‘17251'2]1 - N(Sil]l(si2j2 (1.3)

a

to reduce all color structures in terms of traces of generators.

The second term in the right hand side of (1.3) is introduced to implement the traceless
condition of SU(N) group. Identity (1.3) states that the SU(NN) generators T form a
complete set of N x NN traceless Hermitian matrices. Sometimes it is convenient to get
rid of the second term —1/N in (1.3) by considering U(N) = SU(N) x U(1) group. The

traceless condition is then relaxed, and the additional U(1) generator is proportional to
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identity matrix

3 1

(Tao)i] = \/N

This U(1) gauge field is referred to as photon. The generator commutes with all gener-

57 (1.4)

ators of SU(INN) group with zero structure constant, so it does not couple to gluon.

From Fierz identity, it is possible to write the product of two traces as

Te(T°X)Te(T°Y) = > (T9iX5 Y (1%),iv;™

ik 7,m
) ky m ) ky m
B S T SRR
/[:7k7j7m i7k7j7m
1
= TH(XY) — T(X)Te(Y) | (1.5)

where X, Y are any sequences of generators. There are two terms in the Fierz identity.

However, if we only consider contracting structure constants such as

b b _1b
fal 161f€1 2€2 ,fek 1 k0k7

since f9€ can be replaced by Tr(TT*T¢) —Tr(T?T*T*®), after contracting we can always
get —1/N terms as

1
A (Te(T°T®) — Te(T°T%)) , (1.6)
where - -+ represents any products of traces from contracting other structure constants.

They are all canceled out since cyclic permutation invariance of trace implies Tr(7%T%) =
Tr(T°T?). So the —1/N term in (1.5) does not contribute in the color structures of
gluon vertices. This is expected since photon dose not couple to gluon. So we can write

products of traces of SU(N) generators as

> TH(TX)Te(T°Y) = Te(XY) , > Tr(T°XTY) = Te(X)Tr(Y) . (1.7)
a a
The second relation in (1.7) is useful when working out color structures of loop amplitude.

Especially, if X is identity, we have
S ry) = 3 S @Y =SS 606 F = NTrY) (L)
a a imjvk a iajvk

where N = Tr(I) is the trace of identity matrix. This is the reason why we only have
single trace structure for tree amplitudes, but double, triple or N-ple trace structures

for loop amplitudes.
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After eliminating structure constants by traces of generators, we separate color part and
kinematic part from full amplitude. The kinematic information associated with certain
trace structures then can be identified as partial amplitudes, which are color-ordered
and much easier to be computed than full amplitude. In fact, we can compute partial

amplitudes, and assemble them into full amplitude according to the color structures.

1.3.2 Spinor-Helicity formalism

The spinor-helicity formalism is widely used in recent methods of amplitude computa-
tion, and responsible for compact and simple final results. The idea is to express the
mathematical structures of amplitude with two-dimensional irreducible representation of
Lorentz group, especially the Dirac spinors, polarization vectors and momenta. The rep-
resentation can be chosen as Weyl spinor of massless particles. Note that Lorentz group
can be expressed as SU(2)r, x SU(2)g, so we can use two independent two-dimensional
representations (1/2,0) and (0,1/2) to express the finite dimensional representation of

Lorentz group.

Let us start from the Weyl spinor of massless momentum, which can be found by solving

massless Dirac equation

puu(p) =0, (1.9)

where u(p) is four-component vector, and gamma matrices satisfy anti-commutation

relations
{4} = 29" s, g" = diag(+, -, —, —) . (1.10)

In the Weyl representation, gamma matrices have explicit form as

0 I , 0 :
2 = 22 4= 7 (1.11)
.[2><2 0 —o" 0

where ¢! is 2 x 2 Pauli matrix. So the four-component Dirac spinor can be written as

two two-component Weyl spinors

u(p) = ( talp) ) : (1.12)

and the Dirac equation becomes

p-a[gdﬂd:(] . p-oPu,=0. (1.13)
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The index of Weyl spinor is raised and lowered by two-dimensional anti-symmetric Levi-

Civita tensor e,g or € i A commonly used notation of spinor is given by

X®) =, M@ =), Aa@) = , Xp)=1p]. (1.14)

With this notation, the inner product of two Weyl spinors associated to two massless

momenta p;, p; can be expressed as

(i §) = A1) Aa(Ds) = €PXa(P)As(p5) = M () A2(p5) — Ao M (py) 5 (1.15)
[i 7] = Aa(P)A(9)) = €5 A% ()X () = M (p)A2(p;) — A2(pi)AL(py) . (1.16)

We can decompose massless momentum as two Weyl spionrs

P =p" - (0,)° = XX = [pl{p| . Pac =" (Op)ac = Aada = D), (1.17)

since det(p - ) = p? = 0 for massless momentum. If we treat momentum as complex
valued, then A, X are independent. If momentum is real in Minkowski space, we should
constrain \ = A, the complex conjugate of A. The inner product of two momenta is

related to the inner product of spinors as

(@ §) 7 1] = X0)Aa ) Aa D)X (Di) = PIDjac = Pipo? 0l spj = 2p; - pj - (1.18)

We use QCD convention in above relation, while the string convention differs with a

minus sign.

Many identities are quite useful for computation with spinors. They are

o (i|v*|i] = 2p!', Gordon identity,

o (i) =—(i), [ ] =—[j ], (i i) = [i ] = 0, Antisymmetry,
o (i]y"]j] = (jlr*[i], Charge conjugation,

o (i|y*|j] (k|v*|l] = 2 (i k) [j ], Fierz rearrangement,

o (ij)(k|+ (ki)(j|+ (k) (j| =0, Schouten identity,

e >, (i k) [k j] =0, Momentum conservation.

These identities are also valid when replacing |-) — |-],|-] = |)-

The next object to be expressed by Weyl spionr is polarization vector. It has two states

eff with four components y = 0,1,2,3, which produce the helicity +1. An explicit
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representation for polarization vector is given by

iy = (el (plalr]
N I T o

€

or in the matrix form

_ V22 (p)Aa(r) _ V2l
(r p) (r p)

_ V24 (1) Aa(p) _ V2p)[r]
[p 7] [p 7]

el (p)

' €aalP) ;o (1.20)

where r is arbitrary reference momentum representing the freedom of on-shell gauge
transformation, and will disappear in the final result. The polarization vectors are

normalized as

et(p)- e (p)=-1, ¢(p)- e (p)=0. (1.21)

They are transverse to p for any reference momentum r

e(p)-p=0, (1.22)

and the complex conjugation reverses helicity

(€ @) =€ () - (1.23)

The completeness relation of polarization vectors with reference momentum r gives a

light-like axial gauge with gauge vector r

PuTv + TuDu

P (1.24)

et (p)e, (p) + €, (P)ef (p) = —gu +

For gravity theory, we also have graviton states with helicity +2. These states can be

+

1> Which can be written as products of

produced by 2-dimensional polarization tensor e

two polarization vectors as

L (P)es (p) - (1.25)

1.3.3 Three-point amplitude

The three-point amplitude is the basic building block for modern methods of amplitude
computation. In Yang-Mills theory, the color-ordered three-point vertex with definite
helicity is produced by contracting three-vertex with corresponding polarization vec-
tors of external states. However, it is possible to construct three-point amplitude from

discussion of consistency conditions[74, 75] without specific Lagrangian description.
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For massless three-point amplitude, momentum conservation p; + p2 + p3 = 0 and on-
shell conditions p? = 0, i = 1,2,3 ensure that p; - p; = 0 for arbitrary 7,5 = 1,2, 3.

Expressed in spinor-helicity formalism, we have
(12)[21]=0, (13)[31]=0, (23)[32]=0. (1.26)

We want to find the non-trivial solution of above equations. If (1 2) =0 and (1 3) =0,
both |2), |3) are proportional to |1). Then we can write |2) = ¢1|1), |3) = t2|1), and
(2 3) automatically vanishes. However, if momenta are real, we have |i] ~ |i)*. So inner
products [i j] for any i,j = 1,2,3 also vanish. In this sense, no non-trivial three-point
amplitude can be constructed from inner products of spinors. Instead, we can consider

all momenta as complex valued, then |i] and |i) are independent, and each set of solutions

(12)=(23)=(31)=0, [ij] non-zero, (1.27)
[12]=[23]=[31=0, (ij) non-zero (1.28)

satisfies momentum conservation and on-shell conditions. So the complex three-point
amplitude should be a purely holomorphic or anti-holomorphic function of spinors. By
requiring consistency conditions from assumption of S-matrix that the Poincaré group
acts on scattering amplitude as it acts on individual one-particle states, the three-point

amplitude is forced to be
Az(1M 202 3hs) = o (1 2)%(23)" 3 1) 4k [1 272373172, (1.29)

where h; is helicity of particle p;, and d1 = h1—ho—hs, do = ha—hs—h1, d3 = hg—h1—ho.
KH, kA are constants, and one of them should be zero, in order to fulfill the correct physics
behavior in the limit of real momentum. Explicitly, if di + ds + d3 is positive, then x4
should be zero in order to avoid infinity. Similarly, if dy + do + d3 is negative, then Ky

should be zero.

Let us apply above discussion in Yang-Mills theory, where the helicity could be £1,4+1/2

or 0. Note that above discussion could not exclude the possibility of theories with three-

point amplitude of the form A3(1%,2%,3%). But such theories will contain a high power

of momenta in cubic vertex. In Yang-Mills theory, we can only consider following non-

trivial three-point vertices. (1) pure gluon three-vertex,
(12)°

Ag(l_,Q_,3+) = m ) A3(1+,2+,3_) =

1 2°

7[2 331 (1.30)
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(2) gluon coupled to fermion pair three-vertex

2 2
As(172,272,37) = <<3112>> , As(17z,2%2,37) = [[3112]] : (1.31)

and (3) gluon coupled to scalar pair three-vertex

w

A3(10’2073*) — M , A3(1072073+) _ [25)1][2?}1] .

1.32
All constant pre-factors have been ignored in above expressions.

~

1.3.4 BCFW recursion relation

Taking advantages of spinor-helicity formalism and complex momentum, the Britto-
Cachazo-Feng-Witten(BCFW) recursion relation[5, 6] is a powerful tool for analyzing
and computing amplitudes. This method dose not rely on Lagrangian description of field

theories, but tries to extract as much information as possible from general assumptions.

The amplitude is real valued, but it has no problem to extend it to complex plane,
provided that the amplitude is analytic function. One way of complexifying amplitude
as function of complex variable is to deform external momentum. Suppose we have
selected two massless gluons whose momenta are p; = Aka and p, = Aan, then we

can introduce a complex variable z, and deform them as

Pr(2) = MOk — 2An) 5 Dn(2) = (A + 226) An - (1.33)

The other external momenta are kept the same. This deformation modifies the anti-
holomorphic part of momentum p; and holomorphic part of momentum p,,, while pre-
serves two properties, (1) all momenta after deformation are still on-shell, (2) momentum
conservation of all external momenta after deformation still holds. In fact, it is not nec-
essary to use spinor-helicity formalism. We can introduce an arbitrary four-vector g,

and deform two momenta as

Pe(2) =pr —2q , Dn(2) =pn+2q, (1.34)

with ¢ = pr - ¢ = pn - ¢ = 0. But spinor-helicity formalism makes computation simple.

With momenta deformation, the amplitude becomes a function of single complex variable

A(Z) == A(pla .. 7pk—17ﬁk(z))pk+17 ... 7pn—1)ﬁn(z)) . (135)
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The advantage of such deformation is that, for generic external momenta, A(z) is rational
function of complex variable z with only simple poles. The poles come from propagators
where only one pi(z) or p,(z) is included, since pi(z) + Pn(z) = pr + pn, which is

independent of z. Furthermore, if we consider following Cauchy’s theorem

1 A
0= dz (2)

- 1.36
211 T z ’ ( )

where T' is a large enough contour, and assume that A(z) vanishes at infinity, then
there is no boundary contribution, and above contour integration is totally given by its
residues. These residues are computed at z = 0 and at locations of simple poles from
A(z). So we have

A(0) == " Ap(. ., D(zij)s - - 7@(zij));AR(—%h(zﬁ), ey DPulzig), ) - (1.37)
i,j h==% v

The summation is over all possible helicity configurations and diagrams of propagators
with only one Py (2) or Pn(2). zi; is the solution of p;;(2)? = (pij + 2\ dn)2 = 0,
py

25 = m : (1.38)
Since the amplitude is computed at phase space where propagators p;;(z) are on-shell,
the summation only contains on-shell diagrams. A, (0) is the physical amplitude we
want, and Ap, Agr are tree amplitudes that having fewer external momenta than A,.
If Ar contains n; external legs, then it is (n; + 1)-point tree amplitude, and Apg is
(n—n1+1)-point tree amplitude. n; ranges from 2 to (n—2), so (n1+1) and (n—n1+1) are
always smaller than n. We can recursively perform similar momenta deformation (1.33)
and BCFW expansion (1.37) for Ay, and Apr until all of them can be constructed only
from three-point amplitudes. This is fascinating, since as already mentioned, three-point
amplitude can be determined by general physics considerations, while BCFW recursion
relation is also based on very general assumptions about field theory and scattering
amplitude. So it is possible to build up field theory based on general principles without

relying on specific Lagrangian.

Attention should be paid to the boundary contribution of contour integration (1.36)
when A(z) does not vanish as z — oco. The large z behavior of A(z) depends on the
way of deforming momenta (1.33). For Yang-Mills theory, it is always possible to select
two momenta py, p, with helicities (—,+), (+,4) or (—,—). A(z) vanishes as z — o0
under these momenta deformations. So in order to avoid boundary contributions, we can
simply select two momenta py, p, which have helicities (hy, hy) = (—, +). However, even

for some bad deformations where A(z) does not vanish as z — oo, we can still compute
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the contour integration (1.36). Besides residues in locations z = 0, z = z;;, there are as
well additional terms from boundary contribution. The physical amplitude is then given
by (1.37) plus corrections from boundary contribution[76-78]. Computation of boundary
contribution is not easy, but if we are carefully enough and do not make mistakes, we

should get the right physical amplitude.

1.3.5 MHYV amplitude

We mentioned that non-trivial gluon three-point amplitudes with helicities (—, —, +) or
(4, +, —) have very simple form when written in spinor-helicity formalism, while ampli-
tudes of all plus or all minus helicities vanish. This can be generalized to arbitrary point
gluon amplitude by introducing Maximal-Helicity-Violating(MHV) amplitude. Consider
n-point amplitude with k£ minus helicities. When k£ = 0 or 1, the amplitudes vanish. The
first non-trivial amplitude is MHV amplitude when k = 2, known as the Parke-Taylor

amplitude[79], and it takes a simple form as

L _ (i )"
A (1T i, ,nT) = A29@3 (LD’ (1.39)

where p;, p; are chosen to be minus helicities. Similarly, we define anti-MHV amplitude

as amplitude with two-plus helicities and others minus. It also takes a simple form as

]4

An(1=, . it ) = [0

1223 n_Loni’ (1.40)

where p;, p; are chosen to be plus helicities. If j = ¢+ 1, then the numerator will cancel

one factor in denominator.

For 4-point and 5-point amplitudes, they should either be zero or MHV, anti-MHV am-
plitudes. Especially for 4-point amplitudes, the MHV amplitude is as well the anti-MHV
amplitude. This is a consequence of 4-point kinematics. Let us take A(17,27,3%,4T)

as example. Since sj2 = s34, we have (1 2) [1 2] = (3 4) [3 4], and

(12)° _ B4’E4° 434
(23)(34)(41)  [12°(23)(34)(41) [12](3]2]1] (4]1]2]
34°(34)° [3 4F°

= . (1.41)
[12] (3] —4[1] (4] —3[2]  [12][2 3][4 1]

For A, with n > 6, (1.39) and (1.40) are not enough to determine amplitudes of all

helicity configurations. For example, 6-point amplitude could have three-minus, three-

plus helicity configuration, defined as Next-MHV(NMHYV) amplitude, which is far more
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complicated than 6-point MHV amplitude. Amplitude with k& + 2 minus helicities is
called N*MHV amplitude.

We can generalize MHV amplitude beyond pure gluon amplitude. The most close gen-
eralization is to include a fermion pair in the amplitude. Amplitude of a fermion pair

with all plus gluon is trivially zero, and the first non-trivial amplitude is

1 _ 1Y% (2 4)
A,(172,2%2 3% . .o.,nt) = < . 1.42
(172,272,837, ) = a8y = L) (0 1) (1.42)
Similarly the anti-MHV amplitude is defined as
1 1 [2 ’i]g [1 ’L]
A (172,272,337, ...t ... n7) = (1.43)

1223 [n—1,n][n1] "
They are also generalization of corresponding three-vertex amplitudes.

The MHYV gravity amplitude also exists[80-85]. But compared to the simple formulation
of MHV Yang-Mills amplitude, it is extremely complicated. A better understanding of
gravity theory might be needed in order to construct a possibly simple formulation for

MHYV gravity amplitude.

1.3.6 Supersymmetry

Tree amplitude in Yang-Mills theory has apparent sypersymmetry[86, 87]. Supersym-
metry is an idea of relating fermion and boson states, and treating them in an equivalent
way. It is an extension of Poincaré algebra, by including additional anti-commutating
spin half supercharge operators (). Since this operator is fermionic, it will change spin

states by half when acting on them.

Expressed in terms of Weyl spionr, the supercharge operators @ = (Q%, @g) have spinor
indices a, & = 1,2, and also index a = 1,2,..., N, where N is the number of super-
charges. Q% can be used to lower spin by half while ég can raise spin by half. The

supercharges can be realized by Grassmann variables 1 through

_ n n 6
Qa = Z [i)na , Q"= Z |l]% : (1.44)
i=1 i=1 a

7 are numbers satisfying anti-commutating relations {7y, 7} = 0, but commute with

normal numbers. It is easy to infer that 52 = 0. The integration of Grassmann variables

/dn:O, /ndnzl, (1.45)

is defined as
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and the differentiation of Grassmann number is identical to integration. It is also in-
teresting to see that delta function of Grassmann number §(n) is identical to 7, follows
directly from the definition of delta function and integration of Grassmann number.
Fields in supersymmetric theories are then associated to Grassmann variables. For ex-
ample, if N'= 1, we have gluon g and gluino A fields. Using Grassmann variable 7, they

can be packed into a super-field
b=g " +npAT | W =pA  +g . (1.46)
Acting @, Q on &, ¥ super-fields, we get
QP=ngt4+0 , QU=0+ng , QP=0+AT , QU=A"+0. (1.47)

Comparing with ®, ¥ super-fields, it is easy to see that it gives the correct state trans-

formation

@ : (g+7A+7A_ag_) — (Oag+a07A_) ) Q : (g+aA+)A_7g_) - (A+707.g_70) . (148)

For 4-dimensional Yang-Mills theory, we have N’ = 1,2,4. N = 3 super-Yang-Mills
theory describes the same theory as maximal N = 4 super-Yang-Mills theory. For 4-
dimensional gravity theory, N could be 1,2,4,6 or 8. N = 7,5, 3 super-gravity theories
have their equivalent N = 8, 6,4 super-gravity theories. Generalization of supercharge
operators and super-fields to A supersymmetric theories is straightforward, and we will

discuss the details later.






Chapter 2

KLT relations

This chapter describes KLT relation[26] and its extension to supersymmetric theories[88].
The KLT relation is originally discovered almost thirty years ago when Kawai, Lewellen
and Tye explored some mysterious relation between bosonic closed and open strings.
By carefully defining the integral, they found that scattering amplitude of closed string
can be factorized into product of two open string amplitudes. Since closed string con-
tains spin-2 particle while open string contains spin-1 particle, they can be naturally
identified as graviton and gluon. In the field theory limit, bosonic closed string pro-
vides a description of Einstein gravity theory, and open string provides a description of
Yang-Mills theory. So KLT relation of string amplitudes also encodes mysterious con-
nection between gravity amplitude and Yang-Mills amplitude. In bosonic case, it is the
relation that relates pure graviton amplitude to pure gluon amplitude. This is already
very surprising since such relation is totally obscure in the Lagrangian descriptions of
these two theories. In heterotic string case, it is possible to go beyond pure gravity
and Yang-Mills theories, but include fermion and scalar fields as well as spin 3/2 fields
into the relation. In fact, since every supersymmetric gravity and Yang-Mills theory
with A supercharges can be reduced from certain string theory by taking string tension
to the limit of infinity, it could be expected that a complete set of KLT map between
all possible super-gravity theories and super-Yang-Mills theories exists, even though it
might be hard to work out every corresponding string amplitude factorization. Since
(super-)KLT relation has already been proven by pure field theory method[89, 90], it is
therefore safe to ignore its string theory origin, and concentrate the study only on the
consequences of field theories. In the gravity theory part, these consequences include
constructing various super-gravity theories, and also computation of tree-level gravity
amplitude[91], especially the full expression of tree-level MHV gravity amplitude[80-85].
In the Yang-Mills theory part, some interesting vanishing identities among Yang-Mills

amplitudes[92, 93] are found as a result of symmetry violation.

17
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In the following sections, we will briefly present various expressions of field theory KLT
relations and their application to gravity amplitude computation. The remaining context
is mainly dedicated to super-KLT relation which we have studied. After generalizing
normal KLT relation to supersymmetric gravity and Yang-Mills theories, we will work
out the complete KLT map between all possible 4-dimensional supersymmetric theories,
and illustrate the violation of symmetry that leads to vanishing identities of Yang-Mills

amplitudes.

2.1 KLT relation in field theory

2.1.1 General formula and properties of S-kernel

It only requires one sentence to describe KL T relation: gravity amplitude is a summation
of products of two Yang-Mills amplitudes. Yet it is not quite easy to really work it out
mathematically, since terms to be summed over is of factorial order, and the products

are also dressed with complicated kinematic factors.

The expression could have many different forms[94], and one general form for n-point

gravity is

Mn :(_1)n+1 Z Z Z An(l,UQJ,Uj_;_l,n_g,n — 1,n)8[0&0(2)7g(j)|027j]p1
o€Sy_3 OLEijl 565,1727]'

X S[0j41n-21B0(j+1),0(0=2)lpn-1 An(e2),0(), 1, = 1, Bo(j41),0(n—2)5 1) 5

(2.1)
where j is a fixed number taking value of (1,2,...,n —2). S, is the set of permutation
of n legs, and o;; is a permutation of indices (i,% + 1,...,j). Coupling constants of

gravity and Yang-Mills theories have been ignored here. A, A, are two n-point Yang-
Mills amplitudes, and they are not necessary to be amplitudes of the same theory.
In this expression, three external legs of Yang-Mills amplitudes have been fixed, and
permutation is operate on remaining (n — 3) external legs. This is easy to understand in
string theory, since three points are fixed because of conformal invariance. The kinematic

factor, also called momentum kernel or S-kernel, is defined as

k k
Sliv, - vinlivy - delpy = [T (si1 + D 00t iq)sivi,) (2.2)

t=1 qg>t
where 6(i¢,iq) is zero when legs (i¢,4,) has same ordering at both sets Z = {iy,..., 4}
and J = {j1,...,Jk}, and unity for all other cases. s; ; is simply Lorentz invariant

scalar product (p; + - -+ + p;)%. The dual form of S-kernel, i.e., the S-kernel, is defined
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as

N

Sliv, - sikldns s dilpn = L[ (sjen + Y 00 30)851,) - (2.3)
t=1 q<t

It is helpful to mention some properties of S ,g—kernels, which can be directly applied
to the rephrasing of KLT-relation expression. One important property is the reflection

Symmetry

Slit, - yilgrs - Jklpy = Sk -5 J1lin, - i1py (2.4)
Slity -y iklgts s Jklpn = Sty - -+ d1liks - -+ 1]y » (2.5)

where sets Z and J have been switched, as well as the ordering in each set has been

reversed. Another useful property is about permutation on S ,g—kernels. Since

Pij(S[Blalp,) = S[Pij(B)|Pij(a)]p: (2.6)

where P;; is the exchanging of legs 7 and j, we can generalize it to
Zs [BIPyj(a Z% o) = Py (Y S[Py(B)led) = Py (Y _S[Blal) ,  (2.7)
B B

where at the third step we used the fact that summing over all permutations 5 com-

mutes with permutation P;;. More generally, we have

ZF SBlGe) = Y O _FB)SBI2,. —2/G({2,3,...n—2})), (2.8)

P{2,...n—-2} B

where G(«) is a general function. This shows that we can divide all permutations into
groups of certain particular permutation P{2,3,...,n — 2}. While the left and right

hand sides are different term by term, they are equivalent after summation.

Also we have a special identity considering the combination of S-kernel with Yang-Mills

amplitudes in the following way

Z Slaz,. . n-1lj2, - Jn-1lp1 An(n, 2, n-1,1) =0 . (2.9)

aESp_2

Surprisingly, this is just a rewriting of BCJ relation. For example, if n = 5, (jo, js, ja)
could be any ordering of {2,3,4} and each ordering leads to an identity, though they
might not be all independent. Let us consider one specific ordering (jo, j3,j1) = (2, 3,4).
The set « has (5 —2)! = 6 elements, and we can divide it into two parts. One part keeps

ordering (2, 3) while 4 is inserted into all possible positions of (2, 3), and the other keeps
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ordering (3,2) with 4 being inserted into all possible positions of (3,2). Then we get

0 = S[2,3,42,3,4]A(5,2,3,4,1) + S[2,4,3(2, 3,4 A(5,2,4,3,1)
+8[4,2,3|2,3,4]A(5,4,2,3,1) + S[3,2,4]2,3,4]A(5,3,2,4,1)
+8[3,4,2/2,3,4]A(5,3,4,2,1) + S[4,3,2[2,3,4]A(5,4,3,2,1)
= 512513 [514A(5,2,3,4,1) + (s41 + s43)A(5,2,4,3,1)
+(s41 + S42 + s43)A(5,4,2,3,1)| + s12(s31 + $32) [841A(5, 3,2,4,1)

+ (541 + 542)A(5,3,4,2,1) + (841 + S42 + s43) A(5, 4, 3, 2, 1)} . (2.10)
Each copy in square brackets is a fundamental BCJ relation

> Slo,..m-112,3,...,n — 1A, 09, n1,n) =0, (2.11)
c€OP{2,3,...n—2} U{n—1}

where the ordered permutation OP{a} (J{F} is the set of permutations between sets «
and  while preserving the ordering of elements inside each set. When {5} = {n — 1},
which has only one element, it has a simple structure that with (n—1) legs fixed ordering
and bypassing one leg from left to right in each term between the first and last leg. This
gives a relation among (n — 2) amplitudes. So we can see that (2.9) is a combination of

many copies of BCJ relations. A similar relation for dual S-kernel is given by

> Slig,- - yin-1v2.n-1lpa An(n, Y20-1,1) = 0 . (2.12)
YESH—2

Let us go back to the general form of KLT relation (2.1). It contains a summation over

m=3)!x{G-—D!'x(n—75—2)!

terms. For each 7, it is reduced to a specific expression of KLT relation. All of them
are related by BCJ relations, thus equivalent to each other. The equivalence can be
proved by shifting j repeatingly using BCJ relations and momentum conservation[89].

The main formula for shifting j is

Z S O‘zz,zj |227 s ] [z]Jrla EE) in*Q|B7;j+17in72]pn—lAn(ai2>i]" 1’ n— 17 67;j+177;n727n)
= Z 'S 1,2,1] 1 |227 .- Z] 1]101 [7’]7 L4150 in—Q|ﬁz/'j,in,g]pn—lAn(agg,iJ‘,l’ Ln—1, Bz{j,in,zan) )
o, B!
(2.13)

where number of elements in S decreases from (j — 1) to (j — 2) and that in S increases
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from (n —j —2) to (n —j —1). Then the equivalence of all KLT relations by specifying
different j in general KLT formula (2.1) can be guaranteed.

2.1.2 Modified formulae and their applications in gravity amplitude

computation

KLT relations of some special j of (2.1) are important in literatures. If j = [n/2], it

defines n-point KLT relation conjectured in [95]. This gives a summation over
n n
—3)! —]=1)! —]=2)!
(n=3)! % (5] - D! x (5] - 2)
terms. A simplified expression can be obtained by assuming j = 1,

Mn :(_1)n+1 Z An(1,0'27n_2,n — 1,n)g[O'Q’n_Q’52771_2]13”7112(”(1,TL — 1,52771_2,11) s

0,6€ESn_3

(2.14)

and also the dual form by assuming j =n — 2,

M, =(-1)""" > Ay (Fon—2, 1,1 — 1,0)S[Fom2|02n—2]p An(1,02n-2,n — 1,n) .

0,0€Sn—3

(2.15)

The summation is over (n — 3)! x (n — 3)! terms from two independent permutation sets

0,0, and kinematic factors contain only one S, S-kernel.

Using these KLT relations, some simple gravity amplitudes are just in hand to write
down explicitly. A naive example is three-point gravity amplitude, which has only one

term without any kinematic factor, given by
Ms(1,2,3) = As(1,2,3)A3(1,2,3) = (43(1,2,3)) . (2.16)

The last step holds if we take the same Yang-Mills theory for both A and A. Gravity
amplitude is totally symmetric in the external legs, while Yang-Mills amplitudes are
color-ordered. The colorless property of gravity amplitude even at three-point level is
not obvious from Yang-Mills part, but it can be seen by using many non-trivial relations
of Yang-Mills amplitudes. In fact, there are 3! = 6 different color-ordered three-point
Yang-Mills amplitudes, while accounting cyclic relation we can fix one leg, thus remain
2! = 2 independent amplitudes, say As(1,2,3) and As(1,3,2). Furthermore, reflection
relation A(1,2,3) = —A(3,2,1) = —A(1, 3,2) ensures that there is only one independent
amplitude. Any three-point amplitudes can be related to As(1,2,3) or —As(1,2,3), and
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the square of Yang-Mills amplitudes ensures that we always get a plus sign for gravity
amplitude. In this way we recover the colorless property of gravity amplitude from color-
ordered Yang-Mills amplitudes. The illustration is simple for three-point amplitude, but
for higher point amplitudes it remains a hard task. Let us further consider four-point
gravity amplitude. It also contains one term, and the kinematic factor, if using expression
(2.15), is S[2|2]p, = s12. Thus

My(1,2,3,4) = —s12A4(1,2,3,4)A4(2,1,3,4) . (2.17)

Note that both Yang-Mills amplitudes A, A have s12 pole(or s34 pole, but s34 = s12 from
4-point kinematics), the kinematic factor sj2 will cancel one of them to make correct pole
structure for gravity amplitude. sj2 of course does not have crossing symmetry when
relabeling all four external legs. This requires us to use BCJ relations to show crossing
symmetry of gravity amplitude. If we consider an arbitrary ordering My (o1, 02,03, 04),
the Yang-Mills part is —S4,4,44(01, 02, 03, 04)114(01, 03,04,092). Because of cyclic sym-
metry of Yang-Mills amplitude, we can fix leg 1 in the first position. One of ¢; would
be leg 1. If o1 or o9 is leg 1, we simply have si,,. If 03 or o4 is leg 1, we also have

So109 = Sozoy = S1oy- D0 formally the Yang-Mills part can be fixed to
—5170/2144(1,Ué,O’é,O’i)AA(l,O’é,O‘Z,O’é) . (218)
Using KK-relation and fundamental BCJ relation, we get three equivalent expressions

31,0§A4(17 Ué? Ué? 0'2)1&1(1, 02/37 O'éa 0-4/1) + 31,a§A4(17 0’;, O'é, O{L)ﬁ4(17 02/37 O'é, 0'4/1)
= —31’0§A4(1,02,03,05)114(1,0{;,02,05)

= 31702A4(1,02,U§,Jé)z&;(l,aé,afpag) + 3170/2144(1,02,Ué,aé)gzl(l,aé,afl,aé) .

Symmetry of relabeling (2,3),(3,4) or (2,4) can be seen in above three expressions
respectively. So the total crossing symmetry of four-point gravity amplitude from color-
ordered four-point Yang-Mills amplitudes is recovered. If n = 5, j could be 1,2,3.

Gravity amplitude contains two terms when j = 2, which is given directly by (2.1) as

MS(]-a 2a 35 47 5) = 512534145(1, 27 37 47 5)"2{5(2’ ]-a 47 37 5)
+s1352445(1,3,2,4,5)A5(3,1,4,2,5) . (2.19)

Again kinematic factors are responsible to cancel double poles from product of two Yang-
Mills amplitudes, which is easy to see since the first term has double s12, s34 poles while

the second term has double s13, s94 poles. While 5 = 1 or j = 3, the gravity amplitude
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contains 4 terms. Taking expression (2.15) we have

M5(1,2,3,4,5)
= 51951345(1,2,3,4,5)A5(1,4,5,2,3) + (s13 + s23)s1245(1,2,3,4,5)A5(1,4,5,3,2)
+(s12 + s23)51345(1,3,2,4,5)A5(1,4,5,2,3) + s1351245(1,3,2,4,5)A5(1,4,5,3,2)
— s1245(1,2,3,4,5) [31325(1, 4,5,2,3) + (s13 + s23)A5(1,4,5, 3, 2)]

ts13A45(1,3,2, 4, 5) [(312 + s03)A5(1,4,5,2,3) + s1245(1,4,5,3, 2)} . (2.20)

After using BCJ relation and momentum conservation for expressions in square brackets,
above result returns to the one given by j = 2. This explicitly shows the equivalence
among different KLT relations. The pole structure becomes difficult to see, as well as

the crossing symmetry of gravity amplitude.

As the number of external legs keeping growing, the computation difficulty increases
so fast that it is even impossible to get any realistic results. However, tree-level MHV
gravity amplitude is a successful example of applying KLT relations, and compact for-
mulae are derived. There is also schematic result of all N' = 8 tree-level super-gravity
amplitude[91]. But it is so complicated that not even possible to really write down the
result. The MHV amplitude for Yang-Mills theory is surprisingly simple, as shown in
(1.39). So it should not be a difficult task to compute MHV gravity amplitude by KLT
relation. There are many MHV gravity amplitude results calculated from many differ-
ent methods. The original one is BGK conjectured result[80], and proved by Mason and
Skinner[84] in the form

_ AMEV(1 9 ) 2k + o pailn
MMHV — (_yn=3 Z ( ) >H[ P+ Pn-1/n) . (2.21)

{1n = 1) {n = 1|n) (n[1 (K|n)

P2,...n—2) k=2

where the sum is over all S,,_3 permutation of legs (2,...,n — 2). The equivalence of all
KLT relations indicates that we should able to reach this form from general KLT relation
(2.1). To show the equivalence, we can of course start from the simplified formula (2.14).

Using property of S-kernel (2.8) for formula (2.14), we get

MELT-MHV _ (_ynt1 Z AMEV (1 9. n—1,n)
P(2,...,n—2)

x Y S[B12,...,n— 20, AMHV(n, B, 1,0~ 1) . (2.22)
8
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Then the remaining task is to show the equivalence

1 T klprir + - + pai|n)
(Iln = 1) {(n — 1|n) (n[1) kHQ (k|n)
23[512,3,...,71—2]21MHV(n,5,1,n—1). (2.23)

Using BCJ relation and properties of permutation group, we get
> S[812,3,...,n = 2]y, A(n, B,1,n — 1)
B

=Sn-2n-1Y_SH2,...,n=3]pA(n—2,n,7,1,n 1) . (2.24)

The summation over f € P{2,...,n — 2} has been reduced to summation over v €
P{2,...,n — 3}. While dealing with MHV amplitude, we can further use inverse soft
factor which relates (n — 1)-point MHV amplitude to n-point MHV amplitude as

~1jn) —
AMHV ({9 1) = (n AMHV (77 1 2.25
(n 7n 7n7 W’ ) <n _ 1‘7/’/ _ 2> <n _ 2‘n> (n ’n7 ’77 7) ) ( )

with modified spinor components

|pn—2 + Pn—1 |7”L>

. |pn—2+paln —1) .
I e e R (2.26)

to assure momentum conservation. For (2.25) to be true we assume that helicity of leg
(n — 2) is positive, which can always be done for MHV amplitude since we can fix leg 1

and n to be negative helicities. Applying (2.25) to (2.24) we get

> S[B12,3,.. . — 20, AV (n,8,1,n — 1) (2.27)
/BESTL73

<n—1]n MHV
2 ShH[2,. Al n—1).
=2, 1<n—1\n— 2|n Z b =3 (@7, 1,n =1)

Repeatingly doing so we finally end up with

n—2

n— — 1\n>
2[2],,, AMHV (7= 9,1 7~ 1" IR et 30N 2.28
[ ‘ ]Pl ( y 4y L, — )161:138’67"—1( 2—k) <n — ]_‘k) <k|n) ’ ( )
where () denotes the i-th modification of momentum p,,, given by
]n/:/l(i)] _ [Pn—1—i +Pni+ -+ pn2+pa_1ln) . (2.29)

(n —1|n)
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Using explicit result of four-point MHV Yang-Mills amplitude with modified spinor
(2.29) in (2.28), the equivalence (2.23) automatically becomes true. This finishes the
proof[96].

So far the KLT relations discussed all contain Yang-Mills amplitude with three legs fixed,
which has a clear explanation in string amplitude. There exists another regularized KL'T
relation where Yang-Mills amplitudes have two legs fixed. If we choose two legs p1, pn,

and deform them as

p1L— Py =p1—xq , Pn— Py =Dn+2q, (2.30)

where x is an arbitrary non-zero parameter and ¢ is an auxiliary momentum satisfying
¢*> = p1g = 0. This means that momentum conservation of deformed momenta is still
valid. The deformed p) is on-shell but the deformed (p},)? = ap,q is a function of z,
which is off-shell. In the x — 0 limit, p},p), go back to the original momenta. The

regularized KLT relation can be expressed as on-shell limit of following expression[94]

Sy An(nsy2,0-1, 1)S[v2,0-11B2,n-1]ps An (1, B2n—1, 1)
S12...(n—1) .

M, = (2.31)

7,8

When z — 0, the denominator s1_ (,—1) ~ 2pnq approaches to zero, while the numerator
becomes a rewriting of BCJ relation (2.9) and also goes to zero. The limit however is

finite, and gives correct KLT relation.

The regularized KLT relation contains a summation over (n — 2)! X (n — 2)! terms,
and z — 0 limit is usually quite difficult to calculate. So it helps little to practical
computation of gravity amplitude. Yet the Yang-Mills amplitudes have two legs fixed,
which is more convenient to implement BCFW recursion relation. So the field theory
proof of KLT relation, which takes advantages of BCFW recursion relation, is more
natural with this form. We mention that the field theory proof of KLT relation can be
finished by BCFW recursion relation no matter in the form (2.1) or (2.31). Since the

proof is out of the scope of this thesis, it will not be described here.

2.2  Super-KLT relation in field theory

The KLT relation discussed in previous section is about pure graviton and gluon ampli-
tudes. It is natural to ask the question if other particle states can be included or not.
A way of creating other particle states is to use supersymmetry. In fact, a generaliza-
tion of KLT relation to super-KLT relation with maximal N' = 8 super-gravity theory
and maximal N = 4 super-Yang-Mills theory has been proposed[88], and already been
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proven by BCFW recursion relation method[90]. Super-KLT relations of non-maximal
super-gravity and super-Yang-Mills theories are not hard to be truncated from maximal
super-KLT relation. The generalization and truncation are quite intuitive with help of
super-field formalism. Instead of using graviton and gluon fields in pure gravity and
Yang-Mills amplitudes, we should introduce super-fields. All particle states, with spin
(0,4£1/2,4+1,£3/2, £2) for gravity and (0, 4+1/2, +1) for Yang-Mills fields, can be packed
into single super-field. With this formalism, expression become very compact, yet it is

easy to restore results for specific particle state by super-field expansion.

2.2.1 Super-field representation and truncation of component fields

With help of Grassmann variables, we can write the super-field for N' = 4 super-Yang-

Mills theory as

_ 1 1
QN = gy o e+ gpnamnef< + mnsnag (2.32)

It contains all component fields in N' = 4 super-Yang-Mills theory, which are tracked by
appropriate coefficients of Grassmann variables. The Grassmann variable 7; , carries a
SU(4)r symmetry index a = 1,2,3,4, and subscript 7 distinguishes different particles.

They follow the anti-commutative relation

{Miasjpt =0 (2.33)

So it is easy to infer that in monomial of Grassmann variables, 7;, of a given ¢ and
SU(4) g index a at most has rank 1, otherwise we will always end up with a factor (7;4)?,
which is zero by definition. The component fields also carry SU(4)r symmetry index,

so they are restricted by SU(4)r symmetry as well as anti-commutative of Grassmann
1234

variables. For a super-field, there are two gluon states g, g-=°*, four positive fermion
states f{ with index @ = 1 to 4, and four negative fermion states fo¢ with index
from selecting any three indices out of (1,2,3,4), normalized by increasing ordering,
as well as six scalars 5% satisfying reality condition s = €5, /2, where 5% = Slb?
with index from selecting any two indices out of (1,2,3,4) and normalized. These
16 states transform as anti-symmetric products in the fundamental representation of

SU(4)g group.

With super-field formalism, we can simply generalize amplitude to super-amplitude by

replacing normal fields with super-fields as

AN=4(D), @y,..., ®,) . (2.34)
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The super-states ®; encodes all information of helicity assignment and external states.
In fact, it can be expanded as a sum of normal amplitudes with coefficients of Grassmann
variable monomials identifying field contents of corresponding amplitudes. The SU(4)r
symmetry constraints the rank of Grassmann variable monomials to be (1)**. Of course
all Grassmann variables should be different in one monomial. Schematically, we can

expand super-amplitude according to helicity information as
A= 3T ANV () 3D AYMIY 2y Y AT (s (2.35)

where summation starts from MHV amplitude and ends with anti-MHV amplitude,
since amplitudes with all plus(or minus) or with one plus(or minus) vanish. The
SU(4)r symmetry index a appears the same number of times in each monomial of
Nie. The amplitude Aflv "MHV ig otill a summation of N¥MHV component amplitudes.
For example, pure gluon MHV amplitude A4(g;, 95, 95,95 ), identified by Grassman-
n variable monomial 13 173273,373.474,174,274,374,4(the first index is particle label and
the second SU(4)g index), is one term in Aﬂ/f HV " while amplitude of gluon coupled
to a pair of fermion A4(gy, g5, f5, f1 ), identified by Grassmann variable monomial
12,1712,27)2,37)2,41)3,1114,214,3M4.4, is also a term in AQ/IHV. Notice that there are more than
one fermion and scalar states, we could have different Grassmann variable monomials
representing component amplitudes with the same field contents. For example, both

Grassmann variable monomials

112,1712,2712,3712,4713,1774,2774,374,4 and 112,1712,27)2,37]2,47]3,37)4,17)4,27)4,4

identify amplitude A4(g7", g5, f5, f1 ), while monomial

12,172,27)2,37]2,47]3,17]4,174,27]4,4

identifies nothing since SU(4)r index do not appear the same number of times.

In spinor-helicity formalism, MHV super-amplitude also takes a simple form as

_ SR (NI i)
A = (1,2)(2,3) - - <71 —1,n) (n,1) "’ (2.36)

with delta function §**2(3°1 | 7; 4A®) representing super-momentum conservation. The
SU(4)R index a = 1,2, 3,4, while spinor index a = 1,2. The eight-fold delta function
is in fact delta function of Grassmann variables, so we can also treat them directly as
products of eight factors. Expanding them we get a mount of terms identified by Grass-
mann variable monomials, and kinematic factor of each Grassmann variable monomial is

a component MHV amplitude. As an illustration, let us truncate gluon MHV amplitude
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A (1t ooe 47 ooe 57, -+ nT). From the field contents, we know that it follows from
Grassmann variable monomial ; 11; 27; 37:,47;,1j,21,37j,4- SO We can concentrate on the

i-th and j-th particles in delta function

32 miary +marS) = [ OhaM 4 15ar) (000X + 0j.a))
a=1,2,3,4
= I AN+ 0janiad]A7 + mianja AT + 77, A0A7)
a=1234

= I maniaNAF = XPN)) = miamsamiansonisniamiania (i )° . (2.37)
a=1,2,3,4

This is in accordance with gluon MHV amplitude, with correct numerator factor (i j>4.

The other component MHV amplitudes can be obtained similarly.

The super-field formalism for N' = 8 super-gravity theory can be treated in the same

way. We use eight Grassmann variables to encode all states as

dNe=8 _ BC ¢ABCD

ha 4+ navy + 3mansv? + 3mansnexd FNANBNCTD
+gmansncnonex PP + gmansnenpnenpot POPEE

+&nansnenpnenFncbAPEPEEC 1+ nimangninsnenrmsh1234567

where SU(8)g index A takes value from 1 to 8. It is easy to count the particle states.

f) = 8 positive gravitino

HABCDEFG 3

There are two graviton states h, h1234%6™8 with spin +2, (
states wf with spin +%, (?) = 8 negative gravitino states with spin
(g) = 28 positive graviphoton states vj‘r‘B with spin +1, (2) = 28 negative graviphoton
states vABOPEF with spin —1, (g) = 56 positive garviphotino states XﬂBC with spin +%,

ABCDE with spin —1, and finally (i) = 70 real

(g) = 56 negative graviphotino states x~ ok

¢ABCD

scalars with spin 0. These 256 states transform as anti-commutative products

in fundamental representation of SU(8)g group.

The gravity super-amplitude is then simply generalized by replacing normal fields as

super-fields
MNe=8(@1, @y, D) . (2.38)

Analogously, we can treat it as a sum of all component amplitudes with coefficients
of Grassmann variable monomials. The SU(8)r symmetry invariance restricts these
monomials to be 8, and each index A appears the same number of times in monomi-
als. Otherwise it should vanish and corresponding amplitude disappears in super-field

expansion.
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When talking about theories with less supersymmetry, we can not pack all states into
only one super-field. For example, N' = 3 super-Yang-Mills theory can at most have
three Grassmann variables n,,a = 1,2, 3, so we can only expand super-field as
_ 1
VP = g S A Spas® s (2.39)
and the negative gluon state is missing. In order to recover the full set of states, we
need to introduce another super-field
_ 1
WV = [ = as® 4 e — mnsg™ (2.40)
where a = 1,2,3. The (®,¥)-super-field gives all states for N' = 3 super-Yang-Mills
theory. The ®-field has one positive gluon state g, , three positive fermion state f¢,

b

three real scalar states s%°, one negative fermion state f123, while the W-field has one

positive fermion state fi, three real scalar s®, three negative fermion states f®°, and

one negative gluon state 9323.

In total it has the same number and types of states as
N = 4 super-Yang-Mills theory in coincidence, which hints that AV = 3 super-Yang-Mills

is equivalent to A = 4 super-Yang-Mills theory.

There is a systematic way of producing (®, ¥)-super-field for non-maximal supersym-
metric theories from maximal supersymmetric theory[97]. The ®-super-field can be
obtained by setting unwanted Grassmann variables to zero in the maximal super-field,
and the W-super-field can be obtained by integrating out unwanted Grassmann variables

in the maximal super-field. For super-Yang-Mills theory, we have

(I)N<4 = <I>j\/:4|77j\f+1,-~~ﬂ74ﬁ0 . (2'41)
4
g <4 _/ I dn.e™=*. (2.42)
a=N+1

Then for N = 3 theory, the ®-super-field by setting 74 = 0 is just the one shown in
(2.39), while W-super-field by integrating out 14 can be written as

_ 1 a
PN=E = f st 4 Enanbf_b(@ — manzg Y (2.43)

The difference of this expression from (2.40) is that we keep track of index 4 in component
fields, although 74 has already been integrated out. For N' = 3 super-Yang-Mills theory,
it is a hidden index and has nothing to do with SU(3)r symmetry. But we will show

that it is necessary for assigning correct charge to particle states in the next section.
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Setting 73, n4 to zero we get PN =2_super-field, and integrating out 73,74 we get gN=2
super-field. They are given by
N=2 _ a 12
T =g +nafL Fmms T, (2.44)

= 34 12(34
\I/N 2 _ _8(34) o nafg( ) ,,717729_( ) . (245)

We keep hidden indices (34) in parenthesis, and a = 1,2. This (®, ¥)-super-field has
12(34) 12 4(34)

two gluon states gy, ¢ , four fermion states f¢, ff(34) and two scalars s'2, s(

Setting 192,73, 74 to zero we get PN=1_super-field, and integrating out n2,n3,m4 we get
UN=1_guper-field. They are given by
N =gy b fi (2.46)
— 234 1(234
PN = B g gl (2.47)

1(234)

f(234)

This (@, ¥)-super-field has two gluon states g4, g , and two fermion states fi,
Setting all four Grassmann variables to zero, we get a positive gluon state g4, and
integrating out all four Grassmann variables we get a negative gluon state g_. So it

indeed describes the states of pure Yang-Mills theory.

Super-amplitude of non-maximal supersymmetric theories is now a function of ®, W-
super-fields. It can be truncated from maximal super-amplitude in the same way as
&, U-super-fields. For n-point super-amplitude, if assuming i1 < io < ... < i, external
legs are W-super-fields, while j; < jo < ... < j; external legs are ®-super-fields, with
m + [ = n, then N' < 4 super-Yang-Mills amplitude takes the form

4 4
A;/T\/,’Z<l4lm = / H dni17a1 e H dnlm,amA.'iL\/’ZZL(@l’ @27 e 7®TL)

= 1 = 1
ar=N+ am=N+ NN +150M4—0

(2.48)

A transparent way of representing super-field with its component fields is the diamond
diagram as shown in Figure (2.1). These diagrams contain information of helicities, R-
symmetry charges, hidden indices as well as the number of each states. For non-maximal
super-Yang-Mills theories, we have two diamonds. The top one represents ®-super-field
while the bottom one represents W-super-field. Combining both of them we get single
(®, ¥)-super-field. For ' = 4 theory, every component field can find its CPT conjugate
field inside one diamond, so it is enough to represent single ®V=4-super-field with only

one diamond. This diagram can be better understood using supercharge operators @a,
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+1 +1

/ +1“ 14 +%(4)

1
+1 (34)
’ 1(234) 0 Oab 0e(4)
/5 012 1a(;4) _1ab(4)
:1(1234) _11(234) 112(34) —1123(4) 11234
N=0 N =1 N =2 N =3 N =4

FIGURE 2.1: Diamond diagrams for super-fields of A" = 1,2, 3,4 super Yang-Mills the-
ories. The SU(N)g indices a,b, ¢ are labeled as superscripts. The hidden indices are
indicated in parentheses. The numbers inside diamonds states the number of corre-
sponding states.

@, defined in (1.44). For example, if acting @1 on ®V=3 we get

n
QoN= = § iy (PN = gy + naft + ﬁnaﬁbsab + mnans f12%)
=1 '

n
, 1
= Z 3)(mg+ + mnafE + 5771%7758‘”’ +mmmens f23) . (2.49)
i=1 :
The last term vanishes because (11)? = 0. The transformation of each component field

can be easily identified by comparing terms with n-expansion. We have

a a a 1
9+ — 0 ) f+ — ’p>5lg+ y S b — ‘p>2'( f+ - 5 f+) ) fi23 — ‘p>§523 ) (250)

where we denote 1" | |i) = |p) for simplicity. This transformation means that each
component field inside one diamond is connected by supercharges @2, and no other states
can be further included. So in diamond diagrams (2.1), component fields inside one
diamond are all related by supercharge operators, and each one can be transformed to
another one inside the same diamond after acting certain times of supercharge operators.
While between different diamonds, the particle states are unrelated. The SU(N)g
invariance is realized in each diamond for SU(N') g-indices, but not hidden indices inside

parentheses.

The same diamond diagram can be adapted for super-gravity theories. For N' = 8
maximal super-gravity, we only need one diamond to represent super-field PN=8 while
for non-maximal super-gravities, more than one diamonds should be used. Since we are
constructing super-gravity amplitudes from super-Yang-Mills amplitudes with super-
KLT relations, the particle states of super-gravities can also be constructed by tensor
products of particle states of two super-Yang-Mills theories. The mapping of particle
states between super-gravity and super-Yang-Mills theories will be discussed later, after

introducing complete super-KLT relation family.
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2.2.2 Super-KLT relations from N =8 to N/ =0

With all above knowledge, it is almost trivial to generalize KLT relation to maximal
supersymmetric theory. We replace every graviton and gluon field with correspond-
ing N =8 N =4 N =4_super-fields, and pure gravity and Yang-Mills amplitudes with
super-amplitudes, without changing anything else. Explicitly, following the expression
(2.15), we have

MY Z (S A= 1y, 1S Bl AV B 1n) . (251)
v,8ESn—3

The summation is over permutation of v, 8 € P{2,3,...,n—2}, and S-kernel is the same
as normal KLT relation, defined in (2.2). We use SU(8)p index 1 to 8 for super-gravity
theory, SU(4)gr index 1 to 4 for one super-Yang-Mills theory and 5 to 8 for the other
Yang-Mills theory.

The super-KLT relation unifies all KLT relations for amplitudes of component fields.

After super-field expansion in both sides of (2.51), we can automatically get all relations

identified by Grassmann variable monomials. Especially, the pure gravity and Yang-Mills

KLT relation (2.15) can be obtained by taking gravity amplitudes identified by Grass-

mann variable monomials H?:l(772‘,1777;,2777;73771'747717577@'767]1777]1’8)ki (where k; is zero if positive

graviton and 1 if negative graviton for particle 7) in the left hand side, and Yang-Mills am-
n

plitudes identified by Grassmann variable monomials [[* ; (m,1m,gm,3ni,4ﬁi75ﬁi76ﬁi77ﬁi7g)k"
in the right hand side.

The super-KLT relations for non-maximal supersymmetric theories are almost the same.
But since there are two super-fields (®, V) instead of one, we can not trivially write it
down as an one-line expression. The idea is still replacing all pure graviton and gluon
fields with corresponding (®, V), (5, \Il)—super—ﬁelds, and pure gravity and Yang-Mills
amplitudes with super-amplitudes. According to the @, ® or v, \Tl-superﬁelds of super-
Yang-Mills theory for particle i, we can get four different super-fields of super-gravity
theory for particle 4, i.e., (&),@), ((IVI,QD), (&), U), (\If,\I/) More explicitly, KLT-product
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of two arbitrary super-Yang-Mills amplitudes produces

S A (=1 DSHIBL AN (1,8, = 1,n)

N, ... 05
ﬂ/’ﬁesnf?:
4 4 B
AN=4
= S | M dma I o, A0 )
1PESm—3 |7 a1=N+1 am=N—+1

nﬁ+1"~~7774_)0

8 8
XS['Y‘ﬁ]pl X / H dnil,al e H dnim,amAﬁ/’:Zl(luBu n—1, n)

=, 5 = 5
@ N+ am NJF 77N+57~~~7778*>0

4 4 8 8
|/ T o T1 s T1 e I1 e
a1=N+1 am=N+1 a1=N+5 am=N+5

x 3 AV~ 10,7, )S [ Blp AN TN, B — 1yn)
¥,BESn—3 nﬁ+17-~~7774_>0
NN +55---,18—0

4 4
- / H dml,fh'“ H dmfﬁﬁﬁz
a1=N+1 am=N+1
8 8
< I i [I diman MYTS(@1, s, D)
a1=N+5 am=N+5 140
NN +55---m8—0
— Na<8
o an(gl7-"7%771)?(7:17-~7im) ’ (2.52)
where we use labels (i1, ...,%5) and (i1, ...,iy) to denote U and U-super-fields respec-

tively, and others CTJ, ®-super-fields. In above derivation, firstly we write ./Z(N <4 AN=A
as truncation of maximal super-Yang-Mills amplitudes, and before taking corresponding
n variables to zero or integrating them out, we use KLT relation for maximal super-
symmetry (2.51) to rewrite the product of two maximal super-Yang-Mills amplitudes as
maximal super-gravity amplitude. Finally we get super-gravity amplitude Mﬁ[ G=8 as

truncation from maximal super-gravity amplitude.

To complete the formulation of super-KLT relations for arbitrary A, we need to work
out explicitly the four types of super-fields for super-gravity amplitude. They can be

truncated from maximal N' = 8 super-gravity amplitude according to

° (‘5, ®): if k¢ (i1,...,15) and k & (i1,...,0m), we get CI)Q/G:A?J“N super-field

Ne=N+N _ gNc=8
Py, = o ‘Wk,j\/'_;,_lw-777k,4§77k,/\/'+57~--’7]k,8‘>0 : (2.53)
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° (\Il, U): if k € (i,...,i5) and k € (i1, ...,0m), we get \IIQ/G:NJFN super-field

~ 4 8
A | T | s (2.54)
a=N+1 b=N'+5

(@Q/ G=NAN \112\/ G=N+N ) is a complete SU(N¢) super-gravity multiplet.

° (‘Il,q)): if k € (i1,...,i5) and k & (i1, ...,0m), we get @Q/G:NJ“N super-field

4
Ne=N+N Nea=8
GkG = H dnkﬂq)kc ‘Tik,/\f+57---777k,s—>0 . (2.55)
a:jf\vf—&—l

° (‘5, U): k& (i1,...,i5) and k € (iq,...,im), we get FQ/G:A?JFN super-field

- 8
FkG :/ | | dnkybq)kG |’r]k’j\‘/-/+1,...,7’]ky4~)0 . (2-56)
b=N+5

(@Q[G:NJFN, FQ/G:NJFN) is a complete SU(N) matter super-multiplet.

Thus MVe=8 ~_is a function of super-fields ®Ve, ¥Ne @Ne and I'Ve.

1, (1150t )3 (81500 y8m )
Now we are going to work out the particle states with help of diamond diagram. The
particle states of super-gravity field can be constructed from tensor products of particle
states of two super-Yang-Mills fields. For maximal theory, we already know that super-
Yang-Mills theory has 16 states. The product of two super-Yang-Mills theories will give
16 x 16 = 256 states, which is exactly the number of states that maximal super-gravity
theory has. In fact there is one to one correspondence between super-gravity states and
tensor products of two super-Yang-Mills states. All states of N' = 4 super-Yang-Mills
field are (+1,+%4,06,—l4

5 »—1), where superscript denotes the degeneracy of specific
state. Taking tensor product, we immediately get two graviton states

(+1) ® (+1) and (-1)® (-1),
16 gravitino states 1™
(+1/2)* @ (+1) , (+1) ® (+1/2)* and (-1/2)*® (-1), (1) ® (—1/2)*%,
+

56 graviphoton states v

(0)°@(+1), (+1/2)*@(+1/2)*, (+1)®(0)° and (0)°®(-1), (—1/2)*®(-1/2)*, (-1)®(0)°
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+1 +1

FIGURE 2.2: Matching of particle states for KLT relation of (supergravity)y,—s =
(super Yang-Mills) 5, ® (super Yang-Mills)xr=4.

112 spin-1/2 graviphotino states x*
(-1/2)' @ (+1), (0°® (+1/2)", (+1/2)' @ (0)° , (+1) ® (~1/2)",

(+1/2)' @ (=1), (0°@ (-1/2)*, (=1/2)* 2 (0)°, (-1) @ (+1/2)*

and 70 scalars
(D@ 1), (-1/2)' @ (+1/2)*, (0)* @ (0)*, (+1/2)' @ (-1/2)", (+1) @ (-1) .

Again if denoting R-indices as 1,2, 3,4 for one super-Yang-Mills theory, and 5,6,7,8
for the other super-Yang-Mills theory, we recover R-indices of SU(8)g super-gravity by
just combining indices together from two super-Yang-Mills theories. The diagrammatic

representation is shown in Figure (2.2).

The discussion applies similarly to non-maximal supersymmetric theories. The only
difference is that since we are using (®,V)-super-field, there are two diamonds for
each super-Yang-Mills field, and the tensor product should be worked out separately
for each diamond. For example, N' = 2 super-Yang-Mills theory has two super-fields.
The ®V=2_super-field contains states (+1,+%2,0) and the UN=2_guper-field contains
states (0, —%2, —1). Tensor product of (V=2 &N=2) gives a super-gravity multiplet
ONe=242 with states (42, +(3/2)%, +1°6,+(1/2)%,0), tensor product of (IN=2 GN=2)
gives WNe=242 with states (0, —(1/2)*, —15, —(3/2)*, —2), which is the CPT conjugate of
®No=2+2_ The tensor product of (#V=2, WN=2) gives a vector super-multiplet @f}éﬁ;?”
with states (+1,+(1/2)%,0%, —(1/2)4, —1), and finally tensor product of (TN=2 dN=2)

NG:2+2

veetor+ ©,I" are CPT self-conjugate vector super-

gives another vector super-multiplet I"

multiplets, but having different R-indices for component fields.

By working out all tensor products of two arbitrary super-Yang-Mills theories, we get
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Ng | N®N | Description
8 4®4 | Maximal Ng = 8 Supergravity
7 4®3 | Maximal Ng = 8 Supergravity
6 4®2 | Minimal Ng = 6 Supergravity with SU(6) supergravity multiplet
6 3®3 | Maximal N = 8 Supergravity
5 4®1 | Minimal Ng = 5 Supergravity with SU(5) supergravity multiplet
5 3®2 | Minimal Ng = 6 Supergravity with SU(6) supergravity multiplet
4 4®0 | Minimal Ng = 4 Supergravity with SU(4) supergravity multiplet
4 3®1 | Minimal N = 5 Supergravity with SU(5) supergravity multiplet
4 2®2 | Ng =4 Supergravity multiplet coupled to vector multiplet
3 3®0 | Minimal N = 4 Supergravity with SU(4) supergravity multiplet
3 2®1 | Ng = 3 Supergravity multiplet coupled to vector multiplet
2 2®0 | Ng =2 Supergravity multiplet coupled to vector multiplet
2 1®1 | Ng =2 Supergravity multiplet coupled to hypermultiplet
1 1®0 | Ng =1 Supergravity multiplet coupled to chiral multiplet
0 0® 0 | Einstein gravity coupled to two scalars

TABLE 2.1: List of all possible super-gravity theories that are allowed by super-KLT-
relations.

the complete set of super-gravity theories that are allowed by super-KLT relations. The

results are summarized in Table (2.1).

According to the types of super-gravity fields obtained, we can classify all super-gravity
theories into three categories. In category I, we only need a single super-filed ® to encode
all particles states. This category consists of maximal Ng = 8 super-gravity theory, the
equivalent N = 7 super-gravity theory, and the (N = 3)® (N = 3) theory. In fact, they
are the same theory but with super-fields written in different ways. For Ng = 8 super-
gravity theory we need ®Ve=8_super-field, while expanding ®Ve=8 = Ne=7 1 778\11/\/ G=7

we get Ng = 7 super-gravity theory, and expanding

@NGZS _ (I)NG:6 + 774@NG:6 + nSFNGZG + 774778‘IING:6

we get (M = 3) ® (N = 3) theory. The super KLT-relations for these theories are
equivalent to (2.51).

Theories in category II requires two super-fields (®, ¥)(thus two diamonds) to encode
all particle states. These are all minimal super-gravity theories with 4 < Ng < 8. They
arise from KLT product (N = 4)®@(N < 2) (or (N = 3)@ (N < 2) due to the equivalence
between N = 3 and N = 4). Super KLT-relations for them can be written as

Mﬁfc=4+./\f(q)£\1/'c \I,NG ) =

7"-7im1’ j17"'7jm2 -

S A @Y ) S8l x AVER@NE2 w2y (2T)

7---,Zm1’ ]17---7jm2
775657173
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where indices (i1,...,%m,) and (j1,...,Jm,) denote legs of corresponding super-fields

and my +mg = n.

All remaining theories require four super-fields (®,0,T", ¥)(thus four diamonds) to en-
code all particle states. They describe minimal super-gravity coupled to a variety of

matter multiplets. The super KLT-relations for them can be compactly expressed as

=N N N N N
Mﬁ[G N+N(q)‘ e 7\I,JG NGNS Wi ) =

117---7im1 .17---7]‘m2 mg’ l17---7lm3
TIN<2 s N <2 N<2
D A T by Vi i)
776€Sn—3

X S[|Blp x AN (N2 pV< ) ,(2.58)

117"'77;777,1 7k17"'7km3 ’ jl:"'7jm27l17"'7lm3

where again (i1, ..., 4m, ), (J1,-- -, Jms), (K1, ..., kmg) and (I, ..., l;ym,) denote correspond-
ing super-fields and my +mg +2mg = n. The SU(Ng)g invariance requires that (0, T)-

super-fields should come in pair.

A complete set of diamond diagrams and explicit expression of various super-fields can
be found in [70].

When writing down maximal supersymmetric KLT relation, we mentioned that all KL.T
relations for component amplitude can be obtained from n-expansion of super-gravity
and super-Yang-Mills amplitudes in left and right hand sides of (2.51). The physical KLT
relations for component amplitudes come from Grassmann variable monomials [ [, 7; that
preserving SU(8) g invariance of super-gravity amplitude and SU (4)r invariance of each
super-Yang-Mills amplitude. However, terms of n-monomials that violating SU(N)g
symmetry do exist. For example, 5-point gluon MHV amplitudes

A5(9fa9§rag§ra92795)A5(9f79§rag§r791795) ;
which follows from Grassmann variable monomials
14,174,2714,314,475,175,275,3715, 411,511,671, 7711,8714,5714,6 114, 774,87]5,57)5,6115,7115,8 »

are non-zero, and each SU(4)g invariance is preserved. The component gravity ampli-

tude, identified by monomial

1,571,6711,7771,8774,1774,2774,3714,47)4,57)4,6714,7714,87)5,17)5,27]5,37]5,47]5,57]5,6715,77]5,8 5

violates SU(8)r symmetry, and corresponding gravity amplitude Mj;(s, h*, ht h= h™)
vanishes. Thus we have a vanishing identity, i.e., KLT product of pure gluon amplitudes
with specific helicity configurations (17,2%,37,47,57) and (17,2%,3%,47,57) vanishes,

although individually each gluon amplitude does not vanish.
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More generally, we have vanishing identity[93]

k
0= > > Y AVMIV(1 09,0510 2,1 — 1,0)S[00) 0002,

oc€Sp_3 aGS]'71 ,BESn_Q_]'

~ k!
X S[O-j+l,n72|/8cr(j+1),a(n—2)]pn_1A7]:[ MHV(aa'(2),0'(j)a ILn—1, ﬁo‘(j—l—l),a(n—Z)a TL) s

(2.59)

when k # k. A systematic way of understanding the family of vanishing identities is to
study the symmetry group of various super-gravity theories from super-KLT relations,

and interpret the vanishing identities as consequence of symmetry violation.

2.2.3 Linear symmetry group for super-gravity theories

Generally, for supersymmetric theory with A" supercharges Q4,Q4, A =1,2,...,. N, we
have U(N)g invariant group of rotating Q 4, @A. However, the supersymmetric theory
could also possess some invariant groups which are subgroups of U(N)g. One typical
subgroup is SU(N)g group, which mentioned several times in previous sections that
constraining Grassmann variable monomials. This subgroup comes out naturally from
decomposition of U(N)g = SUN)r®U(1)g. While SU(N)g is an invariant subgroup,
what is the role of U(1)g group in these various theories? Besides these two subgroups,

is there any other invariant subgroup?

Based on the super-KLT relations, it is possible to argue that

e For maximal supersymmetric theory, the invariant symmetry group is SU(N)g.

There is a SU(N) g charge assigned to component fields in super-gravity multiplet.

e For 4 < Ng < 8 minimal super-gravity theories, the invariant symmetry group is
SUN)g ® U(1)r. Besides SU(N)g charge, there is also a U(1)g charge distin-
guishing ®, U-super-fields of super-gravity multiplet.

e For 0 < Ng < 4 minimal super-gravity theories coupled to matter multiplet, the
symmetry group is SUN)gr®@U(1)r®U(1). The extra U(1) invariant group comes

from the freedom of assigning a charge to component fields in matter multiplet.

Let us discuss them in detail. The maximal super-gravity theory only contains one super-
field, and all particle states can find their CPT conjugate partners inside the super-field.
If non-trivial U(1)g group exists, then some of the component fields should carry non-
vanishing U(1)r charge. (1) Suppose there is U(1)r charge  for graviton. Consider
MHYV gravity amplitude M, (h~,h~,h*,...,h"), which has a total U(1)g charge of
—28+4 (n—2)8 = (n—4)B. The non-vanishing of this amplitude indicates that (n —4)3
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should be zero to ensure charge conservation. Since n is arbitrary, we should take 5 = 0.
So graviton can not carry non-zero U (1) charge. (2) Suppose scalar has non-vanishing
U(1)p charge. If we assign +f to 5234, then the complex conjugate scalar s°67® has
charge —f3. Since they are inside one super-field, they must carry the same charge, thus
B =—-08— B =0. (3) Suppose graviphoton v, with helicity £1, has U(1)g charge +0.

If we consider the non-vanishing three-vertex amplitude

(12)(13)2(23)" _
(12)2(23)2(31)%

M(B,v07) = (23)2 (2.60)
then conservation of total charge 0 — 8 — 8 = 0 implies 8 = 0. (4) Suppose graviphotino
X, with helicity +1/2, has U(1)r charge +3. Since we have non-vanishing three-vertex

amplitude 5(13)%(23)°
L (12)3(13)%(23)
M=, x",x") = (12)2(23)2(31)2

= (12)(13) , (2.61)

and also U(1)g charge for v~ is 0, so total U(1)g charge from x~ should be zero and
we have § = 0. (5) Finally, suppose gravitino ¢ with helicity +3/2 has non-zero charge
+65. We can consider non-vanishing three-vertex amplitude

(12)(13)3(23)*  (13)(23)?

M(¢,x‘,w‘)=<12>2<23>2<31>2= 12y (2:62)

Since we already argued that ¢, x has zero U(1)g charge, it follows immediately that 1
also has zero U(1)g charge. In summary, even if there is U(1)r symmetry group, the
U(1)gr charge for each component field is zero, which has no effect at all for the theory.
So the linear symmetric group for N = 8 super-gravity is SU(8)g. Similarly, the linear
symmetric group for N' = 4 super-Yang-Mills theory is SU(4)g.

Above argument is not valid for non-maximal supersymmetric theories, since more than
one super-fields are presented in those theories, and no confliction can be found for
assignment of U (1) charge to component fields. In order to assign charge to component
fields of N < 8 super-gravity theories, we can start from studying certain k& x k& matrix
By, x; acting on indices (1, ¥, ..., 7;) of Grassmann variables 7. The anti-commutative
of 7 leads us to consider matrix By, ,; acting on wedge product of 9z A ngy A~ Ay,

where Grassmann variables 7 span a super-space with each 7,, a basis vector 7., =
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0,...,1_¢n,...,0)T. When By, z; acts on the basis vector 7, we have
By oo e een Blk 0 By
: : : Bo; .
. . j=1
By Bk /o 0 ki

Then the matrix acts on wedge product of all basis vectors implies that

k
B(nm A/ RARREA ka) = (Z Bii)(ﬁxl ANNgy N v N ﬁxk) .
i=1
So only trace of matrix B plays a role. This trace is responsible for assigning charge to

states.

The maximal Ng = 8 super-gravity theory has traceless 8 x 8 Hermitian matrix, which
acts on the vector space spanned by 8 Grassmann variables 174. Since non-maximal
supersymmetric theories can be truncated or integrated out from maximal theory, the
N¢g Grassmann variables are then a subset of eight n4. The Ng x Ng matrix acting
on vector space spanned by N Grassmann variables and also the (8 — NVg) x (8 = Ng)
matrix acting on vector space spanned by (8 — N¢g) hidden Grassmann variables are all

embedded in the traceless (8 x 8) Hermitian matrix.

The 4 < Ng < 8 minimal super-gravity theories come from KLT product of maximal
super-Yang-Mills amplitude with another N <4 super-Yang-Mills amplitude. So there

is only one group of hidden indices. The matrix can be expressed as

T
( NexNe (2.64)

Bs-Ne)x(8-No) )M

Matrix T acts on indices 1 to Ng while matrix B acts on hidden indices Ng + 1 to 8.
Since we want to discuss the role of U(1)r symmetry, we can take matrix 7' to commute
with all SU(Ng)g generators, thus 7' must be diagonal matrix proportional to identity
T = alngxn,. Then we can assign a charge o for each index from 1 to Ng. The
B matrix, acting on hidden indices, satisfies two conditions. Firstly only the trace of
B contributes to the charge when acting on hidden indices. Secondly, the trace of B
should be taken so that the whole 8 x 8 matrix should still be traceless. In these cases,
we can assign a charge 8 = Tr(B) for all hidden indices (Ng + 1,...,8) with condition
B+ Nga = 0. Since hidden indices always appear together, there is no trouble that

we can not assign charge for each hidden index. The total charge of particle state can
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be obtained by adding all corresponding charges of indices that specifying the state.
Taking N = 6 for example, the graviton state hy has no R-indices, so we can assign 0
to it, while the RIZ3456(T8) state has 6 SU (6) g indices and 2 hidden indices, so the total

charge is 6+ = 0. The graviphoton state v}rz in ®-super-field has total charge of +2«,

while v

™) has total charge of 4o+ 8 = —2a. This could be expected since v_ is the
complex conjugate state of vy, thus has the opposite charge. From above discussion,
we see that for 4 < Ng < 8 minimal super-gravity theories, the linear symmetric group
is SUNg)r x U(1)g. Amplitudes that violating either SU(Ng)gr or U(1)g symmetry

should vanish.

The 0 < Ng < 4 super-gravity theories come from KLT product of N < 4 super-Yang-
Mills amplitude and another /\N/G < 4 super-Yang-Mills amplitude. So we have two
groups of hidden indices. They are unrelated because of coming from integrating out 7

variables in different super-Yang-Mills theories. So we can express the matrix as

1) 2)
Tjgfo' T/\/X/C/
B
(4—N)x(4—N)
O o0 (2.65)
NN NXN
Clafyxa-) / sxs
The (N 4+ N) x (N +N) matrix T
(1) 2)
o Tyog (2.66)

3 4
T}f )XN T/(V )XN N+ x (N +N)

acts on SU(N + N )r indices of super-gravity theory, while B matrix acts on hidden
indices (M +1,...,4) and C matrix acts on hidden indices (N + 5, ...,8). Again since
we want to study the effect of U (1) subgroup, we can take 7' matrix to commute with all
SU(N + /\N/)pL generators. So it should be proportional to identity, i.e., TW = alrxs,
T® = 00/ 70 TG = 075 n and TW = aljy, i7- Similarly, two conditions should be
satisfied by matrices T, B, C. Firstly, only trace of B, C' contribute to charge when acting
on their corresponding hidden indices. Secondly, trace of B and C' should be taken so
that the whole 8 x 8 matrix is still traceless. Therefore we can assign a charge o for
cach index of SU(N + N) symmetry, 8 = Tr(B) for hidden indices (M +1,...,4) and
v = Tr(C) for hidden indices (N +5, ..., 8), with the constraint (N +AN)a+ 8+~ = 0.
The total charge of particle state can be obtained by adding all corresponding charges
of indices that specifying the state.

In order to illustrate it transparently, let us take N = 4 super-gravity theory from KLT
product of two N = 2 super-Yang-Mills theories as example. The charge for each state
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is listed below.

For ®-super-field, R-index a; = 1,2 and b; = 5,6. We have

Helicity | KLT Product Charge
+2 | (D) e 0
5| eE) . (FDe ) o
a b
+1 0@ , (3 )@ (+3 ), (F)®(0%°) ] 2a
e L G+ e %) 3a
0 (012) @ (0°9) 4o
For ©-super-field, we have
Helicity | KLT Product Charge
+1 | (089 @ (41) 0+8
b a
+ | ) e+ L (1) e (+1) a+p
a1 (34 b
0| O8O, (- e+ L (1200 @ (+1) | 20+ 8
a b
- e 0%)  (—12) @ (+57) 30+ 6
-1 (—11264) & (0°9) 4o+ B
For I'-super-field, we have
Helicity | KLT Product Charge
+1 | (+1) ® (0(™®) —4a— B
b a
5 [T L (M @ ) 30—
0 [ (02 0™®) , +i™e1"") , (+)e (1) | —20-3
b a
-3 [0 ") (") e (-17) —a—p
-1 (012) ® (_156(78)) 0-3
For W-super-field, we have
Helicity | KLT Product Charge
0 (064) @ (0(78) —4a
b1 (78 a1(34
-3 | )& (4", (4" e (07) ~3a
_1 (0(34)®(_156(78)) : (_%a1(34)) (_%51(78) : (_112(34))®(0(78)> _92q
a1 (34 b1 (78
_% (_% 1( ))®(_156(78)) . ( 112(34))@)(_2 ( )) —a
-9 (_112(34)) ® (_156(78)) 0
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Component fields of super-gravity multiplet ®, ¥ are assigned with charge « from U (1)
symmetry. Component fields of matter super-multiplet ©, 1" are assigned with additional
charge 8 from an extra U(1) symmetry group. This U(1) generator commutes with all
supercharges Q 4, @A. So linear symmetry group for this N = 4 super-gravity theory
is SUA)rU(1)g@ U(1).

Generally, the linear symmetry group for 0 < Ng < 4 super-gravity theories that coupled
to matter super-multiplet is SUNg)gr @ U(1)g ® U(1). The total charge of particle
state can be obtained by adding all «, 3,7 charges corresponding to SU(Ng)g indices
and hidden indices that specifying the state. The total charge of amplitude should be
conserved, and if it is non-zero, the amplitude will vanish. So non-vanishing amplitudes
should not violate SU(Ng)r symmetry, as well as preserving U(1)p ® U(1) charge.
Invariance of SU(Ng) symmetry requires each SU(Ng) g index appear the same number
of times, and invariance of U(1)r ® U(1) constrains the amplitude in the hidden indices,
which originate from SU(8)g indices.

We will show some examples to illustrate the violation of symmetry groups by considering

component super-gravity amplitudes of (Ng = 4) = (M = 2) x (A = 2). Firstly consider
Ng=4

amplitude of graviton coupled to two scalars, where the scalars are taken from ©,.%, .

and TVo=4 super-fields. They are denoted by ¢ of charge 2a and R-index (34)56, ¢

vector

of charge  and R-index 12(34), ¢3 of charge —2a and R-index 12(78), ¢4 of charge —f3
and R-index 56(78). The MHV gravity amplitude

MNe=2(¢;, 95, b b, hT) (2.67)
can be computed from KLT relations. The non-vanishing amplitudes
MNe=4 (g1, 3, b= bt ) MY (G, da, b BT, BT (2.68)

can be explained as preservation of SU(4)r symmetry since Grassmann variable mono-

mial associated to these amplitudes

1,171,27)2,57)2,67]3,17]3,27]3,5713,6

do have the same number of each index, as well as preservation of U(1) g x U (1) symmetry

since charge is zero.

Vanishing amplitudes

Myjz\/G:4(¢17¢lah_ah+a-..,h+) 3 M7{L\[G:4(¢27¢27h_7h+a"'7h+) )
M= (g3, d3, b=, b5, hT) L MO (g, gu b R BT) (2.69)



44 Chapter 2. KLT relations
~ Number of states for component fields Linear symmetry group
Ne | NoN 2 3/2 1 1/2 0 from KLT product

8 44 |1 8 28 56 70 SU(8)r

7 43 |1 7+1 2147 35+21 35+35 SU(8)r

6 3®3 | 1] 6+1+1 | 154+6-+6+1 | 204+15+154+6 | 154+20+20+15 SU(8)r

6 42 |1 6 1541 20+6 15415 U6)r

5 32 |1 5+1 10+5+1 10+104+5+1 5+104+10+5 U6)r

5 41 |1 5 10 1041 5+5 UB)r

4 3l |1 4+1 6-+4 44641 1+4+441 UB)r

4 40 |1 4 6 4 1+1 U4d)r

3 30 |1 3+1 343 1+3 1+1 Ud)r

4 22 |1 4 6+1+1 44444 1+6+6+1 U4)reUQ1)

3 201 |1 3 3+1 1+3+1 3+3 UB)r®U1)

2 | 220 |1 2 1+1 2 1+1 U2)r2U(1)

2 1@l |1 2 1 1+1 242 U2)reU(1)

1 1®0 |1 1 0 1 1+1 Ul)reU(1)

0 0®0 |1 0 0 0 1+1 U(1)

TABLE 2.2: Field contents of super-gravity theories that are allowed by super-KLT-

relations, and their invariant linear symmetry groups. They are also listed in [98].

can be explained as violation of SU(4)r symmetry as well as U(1)gr ® U(1) symmetry.

Vanishing amplitudes

MNe=4(py, o, B b T, hT) . MNGTH(¢s, 0, b7 BT BT (2.70)

can be explained as violation of U(1)gr ® U(1) symmetry, although SU(4)r symmetry is

preserved. Vanishing amplitudes

YA CTN Y Y AR 0 IR A (NN I Y (271)

can be explained as violation of SU(4)g symmetry, although U(1)r ® U(1) symmetry is

preserved.

U(1)r symmetry and U(1) symmetry can also be violated individually. This can be
shown by considering amplitudes of graviton coupled to two graviphoton. We have v,

with charge (4a + ) and v; with charge (0 — 3). The amplitude
MNe=4(pr v b R, R (2.72)

does not violate SU(4)gr symmetry, and also preserves U(1)r symmetry. However, U(1)
charge is —23 # 0. So it vanishes by violating U (1) symmetry. Also amplitude
MNe=4(pT vy kT R, R (2.73)

does not violate SU(4)r symmetry and preserves U(1l) symmetry. However, U(1)gr
charge is 4a # 0. So it vanishes by violating U(1)g symmetry.
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When Ng = 1, the invariant linear symmetry group SU(Ng)r @ U(1)g @ U(1) reduces
to U(1)g ® U(1), since SU(1) is just an identity. When Ng = 0, there is no rotation

invariance for 7, so the linear symmetry group further reduces to U(1).

The field contents, particle states and linear symmetry groups for all super-gravity the-

ories that constructed from KLT products are summarized in Table (2.2).






Chapter 3

Loop amplitude computation and

Algebraic geometry method

This chapter describes general knowledge for multi-loop amplitude computation. It
includes traditional methods for 1-loop amplitude computation as well as very recent
methods for amplitude computation beyond 1-loop. Properties and relations of tree
amplitudes, traditional reduction procedure and (generalized) unitarity cut methods
are briefly introduced. Computational algebraic geometry is intensively used in inte-
grand reduction of recent multi-loop amplitude computation, so we devote one section
on the basics of algebraic geometry. In the language of algebraic geometry, we introduce
systematic algorithms for integrand reduction. Details of these algorithms will be imple-
mented in next two chapters, where algebraic systems from some multi-loop amplitudes

are studied.

3.1 Integral and integrand of loop amplitude

3.1.1 Integral representations

The integral of loop amplitude is an integration over phase-space of loop momenta,
with integrand coming from terms of local interactions Nj,.q; and non-local propagators
1/q?. Terms of local interactions can be generated naively from Feynman diagrams, and
they include all information of color structure, kinematics and particle states, etc. The
behavior of Feynman diagram, explicitly expressed in integral representations, is fully
encoded in the mathematical structure of integrals. Generally, n-point L-loop amplitude
in d-dimension can be expressed as an integration over L independent d-dimensional

loop momenta £#, thus degrees of freedom to be integrated out are Ld. To get the full

47
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amplitude, we need to sum over all L-loop Feynman graphs(FGs) with n external legs.
For each graph, the denominator of integrand is products of propagators coming from
all internal lines. The propagators D; = qi2 are functions of independent loop momenta

¢ and external momenta p, in the form

L n
D; = (Z a; 1Ly, + Z bigpr)?

k=1 k=1
The coefficients a;, b; ;7 could be +1,—1 or 0 depending on the way these momenta
appearing in propagators. However, the rank of loop momenta in one propagator is
no higher than 2, thus we have three types of terms ¢; - ¢;, ¢; - p; and p; - p; in D;.
In the Feynman diagram approach, we use off-shell Feynman rules to build all terms
in the integral. It is worth to mention that the local numerators Nj,.q of integrand
can be obtained from on-shell method without touching off-shell information. The on-
shell information generated from (generalized) unitarity cuts then provides an efficient

resource for constructing integrand and kinematic factors.

The set of all L-loop Feynman diagrams with n-external legs is somehow a very ambigu-
ous terminology. For example, we can always input an identity ¢%/¢? in the integrand.
While the numerator ¢® can be included in Nj,.q without changing locality, the de-
nominator ¢? provides an extra propagator for the graph. Reversely, terms of £ - p in
local numerator can be expressed as function of propagators, which will cancel the cor-
responding propagator. So in order to uniquely define a representation for integral, we
should specify the way of determining graphs that to be included in the summation. T-
wo integral representations are frequently used. One representation insists to use graphs

F35 that containing only cubic vertex. The loop amplitude

L
ap = 3[Rt O (3.1

Ld ...
keFs 2”) Dkl Dkz Dkn+3L73

has maximal number of propagators (n+3L—3) for all graphs. In this way graphs can be
drawn without ambiguity. The local numerator Nj,.,; can be sorted into two parts. The
kinematic part N contains kinematic information and the color part C} packs all color
information. It is always possible to do so if particles are in the adjoint representation
of gauge group. The color structure of cubic vertex is the structure constant f*¢ and
by addressing color structures from all cubic vertices we define the unique color factor
C; for the graph. The quartic vertex that usually appears in gauge theory is associated
with color structures o€ fed. However we can add it to corresponding cubic graph of

= (p?+ 10?)2 channel by rewriting it as f*f¢dq?/¢. The color factor for k-th graph
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is then given by

Cp= [ ronons (3.2)
JE€VK

where V} is the set of all cubic vertices in k-th graph. The kinematic part Ny is a function
of external and internal momenta, and depends on details of external states, such as
polarizations, helicities, spinor, ect. When treating it as polynomial function of loop
momenta ¢, the renormalization requirement will constrain the highest degree of £ in the
polynomial, i.e., the degree of loop momenta in numerator should less than the degree of
loop momenta in denominator of integrand. In above integral representation, the number
of propagators for each graph is too large, so that constraints from renormalization
requirement is quite over-estimated. We can also constrain N by dimensional analysis.
Assuming each momentum has dimension 1, then the dimension of n-point 4-dimensional
gauge theory amplitude is 4—n. In the right hand side of expression (3.1), we see that the
integral measure has dimension 4L, while the denominator of integrand has dimension
2(n + 3L — 3), then dimension dim[Nj] of Nj should satisfy

4—n=A4L+ dim[Ng| —2(n+3L —3) .

Thus we have dim[Ny] = n + 2L — 2. N}, is polynomial function of Lorentz invariant
scalar products with monomial of the form (¢2)(¢-p)---. dim(N;) should be distributed
between external and internal momenta, so the highest degree for loop momenta is
n + 2L — 2. Then kinematic part of numerator can be expanded as polynomial with

finite terms as

n+2L—2

Ny, = Z fi(0) . (3.3)
i=0

Note that N can also be treated as polynomials or rational functions of external kine-
matic variables if necessary. Since loop momenta in integrand will disappear after loop
integration, sometimes it is more convenient to take Vi as function of external kinematic

variables, so that treatments on N will not depend on the integration.

There also exists another more traditional integral representation. Different from pre-
vious integral representation that factorizes color and kinematic information in each
graph, this representation separates the color part totally from integral based on trace

structures of group generators. It can be expressed as

AP =>"a,
J

L d
L ade; N,
> Rig / iy ) . (3.4)

S (2m)Ld Dy, Dy, --- Dy,
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G is the color factor that packing all color information. The summation of J is over
all possible trace structures of gauge group. So it is an expansion of full amplitude into
partial amplitudes based on trace structures. Since trace structure of gauge group gen-
erators determines the color-ordering, the integral inside the second summation of (3.4)
can be identified as color-ordered partial amplitude. The second summation includes all
n-point L-loop Feynman graphs with color-ordering striped, and Ry, ; are rational func-
tions of external momenta, NNj ; are polynomials of independent loop momenta. The
set F'GG is still not uniquely defined here, but since there is no color information con-
tained in the second summation, we can freely rewrite the numerator when and cancel
propagators in denominator as much as possible. Systematic reduction methods have
been developed, and we can reduce the number of propagator to no more than Ld. For
example 1-loop 4-dimensional gauge theory can at most have 4 propagators, which cor-
respond to bubble, triangle and box integral respectively. We will explain the color part
and color-striped part of (3.4) in detail in following section, since it is an important

integral representation for practical computation.

3.1.2 The color-ordered amplitudes and non-trivial relations

To illustrate trace structures of full amplitude, it is better to start with some examples.
It is well know that tree-level n-point gluon amplitude can be expanded according to

single trace structures[13, 99, 100] as

AlreeFull (g Ayaiy) = g" 2 Y Te(T0 T ) Ay (k.. kDo), (3.5)

O'GS'VL /Zn

where k;, \;, a; are respectively momentum, helicity and color index of i-th external glu-
on. We will abbreviate k:z)‘ ‘ as i for simplicity. S,/Z, is the set of permutation S,, of
n points subtracting cyclic permutation Z, of n points, which represents cyclic permu-
tation invariance of n particles. The partial amplitudes A,, are color-ordered. There
are many non-trivial relations that relating different partial amplitudes, so that the in-
dependent amplitudes can be reduced significantly. The cyclic permutation invariance
Sn/Zy reduces the number of independent amplitudes to (n—1)!. Explicitly, from group
structures, there is reflection relation(also called color-reversed relation since it reverses

color ordering)
Ap(1,2,...,n) = (-1)"A,(n,...,2,1), (3.6)

cyclic relation
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and KK-relation[16]

An(1,a,n,B) = (=)™ > An(1,0,n) , (3.8)

ceOP{a}u{pT}

where ng is the number of 3-set and ordered permutation OP is the set of all per-
mutations on set |7 while preserving relative ordering in each set o and 87. The
KK-relation reduces the number of independent partial amplitudes to (n — 2)!. A spe-
cial case of KK-relation is the U(1) decoupling relation. When set 8 only contains one

element, we can get

> An,(1,0) =0 (3.9)

ceOP{2,3,...n—1}U{n}
This is an identity among (n — 1) partial amplitudes.

For loop amplitude, trace structures are more complicated. For example, n-point 1-loop

amplitude can be expanded as[101]

A}L—loop—full ({k“ )\i; az}) — (310)
[n/2] ;
ZnJ Z Z Grnfm,m (U) Aleﬁn(UlyO’Q»---50n7m§0n7m+17--~70-n) s
J

m=0 O'GSn/Sn;m

where we have taken gauge group as U(N,). If gauge group is SU(N,), terms of traces
that containing single generator will disappear in the expansion. |z] is the largest integer
less than or equal to x, and ny is the number of particles of spin J. The color factor G
in (3.4) is denoted as Gry,, m,, M1 + Mo = n, with two subscripts since there are double
trace structures. All kinematic information in (3.4) is packed into color-ordered partial
amplitude A, m,, m1 +mo = n, where my, mg are numbers of legs that associated with
corresponding generators in each trace respectively. .S, ,, is a subset of permutation .S,
that keeping Gr,,_, » invariant. Explicitly, Gry—_m » can be written as(we abbreviate

generator T as a)
Grop—mm =Tr(a1, -, an—m) Tr(an—mt1, - ,an) -
If m = 0, there is only single trace structure
Grpo = NcTr(ar, -+ ,apn) ,

and the kinematic coefficients associated to these single trace structures are primitive
partial amplitudes A, . For m # 0, there is double trace structure, and partial am-

plitudes A,y m,m # 0 are more difficult to evaluate. However, there are non-trivial
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relations that relating all partial amplitudes to primitive partial amplitudes. They can

be expressed as

Anfm,m(alaa%---aanfm;ﬁlv'“)ﬂm) = (_1)m Z An,O(U) ) (311)
oceCOP{a} J{BT}

where COP{a} | J{BT} is subset of permutations S,, on {, 37} while preserving cyclic
ordering of each set o or B7. Thus 1-loop primitive partial amplitudes are enough
to produce full 1-loop amplitudes. Relation (3.11) is similar to KK-relation of tree
amplitudes. Similar reflection relation and cyclic relation also exist for 1-loop partial

amplitudes. The reflection relation is given by

Apmm(l,...omym+1,....n) = (=1)"Ap_pmm(m,...,Lin,.... m+1), (3.12)
and cyclic relation is given by

Ap—mm(L,.coomym+1,...n) = Ap_pmm(o(l,...,m);o(m+1,...,n)), (3.13)

where o(a) is cyclic permutation of set a. The number of independent primitive partial

amplitudes will be reduced when applying these non-trivial relations.

Expansion of 2-loop full amplitude based on trace structures can be written as

A?Lfloopffull — (314)
1
Z N2Tr(oq,...,00) <A£S,O(01, ceyOp) + WAE’CO’O(UL e ,an)>
O’GSn/Zn ¢
Ln/2]

+ Z Z N Tr(o1, .. som)Tr(omets - 0n) An—mmo0(01, -, Om; Omatts - -, On)

m=1 UESn/Snfm,m
[n/3] [(n—a)/2]
+ Z Z Z TI'(Oé)Tr(,B)Tr(’Y)Aa,bfa,nfb(a; B; '7) )

a=1 (b—(l):(l Uesn/sa,bfa,nfb

where again gauge group is taken to be U(N,). Sets a = {o1,...,04}, 8 ={0at1,...,0p}
and v = {0p41,...,0n}. Sn—mn and S,_pp_qq are subsets of permutation .S, while
keeping double trace and triple trace invariant respectively. We have four types of
trace structures, the triple trace structure Tr(a)Tr(8)Tr(7), the double trace structure
N.Tr(a)Tr(B), and two single trace structures N2Tr(a), Tr(a). The new single trace
structure Tr(a) does not contain N, factor, and this is a consequence of non-planar
graphs for 2-loop amplitude. Not much non-trivial relations for 2-loop partial amplitudes

Ay p—an—p are known as tree and 1-loop partial amplitudes. Of course we still have
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reflection relation

Aop—an—b(l,...;a;a+1,...b;0+1,...,n)
= (2)"Agp—ans(a, ..., 1ib...;a+1n,....b+1), (3.15)

and cyclic relation

Asp—an—b(l,...;a;a+1,...,0;b+1,...,n)
=Asp—an-b(c(l,...;a);0(a+1,...,b);0(b+1,...,n)) . (3.16)

More non-trivial relations are explored, but restrict to some examples. For example, 4-
point 2-loop partial amplitudes, except Aﬁfé,m can be expanded as linear combination of
Aﬁﬁo and other two double trace partial amplitudes. For 2-loop Aﬁc partial amplitudes,
the same KK-relation as tree amplitudes is valid up to n = 7 points[102]. More studies

could be done on relations of loop partial amplitudes.

This full amplitude expansion based on trace structures can be systematically generalized
to L loop, while (L + 1)-fold trace structure will appear. The explicit expression is
very tedious, and various trace structures could exist, corresponding to planar and non-
planar graphs. Theoretically, we can explore non-trivial relations from group constraints.
Relations of all loop 4,5 and 6-point partial amplitudes of SU(N). gauge group have
been written down, and we are still waiting for relations of general n-point L-loop partial

amplitudes from solving group constraints[103-105].

We described two integral representations. They are mainly used in different situations.
Representation (3.1) is ideal for BCJ conjecture[27, 28] of constructing gravity ampli-
tude. For an integral representation where Yang-Mills amplitude can be expanded into
graphs with only cubic vertex, if numerator factor N of each graph follows the same
Jacobi identity as color factor C}, then gravity amplitude can be obtained as square of

two Yang-Mills amplitudes using numerator Ny, Nk as

L dy. N7
M =3 /H(%:ld b NNk , (3.17)

kEFs 2W)Ld Dk1Dk2 T Dk‘n+3L73
where Ny, Nj, are kinematic factors of two Yang-Mills amplitudes that satisfying
Ny, + Ny, = Nigg, Ni,, + Ny, = Ny,

if
Ckl + Ck2 = Ck?’,ékl + 61432 = ékg .



54 Chapter 3. Loop amplitude computation and Algebraic geometry method

This conjecture is extremely useful for calculating loop-level gravity amplitude, different
from KLT relation that is only valid for tree amplitude. Representation (3.4), instead,
is an ideal tool to evaluate Yang-Mills multi-loop amplitude. Since color structures have
already been separated, we can focus on kinematic part. After computing color-ordered
partial amplitudes, we can assemble them into full amplitude with help of trace infor-
mation. Thanks to the non-trivial relations and many other methods, the independent
amplitudes that need to be computed are not as much as naive counting. In following
chapters, we will discuss the computation of multi-loop Yang-Mills amplitudes. So we

will take this integral representation of Feynman diagrams.

3.2 Integral reduction of loop amplitude

3.2.1 The traditional reduction procedure

Let us return to integral representation (3.4). What we are really interested in is the

kinematic part, given by the integral

/ H(1'L=1 a't; N (3.18)

27T)Ld D1D2 cee Dm ’
where we have chosen integral of one graph. Remind that the loop momentum depen-
dence in numerator N takes the form ¢2, ¢; -£; and £ -p. There are also tensor structures
£H 0¥ and so on. The number of propagators in denominator depends on the graph
considered. However, before performing integration, simplification can be taken with

above integrand. This simplification can reduce the number of propagators.

Let us take 1-loop amplitude as example. The integral we want to reduce is

diy N
/ (@) DoDs1 -~ Dy’ (3:19)

where we redefined propagator indices for convenience. The traditional reduction pro-
cedure, such as Passarino-Veltman reduction[106], can reduce the integral to master
integrals with rational coefficients. The master integrals are independent integrals that
used to expand any other integrals. In one-loop case, they are defined from scalar

integrals. The n-point scalar integral is defined as

scalar — dd€ 1
= [ e R

where M; is the mass of corresponding loop momentum, p; is external momentum.
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The reduction procedure intends to eliminate loop momentum dependence in numerator
N step by step, and finally ends up with minimal number of scalar integrals. The
first step is to reduce integral of arbitrary N and m > 5 propagators. Among these
propagators, we can select one propagator Dy = (2 — Mg and other four D; = (£2 —
P;)? — M? from remaining propagators. P; is the corresponding external momenta in
propagator D;, and we can rename the four selected ones as P;,7 = 1,2,3,4. Then
each £? in N can be replaced by Dy + Mg. Dy cancels a propagator, while Mg goes to
the scalar part. Since external momenta are 4-dimensional, they can be expanded by

P;,i=1,2,3,4 using Gram determinant defined as

G ( PLo-eo bt ) = det(AY) (3.20)

/ /
plv"'apl

G<p1,...,pl>zc<p1"“’pl) : (3.21)

P1y---5D1

where Gram matrix A% is [ x [ matrix with element AY = 2p; -p;- in (7, 7)-th position. So
Gram determinant is a function of Lorentz invariant scalar products. If either (p1,...,p;)
or (pf,..., pg) is linearly dependent, it vanishes. Then any 4-dimensional momentum Pj

can be expanded as

1 Py, P, Ps, P Py, Py, P3, P
P]g _ [G kyL2,1°3,1474 Plp,_'_G 1 ky 13,14 qu
G(P]_,PQ,P,B,P4) P17P27P37P4 P17P27P37P4
P, P, P, P, P, Py, P3, P
+G 1, 12,1k, 14 P;—FG 1,472,173, 1k Pf:| ] (322)
PlaPQaP37P4 P17P27P37P4

In this way, all scalar products of the form ¢- P, in N can be expanded as ¢-P;,i = 1,2, 3, 4.

Then we can use
D; — Dy = —20- P, + P? + M§ — M? (3.23)

to replace ¢ - P;. Again Dy, D; cancel corresponding propagators in denominator, and
remaining terms P?, M2, M? go to scalar part. Repeatingly doing so, we reduce the
integral to two types. One type is scalar integral with arbitrary number of propagators,
and the other type is integral with m < 4 propagators, but still contains loop momentum

dependence numerator.

The second step is to eliminate loop momentum dependence in latter type. Assume
that after momentum redefinition, we get an integral with propagators Dy = (2 — Mg
and D; = ({ — P;)> — M2,i < 3, where D;,i = 0,1,2,3 have been renewed and not the

same as in previous step. The loop momentum dependence in numerator is ¢2,¢ - P; as
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well as tensor structures £#, ¢F£Y, - - - . It is a little tedious to get rid of tensor structures,
especially when the rank is high. The idea to eliminate tensor structures is that, loop
momentum ¢* should be constructed from external momenta p1,...,p,—1, so integral
could be expanded as series of external momenta with same tensor structures. For

example, integral with ¢# dependence should be expanded as

m—1

de Iz =
In[0"] = / A IR (e oy o i ; Cipl! (3.24)

where external momentum p; = P; — P,_1, and expansion coefficients C; could be linear
combination of scalar integrals. By contracting both sides with p;,,j = 1,...,m — 1,

we get an equation for each j as

diy /- pj m—1 1 -
= 7CZAZJ . 3.25
/ (27T)d (52 _ Mg) (0= Pm_1)2 — an_l) ; 2 ( )

The left hand side can be reduced to scalar integrals by (3.23), so we get an algebraic
linear system of (m — 1) equations. By solving these equations we get (m — 1) coeffi-
cients C; represented as linear combinations of scalar integrals. So integrals with tensor
structures ## are reduced to scalar integrals. Similarly, for tensor structures ¢#¢¥, we can
expand them to Cpog"” + Zij C’ijpfp;, and by contracting with g,,,,, p; ,pj,, We can get
sufficient linear equations to solve coeflicients Cj;. Although computation will become
very tedious for integrals with higher rank tensor structures, the reduction procedure is

still the same, and we will end up with all scalar integrals.

The last step is to reduce any n-point scalar integrals I,,[1] to finite number of scalar
integrals. For scalar integrals with n > 6, we can always find non-trivial solution for

following 5 equations

n n
Zﬁizov ZﬁiPi“:(],’u:()’l,ZZS. (3'26)
=1

=1

With this non-trivial solution, we have an identity

n n

D BiDi = (Bil® =20, - (BiP) + BiP} — BiM]) =Y Bi(P} — M7) . (3.27)
i=1 i=1 i

Thus we can add an unity (3, 3;D;)/(3; Bi(P? — M?)) to integrand. The factor D;

cancels corresponding propagator while Pf, M? can be absorbed into scalar part. One

thing we need to pay attention to is the scalar pentagon integral I5[1]. In dimensional

regularization using d = 4 — 2e¢, if keeping all expansion orders of €, scalar pentagon inte-

gral is an independent master integral. While restricted to O(€%) order, scalar pentagon
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can be further reduced to four scalar boxes.

3.2.2 One-loop integral reduction and integral basis

From above reduction procedure, we can reduce arbitrary 1-loop integral to master
integrals[107, 108], and all kinematic factors are packed into rational coefficients. For-

mally, the integral reduction can be expressed as

n
Ator =N g (1) (3.28)

k=1
where n = 4 for 4-dimensional theory and n = 5 for d = (4 — 2¢)-dimensional theory.
The superscript (i) specifies external momenta configuration, which could be massive
or massless leading to different IR behaviors. For 4-dimensional theory, independent

master integrals of box integral I4[1] are
(rim gm e, e 1, 1y (3.29)

where the number of m denotes the number of massive external momenta. The two-
mass-easy integral Izm’e has massive momenta diagonally opposite and two-mass-hard
integral Ifm’h has massive momenta adjacent. Similarly, for triangle integral I3[1], the

independent master integrals are
(L™ ™ 1) . (3.30)

Zero-mass triangle integral is not allowed since kinematics of three massless momenta
do not have real solution. For scalar bubble and tadpole, external momenta are required

to be massive, so we only have master integrals Io, I;.

The coefficients ¢, ; in (3.28) are rational functions of external momenta and polarization
vectors as well as dimensional regularization parameter €. In practical computation, it

is better to use another equivalent expression
n .
Al—loop — Z Crile = O)I;j’(l)[l] + (rational part) + O(e) . (3.31)
k=1

The coefficients do not have € dependence any more, while extra rational part appears in
compensation. The part expanded by master integrals is cut-constructible, since it can
be reconstructed by unitarity cut method. Theoretically, if we start reduction procedure
directly for integral expression from Feynman diagrams and collect all scalar kinematic

factors in every step during the reduction, it is possible to keep all information of rational
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coefficients ¢, ; of master integrals. But the reduction procedure is so involved that it
is not suggested to do so. Since master integrals are well understood, and coefficients
of master integrals can be accessed by unitarity cut method, it is much easer to recover
coefficients ¢, ; by studying unitarity cuts on both sides of (3.31), as far as for theories

which are cut-constructible. The unitarity cut method will be introduced in next section.

3.2.3 Discussion on multi-loop integral reduction

One would expect that similar reduction should be valid for higher loop amplitudes, but
it is not exactly true. Schematically, multi-loop amplitude still can be expanded into

master integrals as

Abloor = N7 TN (3.32)
k,i,j

where k is the number of propagators of master integrals, ¢ specifies external momenta
configuration and j specifies numerator of integrand. The master integrals are no longer
scalar integrals, so it becomes a problem to determine independent numerators appearing

in master integrals.

For 4-dimensional 2-loop amplitude, it is possible to reduce the number of propagators
to 8, but the numerator can not be reduced to only scalars. This is because not all loop
momentum dependence in numerator can be written as (3.23). Thus after reduction, we
still get integrals with non-trivial numerators. These integrals should further be reduced
by other methods, such as IBP method. For example[39], after reduction, 4-point 2-loop

double-box integral takes the form

d*d* s (01 - pa)*(ly - p1)°
(2m)®  DyD1DyDyD1DyDy

(e ()] = (3.33)
where external momenta are p;,i = 1,2,3,4. D; are propagators containing only /1, D;
are propagators containing only /s, 50 is propagator containing both ¢1,¢s. There are
22 choices of (a, b) such that integrals can not be reduced any further. However, by using
non-trivial IBP relations, these 22 integrals can be further reduced to master integrals
depending on external kinematics. For kinematics of zero-mass, one-mass, two-mass
with massive momenta adjacent along the long side, or two-mass with massive momenta
diagonal opposite, two master integrals If_lmp [1] and If_lwp [¢2-p1] are enough to expand
the amplitude. For kinematics of two-mass with massive momenta adjacent along the

Iz—loop[

short side or three-mass, we need another one 1 - p4] besides previous two master

integrals. For four-mass case, we need even one more master integral If toop (€1 pa)(la -

p1)]. In fact, generating these IBP relations is highly non-trivial and time consuming,
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even though there are a lot of computer packages to do so. Especially for diagrams
without apparent symmetry on Feynman graphs, it is almost impossible to perform any
practical computation. Another weakness of higher loop integral reduction is that, in
(3.31), we assume the explicit results of master integrals I;[1] are known, so that we
can compute coefficients of master integrals by unitarity cut method. The computation
of 1-loop master integrals is relatively simple, but computation of general multi-loop

master integrals is not trivial.

The integral reduction of 1-loop amplitude is very successful, but not of multi-loop
amplitude. In order to simplify multi-loop amplitude computation, we can reduce the
integrand before doing integration. Instead of master integrals, we get a set of inte-
grand basis. Then further manipulation can be done to get master integrals from these
integrand basis. The computational algebraic geometry method can be introduced to
multi-loop amplitude computation, and systematically determine integrand basis. We

will describe this method after a brief introduction of algebraic geometry.

3.3 Unitarity cut and generalized unitarity cut

3.3.1 Unitarity cut in 4-dimension and d-dimension

Direct computation of loop amplitude is always very difficult, and this motives us to find
indirect methods. The unitarity cut method[101, 109] has been proven to be very efficient
when applying to 1-loop amplitude computation. Standard unitarity cut method uses
double-cut, which cuts two propagators of 1-loop amplitude to divide it into two tree
amplitudes. The double-cut of 1-loop amplitude has very clear physical meaning. When
expanding S-matrix as S = 1 + ¢1" with trivial scattering part 1 and interaction matrix
T, unitarity condition of S-matrix STS = 1 implies that 2ImT = TTT. This means the
imaginary part of 1-loop amplitude is related to product of two tree-amplitudes. In fact,
unitarity cut computes the discontinuity across branch cut singularity of loop amplitude.
Effectively, two propagators become on-shell. If loop momenta are 4-dimension, double-

cut of two propagators can be expressed mathematically as

1

T RRIGICIE (3.34)
1%2

where ¢, are momenta of propagators. For 1-loop amplitude, the discontinuity is

given by

AAlTloor = / A4y dM26™ (g — 0) — P (02)6H) (£2) Alree x Alpee (3.35)
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1+ 1

FIGURE 3.1: Standard unitarity cut of one-loop amplitude. The double-cut cuts two
propagators, and divide one-loop amplitude to two tree amplitudes.

where two propagators £1,fy are cut, and P is the total momenta in left hand side of
double-cut as shown in Figure (3.1). The (+4) superscript in delta function denotes
the choice of a positive energy solution of ¢2 = 0. The delta function of momentum
conservation makes one integration over f; or /o trivial, so it is really 4-dimensional
integration. Ay, Agr are tree amplitudes in both sides of double-cut, with two additional

legs from on-shell propagators,
Alree = Ay o(—lo, 1, ... 0 0) , AR = A, iio(—f1,i+1,...,n,0) . (3.36)

Of course we should sum over all helicity states of £1, £5. The loop momentum ¢ is taken
to be on-shell solution of £? = 0,3 = 0. Since all momenta are on-shell in unitarity cut,
we still have well-defined on-shell tree-amplitudes. Loop momentum has four degrees of
freedom, two delta functions can freeze two degrees of freedom, thus there are still two

degrees of freedom to be integrated out.

If loop momentum is d = (4 — 2¢)-dimension, we should use d-dimensional unitarity

cut[110, 111]. The loop momentum ¢ can be decomposed as
0D = ¢ 4

where 1 is a vector in (—2¢)-dimension, and /() is normal 4-dimensional massive vector
with (£(D)2 = (¢*)2 — ;2 = 0. The massive 4-dimensional loop momentum ¢4 can

further be decomposed to massless four vector as

(W =r42pP,
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where (2 = 0, z is a free parameter and P is the cut momentum. In this way, the

integration measure changes to

/d4—25€(d) :/d_2€u/d4f(4) — /dz/délgé(g?)(%-P) , (3.37)

It separates integration to integral over mass parameter p and integral over massive
scalar. The latter can further be separated to integral over massless scalar and in-
tegral over free parameter z. The discontinuity of d-dimensional 1-loop amplitude in

d-dimensional unitarity cut is then given by

AAdi-loop — / a2 / dz d*0(20 - PY3(2)50D (£D)2)50) (69)2) Alree x Alzee | (3.38)

where (fgd))Q = (¢ — P;))? — ;2. Integration over z can be firstly performed by one delta
function, and remaining integrations usually can be transferred to contour integration

in complex plane.

In spinor-helicity formalism, massless loop momentum can be expressed as spinor vari-
ables ¢ = t|()|¢], where t is an auxiliary free parameter. So integration measure expressed

with spinor variables has the form
/ d st (%) = j{ (e dey e de) / tdt . (3.39)
X=X

The contour of spinor variable integration is the line along real loop momentum in
complex plane, and integration over t is a trivial integration over delta function of
propagators[112]. Then using tree-level amplitudes in spinor-helicity formalism, the

contour integration in fact is the computation of residues in complex plane.

3.3.2 Generalized unitarity cut

Unitarity of S-matrix ensures that loop amplitude can be constructed from summation of
products of sub-loop and tree amplitudes satisfying cut constraints. Although standard
unitarity cut of 1-loop amplitude has clear physical meaning as discontinuity crossing
branch cut, this physical explanation has no significant importance in practical compu-
tation. We can generalize standard unitarity cut to generalized unitarity cut[113, 114],
where more than two propagators are cut. Though losing its physical explanation, it
still provides constraints on loop amplitudes. With these constraints, part of the infor-
mation of loop amplitude can be explored. Mathematically, n-ple unitarity cut will set
n propagators on-shell, thus provide n delta functions for integral. Loop amplitude is
then divided into many sub-amplitudes, which could be lower-loop amplitudes and tree

amplitudes. Especially, the maximal unitarity cut will cut all internal propagators, and
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express loop amplitude as products of only tree amplitudes. This idea can be applied to

any n-point L-loop amplitudes.

Suppose we have a 4-dimensional n-point L-loop integral with m propagators

L 4
(L) _ Hi:l d*t; N
A / (2m)4 DDy Dy (340)

Then maximal unitarity cut of this integral provides m equations
D;=0,:i=0,1,....m—1. (3.41)

Loop momenta are constrained by these equations. We can also have near-maximal
unitarity cut, which is defined by cutting (m — 1) propagators. This gives a constraint
of (m — 1) equations for loop momenta, which is more relax than constraint of maximal
unitarity cut. The fewer propagators being cut, the more information of loop ampli-
tude we get. But it is harder to separate contributions from other graphs when fewer
propagators are being cut. The maximal unitarity cut, though can only access fewest
information of loop amplitude, is the simplest. It can be served as a guidance for de-
termining multi-loop amplitude. It becomes even more powerful in the computation of
4-dimensional 1-loop N = 4 super-Yang-Mills amplitude, since only box contribution
exists for this theory, and maximal unitarity cut can access all information. It gives
constraints of four equations, and loop momentum is totally determined by the solution
of four equations. So such amplitude is trivially expressed as summation over products

of four tree-amplitudes and all possible internal states.

3.3.3 One-loop amplitude computation with unitarity cut

For 1-loop amplitude, what we want to compute is the expansion coefficients ¢ ; in
(3.31). By applying standard unitarity cut (3.35, 3.38) or generalized unitarity cut on
both sides of (3.31) and comparing results on both sides, we can separate contributions
for coefficients from different master integrals(For a review see [38]). It is already suffi-
cient to extract all information of cut-constructible part by standard unitarity cut, but
it is more convenient to start from maximal unitarity cut. Explicitly, the (generalized)
unitarity cut on n-point 1-loop amplitude gives
4
AATr =N ¢ i(e = 0)AL] (3.42)
k=2

Here we take 4-dimensional theory as example, and assume no internal mass. So pen-

tagon and tadpole master integrals do not contribute. If we use maximal unitarity cut,
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F1cURE 3.2: Quadruple-cut of one-loop amplitude. A specific quadruple-cut of any
one-loop integral selects contribution of a specific box integral.

which is quadruple-cut, then only box integrals have non-vanishing results in the right
hand side of (3.42). Triangle and bubble integrals do not have corresponding quadruple-
cut channels, so they do not contribute in maximal unitarity cut. Integral in left hand
side of (3.42) contains n — 1 propagators which directly generated from Feynman di-
agram. When cutting four propagators, n external momenta are split to four parts,
which we define as Py = p1 + -+ +piy, Po = pijy1 + - + Diyy P35 = piyy1 + - + i,
Py = pijs41 + -+ + pp. This is equivalent to box integral with four external momenta
Py, Py, P3, Py, as shown in Figure (3.2). So one quadruple-cut selects one specific box

integral Iii) 1],
AGAYP = ¢y Py, Py, Py, Py) AT [1)(Py, Pa, Py, Py) . (3.43)
Then coefficient of this master integral is simply given by

1 ree hs ree b
cai(Pr, Po, Py, Py) = 5 DN AT (= Py 0,2 AT (052, Py, £5°)
hi,h, (€S

x Alree(—ghs py (") Atree(—ghs py My (3.44)
where § is the solution of equations

B=0r=0, 3=U(-P)=0, 2=((-P-P)?=0, B={+P)>=0 .

There are exactly two solutions, and they fix loop momentum at two points in complex
plane. By this way, we can get coefficients for all box master integrals by applying all

possible quadruple-cut.
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We can further get coeflicients of triangle integrals with triple-cut. There are two differ-
ence of triple-cut from quadruple-cut, which makes triple-cut not as simple as quadruple-
cut. The first difference is that triple-cut does not only receive contributions from tri-
angle integrals, but also from box integrals which have the same cut propagators as
triangle integrals. For example, if a triple-cut specifies a triangle integral I3( Py, Po, Ps3),
then box integrals Iy(Py1, Pia, P2, P3), 14( Py, Pa1, Po2, P3) and I4( Py, Py, P31, P32), where
P + Py = P, also contribute to the coefficients. We should extract box contributions
in order to get correct triangle coefficients. The second difference is that constraints of
three equations can only freeze three degrees of freedom of loop momentum. So there is
an one-dimensional integration left. Fortunately, we can use this degree of freedom to
identify contributions from box and triangle integrals. This can be done with Forde’s
parametrization[51] of loop momentum for massless propagators. Explicitly, using two

massive external momenta P;, P>, we can construct
(PL—zP)? =0, (P,—2'P)?=0, (3.45)

with solutions

(P, - Py) £ /(P - P,)? — P2P2 (P - Py) + /(P - P,)? — P2P2

Ty = P2 , xl = P2 . (3.46)
So we can define two null vectors, normalized as
Py — (P}/v)P. Py — (P}/v)P
»_ I (21/27)22 o (22/27)21 7 (3.47)
1— (P{P5/v%) 1— (PP /v?)
with
v =wsP} =P} = (P P) £ \/(Pi - Pa)? — PRF} . (3.48)

This defines the flat basis Plb ,PQb . Note that if one of P, P, is massless, we can still
construct two null vectors, but with only one solution = or x’. With flat basis Plb , Pg ,

loop momentum can be parameterized as

t 109
0= on|P})|P) + ao| P3)| P3] + §|P1b>\P2b] + 5 |P3)| Py, (3.49)
where
P (y - P}) _ Py P}

ay = (3.50)

_770(2— .
v? - P{P} v?— PPP}

This parametrization automatically satisfies constraints of three equations

=0, (-P) =0, (U+P)?=0, (3.51)
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and t is the free parameter characterizing remaining degree of freedom. Box integral
behaves differently from triangle integral after substituting this parametrization back to
products of tree amplitudes from triple-cut. Since it contains an additional propagator,
there are two poles in t. These poles can be removed by expanding the result around

point ¢ = oo, and such expansion gives a polynomial in ¢ as
m
[Inf, AT AT AT) () = Y _ fit' . (3.52)
i=0

The triangle coefficient is given by the first term as
—[Inf Al7eC A5 ALC€)(¢) 10 - (3.53)

Since v has up to two solutions, the result is actually averaged over solutions of ~.

Remaining coefficients are then bubble coefficients, which are not accessed by quadruple-
cut and triple-cut. Similarly, we can get correct bubble coefficients by double-cut after

subtracting box and triangle contributions. The loop momentum is parameterized as

PQQ
t

2
L5y L5y
2y

E=yl PR+ -+ 5P + LA -WIR), (35)

which automatically satisfies constraints of two equations. Note that there is only one
P; = P, we should choose another arbitrary external momentum to construct massless
momentum basis Plb ,X- The bubble coefficient is then given by

. 1
—i[Inf,[Inf, AT AT) ()] ()]0, ym 1 — 3 > [Mnf AT AT AT ](t) |y - (3.55)

m—+1

tri

where Sy is set of all triple-cuts by cutting one more propagator besides double-cut,

and T'(j) is some defining equations[51].

3.3.4 Discussion on multi-loop amplitude computation

For general multi-loop amplitude, there is no systematic way of extracting coefficients of
different master integrals as for 1-loop amplitude. One reason is that, master integrals
of general multi-loop amplitude are in fact unknown. So we do not even have a practical
expansion formula as (3.31). Also the algebraic system of cut equations for multi-loop
amplitude is far more complicated than equations of one-loop amplitude. So we could
not expect a successful application of unitarity cut method on multi-loop amplitude as

1-loop amplitude.



66 Chapter 3. Loop amplitude computation and Algebraic geometry method

In order to access as much information as possible of multi-loop amplitude, we can
(1) compute all possible maximal unitarity cuts of multi-loop amplitude, and collect
all information, including residue dependence if maximal cut does not totally freeze
loop momenta, (2) use information of maximal cut to propose an ansatz, (3) compute
near-maximal unitarity cut, and compare result with the ansatz. If there is difference,
correct the ansatz to incorporate the difference, (4) continue computation of k-ple cut
until there is no difference between the ansatz and (k + 1)-ple cut. In the worst case,
this procedure will stop at the fewest number of cuts, where most information of loop

amplitude are extracted.

While it is too difficult to study master integrals of multi-loop amplitude, we can instead
study integrand basis as first step. The integrand basis can be systematically studied by
computational algebraic geometry method. We will describe the method, shortly after

an introduction of basic algebraic geometry.

3.4 The algebraic geometry

3.4.1 Variety and ideal

Algebraic geometry is the study of algebraic varieties[115-118|. The variety is defined to
be the zero locus of a polynomial or many polynomials. In other words, it is the solution
space of polynomial equations. There are two basic categories of algebraic variety, the

affine variety and projective variety.

The affine variety can be defined through a family of polynomials F' = (f1,..., fr).
Suppose we have r polynomials f;,i = 1,...,r in polynomial ring k[ X1, ..., X,], where
polynomial ring is the set of polynomials of n variables (X1,..., X)) with coefficients
in the field k, which can be taken as real numbers R, complex numbers C, integers Z,
etc. For example, polynomial ring of one variable k[X] is the set of polynomials P of

the form
P=cy+a X +cX’+ -+, XM, (3.56)

where coefficients ¢; are elements of k. The polynomial ring in n variables (Xj,..., X},)
is more complicated, and we should use monomial instead of one variable. The monomial

is defined as product of n variable in the form

xe=1[x, (3.57)
=1
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where a = (a1, o, ..., q,) with non-negative integers «; is the multi-degree of mono-
mial. The degree of monomial is |a| = > | «;. Polynomial ring k[X1, Xo,..., X, is

then defined as the set of polynomials
P=> caX®, (3.58)
o
where ¢y = ¢qy.-a,, € k. Then polynomial equations

fl(X17X27°"aXn) :Oa
f2(X17X2>"'7Xn) 207

fr( X1, Xo,...,Xn) =0

define an algebraic subset of affine space k™. If this algebraic subset is irreducible,
it defines the affine algebraic variety V (F'). The variety is associated with geometric
objects such as curve, hypersurface, etc. For example, f(X1, X2) = X1+ X2 = 0 defines
a line in R%-plane if k = R.

More generally, if degrees of all polynomials f;,7 = 1,...,r are one, we get the linear
affine variety, i.e., lines, planes, etc. We can also get affine variety of plane curve if

degrees of polynomials are two. For example,
f(X1,X0) = ar X7 + a2 X3 + azX1 X + as Xy +asXo +ag =0,

when k£ = R, defines a conics. Of course, curves of any degree exist, and the complexity
of studying variety increases a lot as increasing of degree. There is a kind of curve called
rational curve, which can be rational parameterized. For example, if plane curve C
defined by f(X,Y) = 0 is rational curve, then we can always find two rational functions
a(T),B(T) to parameterize the curve with identity f(a(T),5(7)) = 0 holds. It is
important to know the curve is rational or not, in order to determine if we could find

some rational parametrization for it.

The projective variety is defined in projective space. In projective space, polynomial
has homogeneous coordinates. For polynomial P € k[Xy,...,X,], the homogeneous
polynomial can be defined as

X X,

— d P
PG X X0) = (X0 o PP

), (3.59)

with homogeneous coordinates (X, X],..., X)) defined through X; = X//X|. For
example, consider a polynomial P € C[X7, X5] with the form P = X; X9 + X + 1. This
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is a complex curve in C2-plane, and the degree of P is two. In projective space CP?,
we introduce new coordinates X(), X1, X5, and define X; = X| /X, Xo = X/X{. Then
homogeneous polynomial of P is given by

X1 Xy Xy

P'(X0, X1, X3) = (X0)* (557 + 57 + 1) = X1Xp + X1.Xg + Xp X,
0-*0 0

with each monomial of homogeneous degree two.

The projective variety is defined through a family of homogeneous polynomials F’ =
(fi,..., f]) in polynomial ring k[X(, X1, ..., X}]. It is a subset of projective n-space P"

over k, defined through the zero locus of homogeneous polynomial equations

X, X1, X)) =0
fé(X(/]in)vX;L) =0,

Xy, X1,...,X,)=0.

If the projective algebraic set is irreducible, then it is called projective variety.

The irreducibility is an important property of variety. The algebraic set is not always
irreducible. For example, algebraic set defined by f = X; X5 = 0 where f € R[X7, X5]
is the union of two irreducible varieties, i.e, the coordinate axes X = 0 and Y = 0.
We can study the irreducibility of a variety with ideal. Let A be a polynomial ring
k[ X1,...,X,], and F = (f1,..., fr) a subset of A, then the ideal I(F') generated by F'

is defined as
I(F) ={a1fi +--- +arf[Va; € A} . (3.60)

The definition for projective algebraic set is similar, and homogeneous polynomials F’
generate a homogeneous ideal I'(F’). Polynomial equations F' = 0 imply that every
element in I(F') is also zero. Solving equations F' = 0 is equivalent to solving all
polynomial equations from ideal I(F). The algebraic set defined by F' = 0 is then
equivalent to the algebraic set Z(I) from solving all polynomial equations in I(F'). Note
that intersection of finite ideals is also an ideal. Denote the intersection of two ideals as

I1 () I2, then the algebraic set

Z(L( ) = Z()| ) Z(I) . (3.61)

The union of two ideals I; | J I5 is not necessary an ideal. The algebraic set

2(L 1) = 2(1) () Z(1) (3.62)



3.4 The algebraic geometry 69

could be empty if there is no solution for polynomial equations a; = 0, b; =0, a; € I,
b; € I. It is more convenient to study ideal I(F') and algebraic set Z(I) than original
equations. If the algebraic set Z(I) is irreducible, it defines a variety, and the ideal is
prime ideal, which means that the ideal can not be non-trivially written as I = I [ I. If
ideal is not prime ideal, there is a method primary decomposition of an ideal, which can
decompose the ideal into intersection of many prime ideals. Especially, if the polynomial
ring is Noetherian ring, Lasker-Noether theorem states that primary decomposition of

ideal I uniquely exists

I=()I. (3.63)

a=1

where s is a finite integer, and each I, is prime ideal. Then the algebraic set
S
Z(I) =] 2(1.) (3.64)
a=1

with each Z(1,) a variety. So in order to determine if an algebraic set defined by F' =0
is irreducible or not, we can generate the ideal I(F’), and apply primary decomposition
method on I(F). If there are more than one prime ideals I;(F;),i > 1 produced by
primary decomposition, then the algebraic set is reducible. The number of prime ideals
by primary decomposition is the number of irreducible varieties of algebraic set. The
variety Z(F;) of F; = 0 obtained by primary decomposition is equivalent to the i-th

irreducible variety of original algebraic set.

To determine if a polynomial P € k[X1,...,X,] is in the ideal I(F), F C k[X1,..., X,)]
or not, we need to do the polynomial division. For multivariate polynomial division,
naively we would expect that after defining the monomial order, we can get a result by

recursively performing P/ f1,---, P/ f, as
P=afi+  +afi+R, (3.65)

where a; € k[X1,...,X,], and R is the remainder. If R =0, then P € I(F'). But above
procedure is not true for arbitrary F' = (fi,..., fr). In fact, polynomial division can be
applied only when F'is Grébner basis. The Grobner basis G(F') = (g1,...,g,) can be
generated from F' by algebraic geometry method, and it is a subset of polynomial ring
k[X1,...,X,] equivalent to F. Recursively performing the division P/gy,--- , P/g., we

get a result

P=ag1+ - +ag+R, (3.66)
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where a; € k[X1,...,X,]. The coefficients a; is not uniquely determined but the re-

mainder R is unique. So if R = 0, polynomial P is an element of ideal I(F).

Special attention should be paid to the monomial order. For single variable polynomial
f € k[X], it is natural to define ordering 1 < X < X2 < --. without any ambiguities.
But for multivariate polynomial, there is more than one way of defining monomial or-
der. The monomial order will change explicit results of Grébner basis and polynomial
division. In (3.66), we mentioned that R is uniquely determined. But this is true only
for one chosen Grobner basis. Since explicit result of G(F') depends on the monomial or-
der, if G(F') changes, then remainder R also changes, although different remainders are
linearly related. In order to make consistent computation, we should choose a monomial

order and use it through the whole computation.

3.4.2 The curve

Polynomials equations F' = (f1,..., f,) = 0, where F' C C[Xjy,...,X,], define alge-
braic set of complex objects. Geometrically, this algebraic set could be complex curve,
hypersurface, or even more complicated complex manifold. For the special case where
r = n — 1, there is only one free complex parameter, and the algebraic set is complex
curve. Complex curve is intensively studied by mathematicians. Properties of com-
plex curve are characterized by its topology, and the topology is described by genus
of the curve. For irreducible algebraic set, i.e., variety, there are two kinds of genus,
the arithmetic genus and geometric genus. The geometric genus, which geometrically
illustrated as the handles of complex curve, is topological invariant. It characterizes the
topology of curve. This invariance is birational invariance, which means that geometric
genus is invariant under rational re-parametrization. The arithmetic genus however is

not topological invariant, and it depends on the parametrization of complex curve.

The arithmetic genus of a complex curve C can be computed by Riemann-Roch the-
orem. Let C be a projective curve in projective space P". Define polynomial ring
S = k[Xo,...,X,] and quotient ring A = S/I(C), where I(C) is ideal of C. Then the
Euler characteristic is defined as x(Oc¢(n)) = h°O¢(n) — h'Oc(n) for all integer n. The
Oc¢ is the sheaf of quotient ring A, and the number h’ are zero for all i > 2 since C is
dimension one of field k. The Riemann-Roch theorem states that for projective curve C'

of degree d and arithmetic genus g, we have
R°Oc(n) — h'Oc(n) =nd +1—g . (3.67)

Moreover, for large n, we have h’O¢c(n) =nd +1 — g.
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Especially, there is the algebraic plane curve, which is the set of zero locus of a polynomial
with two variables. The affine plane curve can be defined by variety of polynomial
equation f = 0, where f € k[X;, Xs]. Similarly, the projective plane curve defined
in P? projective space is the variety V(f’) of homogeneous polynomial f’ = 0, where
f € k[X{, X{,X}]. There is a simple expression for arithmetic genus g4 of projective
plane curve with homogeneous degree d, given by

(d—1)(d-2)

R (3.68)

Of course it is valid for k = C, where we have complex affine plane curve in C? and

complex projective plane curve in CP2.

The arithmetic genus g4 not only counts the handles but also the singular points of a
curve. A singular point of projective curve C' is a point (ag,aq,...,a,) such that the

rank of Jacobian matrix

0 fi
Han

, 1<i<r , 0<j<n (3.69)

at this point is less than n — 1. A singular point is normal if all tangent lines at the

singular point are distinct.

The geometric genus gg can be defined through arithmetic genus g4 and singular points.
For a smooth curve, i.e., an irreducible projective curve without any singular points, the
geometric genus gg equals to arithmetic genus g4. There are many algebraic geometry
methods to deal with non-smooth projective curve. If all singular points of C are normal
singular points, there exists an irreducible projective curve C from the normalization of
C, and the geometric genus gg of C' is equal to the arithmetic genus g4 of C. Explicitly,

we have

1
9o = ga— Y gmwlmp—1), (3.70)
p€ESing(C)

where Sing(C') is the set of all normal singular points p on curve C. p, is the multiplicity
of p, i.e., the number of distinct tangent lines at singular point p. If some singular points
are non-normal, there is blow-up method that blows up them into normal singular points.

Then (3.70) can be modified to compute geometric genus of projective curve.

Curves with geometric genus g = 0 are rational curves, and curves with geometric genus
ga = 1 are elliptic curves. Higher gg represents more complicated geometric structures.
If kK = C, the genus has simple topological interpretation. A smooth projective curve

is a differentiable variety of dimension one over C and dimension two over R, thus it is
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a compact orientable surface. So gg = 0 curve is homeomorphic to a Riemann sphere,

and gg = 1 curve to a torus, as well as gg curve to torus with g holes.

The geometric genus g¢ is birational invariant, which means that after re-parameterizing
curve Cq to another curve Cy, the geometric genus of Cy equals to geometric genus of
C1. Re-parametrization of a curve is realized through birational map. A rational map
from variety V7 to another variety V5 is defined as a morphism from non-empty open
subset U of V7 to V5. Concretely, a rational map can be expressed in coordinates using
rational functions. A birational map from variety Vi to V5 is a rational map f from V; to
V4 such that there also exists a rational map ¢ from V5 to Vi which is inverse to f. ¢f is
an identity map on open set V1, and fg is an identity map on open set V5. A birational
map induces an isomorphism from a non-empty open subset of V; to a non-empty open

subset of V5, and V7, Vo are birational equivalent.

For complex curves C,Co, if they are birational equivalent, then gg(Ci) = ga(C2).
Reversely, if g5 (C1) # ga(C2), there is no birational map between Cy and Cy. Especially,
since curve of genus gg = 0 is rational curve and any curves with g > 0 are not
birational equivalent to curve of g = 0, so there is no rational parametrization for

curves of gg > 0.

3.4.3 Examples

Let us consider two polynomials
fi=yz , h=2a"+y’ —ay -z, (3.71)

defined in polynomial ring Rz, y, z]. f1 has degree two, and fs has degree three. Equa-
tion f; = 0 or fo = 0 describes a two-dimensional surface in R3-space. The polynomial

equations
fi=yz=0, fo=a3+y® —ay—2=0 (3.72)

define an algebraic subset of affine space R3. In fact, since they are two equations of
three variables, the algebraic subset would describe curve of real dimension one or point
of real dimension zero. Geometrically, it is the intersection of two surfaces fi = 0 and
fo=0in R3.

Let the ideal I(f1, f2) be generated from fi, fo. Polynomial of the form afi + agfo,
where a1, ay € Rz, y, 2], is an element of I(f1, f2). For algebraic system (f; = 0, fo = 0),
each element in I(fy, f2) is also zero. So the ideal I(f1, f2) is equivalent to algebraic
system (f1 =0, fo = 0).
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We can also compute Grobner basis of ideal I. The result is not unique and depends
on monomial order as well as variable ordering when computing by Mathematica. If we
choose variable ordering as {z,y,z}, and also monomial order as DegreeLexicographic,

then we have

Gyz, 23 —xy +1y° — 2,232 — 2*) = G1(91, 92, 93) - (3.73)
If monomial order is Lexicographic, we have

Gy — 2y’ +y*, —2® + 2y — v + 2) = Ga(g), g5) - (3.74)

It is clear that they are different.

We can divide any polynomial with Grobner basis by multivariate polynomial division,
or Polynomial reduce in Mathematica. For example, dividing P = 23y + 23 with G; in

variable ordering {z,y, z} and monomial order Lexicographic, we get
P/Gy =yg1 +y° g2+ (xy® —° +27) .

The remainder (xy® — y® + 23) can not be further divided by Gj.

The ideal I(f1, f2) is reducible. After primary decomposition of ideal I, we get two

prime ideals
I=IL(\L , hiza®+y*—ay) , Lya®—2). (3.75)
The algebraic set Z(I1) or Z(I2) defines an affine variety V' (I1) or V(I3). We have
Z(L (1) = V()| JV(12) . (3.76)
For I, Z(I) is given by solution of
3

2=0, 224y —2y=0, (3.77)

which is an irreducible plane curve Cy(z,y) in z-plane. For I, Z(1I2) is given by solution
of

y=0, 22—2=0, (3.78)



74 Chapter 3. Loop amplitude computation and Algebraic geometry method

which is also an irreducible plane curve Cy(x,z) in y-plane. The intersection of two
varieties V' (I1), V(I2) is given by algebraic set Z(I1 | I2)

Z(L L) =V (V) , (3.79)
by solving equations
z2=0, B+y’—azy=0, y=0, 2°—2=0. (3.80)

It has a solution 2% = 0,y = 0,z = 0, which is the origin point. This means that two

curves (', Cs intersect at origin. Degree of x denotes the multiplicity of solution.

Let us consider affine plane curve Ci(z,y) defined by polynomial function P(x,y) =
22 + 93 — 2y = 0. We can introduce another variable w, and define projective plane

curve as

~

<

P2’y ,w) = w?P( )= () + )} —a'yw . (3.81)

g8
g |

)

It has homogeneous degree three, so arithmetic genus of this plane curve is
ga=0B-1)(3-2)/2=1.

We can also compute the zero locus of singular points from equations

oP"
or

oP'
=30y —aw=0, S-=-a"y=0. (382
w

o
oy’

32" —yw=0 ,

It only has one solution ' = 0,7’ = 0. By setting w =1, z = 2/, y = ¢/, and expanding

the function at (z,y) = (0,0), we get
flr,y) =2 +9° —zy . (3.83)

Tangent line at this singular point is defined by T'(z,y) = —zy = 0. It has two distinct
solutions, the x axis and y axis. So the singular point is normal, and has multiplicity
i = 2. The geometric genus is then g = g4 — 2(2 — 1)/2 = 0. It is topologically
equivalent to conics, and can be rationally parameterized. One rational parametrization

is given by

(3.84)
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3.5 Integrand reduction of loop amplitude

Finally we arrive at the section of integrand reduction, especially beyond one-loop am-
plitude, by computational algebraic geometry method[48, 49]. The 4-dimensional L-loop

n-point integral with m propagators is given by

L 54
(L) _ Hi:1 d”t; N
=/ (20" DyDi - Dy (3:85)

The number of propagators is constrained by total degrees of freedom of loop momenta.
Since each loop momentum is 4-dimensional, L-loop integral has 4L degrees of freedom,
so the maximal number of propagators should be no larger than 4L. Otherwise some
loop momenta will be over-constrained when applying maximal unitarity cut. Degree of
polynomial N is constrained by power counting in order to get UV finite result. Ranks
of loop momenta in each monomial of polynomial N should be no larger than ranks of
corresponding loop momenta in denominator. This constraint produces a finite but still
large set of monomials M;. We want to get a minimal set of independent monomials
from them. The idea is quite simple. Since the denominator is also a polynomial of loop
momenta D(¢) = DyD; -+ Dy,_1, we can divide each monomial M; with denominator.

The result is expected to be
M;/D = foDo + fiD1+ -+ fm-1Dm—1+ R , (3.86)

where f; are functions of loop momenta. R; is the remainder, which is also polynomial of
loop momenta. However, we know that the polynomial division can be applied only when
polynomial system (Dy, D1, ..., Dy,—1) is Grobner basis. So we should firstly generate
Grobner basis G(D) = (g1, - . ., gny) from polynomials (Dy, ..., Dy,—1). The polynomial
equations D; = 0,7 =1,...,m — 1 can be interpreted as equations of maximal unitarity
cut. By dividing monomial M; with Grébner basis G(D), we get

i

G(D)

= figi+ -+ frgm + R (3.87)

If R} is zero, monomial M; can be expressed as functions of propagators, and it is not
independent. If R] is non-zero, monomials in remainder R/ can not be further divided
by G(D), so they are independent monomials. These monomials in R define integrand
basis. For different Grobner basis defined from different monomial order and variable
ordering, we get different set of integrand basis. But they are equivalent class, and all

related by linear transformation.

Above discussion does not rely on the number of external momenta and number of

independent loops, so it is quite general and can be applied to integrand induction of
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any multi-loop amplitudes.

3.5.1 Parametrization of loop momenta

The simple idea above should be implemented systematically in mathematical algo-
rithm by computational algebraic geometry method. The algebraic system is defined
by m equations of maximal unitarity cut, where m propagators are polynomials D;,
i = 0,...,m — 1 defined in polynomial ring k[X1,...,X,]. Since momenta are tak-
en to be complex, the field &k = C. Then the first problem is how to define variables
(X1,...,X,). These variables come from degrees of freedom of loop momenta. For
4-dimensional L-loop diagram, we have n = 4L variables. A systematic way of defining
variables (X7,...,X,) is through similar Van Neerven-Vermaseren basis[119]. Expan-
sion of loop momenta with this basis has advantages that the result does not depend
on spinor-helicity formalism, and equations of maximal unitarity cut take particular
simple form. The momentum basis (e1, 2, e3,e4) is chosen to be external momenta or
wj, which are auxiliary momenta perpendicular to all external momenta in momentum
basis. If number of external momenta is lager than five, then we can choose arbitrary
four external momenta as momentum basis. If number of external momenta is four,
then there are only three independent momenta because of momentum conservation.
We construct the additional auxiliary momentum w as w* = e#"?? Py , P ,P3 ,, where
€lVP7 is total anti-symmetric tensor. Then momentum basis is (P, P, P3,w). For three
external momenta case, only two independent external momenta P;, P> can be chosen,
so we should construct two additional momenta wq,ws as

i
Wi

%( <Pflv”lP5} + <P§|7#|Pﬂ ) : (3.88)

1
of = ((Phv1P3) - (B3R ) (3.89)

with help of flat basis. Then momentum basis can be taken as (P;, P», w1, ws). However,
if there are two external momenta, we can only choose one P;. Then three auxiliary

momenta wi,ws,ws should be constructed following conditions P; - w; = 0,7 =1,2,3.

Loop momentum #; can be expanded as

-e1

N

.62

&

Ui = (e1,e,e3,€4) Gy : (3.90)

‘63

N

'64
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where G4 = G(eq, e, €3, e4)(do not confused with Grobner basis) is Gram determinant
defined in (3.21). When considering d = 4 — 2¢ theory, we can decompose loop momenta
o) (—2¢)

7

into 4-dimensional component /; and mass component ¢;

04 = g+ 472 (3.91)

7 Y

. Then we get a set of fundamental scalar products(SPs)

and define ;5 = —£§_2€)€§._2€)

as

SP={li-ej]l <i<L,1<j<4jU{p[1<i<j<L},d=4-2¢,
SP={l;-e|l<i<L,1<j<4},d=4. (3.92)

These scalar products can be served as variables of algebraic system. Scalar products
E?, ;- ;,¢; - P; can be expanded as polynomial functions of fundamental scalar products

through

.61

<.

1 c €2
Ui-lj=(;-er, ;- e, ly-e3, b -eq)Gy — ij
. 63

S LS S S
<. <.

<.

.64

.el

fz‘ . f)] = (fl . 61,& . 62,& . 637& . 64)G21 €2 (393)

'63

S IR AP AR

- ey

Then ideal of algebraic system is defined by m equations of maximal unitarity cut
D;(SP)=0,i=1,...,m —1 in polynomial ring C[SP].

A lazy way of defining variables uniformly for all situations is realized by picking two
external momenta to construct momentum basis (e1, e2, €3, e4). It is a direct application
of above discussion by always picking two external momenta, no matter how many
external legs it has. We can pick two independent momenta Py, P, with (P} + P»)? # 0,
and define two null vectors as
PE_pl_gpt =1 P’y P PE_pi_gpht =1 P|y*| P} (3.94)
1 — 41 12—217172—2 12—2272, .
where z, 2" are solutions of (P — xPj2)? = 0 and (P> — 2'P12)? = 0. Then momentum
basis can be taken as
(P |Py] (B3| |1P3]

Ho__ no__ L
s T s S
Y12 Y12

(e1]|y*]ea]
21 ’

(ea|v*|e1]

.95
L 99

no_
e4i
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where

(PLP)? — PP}

(3.96)
Pt

’7%2 =2
The momentum basis satisfies properties that the only non-zero products among them
are ejeg = ezeq = 1. Definition (3.95) also makes massless limit smoothly, and e1, e5 go

back to P, P; respectively when Pl2 — 0 or P22 — 0.

Loop momenta and external momenta can be expanded into this momentum basis as

b = zie; +ahes + xhes + hes (3.97)
P, = (P-ex)er+ (Pi-er)ea + (Pi-esg)es+ (P -e3)eq (3.98)

i.

% are variables of algebraic system. The Lorentz invariant

where expansion coefficients x

scalar products are given by

b = 2ol + dhad + aiad + akad (3.99)
l; - P’j = (F)] . 61).181 + (Pj . 62).TU2 + (Pj . 63)1‘3 + (ljj . 64)1’4 . (3.100)

i.

With them we can translate equations of loop momenta to equations of variables z%,

i=1,...,L, j=1,2,3,4. The affine ideal is generated by m quadratic polynomials

1,1 .1 1 L L L _ L .
Di($1,$2,1'3,$4,...,x1,$2,$3,$4) s 2—0,17...,777,—1 y

in polynomial ring

1,1 .1 1 L L L L
Clzy, 3, 23, x4, ..., 7, 25, x5, 4] . (3.101)

This ideal can be further simplified, since fundamental scalar products are constrained
by cut equations. We can systematically define a minimal set of scalar products by
Grobner basis method. Firstly, we generate ideal I(D) from D = (Dy,...,Dp—1) =0
in terms of fundamental scalar products SP. Then compute Grobner basis G(I) of ideal
I(D). Remind that we should decide the monomial order and variable ordering, and use
them through whole computation. In practical computation with Mathematica, we can
set monomial order as deglex, since the computation is fast with it. By taking all leading
terms L(G(I)) in Grébner basis according to the monomial order, the linear terms in
L(G(I)) determine a subset of SP that can be reduced to the complementary of this
subset in SP. The scalar products reduced by linear terms in L(G(I)) are defined to be
reducible scalar products(RSPs), and the remaining scalar products are defined to be

irreducible scalar products(ISPs).
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This algorithm indeed generates the minimal set of ISPs. To prove this[48], suppose
the set of fundamental scalar products is SP = (z1, 9, ...,x,), and the set of RSPs is
(y1,Y2,---,Yr), which is a subset of SP. The remaining scalar products define the set
of ISPs (2!, 25,...,2},), with ' 4+ 7 = n. The Grébner basis G(I) must contain a linear

polynomial

/

T
ay, + > Biaj+yel, (3.102)
i=1
where «, §;,y are constants and o # 0. This linear polynomial cannot contain any other
y;, since for given monomial order, y; is always before y, when j < r. So y, is a linear

function of ISPs on maximal unitarity cut. Consider another linear polynomial

/

T
ayr1+a'y Y Biaj+vyel, (3.103)
=1

where o’ could be non-zero. y,_1 is before g, in given monomial order since r — 1 < r,

while no other y; are contained in this polynomial. We already show that y, is a linear

equation of ISPs, then y,._; is also a linear equation of ISPs. By induction, all y; are

/.
J

as linear function of ISPs on maximal unitarity cut, then

linear equations of ISPs. Furthermore, we can consider /. in ISPs. If it can be expressed

/

T
o=y Biwi+yel. (3.104)
i#]

In this polynomial, the leading term x} is also an ISP. Properties of Grobner basis
ensure that I(L(I)) = I(L(G(I))). So if ), € L(I), then z} € I(L(G(I))). Because
(y1,y2,-..,yr) are all linear terms in L(G(I)), the degree-one scalar product z}, then

should be generated by degree-one monomials of L(G(I)) as
'
2= By (3.105)
i=1
which contradicts the assumption of ring structure. So the set of ISPs is minimal, and

we can not write any elements in ISPs as linear functions of remaining ISPs.

Since all RSPs can be expressed as functions of ISPs, we can eliminate them in cut
equations. The ideal of algebraic system is then defined by independent quadratic poly-

nomials in polynomial ring C[z, 5, ..., 2],]. This simplifies original algebraic system.
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3.5.2 The integrand basis

In summary, the algebraic system of maximal unitarity cut is defined by ideal I(D(ISPs)) €
C[ISPs], where ISP = (X1, Xa,..., X,/) is a subset of

1,1 .1 .1 L L L L
(x1, 3,25, 4, ..., 27, Xy, 3,21 ).

In order to get integrand basis, we should divide numerator N by Grébner basis

N N
= . 3.106
GUI) 9192+ 9 (3.106)
The numerator is a polynomial of ISPs, and can be formally written as
N= Y Cojapma, XPX52 - X0 (3.107)

Q1,002,000,000

Without imposing any constraints, degree of each ISP «; = d(X;) can be any non-
negative integer, and there is no up-bound for degree o = Z:lzl «; of each monomial.
This brings practical difficulty when doing polynomial division. We need to get a finite
set of monomials, and this set should be large enough so that no irreducible monomials
are missing in the remainder of polynomial division. A natural constraint of monomials
is the renormalization conditions for ISPs. For an UV finite theory, degree of each
loop momentum in numerator should not be larger than degree of corresponding loop
momentum in denominator, and degree of all loop momenta in a monomial should be less
than the highest degree of total loop momenta in denominator. Expressed in variables
of ISPs, the renormalization conditions impose constraints on degrees «; of each ISPs

directly. For L-loop amplitude with m propagators, they are given by

Z d(x;-i)) < (Number of propagators containing ¢;) , i =1,...,L |

j€Eall ISPs of ¢;

L
Sy de)y<sm-1 , da@i)>o. (3.108)

i=1 j€all ISPs of ¢;

After solving above inequalities, we obtain a finite set M of monomials. Integrand
basis is the set of linearly independent monomials in M with respect to denominator of
integrand, i.e., the propagators. In order to get integrand basis, we can use following
algorithm based on multivariate synthetic division. Firstly, decide a monomial order in
polynomial ring C[ X7, Xo,..., X,v], and compute corresponding Grobner basis G(I) of

I(D). Secondly, generate a finite set M of monomials from renormalization conditions.
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Third, for each monomial M; in M, do the multivariate synthetic division by G(I),
M;/G(I) = figi + -+ frgr + Ri . (3.109)

For given Grobner basis, the remainder R; is uniquely determined. Finally, collect all

monomials M (R;) in R;, and integrand basis B is given by union of all monomials

B=|JM(R) . (3.110)

If ideal (D) is irreducible, then there is only one variety V(D). All elements in integrand
basis are associated with this variety. However, in most cases ideal I(D) is reducible

and can be decomposed to many prime ideals by primary decomposition method as

I(D) = () 1a(Dy) - (3.111)

V(D) =] V(Da) . (3.112)

For s prime ideals, there are s independent solutions for cut equations.

The algebraic system of I, is usually much simpler than I. So for complicated system,
it is better to study each I, separately, and recover the result of I from these partial
results. Following the same algorithm, we can generate Grébner basis G(I,;) and obtain
integrand basis By,. This integrand basis is smaller than B. Integrand basis of I can

be recovered by
B=|JB, . (3.113)

Of course this union can not be taken by simply adding all monomials in each Bj, to-
gether. Given two prime ideals I, (D), Iy(Dy), if the union of ideals I, p(Dq, Dp) is non-
trivial, then the intersection of varieties V(D,) and V(D) is also a variety V(Dq, Dp).
The integrand basis of I = I, ()1, obtained by Grobner basis G(I,() 1), denoted as

union of By, and By,, is given by
Br.A1, = Bi, | JBr, = Bi, + Bi, - Br, 1, » (3.114)

where By, 1, is integrand basis obtained by Grobner basis of the union I, U [,. This

relation can be generalized to any number of prime ideals from primary decomposition
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of reducible ideal. For example

By, UBIb UBIc = By, + Br, + B, — Br,y1, — Br,yr. — Br,yr. + B,unur. -

In practical calculation, we are also interested in the dimension of ideal. For 4-dimensional
theory, since there are 4L variables and m polynomial equations, the dimension of (D)
is then dim(I) = 4L — m. However, if the ideal is reducible, dimension of each prime
ideal dim(I,) may not equal to dim(I). Variety V(D,) could have fewer polynomial
equations, thus dimension of I,(D,) could be larger than I(D). When considering ideal
I,ub(Dg, Dy), we get more constraints of polynomial equations than I(D). So dimension
dim(Z,p) is usually smaller than dim(/,) and dim(J). This is easy to understand from
geometric picture, since dimension of intersection of two (hyper)surfaces cannot be larg-
er than original (hyper)-surfaces. For example, intersection of two-dimensional surface
and one-dimensional curve can at most be one-dimensional curve, and sometimes it is
only zero-dimensional point. Dimension of ideal can be computed by algebraic geometry

method with many algebraic geometry programs.

3.5.3 Polynomial fitting of expansion coefficients

Advantage of studying prime ideals I,,a = 1,...,s instead of reducible ideal I becomes
obvious for polynomial fitting of expansion coefficients. The integrand basis of multi-
loop amplitude is usually very large, so a great number of coefficients of integrand basis
need to be fitted. Suppose there are n;, monomials in integrand basis. The numerator

can be reduced to polynomial of these n; monomials in the form

N= > cojapa, X{1X52 - X0 (3.115)

a1,02,...,0,1€EB

We define
c=(c1,¢2,...,¢n,) , (3.116)

where ¢; denotes a configuration of coefficient cayay--a,,- We want to work out the
map from products of tree-level amplitudes to coefficients ¢; in solution space of cut
equations. In order to do so, we need explicit parametrization of loop momenta using
solutions of cut equations. If ideal I(D) has dimension d;, then ISPs can be expressed as
functions of d free parameters (71,72, ..., 74,). A rational parametrization is not always
possible for reducible ideal I, but could be possible for prime ideals I,. This is one of
motivations that we should work on prime ideals obtained by primary decomposition

of original ideal. The loop moneta, as functions of scalar products, are also functions
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of (71,...,74,). With suitable choice of momentum basis, free parameters, etc., the
parametrization of loop momenta could be simple. After imposing maximal unitarity

cut, L-loop n-point integrand becomes

R h! R,
Dcut = ) Any (€0, Prolo) ) Any (062, P, £37) -+ Ay (032, P £ (3.117)
hi,k,
where ﬂai,ﬁa; are corresponding loop momenta ¢;,7 = 1,..., L being cut. After substi-

tuting the parametrization of loop momenta, we get

aq
Acut = Z da,alag---alefllTQDQ T, ! s (3118)

Q1,002,050

where indices a = 1,2, ..., s denote a given solution of cut equations. We use « to denote
configurations o - - - aq,, where each o is an integer. Suppose for each solution a we

get n, terms with coefficients dgq o, = 1,...,n,. We can define
d=(dia, .- ding,--sdsi,. - dsn,), (3.119)

which has ng = >, _; n, elements.

The numerator (3.115) also becomes a series of (71,...,74,). Since monomials of in-
tegrand basis are algebraic linearly independent, we also get np terms in (71,...,74,)
expansion. In the maximal unitarity cut, denominator of integrand is transferred to
delta functions that lead to cut equations, thus we have A.,; = N. Equating coefficients

aq . . .
of - Ty, T terms in both sides, we get an equation

nqg np
> agdi =) bc (3.120)
=1 =1

for each term denoted by k,k = 1,...,n. Coefficients aj,m-, ;“ are obtained directly
from products of tree amplitudes and monomials of integrand basis after substituting
ISPs with parameters (7,...,74,). In total, we get n;, equations. So we can construct

a ny X ng matrix M relating d and c as

A”bX"d ' dz;cpd = B"ban 'Cgbxl — Mnbxnd : dgdxl = Cszl R (3.121)
where
My xng = Brxn, - Anyxng - (3.122)

The matrix M has rank n;, and invertible. So we can solve coefficients c; as functions

of known coefficients d; from products of tree amplitudes.
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For general multi-loop amplitude, integrand basis could contain hundreds of terms, thus
matrix M is very difficult to compute. However, for reducible ideal I(D) that has s
prime ideals I,(D,),a = 1,...,s obtained by primary decomposition, we can perform
polynomial fitting for each ideal I,(D,) instead of I(D). Integrand basis of I,(D,)
contains much smaller number of monomials. Suppose it contains ny monomials, then

we can define
c=(c1,c2,..,Cny) - (3.123)
From multi-loop integrand we can also define coefficients
d=(de1,da2,.. ,dan,), (3.124)

for the a-th prime ideal. This is similar to I(D), but now we are only taking coefficients
in a given cut solution a, not all independent cut solutions. Then from n, X ny matrix

M, we can solve c as
Mnb/ XNg bna><1 = Cpy x1 - (3125)

Matrix My, xn, is much simpler than M, x,,, which simplifies practical computations.
The full set of expansion coefficients can be easily recovered from results of all prime

ideals.
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Integrand basis for 4-dimensional

two-loop amplitude

Using the basic setup of computational algebraic geometry methods, we are possible
to translate the study of integrand reduction as mathematical problems. Generally,
algebraic system of multi-loop amplitude is complicated, due to the large number of
cut equations as well as too many variables. However, systematic analysis of all 4-

dimensional 2-loop amplitudes is possible, because of their relatively simple topologies.

The strategy for integrand reduction of 2-loop amplitudes is as follows,

1. Parameterize loop momenta ¢, o with variables (x1,x2, 3, z4) and (y1, Y2, Y3, Y4)
by using suitable momentum basis (eq, €2, €3, e4). Get algebraic system of equations
from maximal unitarity cut. If there are m propagators D;,i =0,...,m — 1, then

algebraic system is defined by m equations with eight variable x;,y;,7 = 1,2, 3, 4.

2. Compute ISPs from Grébner basis. Since the algebraic system is relatively simple,
we can also compute ISPs by hand. From m quadratic equations, we should find
all possible combinations among them to construct linear equations. By solving
these linear equations, we get a set of [ISPs. The remaining quadratic equations

with variables of ISPs defines an equivalent algebraic system, which is simpler.

3. Compute ideal I(D). Apply primary decomposition for the ideal. If it is reducible,
get all prime ideals I,(D,). The number of prime ideals equals to the number of
non-equivalent cut solutions. We can either study reducible ideal I(D) or prime
ideals 1,(D,).

4. Compute Grobner basis of reducible ideal I(D) or prime ideals I,(D,) for a given

monomial order. Get all possible monomials of ISPs that satisfying renormalization

85
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conditions. Divide these monomials with Grobner basis, and collect all monomials

in remainder. They define integrand basis.

5. If I(D) is reducible, study the intersection pattern among varieties V(1) of prime
ideals 1,(D,).

6. With knowledge of integrand basis and intersection pattern of varieties V(1,), we
can continue the study such as polynomial fitting of expansion coefficients, and

even compute integral basis by IBP relations from integrand basis.

In following sections, firstly topologies of 2-loop amplitude are discussed. Then we focus
on 4-dimensional 2-loop amplitudes and provide a general discussion on algebraic system
of them. As illustration of the methods, we present detailed analysis for two diagrams.

Results of other diagrams can be found in [61].

4.1 Topologies of two-loop amplitude

General diagrams of two-loop amplitudes can be drawn as Figure (4.1) and Figure (4.2).
They are constructed from one-loop diagrams by sewing two external legs. Diagrams
in Figure (4.1) have two sub-one-loop diagrams connected at a single point. Diagrams
in Figure (4.2.B) have two sub-one-loop diagrams connected by one common propaga-
tor and diagrams in Figure (4.2.C) have two sub-one-loop diagrams connected by two

common propagators.

(A1) (A2)

FIGURE 4.1: Illustration of two-loop topology generated from one-loop topology by
sewing two external legs that attached to the same tree structure. In sewing (A1), two
sub-one-loop topologies do not share the same vertex while in sewing (A2), they do
share a common vertex.
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(B) (C)

FIGURE 4.2: Tlustration of two-loop topology generated from one-loop topology by
sewing two external legs that attached to different tree structures. For case (B), two
tree structures are adjacent, while for case (C), they are not adjacent.

These diagrams can be distinguished by their propagators. The propagators for each

diagram can be separated to three parts
D = DDD, (4.1)

where D contains propagators with only ¢1, D contains propagators with only ¢5, and D
contains propagators with both £, f5. Assume ni, no, ng are the numbers of propagators

in D, ]_N), ]3, then topologies of two-loop amplitude can be distinguished by (n1,n2,n3).

We can restrict n; with condition
ni Z ng Z ns (4.2)

for the freedom of relabeling ¢1,¢s. In order to define a solvable algebraic system for

renormalizable theory, we can impose inequalities for d = (4 — 2¢)-dimensional theory as
ny, n2, ng <5, ny+ng+nz<11. (4.3)

Solutions of above inequalities can be sorted into four groups according to ns, denoted

by (n1,n2) as

n3=3: (5,3),(4,4),(4,3),(3,3) ;

ng=2: (5,4),(5,3), (4,4),(5,2),(4,3),(4,2),(3,3),(3,2),(2,2) ;

n3=1: (5,5),(5,4),(53),(4,4),(5,2),(4,3), (5,1), (4,2),
(3,3),(4,1),(3,2),(3,1),(2,2), (2, 1), (1,1) ;

n3=0: (5,5),(5,4),(5,3),(4,4),(5,2),(4,3),(5,1),(4,2),(3,3),
(4,1),(3,2),(3,1),(2,2),(2,1),(1,1) .
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However, if we focus on 4-dimensional theory, constraints become
ni, No, n3 <4, mni+ng+ng<8§. (4.4)

Then the number of solutions is greatly reduced. We get following solutions
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If ng = 0, no propagators contain both ¢1, ¢s, thus solutions with ng = 0 denote two-
loop diagrams with two sub-one-loop structures connected at a single point as shown
in Figure (4.3). Integration of ¢1,¢5 can be separated, so algebraic system defined by
maximal unitarity cut will be combination of two corresponding one-loop topologies.
The integrand basis should be slightly modified from two one-loop topologies to two-
loop topology. This modification comes from renormalization conditions of monomials.
Taking topology (A33) as example, for the left sub-one-loop topology, we denote ISPs
as (x1,x2), and for the right sub-one-loop topology, we denote ISPs as (y1,y2). Then
integrand basis can be given by monomials x]* x5y y5? after polynomial division.
The renormalization conditions for the left sub-one-loop is n1 +no < 3, and for the right
sub-one-loop m; + ma < 3. However, since two sub-one-loop topologies are connected
at one point, we have five vertices in two-loop topology, so ny + ng + my + mg < 5.
Solutions of this additional constraint is smaller than naive combination of solutions of
two inequalities from sub-one-loop topologies. Consequently, number of monomials in
integrand basis is also smaller than naive product of those in sub-one-loop topologies.
Explicitly, representative elements of left and right sub-one-loop triangle topologies can

be taken as

2 .2 .3 .3 2,2 .3 .3
{1,:U1,:L’2,l'1,1‘2,$1,1‘2} ) {1,y1,y2,y1,y2,y1,y2} )

and the naive product of these two sets gives 7 x 7 = 49 monomials of (z1, z2,y1,y2).
However, terms of the form x3y$, 2333, 23y, #3y3 should be excluded from integrand
basis of (A33), since degree of monomial is larger than five. After subtracting these four
terms, we get 7 x 7 — 4 = 45 monomials in integrand basis of (A33), which are exactly
those by computing with maximal unitarity cut of two-loop topology. Information of
other topologies in type (A) can be similarly computed from sub-one-loop topologies

with minor modification.

Solutions with n3 = 1 denote all planar two-loop diagrams as shown in Figure (4.4).

Solutions with n3 = 2 denote all non-planar two-loop diagrams as shown in Figure (4.5).
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K3| kg K4 K2 k5 K3
L1
K2
L2 L1 L2Y—r
K1 K5 K1 K4
(A43) (A33)
K3| k5 K3| ka4 K2 4
K3
K2 K4 K2
L2 Lo L1 L2
K1 K1 K1
(A42) (A41) (A32)
K2
ne K3 K3 K2 K1
KA KR 1 1L
(A31) (A22) (A21) (A11)

FIGURE 4.3: All 10 topologies of type (A) diagram. Each topology is denoted by (Anm)
where n, m are numbers of propagators of the left and right sub-one-loop topologies.
All external momenta are out-going.

K3| K7 K6 K3| K5
Ko K4 K2 K3 )
1 J12 L1yL2 L2
k1~ ke K° K1 ks K4 Kil K4
(B43) (B42) (B33) (B41)
KS K2 K4 K4 K2 K1
K2 o] K1 K2 K1
L1y LK;’ " L2 L2 L L2
= — L1 L2 L1
KL K4 K1 K3 K3 K3 K2
(B32) (B31) (B22) (B21) (B11)

FIGURE 4.4: All 9 topologies of type (B) diagram. Each topology is denoted by (Bnm)
where n, m are numbers of propagators containing only ¢ or £5. All external momenta
are out-going.
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K7 K6
K3 K7 K2 K3 K2 | K5
K2 K4 K5 KANK3 K2
L2 L1 Y L2 L2 K1 L1 L2
K1l L1 [ K6 K1 K6' K4 K1L1 | K5 K4
(C42) (C33) (C32) (C22)

FIGURE 4.5: All 4 topologies of type (C) diagram. Each topology is denoted by
(Cnm) where n,m are numbers of propagators containing only ¢; or ¢ respectively.
All external momenta are out-going.

4.2 General discussion on equations of maximal unitarity

cut

When ns =1 or 2, we can explicitly write m propagators D, 5, D as

Dy = f% , D1 = (€1 - Ka,1)2 LI Dn171 = (el - Ka,nlfl)g )
Do=1%, Dy=(l— Kp1)? , .., Dpy1 = (b2 — Kpny—1)?
Do=(li+0lo+Ke1)>, ..., Dpy1=+b+Ken,)?, (4.5)

where nq + no + ng = m. For 4-dimensional theory, we have m < 8.

Equations of maximal unitarity cut

DZ'ZO, i:O71,...,n1—1,
D;=0,i=0,1,...,n9—1,
D;=0,i=0,1,...,n5—1 (4.6)

define an algebraic set. From above m equations, we can always get (m — 3) linear

equations by

Di—Dy=-20 - Ko +K;;=0,i=1,...,nq -1, (4.7)
ﬁi—ﬁ():—QgQ'Kb’i—i-Kg’i:O, 1=1,....,n0—1,
Di — Do = 2(£y + £o) - (Kois1 _KC,1)+KCQ,Z'+1 ~ K2 =0,i=1,...,n3—1.
Remaining three equations
Dy=03=0, Dy=6=0, Dy=(l1+Lly+K.1)>=0 (4.8)

are quadratic equations that can not be used to further construct linear equations.

Solving (m—3) linear equations, we can write (m—3) variables as functions of remaining
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8 — (m —3) = (11 —m) ISPs. So finally we get an equivalent algebraic system defined

by three quadratic equations with (11 — m) variables.

If m = 8, we have three quadratic equations with three variables. By solving these
equations we can completely fix solution to points. So geometric picture of this solution
is simple. It is isolated points in complex plain. Each point is an inequivalent cut
solution, so the number of integrand basis equals to the number of points. Computation

of these topologies is trivial.

If m = 7, we have three quadratic equations with four variables. So solution is described
by one complex variable, which is a complex curve. Topologically, it is equivalent to a
Riemann sphere. There is an unique topological invariant, the geometric genus gq, to
characterize it. Parametrization of solutions is still simple, and different inequivalent

solutions usually intersect at single points.

If m < 7, solutions of cut equations are described by more than one variables, which
describes hyper-surface or complex manifold. Analysis of these solutions is difficult even
as mathematical problems. However, it is still possible to study integrand basis by

Grébner basis method, and analyze intersection of inequivalent solutions.

Having algebraic system defined by equations (4.8) and (11 —m) ISPs, we can compute
Grébner basis after deciding proper monomial order. Before determining integrand basis,
we need to construct a finite set of monomials in numerator satisfying renormalization
conditions. Suppose there are m; variables x; and ms variables y; with mi+mo = 11—m
d@iy) | W@imy) dlyiy)  dWm,)

Y, , Where

in set of ISPs, then monomials of the form z; ; i z
m1 m2

d(x) is the degree of variable z, should satisfying following renormalization conditions

Y d@)<mitng . ) dy) <natng,

all ISPs of x all ISPs of y
>ood@)+ Y dy)<m—1, d(@)>0 , dy)>=0.  (4.9)
all ISPs of x all ISPs of y

It is possible to get hundreds of terms from solving these inequalities. By dividing
them with Grobner basis, we get a set of integrand basis from collecting monomials in

remainders.

A complete study of cut equations also includes the study of inequivalent solutions
and their relations. Primary decomposition of ideal I(D, E,ZA?) gives all prime ideals
I,(Dg). All inequivalent solutions are described by varieties V' (I,). Intersection of two
inequivalent solutions V(1) NV (1) is directly given by solving equations D, = Dy, = 0,
i.e., V(I; U Iz). If it has no solution, then there is no intersection. We can study the
intersection pattern of all varieties V' (I,) by solving all possible combinations among

them. Since the three equations in (4.8) are all quadratic, each of them can at most be
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factorized to two factors. So at most we can get eight prime ideals. Although intersection
pattern becomes complicated as the number of prime ideals increases, algebraic system
of each prime ideal becomes simpler. So we can still carry out the computation with

help of computer.

The irreducibility of cut equations depends heavily on configuration of external mo-
menta, which can be judged from three-vertex of diagram. Every time when there is
massless three-vertex, cut equations will be reducible. In maximal unitarity cut, all
internal momenta are massless, so the masslessness of three-vertex is totally determined
by external momenta. However, different configurations of external momenta might give
the same factorization of cut equations, thus the same prime ideals after primary decom-
position. So it is important to survey irreducibility of cut equations under all possible

configurations of external momenta.

4.3 Planar penta-triangle topology

In this section, we present result of planar two-loop penta-triangle topology (B42) as
shown in Figure (4.4). This topology has 7 propagators, so finally we get three equations
with four variables. The solution is one-dimensional complex curve. In fact, four prop-
agators contain only /1, so cut equations of these four propagators will completely fix
(21,22, x3,24). It gives two solutions, so ideal of cut equation can be at least decomposed

to two prime ideals even for most general external momentum configuration.

4.3.1 The integrand basis

In order to get simple expressions for cut equations, we choose two external momenta
K1, K4, as shown in Figure (4.4), to generate momentum basis (eq, €9, €3, e4) defined by

(3.95). All loop momenta and external momenta can be expanded as

0 = m1ey + waeg + w3e3 + waeq , L2 =y1e1 + yoea + yses + yaeq

Ky = ajger +anes, Ky + Ko = agger + aziez + agges + aosey

Ky + Ko + K3 = agze1 + az1ez + azses + asseq

Ky = pizer + Puiez ,  Ks =mze1 +y11e2 + na€3 + 1134,
K¢=—(Ki1+ Ko+ Ks+ Ky + Kj) . (4.10)

Coefficients «, 8 and ~ are known for given external momenta. These coefficients are

all independent for general external momenta, but would have non-trivial relation for
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special kinematics. For example, since K5 or Kg could be zero without changing penta-
triangle topology, momentum conservation will impose constraint on these coefficients
if K5, K¢ are zero. When Kg = 0, we have

Yi=—fu—az; , y2=—Prz-ozw , N3= 033, 4= w3, (4.11)
and when K5 = K¢ = 0, we have
Y1i=0, asi=—Pu , azz=—Pi2 , azz=0, au=0. (4.12)

These constraints affect the irreducibility of ideal I(D), which we will show later.

Four linear equations

Dy — Doy = —2(anz1 + aipzr2) + 2011012 =0,

Dy — Do = —2(00121 + (22 + 2373 + o474) + 2(a21092 + qo30004) = 0,

D3 — Do = —2(az171 + a2 + a3373 + 34m4) + 2(az1a32 + aszazs) =0,

Dy — Do = —2(B11y1 + Braya) + 2611512 = 0 (4.13)

can be solved, and four variables (z1, 22, 3, y2) are expressed as linear functions of four

ISPs (x4,y1,y3,y4). The results are given by

. a12(a2a0i33 — aa3034) - (4.14)
(X12(C¥230431 — 04210633) + 0411<a22a33 - 04230432)
a2(—aziageass + oqi(azeass — assage) + ass(agiass + agzasy — azzang))

0412(a230431 - 04210433) + 0411(04220@3 - a230432)

_|_

I

v — a1 (agass — agqass) T4 (4.15)
aq2(aogas) — agiass) + a1 (@eeass — aggass)
a1 (2192033 + arz(agzast — agiass) — ags(agiase + agzass — agzans))

(112((1230431 - a21a33) + Oé11(04220433 - 04230432)

_l’_

)

a12(a21a34 - a24a31) + 0411(04240132 - 04220534)

= ai2(ag3as) — agrass) + aqq(aeass — azzass) (4.16)
+0411((*0123Oé24 — o091 + gpi31)a3a + a1y — (oa31) + o2(330i34)
aqz(agzas) — agrass) + a1 (aass — azasg)
+0412(0123Oé240431 + a1 (azrage — azraze — a33034))
aj2(agzas) — agrass) + anq (eeass — azass)
and

y2 = P (1 — %) : (4.17)
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The analytic expression of (z1, z2, x3) seems to be complicated. For purpose of analysis,
we can just treat them as linear functions of x4. For practical computation, we can use

computer.
The quadratic equation Dy = x1x9 + x324 = 0 becomes quadratic equation of x4
xi +a1xg +as =0, (4.18)

where a1, as are functions of a. Since z4 € C, we can get two solutions x

El = xzz. This might be true for very special choice

El,xz". One
would wonder if in some cases x
of a. But for external momentum configurations considered here, we always get two
distinct solutions. So there is no intersection between them. The ideal I(Dy, IN)O, lA)o)
can be decomposed to two ideals I (x4 — :L‘EI,INDO, 130) and (x4 — xg"’, Do, 130). They

could still be reducible ideals. The other two quadratic equations are

Dy = Br1(1 - %)yl +ysys =0, (4.19)

and(for convenience we re-define ﬁg = ﬁg — Do — 130)

Dy=0 = <302 + 711 — (21 + 712)21:)91 + (4 +713)ys + (3 +714) Y1 (4.20)

+(x1 4+ 712) 811 + 11z + Yi2x2 + Y1323 + Y1424 + Y1712 + V13714

where (z1, z9, z3) should be replaced by linear functions of 4.

It is not difficult to compute integrand basis directly from Grébner basis G(I) of ideal
I (Do,ﬁo,f)o). Monomials in numerator are terms of the form xi(“)yf(yl)yg(%)yg(y@

that satisfying renormalization conditions
d(zq) <5, d(y1) +d(ys) +d(ys) <3, d(za) +d(y1) +d(y3) +d(ys) <6 .

There are 94 solutions for these inequalities. Computing Grobner basis G(I) of ideal
I(Dy, ]_N)o, ]30) with Degree Lexicographic monomial order in Mathematica, and dividing
94 monomials with G(I) by multivariate synthetic division, we obtain integrand basis.
Representative elements of integrand basis depend on kinematic configurations. In these

example, we get 3 types of integrand basis,

1. Kinematic configurations with Ky massive, there are 14 elements

I
Bhus = {1, 24, Y1, Y3, TaY3, Y193, Y3, Y Yas Y3Y4, Y34, Y3 Y3V Vi b - (4.21)
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2. Kinematic configurations with K4 massless while at most one of K5, K¢ is zero,

there are 14 elements
11
B = {1, 24,91, Y3, TaY3, Y193, Y3, Y1Y3» Ys» Y, Y1Yd, Y1, YV1Y3, Ys } - (4.22)

3. Kinematic configurations with K4 massless while both K5 = Kg = 0, there are 20

elements

117 2 2 .3 3
BB42 = {17 T4,Y1, T4Y1, Y1, T4Y1, Y1, T4Y1, Y3, Y1Y3,

Yy, U3, Y13, Ys, Y, Y1U4, VY4, Ua, Y113, Vs ) - (4.23)

For practical computation in Mathematica, we should take care of monomial order
as well as variable ordering of ISPs. For example, to determine monomial order for
3y, 2%y?, xy>, since they are all degree 4, we cannot list them according to total degree
of monomial. If we set variable ordering of ISPs to be {z,y}, then x should firstly be
considered, and we have 23y = 22y? = xy3. Otherwise if we set variable ordering to
be {y,x}, y should be considered firstly, and we have zy3 = 2%y? = 23y. In practical

computation, we should not only define monomial order but also variable ordering of
ISPs.

4.3.2 Expansion coefficients of integrand basis

Let us briefly describe polynomial fitting of expansion coefficients. For algebraic geom-
etry method, we can translate the integrand F(¢1,¢2) computed directly from Feyn-
man diagrams or from generalized unitarity cut method to polynomial function of
ISPs F(z4,y1,y3,vy4). Then divide F(z4,y1,ys,ys) with Grébner basis G(I) of ideal
I(Dy, Do, 130). The remainder is a polynomial function. By expanding it as series of

integrand basis, we directly get the expansion coefficients.

We do not necessary to use ideal [ if it is reducible. Instead, prime ideals of reducible
ideal I via primary decomposition can also be used to get a smaller set of equations.
Explicitly, we know that ideal I (Dg,f)o,f)o) can be decomposed to two prime ideals
I (x4—x£1, Do, 130) and Ig(x4—:1:£2,50, ﬁo) for general kinematics. Polynomial division

F(z4,y1,Y3,94)/G(I1) gives a remainder

R(F (x4, 91,93, y1)/G(11)) = fi + foys + f3y3 + f13 + fsya + foysya + frysya , (4.24)

with seven known coefficients f;.
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We can also divide each monomial in integrand basis by Grobner basis G(I;), and

remainders of these polynomial division are

(1)/G(I) =1, (24)/G(I1) = d2 , (y1)/G(I1) = d31ys + d32ys + dss

(y3)/G(I) = ys , (zays)/G(I) = dsys , (y1y3)/G(I1) = de1ysya + de2y3 + desys
W3)/G() = w3, 3)/G) = w3, (ya)/G) = ya  (ysya)/G(I1) = ysya
(Y3ys)/G() = v3ys , (y3)/G(I) — di2.1y3ya + di2.2ys + di23y5 + di2.ays + dias
(y3y3)/G(I1) — dis1y3ya + dis2ysya + dis3ys + disays + dissys

(13)/G(I1) = diaay3ys + diaoysys + diasys + diaays + diasys + diaeys + diay . (4.25)

with known coeflicients d.

Remainder R(F(x4,y1,y3,y4)/G(I1)) should equal to the expansion of integrand basis
with coefficients ¢;. So equating the same monomial in both sides, we get 7 equations

for 14 unknown coefficients c¢;

fi = c1+cady + c3dsz + cradias + cradiay

fo = c3d3a + cq + csds + cedez + c1adi24 + c13d13 5 + c14dia6

f3 = cede2 + c7 + cradi2 3 + c13d13 4 + cradiss

i = cs+tcsdizs+cuadiag ,

fs = c3ds1+ ¢y + cr2di2e + cradias

fe = cede1 + ci0 + ciadi2,1 + c13di32 + cladia

Jr = e tasdizy +ciadian - (4.26)

Similarly, using Grobner basis G(I3) we also get another 7 equations relating f: and 14
unknown coefficients ¢;. These 14 equations for 14 coefficients ¢; can be solved to get

all 14 expansion coefficients of integrand basis

Another method, the parametrization method, has already been described in chapter
3. It is closely related to prime ideals of a reducible ideal via primary decomposi-
tion. Each prime ideal is an inequivalent cut solution. For example, two prime ideals
Iy, I5 of reducible ideal I (Do,ﬁo, IA?O) represent two inequivalent cut solutions, distin-
I
4

guished by x,!, x?. For each solution, we can parameterize variables with one parameter

y1(7),y3(7),ya(7). Then we have

14
Fay',y1(r),y3(7),ya(7)) = > cxBpag () - (4.27)
k=1
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Coefficients ¢; can be fitted by comparing terms that having the same degrees of 7 in

both sides. This fitting is simple both analytically or numerically.

4.3.3 Irreducibility of cut equations

Ideal I(DO,EO,BO) can be decomposed to two ideals Ij(x4 — mgl,ﬁo,ﬁo), Iy(xg —
m£2,l~)g, lA)O). For general kinematics, each ideal is irreducible. But they are reducible
for kinematic configurations where massless three-vertex appear in diagram. In order to

study the irreducibility, let us focus on one ideal I;(x4 — xzi, 150, 130).

After setting =4 = xzi, lA?o = 0 becomes a linear equation in (y1,ys3,y4) and Dy =0 is
still quadratic. In our convention, we have 511 # 0 When K} is massive. So 150 =0 can
not naively be factorized. To see when it is factorized, we can parameterize cut solution

with y; = 7, then
150:0 — y3y4—|—F(T):O, 130:0 — ay3+by4+c(7):0, (4.28)

where a, b are functions of a, 3,7 and z3'. F(7) is quadratic function of 7 and ¢(r) is

linear function of 7. From above two equations we can solve

7) £ v/a2[c(7)? + 4abF ()] .

4.2
—2ab (4.29)

Y4 =

We are interested in rational parametrization of cut solutions. Only when ¢(7)2+4abF (7)
inside the square root is a perfect square we can get rational parametrization for 4.
Since ¢(7)? + 4abF (1) is quadratic function of 7, in order for it to be a perfect square,
the discriminant should be zero. Using explicit expressions of F(7), ¢(7) and a, b, the

discriminant is given by

—_
—
—

=)

(551; fg +$3 1/‘4 (P11 —

P12
(w5 + 11 + Bi1)(@1" + a2 + Bi2) + (2 + 713) (25 + 14) -
+ =, (4.30)
P12
where
- r; r; I'; I
E =1z + 71205 +m3%3" + y1ary’ + 11712 + 713714 - (4.31)

The first term in (4.30) vanishes since Dy = z} x5 + a:3 'y = 0. The second term will

vanish if at least one K5 or Kg is zero. If K5 is zero, all y1; = 0, thus =2 = 0. Kg =0,

we have

Y =-Pu—as , ne=—-Pi2—a3 , N3=—0a33 , V4= —03 . (4.32)
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So the second term becomes

T, T, T Ty
—y' 031 — Ty zp — T3' 033 — Ty 3 + agiage tagzaga . Dy — Do (4.33)

P12 20312

It vanishes since D3— Dy = 0. The reducible ideal Ii($4—x£i, 150, IA?O) can be decomposed

to two prime ideals via primary decomposition, and in total we get four prime ideals.

We can compute Grobner basis for each prime ideal, and use them to compute integrand
basis. For each prime ideal, we get 4 representative elements in integrand basis. Naively
counting the total number of elements, we have 4 x 4 = 16 > 14, which is larger than
the number of representative elements for (D, l~)0, ZA?O). The over counting comes from
intersections of varieties. Both V(111 U I12) and V(I3 U I32) are non-empty, and they

are single points. So we get integrand basis

Bp, UBr, =B, + B, = Bryun, =4+4-1=7,
B, U Br,, = Bry, + Bryy, — Bryun,, =4+4-1=7,
B, UB,UB,, UB, =7T+7=14, (4.34)

which is exactly the integrand basis given in BJI%Z.

If K, is massless and at most one of K5, K¢ is zero, we have 811 = 0. Equation 50 =
ysys = 0 is automatically factorized. The other equation 150 = 0 is still a linear equation

of (y1,y3,v4), let us assume it to be
ayz+bys +y1+c=0. (4.35)
We get two prime ideals for each z’ as
L (g — 2 ys,ays +bys +y1 +¢) , Lio(wg — 2y ya,ays +bys +y1 +¢) . (4.36)

So in total we have four prime ideals, and the four inequivalent cut solutions are param-

eterized by 7 as

solution 1: x4 = le , y3=0 , yy=7 , y1=-br—c, (4.37)
solution 2: x4 = :U? , ys=7 , yu=0 , yy=—ar—c, (4.38)
solution 3: x4 =xL2 |, y3=0 , =71, y=-br—c, (4.39)
solution 4: x4 = x£2 , y3=7 , yu=0, y1=—ar—c. (4.40)

It is easy to see that varieties of I11, I12 have an intersecting point at

SU4ZIE£1 ; y3:0 ) y4:O , Y1 = —C.
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Similarly, varieties of Is1, Is2 have an intersecting point at

5134:.%'52 ) y3:0 b Z/4:0 , Y= —cC.
Discussion on integrand basis of this kinematic configuration is the same as kinematic
configuration where K is massive and at least one of K5, Kg is zero. However, represen-
tative elements should be modified. The reason is that, when K, is massless, we have
l~?0 = y3y4. Thus monomials with a factor ysys should be reducible by l~?0 and they

should be excluded. So we get a different integrand basis BJIBIZLQ instead of BJIB 49

There is a special kinematic configuration where K, is massless and K5 = Kg = 0.

Equations of maximal unitarity cut become

Q24 (230ra4 — (120r21 + Q212 ~
D():(——.%'zl—i- ).%‘4:0, DO:y3y4:0,
23 Q23
-~ Q24 Q21022 — (2112 + (ir30i4
Dy = x4y3 + ( — —x4+ >y4 =0 (4.41)
923 Q23

Surprisingly, y; disappears in cut equations. So it is not constrained, and should be taken
as a free parameter 1. We have three cut equations for three variables (z4,ys3,y4), but
these cut equations are not all independent. There are two non-trivial solutions. The
first one is x4 = 0,y4 = 0. This is a solution of Dg = 0, 150 = 0, while the third equation
lA?O = 0 automatically satisfies. So y3 in the third equation is not constrained and
should be taken as a free parameter 7. Similarly, we have another non-trivial solution
x4 = (1092 — 12091 + @a324) /oy, y3 = 0. y4 should be taken as a free parameter
To. In this kinematic configuration, there are two prime ideals, and each ideal is two
dimensional. Using Grobner basis of each prime ideal, we get 10 representative elements
in integrand basis. Since there is no intersection between varieties of two prime ideals,

we get 20 elements in integrand basis as shown in 811314[2.

4.4 Non-planar crossed double-triangle topology

In this section, we present result of another more complicated example, the non-planar
two-loop crossed double-triangle topology (C22) as shown in Figure (4.5). This topology
has six propagators, so finally we get three quadratic equations with five variables. The
cut solutions will be 2-dimensional. Then intersection of varieties of prime ideals could
be 1-dimensional curve or points. The number of prime ideals could be as high as eight

in some kinematic configurations, which makes discussion more involved.
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4.4.1 The integrand basis

For simplicity, we use Kj, Ko to construct momentum basis (e, e2,e3,€e4). Loop mo-

menta and external momenta are expanded as

by = m1ey + waeg + w3e3 + waeq , L2 =y1e1 + yoea + yses + yaeq

K1 = ajge; +ages , Kz = Bize1 + Briez

K4 =moe1 + 71162 + 7143 + Y1364, K3+ K4 = y22e1 + Y2162 + Y24€3 + Y23€4
Ks=(—Ki+ Ko+ K3+ Ky) . (4.42)

Three linear equations

0= D1 — Dy = —2(aq121 + a1222) + 2001012

0=D;—Dy= —2(B11y1 + Pi2y2) + 2611512,
4

0=D1—Dy = Z 2(@i +yi) (v2i — 715) + 2(v21722 + 23724 — V11712 — Y13714)
i=1
can be used to solve (z1,y2,x2) as functions of five ISPs (x3,24,y1,¥3,y4). Remaining
three quadratic equations Dy = 0,50 = 0 and ﬁo(After re-definition of lA)O = lA)O —
Dy — 130) could be equations with very complicated coefficients. Ideal I(Dy, 50, BO) of
algebraic system is defined by

Do(z3,24) =0 , Do(y1,y3,y4) =0 , Do(z3,24,y1,Y3,94) = 0 (4.43)

with five ISPs (z3, 24, Y1, Y3, Y4).

We can compute Grobner basis G(I) with Degree Lexicographic monomial order and

variable ordering {x3,ys, 4,ys,%1} in Mathematica. To determine integrand basis, we

take all possible monomials xg(mg’)mi(x@yil(yl)yg(w)yz(%) under renormalization condi-
tions
d(zs) +d(za) <4, d(y1) +d(ys) +d(ys) <4, (4.44)

d(z3) + d(z4) + d(y1) + d(ys) + d(ya) <5 .

There are 225 solutions. Dividing these 225 monomials with Grébner basis, and mono-
mials in remainder of multivariate synthetic division define integrand basis. Depending

on kinematic configurations, there are in total 6 types of integrand basis,
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1. Kinematic configurations where at least one of K, K5 is non-zero and K1, K5 are

massive, there are 100 representative elements

I 2 2 .3 3 4 2 2
Beog = {1, 3, 24, 2374, TL, X3TY, TY, TITY, Ty, Y1, T3Y1, TAYL, TITAYL, T4Y1, TITLY1,
3 3 4 2 2 2 2.2 32 3 3 3 .23 4 4 4
TpY1, T3T4Y1, TyY1, Y15 L3Y1, LAY, Ta¥Y1, TaY15, Y1, L3Y1, T4Y1, TyY1, Y1, L3Y1, L4Yq,
5 2 3 4 2 3 2 2 3
Y15,Y3,T3Y3, L4Y3, TyY3, TyY3, T4Y3, Y1Y3, TaY1Y3, T4Y1Y3, T4Y1Y3, Y1Y3, T4Y1Y3, Y1 Y3,
3 4 2 2 2 2 2 2 2 2.2 .3 2 .3 3 3 3
T4Y1Y3,Y1Y3,Y3, L3Y3, L4Y3, Y1Y3, T4Y1Y3, Y1Y3, T4Y1Y3,Y1Y3, Y3, L3Y3, T4Y3, Y1Y3,
3 .23 4 4 4 4 5 2 3 4 2
T4Y1Y3,Y1Y3, Y3, T3Y3, TaY3, Y1Y3, Y3, Y4, TaY4, TyY4, TgY4, ToY4, Y1Y4, T4Y1Y4, T4Y1Y4,
3 2 2 2 2 3 3 4 2 2 2.2 39 2 2
TaY1Y4, Y1Y4, T4Y1Y4, TaY1Y4, Y1 Y4, TAY1Y4, Y1 Y45 Y5 TaYs, TaYa, ToYs, Y1Ya, T4Y1Yy,
2. 2 292 2.2 32 3 3 23 3 3,23 4 4 4 5
934yly4ayly4,$4y1y4ay1?/4ay4a$4y4,$4y4ayly4a$4y1y47y1y4ay4a$4y4ayly4ay4} .

(4.45)

2. Kinematic configurations where at least one of Ky, K5 is non-zero and K is mas-
sive, K is massless, there are 100 representative elements. The integrand basis is

given by replacing one element from (4.45)
Bthy = Bl — {3y} + {ziyivs} - (4.46)

3. Kinematic configurations where at least one of Ky, K5 is non-zero and K7 is mass-
less, there are 98 representative elements. The integrand basis is given by removing

17 elements from (4.45) while adding another 15 elements

111 I 2 3 2 3 2 3 4
Begs = Bogg — {@324, X327, 23Ty, TIT4Y1, TITLY1, TITLY1, TIY3, T4Y3, T4Y3,

2 3 5 2 3 2 2 2 2 5 2 3 4 2
TIY1Y3, TY1Y3, Y3, TIY1Y4, TyY1Y4, TIYTY4, TiY1Ya, Ya b + {23, 5, 23, 2391,

3 4 2.2 32 23 9 3 4 22 392 923
T3Y1, T3Y1, TIYT, T3YT, T3YT 5 T3Y3, T3Y3, T3Y3, T3Y3, T3Y3, T3Y3 ) - (4.47)

4. Kinematic configurations where both Ky = K5 = 0 and K5 is massive, there are
96 representative elements. The integrand basis is given by removing 22 elements

in (4.45) while adding another 18 elements

IN% 1 2 3 2 3 2 .22 3 2 3
Beos = Bogg — {324, T375, X375, T3TaY1, TITLYL, TITIYL, T3YT> TaY1> TaY1> T3YT s
2.3 4 2 3 4 2 3 4 5 2 92 4 5 2 3
TaY1, X3Y1s TaY3, LaY3, LaY3, TyY1Y3, T4Y1Y3, Y1Y3, Y3, La¥Y1Y4, Y1Y4a y4} + {$3, I3,
4 2 3 4 2 3 4 2 3 2.2 3 2 2
T3, T3Y1, T3Y1, L3Y1, L3Y3, L3Y3, L3Y3, T3Y1Y3, T3Y1Y3, T3Y1Y3, T3Y3, L3Y3, L3Y1Y3,

T3YLY3, T3Y3, T3Y1Y3 ) - (4.48)

5. Kinematic configurations where both K4y = K5 = 0 and K> is massless while at

least one of K1, K3 is massive, there are 96 representative elements. The integrand
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basis is given by replacing 9 elements in (4.48)

1% 4% 2 2 2 2 3 3 4 2 3
Bog = By — {3343/37 TaY1Y3, TaY1Y3, TaY3, TaY1Y3, T4Y3, T4Y1Y4, L4Y1Y4,

waytyd} + {asyd, odyi, advd, oyl ady?, asyd, odyd, 2yl wsyl) (4.49)

6. Kinematic configurations where both K, = K5 = 0 and all K, Ko, K3 are massless,

there are 144 representative elements

VI 2 3 .4 2 3 2 2 2.2 3 3 4
8022 = {1,$1,$1,$1,$1,I’2,$1$2,$1£L'2,$1$2,.’EQ,$1$2,$1$2,$2,.’E1$2,$2,y1,
2 3 4 2 3 2 2 2.2 3
T1Y1, T1Y1, T1Y1, T1Y1, L2Y1, L1L2Y1, L1L2Y1, L1L2Y1, LY1, L1XY1, L1TY1, LoY1,
3 4 2 2 2.2 3 2 2 2 2 2 2.2 2.2 3 2
T1TY1, ToY1, Y1, T1Y1, T1Y1, T1Y71, T2Y1, LT1T2Y1, T1X2Y71, LYy, L1TY1, L2YT,
3 3 .23 3 3 .2 .3 4 4 4 2 3 4
Y1 T1Y1s T1Y1, T2Y1, T1X2Y1 s LYt Y1, L1Y1s L2Y15 Y2, T1Y2, L1Y2, T1Y2, T1Y2,
2 3 2 2 2 2 3 3 4
T2Y2, T1T2Y2, T1X2Y2, L1T2Y2, LoY2, L1LY2, T1LY2, LoY2, T1LY2, T2Y2, Y1Y2,
2 3 2 2 2 3
T1Y1Y2, T1Y1Y2, T1Y1Y2, T2Y1Y2, T1X2Y1Y2, T1T2Y1Y2, LoY1Y2, T1TY1Y2, T2Y1Y2,
2 2 2 2 2 2 2 2 3 3 3 2 2
Y1Y2, T1Y1Y2, T1Y1Y2, T2Y1Y2, T1T2Y1Y2, T2Y1Y2, Y1Y2, L1Y1Y2, T2Y1Y2, Y2, T1Y2,
2.2 3 2 2 2 2 2 2.2 2.2 3 2 2 2 2 .92
T1Yz, T1Y2, L2Yg, L1X2Y9, L1X2Y, LoYo, L1T Y2, Loy, Y1Y2, L1Y1Y2, T1Y1Y2,
2 2 2. .2 22 2.2 2.2 3 3 .23 3 3
T2Y1Y2, L1X2Y1Y2, T2Y1Y2, Y1Y2, L1Y1Y2, L2Y1Y2, Y2, T1Y2, T1Y2, L2Y2, T1T2Y2,
2.3 3 3 3 4 4 4 2 3 4
TolYo, Y1Yo, T1Y1Yo, L2Y1Y2, Yo, L1Yo, L2Yo, Y3, L1Y3, T1Y3, T1Y3, T1Y3, Y1Y3,
2 3 2 2 2,2 3 3 2 2 2.2 3 2
T1Y1Y3, T1Y1Y3, T1Y1Y3,Y1Y3, L1Y1Y3, L1Y1Y3, Y1Y3, T1Y1Y3, Y3, L1Y3, L1Y3, T1Y3,
2 2 2 92 2 9 2.2 3 3 23 3 3.4 4
y1y3a$1y1y3>5513/13/37y1y37$1y1y3,y3>3513/37$1y37y1937$1y1y37313>$193} .

(4.50)

The number of representative elements for this topology is already very large, so primary
decomposition of reducible ideal will play an important role in simplifying computation.

Thus it is important to study irreducibility of ideal before carrying out computation.

4.4.2 Irreducibility of cut equations

Ef]’g)’R) to denote various

kinematic configurations. Each L, N, R can be either M or m, representing massive or

For a transparent presentation of results, we use notation C22

massless momentum of K, K3, Ko respectively. U, P can be either Ky, K5 or @ if the
corresponding one is zero. For example, C22§%;M’)m) denotes kinematic configuration

where K1, K3 are massive, K5 is massless and Kj is zero.

Depending on kinematic configurations, we can get 1, 2, 4 or 8 prime ideals after primary

decomposition of ideal I(Dy, Do, 130). Detailed analysis is given below.
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(L,N,R)

Kinematic configurations C22 (Ka4,K5)

When K4, K5 are non-zero, we have 8 different kinematic configurations since each

M,M, M) . = N
EK;K;) ). ideal I(Dy, Do, Do)

is irreducible. We can not further simplify this algebraic system. There is only one prime

L, N, R has two possibilities M, m. For most general case C22

ideal with dimension two. Coefficients of 100 elements in integrand basis (4.45) should

be computed at the same time using Grobner basis method or parametrization method.

The ideal is reducible when some of K1, Ko, K3 are massless. For kinematic configura-
tions

C220bAm) - cgglabm M) gl MM

M, M,
(K4,K5) (K4,K5) (K4,K5) ° (4.51)

there are two prime ideals after primary decomposition. For K? = 0, Dy factorizes as
Do = x3z4. Similarly for K2 = 0, 150 factorizes as 150 = y3y4. For K. 32 = 0, we can solve
Y94 from

K3 = (y21 — 711) (722 — 7112) + (923 — 713) (724 — 714) =0,

After substituting the solution back to 50, 130, we can further solve y3, z4. Then numer-
ator of equation Dy is factorized to two factors, which contributes to two inequivalent

. (M,M,m)
cut solutions. LeAt us take C22( K1,K)
ideals I (Do, ys, Do) and I2(Do, ya, D). Using Grobner basis G(I1), we get 59 represen-

tative elements in integrand basis. Similarly, there are also 59 representative elements

as example to analyze the intersection of prime

in integrand basis when using Grébner basis G(I2). To study intersection of varieties
V(I1) and V(I3), we compute Grobuner basis G(I; U Iz). The ideal I’ = I) U Iy is one-
dimensional, and 18 elements can be obtained by G(I’). So using both two prime ideals,
we get 59 + 59 — 18 = 100 representative elements in integrand basis of I(Dy, 50, 50),

which agrees with the known result.

For kinematic configurations

(M,m,m) (m,m,M) (m,M,m)
C22(K4,K5) ’ C22(K4,K5) ) C22(K4,K5)7 (4.52)

there are four prime ideals after primary decomposition of I(Dy, 50, BO). To see this,
let us take C22Ez;{\;[{’$) for example. The massless conditions of K7, Ky reduce two cut
equations to Dy = z3z4 and Dy = y3ys. So we get four prime ideals I11(z3,ys, Do),
112(;1:4,3;3,130), 121(.%'3,:1/4,130) and 122(x4,y4,130). Using Grébner basis of each prime
ideal, we get 34 representative elements in integrand basis. Solutions for (I1; U I12 U

I5 U Iz9) are two points. We get the same two-point solution for

IwUlioUlyy , I1nUlioUly , 111Ul Ulsy , I1oUlyy Ulsy .
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Solutions of I1; U Isg and I19 U Is; are still the same two-point solution. However,
solutions of I11 U 19, 111 U Is1, I21 U Isg and I12 U Iso are four different one-dimensional
curves. Using Grobner basis of them, we get 10 representative elements in integrand

basis for each one. So in total we get

By = BIu + th + BIQl + BI22 - BI11U112 - B[11U121 - BI11U122 - BIlQUIm
_B112UI22 - B-721U122 + 3111U112U121 + B111UI12U122 + B111U121U122

+BI12U121U122 - Bl11UI12UI21U122

= 34 x4-10x4-2x24+2x4—-2=98, (4.53)

as it should be. The geometric picture for this intersection is quite hard to sketch.
Briefly, four surfaces intersect at four curves adjacently, and these four curves share two

common points.

For CQ?EZ;}?» there are eight prime ideals after primary decomposition. Two cut
equations can be factorized as Dy = z3x4, Dy = y3y4, while the last cut equation Dy
can also be factorized as Bo = f1f2, where f; is linear function of (z3,z4,y1,y3,y4)-
19 and 21 representative elements can be obtained by Groébner basis of I (xs,ys, f1),
Iy(x3,ys, f2) respectively(Similarly for I7(z4,y4, f1) and Is(z4,y4, f2)). For remaining
prime ideals I3(x3, y4, f1), 1a(x3,y4, f2), I5(x4,y3, f1), L6(x4,y3, f2), using Grobner basis
of each one we can obtain 20 representative elements in integrand basis. We should
further clarify intersection of eight varieties V' (I;). No solution can be found for union of
more than four ideals. Considering solution of four ideals, for the following six situations
LUl UIsUly, IsUlgUI;Ulg, [1UILUIsUlg, IsUI,UI;Ulg, [1UI3UIgUIg and Io,UIL,UIsUl7,
solutions do exist, which are six points respectively. Solutions of equations from union of
three prime ideals exist only when these three prime ideals coming from corresponding
situation of four ideals. For example, single point solution exists for I1 U Is U I3 U Iy,
and the same single point solution exists for Iy U ls U I3, Iy Ulo U Iy, Iy U I3 U I or
I, U I3 U Iy. There are possibly (g) = 28 situations to be considered for solutions of
every two prime ideals. The solutions could be one-dimension curves or points. In order
to express results and also the number of representative elements computed by Grobner
basis, we use notation V; N'V; = (d|m) to denote intersection of two varieties, where
Vi = V(I;) is the variety of prime ideal I;. d is the dimension of prime ideal and m is

the number of representative elements that can be obtained by Grobner basis G(1;). All
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possible non-trivial solutions are given by

(16) = VinVe="nVi=VanNVe=VNVi=WNk=VnNVk=VWknk=Vnlk,

(15) = inVa=VinVe=VainVa=VsNV;,

O = iNnVy=VinVs=VinWk=V%nNWKB=VWnNV,=VKnV=VknV=VnNV
= VinW=VsnNlk=VnV.

Note that the one-dimensional curve solutions are all different.

(L7N7R)
K4,

(L,N,R)

or C22K5 o

Kinematic configurations C22

If K4 or K5 is zero, there is massless three-vertex even when other external momenta are
massive. The ideal I(Dy, 150, 130) is reducible. For kinematic configuration of massive
external momenta, we can get two prime ideals Iy, Is from primary decomposition. Using
Grobner basis of each prime ideal, we obtain 64 representative elements in integrand
basis. Variety of I U5 is one-dimensional curve, and using Grobner basis G(I; UIy), we
obtain 28 elements. So the total number of representative elements in integrand basis is
64 + 64 — 28 = 100.

For kinematic configurations

m, M, M M, m, M M,M,m
022K4/K5,® , CQ2K4/K5,® , 022K4/K5,®7

massless condition of K7, Ko or K3 will further factorize cut equations. There are four
M,M,m

K4/K5,0
four prime ideals Iy, Io, I3, I are 2-dimensional, and using Grobner basis of each one,

prime ideals after primary decomposition. Let us take C22 as an example. The
we can obtain 21 elements in integrand basis from G(I;) or G(I3), and 49 elements from
G(I3) or G(14). Variety of I1UI,UI3Uly is a single point. Variety of I;UlaUly or IosUI3UIy
is two points, while variety of Iy Ulo U I3 or Iy Ul3U Iy is single point. Geometrically, we
can think that three surfaces (V(I1),V (l2),V (1)) or (V(I3),V(I2),V(I4)) intersect at
two points 1, to or t1, t3 respectively, with a common point ¢1. This point is the solution
of 1 UlyUl3Uly, as well as solutions of I; UlsU I3 and I1 UI3UI4. There are 6 possible
combination of two prime ideals. Among them, I; U I3 has a single point solution, which
is just t1. Solutions of other combinations are one-dimensional. Using Groébner basis
G(I, U Iy) or G(I3 U 1) we can obtain 11 elements. Using Grobner basis G(I; U I4) or
G(I2 U I3) we can obtain 6 elements, while using G(I2 U I4) we can obtain 10 elements.

We can make the counting that

21 x24+49%x2-1-10—-11-11-6—-6+2+24+1+1-1=100.
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For kinematic configurations

m,m, M m,M,m M,m,m
022K4/K5,@ , 022K4/K5,® , C22K4/K5,®7

m,M,m
K4/Ks5,0

We can denote six prime ideals as Il (x37 Y3, f1)7 -[2('1;37 Y3, f2)7 13(:1:37 y4,91)7 I4(.T47 Y3, 92)7

there are six prime ideals after primary decomposition. Taking C22 as example.
I5(x4,y4, f3) and Ig(x4,y4, f1), where f; are linear functions and g; are quadratic func-
tions. Using G(I;) or G(I5) we can obtain 19 elements, using G(I2) or G(Is) we can
obtain 21 elements, while using G(I3) or G(I4) we can obtain 34 elements. These six
prime ideals are in fact decomposed from the four ideals of C22%§1{V}[(’Zﬂ, in the way that
when K4 or K5 is zero, two of the four ideals become reducible. Prime ideals Iy, Is
or I, I are originated from these two reducible ideals. No solution exists for union
of six prime ideals or of five prime ideals. A single point solution t; or to exists for
LUul3UlyUls or IsUI3UI4U g respectively. The same single point solution also exists
for union of three prime ideals that coming from above corresponding four prime ideals.
Besides, different single point solution exists for Iy U I, U I3, 14U I5 U I, Iy Uls U4 and
I3 U I5 U Ig. Solutions of two prime ideals could be points or one-dimensional curves.
There is single point solution for I1 U I5, Is U Ig, and two points solution for Is U Iy.
Solutions of I3 U Iy, I3 U Ig, 14U Iy, I4 U Ig, Iy U Is and I5 U Ig are one-dimensional,
and using Grébner basis of them, we can obtain 6 elements for each one. While I3 U I,
Is U5, Iy U I} and I4 U I5 are also one-dimensional, and using Grobner basis we can

obtain 5 elements for each one.

m,m,m

Ki/Ks,0 418
will further be factorized. So there are eight prime ideals after primary decomposition.

For kinematic configuration C22 dratic functions g1, gs in previous section
More explicitly, besides the four prime ideals I1(x3,ys, f1), I2(x3,y3, f2), I7(x4,94, f3)
and Ig(x4,y4, f1)(which are the same as Iy, Is, I5, I in previous section), we have another
four prime ideals I3(x3,v4, 911), Ia(23,Y4, 915), Is(x4,y3, g5 ) and I(x4, y3, ghy), where ¢
are linear functions. Using Grobner basis of them, we can obtain 20 elements for each
one. While I3 U I or I5 U I is one-dimensional, and using G(I3 U Iy) or G(I5 U Ig) we
can obtain 6 elements. So we have 20 4+ 20 — 6 = 34 elements, which agrees with the
number of I(x3,y4,g1) or I(x3,y4,g2). There is a single point solution for union of eight
prime ideals. The same single point solution exists for union of every seven, six, five,

four or three prime ideals. For solutions of two prime ideals, we have

(16) =VinV, =NV, =VaNVs =Nk =VNk=VnNlk=knNV=knV,
(15) =VinVs=VinVe=VinVr =VsNVz,

and the same single point solution exists for other combinations of two prime ideals.
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Kinematic configurations C22g év R

For this type of kinematic configurations, there are three external momenta. Because
of momentum conservation, only two of them are independent. So we can still choose
K1, Ky to generate momentum basis (eg, ez, e3, e4). Equations of maximal unitarity cut

can be explicitly written as

Dy = x3x4+ analz(l - ﬂ)yl =0,
B12 B12
Dy = y3ys+ Bui(1— %)91 =0,
Do = aays+mgys + S2P1T 0120 W1y g (4.54)
B12 B12

For massive K7, Ko, K3, there are six prime ideals after primary decomposition, given
by

(M, M, M) (M, M, M)
22 22
-[1 ©2) (y37 x3, yl) ) IQ @) (y37 xr3, Y1 — 512) ’
(M, M, M) (M, M, M)
22 22
L% (yg,y,aa) , I 99 (ya, 1 — Biz,a4)
(99(M.M,M)
I @9 (ysys + Bu(l — y1/Bi2)y1, ysaa2 — 23812, yaans — x4B11)
canf 0
Iy (y3ya + Br1(1 — y1/Br2)y1, —yzoa1 + 23611, yaci2 — xaf12) . (4.55)

Using Grobner basis G(I;),i = 1,2,3,4 we can obtain 19 representative elements in
integrand basis, while using G(I;),i = 5,6 we can obtain 36 elements. There is no
solution for union of six or five prime ideals. A single point solution can be found for
IbUul,UlsUlIg or 11 UI3UI5 U Ig respectively. The same single point solution can be
found for unions of three prime ideals that coming from above corresponding four prime
ideals. No solution exists for other combinations of three prime ideals. Considering
union of two prime ideals, no solution can be found for Iy Uls, I Uly, IsUl3 and I3U Iy,
and a single point solution can be found for I; U I3, double point solution can be found
for Is U Is. Solutions of remaining combinations of two prime ideals are one-dimensional

curve.

For kinematic configurations

(m,M,M) (M,m,M) (M,M,m)
C22(®7®) , C22(®’®) , 022(@@) ,
(m,m,M) (m,M,m) (M,m,n)

022(@@) , 022(@@) , 022(@@) ,

there are still six prime ideals after primary decomposition. These ideals are the same
(m,M,M)

as (4.55) for C22(® o) C22%4’g;’M), CQQEg’g)’M) But for kinematic configurations
CZQEgé/)[’m), C22Eg’g)’m) and CZQEj‘@J’g;’m), the first four prime ideals are still the same,
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(190(MM,M)

(K4,K5)
C2o(mAM M)
(Ka,Ks) One branch
(M,m,M)
022(K4,K5)
(M,M,m) (M, M, M)
C22(K4,K5) C22(K4/K5,®)
Two branches Two branches Two branches
(M,m,m) (M,M,m) C22(m,,m‘,m)
022<K4-K5) 22(m,m.M) C22(K4/K5.,®) ZQ(M’M’M> (2,0)
m,M,m (K4,Ks) (M,m,M) (K4/Ks5,0)
CQQEK;{»][ésQ C22(K4/K5,®)
Four branches Four branches
(M,m,m)
(192 (mm.m) C22<K4/K5,®) CQQE’;=J>4I¥”)®)
) co2(h e Six branches
| . (M, M, M) (M, M,m)
Eight branches Six branches / C2200)"  C2%200)
T (M,m,M) (m,M,M)
022(nz,m,m) 022(®7@) C22(®7®> :
5, m,m, (m,M,m
/e ) C22§@,@>M) C22050)
(M,m,m)
Eight branches C220.0)

FIGURE 4.6: Irreducibility of ideal I(Dy, 50, ﬁo) under different kinematic configura-
tions. Branch denotes the prime ideal obtained by primary decomposition. The arrows
indicate how reducible ideals are decomposed to prime ideals.

while the last two prime ideals are given by

(M,M,m),(m,M,m),(M,m,m)
I5022(®7®)

(Y3, —yaa12 + xafr12, £3ys + 11 (1 — y1/B12)y1) »
CQZ(M,M,m),(m,M,m),(IM,m,m)
6

@@ (Y4, Tays + 11 (1 — y1/B12)y1, —ysaiz + z3812) (4.56)
However, it dose not change the intersection among varieties of six prime ideals.
(m,m,m)

(@.2)
|2) ~ |3) or [1] ~ |2] ~ |3] when momenta are complex. This means that K, K2 can

For the last kinematic configuration C22 , we only have non-trivial solutions |1) ~

not used to define four momenta in the momentum basis. However, we can choose

momentum basis as momenta Ki, Ko and two arbitrary es, e4 that satisfying
Kl-K2:K1'€3:K2-€4:€3'€4:0, K1-€4:K2-63:1 . (457)
With this momentum basis, the three linear equations are given by

Dl—D0:—2x4:0 s 51—50:—2y420,
Dy — Dy = —2(z4 + 1) — 2(x3 +y3) =0, (4.58)
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with solution
24=0,y1=0, z3=—y3 . (4.59)
Remaining three quadratic equations are

Doy =2(x1x4 + x223) =0 Doy = 2(y1ya + y2y3) =0,
Do = 2(x1 + 1) (@4 + ya) + 2(w2 + 2) (w3 +y3) =0 . (4.60)

~

In the solution (4.59), Dy = 0 automatically vanishes. So in fact there are only two

independent quadratic equations
Do=my3=0 , Do=1y2y3=0. (4.61)

Then algebraic system is defined by two quadratic equations of five ISPs (z1, z2, y1, Y2, y3).
The solution is no longer 2-dimensional. This is why we have 144 representative elements
in integrand basis, which is much larger than those of other kinematic configurations. Af-
ter primary decomposition of I(x2ys, y2y3), we get two prime ideals I1(y3) and I2(x2, y2).
I is 4-dimensional, and using Grobner basis G(I7) we can obtain 114 elements. Io is 3-
dimensional, and using G(I2) we can obtain 49 elements. I U5 is 2-dimensional and we
can obtain 19 elements. So using these two prime ideals, we obtain 114 49 — 19 = 144

elements.

The numbers of prime ideals after primary decomposition for various kinematic config-

urations are summarized in Figure (4.6).






Chapter 5

Genus of curve from multi-loop

amplitude

Maximal unitarity cut of a given diagram generates an algebraic system of polynomial
equations. Solutions of these equations could describe point, curve or (hyper-)surface in
complex plane. Solution of point is trivial to analyze, while solution of (hyper-)surface is
too difficult to study. However, for complex curve, fruitful mathematics can be used to
study its properties. In this chapter, we will focus on Feynman diagrams where solution
of equations of maximal unitarity cut defines complex curve, and study the topological

invariant genus of such curve using computational algebraic geometry.

5.1 From non-plane curve to plane curve

5.1.1 Birational map of non-plane curve to plane curve

In 4-dimensional theory, a L-loop diagram with (4L —1) propagators generates equations
of curve using maximal unitarity cut. This complex curve is defined by more than one
quadratic equations, which is not favorable for genus computation. However, since
geometric genus is birational invariant, we can birationally project the non-plane curve
onto a plane, and compute the genus of plane curve, which is given by (3.70). If the
curve is non-singular, i.e., it is smooth and has no singular points, then gg = ga, which
is simply given by (3.68). Otherwise we should identify all singular points and their

multiplicities, and also apply blow up process if singular points are not normal.

The way of mapping a non-plane curve defined by m quadratic equations with (m + 1)

variables to plane curve defined by one polynomial equation with two variables is not

111
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unique. Any birational maps of variables leads to equivalent plane curves, and geometric
genus keeps the same for all birational equivalent curves. An automatic way is to use
elimination process with Grobner basis method. To realize this process in Mathematica,
let us assume that we have m quadratic equations @;,i = 1,...,m with (m+1) variables
(X1, X2,...,Xm+1). The motivation is to get an equivalent plane curve f(X{, X5) =0,
where X{, X} are arbitrary two variables from X;, and the remaining variables are
denoted as X3,..., X/ ;. Then

1. Compute Grobner basis G(I) of ideal I(Q1,Q2,...,Qn) with given monomial
order, for example Lexicographic, and the ISP ordering {X3,..., X/, X{, X3}

This ordering is important, and we should put X7, X} in the last two positions.

2. After getting a Grobuner basis with r polynomials (g1, g2,...,9r), where g; are
polynomials of all or some variables from (Xi,...,X,,+1), select the g; whose

variables have no common intersection with (X3, Xj,..., X] ;).

3. By this construction, usually there is only one g; that can be selected from above
step. We can define plane curve f(X], X}) = ¢;. Of course plane curve equations
are different depending on the choice of X], X). For some choices there could be
no results, which means that we can not project non-plane curve onto plane curve
with those two variables X7, X}. Also for some choices we get a result, but the
degree of plane curve is smaller than those from other choices of X7, X). In order
to get a realistic result, it is suggested to repeat step 2 for all possible choices of
X1, X} from (X1q,...,X;m11), and use one of the plane curves f(X7, X5) that has
highest degree.

This elimination process using Grobner basis method is systematic, but it is not explicit.
We do not know the details of birational map that leads to birational equivalent plane
curve. Another explicit but not quite systematic way of getting an equivalent plane
curve can be taken as follows. If some of quadratic equations are conics, i.e., quadratic

equation with two variables of the form
a12? + aszy + asy® + asx + asy +ag =0, (5.1)

with a1, as, ag not all zero, we can take coordinate transformation x — X +b1Y, y —
Y + b X. In the coordinate (X,Y’), we have

(az3b3 + agby + a1) X2 + (a1b? + agby + a3)Y? + (ag + 2a1by + 2a3by + agb1be) XY
+(aq + asb2) X + (a5 + agb1)Y +ag =0 . (5.2)
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We can take by, by as solutions of agb% + asby + a1 = 0 and alb% 4+ asb; + a3 = 0. So
X?2,Y? terms disappear in the equation. Then it is trivial to write equation of conics as
Q' = 7'y’ — ¢ = 0 after linear coordinate transformations 2/ — 2/(X), v/ — ¢/(Y). In this
case, one variable can be expressed as rational function of the other as ' = ¢/y/. Step
by step, hopefully we can get meromorphic equations after using all equations of conics.
If only one meromorphic equation is left, then the numerator of meromorphic equation
defines an equivalent plane curve. Otherwise the curve is still defined by more than one

polynomial equations, and we should further eliminate them by other methods.

5.1.2 Compute singular points and genus

Suppose finally we project non-plane curve onto a birational equivalent plane curve from

above discussions as
F(X,Y)=0, (5.3)

where the highest degree of monomials in F(X,Y) is d. We assume ideal I(F) is ir-
reducible. If not, we should study the genus of each irreducible ideal after primary
decomposition of I(F'). Primary decomposition is easy for ideal defined by one equa-
tion. We just factorize FI(X,Y), and each factor defines a prime ideal. For irreducible
ideal I(F’), we can compute singular points of a curve F(X,Y’) = 0 by definition (3.69).
Practically, it is better to use projective plane curve. Introducing a third coordinate
Z', we get a homogenous polynomial P(X', Y’ Z') of degree d that defines a projective

plane curve

XY’

P(X'\Y' 7" = (Z")F(
where X = X'/Z')Y =Y'/Z'. Let Z' = 1, we return to affine plane curve F(X,Y) =
P(X,Y,1). Singular points are solutions of equations

oP(X")Y' Z") oPX\Y' Z') OPX\Y' Z)

!/ ! N _ _ —
P(X'\Y'Z) = == = s = o =0. (5.5)

If there is no solution, then plane curve is smooth and we can safely use g = ga. If
there are solutions, in order to apply formula (3.70) we should analyze the properties of
singular points. The location of singular points could be at affine plane Z' = 1, given
by solutions of

OP(X')Y')1) oP(X',Y',1)

/ ! - _ _
P(X'\Y'1) = == = = =0. (5.6)
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Or it could be at the infinite Z/ = 0, given by non-trivial solutions of

OP(X',Y',0) OP(X',Y',0) 9P(XY',Z
P(X"Y',0) = (6X’ ) _ (8Y’ ) _ (82, )ZIOZO‘ (5.7)

Since each monomial in homogeneous polynomial has degree d, the partial derivative of
P has degree (d — 1). After setting Z’ = 0, the non-zero terms of polynomial P are
monomials XY 9% and non-zero terms of dP/0X',0P/0Y' 0P/0Z' are monomials
Xeyd-1-a_ Qo above equations have a trivial solution X’ = 0,Y’ = 0,7’ = 0. The
non-trivial solutions are given by X’ = X{(,Z’ = 0 or Y’ = Y, Z" = 0. We have the

freedom to define Y/ =1 or X’ =1 to get an affine plane curve.

In order to study properties of a singular point, we should compute tangent lines at the
singular point. They are given by non-zero homogeneous part of lowest degree in Taylor
series of polynomial at the singular point. Explicitly, for singular point at affine plane

(X,Y') = (X,Y) = (Xo, Yp), we can expand the function of plane curve as
F(X + X0, Y +Y) , (5.8)

and tangent lines are defined by terms of lowest degree T'(X,Y’) in above expansion.
For singular point at infinite, for example (X', Z") = (X{,0), we can define Y’ = 1 in

projective plane curve P(X', Y’ Z'), and expand it as
PX'+X),1,7') . (5.9)

Tangent lines are defined by terms of lowest degree T'(X’, Z') in above expansion. Equiv-

alently, we can go back to affine plane curve by coordinate re-definition X’ = XY’, 7/ =
ZY’, and

1

F(X,2)= ——PXY"Y' ZY") . 5.10

(X,2) = g PXY"Y' 2Y) (5.10)

The factor 1/(Y’)? cancels Y’ in P(XY',Y',ZY') and we get an affine plane curve

F(X,Z) = 0 in coordinate (X, Z). So at coordinate (X, Z) = (X{/Y’,0), the function

of plane curve is expanded as

!/

F(X + %,Z) . (5.11)
If singular point is normal, the multiplicity p, of singular point p equals to the degree
of tangent line T', which is also the number of distinct solutions of tangent line equation
T = 0. For polynomial T of degree dr, there would be dp solutions for T" = 0. However,
number of distinct solutions of T' = 0 could be smaller than degree of T'. For example,
if T(X,Z) = (X + Z)? =0, degree of T is two, but the two solutions X + Z = 0 and
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—(X +Z) = 0 are the same. So there is only one distinct solution, and two tangent lines
are not distinct. A singular point is normal if all tangent lines at the singular point are
distinct. A singular point is non-normal if there are non-distinct tangent lines, which
means that the number of distinct solutions of 7' = 0 is smaller than the degree of T'. For
non-normal singular points, the multiplicity s, is no longer given by degree of tangent

line T or the number of distinct solutions of tangent line equation 7' = 0.

To study properties of non-normal singular point, we need to perform blow up process.
Suppose we have a non-normal singular point at (X', Y’, Z’) = (X{, Yy, 1)(discussion of

singular point at infinite is the same), and plane curve is expanded as
FX,Y)=P(X'=X,Y' =Y, 1)|xoxsx,yov+yy = PX + X5, Y +Y5,1) . (5.12)

So singular point (X', Y") = (X, Yy) has been transferred to (X,Y) = (0,0). There is
no constant term in above expansion, since by definition F'(X,Y’) = 0 at singular point
(X,Y) =(0,0). So we can assume

d d’
FX,Y)= > > cp XV, (5.13)
d'=dr a=0
where d is degree of F(X,Y), and dr is the lowest degree of monomials. The function
of tangent line is defined as
dr
T(X,Y) =) capaXY7 . (5.14)
a=0
Assume T'(X,Y) = 0 has s distinct solutions, where s < dr since it is a non-normal

singular point. We can blow up the singular point by defining a new variable ¢ through
Y = Xt. Then

F(X, Xt) Z ch, x4 = xdr Z ch/ X4 —dryd'—a (5.15)

=d7 a=0 =d7 a=0

We can always take out a factor X7 and define a new plane curve (X, t) as

d d’
FI(Xt)=X"TF(X,Xt) = > > g X e (5.16)
d'=dy a=0

The new curve F'(X,t) = 0 is birational equivalent to original curve F(X,Y) = 0. To
get singular points for F'(X,t) = 0, we can set X’ = X{), or equivalently X = 0, and
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solve equation
F'(X,t)|x=0=0. (5.17)

The non-zero terms of F’(0,t) is given by d’ = dr. So we have

dr
F'0,t) =) capat™ . (5.18)
a=0

It is a polynomial of degree dy. Equation F'(0,t) = 0 still has s distinct solutions
t;;i =1,...,s, since coordinate transformation does not change properties of solutions.
However, singular point of P(X',Y',Z") = 0 at (X',Y',Z') = (X{,Y{,1) which has s
distinct tangent lines, has blown up to s singular points of F'(X,¢) = 0 at (X, ¢) = (0,t;),
i =1,...,s. We can compute tangent lines at these singular points if all of them are
normal. If certain singular points are still non-normal, we can blow up them again until
all singular points are normal. In the genus computation, we should count all normal
singular points and non-normal singular points of the original plane curve, and also the
non-normal singular points and normal singular points of plane curves after blowing up
certain non-normal singular points. More explicitly, for a non-normal singular point
non

with tangent line of degree dr which is blown up to s normal singular points p!

T, we

should minus

1 °1
idT(dT —1)+ Z SHpren (pppen — 1) (5.19)
=1

in the genus computation formula (3.70), in order to get the correct geometric genus.

5.2 Genus of curve from two-loop diagrams

In this section, we present results of 4-dimensional two-loop diagrams. All 4-dimensional
two-loop topologies have been given in Chapter 4. The topologies that having seven
propagators will generate equations of complex curve in maximal unitarity cut. They
are box-triangle topology (A43) in Figure (4.3), planar penta-triangle topology (B42),
planar double-box topology (B33) in Figure (4.4), and non-planar crossed-box topology
(C32) in Figure (4.5). Topology (A43) is trivial. Cut equations of sub-one-loop box
topology completely fix solution of loop momenta ¢;. With this solution, the remaining
equations are equivalent to cut equations of one-loop triangle topology. So we get three
quadratic equations, and from which we can construct two linear equations. After
solving two linear equations, we get an equivalent plane curve, which is an equation of

conics. The conics is birational equivalent to genus-0 Riemann sphere. Topology (B42)
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is also trivial. Cut equations of four propagators that containing only ¢; will complete
fix solution of 1. With this solution, the remaining three equations are again equivalent
to cut equations of one-loop triangle topology. So it has genus-0 for each solution of ¢;.
Topologies (B42) and (C32) are not trivially genus 0, and we will present the results

below.

5.2.1 Genus of planar double-box diagram

The algebraic system of maximal unitarity cut under general kinematic configuration

can be reduced to an equivalent algebraic system with three quadratic equations

Qi(z1,22) =0 , Q2(y1,92) =0 , Q3(x1,22,91,y2) =0, (5.20)

as we have intensively discussed in Chapter 4. Further eliminating two equations and
two variables via Grobner basis method, we get a birational equivalent plane curve. This
plane curve has degree 8, so the arithmetic genus is

(d—1)(d—-2)

ga=-"——p——=21. (5.21)

Computing singular points and tangent lines at these singular points, we find 8 singular
points of multiplicity p, = 2 and 2 singular points of multiplicity u, = 4. So the

geometric genus is

1
9G = ga — Z ol —1) =21 —8x1-2x6=1. (5.22)
peSing(C)

This result is consistent with that in [42].

Notice that Q1 = 0, Q2 = 0 are conics, we can explicitly birational map non-plane curve
to plane curve without using Grébner basis. Through linear coordinate transformation,
it is easy to write Q1 — Q) = zjzh, — 1 and Q2 — Q) = yjy) — ca. So we can do the
following substitutions 2| = ¢1/xh,y} = ca/yh in Q3. The quadratic terms in Q3 are

transferred by

/ /
C1C9 C1Ys C2Ty
! ! ! ! ! ! !/ ! !
T = 5 > TiYs = — , TalYy — —— , TaYs — Tals , (5.23)
ToYa ) 2

after substitution. The resulting Q% is a meromorphic function

o, - e 520
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(a) (b) (c) (d)

FIGURE 5.1: Degenerate topological pictures of cut equations for two-loop double-box
diagram. Tubes of torus is shrunk to points along the dashed line, for given kinematic
configurations.

where n(xh,y5) has degree 4 and d(z},y5) has degree 2. The numerator n(xb, y5) = 0
defines a birational equivalent plane curve. We have arithmetic genus g4 = 3(3—1)/2 =
3. There are 2 singular points of multiplicity y, = 2. Thus we again get geometric genus
gag=3—-2=1.

Topological picture of genus

The ideal of cut equations is usually reducible under many specific kinematic configu-
rations. Genus computation is only for irreducible ideal. If the ideal is reducible, we
should compute genus of prime ideals after primary decomposition. Then connection of
genus among different prime ideals should also be studied. Complex curve of genus-1
is topological equivalent to a torus, so topological picture of genus for reducible ideal
should be deduced from shrinking tube of torus to points. These points separate torus
to many parts, which correspond to prime ideals. For torus with one hole, the topo-
logical picture is simple. The shrinking of tubes will break the hole, and we should get
genus-0 Riemann spheres connected at points. Above argument is indeed true. After
computing genus of each prime ideal after primary decomposition, we find that they
all have genus-0. The three types of shrinking are shown in Figure (5.1). The dashed
lines are shrunk to points and the Riemann spheres separated by these points have no
possibility of forming holes. So they could only be genus-0. There are two, four and six
Riemann spheres connected by points and linked adjacently into a chain, corresponding
to the number of prime ideals under specific kinematic configurations. This topological

picture is exactly the same as described in [42].
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5.2.2 Genus of non-planar crossed-box diagram

Let us consider (C32) in Figure (4.5). Using K, K3 to generate momentum basis

(e1,e2,€3,€4), we write equations of maximal unitarity cut as four linear equations

Ly =2(an1z1 + g2 — aqia12) =0,
Lo = 2(a2171 + a2 + (o33 + @244 — o122 — aa3g) =0,

Lz = 2(Bu1y1 + Pi2y2 — f11f12) =0,

4
Ly= -2 Z(wz + yi) (v2i — 71i) — 2(721722 + Y2324 — V11712 — M13714) =0,
i—1

and three quadratic equations

Q1 =2(r122 +2324) =0 , Q2 =2(y1y2 +y3ys) =0,
4

Q3 = 2(z1y2 + T2y1 + Tays + Tay3) +2 ) (xi + yi) i + 2(iimz +n3yia) =0
i=1
Four linear equations can be solved to express four variables as functions of remaining
four variables. The choice of remaining four variables is not unique, and we can get
different curves from different ways of solving linear equations. However, they are all
birational equivalent. So we can choose the most convenient way to solve four linear

equations.

Suppose we have solved four linear equations, and remaining three quadratic equations

of four variables (z1,x2,y1,y2)

Qi(w1,22) =0 , Qa2(x1,22,y1,42) =0 , Q3(x1,22,y1,92) =0 (5.25)

define a complex curve. Since only one equation ()1 = 0 is conics, it is not explicit to
project it to plane curve by trivial coordinate transformation as described for planar
double-box diagram. We can still take coordinate transformation for ); and express
xh = ¢1/2}. Then Q2,3 become meromorphic functions Q5(x),y1,y2), Q). y1,v2),
and numerators of them have degree four. Numerators of @) = 0,Q4 = 0 define an
equivalent curve, and we can project this non-plane curve onto plane curve by elimination
process via Grobner basis method. We can also get a plane curve by computing the

resultant. Numerators of Q4 = 0, Q% = 0 can be written as

a2(xlla yl)y% + al(x/byl)yQ + aO(xllv yl) =0 )
52(93/171/1)315 + bl(x,byl)y? + 50(95/1,2!1) =0 ) (526)
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where a;, b; are quadratic functions. Then we can eliminate ys by computing resultant
of above two equations, and get a plane curve equation F(z),y1) = 0. This plane curve

is birational equivalent to (5.26) via the inverse map

_ _G’Q(x/la 91)50(95/1: yl) —+ ao(x/b yl)bZ(xlla yl)

5.27
a2@, 1 )br (@ v1) — ar @ 51 )b (@ 1) (5.27)

So they have the same geometric genus. The resulting plane curve F(z},y1) = 0 has

degree d = 8, so the arithmetic genus is
1
gAZQ(d—l)(d—Q):M . (5.28)
There are 18 normal singular points of multiplicity p, = 2, so the geometric genus is

1
9G = ga — 2: gho(pp =1) =21 - 18 x 1 =3 (5.29)
peSing(C)

So the curve is associated to a genus-3 Riemann surface, which is topologically equivalent

to a torus with three holes.

Topological picture of genus

For general kinematics, ideal of cut equations is irreducible. So the genus of curve is
3, and the topological picture is sketched in Figure (5.2.a). Under specific kinematic
configurations, the ideal is reducible. So we should study each prime ideal via primary

decomposition and also the degenerate topological pictures.

We begin analysis with kinematic configuration where reducible ideal can be decomposed
to two prime ideals. There are two types of kinematic configurations we need to consider,

and each type gives different degenerate topological pictures.

1. Kinematic configurations where at least one momentum of K7, K is massless while
others are general. For K? = 0, @ factorizes as Q1 = x374, and for K5 = 0,
Q1 factorizes as Q1 = fi(zs,z4)f2(x3,z4), where fi, fo are linear polynomials of
(r3,24). So we get two prime ideals I;(f1,Q2,Q@3), I2(f2,Q2,Q3) via primary
decomposition. We can project the curve of each ideal to plane curve either by
coordinate transformation or by Grobner basis method. The plane curve has degree

4 and two normal singular points of multiplicity u, = 2, so

ge=3-2x1=1.
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FIGURE 5.2: Degenerate topological pictures of cut equations for non-planar two-loop
crossing-box diagram.

Varieties V' (I1) and V(I2) intersect at two points. So the topological picture is
given by shrinking two tubes to points along the dashed lines as shown in Figure
(5.2.b).

2. Kinematic configurations where only one of K3, K4 is massless or only one of
K5, Kg is zero, while others are general. Ideal of cut equations are reducible, and
can be decomposed to two prime ideals. It is easy to see that, for K § = 0, since
Q2 = y3y4, we get two prime ideals directly from Q2 = 0. For other kinematic
configurations, factorization of I(Q1, Q2,@Q3) is not obvious. We can decompose it
via primary decomposition by Macaulay2[120]. Anyway, we get two prime ideals
11, I>. Using equations of each ideal, we can project the curve onto plane curve.
Each plane curve has degree 4, and there are three normal singular points of

multiplicity p, = 2. So the geometric genus is
ga=3—-3x1=0.

Solution of I = I1 U5 is four points, so the topological picture is given by shrinking

4 tubes to points along dashed lines as shown in Figure (5.2.c).

Note that from topological picture of genus-3 torus, naively there is another degenerate
topological picture as shown in Figure (5.2.d). It is associated to reducible ideal where
two prime ideals via primary decomposition define genus-2 and genus-0 complex curves.
However, no kinematic configuration leads to this degenerate topological picture. We can
explain this as consequence of symmetry between two prime ideals by parity symmetry,

so they should have the same genus.

The ideal I(Q1,Q2,Q3) could be decomposed to four, six and eight prime ideals via
primary decomposition under other specific kinematic configurations. The topological
picture of them can be explained as consequence of overlapping Figure (5.2.b) and (5.2.¢).

We again denote kinematic configurations as C32§5’%’R> , where
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6 €D
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FIGURE 5.3: More degenerate topological pictures of cut equations for non-planar
two-loop crossing-box diagram.

e [ = m if at least one of K1, K5 is massless, otherwise L = M,
e R =m if K3 is massless, otherwise R = M,

o N =m if K, is massless, otherwise N = M,

U = o if K5 =0, otherwise U = K5,

P =0 if K¢ =0, otherwise P = Kg.

For L = m, i.e., 03252’5]’\2’?;[), the topological picture is degenerated in the way as
shown in Figure (5.2.b), and for other cases C32E%5’T';(’2;[), CBQ&%;%:;), 0325%;%’)]‘4) or
032%{%’;‘/1), the topological picture is degenerated in the way as shown in Figure (5.2.c).
The degenerate topological picture for more than two prime ideals can be determined

by combining above conditions.

Explicitly, if we combine massless condition L = m with another condition of N = m,
R=m,U =@ or P= @, i.e., for kinematic configurations

(m,M,m) (m,m,M) (m,M, M) (m,M,M)
C32(K57K6) ) 032(K57K6) , 032(1(5,@) , 032(®,K6) ,
the topological picture is given by overlapping of (5.2.b) and (5.2.c), as shown in (5.3.a).
This gives four genus-0 Riemann spheres, which indicates that in these kinematic con-
figurations, the ideal can be decomposed to four prime ideals. Each prime ideal defines
a genus-0 curve. If we combine one condition N = m or R = m with another condition
U= or P=0Q, i.e., for kinematic configurations

C3200Mm) - gl (At )

(M.m.M)
Keo) o O2oky o O32kng) > 32

M7m7
(0,Ke)
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the topological picture is given by overlapping two copies of Figure (5.2.c). There are
four dashed lines as shown in Figure (5.2.c). When overlapping two copies of (5.2.c) in
these kinematic configurations, the middle two dashed lines coincide with each other.
So the resulting topological picture is as shown in (5.3.b). Again this gives four genus-0

Riemann spheres.

It is not hard to conclude that Figure (5.3.c) is the overlapping of Figure (5.2.b) and
(5.3.b). So this degenerate topological picture should be given by kinematic configura-
tions
(vavm) (vavm) (mvva) (mvva)
C32(K5,®) ) C32(®7K6) , C32(K57®) , 032(®,K6) .

It has six genus-0 Riemann spheres, which means that ideal of cut equations can be
decomposed to six prime ideals. For kinematic configurations with both N = R =m
or U =P =0, ie, C3200mm) o goMMM)

(K57K6) (®7®)
given by overlapping two copies of (5.2.c) without any coinciding lines, as shown in

, the topological picture is then directly

Figure (5.3.d). It also gives six genus-0 Riemann spheres. In fact, even if imposing more
conditions of N, R, U or P, the extra dashed lines will coincide with these eight dashed

lines as shown in Figure (5.3.d). So the following kinematic configurations

(M,m,M)

(M,m,m) (M,m,m) (M,M,m)
032 032 032 (A

Ke0) 0 CR0Ky o O - 032

(M,m,m)
C32(®7®)

give the same topological picture (5.3.d).

Finally, we can overlap Figure (5.2.b) and (5.3.d). This corresponds to setting L = m

in the kinematic configurations of Figure (5.3.d). So for

(m,m,m) (m,M,M) (m,m,m) (m,m,m)
032(K5,K6) , 032(@@) , C32(K5,@) , 032(®,K6) ,
(m,M,m) (m,m,M) (m,m,m)
C32(®7®) , C32(®,®) , C32(®,®) ,

the topological picture is given by Figure (5.3.¢). There are eight genus-0 Riemann
spheres. The primary decomposition of ideal I(Q1,Q2,Q3) indeed gives eight prime
ideals. From explicit computation, we get geometric genus-0 for all curves defined by

prime ideals. The computation agrees with above analysis.

5.3 Genus of curve from three-loop diagrams

The algebraic system of cut equations from three-loop diagrams is more complicated
than that of two-loop diagrams. However, the computation process is similar. For 4-

dimensional theory, we should consider diagrams with 11 propagators. Equations of
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KO Kg

FIGURE 5.4: (a) Non-planar three-loop box-crossed-pentagon diagram, (b) Non-planar
three-loop crossed-crossed-pentagon diagram. All external momenta are out-going and
massive. Loop momenta are denoted by ¢1, /5, /3.

maximal unitarity cut then define a complex curve. We will birational project the
curve onto plane curve, and compute the geometric genus from arithmetic genus and
knowledge of singular points. A complete analysis of three-loop diagrams involves too
many topologies, and here we present results of some selected diagrams to illustrate the

computation and analysis.

5.3.1 Genus of non-planar box-crossed-pentagon diagram

We discuss three-loop box-crossed-pentagon diagram as shown in Figure (5.4.a) in this
section. Maximal unitarity cut gives 11 cut equations of 12 variables, and they define
a complex curve. As usual, we can choose two external momenta to construct momen-
tum basis (eq, e, €3, e4), and expand cut equations with variables defined by expansion

coefficients of three loop momenta. The 11 propagators are given by

Only ¢ty : Do=£02 , Dy = ({1 —K1)? , Dy=(l; — K| — K2)*,

Only ¢, : Do=1{35 , Dy=(ly—Ke)*,

Only ¢3 : Dy=135 , Dy =(ls—Ky)® , Dy=(ls3— K1 —Ky— K3 — K4 — Ky)*
Mixed £, 05 : Do = (ly — b5 — K5 — K¢)®> , Dy = (ly— 03 — K5 — Kg — K7)?,
Mixed 01,03 : Dy = (1 + 3 — K| — Ky — K3 — K4)? .

It is easy to see that from them we can construct six linear equations. Then six variables
can be solved as functions of remaining six variables. The remaining five quadratic
equations of six variables define an equivalent complex curve. Using elimination process
via Grobner basis method, we can project the curve onto an equivalent plane curve, and

compute its singular points.
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We can also analyze the birational map step by step. Since equation of conics can
always be rational parameterized, so from three cut equations Dy = D1 = Dy = 0, we
can rationally parameterize ¢; by one free parameter x. From three cut equations Dy =
D1 = Dy = 0, we can also rationally parameterize f3 by one free parameter w. However,
there are only two propagators containing f5. So using 50 = 151 = 0, we rationally
parameterize {5 by two free parameters y, z. By substituting ¢;(z), ¢2(y, 2), £3(w) back
to the remaining three mixed loop momenta propagators, they become meromorphic
functions. The numerators f1, fo, f3 of three meromorphic functions are polynomials of

(z,y,z,w). Explicitly, the three equations

fl(yvzaw)zo ) f2(y7sz):0 ) fg(.fC,'w):O (530)
define a birational equivalent complex curve. The degree of them are higher than two.

To project the non-plane curve defined by (f1, fo2, f3) to plane curve, we can eliminate
y and w from these equations by computing resultant. Firstly, notice that if we ignore
four propagators Dg, D1, Do, _52 that containing /1, and treat K; + Ko + K3 + Kg as
one external momentum, then the remaining propagators describe non-planar two-loop
crossed-box diagram of lo, 3. So f1(y, z,w) = 0, fa(y, z,w) = 0 define a genus-3 complex
curve. From previous section we know that each fi, fo has degree 4, and can be written

as

CLQ(Z, w)y2 + CL1(Z, UJ)y + aO(za ’LU) =0,
ba(z,w)y? + b1 (z,w)y + bo(z,w) =0 . (5.31)

Thus we can eliminate y just like the case (5.26) to get a plane curve. The birational
equivalence is guaranteed by inverse map like (5.27). The resulting equation F'(z,w) =0
has degree 8. Then the original algebraic system is birational equivalent to following

two equations

agw® + ah (2)w” + ag(2)w® + ak(2)wd + dj(2)w!

+ ah(2)w? + ab(2)w? + dy (2)w + ah(z) =0,
b (x)w? + b (x)w + by(z) = 0 , (5.32)

where @}, i =0,...,6 and b}, i = 0,1, 2 are quadratic polynomials, while a7(z) is linear
and ag is constant. We can further eliminate w by computing resultant of above two
equations and get a plane curve F'(z,z) = 0. This step is also birational with an inverse

map

: (5.33)
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FIGURE 5.5: Degenerate topological pictures of cut equations for non-planar three-loop
box-crossed-pentagon diagram.

where p(z, z) and ¢(z, z) can be computed by Grébner basis method.

Plane curve F'(z,z) = 0 has degree 20. By computing singular points of this curve,
we find that there are 32 normal singular points of multiplicity u, = 2, one normal
singular point of multiplicity i, = 4, and also a non-normal singular point. The tangent
line T'(x, z) of non-normal singular point has degree dr = 16, but there are only 12
distinct solutions for T'(z,z) = 0. After blowing up the non-normal singular point, we
get 8 normal singular points of multiplicity 4, = 1 and 4 normal singular points of

multiplicity p, = 2. So the genus is finally given by

2(2-1 44 -1
96 = QA—{32><7( 5 )y 4¢=Y ; )]
16(16 — 1 (r—-1 2(2—-1
—[1x¥+8xg+4xg ~9. (5.34)
2 2 2
Topological picture of genus
After solving six linear equations, we get five quadratic equations
Qi(z1,72) =0, Q2(y1,y2,21,22) =0, Q3(21,22) =0,
Qu(r1,m2,21,22) =0, Q5(y1,y2,21,22) =0 . (5.35)

If all external momenta are general, it is an irreducible curve. Under some specific kine-
matic configurations, the ideal I(Q1, Q2, @3, @4, Q5) is reducible. Thus it is important
to study the degenerate topological picture of genus for this reducible ideal. There are a
lot of kinematic configurations to be considered, but most of them could be constructed
from combinations of other two or more kinematic configurations, as we have illustrated
in two-loop non-planar crossed-box diagram. Here as examples, we will present results

for some simple reducible ideals.
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The simplest example comes from kinematic configurations where quadratic polynomials
Q1(x1,22) or Qs3(z1,22) factorizes, since they are conics. If at least one of Ki, Ko is
massless, then ()1 can be simply factorized to two factors. If K, is massless, then Q3
can be factorized to two factors. In any cases, the ideal I(Q1, Q2, @3, Q4, @s5) is reducible,
and can be decomposed to two prime ideals via primary decomposition. As usual, we
can project each prime ideal onto plane curve. The resulting plane curve has degree 12.
So the arithmetic genus is g4 = 55. There are 16 normal singular points of multiplicity
tp = 2, 1 normal singular point of multiplicity p, = 4 and one non-normal singular
point. The tangent line at this non-normal singular point has degree dr = 8, but it
only has six distinct solutions. After blowing up, we get six normal singular points.
Among them four singular points have multiplicity p, = 1 and two singular points have

multiplicity p, = 2. So finally we get

44-1) | 8B-1)

=55—-16x1-1
ga =55 6 X X 5 5

—2x1=3. (5.36)

Varieties of two prime ideals intersect at four points. So the degenerate topological
picture is given by shrinking four tubes of genus-9 torus to points along dashed lines as

shown in Figure (5.5.a).

If K or K7 is massless, it is possible to factorize Q2 = fi f2, where fi(y1,y2, 21, 22) and
fa(y1,y2, 21, 22) are linear functions. So we have two prime ideals I (Q1, f1, @3, Q4, Q5)
and I2(Q1, f2,Q3,Q4,Qs5). Similarly, we can birational project each one onto a plane
curve. The resulting plane curve has degree 12, and 20 normal singular points of multi-
plicity p, = 2, one normal singular point of multiplicity u, = 4 and one normal singular

point of multiplicity u, = 8. So we get

44— 1)

=55 —-20x1—-1x —1x —-=
gG 9 5

=1. (5.37)

The degenerate topological picture is not hard to conclude, since there are two genus-
1 tori. The only possible way of shrinking tubes of genus-9 torus to points is shown
in Figure (5.5.b), along dashed lines. We can see that there are 8 intersecting points
between two genus-1 tori. This observation agrees with the result of explicit computation

from union of two prime ideals.

If K1 and Kg are massless, each Q1, Q2 can be factorized to two factors. Thus the
reducible ideal can be decomposed to four prime ideals. After projecting each ideal onto
plane curve, we find that it has degree 4 and 3 normal singular points of multiplicity
tp = 2. So the genus is simply gg = 0. The degenerate topological picture is given by
overlapping of Figure (5.5.a) and (5.5.b), which is shown in (5.5.c). Intersection of four

varieties of prime ideals then can be easily read from this picture.
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If K1, K4, Kg are massless, then each (01, Q2, Q3 can be factorized to two factors. There
are eight prime ideals via primary decomposition. It is easy to compute the birational
equivalent plane curve associated to each prime ideal. Each one has degree 3, with only
one normal singular point of multiplicity p, = 2. So again they are all genus gg = 0
Riemann spheres. However, the degenerate topological picture is not trivially given by
overlapping two copies of (5.5.a) and (5.5.b) in this kinematic configuration, since cut
equations are somehow entangled. By studying intersections among varieties of eight
prime ideals, we can produce the degenerate topological picture as shown in Figure
(5.5.d).

5.3.2 Genus of non-planar crossed-crossed-pentagon diagram

We discuss three-loop non-planar crossed-crossed-pentagon diagram as shown in Figure
(5.4.b) in this section. The algebraic system of cut equations becomes even more com-
plicated than previous example. The complexity of curve can be inferred by the degree
of curve. The higher the degree is, the more complicated the curve will be. Naively,
the up-bound of degree can be obtained from cut equations. For example, for two-loop
diagrams, the curve is defined by three quadratic equations. So the highest degree of
plane curve by projecting the non-plane curve is 23 = 8. Sometimes the three quadratic
equations are not completely independent, and degree of corresponding plane curve is
smaller than 8. Similarly, for three-loop diagrams, the curve is defined by five quadratic
equations. So the highest degree of plane curve is 2° = 32. Such a curve is of course
very complicated. In the previous three-loop non-planar box-crossed-pentagon diagram,

the degree of plane curve is 20.

For diagram considered in this section, the 11 propagators are given by

Only {1 : Dy=16; , D= (1 —K1)*,
Only 6o : Dy=(3 , Di=(ly— K5)?,
Only 63 : Dy=103 , Dy=(l3— Ky — Ky, — K7 — Kyg)*,
Dy = (03 + K4+ K5 + Ko + Kg)? |
Mixed (1,03 : Do = ({5— b — K7)> , Dy = (l5—t, — K7 — Kg)?,
Mixed 9,05 : Dy = (la + l3+ K¢)?> , D3 = (ly+l3+ K¢+ Kg) .

Explicitly, we can construct six linear equations to solve six variables. The remaining
five quadratic equations define a complex curve. This curve can be birational projected
onto plane curve by elimination process via Grobner basis method. For purpose of

analysis, notice that we can rationally parameterize ¢; by two parameters (z,y) and
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FIGURE 5.6: Degenerate topological pictures of cut equations for non-planar three-loop
crossed-crossed-pentagon diagram.

ly by two parameters (z,w) from corresponding two equations Dy = 0,D; = 0 and
Dy = 0, D = 0, and also rationally parameterize /3 by one free parameter 7 from three
cut equations Dy = Dy = Dy = 0. Substituting ¢1(x,%), ¢2(z,w) and f3(7) back to

remaining four quadratic equations with mixed loop momenta, they become

filz,y,7) =0, folz,y,7) =0, f3(z,w,7)=0 , fa(z,w,7)=0. (5.38)

We can observe that this diagram in fact contains two copies of two-loop non-planar
crossed-box diagrams defined by (f1 = 0, fa = 0) and (f3 = 0, f4+ = 0). So using the
discussion of two-loop non-planar crossed-box diagram, we can similarly eliminate y

from (f1, fo) and w from (fs, f4) by computing resultant. Then we get two equations
g1(z,7) =0, ga(2,7)=0. (5.39)

This elimination is birational, and g¢i, g2 have degree 8. ¢g; is quadratic in z and go
is quadratic in z. By computing resultant of g1, g2, we can further eliminate 7, and
birationally project non-plane curve to plane curve. So by computing genus of this

plane curve, we get genus of original curve.

The plane curve has degree 24. There are 184 normal singular points of multiplicity
Hp = 2, two normal singular points of multiplicity p, = 8. The geometric genus is given

by
8(8—1)

gg =253 —-184 x1—-2x 5

=13. (5.40)

Topological picture of genus
After solving six linear equations, we get five quadratic equations

Ql(xl,I'Q,Zl,ZQ) =0 ) Q2(y17y27z17z2) =0 ) Q3(’Z17z2) =0 )
Qa(1,22,21,22) =0 , Qs5(y1,Y2,21,22) =0 . (5.41)
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For general kinematics, ideal I(Q1, Q2, @3, Q4,@s) is irreducible.

If K1 is massless, (1 can be factorized to two factors. Thus the reducible ideal can be
decomposed to two prime ideals I, Is. Solution of I; U5 is eight points. The degenerate
topological picture of genus is given by Figure (5.6.a). From Figure (5.6.a), we know
that plane curve of each prime ideal should be genus-3. After projecting curve of each
prime ideal onto a plane curve using elimination process via Grobner basis method, we
find that it has degree 12. There are 40 normal singular points of multiplicity u, = 2,

two normal singular points of multiplicity p, = 4. So the genus is given by

4(4-1)

= 42
S =3, (5.42)

1
go=5(12-1)(12-2) —40 x 1 ~ 2

as expected. If K3 is massless, we also get two prime ideals from factorization of Q3.
The plane curve of each prime ideal has degree 12. There are 38 normal singular points
of multiplicity u, = 2, two normal singular points of multiplicity u, = 4. So we have

44— 1)

1
ga = 5(12-1)(12-2) =38 x 1 2 =5. (5.43)

The only possible degenerate topological picture of genus-13 torus which has two genus-5
tori is shown in Figure (5.6.b). So intersection of varieties of two prime ideals is four

points. By computing V (I; U I3), we find that it is indeed four points.

It is not difficult to conclude that if both K7, K3 are massless, the degenerate topological
picture should be given by overlapping of Figure (5.6.a) and (5.6.b). The resulting
picture is four genus-1 tori linked in a chain, with intersecting points indicated by dashed
lines of both Figures. Explicit computation of plane curve for each prime ideal agrees
with this degenerate topological picture. The plane curve has degree 6, and 9 normal

singular points of multiplicity m, = 2. So the genus is given by
1
ggz§(6—1)(6—1)—9><1:1, (5.44)

as expected.

Since K1, K5 are symmetric in the diagram (5.4.b), the condition of K? = 0 gives the
same degenerate topological picture as Figure (5.6.a). So when combining K? = 0,
K2 = 0 together, the degenerate topological picture should be given by overlapping two
copies of Figure (5.6.a), as shown in Figure (5.6.c). Then we get four genus-0 Riemann
spheres linked in a chain, with four intersecting points between adjacent spheres. By
explicit computation, we find that there are indeed four prime ideals after primary

decomposition, which can be easily seen from factorized functions ()1,Q2. The plane
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63 fg
3 P9 P
py 0 JZ
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F1GURE 5.7: Non-planar three-loop ”"Mercedes” logo diagram. All external momenta
are out-going and massive. Loop momenta are denoted by ¢1, {5, (3.

curve of each prime ideal has degree 6, and there are 10 normal singular points of

multiplicity p, = 2. So the genus is g¢ = 10 — 10 x 1 = 0, as indicated in Figure (5.6.c).

If K4, K3, K5 are massless, each (Q1,Q2, Q3 can be factorized to two factors. The equa-
tions are not totally independent, so the degenerate topological picture is no longer given
by overlapping of Figure (5.6.b) and (5.6.c). After primary decomposition, we get eight
prime ideals. The plane curve of each prime ideal has degree 3, and only one normal
singular point of multiplicity p, = 2. So go = 0. The degenerate topological picture is

given in (5.6.d), after computing intersections among varieties of eight prime ideals.

5.3.3 Genus of Mercedes-logo diagram

In this section, we present result of three-loop ”"Mercedes-logo” diagram, as shown in
Figure (5.7). Although algebraic system of maximal unitarity cut for this diagram
becomes more complicated, the mathematical method of computing genus still keeps

the same. The 11 propagators are given by

Only ¢y : Do=£02 , Dy = ({1 — K1)?,

Only £y : Dy=1(3 , Dy=(lr—Ke)* , Da=(la+K7)?,
Only ¢35 : Dy=135 , Dy =(l3—K3)* , Dy=(ls+Ky)?,
Mixed ¢1,0s : Do = (ls — by + K7 + K1 + Kg)? ,

Mixed lo, 03 : Dy = (U3 — by + K4 + K5 + Kg)?

Mixed 1,05 : Dy = (fy — U3+ Ky + K3)? .
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No linear equations can be constructed from propagators of mixed loop momenta, so we
can only get five linear equations. The complex curve is then defined by six quadratic
equations of seven variables. Notice that we can rationally parameterize ¢ by two
variables x,y, f» by one variable z, and f3 by one variables w. After substituting
0 (z,y), l2(2), £3(w), the remaining three propagators of mixed loop momenta become

meromorphic functions. The numerators of three meromorphic functions
fl,y,2) =0, g(w,2) =0, h(z,y,w)=0. (5.45)

define a birational equivalent curve. We can further birational project it onto plane
curve F(y,w) = 0 by computing the resultant, as described in previous sections. This
plane curve has degree 20. There are 36 normal singular points of multiplicity p, = 2,
one normal singular point of multiplicity p, = 16, and one normal singular point of

multiplicity p, = 4. So the genus is given by

(0-1)@0-2) o . 16061

— 207 N A 5.46
9G 5 5 5 (5.46)

Coincidentally, genus of Mercedes-logo diagram equals to genus of box-crossed-pentagon
diagrams. When considering the kinematic configurations presented in box-crossed-
pentagon diagram, the degenerate topological pictures of genus are also the same. More
explicitly, if K, is massless, we get two prime ideals, and the degenerate topological
picture is given by Figure (5.5.a). If K is massless, there are also two prime ideals, and
the degenerate topological picture is given by Figure (5.5.b). If both K7, K4 are massless,
the picture is given by Figure (5.5.c). Furthermore, when K, K4, K¢ are massless, there

are eight prime ideals, and the degenerate picture is given by Figure (5.5.d).
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Conclusion

It is always difficult to give a final conclusion, since there are always new possibilities
and results proposed for well-studied problems. Especially for amplitude computation,
where new ideas always shape the power of old methods. The simple formulation of
MHYV amplitude has already been provided in 1986 by Parke and Taylor[87]. But only
after almost twenty years the simplicity of tree amplitudes is being explored, with the
discovery of BCFW recursion relation[5, 6]. The BCJ relation[17] can also find its hints
back to 1981 where similar kinematic identity at four points is used to explain certain
zeros in cross sections[121, 122]. But it is only formulated and proved very recently.
The same situation happens for gravity amplitude. The KLT relation is discovered in
1985 for string amplitudes, but it has little progress in field theory gravity amplitude
computation for many years except some results of MHV gravity amplitude. However,
it is again studied three years ago[94], and a family of equivalent KLT relations are
proposed. Some interesting vanishing identities of Yang-Mills amplitudes also appear
as a byproduct of this study[93]. After a complete survey of super-KLT relation with
any number of supersymmetry|[70], it seems that all possible studies are already done.
However, within around one year, new simple formulation of MHV gravity amplitude is
provided by Hodges[123], which is equivalent to KLT formula when kinematic invariants
are allowed to be off-shell in a novel way. A series of researches are then done on these

tree gravity amplitude formulations[124].

The traditional notations, ideas and methods, which are somehow forgotten for many
years, also contribute actively with a modern interpretation. Especially for the idea of
S-matrix program[7-9], where only general assumptions as locality, unitarity are used
to analyze scattering amplitudes. Only after the discovery of BCFW recursion relation,
these general assumptions are then well formulated in analytic function of single com-

plex variable for amplitudes. The spinor-helicity formalism plays tremendous role in
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the computation of amplitude using BCFW recursion relation. The unitarity cut and
generalized unitarity cut combined with spinor-helicity formalism and BCFW recursion
relation then are served as powerful tool of computing loop amplitudes, though they are

also already used almost twenty years ago.

For multi-loop gravity amplitude computation, the only practical method by now seems
to be the BCJ conjecture[27, 28] that constructing such amplitude from double copies of
multi-loop Yang-Mills amplitudes. But it also suffers from the computation complexity,
and a better understanding of this conjecture is still required. For multi-loop Yang-Mills
amplitude computation, the algebraic geometry methods are introduced. Application of
these methods to loop amplitude computation is still preliminary, especially for diagrams
where generalized unitarity cut defines very complicated complex manifold. We still need
to work hard in order to get a practical computation method for any point any loop

amplitude.

So we are going to give a final conclusion about this thesis. It contains discussions of
works that have been done during my PhD, distributed in three papers. In the KLT
paper[70], we present the complete map of any products of super-Yang-Mills theories
to super-gravity theories by super-KLT relations in four dimension. Linear symmetry
groups of super-gravity theories and explanation of vanishing identities of Yang-Mills
amplitudes due to violation of symmetry groups are derived. A graphical method is
introduced which simplifies the counting of states, and helps to identify relevant sym-
metries. In the integrand paper[61], we attempts to classify integrand basis of all 4-
dimensional two-loop topologies. The classification is taken by firstly determine all
topologies from structures of propagators, then determine the independent monomials
in numerator of integrand by Grobner basis. The branch structures of reducible ideal
defined by equations of maximal unitarity cut under specific kinematic configuration are
discussed. In the genus paper[71], a special type of loop topologies where cut equations
define the complex curve is studied. The genus of complex curve is computed by alge-
braic geometry method, with knowledge of the degree and singular points of the curve.

The degenerate topological picture of genus for reducible curve is also discussed.

This is the end of this thesis, but not the end of research. We are waiting to know more.
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