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Chapter 1

Introduction

The main theme in this thesis is noise in measurements on quantum systems. In particular, we will
consider the noise in measurements on atoms and on light. The contributions to the measured noise can
be classified as shown in the scheme in Fig. 1.1. In this thesis we will present experimental work within
each of the six boxes in the figure. We will start with the simplest experiments within the ”upper right”
triangle in Fig. 1.1 and work our way down to the ”lower left” triangle, with the demonstration of spin
squeezed atoms as the prime topic.

The variables of the electromagnetic field are typically measured with an arrangement of photodetec-
tors, whereas the atomic variables can be measured in several different ways. Throughout this thesis we
will use spectroscopy with a probe beam of light to read out information about the atoms. The probe
field interacts with our atomic sample and subsequently carries information about the atoms. The noise
in the transmitted probe field is a sum of the light noise originally present in the probe and the atomic
noise added by the atom-light interaction.

The noise of the measured variables can be grouped into classical noise and quantum noise contri-
butions. When we talk about classical noise, we will not distinguish between a modulation we apply on
purpose and the unavoidable classical/technical noise like e.g. acoustic noise. In other words, we use
the term classical noise for any classical time dependent oscillations/fluctuations. The classical noise
can be explained without using quantum mechanics. For example, if a classical electromagnetic field is
modulated in amplitude, it will have classical intensity noise at the frequency of modulation. The rms
value of this modulation is proportional to the intensity of the field; if we attenuate the intensity of the
field by a factor of two, the rms value drops by a factor of two'. The classical atomic noise is seen if we
somehow apply an external modulation to the atomic sample. The modulated atoms will, through the
atom-light interaction, result in a modulated atomic contribution to the probe signal. The rms value of
the atomic noise is proportional to the number of atoms interacting with the probe field. This classical
atomic noise is often considered to be ”the signal” in atomic spectroscopy. In chapter 2 we describe a
spectroscopy experiment where the signal is induced by classical modulation of the atoms. However, as
we will also see in chapter 2, the distinction between signal and noise is decided by the actual experiment;
the classical atomic noise considered to be a signal in one experiment may in a different experiment be
a noise source that we would rather be without.

The quantum noise contribution is the noise level basically dictated by the Heisenberg uncertainty
relation for noncommuting quantum operators. But even the quantum fluctuations can be divided further
into two groups. One group contains the fluctuations from systems of uncorrelated particles. In the other
group, the quantum noise is manipulated by the use of quantum correlated or entangled particles. These
particles can in our experiments be either atoms or photons.

The quantum state of light corresponding to uncorrelated photons is the coherent state. In a photon
picture the photon distribution in the coherent state is described by a stochastic Poisson process. In

I This holds for an applied amplitude modulation as well as for the amplitude modulation caused by e.g. acoustic noise.
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Figure 1.1: Classification of atom and light noise. The two main groups are classical and quantum noise.
The quantum noise can be divided further into noise from uncorrelated particles and noise from quantum
correlated particles. The gray ”upper right” triangle covers the most simple experiments whereas the
experiments in the ”lower left” triangle confront the experimentalist with a real challenge.

other words, all photons arrive at random to the photon detector. As a result the rms fluctuations are
proportional to the square root of the average number of photons measured in a given measurement
time. The different scaling for classical noise and quantum noise of uncorrelated photons makes it easy
to characterize the actual light source. Just double the optical power and see if the noise increases by
a factor of 2 (predominantly classical noise) or a factor of V2 (predominantly quantum noise). The
coherent state is the most classical state of light, and the output of many lasers approaches the coherent
state at high detection frequencies. At low frequencies the technical (e.g. acoustic) noise gives a huge
classical noise contribution on top of the coherent state quantum fluctuations. By band pass filtering of
the photocurrent produced by the photodetector, we can reach the coherent state quantum noise (also
called shot noise) at frequencies above, typically, a few MHz. Today the signal-to-noise ratio in atomic
spectroscopy is often fundamentally limited by the shot noise of the probe light. The experiment in
chapter 2 is such an example.

The physics becomes more challenging when we go from the ”upper right” triangle to the ”lower left”
triangle in the scheme in Fig. 1.1. The quantum noise of quantum correlated particles is interesting
from two different viewpoints. One of them is the viewpoint of a spectroscopist. Systems of correlated
particles can have fluctuations in collective observables below the standard quantum limit (SQL) set by
the fluctuations of uncorrelated particles. Quantum correlations can therefore be utilized in ultra sensitive
spectroscopy with a noise level below the SQL. This holds in ordinary spectroscopy where the limiting
factor often is the shot noise of the probe field. But also the atomic quantum noise of uncorrelated atoms
can be a limiting factor. This is seen in the state of the art atomic clocks based on fountains of cold
atoms. The frequency stability of the clock is today limited by the atomic quantum noise (or projection
noise) from uncorrelated atoms [1]. The other viewpoint comes from quantum information, where an
essential part is control and manipulation of quantum states of systems composed of several qubits. Our
experiment on quantum correlated atoms involves manipulation of a quantum system of many atoms.
Although we do not have control at the qubit level, the scheme we use for correlating our atoms may
be extended in that direction. The measurement of reduced quantum noise is, within this context, our
evidence for successful manipulation and generation of multi-atom quantum correlations.

The first experiment within the ”lower left” triangle was generation of squeezed light by R. E. Slusher
et al. in 1985 [2]. In the squeezed light the photons are pair-wise correlated so that e.g. the amplitude
of the field has fluctuations below the shot noise level. Still, Heisenberg’s uncertainty relation must be
fulfilled and the conjugate variable (the phase of the field) will have increased fluctuations. In chapter
3 we describe our source of squeezed light together with an experiment on sub-shot noise polarization
spectroscopy of classically modulated atoms.

The rms quantum noise of uncorrelated atoms scales with the square root of the number of atoms



being probed. Thus, just as with classical and quantum light noise, we can distinguish between classical
and quantum atomic noise by the dependence on the number of probed atoms. The first experiment,
where the atomic noise was observed and the v/N scaling was indicated, utilized up to a few hundred
trapped ions and was carried out by W. M. Itano et al. in 1993 [3]. A much more reliable measurement of
the v/N dependence was measured by our group in a polarization spectroscopy setup with cold trapped
atoms in 1998 (chapter 7 and Ref. [4]). Subsequently, the atomic quantum noise has been observed in
the atomic fountain clock [1] and in atomic QND measurements [5].

The most challenging experiment is the observation of a change in the atomic noise properties caused
by quantum correlated atoms. In Ref. [6] we report on the observation of reduced fluctuations in a
collective atomic spin component, due to quantum correlated atoms. The effect is analogous to squeezing
of light where correlations reduce the fluctuations in a given observable below the quantum fluctuations
of uncorrelated photons. The analogy also goes into the terminology; the prepared quantum correlated
atomic ensemble is said to be spin squeezed. The detection of reduced quantum noise in spin squeezed
atoms is the main topic in this thesis. The spin squeezed atoms are generated by mapping the quantum
state of squeezed light onto certain atomic spin components. This mapping of quantum correlations
from one quantum system to another quantum system links our experiment to the notion of quantum
information. We could consider the correlated photons to be the quantum information carriers and the
atoms to be the storage medium for quantum information [7]. In this thesis we consider mapping of
squeezed light, but other nonclassical states of light may be used too, as proposed theoretically in Ref.
[8].

The initial theory behind the spin squeezing experiment is given in Ref. [9]. In chapter 4 we extend
this theory to atoms with nonzero ground state angular momentum and for an arbitrary polarization
squeezed excitation field. This extension is found to be nontrivial and brings the theory closer to the
experimental realization. Chapter 5 introduces the concept of spin squeezed states, and the results of
chapter 4 are related to the notion of spin squeezing. In chapter 6 we present the theory for the readout
of atomic fluctuations using a coherent state probe of light. Note that the theoretical chapters include
the coherent field excitation and the quantum noise of uncorrelated atoms as a special case. We therefore
choose to present the full theory before the two experimental chapters on quantum noise of uncorrelated
atoms (chapter 7) and quantum noise of spin squeezed atoms (chapter 8).

The future prospects for spin squeezed atoms are discussed in chapter 9. A new project based on an
atomic fountain (similar to the fountains used in frequency standards [1]) is currently under construction
in our laboratory. The new experiment involves spin squeezing in the atomic ground state and quantum
memory. The ideas and advantages behind this new experiment are presented.

The final chapter is a résumé of the thesis with emphasis on the main results and conclusions from
each chapter.
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Chapter 2

Spectroscopy on classically
modulated atoms

In this chapter we investigate the classical contributions to the signal and noise when atoms are probed by
a beam of light. Although the main theme in this thesis is the quantum noise in atom-light interactions,
it is instructive first to consider the classical counterparts. In particular, we consider the polarization
and intensity noise of a probe field after interaction with a classically modulated atomic ensemble.
The measured probe noise induced by this classical modulation is usually referred to as the signal in
atomic spectroscopy. However, the distinction between ”signal” and "noise” is not unique. What in one
experiment is considered to be a signal, may in other experiments be a noise source. We will see such an
example at the end of this chapter. The classical noise is described by a semi-classical theory involving
classical electromagnetic fields and mean values of atomic observables. In the following chapters we will
extend this theory to include quantized fields as well as quantum fluctuations of the atomic observables.

We begin this chapter with an introduction to our atomic sample. We use cesium atoms, which are
cooled and trapped in a magneto-optical trap (MOT). The MOT is an important tool in our experiments,
and the working principles of the MOT are important for the understanding of the experiments presented
later on. The MOT parameters relevant for our experiments are mainly the density of atoms and the
overall number of trapped atoms. These two parameters are measured by absorption spectroscopy with
a weak probe field. We continue with a section on double-optical resonance, which is a technique used
extensively throughout this thesis. We use double-optical resonance with a weak probe on the upper
transition to probe certain properties of the atoms in the intermediate state. In this chapter, we also
introduce the polarization interferometer (PI). This device is used along with the double-optical resonance
technique for probing atoms. When the PI is employed, we get access to certain intermediate state atomic
spin components. We complete this chapter with our experiments concerning spectroscopy on classically
modulated atoms.

2.1 The magneto-optical trap

The atomic samples used in the experiments presented in this thesis are cesium atoms trapped and
cooled in a magneto-optical trap (MOT). Cesium is very convenient for interaction with squeezed light
due to the atomic transitions frequencies. Some of the best sources for production of squeezed light
are based on the sub-threshold OPO with KNbOs as the non-linear material (see chapter 3). The
non-critical phase matching of a-cut KNbOg3 can be achieved for the 850nm-920nm wavelength range
by adjusting the crystal temperature between 0°C and 130°C. Thus, both the 6S;,, — 6P5/, (852nm)
and the 6P;/, — 6D5/, (917nm) transitions in Cs are covered by the KNbO3 based squeezing source.
Furthermore, the relatively simple level structure of cesium makes cooling and trapping in a MOT quite

5
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Figure 2.1: a) The 1D absorption profiles the for o+ and o~ polarized counterpropagating laser fields
versus the atomic velocity. The net effect is a damping force on the atoms. b) The 1D position dependent
energy levels are the result of the magnetic field gradient. At positive z the o~ field is resonant and
pushes atoms back to z = 0. The o7 field is resonant at negative z. The net effect is a ”spring force” on
the atoms.

easy, and the trapping transition at 852nm can be reached by inexpensive diode lasers. Since the first
demonstration of magneto-optical trapping in 1987 [10], the MOT properties (e.g. temperature, density
and overall number of atoms) have been studied extensively. Densities on the order of 10'?cm™3 and
temperatures as low as 4uK have been achieved for a small Cs MOT with a trap diameter below 50um
[11]. The small, dense and cold MOT was the first step in generation of Bose-Einstein condensation in
a dilute Rb gas [12]. The MOT has also been used in a number of quantum optics experiments where
the demands on temperature and density are less stringent. In these experiments, as well as in ours, the
basic requirements to the atomic sample are a Doppler width much smaller than the natural linewidth
and enough atoms for efficient light-atom interaction. A standard MOT is used because it is robust and
easy to operate. Very large traps (1.lcm diameter) containing a large number of atoms (3-10'°) can
be obtained by the use of large and powerful laser beams [13]. The fluorescence photons in the large
traps experience multiple scattering before escaping the atomic cloud. This radiation trapping heats the
atoms, and the temperature can reach the mK level [14, 15]. However, the Doppler width is still small
compared to the natural linewidth.

2.1.1 The basic MOT theory

The theory behind the MOT is most easily explained in one dimension. Two forces are needed to cool
and trap atoms; a damping force, which always acts in the direction opposite to the atomic velocity,
and a ”spring force”, which acts towards the center of the trap. The damping force is provided by
two counterpropagating, red-detuned and circularly polarized laser beams (Fig. 2.1a). If an atom is
moving towards one of the laser beams, it will, because of the Doppler shift, absorb more photons
from the counterpropagating laser beam than from the copropagating beam. Each photon absorption is
accompanied by a momentum Kkick in the laser beam direction and followed by a spontaneous emission
together with a momentum kick in a random direction. After many absorption/emission cycles, the
atomic velocity is reduced by this cooling method known as Doppler cooling.

The spring force requires Zeeman degeneracy of the atomic excited state and a magnetic field gradient.
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We consider for simplicity a F; = 0 — F. = 1 transition, where Fy; and F, are the total atomic angular
momentum in the ground- and excited state. The position dependent splitting of the Zeeman levels due
to the magnetic field gradient is shown in Fig. 2.1b. At positive z positions the o~ polarized field is
close to resonance with the |F,,0) — |F,, —1) transition, whereas the o field is far from resonance with
the |F,,0) — |F.,+1) transition'. The situation is opposite at negative z. Atoms at positive (negative)
2z positions mostly absorb photons from the 0~ (o) field and they are hence pushed towards z = 0.

In real life things are a bit more complicated. First of all, atoms are trapped and cooled in three
dimensions. This is easily achieved by using three pairs of counterpropagating laser fields - one pair for
each dimension. A pair of coils in the anti-Helmholtz configuration provides the necessary magnetic field
gradients in all three dimensions with zero magnetic field in the center. Most atoms have Zeeman degen-
erate ground states (F, > 0). The Doppler cooling mechanism still works with a minimum temperature
given by the Doppler limit T = fiy/2kp, where - is the linewidth of the cooling transition. It is possible
to go below Tp when the polarization gradients of the overall excitation field and the degeneracy of the
ground state is taken into account [16, 11].

2.1.2 Characterization of the MOT by absorption spectroscopy

The basic component of the vapor cell MOT is a vacuum chamber with viewports for three pairs of
counterpropagating laser beams in three dimensions. A cesium cell with a valve is connected to the
chamber so that the cesium pressure inside the vacuum chamber can be adjusted by opening/closing the
valve. The atoms are trapped from the low velocity tail of the Maxwell distribution of atoms at room
temperature. An ion-pump is used to keep the pressure of gases other than Cs at around 10 °torr. The
typical Cs pressure is 10 8torr. A pair of coils in an anti-Helmholtz configuration provides a quadrupole
magnetic field with a maximum field gradient at the center of about 10gauss/cm.

Besides the chamber we also need the lasers. In all experiments presented in this thesis we use the
same vacuum chamber for the MOT, whereas different lasers are used for the cooling and trapping. In
the first experiments we use a diode laser (SDL 5401), which is stabilized by optical feedback from a
grating. The construction of the MOT based on diode lasers is described in detail in Ref. [17]. The
diode laser is inexpensive and easy to operate. However, the large excess phase noise of the diode laser
[18, 19] is found to be a major obstacle in observation of the quantum noise of independent atoms [20].
In the measurements on atomic noise, we substitute the diode laser for trapping with a much more
quiet Ti:Sapphire laser. Besides having better noise properties, the Ti:Sapphire laser also produces more
power, and that improves the number of atoms trapped in the MOT. In the first setup we use only five
laser beams although the standard MOT geometry consists of six laser beams as described above. Two
beams are counterpropagating and the other three beams are in the plane perpendicular to the first two
beams and at an angle of 120° to each other. This geometry is not efficient in terms of laser power since
three of the beams cannot be reused by simple retroreflection. When we modified the trap to utilize the
Ti:Sapphire laser, the configuration was changed to a standard six beam MOT with retroreflection of
the three beams. At the same time the size of the beams was increased from about 6mm to 25mm in
diameter. The increase in beam size is required for optimum trapping with the larger power provided
by the Ti:Sapphire laser [13]. The diode laser gives us about 15-20mW for trapping, whereas we have
150-200mW optical power for trapping when the Ti:Sapphire laser is used. At the end of this chapter we
show a picture of the MOT vacuum chamber and the surrounding optics for the six-beam configuration,
(Fig. 2.8, page 22).

The relevant atomic levels in cesium are shown in Fig. 2.2a. Trapping and cooling take place on
the closed transition 65/, F = 4 — 6P3,,F = 5. The splitting between 6P/, F' = 5 and 6P/, F' = 4 is
around 250MHz (50/2m), and there is a small probability (~ 107*) of exciting atoms on the 65 /o F =
4 — 6P3/5F = 4 transition. Atoms can subsequently decay to the other ground state 6S;,,F = 3. A
repumping laser on 65, ,F = 3 — 6P3,,F = 4 pumps atoms in the F' = 3 ground state back into the

Lo+ and o~ do not refer to the helicity of the fields (quantization along the direction of field propagation). Instead, we
describe the polarizations of the two fields using a common quantization axis.
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Figure 2.2: a) The relevant energy levels in Cs and the three fields interacting with the atoms (trapping,
repumping and probe field). The decay from 6D to 7P has a branching ratio of only 0.4%, but this is
enough to observe the blue fluorescence at 456nm when a strong probe field is present, see Fig. 2.8 page
22. b) Absorption spectra for a weak 852nm probe scanned across the atomic resonance in the ”dark”.
Narrow profile (dots): reduced atomic density. Broad profile (triangles): maximum trap density. Solid
lines: Fit to Eq. (2.1).

cooling cycle. In all experiments we use a diode laser (SDL 5401) for repumping with around 30mW of
available power. The laser frequencies are locked close to the atomic transitions by an electronic feedback
loop, utilizing an error signal obtained from standard FM saturation spectroscopy methods [21, 22]. The
repumping laser is locked at exact resonance, whereas the trapping laser is detuned between 5 and 15MHz
to the red. The tuning of the trapping laser is made possible by an acousto-optical modulator (AOM)
in the probe path of the saturation spectroscopy setup. The RF frequency of the AOM supply sets the
frequency of the trapping laser relative to the atomic transition frequency.

Initially we had a single Ti:Sapphire laser (Microlase MBR-110) pumped by an Ar-ion laser (Spectra-
Physics 2080). This laser was used for probing the atoms in the MOT on the 6P;/, — 6Dj5 /5 transition
at 917nm (Fig. 2.2a). When we realized that the phase noise of the diode laser prevented us from
observing the quantum noise of independent atoms, we decided to build a second Ti:Sapphire laser. The
construction of this laser is described in detail in Ref. [23]. Both Ti:Sapphire lasers are pumped by the
same Ar-ion laser. In the first atomic quantum noise experiment we use the home-made Ti:Sapphire
laser for trapping and the MBR-110 for probing. In the spin squeezing experiment we find it more
advantageous to change the role of the two lasers. However, the trapping parameters in terms of beam
size, power and detuning are similar in the two experiments.

The most relevant MOT parameter for our experiments is the optical depth a for a probe of light. «
describes the efficiency at which the probe interacts with the atomic sample, and it is defined through
the transmission as T' = exp (—a). Depending on the type of experiments, we either require a to be
large or small compared to 1. It also depends on the experiment whether it is the optical depth on the
852nm transition or on the 917nm transition which is of importance. In the experiment on modulated
MOT spectroscopy (section 2.4) we do not need a large a because of the high efficiency of the modulation
technique. In the squeezed probe experiment (chapter 3) « should be small since large absorption will
deteriorate the squeezing. In the first experiment where the atomic quantum noise is observed (chapter
7) it is an advantage to have large a on the probe transition because the quantum noise (variance) scales
linearly with the number of atoms. Finally, in the spin squeezing experiment (chapter 8) we need a large
optical depth on the pump transition (852nm) in order to efficiently map the quantum correlations of
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light onto the atoms.

Here we consider the optical depth on the 6S;/,F = 4 — 6P3/»F = 5 (852nm) transition when a
Ti:Sapphire laser is used for trapping. We turn off the trapping beams in order to probe the atoms
without the influence of the strong trapping beams. In the following ”dark” period we measure the
absorption of a weak probe scanned across resonance with a rate of 0.4MHz/us. The probe field comes
from the laser used for trapping, and it is scanned in frequency by the use of two AOMs. We turn off
the current in the coils generating the quadrupole magnetic field at the time when the trapping beams
are turned off. The measured absorption spectra for maximum « and a somewhat reduced a are shown
in Fig. 2.2b (dots and triangles). The optical depth is reduced by attenuation of the repumping field.
Without any excess broadening, the absorption spectrum is given by

— exp(—a(A)) = exp [ ——T0PL

T (A) =exp( a(A))-exp( 1+4A2/72> (2.1)
_2F 43N

T 3F 12

A = wotom — Wrield 1S the atom-laser detuning, p is the density of atoms, [ is the diameter of the
atomic cloud, « is the natural linewidth and o¢ is the resonant absorption cross section. The expression
for og is valid for an F — F' = 1 transition with unpolarized atoms and arbitrary polarization of the
probe field, see chapter 6, Eq. (6.16). Fitting the small « data in Fig. 2.2b to Eq. (2.1) with p and v
as free parameters gives yy;:/2m = 5.42MHz. An average over six independent absorption measurements
gives vy /2m = 5.58 £ 0.05MHz. We can deduce the density of trapped atoms by fitting the large o
measurements in Fig. 2.2b to Eq. (2.1). For a large resonant optical depth ag we can approximate Eq.
(2.1) by T (A) ~ exp (—apy?/A?), and we can no longer fit v and ap independently. We therefore fit the
large a measurements to the absorption spectrum in Eq. (2.1) with «/2r fixed at 5.58MHz. The fit is
shown in the figure as a solid line?, and it gives a resonant optical depth of iy = 234 3. The discrepancy
between the fit and the measurements at detunings below -20MHz is explained by the probe moving off
the trap when the AOM frequency is scanned very far. Only the data between +22MHz are used in the
fit. The diameter of the trap is estimated from fluorescence pictures taken with a CCD camera. The
measured diameters in the horizontal and vertical plane agree within 10%, and the maximum FWHM
diameter observed is 6.2£0.5mm [23]. For large traps the density is almost constant within the trap [15],
and we can estimate the density and overall number of trapped atoms as

p= :—(fl =(2.6+0.4) - 10%cm™3 (2.2)
anl3p
N = =(3.2+0.9)-10°
Sp —(382£0.9)-10

The measured density is in agreement with previous results for a large Cs MOT with similar parameters
[13]. When we use the diode laser for trapping, the MOT is somewhat smaller with a diameter of about
1.5mm and a density near 3-10%cm™3.

The measured linewidth v /27 is about 7% larger than the known natural linewidth of 5.23MHz
[24]. Several possible contributions to the excess broadening exist: power broadening by the probe,
Doppler broadening from nonzero temperature, optical pumping, magnetic broadening, and nonzero
laser linewidth (about 100kHz). In the following we discuss the importance of each contribution.

The power broadened linewidth is given by v1/1 + 2s¢, where we have defined the resonant saturation
parameter as sp = go®/yrw? with ® as the probe photon flux and 2w as the probe diameter. sg can
be written in terms of a saturation intensity as so = I/Isq¢ with Is,; = 5.50mW /cm?. For a 2uW probe
with a beam radius of 0.7mm, we deduce a power broadened linewidth of 1.02+.

2We explain the 2.5% transmission at A = 0 by a small fraction of non-resonant light in the probe. This is possible if
a small part of the travelling soundwave in the AOM is reflected on the crystal surface. The -1 order of the reflected wave
will be diffracted into the same spatial mode as the +1 order diffraction of the main soundwave.
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The finite temperature of the atoms adds Doppler broadening to the measurement with a FWHM
linewidth of dvp = 243,/T/Tp kHz. The Doppler limit for Cs is given by Tp = hy/2kp = 125uK. The
temperature in a MOT with powerful trapping beams scales as [15, 11]

t
T= A+BN1/37—VASO (2.3)

st is the total saturation parameter for the trapping beams. The constants A and B are in our notation
given by A=30uK and B=0.36uK. Using 6 trapping beams with a 2.5+0.2cm diameter and 60+5mW in
each beam gives an average saturation parameter in the center of sf = 27+5. With A/2r = 12+ 2MHz
we get a MOT temperature of T = 1.2+ 0.3mK. The Doppler width is then found to be dvp ~ 0.75MHz.
For the small @ measurement in Fig. 2.2b, the number of atoms are somewhat smaller. The trap size is
measured to be about 4mm and with ap ~ 1 we get N ~ 6 - 107 and dvp ~ 0.4MHz. Addition of the
independent contributions from Doppler broadening and laser linewidth gives dv = (dv}, + 6V%)1/ >~
6VD.

Optical pumping by the weak probe beam can decrease the observed linewidth. When the oF
polarized probe approaches resonance it will start to optically pump atoms into the |F' =4,m = 4)
state. The absorption cross section on the |4,4) — |5,5) transition is almost 3 times larger than o from
Eq. (2.1), and consequently the absorption is increased at resonance. This problem can be circumvented
by optically pumping of all atoms into |4,4) before doing the spectroscopy. However, optical pumping
is not that easy in the presence of a magnetic field perpendicular to the circularly polarized probe field.
The typical time scale for optical pumping is given by the inverse excitation rate (307)71 ~ 1.5us. The
pumping is destroyed by Larmor precession of the atomic spin around the direction of the magnetic field.
The Larmor period for the 6S;,, F' = 4 state in a 1gauss field (the typical residual field from ion-pump,
earth field etc.) is 2.7us. With the Larmor period comparable to the optical pumping time we neglect
the effect of optical pumping.

The magnetic broadening has two contributions. In a homogeneous magnetic field, the different
|FF=4,m) — |F' =5,m + 1) transitions have different resonance frequencies because the gyromagnetic
ratios for the upper and lower state are unequal. The predominant contribution with a magnetic field
gradient present is the different Zeeman splittings for different atoms/positions. We can estimate the
gradient contribution to the magnetic broadening by the product of the field gradient (10gauss/cm), the
diameter of the trap (4mm), and the ratio of the Larmor frequency to the magnetic field (0.37MHz/gauss),
and we get dvp ~ 1.5MHz. The measured linewidth for small ap is found to increase by 1.2MHz to
6.80+0.10MHz when the magnetic field gradient is present during the probe absorption measurement.
The measurements in Fig. 2.2b are taken after the trapping beams and the current to the coils are turned
off. However, the chamber itself has the shape of a torus and is made of stainless steel. It is possible that
a current is induced in the chamber when the gradient coils are shut down. A measurement with a small
probe coil close to the chamber indicates that this is in fact the case, although a careful measurement at
the center of the chamber was never done.

If we add the Doppler broadening to the power broadened natural linewidth we get a Voigt profile
with Yrorentz/2m = 5.3MHz and ygquss /27 = 0.4MHz. However, this profile is still well fitted with a
pure Lorentzian lineshape with v = 5.3MHz. We believe that the observed excess broadening is caused
mainly by the residual magnetic field gradient together with the bias field from ion-pump, earth magnetic
field etc. The difference in excess broadening for the small and large oy measurements in Fig. 2.2b is
expected to be small compared to 5.58MHz, and its effect on the measured maximum optical depth aq
is within the stated uncertainty.

2.2 Double-optical resonance

We now consider the probing of excited state Cs atoms on the 6P; /5 F' = 5 — 6D/, F' = 6 transition at
917nm (Fig. 2.2a). The atoms are excited to the F' = 5 state by the rather strong trapping fields, and we
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probe the atoms while the MOT is running. Closely related experiments on excited state spectroscopy
on cold trapped atoms can be found in Ref. [25, 26].

The experimental situation can be described by a three-level atom interacting with two near-resonant
laser fields if we neglect the Zeeman degeneracy of the atomic states. The theory for this system, known
as double-optical resonance or cascade two-photon transitions, is derived for arbitrary intensities and
detunings for the two fields in Ref. [27]. We will use the terms pump field or excitation field for the
laser field exciting atoms on the lower transition (651/2F =4 6P;,F = 5) and probe field for the field
interacting with atoms on the upper transition (6P3/2F =5—6D;5,F = 6). It is possible to arrive at
rather simple analytical expressions for this system under the constraints of a weak probe. The results
in Ref. [28] can be used to derive the following expression for the complex probe susceptibility

13pA3 S0 — (21 —A") Y
11872 259 + 1 + 4A2/42 (iy21 — A') (iv'/2 — A = A?) — 5972 /4

X = Xr +ixi = (24)

The susceptibility is defined through the relation P = gyxE, where P and E are the polarization
density and the probe electric field. sg is the resonant saturation parameter for the pump field. We use
a prime on the variables related to the probe transition. 7,7’ are the spontaneous decay rates for the
two states, y21 = (v +7') /2, and A, A’ are the detunings of the two fields. We use '/27 = 3.1MHz for
the 65/, state natural linewidth [29]. X is the probe wavelength and p is the density of atoms. Note
that the second fraction in (2.4) is the intermediate state population. The optical depth on the probe
transition is given by

!
o} (&) = 27 012D (2.5)

In the limit of a weak resonant pump field (so < 1), the expression for the probe optical depth in Eq.
(2.5) is identical to the optical depth for the probing of ground state atoms if, in Eq. (2.1), we substitute
the density of atoms in the intermediate state for p. For large sy the absorption line splits up into an
AC Stark doublet [28].

In Fig. 2.3a we plot the measured probe transmission T' = exp (—a' (A')) versus the probe detuning.
The measurement is carried out while the MOT is on and the trapping beams excite atoms to the
intermediate level. We use a powerful Ti:Sapphire for trapping with a value for the average saturation
parameter similar to the value in the previous section; so = 27 &+ 5. However, we cannot neglect the
interference of the fields in the 3D configuration with circularly polarized laser beams. We can write one
pair of counterpropagating trapping fields as

Eo+ (2,t) = Eq (cos (kz — wt + ¢1) e, — sin (kz — wt + ¢;) ey) (2.6)
E,— (z,t) = By (cos (—kz — wt + ¢2) e, + sin (—kz — wit + ¢) ey)

Here e, , are the unit polarization vectors along the z- and y axis. The other four beams are given by

similar expressions. Adding the six fields and calculating the intensity gives for all phases ¢; set to zero

2

‘Etoml = E2 (6 + 4[cos (kz) sin (ky) — cos (kx) sin (kz) + cos (ky) sin (kz)]) (2.7)

We see that the total intensity has a strong position dependence. Since the relative phases ¢; are not
stabilized, we calculate the probability distribution for the total intensity assuming uniform distributions
of all phases and positions. This is easily done in a Monte Carlo simulation, and one finds that the average
intensity is indeed the sum of the intensities in each of the six beams. The maximum intensity is twice the
average, and the minimum intensity is zero. We make the further assumption that the atomic density is
proportional to the local field intensity. This is explained by the dipole force of the red-detuned trapping
field [26]. The probability for an atom to be at a position with field intensity  (normalized to the average
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Figure 2.3: a) Dots: the measured probe transmission spectrum in double-optical resonance. Line:
theoretical spectrum, Eq. (2.11). Three hyperfine components are seen together with AC Stark splitting
of the F' = 6 component. b) Theoretical transmission spectra for a single hyperfine component. Dotted
line: without any broadening; based on o} (A’) Eq. (2.5). Solid line: including polarization gradient
effects; af; (A") Eq. (2.8). Dashed line: including magnetic broadening; of;; (A") Eq. (2.9). All three
spectra are normalized to the same maximum absorption. Note the different detuning scale in a) and b).

intensity) is termed P (x). The probe optical depth including polarization gradient effects is then given
by

_

ol (A" 3

2
/0 xi (A, 50 - z) P (2) dz (2.8)
So is the average saturation parameter.

Besides the spatially dependent intensity, we also have the magnetic field gradient, which broadens
the line. It is not possible to model the magnetic broadening accurately without including the Zeeman
sublevels in the theory. The measurements from the previous section show that the width of the 65, /o F' =
4 — 6P3,F = 5 transition with the magnetic field gradient present is 6.8MHz for a Lorentzian fit. In
a Voigt fit with the Lorentzian width set to 5.3MHz, this corresponds to a inhomogeneous Gaussian
broadening of 3.7MHz. A simple way of including the magnetic broadening consists of averaging o/; over
a Gaussian distribution of detunings with identical width for the pump and probe transition. We then

obtain

1 & 2
(8= o= [ el (& by A by ey (2.9
VT ) oo
6’/Gauss
b/2m = ——
/2 2v/1n 2

OVGauss 18 the FWHM Gaussian width. We use dvgauss = 5.2MHz to account for the larger trap size in
the measurement in Fig. 2.3a (about 6mm).

The last complication is the small hyperfine splitting in the 6Ds/, state. The strength of the
(J1,F1) — (Ja, F>) transition with an unpolarized F; state (equal population in all Zeeman sub-levels)
is for arbitrary Fy proportional to [30]

2
1 R
(2F2+1){ 7T JQ} (2.10)
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I is the nuclear spin (I = 7/2 for 33Cs) and {-} is the 6j symbol. We find the relative strengths of the
dipole allowed transitions 6P;»F = 5 — 6D5,,F = 6,5,4 to be 1 : &L : 2. The hyperfine splitting
in the 6D5,, state is given by [31] 0p = LA (F(F+1) = J(J+1) — I (I +1)) with A/2r = —4.69MHz
[29]. The final expression for the measured probe absorption spectrum is given by
T(A') = exp (—afy (A)) (211)
! ! ! ! 77 ! ! 21 ! !
gy (A) = iy (A" = 06) + 305 Y (A"—=05) + 650 % (A" —d4)

In Fig. 2.3a we show, as a solid line, the theoretical absorption spectrum from Eq. (2.11) with the
parameters y/2m = 5.2MHz, ' /27 = 3.1MHz, 50 = 20, A/271 = 4.2MHz, dvgauss = 5.2MHz, | = 6.2mm,
A = 917nm and p = 2.0-10'%m™3. The parameters p, 59, and A are chosen for the best agreement
between theory and experiment. A careful measurement of the experimental detuning is not carried
out for the actual measurement, but we estimate it to be in the range of 5 — 10MHz. An increase in
A in the theoretical graph will increase the asymmetry between the two components of the F' = 6 AC
Stark doublet. The small ”theoretical” detuning indicates that the measured asymmetry is smaller than
expected theoretically. A similar observation is found in section 2.4.2 and in Ref. [26]. Equation (2.5) is
valid when radiative decay is the only source to atomic decoherence. The asymmetry in the AC Stark
doublet will typically be reduced in the presence of excess atomic decoherence [28]. It is therefore not
unlikely that the discrepancy between the estimated experimental detuning and the theoretical detuning
can be caused by a too simple implementation of e.g. the magnetic field, the Zeeman degenerate atoms,
and the neglected trap dynamics. Otherwise the agreement between measurement and theory is good,
and it confirms the atomic density measured in section 2.1.2. The hyperfine splitting in 6D5,, and the
AC Stark splitting of the 6P/, F' = 5 state are almost identical, and this results in overlapping lines.
This explains why we only see four absorption lines and not all six lines from the AC Stark doublets for
each hyperfine component. For comparison we show in Fig. 2.3b the theoretical curves corresponding to
the incomplete expressions in Eq. (2.5), (2.8) and (2.9).

2.3 The polarization interferometer

We proceed with a simple description of the polarization interferometer (PI), and we explain which
atomic variables we can probe by utilizing the PI. In chapter 6, we give a more complete description of
atomic measurements with the PI, which is necessary for a complete understanding of the spin squeezing
experiment. For now the following simple analysis using classical fields will be sufficient.

The polarization interferometer consists of two polarizing beamsplitters (PBS) and a half-wave re-
tarder in between, (see the setup in Fig. 2.4, page 16, which involves the PI). The first polarizer is used
to give a probe light beam a well defined polarization. In chapter 3, this polarizer is also used to mix
the coherent state probe with a squeezed vacuum field for spectroscopy below the standard quantum
limit. The wave plate rotates the polarization of the light by 45° before the second polarizer splits the
beam into two components with intensities I; and I,. The optical power in each of the two output arms
is detected with two photodetectors, and the difference (i_) between the resulting two photocurrents
(i1,i2) is measured. i_ is obviously proportional to the difference in the optical intensities, I; — I. The
intensities in the two output arms are identical without anything else in the interferometer. If we now
place an anisotropic medium between the two polarizers, the probe polarization may be rotated further
giving a nonzero current i_. The anisotropic medium will, of course, be our sample of cold and trapped
cesium atoms.

We can use the Jones formalism to describe the effect of the anisotropic medium on the two circu-
lar components of the probe polarization [32]. The general expression for the change in the complex
amplitudes of the two orthogonal circular polarizations after propagating a small distance dz, is given
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dE = (A — %pl)Edz (2.12)

Here E = (E*,E*)T are the circularly polarized field amplitudes, 1 is the identity matrix, o is the
atomic cross section averaged over polarizations, p is the density of atoms being probed, and A is given
by

=Tt —inTt = —inT

[ is the geometrical length of the anisotropic medium. A describes the anisotropic properties of the
medium. The solution to Eq. (2.12) is given by

A= % < — = it ) (2.13)

E (z) = exp (Az) exp(—opz/2)E (0) ~ (1 + Az) exp(—opz/2)E (0) (2.14)

Here it is assumed that the expansion is valid for all z < [; that is, the anisotropy is assumed to be
small. On the other hand, the sample may be optically thick since a large common absorption for both
polarizations is included in the op term. A common phase shift is not relevant in our experiments, but
it may of course be included together with op.

We now have to i) relate the coeflicients in A to the detected signal i_ and ii) relate the coefficients
to certain atomic properties. Once this is accomplished, we can use the polarization interferometer
to measure properties of the atomic sample placed inside the interferometer. For a probe with linear
polarization along the z-axis (horizontal) and propagating along the z-axis, we have E* (0) = Ey =

Iy/ (2e9c) with Iy as the incident probe intensity. Propagating E (I) through the half wave retarder,
the polarizing beamsplitter and deducing the resulting photocurrents i; » oc I; 2 is a trivial calculation
with the final lowest order (in A;;) result

i =20i (2.15)
20={n"—n"+n " -n""}
i+ = Z-geia

The product opl is now identified as the optical depth «. i is the sum of the two detected photocurrents.
The interpretation of Eq. (2.15) is quite simple. The term n~ — 5" is twice the polarization rotation
angle in the presence of optical activity (circular birefringence) with different refractive indices for the
two circularly polarized components. The refractive indices have a dispersion-like profile as a function
of probe frequency, and we expect the n~ — 1 term to contribute off resonance. Transforming the
calculation above into a basis of linear polarization oriented at £45° to the z-axis shows that n=+ —nt~
is the difference in absorption for the +45° and —45° polarizations (linear dichroism). The absorption
coefficients have a Lorentzian profile, and consequently the n~ — 5™~ contribution will peak for a
resonant probe. It is seen that the PI is sensitive only to deviations from an isotropic atomic sample.
For a perfect isotropic ensemble of atoms we have i = 0.

The PI is very similar to a Mach-Zehnder interferometer, except that the two modes in the PI have
different polarizations instead of different paths. The circular birefringence in the PI correspond to
different phase shifts in the to arms of a Mach-Zehnder interferometer. The linear dichroism, which
mixes the two circularly polarized modes in the PI, has no counterpart in a Mach-Zehnder with spatially
separated modes.

There are some advantages in the use of a PI instead of the conventional crossed-polarizers setup
[33], where the transmission of two nearly crossed polarizers with the sample in between is observed. For
small # the balanced detection in the PI will substantially suppress possible technical (classical) noise in
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the probe laser, but still all photons of the probe are detected. This is of great importance when squeezed
light is applied to the setup, see chapter 3. In terms of signal-to-noise ratio, the PI performs equally to
the crossed-polarizer setup when the noise in the detected differential photocurrent i_ is limited by the
intrinsic quantum noise of the probe. In the PI it is easy to switch to the sum of the two photocurrents,
which gives access to the probe absorption; the same signal as one would measure with just a single
detector behind the atomic sample.

In chapter 6, we will calculate, in detail, the relation between atomic observables and the optical
activity and linear dichroism. For now, we just state the results [34]

_ Aly :
Sy e A — 2.1
1 PN A oA
-+ _ oyt - _(F,F E,F,

A is the probe detuning and  is the linewidth of the probed atomic transition. (F.) is the mean value of
the z-component of the atomic spin in the lower state of the probe transition. (ﬁ'z> is proportional to the
atomic orientation. (ﬁzﬁ'y +ﬁyﬁz> is proportional to the mean value of the difference in atomic alignment
along the axes at +45° and —45°. A nonzero value for (ﬁz) can be generated if the atoms are optically
pumped by a circularly polarized pumping field. In the same way we have nonzero (1:} ﬁy + ﬁyﬁ'z) if the
atoms are optically pumped with a field linearly polarized along +45°0r —45° with respect to the z-axis.

Equation (2.16) can also be used for double-optical resonance experiments with a weak resonant pump
and a probe field used to probe atoms in the intermediate state. When the pump field is strong enough
to induce AC Stark splitting of the intermediate state, the line shapes in (2.16) should be modified to
be proportional to x, and x; from equation (2.4).

2.4 Spectroscopy on a modulated magneto-optical trap

We now apply the results of the previous two sections to do very sensitive spectroscopy on a magneto-
optical trap (MOT). The experiments in this section can be seen as the classical counterpart to the
atomic quantum noise and spin squeezing experiments (chapter 7 and 8). In the latter, we measure the
probe noise induced by quantum fluctuations of the atoms. In the present experiments we use a similar
setup to measure the probe noise induced by classical modulation of the atoms. The probe noise induced
by classical modulation is in the context of spectroscopy considered to be our spectroscopic signal. The
experiments in this section are also the subject of Ref. [35].

Similar to more traditional gas samples, trapped atoms require modulation techniques, e.g. frequency
modulation of the probe, for increased sensitivity [22, 36]. This is because of the low frequency amplitude
noise of most lasers, which reduce the signal-to-noise ratio (S/N) obtainable at low frequencies or at
DC. Frequency modulation (FM) is usually generated with an electro-optical modulator or by current
modulation of a diode laser. In both methods the frequency modulation is usually accompanied by
residual amplitude modulation [37]. Therefore, in FM detection with a modulated probe, the noise level
is set by the residual amplitude modulation and not the fundamental quantum noise (shot noise) of the
probe field. Quantum-limited spectroscopy can be achieved by utilizing techniques for suppression of the
amplitude modulation [38, 36]. In the present experiment we use the approach of sample modulation
instead. Since MOT’s are sustained with light, modulation of this trapping light is a natural way of
modulating the trapped atoms. In fact, usually the trapping laser is locked to an atomic transition by
means of a FM spectroscopy signal from a gas cell, and hence the trapping light is frequency modulated
anyway. The idea uses the atomic third order nonlinearity to convert frequency modulation of the
pump/trapping beams into amplitude modulation of the probe. Although we, in this experiment, find
the classical modulation of atoms useful, we will in the end of this section show how unintentional classical
noise in the atomic sample can be a limiting factor in observation of atomic quantum fluctuations.
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Figure 2.4: The setup used for spectroscopy on a magneto-optical trap sustained by classically modulated
trapping fields. We use a polarization interferometer, which gives polarization sensitive spectroscopy in
the differential photocurrent ¢_ and absorption spectroscopy in the sum i,. The inset shows the Cs
levels used for the double-optical resonance interaction.

2.4.1 Experimental setup

The setup in Fig. 2.4 includes the polarization interferometer described in the previous section. The
two high-quality polarizers (PBS1, PBS2) are of the Glan-Thompson type with an extinction ratio
better than 10~°. The intensities in the two output arms are detected with two photodetectors, and
the emerging photocurrents can be either added or subtracted in a hybrid junction. The photodiodes
have a specified quantum efficiency of more than 99%, and the detectors are optimized for detection
at 3.0MHz with a peaked response. The bandwidth (FWHM) of the response is 640kHz. The signal
after the hybrid junction is fed into a spectrum analyzer (SA, Anritsu MS710A) used at zero span
(fixed frequency /27 = 3.0MHz). When the differential current (i_) is detected, the setup works as a
polarization interferometer and is sensitive to polarization rotations and hence to atomic spin orientation
and alignment. When the sum current (i) is detected, we simply measure the absorption caused by the
trapped atoms.

In this experiment we use a diode laser for trapping. The laser drive current is frequency modulated
at 3.0MHz to produce FM of the output. The FM is used both for locking of the laser to the Cs transition
as well as for modulating the trap. We use five trapping beams with circular polarizations. The two
horizontal trapping beams are counter-propagating with a relatively small angle (~15°) to the probe
direction (z-axis). The atoms are probed on the 917nm 6P/, — 6D5 /5 transition utilizing a Ti:Sapphire
laser (Microlase MBR-110). The noise of probe field is set by the intrinsic quantum noise for a coherent
state (shot noise) in both phase and amplitude at the detection frequency Q. The DC-absorption of the
probe, when it is send through the trapped atoms, is measured to be 3% at the two photon resonance
during this experiment, (compare to Fig. 2.3).
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2.4.2 FM absorption spectroscopy

An experimental trace of FM absorption with the probe scanned across resonance is shown in figure
2.5a (dots). The figure shows the noise or modulation of the photocurrent i, measured by the spectrum
analyzer as a function of the atom-probe detuning. The frequency scale is obtained from the known
hyperfine splitting (see Eq. (2.11)), and we choose zero detuning at the largest double-peaked structure.
We can explain the main features in the measured signal by a simple steady-state three-level theory
based on Eq. (2.4). For the modulated pump frequency/detuning we have A (t) = Ay + M cos (),
where M is the frequency modulation index. For small absorption and modulation depth, we can write
the transmitted probe power as

A A 0A

Xi is the imaginary part of the probe susceptibility in double-optical resonance, see Eq. (2.4). The SA
gives the rms power or the spectral density of the photocurrent component oscillating at frequency (2.
The photocurrent is given by iy (t) = egP; (t) /hv, where e is the elementary charge, g is the detector
gain, and we take the detector quantum efficiency to be unity. Hence, the observed signal is given by

2 1 eg2ml Ox; 2
(l+)9—2<MP0 20X, (2.18)

(z+)?2 as function of probe detuning is plotted in Fig. 2.5b (dotted line). For the plot we use the
parameters so = 17 and A/27r = 8.9MHz. The theoretical curve is scaled so that the improved theory
below agrees with the experiment. We see that the qualitative shape of the theoretical curve is in
agreement with the experimental data for a single hyperfine component. In both experiment and theory
the absorption signal is split into an AC Stark doublet. One component of the doublet is single peaked
and the other component consists of a double peak.

The pump modulation method is not inferior to the usual probe modulation with respect to the
signal size. In Ref. [22] it is shown that the probe modulation signal is given by: (i+)?27pmbe =

1 (gePoAM 6/ (hef2))?, where 6 is the difference in absorption of the upper and lower sidebands of the

modulated probe. For our parameters, we find that the ratio (z+)?2 / (igémmbe is on the order of one.
The size of the signals obtained from the two methods are nearly the same, but the physics behind is
different. In probe modulation the two RF-sidebands experience different absorption/phase shift when
they propagate through the medium. As a result the beat notes between the carrier and the two side-
bands no longer cancel and a signal is seen at frequency 2. In pump modulation the modulated sample
gives rise to a modulation of the transmitted intensity.

The current modulation of the trapping laser causes not only frequency modulation but also amplitude
modulation. The amplitude modulation is measured to be around 5%. The estimated size of the AM
signal is found to be around 1% of the FM signal. In other words, the atoms are much more sensitive to
frequency modulation than to amplitude modulation of the saturating pump.

The noise equivalent power of the detection system is around 80uW; at this optical power level the
electronic noise is equal to the intrinsic quantum noise of the coherent state probe (shot noise). The shot
noise of the coherent state probe adds a frequency independent noise power of 2egigvgp to the measured
rms power of the photocurrent. ig is here the average photocurrent and vgrp is the resolution bandwidth
of the spectrum analyzer (vgp =100kHz in the experiment). In the experiment we use a rather weak non-
saturating probe of 3uW, and because of imperfect detectors we have only an insignificant contribution
from shot noise to the off-resonant noise level. This, however, is a technical problem that can be overcome
by using low-noise narrow band detectors, larger probe diameter, and increased probe power. The signal-
to-noise ratio (S/N) in the experiment is about 30dB or 10%. For comparison the S/N in a DC-absorption
measurement with the same measurement time is below 1. The S/N obtained with pump FM can in
principle be increased further by reducing the bandwidth vgp and increasing the probe power P, and
modulation index M.

P, (t) = Pye=*®) ~ P, <1 - Q—MXZ» (A)) ~ P, <1 _ 2 {Xi (Ao) + 9Xi 0 cos (Qt)]) (2.17)
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Figure 2.5: a) Dots: experimental FM absorption spectrum; shows three hyperfine components and AC
Stark splitting. Solid line: complete theory. b) Dotted line: steady-state theory from Eq. (2.18). Dashed
line: theory including finite atomic response time. Solid line: theory including polarization gradients and
excess broadening (e.g. magnetic field gradient), but only one hyperfine component. The off-resonant
noise level sets the reference for the dB scale. Note the different scales in a) and b).

A qualitative understanding of the shape of the signal can be given by the following argument, which
is valid for a not too large so®. The absorption signal can be separated into a coherent part centered
at A + A’ ~ 0 and an incoherent part centered at A’ ~ 0 - these are the two resonance conditions
obtained from Eq. (2.4). The coherent resonance condition depends in the same way on the pump
and probe frequency, and we expect this part to contribute with the derivative of a Lorentzian as in
ordinary probe FM spectroscopy. Hence the coherent signal from the SA has a double-peaked structure
(squared dispersion profile). The resonance condition for the incoherent term does not depend on A,
but this term is still modulated through the A dependence of the intermediate state population. This
is more like AM spectroscopy, which does not alter the Lorentzian line shape, and we get an incoherent
single-peak structure.

In the experiment the 3.0MHz modulation frequency is comparable to the natural linewidth of 5.2MHz
for the 6P/, state. Such a high modulation frequency allows to reach shot-noise limited sensitivity,
but makes the validity of Eq. (2.18) questionable. The atoms can no longer follow the modulation
adiabatically when they are modulated at frequencies comparable to v owing to the finite atomic response
time. This effect can also be seen in a frequency-domain picture. The FM of the pump introduces
sidebands on the pump displaced at +£) with respect to the pump carrier frequency. If the modulation is
faster than -y, the sidebands are shifted more than one linewidth away from resonance (the pump carrier
is always quasi-resonant). These non-resonant sidebands do not have a large effect on the atoms, and
the effect goes down when () is increased further.

To investigate the effect of fast pump modulation, we solve numerically the semi-classical Bloch
equations for a three-level atom interacting with two classical fields. The differential equation for the
time evolution of the density matrix for the three-level atom can be found in Ref. [28]. The differential
equation is integrated numerically with a fourth order Runge-Kutta algorithm with the phase of the
classical pump-field modulated at 3MHz with a phase modulation index of 0.5. The calculation gives
the time dependent probe susceptibility x (t) = x» (t) + ixi (t) o ps2 (t) with pso as the density matrix
element for the optical coherence on the probe transition. The modulation in the measured photocurrent
is proportional to the imaginary part x; (t) for small absorption; i (t) = gePy (hv) " (1 — 27X~ x; (t)).

3We are not really in the limit of small sp, but the qualitative explanation still describes the line shape well



2.4. SPECTROSCOPY ON A MODULATED MAGNETO-OPTICAL TRAP 19

The spectral density (H)?) measured by the spectrum analyzer is then proportional to the absolute
square of the Fourier transform of y; (t) at frequency 2

2 %)
o ‘/ xi (t) e ®¥dt
—00

We calculate the Fourier transform from the numerical solution to y; (), and the resulting signal is
plotted in Fig. 2.5b (dashed line). Compared to the curve from Eq. (2.18) we see that the fast
modulation increases the linewidth by about 50% and reduces the S/N by 3dB. We checked that our
numerical calculations give the same signal as Eq. (2.18) in the limit Q < 7.

Finally, we have to include the effects of polarization gradients, excess broadening from e.g. the
magnetic field gradient and the small hyperfine splitting of the 6D5/, state into the calculations. When
these effects are modelled in the numerical calculation of x (¢) in the same way as in section 2.2, we get
the theoretical curve shown as a solid line in Fig. 2.5a (and in Fig. 2.5b for just the F' = 6 hyperfine
component). For this theoretical curve we used the parameters so = 17, A/27 = 8.9MHz, Mpnqse = 0.5
and dvp = 5.2MHz. The parameters for the theoretical curve are chosen for the best agreement between
theory and experiment. The pump detuning measured in the experiment is 12 + 1MHz and, just as
in section 2.2, the theory fits with a pump detuning a little smaller than the experimental value. The
broadening dvp is somewhat larger than expected for the small trap diameter (around 1.5mm) in this
experiment. Part of that can be the diode trapping laser linewidth, which is larger than the linewidth
of the Ti:Sapphire laser used in section 2.2. The saturation parameter sg is close to the experimental
value of sp = 19 for a total trapping power of 15mW and 6mm beam diameter. The modulation index
is measured by injecting a part of the trapping beam into an optical resonator and comparing the
transmission modes for the carrier and the sidebands. The measurement gives Mppqse = 0.5 although
with a large uncertainty (~ 50%) because of extrapolation down to the modulation frequency and depth
used in the experiment. All the theoretical curves are scaled so that the final result fits the experimental
data.

The discrepancy between theory and experiment at the F' = 5 hyperfine component can be due to
partly polarized atoms caused by an anisotropic trapping field. The ratio between the line strengths as
given by Eq. (2.10) is only valid for unpolarized atoms. The shape for the smallest hyperfine component
F = 4 show a clear disagreement with the theory. The reason for that is unknown, but perhaps it is
related to the fact that the 6P/ F' = 5 — 6D5/,F' = 4 transition is modelled as a closed transition in
the theory.

2

(in)3 =2 ‘ /_ O:o i () et (2.19)

2.4.3 FM polarization rotation spectroscopy

We now turn to the polarization rotation signal obtained from the differential photocurrent i_. i_ gives
information about the deviations from an isotropic distribution of atoms as explained in section 2.3. The
measured rms power (z_)?2 as a function of probe detuning is, for balanced trap intensities, plotted in
Fig. 2.6a. These data are taken under the exact same conditions as the FM absorption measurements
in Fig. 2.5a. The intensities in the horizontal trapping beams, which are at a small angle to the probe
beam, are adjusted to maximize the FM absorption and to minimize the FM polarization rotation. In
this way the sample is made as isotropic as possible, and consequently the polarization rotation signal
in Fig. 2.6a is rather small.

We can make the sample anisotropic by using unequal intensities in the two horizontal trapping beams.
The trapping field then contains mainly one circular polarization, and the atoms in the 6P;/, state will
acquire a nonzero orientation ((F7) # 0). According to Eq. (2.16) and the text below this equation, we
expect the polarization rotation spectrum to be described by the real part of the probe susceptibility x
and to be proportional to (F!). In Fig. 2.6b (solid line) we show the FM polarization rotation spectrum
measured for unbalanced trapping intensities. The corresponding FM absorption spectrum has a signal
7dB smaller than the FM absorption spectrum measured with balanced intensities. This shows that the
larger signal in Fig. 2.6b, as compared to Fig. 2.6a, is not caused by improved trapping conditions
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Figure 2.6: a) Experimental FM polarization rotation signal for balanced trap intensities. b) Solid line:
experimental FM polarization rotation signal for unbalanced intensities (induced orientation). Dotted
line: theoretical calculation.

(more trapped atoms). The unbalanced trap does not work as well as the balanced trap, but it is clearly
anisotropic.

We obtain a theoretical FM polarization rotation spectrum by using the same calculation as for the
FM absorption spectrum in Fig. 2.5a, except we use x, (t) o Re (p32 (t)) instead of x; (t) in the Fourier
transform for (z,)?2 That is

2 0o 2
o ‘ / xr (1) e~ dt (2.20)
— 00
All the parameters of the calculation are identical to the FM absorption calculation except that we scale
the signal to fit the experimental polarization rotation data, and we only include one hyperfine transition
(6P5)2F =5 — 6D5,,F = 6). It can be shown that the polarization rotation signals from the other
two hyperfine components are insignificant. The argument is simple, but it depends on results from
the subsequent chapters, and it is therefore given in Appendix A. The calculated spectrum is shown
as the dotted line in Fig. 2.6b, and we see a fine qualitative agreement in the shape of the theoretical
and experimental spectra. The detuning scale in Fig. 2.6b is identical to the scale in Fig. 2.5a, and
we see that the FM polarization rotation signal at positive frequencies (around 50MHz) goes to zero
more slowly than the FM absorption signal. This is a signature of the fact that the polarization rotation
signal, caused by circular birefringence, is related to a dispersion profile.

The small FM polarization rotation signal in Fig. 2.6a looks a little like the FM absorption spectrum
in Fig. 2.5a. This can either be caused by an imperfectly balanced polarization interferometer or because
of alignment anisotropy, which gives a spectrum like FM absorption according to the comments below
Eq. (2.16).

The agreement between theory and experiment for FM polarization rotation is not quite as good as for
FM absorption spectroscopy. The polarization rotation is caused by an anisotropic atomic sample with
unequal populations in the different Zeeman levels. Since each Zeeman level is independently affected
by magnetic and electric fields, we expect that the three-level calculation is less successful for the FM
polarization rotation spectrum.

(i) =2 ‘/_o;z_ (t) e= g

2.4.4 Diode laser phase noise

Diode lasers are today inexpensive and compact devices with enough power for many atomic physics
experiments. Although the tunability is limited to a few nm, it is possible to purchase lasers for most
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Figure 2.7: FM absorption spectroscopy using the intrinsic diode laser phase noise and no external
modulation.

near infrared wavelengths including the Cs D2 line at 852nm. The intensity of the diode laser output
is usually very stable, and it is even possible to reduce the fluctuations below the standard quantum
limit (shot noise) [39]. On the other hand, the phase fluctuations are usually far above the standard
quantum limit and extend into the GHz regime [18, 19]. The phase fluctuations are caused by the
spontaneous emissions into the lasing mode, and the bandwidth of the excess fluctuations is set by the
laser cavity linewidth. The very short cavity and large output coupler for the diode laser result in the
very large bandwidth of phase fluctuations, even when the diode laser is externally stabilized by the
grating feedback.

The diode laser phase noise can be utilized for FM spectroscopy without applying any external phase
modulation as demonstrated in Ref. [40, 41]. In our setup we also observe a FM absorption signal when
the SA detection frequency is different from the modulation frequency of the diode laser drive current.
In Fig. 2.7 we show a FM absorption spectrum using the intrinsic phase noise of the diode laser and no
external modulation.

The intrinsic phase noise is an essential problem in measurements of the excited state atomic quantum
noise when the readout is performed with a probe field (see sections 7 and 8). If a diode laser is used
for the pump field, the spectroscopic signal from the phase noise will surpass the atomic quantum noise.
This problem is recognized in Ref. [20], and the solution is to use a Ti:Sapphire laser for the pump field.
The noise of the Ti:Sapphire laser is found to be at the standard quantum limit in both amplitude and
phase at frequencies above 2MHz and for the optical power of a few mW. The phase noise is checked
by sending the field through an optical resonator, which converts phase noise into amplitude noise. The
amplitude noise is measured directly with a photodetector and a spectrum analyzer.
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Figure 2.8: a) The MOT setup with the vacuum chamber in the middle and surrounded by the optics for
a six-beam configuration. The ”yellow rings” on the chamber are the anti-Helmholtz coils. The larger
rectangular coils are used to produce a bias field. b) The blue fluorescence of the trap in double-optical
resonance. Atoms in 6D/, F' = 6 decay with a small probability to 7P;/, and subsequently to the ground
state on a 456nm transition (see also Fig. 2.2, page 8). The picture is shown with the true colors. The
blue spot to the right is a reflection from a viewport.



Chapter 3

Squeezed states of light

The squeezed states of light are one of the most important ingredients in the experiments presented
in this thesis. Squeezing can be used for improved sensitivity in atomic spectroscopy, as demonstrated
later in this chapter, but we also use the squeezed light as a source of quantum correlations. In the spin
squeezing experiment, the quantum correlated photons constituting the squeezed light are mapped onto
a cold ensemble of atoms and thereby producing quantum correlated atoms.

The Heisenberg uncertainty relation for noncommuting observables can be used to define a standard
quantum limit (SQL) for quantum fluctuations. For the quantized electromagnetic field we introduce
the two quadrature phase amplitudes X and Y as the real and imaginary part of the field annihilation
operator a for a single field mode. X and Y are noncommuting with [X, Y] = i/2, and they therefore
obey the uncertainty relation

A

(AX)2(AT) > (3.1)

1
16
(AX )? is the usual quantum mechanical variance of X. For the coherent state of light, which is a good
approximation for the output of many lasers far above threshold, the two quadratures have identical
minimum fluctuations. The coherent state fluctuations can also be explained in a photon picture, where
the photon distribution is described as a stochastic Poisson process. The level of quantum noise or
fluctuations for the coherent state defines the standard quantum limit or the shot noise level. The
coherent states, which include the vacuum state, are the most classical states of light [42].

It is not prohibited by quantum mechanics to redistribute the fluctuations in the two quadratures.
The squeezed states are defined as having the fluctuations in one quadrature below the standard quantum
limit. The squeezed states are so-called nonclassical states as they cannot be expanded on the set of
coherent, states with a positive-definite weighting function. In other words, we cannot consider the
squeezed states to be a classical distribution over the (almost) classical coherent states. The noise
reduction in one quadrature is a consequence of the quantum correlations present in the squeezed field.

Several methods for generation of squeezed light have been explored since the first demonstration
in 1985, which utilized four-wave mixing in atomic sodium [2]. The most efficient process today is the
optical parametric oscillator (OPO) operating below threshold. The best measured squeezing is obtained
in a monolithic OPO made of MgO:LiNbO3 with 7.0dB noise reduction in one quadrature at the 1064nm
Nd:YAG laser wavelength [43]. However, the phase of the squeezing is not actively stabilized in this
experiment, which means that the quadrature being squeezed changes with time. 6.2dB of squeezing
with a stabilized phase is measured in Ref. [44]. This experiment is also based on MgO:LiNbOj3 at
1064nm. 6.0dB of noise reduction with stabilized phase is reported in Ref. [45] with KNbO3 as the
nonlinear material and at 852nm. When the KNbOj3 based squeezing source is driven by a Ti:Sapphire
laser, the wavelength of squeezing can be tuned by tuning of the laser frequency. Noncritical temperature
phase matching and hence squeezing can be obtained in the 850nm-920nm wavelength range by adjusting

23
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the a-cut KNbO3 temperature between 0°C and 130°C. The tunability is an important requirement when
the squeezed light is used for atomic physics, and this is not fulfilled by the MgO:LiNbO3 based squeezing
source driven by a Nd:YAG laser.

A completely different source of squeezed light is the diode laser with amplitude noise below the shot
noise level. This can be achieved by e.g. suppression of pump noise using a stable current source [39]
or by injection locking to a stable master laser [46]. In the latter experiment they observe 4.5dB noise
reduction. However, the squeezing of diode lasers always takes place in the amplitude of the field, and
the observed squeezing to date for collimated laser output is below the OPO performance.

The main goal in a large group of atomic physics experiments utilizing a squeezed state of light has
been to demonstrate improved sensitivity in spectroscopy owing to the reduced quantum noise of the
probe light [47, 45, 48, 49, 50]. Only a few atomic physics experiments use the properties of the squeezed
light directly in the atom-light interaction. These experiments include the two-photon excitation of Cs
atoms using squeezed vacuum [51], detection of quantum correlations at ultrahigh frequencies using atoms
as nonlinear mixers [52], squeezed excitation in cavity QED [53], and our experiment on generation of
spin squeezed atoms by squeezed light excitation (Ref. [6] and chapter 8 in this thesis). A large number
of theoretical publications on atom-squeezed light interaction exist with the most important listed in
Ref. [53]. However, these calculations often require the squeezed vacuum to occupy a large solid angle in
order to minimize atomic interaction with other unsqueezed vacuum modes. Efficient interaction with a
single squeezed mode can also be achieved with the atom sitting in a cavity pumped by squeezed light.
This was attempted in Ref. [53] but only with a limited success.

Other fascinating experiments with continuous squeezed light includes quantum teleportation [54],
QND measurements [55], and quantum state reconstruction [56, 57].

The electromagnetic field is basically described as a harmonic oscillator (one oscillator for each field
mode). The squeezed states are based on the properties of the harmonic oscillator, and therefore other
quantized harmonic oscillators can be squeezed as well. The motion of an ion in a harmonic potential
can be squeezed as demonstrated in Ref. [58]. The two conjugate variables are the ion position and
momentum. Squeezing of the atomic motion in a harmonic dipole trap is demonstrated in Ref. [59].
Note that this squeezed state of many atoms does not involve any multi-particle entanglement, and it is
not the same as the spin squeezed atomic states discussed later in this thesis. The squeezed state in Ref.
[59] is a pure single atom effect.

In this chapter, we continue with a section about the basic properties of the squeezed states followed
by a brief review of the OPO as a squeezing source and a section on polarization squeezing. In the
last two sections we describe our experimental squeezing setup and present our experimental results on
squeezed probe polarization spectroscopy.

3.1 Basic properties of the squeezed states

An introduction to the squeezed states can be found in many textbooks (e.g. Ref. [42, 60, 61, 62]).
Squeezing is a fundamental concept in this thesis, and a short introduction here is instructive and will
furthermore introduce some of the notation used later on. The starting point is the general expression
for the quantized electric field specified by the polarization e and spatial mode u

B(r)=i /_ T G leu(@,y) a (K) e — etu* (z,y) at (k) e dk (3.2)

k =w/c and ( = \/hw/4meo. The continuous annihilation and creation operators fulfil [a (k) , at (k)] =
0 (k — k). The integral can often be truncated at finite limits given by ko = 7/L. L should be chosen so
that the field amplitude remains approximately constant on length scales shorter than L. We will use
this truncation in the next chapter, where the quantum field is absorbed in a gas of atoms.

The polarization is usually described in a basis of either linear or circular polarizations, and e is the
corresponding unit vector. E (r) is time dependent in the Heisenberg picture through the Heisenberg
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equation for the annihilation operators. The spatial mode is most often the lowest order Gaussian mode.
If the beam diameter 2w is (almost) constant over the dimensions of interest we have

u(z,y) = \/ze’ (2%+v*) /2R o= (2% +y") /0 (3.3)
| [ty wenr=1 [ [dwdy o=

R is the radius of curvature of the Gaussian mode.
In some situations it is convenient to work with discrete annihilation and creation operators defined
as

[
an. = JI]2r / o (k) dk (3.4)

[ak }—1 , kn:nQ—ﬂ-

, n: integer
7 g

The discrete operators are used in e.g. optical resonators where L is chosen as the resonator length, and
kn, = n2xw/L ensures the periodic boundary conditions required for the resonating field. The discrete
operators can also be used for free propagating fields, where we find the usual single mode description
in the limit where L goes to infinity. The physical problem can often be described by the use of only
one discrete mode, and for the rest of this chapter we take @ as the discrete annihilation operator for a
single mode field. The field is normalized so that n = (afa) is the overall photon number in the mode.
The photon flux! for the free propagating field is given by ® = (afa)c/L.

It is convenient to introduce the Hermitian quadrature phase operators X Y which can be measured
in the experiment, instead of the non-Hermitian operators é and a'. X Y and their commutator are
given by

a+ at N a—at
- ) Y )
21

[X, ff] =i/2 (3.5)

We can rewrite a single mode of E in terms of the two quadrature phase operators, where we for simplicity
assume R > w and linear polarization (e = e*)

E(r,t) = 2Cu (z,y) e [Xg sin (wt — kz) — Yp cos (wt — kz)] (3.6)

Here we write the free field time evolution explicitly, and we use the notation Xy = X (t =0), Yo =
Y(t = 0). The equal uncertainties in the two quadratures for a coherent state can be illustrated in a
phasor diagram as shown in Fig. 3.1a. The mean value of the complex field amplitude is represented by
an arrow, and the fluctuations are shown as a ”noise circle” on top of the arrow. The orientation of the
vector or phasor in the diagram is set by the phase 6 of the field. The phasor can be rotated by choosing
e.g. a different time reference. The fluctuations in the X and Y quadratures are for all coherent states
given by the minimum equal uncertainties (AX)? = (AY)? = 1/4.

For a squeezed field the fluctuations in one quadrature are reduced below the standard quantum limit
of 1/4, whereas the conjugate quadrature is antisqueezed so that the Heisenberg uncertainty relation is
still fulfilled. The squeezed state is represented in the phasor diagram by a noise ellipse as shown for
two examples in Fig. 3.1b,c. When the phase between the squeezing ellipse and the mean field is 0° or
180°, we have reduced phase fluctuations as shown in Fig. 3.1b. With a phase difference of £90°, the
fluctuations in the absolute amplitude are reduced below the standard quantum limit; Fig. 3.1c. The

I»Photon flux” does not have an unambiguous meaning in the literature. We use the definition ® = P/hv where P is
the optical power in the mode and hv is the photon energy.
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Figure 3.1: a) Phasor diagram representing the coherent state. b) Squeezed state with reduced phase
fluctuations (0¢). c) Squeezed state with reduced amplitude fluctuations (4 |al).

squeezing in Fig. 3.1b,c is found in the new quadratures X' and Y’ corresponding to a rotation of the
phasor diagram by about 45°.

It is also possible to have a squeezed state with zero mean amplitude. This state is termed squeezed
vacuum, and it can be given a nonzero amplitude by mixing it with a coherent field on e.g. a highly
asymmetric beamsplitter. The orientation of the squeezing ellipse relative to the coherent mean field is
then set by the relative phase of the two modes combined on the beamsplitter.

Mathematically, the squeezed vacuum state is generated from the ordinary vacuum by applying the
unitary squeeze operator [42]

N 1 .
S (z) =exp <§ [2*a® — sz2]> , z=re? (3.7)
The parameter 6 sets the orientation of the squeezing ellipse for the squeezed vacuum state S (2)0) and
r sets the degree of squeezing or noise reduction. The variances of the quadrature phase operators in the
state S (z) |0) are

(€*" cos® § + e " sin” §) (3.8)
(eQr sin? 0 + e~ 2" cos? 9)

We see that for e.g. # = 0 the Y-quadrature is squeezed whereas the X-quadrature is antisqueezed. The
exponent in the squeeze operator looks very similar to the Hamiltonian for a x(® nonlinear process. In
the following section we will see that squeezing can, in fact, be generated by the x(?) parametric process.

3.2 Squeezing from the optical parametric oscillator

We move on with a brief introduction to the most successful source of squeezed light, the optical para-
metric oscillator (OPO). A more thorough treatment of squeezing in the OPO can be found in Ref. [63].
The OPO consists of an optical resonator with a nonlinear crystal as sketched in Fig. 3.2. The OPO
is pumped with a nonresonant strong coherent (classical) pump field at frequency 2w. The pump field
is coupled through the nonlinear medium to modes at frequency wy with w; + w_ = 2w. Here we only
consider the degenerate mode (w+ = w), which is assumed to be resonant in the cavity. The Hamiltonian
for the parametric process is given by

H = hwata — ihg (a%f - a”é) (3.9)
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Figure 3.2: A sketch of the resonator with the x(?) nonlinear crystal which constitutes the OPO. HR:
High reflector for cavity field a at frequency w. T': Output coupler transmission. £: cavity losses except
for T.

g is a real nonlinear coupling strength. a is the discrete annihilation operator for the resonant cavity
mode at frequency w. b is the annihilation operator for the pump field, which we, for the classical
pump, can substitute by its mean value 3. The chosen phase of the nonlinear term in H is found to be
convenient below, but it can in principle be changed by changing the complex phase on 8. The nonlinear
part of H describes parametric down conversion, where one pump photon is annihilated and two photons
at frequency w are generated, as well as the opposite process of second harmonic generation. The first
process will dominate because of the strong pump and the weak field at frequency w.

The time evolution of a is set by the Heisenberg equation together with the dissipation due to cavity
losses and mirror transmissions. For simplicity we consider here the ideal cavity without losses, except
for the output coupler with the transmission T'. The equation for a is

7]
at" = in
= a=2gBal —Ta++/20c/lv

We have introduced the slowly varying operators given by @ = ae?. The first term is the nonlinear

coupling of the pump field and the cavity field. The second term is the decay of the cavity field through the
output coupler, and the last term is the vacuum field coupled into the cavity through the output coupler.
We assume that the cavity output coupler transmission is small so that we can write the amplitude
reflection and transmission coefficients as r = 1 — T'l/c and t = /T = /2T'l/c with r? 4+ > ~ 1. [ is the
cavity length and 2T is the rate at which photons leave the resonator through the coupler. The validity
of Eq. (3.10) is discussed further in Ref. [64].

We can rewrite Eq. (3.10) and its Hermitian conjugate in terms of the slowly varying quadrature
phase operators

a, I—AI} + dissipation (3.10)

X = _T'X 4+ 298X + \/ATe/IX, (3.11)
Y = —TV — 298V + /2Te/IY,

For simplicity we assume the pump field amplitude, 3, to be real and positive and X,,Y, are the
quadrature phase operators for the vacuum mode 0. A nonzero steady-state solution for the mean value
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(X') is found for 8 = ['/2g. This is the condition for parametric oscillation. (3% is proportional to the
pump power, and we can define the pump parameter as o = y/ P/ Py, = 2g8/T, where Py, is the threshold
power.

We continue with the fluctuations for the sub-threshold OPO; i.e. for ¢ < 1. If we apply a Fourier
transform to both sides of Eq. (3.11), we get

o /2¢/ITX, ()

X(@Q) = F Ry (3.12)
- \/2¢/ITY, (Q)
Y= 1+o0+iQ/T

We define our Fourier transform as X () = [ X (t) e **dt, and we use the same notation for an operator
and its Fourier transform except for the argument. Equation (3.12) relates the intracavity quadrature
phase operators to the vacuum coupled into the OPO through the output coupler. The output of the
OPO, which is what we are really interested in, is obtained from the beamsplitter relation used on the
output coupler; X% (Q) = tX (Q) — X, (Q) and similar for Y°%. The first term is the intracavity
field transmitted through the coupler, and the second term is the vacuum field reflected off the coupler
assuming high reflectivity. The minus sign is required for a unitary beamsplitter. The quadrature phase
operators X% and Y% are related to the number of photons in the mode, which depends on the
quantization length L chosen for the free propagating field. It is convenient to introduce new operators
that are independent of the quantization length and related to the photon flux. These operators are
defined as X°U (Q) = \/c/LX°% (Q) and Yo (Q) = /c/LY 4 (Q).

The spectral density of fluctuations (or noise power) for the output quadrature phase operators is
now given by?

= Ry ()

(xut); - % _oo(péout () X ())d = = (3.13)
(yout); _ Rf4(9)

fa () = (1 o f-g(a T 1)2>

We have used that the vacuum fluctuations in the o-field are delta-correlated with (X,)3 = 1/4. This
follows from the commutation relation for the free fields in the Heisenberg picture

(), at ()] ~ éé(t _ (3.14)

[a(Q),a ()] ~ %ms Q+Q)

These commutation relations follow from Eq. (3.4) and the Heisenberg equation for a = ae~ ™!, and
they become exact in the limit of small L.

¢in Eq. (3.13) is a parameter used later on to include imperfections like losses in the squeezing path,
cavity losses etc. For the ideal OPO considered so far we have £ = 1. We see from Eq. (3.13) that
the fluctuations in the Y quadrature at frequency 2 are reduced below the vacuum fluctuations (or shot
noise) and hence the Y quadrature is squeezed. On the other hand, the X fluctuations are above the
vacuum noise level and this quadrature is antisqueezed. The functions Ry () give the noise level of the

2The spectral density of i, which is measured by the spectrum analyzer, was introduced in Eq. (2.19) as |i (Q)|?.

However, this quantity is divergent if ¢ is a stationary random process. If the process is truncated by setting i (¢) = 0 for
. 2

[t| > T, then we can define a spectral density by (i)3, = limp_ % This definition is equivalent to Eq. (3.13) with

Xout instead of i [42].
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squeezed and antisqueezed quadrature relative to the shot noise level. The mean values (X°), (Yout)
are zero, and the OPO output is a squeezed vacuum state. The effect can be compared to the degenerate
optical parametric amplifier, where a classical field is injected into the resonator through the output
coupler. The output of the cavity is then either amplified or reduced in power, depending on the relative
phase between the pump field and the injected field. With the subthreshold OPO we inject ordinary
vacuum, and the OPO amplifies or reduces the vacuum fluctuations in a given quadrature, depending
on the pump phase.

The squeezed vacuum from the OPO is not squeezing in a single mode. Instead we see from Eq.
(3.13) that correlations between modes displaced by +Q with respect to half the pump frequency are
responsible for the noise reduction at frequency 2. The physics behind the noise reduction is down
conversion of a pump photon at frequency 2w into a pair of photons at frequency w + Q. Energy
conservation requires that the phases of photons at w + 2 add up to a phase set by the pump photon.
The down converted photons are thus pair-wise phase locked at the quantum level, and the sum of their
quadrature fluctuations will either add or cancel depending on the quadrature. The minimum squeezing
bandwidth is set by the HWHM cavity bandwidth T'. Even for a moderate pump parameter of o = 1/2,
the ideal OPO produces 89% or 9.5dB noise reduction at frequencies Q < T'.

In the experiments we do not measure the quantum noise in terms of variances. Instead we measure
the spectral density fluctuations of the relevant observable integrated over a narrow resolution bandwidth
around a frequency 2. We choose /27 to be a few MHz so that we are free of the low frequency technical
noise of the laser.

Any losses in the squeezing path will degrade the squeezing. Losses can be modelled by a beamsplitter
that couples out quantum correlations and couples in vacuum fluctuations. Imperfect spatial mode
matching of the OPO squeezed vacuum output and the coherent field will also reduce the observed noise
reduction. These imperfections can be included in the & parameter as [63] £ = &2, &e&peee. Ene is the
homodyne efficiency or the visibility of the spatial mode matching of a coherent field and the squeezed
vacuum. g is the quantum efficiency of the detectors used to measure the field fluctuations. Silicon
based photodiodes can have quantum efficiencies of more than 98% in our wavelength range (850nm-
920nm). &, is the propagation efficiency from the OPO output to the detectors. &pe is set by the losses
on mirrors, windows, polarizing optics etc. Finally, &, is the OPO escape efficiency related to the OPO
losses, L, apart from the output coupler transmission T'. & is the probability that a photon in the cavity
eventually escapes through the output coupler; &. = T/(T + £). The extra cavity losses also modifies
the cavity linewidth to T' = ¢ (T + £) /21.

The intracavity photon number in the a-mode is [63] (afa) = 02/(2 — 202). For a typical pump
parameter of o = 1/2, an output coupler transmission of 7' = 0.10, and a cavity length of 50cm we get a
power of about 2pW in the free propagating squeezed vacuum field at 850nm. This power level is many
orders of magnitude smaller than the typical laser power used in atomic spectroscopy, and the squeezed
vacuum photon flux can be neglected when the squeezed vacuum is combined with a coherent field.

3.3 Polarization squeezed light

In the discussions in the previous sections, only one polarization of the electromagnetic field was consid-
ered. However, it is possible to have the nonclassical correlations of squeezed light distributed over two
orthogonal polarizations. This is easily seen if we take our squeezed light in one polarization (e.g. linearly
polarized along z) and rotate our linear basis by 45°. In the new basis we need both the component at
+45° and the component at —45° in order to fully describe our squeezed field polarized along z. Hence,
in the new basis the correlations are distributed over two orthogonal polarizations.

In certain situations it is not only possible, but also necessary to describe the field using two orthogonal
polarizations. An example is shown in Fig. 3.3; a strong coherent (classical) field polarized along x and
a squeezed vacuum field polarized along y are overlapped in the same spatial mode propagating in the z
direction. The overlapping is easily done on a polarizing beamsplitter (used to combine the fields rather
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Figure 3.3: A picture of a classical field which is polarized along x and overlapped with a squeezed vacuum
field polarized along y. a) The squeezed vacuum fluctuations are out of phase with the classical field. The
direction of polarization is squeezed (small fluctuations ). b) The squeezed vacuum fluctuations are in
phase with the classical field. The ellipticity is squeezed and the direction of polarization is antisqueezed

(large 6v)).

than splitting them). The interesting cases are when the relative phase between the squeezed vacuum
fluctuations and the coherent field is either £90° (Fig. 3.3a) or 0,180° (Fig. 3.3b). In the first situation we
see, as illustrated in the figure, that the orientation of the electric field vector is well defined corresponding
to small fluctuations in the direction of the linear polarization (d¢ in the figure). Figure 3.3a thus
represents a polarization squeezed state, where the fluctuations in the (linear) polarization direction is
below the standard quantum limit (SQL). The SQL corresponds to ordinary vacuum fluctuations in the
y-polarized mode. In the second situation we have large transverse fluctuations at the coherent field
antinodes. The field polarization direction is then poorly defined and hence antisqueezed.

The interpretation of the squeezing in Fig. 3.3b is difficult in a linear basis. However, in a circular basis
(0%, o~ polarizations) the well defined polarization direction corresponds to a well defined relative phase
between the two circularly polarized components. Figure 3.3b represents a state with equal intensities in
the two circular polarizations. Taken separately the intensities will fluctuate, but the intensity difference
is very stable.

The fields described here look a lot like the twin-beams [65], where the intensity fluctuations in
two modes are strongly correlated with the noise in the intensity difference below the SQL. The states
discussed here are, however, not twin-beams. The individual intensities in the twin-beams do not have
their noise level below the SQL. In the polarization squeezed states discussed here, the two intensities
taken separately do fluctuate less than the SQL, but the maximum noise reduction within a single
polarization is only 3dB. The noise in the difference can ideally be completely suppressed. The correct
analogy is the 50/50 beamsplitter in an ordinary squeezed field. Correlations exist within each of the two
beamsplitter outputs, but correlations also exist between the two outputs. In the polarization squeezed
states the modes are separated in polarization (o, 07) and not spatially as with the 50/50 beamsplitter.

A more quantitative characterization of the polarization state can be given by introducing the Stokes
parameters. The Stokes parameters are used to describe the polarization state of a classical field [32],
but they can also be used for quantized modes of the field [66]. The four Stokes parameters are defined
as
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So =i = aka, +ala_ (3.15)
Si =28, =ala_ +alay =ala, —ala,
$ =28, =i(ala, —ala ) =alaw - alay

T

+

The indices +—, zy and z'y’ refer to the chosen basis (circular, linear z — y and linear £45°) for the
particular mode operator. Sy = # is the overall number of photons. In a basis of orthogonal linear
polarizations along z and y, we see that Sy is the difference between the photon numbers in the two
linearly polarized components. S is similar to S; except that the linear basis z’ — y' is rotated +45°
with respect to the x — y basis. Ss is the difference between the photon numbers in the right- and left
hand circularly polarized components of the field. Instead of the Stokes parameters directly, we will often
concentrate on the parameters S’I, S'y and S.. These components fulfil the equal time angular momentum
commutation relation [S,, S’y] = iS. together with the relations obtained by cyclic permutations of the
indices. We can then consider S’m, S’y and S, as the three components of an angular momentum or
spin for the field (Stokes spin). For completeness, we have included the expression for the square of the
angular momentum operator (52).

In the experiments we cannot measure the Stokes spin components directly since they depend on the
chosen quantization length (L). Instead we measure the power of the field, which in units of photons per
second corresponds to the observables Sz,yyz = %S’Iyz

A polarization squeezed state of light can be generated by combining a strong coherent field polarized
along = (aye') and the squeezed vacuum output of the OPO polarized along y (&,) on a polarizing
beamsplitter, (see PBS1 in Fig. 3.4). The photon flux in the coherent field is given by ® = £ [(az)]?. 0 is
the relative phase between the two fields. Calculation of the Stokes parameters in the x — y basis involves
products like e?a,al = e ((a,) + da,) al. We define the fluctuating quantity 6, as da, = ap — (de)-
By a strong coherent field we mean that (§a2) < (@,)?, and the operator product can be linearized to
give ew(dw)dz. With this linearization it is straight forward to get

S, () =Ve (péout (Q) cosf + YU (Q) sin 9) (3.16)

Xout yout are the quadrature phase operators for the OPO output from Eq. (3.13). From the previous
section we know that X°“ ~ X, and Y°“ « ),. Since the vacuum fluctuations are uncorrelated
(X Dy + Vo X,) = 0) we find that (XUt (Q) Yout (Q') + Yout (') X°ut (Q)) = 0, and the spectral density
for Sy is (together with the other Stokes components) found to be

, <3y> = <S> —0 (3.17)
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Figure 3.4: Schematic picture of the squeezing setup consisting of the cavity for second harmonic gen-
eration (SHG), the blue reference cavity, and the OPO producing the squeezed vacuum. Polarization
squeezed light is generated at the polarizing beamsplitter PBS1 by adding a coherent field and the
squeezed vacuum in orthogonal polarizations. The relative phase between the two fields is adjusted by
the piezo-mounted mirror M. The spatial mode of the coherent field is cleaned in a mode cleaning
cavity. The half-wave plate, PBS2 and the two photodetectors produce a differential photocurrent which
is proportional to the Stokes spin Sy The quantum fluctuations in Sy are analyzed on the spectrum
analyzer.

We define a polarization squeezed state as a state with the fluctuations in one of the three Stokes
spin components below the standard quantum limit set by the coherent state. The example in (3.17) is
polarization squeezed for any 6 as long as o > 0. The situation in Fig. 3.3a corresponds to squeezed
Sy, whereas S, is squeezed in Fig. 3.3b. As discussed later in this thesis (chapter 5), a spin state with
fluctuations in one component reduced below the standard quantum limit is a spin squeezed state.

3.4 Experimental squeezing setup

Our squeezed light source can run in the wavelength range between 850nm and 920nm. The 917nm
wavelength is used in the squeezed probe polarization spectroscopy experiment discussed in the following
section. In the spin squeezing experiment, which is the principal work in this thesis (Chapter 8), we run
at 852nm. The construction of the squeezing source and its characterization around 917nm is discussed
in great detail in Ref. [67]. A similar squeezing setup is presented in Ref. [47, 45]. In this section we give
an overview of the setup and compare the parameters at 852nm and 917nm. Although the setup was
completely rebuilt when we went from 917nm to 852nm, the geometry, mirrors, and crystals for the two
main parts of the setup (doubling cavity and OPO) are identical for the two setups®. The parameters
given below are for 852nm unless otherwise stated.

The setup is outlined in Fig. 3.4. A powerful Ti:Sapphire laser (Microlase MBR-110) drives the
squeezing source. About 600mW of the IR laser output pumps a doubling cavity used for second harmonic
generation. The doubling cavity is a four-mirror ring resonator with a x(*) nonlinear crystal between

3This rebuilding was not required by the change in wavelength, but we had to move and compress the squeezing setup
in order to get room for a second Ti:Sapphire laser (home-made) on the optical table.
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the two curved mirrors (radius of curvature 5cm). The nonlinear crystal is KNbOg, which can be non-
critically phase matched at around 5°C (130°C @ 917nm). The IR light is coupled into the resonator
through an input coupler with a transmission of 10.7% (7.3% @ 917nm). The three other mirrors are all
high reflectors at the IR wavelength,. but transmit about 80% of the blue second harmonic field (slightly
higher transmission at 917nm). Optimum focusing of the IR field in our 10mm long crystal requires a
waist of about 15um [68], and the cavity geometry is adjusted accordingly. The doubling cavity can
give an output of up to 200mW blue light (300mW at 917nm). A doubling efficiency of 80% has been
reached at 917nm, but the performance at 852nm is not quite as good. The mirrors and crystal are
broadband coated but centered around 920nm. This partly explains the inferior performance at 852nm.
Another limiting factor is the blue-light-induced infrared absorption (BLIIRA) present in KNbOg3 [69].
The blue light generated by the second harmonic process in the crystal induces losses for the IR pump
field. The BLIIRA is smaller at large wavelength (higher phase matching temperature) [70], and this
also contributes to the superior doubling efficiency at 917nm.

The OPO cavity is a ring resonator similar to the doubling cavity, except that the cavity length is
shortened by using mirrors with 2.5cm radius of curvature. The short cavity is chosen because it increases
the squeezing bandwidth (Eq. (3.13)). The OPO is pumped by the blue light from the doubling cavity
and produces a squeezed vacuum field as described in the previous section. It is important that the
spatial mode of the blue pump field is well matched to OPO cavity. However, the blue light is not
resonated in the OPO, and hence the mode matching is not trivial. To circumvent this problem we
pump the OPO with IR light through the output coupler and let the OPO generate blue light. This
generated blue field is in the spatial mode that should be used for pumping the OPO. The blue OPO
output is matched from one side to a blue reference cavity (see Fig. 3.4). We then match the blue output
of the doubling cavity to the same reference cavity, but from the other side. Now the blue field reflected
off the reference cavity goes into the correct mode for pumping the OPO. The estimated mode matching
of the blue to the OPO is mm®3? = 0.72 with 80% from the doubling cavity to the reference cavity and
90% from the OPO to the reference cavity. For 917nm we estimate mm®'" = 0.85. The typical blue
power used for pumping the OPO, when mode matching (0.72), blue transmission through curved mirror
(0.80), and reflection and bulk losses in crystal (0.91) are taken into account, is about 70mW at 852nm.
The effective pump power is about 130mW at 917nm.

The nonlinearity of the KNbOg crystal is specified in terms of the nonlinearity Eny, defined through
the relation P, = ENLPj. Py, is the single pass generated second harmonic power for a pump power
of P,. In the OPO we measure ER? = 1.6%W ! (E{}] ~ 0.5%W'). The inferior nonlinearity
at 917nm is not well understood, but our measurements indicate that the nonlinearity suffers at the
increased temperature. On the other hand, the cavity round trip losses at 852nm are somewhat higher;
£8%2 = 22% +0.3%. £82 includes about 1.3% BLIIRA at 70mW blue pump power, but excludes the
output coupler transmission 7%°? = 10.7%. The numbers for 917nm are £'7 = 1.2% including 0.7%
BLIIRA. The pump threshold for the OPO can be calculated to be [71] Py, = (T + £)* /(4ENL), and
we find P5? = 260mW and P} = 360mW. The corresponding pump parameters are 052 = 0.52 and
%17 = 0.60.

The imperfections quantified by the {-parameters are dominated by the escape efficiencies &
1852/ (T852 + £82) = 0.83 and &2!7 = 0.86. The other parameters are homodyne efficiency (£852 =
0.96, &)L7 = 0.98), detector quantum efficiency (522 = 0.98, £)17 = 0.99 - factory specifications), and
propagation efficiency from the OPO to the detectors (522 = 0.91, £)1” = 0.90). The large propagation
losses come from imperfect polarization optics, windows and mirrors*.

The length of the OPO is about 20cm and the corresponding HWHM cavity linewidths are ['8%? /27 =
£ THL = 15MHz and I'°'7/27 = 10MHz. The bandwidth of the squeezing spectra is given by I' (1 + o),
which for our o ~ 0.5 gives a squeezing bandwidth about 50% larger than the cavity linewidth.

From Eq. (3.13) we can calculate the expected squeezing/antisqueezing at our /27 =3MHz detection
frequency. We get for the 852nm setup R¥? (€2) = 0.40 (—4.0dB) and R%>? (Q) = 6.3 (+8.0dB). For the

852 _
ee

4One of the mirrors in the 852nm setup is the surface of a gold coated mechanical chopper wheel. The use of this
chopper wheel is discussed in Chapter 8. Here we just note that the reflectivity was measured to be 95%.
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917nm setup the numbers are: R?!7 () = 0.33 (—4.8dB) and R'7 () = 8.1 (+9.1dB).

To generate the polarization squeezed light, we must overlap the squeezed vacuum output of the
OPO with a coherent field in the orthogonal polarization. This is done on the polarizing beamsplitter
PBSI1 in Fig. 3.4. The spatial mode of the coherent field is cleaned in the mode cleaning cavity for
better homodyne efficiency. The half-wave retarder, in front of the mode cleaning cavity, ensures that
the coherent field and the squeezed vacuum have orthogonal polarizations on PBS1. The spatial modes
of the fields are overlapped by injecting a coherent IR field into the OPO without the blue pump field.
The transmission of this IR field is in the same spatial mode as the squeezed vacuum output. The overlap
of the two modes on PBS1 is measured by mixing the two polarizations with a half-wave retarder and
a second PBS. The interference fringe is monitored as the relative phase (or path length difference) is
scanned by the mirror M, mounted on a piezoelectric transducer (PZT) (Fig. 3.4).

The output of the Ti:Sapphire laser is frequency modulated at 20MHz with an electro-optical mod-
ulator. The modulation is used for locking the doubling cavity and the OPO at resonance by standard
FM techniques [72]. A weak IR field used for locking is injected into the OPO through one of the high
reflectors. The locking field and the generated squeezed vacuum field are counterpropagating in the
resonator. Ideally, none of the locking field leaves the OPO in the same spatial mode as the squeezed
vacuum. However, the normal cut KNbOj3 surfaces reflect a small fraction of the locking field into the
opposite direction. Therefore, a very weak coherent field of about 50nW is present in the squeezed vac-
uum output. This coherent component can be neglected as long as the squeezed vacuum is mixed later
on with a much stronger coherent field.

The mode cleaning cavity is locked in transmission on the side of a fringe. In this way a feedback to
the cavity length ensures a constant intensity of the transmitted field. In the experiments later on, it
is important with good long term stability. We use the mode cleaning cavity to obtain a clean spatial
mode as well as to compensate for the slow intensity fluctuations of the Ti:Sapphire laser.

The noise properties of the polarization squeezed state, generated on PBS1, is analyzed in the polar-
ization interferometer consisting of PBS1, PBS2 and the half-wave retarder in between (Fig. 3.4). The
differential photocurrent i_ from the photodetectors PD1,2 is proportional to the Stokes spin component,
Sy, defined with respect to the polarizations at PBS1, when the half wave retarder rotates the horizontal
and vertical polarizations by 45°. The two photodetectors are the same 3.0MHz detectors as in section
2.4.1, except that the bandwidth is reduced to 180kHz. The noise equivalent power for both detectors is
consequently reduced to about 254W. The spectral density of the photocurrent fluctuations is given by

(i-)g = 4€°g°(S,)) (3.18)

e is the elementary charge, g is the detector gain, and we have assumed unity quantum efficiency. In
practice, the spectral density is normalized to the coherent state fluctuations, and detailed knowledge
about e2g? is not necessary. Replacing the half-wave retarder with a correctly oriented quarter-wave
retarder gives i_ S., whereas no retarder gives i_ Sa (the last option is less interesting as it always
gives the shot noise level, see Eq. (3.17)).

Fig. 3.5 shows the photocurrent fluctuations ((z_)?2 x (8,)3) measured with the 852nm setup.
The measurement is carried out with the spectrum analyzer (SA, Anritsu MS710A) set at frequency
/27 = 3MHz and with zero span. The SA integrates the spectral density over a resolution bandwidth
of 100kHz, and the sweep time is about 60ms. Curve a is the shot noise level with the squeezed vacuum
path blocked. The laser output is checked to be shot noise limited at the actual detection frequency and
power by doubling the power in the coherent field and observing a noise increase of 3dB, as expected for
shot noise limited light. In curve b the relative phase between the coherent field and the squeezed vacuum
is scanned by means of the PZT mounted mirror (M, in Fig. 3.4). We observe the phase sensitive Sy
noise going below and above the shot noise level in accordance with Eq. (3.17). The electronic noise
(detector noise) for these measurements is about 12dB below the sum of electronic noise and shot noise
of light. We have subtracted the (small) electronic noise background in the graphs in Fig. 3.5. The
nonlinearity of the horizontal axis in Fig. 3.5 is caused by phase drifts during the scan. The dotted
line on top of curve b is a fit to Eq. (3.17) taking the dB scale, the known ratio /T, and the slightly
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Figure 3.5: Noise in the differential photocurrent (z_)?2 x (S,)3 measured with the 852nm setup. a) The
shot noise level. b) Phase sensitive noise with a scanned optical phase. The dotted line is a theoretical
fit to Eq. (3.17) allowing for a slightly nonlinear scan and taking the dB scale into account. Parameters
from the fit: o = 0.57, £ = 0.56. ¢) Squeezing with the phase actively stabilized. d) Antisqueezing with
stable phase. Resolution bandwidth: 100kHz. Averaging time for c) & d): about 10 sec. The reference
for the vertical dB scale is the coherent state shot noise.

nonlinear scan into account. The result of the fit gives o = 0.57 and & = 0.56. This indicates that e.g.
the propagation losses are somewhat higher than expected. One parameter that we did not measure is
the direction of polarization for the squeezed vacuum output. If the KNbOj crystal is tilted in the OPO,
the squeezed vacuum polarization and PBS1 will be misaligned and hence losses are introduced.

In order to have stable squeezing, it is important that the relative phase 6 between the squeezed
vacuum field and the coherent field is actively stabilized. This is done by dithering the phase at 2kHz
using the PZT mounted mirror. The classical differential photocurrent is split into two parts; one goes to
the SA used for monitoring the Sy noise, and the other goes to a home-made SA. A lock-in amplifier with
the output of the home-made SA as the signal input and the 2kHz modulation as the reference provides
an error signal with zero crossings when the measured noise (L)?z is at a maximum or a minimum. A
low frequency feedback loop to the same PZT mounted mirror compensates fluctuations in the phase 6.
The home-made SA is build around a mixer, where the differential photocurrent goes into the RF input
and an external function generator delivers the LO input (around ). The mixer output is subsequently
squared electronically and then filtered by a low-pass filter. The principles behind the spectrum analyzer
are discussed in more detail in Appendix E.

In Fig. 3.5 we show as curve c and d the observed polarization squeezing and antisqueezing at 852nm
with the phase 6 actively stabilized. All data in Fig. 3.5 correspond to the same parameters and are
taken within a few minutes. The values for the squeezing and antisqueezing with stabilized phase are
-3.0dB and +7.9dB - quite close to the minimum and maximum of -3.1dB and +8.2dB from the fit to
curve b.

The squeezing at 852nm is clearly limited by the propagation and intracavity (BLITRA) losses. The
pump parameter is large enough for very strong squeezing. The squeezing can be improved by the use of
better optics, but for the spin squeezing experiment this is hardly worth the effort. The efficiency of map-
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ping the quantum correlations of light onto atoms is very low as we will see in chapter 4. Consequently,
this low mapping efficiency and not the degree of polarization squeezing will be the main limiting factor
in the spin squeezing experiment.

At 917nm we measure -3.1dB squeezing and +7.8dB antisqueezing in the polarization interferometer
setup. Also these numbers are somewhat smaller than expected theoretically. In a balanced homo-
dyne detection using a 50/50 beamsplitter, we measure close to 5dB of squeezing at 917nm with the
improvement due to very low propagation losses (£).7 = 0.99). The 852nm setup is clearly limited in
performance by the BLITRA. Increasing o further by stronger pumping just increases the BLITRA, and
hence the escape efficiency suffers. At 852nm we measure a decrease in the squeezing when the effective
pump power is increased above the typical 70mW. The advantage of the 917nm setup with respect to
low BLITRA is more or less cancelled by the reduced nonlinearity. With the optics optimized specifically
for 852nm and for a good crystal and very low propagation losses, it should be possible to reach -6.0dB
of squeezing as demonstrated in Ref. [45].

3.5 Sub-shot noise polarization spectroscopy

We now employ our polarization squeezed light at 917nm together with our cold trapped atoms in
the MOT in a spectroscopy experiment with sensitivity beyond the standard quantum limit. The first
demonstration of improved sensitivity in a polarization interferometer utilizing squeezed light is given
in Ref. [73]. Here the authors place a Faraday rotator with an applied oscillating voltage inside the
polarization interferometer. The Faraday rotator produces a signal, which is measured with 1.8dB
improved sensitivity when the squeezed light is applied. In the present experiment we use a cold atomic
gas as the anisotropic medium. The atoms respond only to a resonant probe field, and the tunability of
our squeezing source is therefore important.

The squeezing setup is similar to Fig. 3.4 where the polarization squeezed field between PBS1 and
PBS2 now passes through the atomic sample. The setup is also equivalent to Fig. 2.4 with the squeezed
vacuum field injected into the empty port of PBS1. In this experiment we use the diode laser for atom
cooling and trapping. Just as in the previous chapter, we use double-optical resonance with the trapping
beams present all the time and probing on the 6P/, F' = 5 — 6D;5/,,F = 6 transition. We detect
the spectral density of the differential photocurrent on the spectrum analyzer as the frequency of the
polarization squeezed light is scanned across the 917nm atomic resonance. The squeezed probe is scanned
in frequency by scanning the laser driving the squeezing source. The SA works in zero span mode at
the fixed frequency /27 = 3.0MHz. In order to observe an atomic signal at 3.0MHz, we modulate the
atomic sample. The atoms are modulated by applying intensity modulation to one of the horizontal
trapping beams. The squeezed probe field propagates along the z-axis at a small angle with respect to
the horizontal trapping beams. The modulation of the trapping light results in a modulated imbalance
in the intensity of the two circularly polarized components of the trapping field. An imbalance in
circular polarizations results in nonzero orientation ((£.)) in the 6P; s2F =5 state. Consequently (F.)
is modulated at 3.0MHz, and from Eq. (2.16) we expect to observe a modulation or a signal in the
differential photocurrent at 3.0MHz when the probe field approaches the 917nm resonance.

The observed signals are plotted in Fig. 3.6. Curve a is a measurement with the squeezed vacuum
path blocked (coherent state probe). Near resonance we observe the atomic signal whereas the noise
level off resonance is set by the coherent state shot noise. Curve b is a similar measurement, except that
we now employ the polarization squeezed probe. The off resonant noise level is now set by the reduced
Sy noise with the optical phase between the squeezed vacuum and the coherent field actively stabilized
to # = w/2. The home-made spectrum analyzer, used for locking the optical phase, is now analyzing the
photocurrent fluctuations a few hundred kHz away from the 3.0MHz modulation frequency. The atoms
are modulated only within a narrow bandwidth around 3.0MHz, and the phase locking signal is therefore
not influenced when we scan across the atomic resonance. Curve c is the electronic noise when no light
reaches the detectors.
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Figure 3.6: Polarization spectroscopy on atoms with sub-shot noise sensitivity. a) Coherent state probe.
b) Polarization squeezed probe for increased sensitivity. c¢) Electronic noise level. The data are taken
with a resolution bandwidth of 30kHz. The reference for the dB scale is the sum of the coherent state
shot noise plus the small amount of electronic noise.

The peak from the atomic signal plus shot noise is for the coherent state probe measured to be 4.8dB
above the shot noise level. The corresponding signal-to-noise ratio (S/N) is given by S/N = 10%:8/10 —1 =
2.0. For the polarization squeezed probe we infer a signal-to-noise ratio of S/N = 3.9. We see that the
use of a polarization squeezed probe increases the S/N by a factor of 2.0. This is close to the S/N
increase of 1.8 that we expect from the —2.5dB of squeezing available in this experiment. We attribute
the discrepancy to drifts in the amplitude of the atomic signal.

It is in this experiment, as well as in most experiments demonstrating sub-shot noise sensitivity,
important that the probe optical depth is very small. For an appreciable absorption, the propagation
efficiency (§,¢) will suffer, and the probe field will be less squeezed on resonance. The reduced squeezing
on resonance is difficult to distinguish from the true atomic signal, and one may arrive at the (false)
conclusion that the increase in S/N is larger than predicted by the actual degree of squeezing. In the
present experiment we have a resonant optical depth below 3%, and the effect of reduced squeezing at
resonance can safely be neglected for the moderate squeezing of —2.5dB.
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Figure 3.7: A picture of the setup used for generation of squeezed light around 852nm. The doubling
cavity (SHQG) is placed inside the plastic box to the right. The generated blue light pumps the OPO in
the plastic box to the left. The blue reference cavity is located behind the doubling cavity. The Ar-ion
laser pumping the Ti:Sapphire laser is seen in the background.



Chapter 4

Mapping the quantum state of light
onto atoms

We move on with a theoretical chapter about mapping of the quantum state of light onto an ensemble
of multi-level atoms. The idea is that the quantum correlated photons in a nonclassical state of light
are absorbed in an optically thick atomic gas and thereby generate quantum correlated or entangled
excited state atoms. By entanglement we mean that the quantum state is non-separable, i.e. it cannot
be written as a product of single atom states. This quantum state mapping is interesting from, at least,
two different viewpoints.

As we know from the squeezed light theory, multiparticle entanglement can be used to reduce quantum
fluctuations in certain observables. This is useful in spectroscopy experiments as we have demonstrated
with squeezed light in the previous chapter. In some experiments the obtainable signal-to-noise ratio is
limited by the quantum noise of uncorrelated atoms. We will give an example of that in chapter 7. A
more persuasive example is the state of the art atomic fountain clock, which is limited in stability by the
atomic projection noise from uncorrelated atoms [1]. The frequency stability of the atomic clock can be
improved by utilizing quantum correlated atoms as discussed in Ref. [74, 75].

The other point of view comes from quantum information. Atoms can be used to store qubits by
utilizing long-lived internal states. Photons are the obvious carriers when quantum information is to
be transferred from one ”quantum memory cell” to another. This approach is discussed theoretically in
Ref. [7], where single atoms in cavities act as the quantum memory, and information is transferred by
coupling the cavities via an electromagnetic field (photons). The cavities are, in this approach, required
for efficient interaction between atoms and photons. Here we follow a different strategy. We do not
require strong interaction between the field and a single atom. Instead we use a large number of atoms
to ensure complete transfer of the quantum state of a freely propagating continuous wave light beam.
Although we in this thesis limit the mapping discussion to the squeezed states of light, other nonclassical
states may be mapped in a similar way as shown in Ref. [8]. A very recent proposal involves mapping
of the quantum states of travelling light waves onto collective states of atoms in a cavity by utilizing
an adiabatic transfer technique [76]. This proposal does not require high-Q cavities, but it relies on
strong coupling to the collective atomic variables of a large ensemble of atoms. It is a proposal in the
intermediate regime between the "high-Q cavity - one atom” approach of Ref. [7] and our "no cavity -
many atoms” approach.

Even if we disregard the two motivating viewpoints above, the manipulation of atoms and photons
at the quantum level is basically interesting physics, and our interests in the subject do not even need
possible applications in order to be justifiable.

One of the first publications on transferring of the quantum state of squeezed light onto an ensemble
of two-level atoms comes from G. S. Agarwal et al. in 1990 [77]. Their calculations do predict generation
of entangled atoms and squeezing of a collective spin component. However, the premises for their

39
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calculations are difficult to comply with experimentally. It is assumed that all atoms see the same
squeezed vacuum mode, and that no unsqueezed (normal) vacuum modes interact with the atoms. This
is the ”large solid angle”-problem mentioned in the introduction to chapter 3. In the same introduction
we note that the ”large solid angle”-problem perhaps can be circumvented by using a cavity to enhance
the squeezed light interaction. Even more problematic is the assumption that all atoms are contained
within a volume much smaller than A3, where X\ is the wavelength of the atomic resonance frequency.
This requirement comes from the two non-degenerate atomic levels, which constitute the upper and
lower levels in the dipole coupling to the electromagnetic field. The multiparticle entanglement involves
correlations between the dipole moments of different atoms. An effective dephasing takes place and ruins
any correlations when the atoms are distributed over a volume larger than A3, since the phase of the
dipole oscillations is set by the spatially dependent phase of the excitation field (e?*).

An improved proposal in terms of experimental feasibility is presented in Ref. [9]. Here the atomic
correlations are related to two degenerate excited atomic states, and this degeneracy removes the A3-
volume problem. Furthermore, the squeezed excitation field is propagated through the atomic medium
without assumptions about tight focusing and consequently no ”large solid angle”-problem. The effect of
the unsqueezed vacuum modes is reduced to a decay of correlations, which limits the spin noise reduction
to 50% of the standard quantum limit set by the fluctuations of uncorrelated atoms. The results of Ref.
[9] are the starting point for our spin squeezing work.

A closely related proposal involves complete absorption of twin-beams in an atomic gas of three-level
atoms [78]. The effects are very similar to those in Ref. [9], and the twin-beam theory is much simpler
and easier to understand intuitively.

We consider in this thesis the entangling of a large ensemble of atoms through the light-atom mapping,
with this chapter presenting the theory behind the experiment in chapter 8. The results presented here
are generalizations of the work in Ref. [9]. We allow for an arbitrary polarization squeezed excitation field,
and we generalize to Zeeman degenerate atoms with the squeezed light interactingon a F' — F' = F +1
transition. The results of Ref. [9] are restricted to the three-level system with F' = 0 and a specific
polarization squeezed state of the excitation field. For simplicity, we assume that the atoms in the ground
state F' are unpolarized. In chapter 6 we will discuss the readout of the atomic quantum correlations; a
subject which is only superficially treated in Ref. [9].

This chapter is organized as follows: In the first section we introduce the notation and the equations
that drive our system of atoms and fields. In the second section we consider mapping of the Stokes spin
component S. onto the collective excited state atomic spin component F The third section includes
the calculation of mapping of the Stokes spin components S, and S onto the atomic variables F’2 F’2

and F;F; + F;F;. We end this chapter with a few comments on the applied linearization approach.

4.1 The fundamental equations

The physical system, which we investigate in this theoretical chapter, consists of a Gaussian mode
quantum field and a sample of Zeeman degenerate atoms (Fig. 4.1). The quantum field is in a polar-
ization squeezed state. This means that the field description includes both circular polarizations with a
monochromatic coherent (classical) component at the carrier frequency wg on top of a broad band, zero
mean quantum field. The internal level structure of the atoms is shown in Fig. 4.1b. The total angular
momentum of the ground and excited state is respectively F and F' = F + 1. The atomic ground
and excited state couple to the quantum field through the dipole interaction. The atomic resonance
frequency is given by w,, and we will assume that the carrier of the excitation field is at exact resonance;
wq = wp. The coherent component of the excitation field is assumed to be small compared to the atomic
saturation intensity, so that the excited state population is much smaller than the ground state popu-
lation at all positions within the atomic cloud. Furthermore, to simplify the equations for propagation
of the quantum field in the atomic medium, we take the atomic ground state to be unpolarized. The
calculations are also simplified by the assumption that the characteristic length scales are well separated,
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Figure 4.1: a) The freely propagating quantum field with a Gaussian transverse mode is (almost) com-
pletely absorbed in a cloud of cold atoms. By this process the quantum properties of the field are
transfered to the atomic sample. b) The atomic level scheme with the Zeeman degenerate ground and
excited state. F', F' are the total angular momentum quantum numbers and a4 are the field amplitudes
of the two circular polarizations of the quantum field.

ie. A< L ~6V/3 « L' <1. Xis the wavelength of the atomic resonance. L is a length, which sets
the number of modes included in the expansion of the quantized electromagnetic field. L' is the charac-
teristic length scale for changes in the amplitude of the quantum field due to absorption or dispersion
in the atomic medium. 6V is a small volume used in the definition of continuous atomic operators. [
is the ”length” of the atomic cloud (see Fig. 4.1a). Finally, we assume that the transverse size of the
atomic cloud is larger than the diameter of the Gaussian mode quantum field. The theory is based on
the Heisenberg-Langevin equations [79] for the field and the atomic operators. We will linearize these
equations (similar to e.g. Ref. [9, 80, 81, 82]) and arrive at an analytic expression for the fluctuations
in the collective (i.e. summed over all atoms) excited state observables F., FI2 — ﬁf and ﬁ';ﬁ; + ﬁ;ﬁé
These fluctuations will be expressed through the fluctuations in the Stokes parameters of the quantum
excitation field. The starting point for the calculations is the Hamiltonian for the system of atoms and
fields, which we derive in the following subsection.

4.1.1 The Hamiltonian

The excitation field is propagating along the z-axis (quantization axis) with a transverse spatial mode
function u (z,y). The expression for the excitation field in the basis of right- and left circular polarizations
is given by

ko+% ’ |
B =i levu e,y as (k)€™ — efu” (w,y)al, (k) e™ ] dk (4.1)
o—F
ko+% ' |
+ ’LC [e_u (w,y) a_ (k) elkz —e*u* (m,y) CALT, (k) e—zkz:| dk
ko—%
th R ot , I
C=\qmgy » w=he o [0 (B),ax ()] =0(k—F)

er = (ey Liey)/ V/2 are the unit vectors for circular polarizations. The field is time dependent in the
Heisenberg picture due to time dependent annihilation and creation operators. The frequency compo-
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nents very far from atomic resonance do not contribute in the theory, and the integrals are truncated
with the limits ko &+ /L. L is the ”quantization length”, and it is assumed to be smaller than the
characteristic length, L', for changes in the excitation field due to absorption and dispersion. In Eq.
(4.1) we use the assumption A < L to pull the frequency w out of the integral and include it in ¢ as wpg.
The carrier frequency wg = kgc is the only frequency component of the field that has a nonzero mean
value.

The Hamiltonian for the system of atoms and fields is given by

i = he / T [al, (k) (k) +a' (k) a_ (k)] di (4.2)
k

x
0

F
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- / D (r) -E (r)d’r
14

The Hamiltonian describes the interaction between the excitation fields and the atoms within a volume
V ~ [3. The first term is the free Hamiltonian for the excitation field. The second term is the free
Hamiltonian for the atoms with the energy —hw, in the ground state and zero energy in the excited
state. Instead of a discrete sum over all atoms in the volume V', we integrate over the continuous atomic
operators defined below. The last term is the dipole interaction between the atoms and the field with
D(r) as the polarization operator. p is the (constant) density of atoms.

The normalized continuous atomic operators are defined as (see also Ref. [83])

R 1 ' /

GFimprm (T) = i 2; |F'm), ; (F'n| (4.3)
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0V is assumed to be large enough to include many atoms (pdV > 1). On the other hand, we assume
dV1/3 to be small compared to the characteristic absorption length L'. The sum extends over all atoms
within the volume 6V around r. |F'm), ; (Fn| is the usual single-atom projection operator with [F'm),
as the excited state, Zeeman level m, atom number 4, and |F'n); as the ground state, Zeeman level n,
atom number 7. The optical coherences for different atoms in 6V have different phases due to the spatial
phase change of the excitation field (§V > A* ). The exponentials e**0(3=2) in Eq. (4.3) compensate
for this effect. These exponentials have the same effect as moving all atoms within 6V into the same
point r.

The commutators for the continuous atomic operators are derived from the single atom commutators
with the result

[Gap (r),6c,a ()] = p7 " [6a,a (r) ep — Gep (r) 8a,a] 6 (r — 1) (4.4)

This commutator with the Dirac delta function is valid in integrals where the integrand is slowly varying
on the length scale §V1/3,

The atomic polarization operator D (r) is given by the density of single atom dipole operators in the
volume §V around r. The single atom dipole operator can be written as

d=7) (nldJm)|n)(m| (4.5)

n,m
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where the sum runs over all atomic Zeeman levels in the ground- and excited state. The dipole matrix
elements are easily evaluated using the spherical tensor theory and the Wigner-Eckart theorem [31]. The
nonzero matrix elements of the dy; = F(d, *+ idy) components are found to be (see e.g. Ref. [30] for
details)

(Fm|dsy |[F'm +£1) = — (F'm £ 1|dsy |[Fm) = g/(F+2+m) (F+ 1+ m) (4.6)

B 3e0liN3y
I\ 82 2F +1) 2F + 2)

v is the excited state decay rate. The polarization operator is given by

D(r)=Di (r)es + DL (r)el + D_(r)e_ + D' (r)e* (4.7)
F
Di(r)=+ Y pg/(F+2+m)(F +LEm)opmpmz (r)
m=—F

We can now write the interaction term in the Hamiltonian in Eq. (4.2) as

- / D (r) E(r)d’r = (4.8)
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We used the rotating wave approximation where the fast oscillating terms in the Hamiltonian are ne-
glected [79]. The spatial dependent annihilation operators are given by

iy (2) = \/g /k :Oj: ax (k) e dk (4.9)
s (2),al (2)] =1

Note that we go from a4 (k) to a+ (z) by a spatial Fourier transform involving only the important k-
components. We use the same notation for an operator and its Fourier transform and distinguish the
two by the arguments.

4.1.2 The field propagation equation

The equation describing propagation of the field through the atomic sample is obtained from the Heisen-
berg equation for the field operators. We have

1

F

. T, )

ay (k) = = [ax (k) , H) = —ickay (k) + p\/ — E ai / u* (2,Y) GFm,Frmx1 (T) e~k @iy (4.10)
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Multiplying both sides by e?**'\/L/2r and integrating over k from ko — 7 /L to ko + 7/L gives
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It is convenient to introduce operators that are slowly varying in time and space. For the field annihilation
operators we separate the carrier component by writing

g (2,t) = ag (2) e Hwot—ko2) (4.12)

The continuous atomic optical coherences in steady state oscillate in time and space due to the excitation
field. This is similar to the damped harmonic oscillator with a driving force; the steady state oscillator
follows the oscillations of the driving force. The slowly varying atomic operators & are then given by

67 m.Fn (Tyt) = G pn (r,1) € (wot—koz) (4.13)
GFm. i (T,t) = Gpm pn (r,t) e (wot—koz)
OF m,Frn (T, t) = OFim,Frn (T, 1)

Grm,Fn (T, t) = Gpm, Fn (T, 1)

Substituting the slowly varying operators into Eq. (4.11) gives

ax (') + Ciai =pL Z / (T,Y) GFm, Frmt1 (T) {sin (r (' =2) /L) } d°r (4.14)

0z = (2! —2)

The slowly varying atomic operator g, prm+1 (r) is defined so that it only changes substantially over
distances much larger than L, and we can substitute the {-}-factor by the Dirac delta function 6 (z — z’)
with the final result

0
s (2 )+ca—ai z) =pL Z // (2,Y) OFm,Frmt1 (T,Y, 2) dedy (4.15)

m=—F

The right hand side of this equatlon is the source term for the field propagation in the atomic sample.
It can be rewritten as V2w L ffu (z,y Di( , Q) dedy. Equation (4.15) is, with this identification,
equivalent to the classical Maxwell equation for slowly varying amplitudes [42]. We use Eq. (4.15) in
the same way as the Maxwell equation; that is, for propagation of quantum fields in a medium.

We continue by applying a Fourier transform in time to Eq. (4.15), which results in

iQax (z,0Q) —l—cagai (2,9) = pL Z // (,Y) FFm,Fprmx1 (2,9, 2, Q) dedy (4.16)
m=—F

We identify the operators in frequency domain by the argument 2. We can compare the two terms on
the left hand side, and we find that the second term is typically much larger than the first term. In
general, only frequency components of the excitation field within the atomic linewidth are affected by
the medium, and we are therefore only interested in frequencies Q < 5. The second term is on the order
of cay (z,Q) /L', where L' is the characteristic length over which the field amplitude changes. Later on
we will require complete absorption of the excitation field, and therefore L' < I, (I is the diameter of the
atomic cloud). Thus, we can neglect the first term in Eq. (4.16) if v~ > [/c, i.e. if light travels through
the sample fast compared to the excited state lifetime. This requirement is easily fulfilled experimentally.
Consequently, we have

F

3 at L 3
—ay (2,Q) = Z me//u* (x,y) Crm,prms1 (2,9, 2,Q) dzdy (4.17)

m=—F

In order to proceed we have to express the source term &g, rrm+1 (%, ¥, 7, ) in terms of the excitation
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field. We continue with the Heisenberg-Langevin equation for ¢pm, prm+1 [79]

: 1.
OFm,F'm=+1 (I‘) - ﬁi [UFm,F’mﬂ:l (I‘) >H] + ELangevin (418)
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Here we use that the carrier frequency of the field matches the atomic resonance frequency (wp = wy)-
The Langevin terms, in the last line, describe the effect of spontaneous decay caused by the coupling to
all the vacuum modes. The atomic coherence decays with the rate v/2, where y~! is the excited state
lifetime. The random decay process adds noise to the atomic operators represented by the Langevin
force Frm,prm+1 (r). The mean value of the Langevin forces is always zero, whereas the higher order
moments contribute to the variance of the atomic operators. We calculate the second order moments
(or correlation functions) of the Langevin forces in Appendix B. An alternative approach is to include
the coupling to the vacuum modes explicitly in the Hamiltonian as in Ref. [9]. However, we find the
Langevin approach to be simpler in the present calculation, which allows for a Zeeman degenerate ground
state.

We now write the operators as a (t) = a+da (t) and Gpm,rrn (t) = GFm,Frn +0GFm Frn (t). We define
G and Gpm,Fry as the quantum mechanical mean values; @ = (G (t)), Frm,F'n = (FFm,Fn ()). We assume
that the system is in steady state so that the mean values are constant in time. The excitation field has
a nonzero mean amplitude only at the carrier frequency, and the rotating frame mean value a is time
independent and equal to this mean amplitude. We can simplify Eq. (4.18) if we linearize the operator
products. Our linearization uses the following assumptions. The excitation field is assumed to be weak,
whereby the excited state mean populations and coherences are much smaller than the mean ground
state populations, i.e. |Gpim, i (r) | € GFpm,Fm (r). In this chapter we calculate the fluctuations in the
excited state in a pertubative approach assuming weak excitation. Fluctuations in the excited state are
only present when the excitation field is on. The §6 iy, prp terms in Eq. (4.18) are therefore of higher
order in the excitation field, and they can be neglected in this equation. We assume that the atomic
ground state is unpolarized', which, together with the weak excitation, gives: G, Fn = Om,n(2F +1)71.
We also assume that the fields (or at least one of the polarizations) have a coherent amplitude much larger
than the quantum fluctuations?, i.e. |da+ (z)| < |a+ (z)|. Finally, we assume that atomic fluctuations
in the ground state populations/coherences are much smaller than the mean populations in the following
sense |00 Fm, Fn (1) | € M;—f‘(QF + 1)~%; the validity of this assumption is based on the weak excitation
and the large bandwidth of the field fluctuations as compared to the bandwidth of atomic ground state
fluctuations. This is discussed further in Appendix C. These assumptions allow us to rewrite Eq. (4.18)
as

—u(z,y) o (2F +1)"" bax (2,Q) + Frm.prme (r,Q)
(iQ+v/2)
—u(z,y) ai (2F + 1)_1 a+ (2)
v/2

We arrive at the first equation after a Fourier transform in time, and the second equation is the steady-
state solution to Eq. (4.18) for the mean values. Substituting Eq. (4.19) into Eq. (4.17) gives the

06 Fm,Frm+1 (T,92) = (4.19)

GFm,Frmtl (L) =

I This assumption is important in the following derivation. In chapter 8 we discuss to what extend the assumption is
fulfilled in the experiment.

2The comparison of fluctuating operators on the left and mean values (c-numbers) on the right should not be taken too
literally. It is merely a somewhat sloppy notation for the comparison of terms that enter in a subsequent calculations of
spectral densities.
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following equation for the quantum field as it propagates through the atomic medium
Sas (2,0) = e AD255, (0,Q) + / A(Q) e MDE=) £ (21 Q) de (4.20)
0
a4 (Z) = e_AOZC_l:t (0)
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This expression for the field as a function of position in the atomic sample is an essential part in the theory
for mapping the state of light onto atoms. The interpretation of the result is as follows. The amplitude
of the field operator is attenuated and phase-shifted according to the usual absorption and dispersion in
the atomic medium. The attenuation/dispersion is set by A (Q) and depends on the actual frequency
component of the of the field through the parameter 2. We know from the ordinary beamsplitter theory
that the field transmitted through the beamsplitter is not only attenuated. Vacuum fluctuations are
added from the other port of the beamsplitter in order to preserve the commutation relation for the
transmitted field. The Langevin force Fi© acts as the vacuum noise that is added to the field as the
atoms absorb the incoming field. We calculate correlation functions similar to (FiT (2, Q) FF (z,Q))
in Appendix B, and with these results it is easy to verify that the mean value of the commutator
[bax (z,9Q) ,6&1 (z,9Q")] is preserved for all z. The decoupling of the equations for a4 and a_ is a result
of the assumption about the unpolarized ground state.

4.2 Fluctuations in the collective spin F!

We continue with the calculation of the noise properties of the z-component of the collective excited
state atomic spin F’ 7. The observable F! is proportional to the collective orientation of the excited state.
F! is a sum over the spin components of the individual atoms and is diagonal in the chosen atomic basis
with

F!
Fl=p > m/V&F,m,F,m (r) d*r (4.21)
m=—F"

We apply a Fourier transform to the linearized Heisenberg-Langevin equation for gy, F/m to get the
result

iQ0G Fprm, Frm (1, Q) = —u (2,y) &b | (Grm pm-1 (t) das (2,9Q) + ay (2) 66 Fpim Fm—1 (r,Q))  (4.22)
—u (@,9) oy (FFmet, i (1) 88 (2,9) + @5 () 06 mm-1,00m (1,9))
—u(@,y) @y (Ormpmer (v) 00 (2,9Q) +a (2) 667 m rmt1 (r,Q))
—u (@,9) Oy (TFmin,prm (1) 035 (2,9) + a2 () 05 msr,m (x,9))
— YOG F i, Frm (€, Q) + From prom (r, Q)
The steady state result for the mean value is given by

GF m,F'm (T) = _$a271 (“ (%,Y) 0prm,Fm—1 () @y (2) + 0™ (2,Y) Gpm—1,F"m (T) Ef; (Z)) (4.23)
- %ar}+1 (’LL (a:,y) 5FlmyFm+1 (I‘) a_ (Z) + U* (a:,y) 5Fm+1,F’m (I‘) C_li (Z))
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Similar equations can be derived for 66/ m, Fm+1, GF m,Fm+1, and their Hermitian conjugate. Substi-
tuting these results into Eq. (4.22) and (4.23) and applying the same approximations as used in deriving
Eq. (4.19) gives

55'F’m,F’m (I‘, Q) = (4.24)

1 du(z,y) +2 1= _t k .
2F +1 92 +i27Q {a"’*l[a+ (2) 0a% (2,9) + @i () day (2, Q)]

+a;{il[d_ (2) sal (z,Q)+a* (2)da—(z, Q)]}
v+ iQ)?’y +i200) {a;,l (“ (2,9) @4 (2) Fhpey prom (8,Q) + " (2,9) @4 (2) Frm-1,m (x, Q))
o (4@ 9) () Py pr (0,9) + 0" (@) % (2) Frmsr,em (£,9)) |

fF’m,F’m (I‘, Q)

1
v+ i
For the mean value we get

1 4|ua:y
2F +1

OF m,F'm (T) = {a)f? a4 (2) @y (2) + apqa- (2)ar (2)} (4.25)

We continue by summing Eq. (4.24) over m and integrating over the transverse coordinates x and y. We
use the definitions of ¢, aif , and A () from Eq. (4.1), (4.8), and (4.20) together with the fact that the
mode function is normalized, Eq. (3.3), to obtain

F’

SF! (z,ﬂ)Zp//d:vdy > MG pim prm (v, Q) (4.26)

m=—F"'
_(F+2)c
= 7711

—a_(z)éa (2, )—d’i(z)&&_(z,ﬁ)}

- (7+i9)28+¢29) COEFAIUEL WO AIERY

+a () (50 +al () Fy (2,9)]

A(Q) {a+ (2)6a" (2,Q) +a (2)day (2,0)

p
Q0
a8 (59

The new Langevin forces are defined as

Fi(2,9Q) //da:dy mu” (z,y) qul}-pm;1 Frm (T, ) (4.27)

m=—F"'

//da:dy m From,Frm (T, Q)

m=—F"'

We should now integrate 6 F” (z, Q) over z from 0 to [ in order to obtain the z-component of the collective
excited state spin. We will assume complete absorption® of the quantum field, so that the upper limit can

3We can, of course, not have complete absorption of all the frequency components of the quantum pump. We require
complete absorption of the frequency components within the frequency, €2, at which we later on detect the atomic spin
noise. In the experiments in chapter 8 we have Q/y = 0.4.
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be taken at oo instead of [. After a substantial absorption, the fields consist only of vacuum fluctuations,
and they do not give any contribution to the excited state spin. Note that if we do not require complete
absorption, then a large fraction of the quantum field will leave the atoms, and the correlations initially
present in the quantum field will be distributed over the atoms and the transmitted quantum field. We
will have correlations between atoms and photons, but not optimum atomic correlations.

The most difficult part of the integration over z is the terms like a4 (z) 6(11 (2,9). We apply the
results in Eq. (4.20) to write

/ G (2) b (2,Q)dz = / e~Mo=gx (0) [e*m)zaai 0,9) (4.28)
0 0
+ / A(Q) e MDGE=) ££ (7 Q) d2'| de
0

= A LA ) + A @ (@)

FE(Q) = / eMEEE (2,0 dz
0

We emphasize that a (0) is the field amplitude right before the atomic cloud by writing it as @™*. The trick
in solving the double integral is to change the order [9], i.e. [;° dz [; d2' — [;~ d2' [ dz. Combining Eq.
(4.26) and (4.28) and linearizing the operator products in the definition of the Stokes spin components,
Eq. (3.15), gives

SE! (Q / SE! (2,Q)d (4.29)

F+2) in
v+ 968 (@)
A2(Q) (F+2)c
No+AQ) L
2
T (v +iQ) (v + 20)
Fe (Q)

{a2FIT Q) +a FF (Q) - a"FT (Q) —a™F; ()}

{arrt @+ apFr @ +anrt @ +amr @)

. 1
v+ 10

The new collective Langevin forces are defined as

FEQ) =p /0 e M FE (2,Q)dz (4.30)

) :p/ooo]:g (2,Q)dz

We see from Eq. (4.29) that a part of the fluctuations in ﬁ; is set by the quantum fluctuations in the
excitation field (the Sgn—term). All the Langevin force terms represent the noise entering through the
coupling of the atoms to the vacuum modes. This vacuum noise limits the amount of noise reduction or
squeezing in 13'; that we can obtain with a perfectly polarization squeezed excitation field.

We need the correlation functions for the Langevin forces in Eq. (4.29) before we can finalize the
calculation of the spectral density of ﬁ; fluctuations. The derivation of the correlation functions is pure
mathematics, and it is given in Appendix B. With the results from Appendix B, Eq. (B.5), and Eq.
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(4.29), we arrive at the final expression for the spectral density of fluctuations

(F); - % jo (6F! () 6F! (Q))d (4.31)
C(F+2)7 [ am\2 , [ (F +2) (4F +5) 9F (F + 2)y>
2402 (SZ )Q”N ( 10 (42 + Q2) 20(72+Q2)(72+4ﬂ2)>

We see that the fluctuations in F! have two contributions; the first term comes from the quantum
properties of the excitation field, and the last term is the noise from the coupling to the vacuum modes.
The last term is proportional to the number of atoms, N', in the excited state F'. We can write N' in
terms of the total photon flux (&, + ® ) from the coherent state component as* N’ = (&, +®_) /vy =
(aima'™ +a™*a™)c/(Ly).

To quantify the efficiency of the light-atom mapping, we introduce the mapping efficiency of quantum
correlations, 7., by comparing the noise reduction (squeezing) of the excitation light to the resulting
atomic noise reduction. 7, is defined through the relation

(7), = g AR @) (7)) (4.32)

where R, (Q) = 4(S.)3/ (&, + &_) is the degree of squeezing (or antisqueezing) in the excitation field,
see Eq. (3.17), and (F'z{)%,cah is the spectral density with a coherent state excitation (R, (2) = 1).

We can compare the mapping of light on atoms with the "mapping” of squeezed light from one side
of a beamsplitter to the other side. If we define nps = T/R as the ratio between the beamsplitter
transmissivity and reflectivity, we find the following relation for the Stokes parameter Sjb after the
beamsplitter

2

(&), = L+ ash @) (8] (4.33)

Again, R, () is the degree of squeezing before the beamsplitter, and (Sjb)?)7coh is the fluctuations after
the beamsplitter for a coherent state. We see that we have no transmission of squeezed light for nps = 0,
and we are left with the coherent state (vacuum) fluctuations, which come from the empty input port of
the beamsplitter. When npgs approaches infinity, we have perfect transmission of the squeezed light, and
we do not add any vacuum fluctuations. The mapping efficiency 7, plays the same role in light-atom
mapping as the nps parameter in light-light mapping through a beamsplitter.

1. can easily be derived from Eq. (4.31). In Fig. 4.2a we plot 1, as a function of F' for /v = 0.4,
(solid line). The chosen ratio for /7 is close to the ratio we use in the measurements in chapter 8. The
maximum value for 1, is at F' = 0, where n, = 1. In the beamsplitter analogy this corresponds to a 50/50
beamsplitter, where half of the noise in the transmitted field comes from the incident squeezed field and
the other half is the vacuum fluctuations from the empty port. In Fig. 4.2b we plot the relative noise
reduction that can be achieved with a perfectly squeezed excitation field, 1,/ (n. + 1), as a function of
F for Q/+ = 0.4, (solid line). The relative noise reduction is increased at larger €2/7, but the absolute
amount of noise is small at Q/v > 1.

If we integrate the spectral density over all frequencies, we get the variance

(AF;)Q = /jo (F’); g (4.34)

oo

4This expression is trivial; the number of atoms in the excited state is, for complete absorption, equal to the photon
flux divided by the excited state decay rate. The same result is obtained when Eq. (4.25) is summed over all m, multiplied
by p and integrated over the atomic volume.
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Figure 4.2: a) Theoretical efﬁaency for mapping quantum correlations from light onto the atomic spin
F !. b) Noise reduction in F ! for perfectly squeezed S. relative to the F ! noise for coherent excitation.
a+b) Solid line: spectral density at /v = 0.4. Dotted line: variance (AFZ’)

We find from Eq. (4.31) and by assuming that the bandwidth of squeezing is much larger than ~
(Rz =R, (Q))

(F+2)2R L F)UIF+10) [ @+ D

4,
8 40 v (4.35)

(379 -

Using the definition of 7, on the variance gives n, = 5(F + 2)/(11F + 10). This expressions for 7, as
well as the relative noise reduction, 7./ (1. + 1), are plotted in Fig. 4.2 as dotted lines.

Finally, we give the mean value of collective spin component E 7, which is derived from Eq. (4.25)
and (4.21)

., F+42d, —&_

(F7) = 5 (4.36)

4.2.1 Direct calculation of (AF’)? for uncorrelated atoms

Equation (4.35) gives the variance of F! for coherent light excitation when R. = 1. We can test the
consistency of the theory by calculating this variance directly without using linearized fluctuations,
Langevin correlation functions, complicated spectral densities etc.

We first note that (AF!)2 = ((6F!)2?) where 6! = F! — (E!). The collective fluctuating operator can
be written as a sum over all atoms

o
SEL=>""Y" mb6hum pim (4.37)

i m=—F'

00 i Frm = OFim, Frm = (OFrm, ) 18 the single atom operator for atom number i. We find for the
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variance
(AF!)? = ((6F!)? Z > mn (565 510G i) (4.38)
i,j m,n

= Z Z mn (6&%"m,F’m6&%"n,F’n>

i m,n
FI

= Z Z m2<&%’m7F'm> - Z Z mn <6-%’m,F’m><6-%’n,F’n>

i m=—F' i m,n

We assumed here that the atoms are uncorrelated, that is, (5&},m7F,m6&1ﬂ,n’F,n> =0 for i # j. The two
terms in the last line are most easily calculated by converting the sum over ¢ into an integral over space.
We can then use the mean value of the continuous atomic operator Gp:pm, rm (r) in Eq. (4.25). Note
that Eq. (4.25) is derived without any assumptions about linearized fluctuations or Langevin forces.
Equation (4.25) just gives the average population in the excited state from standard perturbation theory
with a weak excitation field. We find for the first term in Eq. (4.38)

F
Z Z m2<&%‘rm7Fr Z /pUF’mF’ )d (439)

i m=—F"' m=—F"
(F+2)(4F+5) 8, +&_
N 10 vy

In the same way we derive for the second term in Eq. (4.38)

DD mn G ) G, o Zmn / PFEmErm (£) Fprm prn (1) d°r (4.40)
i m,n
(F + 2) o, -
g (0.4 =50, 5
We have introduced the resonant saturation parameters (see chapter 2) for the two polarizations of the
pump field, sg+ = ®10¢/(y7w?). The resonant absorption cross section oo for the unpolarized ground

state is given in Eq. (2.1). 2w is the diameter of the excitation field. The general assumption about
weak excitation (i.e. sg+ < 1) allows us to discard the second term in Eq. (4.38), and we have

(F+2)(4F +5)®, +&_

AF)?=
( ) 10 ¥

(4.41)

This is identical to the expression in Eq. (4.35) for excitation with coherent light (R, = 1). The
identical expressions for the ﬁz’ variance support our general assumption that coherent light excitation
produces uncorrelated atoms in the excited state. A reduction in variance below the expression in Eq.
(4.41) requires multi-atom correlations. Excitation with polarization squeezed light (R, < 1) results in
multi-atom correlations according to Eq. (4.35).

4.3 TFluctuations in F? — F'? and FF) + F)F!

We continue with a calculation of the quantum noise in the two collective observables ﬁf - ﬁf and
FLF, + F F;. The calculation shows that their quantum noise is set partly by the quantum noise in
the Stokes spin components S, and S’y of the excitation field. ﬁf — 13';2 is proportional to the difference
between the excited state collective alignment along the z-axis and along the y-axis. FjF, + F,F, is
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identical to ﬁf — ﬁf, except that the alignment difference is measured along the =’ and y’ axes obtained
by rotating the z and y axes through 45° around the z-axis. We will go through the calculations for
F}? — F,? and apply a geometrical rotation to the final result, whereby we obtain the F}, F, 4+ F F}, result.

The single atom operators (F!2 — Ff)j and (F;ﬁ'é + ﬁ;ﬁ;)] for atom number j can be expressed
through the angular momentum step-up and step-down operators (ﬁ’ij = }3’;] + zﬁ';])

(F? — FEP?); £i(FLF) + FJFL); = (FL ;) (4.42)

We use the standard properties of the step-up/step-down operators to arrive at the following expansion
on our atomic basis

(F—F*); = 2 Z VF' (F'+1) (m+1)/F' (F' +1) — (m+1) (m +2) (4.43)

m=—F"

x (|F'm +2);; (F'm| + |F'm), ; (F'm + 2|)

The collective operator F? — F? can now be written as

o
B2 FP = % > VEEFE+1)-mm+1)/F (F+1)—(m+1)(m+2) (4.44)

m=—F"

X /)/ (GFm+2,Fm (T) + OFm, Frm2 (T)) d’r
v

Note that the collective operator 13'922 — ﬁ'f does not involve products of collective operators although the

notation might indicate that. As seen in Eq. (4.44), F'? — Ff is just a sum over single atom operators.
The starting point is again the Heisenberg-Langevin equation

2 1
OF'"m+2,F'm \I ( ) ’Lh [UF’erZ F'm ( ) >H] + ELangevin (445)

After the usual linearization procedure and a Fourier transform in time we find
Q00 F mt2,prm (1, Q) = (4.46)
—af_u(2,y) @rmiz,pmoi (r) 801 (2,9) + @y (2) 66 Frms2,pm—1 (r,Q))
y) (apm+1 o (v) 8% (2,Q) + @ (2) 66 pm1,pom (T, Q))
A1 U (2, Y) (OF mi2, Fmi (£) 00 (2,9) + @ (2) 667 m2,pmt1 (r,2))
— et (@) (Fmsm (1) 0L (2,Q) + % (2) 66 pmts,om (v, D))

- 76&F’m+2,F’m (I‘, Q) + -7:F’m+2,F’m (I‘, Q)

—ay, m1t” (@,

We derive similar expressions for the mean values and fluctuations of the optical coherences which enters
into Eq. (4.46). Substituting these results into Eq. (4.46) and applying the same approximations as
used in deriving Eq. (4.19) gives us

~ 4 |’LL (mvy) |2 - = T a*
8 Frmt2,Frm (T, Q) = F i 2F 41 af o A (2)6al (2,Q) +a} (2) da_ (2,Q)]  (4.47)

2
T (v +iQ) (v + i20) [
+ u(z,y) (0184 (2) Frmio,pm-1 (1, Q) + ag 1@ (2) Frontz,pmi (r,9))]

(z,y) ( m+1a+ (2) Frma1,Frm (v, Q) + ar_n—i-3a’*— (2) Frm+3,Frm (T, Q))

1
——Frrmt2,F'm (T,
+ -y Z.QJ:F t2,Fm (r,92)
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Substituting Eq. (4.47) and its Hermitian conjugate into Eq. (4.44) gives, after some algebra which is
very similar to the derivation of Eq. (4.29), the following

5 (ﬁf - ﬁf) Q) = (4.48)
& ;(27)4(?1};2; 5)53? ©)
- A0A+2 (/{2()9) F+ 2)5(725 L {a"F, T (Q) +a™Ff Q) +alrF, T (Q) +altF, ()}
Reres ?7 Ty {arrit @ +aFf @) +anr; @) +amrr @)
b R

The Langevin force F is defined in Eq. (4.28) and .7-';& and F, are given in Appendix B, Eq. (B.8). We
calculate the spectral density of quantum fluctuations from Eq. (4.48) and (B.9)

o a2 (F42)72F +5)° [ a2 (F +2) (2F +5) (8F2 + 10F +7)
Fr2_ g2\ = in N’ 4.4
(B2 - £7), 25 (2 + ) () g+ 70 (2 + 02) (4.49)
3F (F +2) (2F +5) (66F + 37) 2

700 (v2 + Q2) (v% + 40Q?)

+ N’

After a geometrical rotation through 45° around the z-axis, we get

e a2 (F 427 (2F +5)° [ a\2 (F+2)(2F +5) (8F? +10F +7)
[l B ali _ in '

(FxFﬁFsz)Q T 5 (240 (8 )Q TN 7012 + )

3F (F +2) (2F + 5) (66F + 37) 2

700 (2 + Q2) (v2 + 402)

(4.50)

+ N’

We observe that the expression for the fluctuations in F‘;Fé + F‘;ﬁé has the same structure as the

ﬁz’ result in Eq. (4.31). The main difference is in the Stokes parameter that contributes to the atomic
noise; the ﬁéﬁ'; + ﬁ;ﬁ; fluctuations are set partly by the quantum noise in Sy We will consider the
quantum noise in F ﬁé +ﬁ';ﬁé to be ”spin noise” in the same way as the F! noise, although Z:Z +ﬁ;ﬁ;
is a more complicated combination of spin components. The efficiency of the quantum state mapping is
again quantified by the mapping efficiency 7, defined by the relation

R A 2
(1+m,R, () (F;F; + F;F;)Q . (4.51)

PN A A \2
FIFI FIFI) —

We define R, () = 4(S,)3/ (@, + ®_). We derive 5, from Eq. (4.50) and (4.51) and plot it in Fig.
4.3a (solid line) as a function of F' for the ratio /4 = 0.4. The maximum relative noise reduction in
F;F‘Zj + F‘Zjﬁé is given by n,/(n, + 1) for perfect squeezing in S,, and we plot this result versus F for
/v = 0.4 in Fig. 4.3b (solid line).

We get the full variance by integrating the spectral density over ). The result for constant R, (£2)
within the atomic bandwidth ~ is

A A 2
(A(F;F;JFF;F;)) - (4.52)

(F +2)° (2F + 5)° N (F+2)(2F +5) (146F* + 137TF +70) | &, + &_
200 v 1400 v
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Figure 4.3: a) Theoretical efficiency for mapping quantum correlations from light onto the collective
atomic variable F’ F’ + F’ F’ b) Noise reduction in F’ F’ + F’ F’ for perfectly squeezed S relative to

the FQQF; + FéFé noise for coherent excitation. a+b) Sohd hne. spectral density at /v = 0.4. Dotted
line: variance (A(FLE) + E!FL))2.

The steady state solution to Eq. (4.45) gives the mean values

et e (FE2)2F+5) o

In general we observe a reduction in the mapping efficiency and in the maximum noise reduction when

the ground state angular momentum is increased; this holds for both £/ and F! F’ + F;F;, (Fig. 4.2 and
4.3). We also see that the best noise reduction is obtained in F’ In chapter 8 we employ a sample of Cs
atoms with F = 4 for our spin squeezing experiment. For F = 4, /v = 0.4, and perfectly squeezed S.

(S,) we expect according to Fig. 4.2b (4.3b) about 32% (12%) noise reduction in F! (F! F’ + F’F’)
The variance of FQQF; + F;Fé for uncorrelated atoms can easily be derived from a direct calculation
similar to the (AF’)? calculation in section 4.2.1. The conclusion for F;F; + F;F; is similar to the

conclusion for F; the variance in Eq. (4.52) for coherent excitation (Ry = 1) equals the variance for
uncorrelated atoms. This again supports the validity of the linearized operator approach, and it shows
that we can use the atomic spin noise observed with coherent light excitation as the standard quantum
limit, i.e. the quantum noise limit for uncorrelated particles.

In chapter 5 we investigate the atom-light mapping further in the context of spin squeezed states.
In that chapter we also give simple explanations of why the squeezed light excitation results in reduced
atomic fluctuations. In addition, the limitations in the mapping efficiencies are explained in qualitative
terms in chapter 5.

4.4 Comments on the applied linearization approach

Our solutions to the Heisenberg-Langevin equations are based on a linearization of operator products.
Similar linearizations can be fund in e.g. Ref. [9, 80, 81, 82] as mentioned earlier. A different and often
used approach is to transform the Heisenberg-Langevin equations for operators into c-number equations
[83, 84]. For consistency, a certain order of the operators is chosen in this ” e-number approach”. Together
with the transformation into c¢-numbers, the Langevin correlation functions are modified to make the
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operator equations and the c-number equations equivalent for calculations of second order moments
within the chosen order. The c-number equations are then solved by linearization and a Fourier transform;
this part is similar to our calculations. Finally, the c-number solutions are used to calculate the variance
or spectral density of the operators of interest. However, for consistency the variance of these operators
(i.e. the square of the operators) must be written in the chosen operator order. Some commutators may
enter into the expression for the variance because of this ordering.

We have also carried out our calculations within this ”c-number approach” for the F' = 1 case.
The results obtained with the ”c-number approach” are identical to the results presented in the previous
sections. We find that the modifications of the Langevin correlation functions cancel out the commutators
added in the final normally ordered spectral density expressions.



56

CHAPTER 4. MAPPING THE QUANTUM STATE OF LIGHT ONTO ATOMS



Chapter 5

Spin squeezed states and
entanglement

It is possible to introduce squeezed states in collective quantum systems composed of spin subsystems
in a way very similar to the squeezed states of light. In general, the squeezed states are characterized
by a redistribution of quantum fluctuations between two conjugate variables. In addition, the squeezed
light belongs to the class of nonclassical states of light. This nonclassicality is caused by the presence of
quantum correlations in the squeezed light. It is possible to give a definition of spin squeezed states that
incorporates both these characteristics; reduced quantum fluctuations in one collective spin component
and quantum correlations (entanglement) between the subsystems, which constitute the collective spin
state (see Fig. 5.1). In this chapter we discuss some of the properties of the spin squeezed states.

We introduce a spin-s system, which is described by the operator § = (3,, §,, §.) and the commutation
relation [3,,5.] = 98, together with similar relations obtained by cyclic permutations. The Heisenberg
uncertainty relation, which follows from this commutation relation, is

(A5,)" (A5.)" > (8)° (5.1)

] =

This uncertainty relation differs substantially from the corresponding uncertainty relation for the quadra-
ture phase operators for a single mode electromagnetic field, see Eq. (3.1). The standard quantum limit
(SQL) for quantum fluctuations in a single mode of the electromagnetic field is basically set by the
”1/16”-right hand side in Eq. (3.1). In Eq. (5.1) the right hand side depends on the actual spin state.
It is more difficult to identify the SQL for the quantum fluctuations in a spin system because of this spin
state dependence. Several proposals for a SQL definition for spin systems can be found in the literature
but, as we will see, only one of them can be used to distinguish the nonclassical (entangled or quantum
correlated) states from the ”classical” states.

In this chapter we will also look at the results from chapter 4. We will present a simple qualitative
explanation of the mechanism behind the atomic noise reduction, and we discuss the fundamental lim-
itations in light-atom mapping. In particular, we will see that the atomic states produced by mapping
polarization squeezed light onto a large ensemble of atoms can be considered to be generalized spin
squeezed states.

5.1 Definition of spin squeezed states
It is convenient to define the z axis to be along the direction of the mean spin; (8) = (§,)e,. A natural

basis for the spin states is the eigenstates of 82 and 8, given by |s,ms). The only states in this basis that
have an equality in the uncertainty relation are |s,ms = £s). These minimum uncertainty states define

o7
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4 correlated spin 1/2 systems

Y
Squeezed collective spin

Figure 5.1: Illustration of the idea behind the spin squeezed states. On the left we have four correlated
spin 1/2 systems. The thick arrow is the mean spin and the dotted arrow is the transverse spin fluctuation
which is confined within the shaded uncertainty disc. The four spins are pair-wise correlated so that the
fluctuations along the z-axis cancel and the fluctuations along the y-axis add. This system can also be
described by the squeezed collective spin on the right with S. fluctuations below the standard quantum
limit and increased S'y fluctuations.

the coherent spin states (CSS) [85], which have transverse fluctuations given by
(A3,)° = (A8.)° = (3,)/2 = 5/2 (5.2)

The analogy between the coherent spin state and the coherent state of light is clear; the coherent spin
state is a minimum uncertainty state with equal fluctuations in the two conjugate variables.

We can add N spin-s systems to obtain a collective spin § = o §' with S = Ns. The CSS of the
collective spin have transverse fluctuations given by (AS,)? = (AS.)?> = §/2 = N 5/2, and we see the
linear N-dependence of the fluctuations, which is characteristic for fluctuations of independent systems.
The linear N-dependence only holds when the state is composed of independent spins (i.e. a product
state; |stml)|s?m2)---|s"ml) or an incoherent mixture of product states). A state like |S, Mg = 0)
can only be written as a coherent superposition of product states, and the transverse noise for this state
does indeed have a term quadratic in N.

We first consider the special case of N spin-1/2 systems (s = 1/2, S = N/2). We will say that the
collective spin composed of N spin-1/2 systems is in a spin squeezed state if the following inequality is
fulfilled

N2 Sy|2 S)|2
(ASL) < —|<2;| = —|<J\;| (5.3)
S, is the collective spin component orthogonal to the mean spin (§> with the smallest variance.

It is obvious that this definition gives spin squeezed states with the fluctuations in one of the transverse
components reduced below the coherent spin state fluctuations. The spin component orthogonal to both
S, and (S) will have fluctuations above the coherent spin state fluctuations so that the uncertainty
relation is not violated. We prove in appendix D that entanglement among the N spin-1/2 subsystems
is required in order to fulfil the spin squeezing definition.
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The definition given above is identical to the definition used in Ref. [74, 75]. Here the spin squeezed
states are defined as the states that can improve the signal-to-noise ratio in an frequency standard based
on Ramsey’s separated oscillatory method. Several explicit examples of spin squeezed states are given
in Ref. [75], and a theoretical limit for the degree of spin squeezing is found to be

25 (A&)2 .
l=—> 7 >Nt=(29)" 5.4
£+ BE > (25) (5.4)

This inequality is easily proven from the uncertainty relation in Eq. (5.1) and the fact that an upper
limit on the variance of any collective spin component is given by! S? = N?2/4. £ is a measure of the
amount of spin squeezing with & = 0 for the coherent spin state and ¢ < 0 for the nonclassical (entangled)
states. It is not proved in Ref. [74, 75] that £ < 0 is possible only for quantum correlated spin states,
although this is implicitly assumed.

Mainly three different definitions of spin squeezing have been used in the literature, (see e.g. Ref.
[75]). Many authors do not distinguish between these three definitions, although only the definition
given above ensures entanglement. For completeness, we discuss the limitations of the other two spin
squeezing criteria. A criterion, which is not as strong as Eq. (5.3), is introduced in Ref. [74, 86] by the
inequality

(a8.)" <1s)1/2 (5.5)

In one of the original papers on squeezed spin states, Ref. [85], as well as in Ref. [87], the authors
introduce a spin squeezing criterion that is even weaker

(ASQY < S/2 (5.6)

It is claimed in Ref. [85] that the requirement in Eq. (5.6) is enough to ensure entanglement or
correlations in the collective system. A similar assertion is found about Eq. (5.5) in Ref. [86]. However,
this is clearly not the case as it is seen from the general product state of two spin-1/2 systems. Consider
two spin-1/2 systems §; and §2 in a product state. We can choose the z-axis to be parallel to the
collective mean spin (§; + §2), and the z-axis so that the z-z plane is spanned by the two mean spin
vectors (§;1) and (82) as shown in Fig. 5.2. We define ¢ as the angle between the z-axis and each of the
two mean spins (8;) and (82). We find

(S2) = (81.0) + (82.2) = cos ¢ (5.7)
(88.) = (1 + 8220 = (510 + 52,
(37.) +(33.) +2(81,282.2)

+ ! +2(81,2)(82,5) = % cos® ¢

We have used that the state is a product state to write (§1 82 ») = (81,2)(82,2). We see that the weakest
spin squeezing criterion in Eq. (5.6) is reduced to cos® ¢ < 1 for the general product state of two spin-1/2
systems. Thus, all product states, except for the coherent spin states, will be spin squeezed if we use
Eq. (5.6) as the definition. This is clearly not satisfactory, and it is in clear contrast to the assertions in
Ref. [85, 86]. The stronger spin squeezing criterion in Eq. (5.5) gives cos? ¢ < cos ¢, and it is fulfilled for
product states with ¢ €] — /2, 7/2[\{0}; i.e. about 50% of all product states composed of two spin-1/2
systems. The strongest criterion (our spin squeezing definition, Eq. (5.3)) requires cos® ¢ < cos? ¢, which
is never fulfilled. This proves that only the strongest requirement may be used as a satisfactory definition
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Figure 5.2: A sketch of a general product state composed of two spin-1/2 systems §; and §,. We have
chosen a coordinate system with the z-axis parallel to the collective mean spin (§; + §2) and the z-axis
so that the two individual mean spins (8;) and (S3) span the z-z plane. ¢ is the angle between the z-axis
and each mean spin (§1), (82).

of spin squeezing, if we require spin squeezed systems to be entangled.

When the spin squeezing definition in Eq. (5.3) is applied to higher angular momentum subsystems
(s > 1/2), we can have spin squeezing without entanglement between the subsystems. This is possible for
a spin squeezed state with quantum correlations within each subsystem but without correlations among
the subsystems. The maximum spin squeezing without entangled subsystems is set by the maximum
squeezing within each subsystem; i.e. Eq. (5.4) with s substituted for S.

Although it is often argued that the spin squeezed states require some kind of quantum correlations,
a direct proof of this statement has, to our knowledge, never been published. We present in appendix D
such a proof, which is supplied by I. Cirac [8§]

5.2 Realization of spin squeezed states

Several proposals for generation of spin squeezed states exist. A general idea is to couple the spin-
1/2 subsystems to a common harmonic oscillator through a Jaynes-Cummings type interaction. The
harmonic oscillator is prepared in a squeezed state, and the coupling to the spin system transfers the
squeezing from the oscillator to the collective spin. This approach is discussed in Ref. [74, 75] for
ions trapped in an ion trap. The harmonic oscillator is the collective motion of the ions in a harmonic
potential. The coupling between the oscillator and the collective spin can be achieved via e.g. a magnetic
interaction poB - S with B as the magnetic field. The collective motion is now coupled to S through a
position dependent B.

The Jaynes-Cummings interaction can also be realized in the interaction between light and two-level
atoms. The two-level atoms constitute the spin system and the squeezed resonant electromagnetic field
is the squeezed harmonic oscillator. This approach is used in Ref. [77], but it is hardly experimentally
feasible for the reasons of tight focusing and strong atomic confinement, as discussed in the introduction
to chapter 4. The idea of squeezing of the collective atomic spin by excitation with squeezed light is
discussed further in Ref. [89]. Here the spin squeezing is obtained in an excited state manifold, which
removes the strong requirements of squeezing from a large solid angle and confinement of atoms within
a cubic wavelength. The excited state spin squeezing idea is refined in Ref. [9] where the spontaneous
decay and the quantum field propagation are included.

A completely different suggestion for generation of atomic spin squeezed states is based on QND

I This is seen by a simple argument. Choose the quantization axis (z') parallel to the spin component of interest. In
general we can write the pure states of the collective spin as |¥) = E;S:_S ¢ |S, Ms) and we have (AS,)? = 3 ¢2M? —

(T e2M)” < S e?M? < 52 We find (AS,)* = S for ¢; = J5 (3,5 + 6, )
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measurements of the collective atomic spin [90, 91]. The spin is measured by monitoring the polarization
rotation of an off-resonant probe field after interaction with an oriented atomic sample, see Eq. (2.15)
and (2.16). A measurement of the rotation angle provides the QND measurement of the atomic spin.
After the measurement, the collective spin is projected onto an entangled state with reduced quantum
fluctuations. The first experimental results utilizing this idea are presented in Ref. [5, 92].

Finally, we mention a recent idea for generation of spin squeezing in an optical lattice [93]. The
authors consider two-level atoms where each level is trapped in its own lattice. Initially the two lattices
are on top of each other. Shifting the relative position of the two lattices for a short time results in
atomic interactions which depend on the atomic state of neighboring atoms. The theory predicts that
the collective atomic spin can be squeezed from this nearest neighbor interaction.

In all the proposals above, the spin squeezing takes place in a collection of atomic spins. However,
the general definition of spin squeezing is valid for any spin system. A particular spin, which comes to
mind, is the Stokes spin used to characterize the polarization squeezed state of light. The only problem
with the polarization squeezed light is that the number of subsystems (i.e. the number of photons) is
not a constant. Instead of the number of subsystems N = 25, we now have the photon number operator
n. If we generalize Eq. (5.3) so that the denominator on the right hand side is 2(S) = (n), we see that
the polarization squeezed state in Eq. (3.17) fulfils the requirements for being spin squeezed with e.g.
0=0,R_(Q) <1and

R L2 B/2
2 _
(AS)" =7
—-B/2

(S,) = ®L/2¢
2(S) = (n) = ®L/c

(S2)% dO (5.8)

~—

The bandwidth B, over which the spectral density is integrated, is the inverse measurement time cor-
responding to detection of n = ®L/c photons; i.e. B = ¢/L. The entangled subsystems in this spin
squeezed state are the photons which can be described as spin-1/2 systems due to their polarization.
Thus, spin squeezed states have been produced in the laboratory for some time, although this is not
always realized in the literature.

5.3 Generation of spin squeezed states by mapping light onto
atoms

We now return to the results of section 4.2 and 4.3 and link these results to the notion of spin squeezing.
We consider first the particular case of a F = 0 — F' = 1 transition and rewrite Eq. (4.35), (4.36),
(4.52) and (4.53) as

(J.) = &= (a L)Q = LR +1]N'
(J) = 52 (a })2 = L[R, +1] N’ (5.9)
(=182 (A = LR, N

N' = % is the average number of atoms in the excited state, R; = 4(S;)%/ (®4 + ®_) with i =
x,y,z, and the spectral densities of fluctuations in the excitation field are assumed to be constant over
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the atomic linewidth . We have defined the collective pseudo-spin J by

>

= %FZ{ (5.10)
=5 (22— 1)
Jy =5 (B + i)

Jis easily seen to fulfil the angular momentum commutation relations, but only for F' = 1. At the single
atom level we see that J describes spin-1/2 systems based on the two excited atomic states |F’,m = +1).
From Eq. (5.9) we see that in the process of complete absorption of the quantum excitation field, we
map the fluctuations in the three Stokes component of the polarization squeezed light onto the three
components of the collective pseudo spin. In other words, the quantum correlations in the squeezed light
are converted into atomic correlations during the absorption process.

For the polarization squeezed state in Eq. (3.17), we find for R_ (2) < 1 within the atomic linewidth

v

N2 (J)2
(AJZ) <<N>, , for6=0 (5.11)

~

N2 (J)2
(al,) <<N>, , forf=r/2

Thus, the produced atomic states seem to have a spin squeezed pseudo-spin according to the definition
in Eq. (5.3). However, a closer look shows that this spin squeezing definition is not strictly fulfilled. The
single atom subsystems consist of three coupled atomic states; |F,m = 0) and |F’,m = £1). The pseudo
spin Jis only defined on the two excited states. Similar to the polarization squeezed light, the number
of subsystems (atoms in the excited state) contributing to the collective spin in a given measurement
is not a constant number. The proof in appendix D, which shows that spin squeezing according to Eq.
(5.3) requires entanglement, cannot easily be extended to the current system of three-level atoms with
the spin defined only on the excited state manifold and with finite probability amplitudes on the ground
states. We do, however, strongly believe that multi-atom entanglement is required in order to fulfil Eq.
(5.11). A computer search for a disentangled state, which fulfils Eq. (5.11), has been carried out to
support our belief. About 10® randomly generated states have been tested. Each state is a random
statistical mixture over three product states. Each product state is composed of three three-level atoms
with arbitrary but normalized amplitudes. In none of the cases did the variance of the collective spin
components orthogonal to the mean collective spin fulfil Eq. (5.11).

We can give a somewhat qualitative argument for the requirement of entanglement in order to fulfil
Eq. (5.11). When we probe the collective spin, we only see atoms in the excited states. In this way
we effectively probe two level atoms (or spin-1/2 systems), and within this interpretation the proof in
appendix D is valid with the number of probed spin-1/2 systems (N') instead of total number of atoms
(N). In other words, the subset of atoms measured to be in the excited state is in a spin squeezed state.
The fact that only atoms in the excited state are probed, i.e. only the small spin squeezed fraction of
all the atoms is probed, is one of the great advantages of this idea. The imperfect mapping of light on
all atoms is not a problem; only the atoms that absorb the squeezed light are spin squeezed, and only
these atoms are subsequently probed. The disadvantage of this proposal is that the spin squeezing (noise
reduction) cannot be larger than 50%.

The inequalities in Eq. (5.11) become equalities when coherent light excitation is used (i.e. the
squeezed vacuum path is blocked). Thus, the standard quantum limit (SQL) of atomic fluctuations is
measured with coherent light excitation. The coherent state of light can be interpreted as a flux of un-
correlated photons. Therefore, the excitation with coherent light does not cause any atomic correlations.
In section 4.2.1 we showed explicitly that the atomic noise level for coherent light excitation is indeed
identical to the noise level for uncorrelated atoms.
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The 50% noise reduction limit can be explained by the continuous creation and destruction of corre-
lated atoms. In a simple picture, we can think of the squeezed light as a flux of pair-correlated photons.
When one photon pair is absorbed, we create one pair of correlated atoms. The rate at which correlated
atom pairs are created is then set by half the photon flux (®/2) because of the complete absorption. A
pair correlation is destroyed whenever a single atom of the pair decays spontaneously. Hence, we loose
the correlations at a rate of 2. The correlations are lost twice as fast as the excited state population;
this is similar to the effect of losses on a squeezed light beam (see page 29). With P. as the number of
correlated pairs in the excited state we have

0

ot
The steady state number of correlated pairs is P, = ®/(47). The overall number of atom pairs in the
excited state is N'/2 = ®/ (2v). Thus, on average half of the excited state atoms are part of a correlated
pair. This explains the 50% noise reduction when 50% of the excited state atoms are perfectly pair-wise
correlated.

A simple argument shows why the fluctuations in J. (or F 7) are reduced when the atoms are excited
by polarization squeezed light with sub-shot noise in S.. S, is proportional to the difference between the
oT-polarized photon flux and the o~-polarized photon flux. Photons with oT-polarization mainly excite
atoms into the positive m Zeeman levels, whereas o~ -polarized photons excite atoms into the negative m
Zeeman levels. With the reduced (squeezed) fluctuations in the differential photon flux (S.), we expect
reduced fluctuations in the difference between the number of excited atoms in positive m Zeeman levels
and the number in negative m Zeeman levels. This difference is quantified by the J. (or generally E 7)
operator, and hence the atomic spin squeezing is explained. The three spin operators in Eq. (5.10) are
fully equivalent for the simple F = 0 — F' = 1 transition; a simple unitary transformation (rotation)
can change one into another. When such a rotation is accompanied by a unitary transformation of the
polarization basis for the excitation field, we find that any pair (f“ SZ), i € {z,y, z} can be rotated into
(J;, SZ) We know how to explain the spin squeezing qualitatively for jz, and the same arguments can,
with the unitary transformation, be used on any spin component.

Because of technical reasons we are not able to carry out a spin squeezing experiment on a F =0 —
F’ = 1 transition. We can, however, do the experiment on a F = 4 — F' = 5 transition as shown in
chapter 8. The relevant atomic variables can only be described by a pseudo spin in the F' = 0 case.
However, the derivations in section 4.2 and 4.3 are valid for any F, and the physical interpretation of
the process in terms of quantum state mapping from light onto atoms is also F-independent. We know
from above that the noise reduction in the atomic variables beyond the SQL (measured by coherent
light excitation) is caused by multi-atom entanglement in the case of FF = 0. We therefore argue that
a demonstration of fluctuations below the SQL in one of the collective observables ﬁz’, ﬁ'f — ﬁf, or

P.=®/2—2¢P, (5.12)

Féﬁ; + F;F'; is a demonstration of multi-atom entanglement even for F > 0. Moreover, we will refer to
this noise reduction as spin squeezing. It is not spin squeezing in the sense of Eq. (5.11) or Eq. (5.3),
but it does fulfil the two main requirements: noise reduction in a spin component (especially when ﬁz’
fluctuations are reduced) and multi-particle entanglement.

The commutation relation for the pseudo-spin components in the F' = 0 case is for the larger angular

momentum states generalized to
[FL ELE! + EVEY) = —2i (Ff - Ff) (5.13)
The corresponding uncertainty relation is
A\ 2 PN PN 2 . ~
(AF;) (A(F;F; + FZ;F;)) > (FI2 — F?)? (5.14)

For the excitation with polarization squeezed state in Eq. (3.17) we have (F/? — Ff) # 0 (see (Eq.
4.53)) and quantum noise in £/ and FHQF'; + F‘Zjﬁé is therefore expected. The atomic state produced by
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coherent or squeezed light excitation is only a minimum uncertainty state when F' = 0; this is seen from
Eq. (4.35) and (4.52).

The optimum noise reduction in the observables F!, F/> — F'? or F!F! + F,F! is a decreasing
function of F' (Fig. 4.2 and 4.3). This is because of the increase in the number of transitions on which a
photon of a given polarization can be absorbed. Moreover, the strengths of the different transitions are
different, although all the excited states decay with the same rate. Two correlated photons of opposite
polarization can be absorbed on a multitude of transitions, and not all the possibilities lead to efficient
noise cancellation in the collective atomic observables.



Chapter 6

Theory for the atomic state readout

The theory of mapping the quantum state of light onto atoms, which we derived in chapter 4, leaves
one question unanswered; how do we verify experimentally that an entangled, or spin squeezed, atomic
state is actually produced? We clearly have to somehow probe the atomic state, and this probing is the
subject, of this chapter. When we consider the probing of spin squeezed atoms, we should keep in mind
that the generated spin squeezed state only exists as long as the quantum pump continuously regenerates
the atomic correlations, which are lost due to spontaneous decay. Thus, we must probe the atoms in the
excited state in the presence of the excitation field.

The authors of the original paper on generation of spin squeezing in the excited state [9] suggest
to use a probe of light, which is near-resonant with an excited state transition F' — F", to read out
information about the quantum properties of the collective atomic state in F’. In this chapter we discuss
this idea in more detail, and we derive quantitative expressions for the transfer of atomic properties
onto a probe beam of light. The process we investigate in this chapter (transfer of atomic properties
onto light) is in a sense opposite to the process explored in the two previous chapters (transfer of the
properties of light onto atoms). It is advantageous for the readout process to have a strong atom-light
interaction. However, the interaction should not be as strong as in the mapping process, where we find
the complete absorption to be the optimum. In the readout process we obtain information about the
atoms by analyzing the transmitted probe field, and a too large absorption of the probe will obviously
reduce the readout efficiency. A trade off must be made between efficient interaction and probe signal left
for analyzing. The optimum probe optical depth is o’ = 1, but this is hardly realizable in a spin squeezing
experiment. The requirement for a completely absorbed weak excitation field results in a small number
of atoms in the excited state. Consequently, the probe optical depth cannot be very large. Moreover,
it is important that the properties of all excited state atoms are read with the same strength, otherwise
the readout of the collective state cannot be ideal. We cannot tolerate a too large probe absorption since
the strength in the readout depends on the probe power. In chapter 7 we will see that it is possible to
have o ~ 1 in experiments on spin noise of uncorrelated atoms.

The effects of the atomic properties such as orientation and alignment on a near-resonant probe of
light are well known when the discussion is limited to atoms in the ground state and mean values of
the atomic and field variables [34]. In this chapter, we extend the discussion to probing of excited state
atomic quantum fluctuations in double-optical resonance. The theory and the physical interpretation of
double-optical resonance in the weak field limit (weak probe and pump) including Zeeman degenerate
atomic states have not attracted much attention; most discussions focus on the strong field aspects in
double-optical resonance with pure three-level atoms. In the first section of this chapter we discuss the
use of double-optical resonance for probing excited state atomic properties. In the second section we
finalize the theory for the readout of atomic fluctuations. In the last section we discuss the effect of
inhomogeneous broadening on the calculated probe noise spectrum.

65
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Figure 6.1: a) Atomic level scheme with the ground state (F), the intermediate state (F') and the
upper state (F"'). The quantum excitation field (pump) and the probe field are decomposed into circular
polarizations. b) The configuration used for probing the spin squeezed state of atoms. The quantum
pump is completely absorbed by the atoms, whereas the probe is only slightly absorbed. The angle
between the pump and the probe beams is assumed to be small. The probe is analyzed by the half-wave
retarder, the polarizing beamsplitter and two photodetectors. The spectrum analyzer measures the noise
in the differential photocurrent.

6.1 Probing excited state atoms in double-optical resonance

It seems very natural to assume that the properties of the spin squeezed atoms in the intermediate'
state F' can be read out by utilizing a probe that is near-resonant with an excited state transition
F' — F" = F' +1 as shown in Fig. 6.1a. However, this would imply that the dynamics of the pump and
probe transitions can be separated, which in general is not possible. By separation of the dynamics we
mean that all properties of the probe interaction can be calculated from a Hamiltonian including only
the atomic states F' and F", the probe field, and the known properties of the atomic variables for the F’
state. We show below that the probe interaction can be interpreted as being separated from the pump
interaction in experiments on cold atoms with a radiation limited linewidth and weak copropagating
fields.

We are interested in the change in the probe polarization caused by the atomic quantum fluctuations.
The direction of the probe polarization, or more generally 3?’40“2 is measured in a polarization interfer-
ometer setup consisting of a half-wave retarder, a polarizing beamsplitter, and two photodetectors; see
page 13 for further details. The setup is very similar to Fig. 2.4 with the essential parts redrawn in Fig.
6.1b. We derive an expression for the fluctuations in the probe Stokes parameter S‘;j’“t measured after
interaction with the atomic sample. This derivation is based on the full Hamiltonian for the pump and
probe interaction. We assume that the angular momentum quantum numbers for the upper state (F"),
the intermediate state (F"'), and the ground state (F') fulfil F"" = F' + 1 = F 4+ 2. The Hamiltonian for

LF’ used to be the excited state in chapter 4, but now a higher lying state, F'/, is introduced, and we will then call F’
the intermediate state.



6.1. PROBING EXCITED STATE ATOMS IN DOUBLE-OPTICAL RESONANCE 67

the system consisting of the atomic sample, the pump field, and the probe field is given by

H= Hpump + I:Iprobe (61)

ﬁpump is identical to Eq. (4.2) and ﬁpmbe is similar to ﬁpump, except that it involves the variables
relevant for the probe transition

B-F . L
oo = Hic / BB (k) by (k) + 51 (k)b ()] dk (6.2)
k,—%
F’/
_|_ h(dl Z / pUF” FH )d
m=—F"

Bt () G, prmt (B (2) = Bt (2,9) 1, pom (1) b (=)} dPr

The constants relevant for the probe transition are given by

:l: 1!
B = %g 2%\/@ T Em) (F L itm) (6.3)
hw!
I __ 0
C - 471'80

, 3eoliN3
I =N\ 82 2F +1) 2F +2)

We use a prime on the parameters related to the probe transition ( g', (', w[’), w;, v, u' (z,y) and \') in
order to distinguish them from the corresponding pump parameters. by are the probe field annihilation
operators. We assume, for simplicity, identical quantization length L for the probe and the pump and a
common direction of propagation.

The propagation equation for the probe field is obtained from the Heisenberg equation for the anni-
hilation operators b+ with a result similar to BEq. (4.17)

d - ﬂiL
a—bi z,9) Z Pom = // (@,Y) CFrm, Frmet (T,y,2,Q) dedy (6.4)
m=—F"
The tilde-notation is again introduced for the slowly varying operators, i.e. by (z,t) = by (2, 1) e_i(“’()t_kéz),
&F”m,F’n (I‘, t) = &F”m,F’n (I‘, t) ei(w{)tfkaz) and &F”m,Fn (I‘, t) = &F”m,Fn (I‘, t) ei((w6+WO)t7(k6+k0)z) . An
operator and its Fourier transform are distinguished by the arguments, e.g. ¢ and .

In order to calculate the properties of the transmitted probe field, we look into the source term given
by the atomic operators 6r m, Frm+1- From the Heisenberg-Langevin equation for 6y, rrim+1 we have

6."F’m,F”mﬂ:l (I‘) - (_iAI - h/ + '7]/2) 5F’m F'"m=+1 (I‘) + fF’m,F”m:I:l (I‘) (65)
' @,9) { BE5r mpim (1) b (2) + B a6 rrm s (1) b () }
—u* (@) {0 1P (0L () + ap 1 Grmi P (1) 6 (2))

We introduce the probe detuning A" = w! —wy,, and we assumed that the upper state populations/coherences
are much smaller than the intermediate state populations/coherences, (weak probe approximation). If
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we compare Eq. (6.5) to the corresponding expression for the pump transition, Eq. (4.18), we see that
the last line in Eq. (6.5) does not have a counterpart in Eq. (4.18). It is because of these F — F"
coherence terms in Eq. (6.5) that the pump and probe interaction cannot be separated immediately.

The probe interaction in double-optical resonance is often interpreted as if it is composed of two
contributions known as the two-step (or incoherent) and the two-photon (or coherent) processes [28, 94].
The two-step process describes a sequential absorption from the pump and the probe fields, and it is
included in the second line of Eq. (6.5). The two-photon process involves the atomic coherence between
the ground state F' and the upper state F”, and it is often interpreted as a process that requires two
photons simultaneously. The third line in Eq. (6.5) is the contribution from the two-photon process.
In general the two processes can have different resonance conditions, different linewidths, and different
amplitudes. Such effects have been discussed extensively in the literature, see e.g. the references in
Ref. [28]. If the decay rate for the atomic F' — F" coherences is large compared to intermediate state
decay rate, then the two-photon contribution can be neglected. This can be caused by e.g. collisions
or fluctuating laser fields. The remaining two-step contribution is fully described by a separation of the
pump and probe interactions, and we can use a two-level Hamiltonian (Hprope in Eq. (6.2)) to derive
the atom-probe interaction if the intermediate state atomic variables are known. The probe linewidth
for the two-step process is set by the sum of the intermediate state and the upper state decay rates, just
as for a two-level system where the lower state is not the ground state but is populated by incoherent
pumping [95]. However, our system is assumed to be an ideal sample of cold atoms with a radiation
limited linewidth together with laser fields without excess noise, and we cannot rely on a destruction of
coherences for the separation to be valid.

The notion of a two-step and a two-photon process only makes sense in the presence of e.g. a
strong and detuned pump field, collisions, large Doppler broadening, or fluctuating laser fields. The two
processes cannot be distinguished in the case of weak fields and radiation limited linewidths. We can see
that by rewriting the last line in Eq. (6.5) in terms of the intermediate state populations/coherences.

The Heisenberg-Langevin equations for g, —1,prm+1 gives

Grm_1Frmel (¥) = (=iA" = ~'/2) Gpm_1 prmer (¢) + Frm—1 prm1 (r) (6.6)
' (2,9) {BEGEm 10m (1) b (2) + BisFrm 1 5mea (1) b (2)}

In this expression we utilized that the pump field is weak and at exact resonance. After the usual
linearization and a Fourier transform in time, we find

B, (1B () 4 Ba0mos s ()5 ()] (61

__ —u(zy)
AT+ Q) +4/2
+ BEGFm—1,Fm (¥) 8bs (2,Q) + B 66 pm—1,7'm (r,Q) bs (2)

+ﬁr:'r:1,j:25'mel,F’m:|:2 (I‘) 6BZF (Za Q) + ﬁr:':bj:Q(S&mel,F’mj:Z (I‘, Q) b:F (Z)}

GFm—1,F"m+1 (T)

06 Fm—1,F"m+1 (r,Q) {Frm=1,Frmx1 (T)

We now use Eq. (4.19), (4.24), (4.47), (6.5), (6.7), and the similar equation for Gpm41,Frrmt1 tO
obtain

. —u' (z,y
06 F m,prm+1 (r,Q) = ﬁ {F (r, Q) (6.8)

+ ﬁrjr:Ll_)ﬂ: (Z) 65F’m,F’m (I‘, Q) + 6n$1j:252|: (Z) 6&F’m,F’m:|:2 (I‘, Q)

+BEGF m, prm (£) 0bs (2,Q) + B 100 F m, Frmts (T) 0bx (2, Q)}

We have in this derivation assumed that ) < ~,~’. All the Langevin force contributions are lumped into
F , which we do not specify explicitly. We see that Eq. (6.8) does correspond to the two-step process
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in Eq. (6.5) except for a modification of the linewidth to 4’ instead of 4’ + «y. This modification of the
linewidth is the sole effect of the two-photon process.

The disappearance of the intermediate state decay rate in Eq. (6.8) is explained physically in Ref.
[94]. The excitation field can excite atoms from the ground state F' to the intermediate state F”’, and
in this process an energy of hwyg is transferred to the atoms. The probability for excitation of an atom
depends on the ratio of the pump detuning to the linewidth of the state F'. The excited atoms are
subsequently probed on the F' — F" transition. The energy of the atoms in F" is not uncertain as with
incoherent pumping; it is set by the pump photon energy hwg. Therefore, the linewidth of the probe
transition depends only on the linewidth of the upper state F"', as confirmed experimentally in Ref. [96].
The probe field is resonant when the sum of the probe and pump frequencies corresponds to the atomic
transition frequency from F to F"’. We can think of a mechanism that makes the F'— F" coherence decay
fast, e.g. atomic collisions, as a mechanism which redistributes the energy of the atoms in F’ within the
intermediate state linewidth and thereby gives a probe linewidth which is the sum of the decay rates for
the states F' and F".

Following this simple picture and the result in Eq. (6.8), we can treat our atom—probe interaction
as if we are probing Zeeman degenerate two-level atoms prepared by the pump, provided that we only
include the decay rate of the F"' state (7') in the linewidth and take the detuning (A’) to be the sum
of the pump- and probe detunings. Since our pump field is at exact resonance, we do not have to
distinguish between the probe detuning and the sum of the pump- and probe detunings. We conclude
that double-optical resonance can indeed be used to probe the properties of the intermediate atomic
state.

In the spin squeezing experiment in chapter 8 we have /27 = 1.9MHz, v/27 = 5.2MHz and ' /27 =
3.1MHz. Hence, the requirement @ < +v,%', used in deriving Eq. (6.8), is not really fulfilled in the
experiment. A natural way to include (at least partly) the nonzero detection frequency € into Eq. (6.8)
is to add the detection frequency to the probe detuning in the denominator. This is the exact inclusion
when the F' — F"' coherences can be neglected (incoherent pumping), or when ground state atoms are
probed. In addition, this inclusion is found to improve the agreement with the experimental data in
chapter 8. We will therefore use the following two expressions in the calculations of the spectrum of
probe polarization fluctuations

!
e (B () OB (1) + Bfsbs () O pmie @) (69)
—u' (2,y)
TiATF Q) 42
+ Brb (2) 06 prm prm (€, Q) + B Lobs (2) 06 prm, prm+a (T, )

B0, () 0bs (2,9) + BF 1o0m m prmss (1) b (2,0) }

TF m,Frmt (T)

6&F’m,F”mi1 (I‘, Q) {‘7: (I‘, Q)

After this discussion about atomic probing in double-optical resonance, we continue to calculate the
fluctuations in the probe polarization, quantified by the Stokes parameter S?’/""t.

6.2 The readout of atomic fluctuations

We use Eq. (6.9) and (6.4) to derive

95 (2,Q) = —A (2) b (2,Q) + B(2,2) b (2) + F' (2,9) (6.10)
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where

5b (2,0) = (513+ (2,Q) , 6b_ (z,Q))T (6.11)
B(2) = (54 (2) , b (2)

A (2) = 3A” s //da:d ' (2, )2
WA 8 (2F + 1) (2F + 2) A +'/2 Y Y

x {[(8—2n) @F +3) (FL (1) + (F () + P (v)) dn.m
+ [ = B @)+ (3= 2m) (FLE, + EyED )] (1= dnm) }

B —3)\" 7, / 2
B (2,9) = oo 2F + 1) (2F" + 2) i(A' + Q) + /2 //dxdy [u'(z,y)|

x { [(3 —2n) (2F" + 3)6F! (r, Q) + 0E (r, Q) + 6P (r, Q)] Snm

T

+ [—5 (Ff - ﬁf) (r, Q) +i(3—2n)6 (ﬁ;ﬁ; + ﬁ;ﬁ;) (r, Q)] (1- 5n,m)}

A, ., are the components (row, column) in the 2 x 2 matrix A and similar for Bn,m. The atomic
operators P’ (r) and F!* (r) are defined by

FI
Px)=p Y (F?+3F +2)6pmpmr) (6.12)

m=—F"

FI
lef2 (r)=p Z m2&F’m,F’m (r)

m=—F"

The rest of the atomic variables in Eq. (6.11) are defined in chapter 4. We do not specify the Langevin
force in Eq. (6.10). In chapter 4 (Eq. (4.20) and the discussion below), we saw that the effect of the
Langevin force is to ensure that a coherent state field remains in a coherent state as it propagates through
the atomic sample?. This is similar to the attenuation of a coherent state by a beamsplitter; the vacuum
fluctuations entering through the empty port ensures that the transmitted field is in a coherent state.
We will assume that our atomic sample acts like a simple beam splitter if the atomic noise contribution
is ignored (i.e. for B= 0). Instead of keeping track of the Langevin forces, we ensure by addition of a
vacuum field that the coherent state probe remains in a coherent state when B= 0, i.e. that the probe
field commutator is preserved; [6b9%, 65 ] = [6b%2, 60" T]. We use the indices in and out for the fields
before (z = 0) and after (z =) the atomic sample.

6.2.1 Correlated atoms and small optical depth.

In the readout of correlated atoms we would like b (Q) to carry information about the collective
intermediate state atomic operators. This requires, as we see by formally integrating Eq. (6.10) over z,
that b (z) and |u/(z,y)|? are constant over the volume with appreciable intermediate state population. In
other words, the absorption and phase shift of the probe should be small, and the probe beam diameter
should be much larger than the pump beam diameter.

The use of a large diameter probe beam does have a drawback in the experimental implementation
as discussed at the end of this section. Nevertheless, we will, for simplicity, assume in the theory derived
here that the probe diameter is much larger than the pump diameter.

2This is, of course, only true in the absence of atomic fluctuations. In chapter 4 we neglect the atomic fluctuations due
to the arguments in Appendix C.
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The maximum absorption (optical depth) of the probe field can be estimated as o' = N'a})/(7w'?),
see Eq. (6.16) below. N’ is the number of atoms in the intermediate state, o}, is the resonant absorption
cross section, and 2w’ is the probe beam diameter. N’ is for a completely absorbed pump field given
by N' = ®/v = sorw?/oo. The resonant pump saturation parameter sg is defined on page 9, and 2w
is the pump diameter. For w < w' we find o' < soo{/09. The ratio between the probe and pump cross
sections for the cesium transitions used in chapter 8 is about 1.1, and accordingly o' < sg. Thus, a weak
pump field (small sg) results in a small probe absorption. The weak absorption can also justify the use
of a z-independent spatial mode function.

With these arguments we can pull the b (z) and &b (z,Q) factors out of the integral over z of Eq.
(6.10). We find

~ l ~ l ~
§bU (Q) = (l —/0 A (2) dz> §bi"™ (Q) +/0 B (z,Q)dzb™ + Q¥ () (6.13)

l
bout = (l —~ / A(2) dz> b
0
S =~ \T

v =(04 , v_)" are the vacuum fields, which mimic the effect of the Langevin forces. The vacuum
operators commute with all other operators and [o+ (Q), 35 ()] = 276 (2 + Q') L/c, see Eq. (3.14). Q
is a matrix chosen to preserve the probe field commutators for B=0.

We will, for simplicity, assume that the major contribution to the changes in b is identical for the
two circular polarizations. This assumption is not critical for the derivation below, but it is fulfilled in

the experimental implementation, and it will simplify the notation. More quantitatively we assume
(P! + FP) > (2F' +3) [(F)|, (B2 —EP), (FLE, + FyEy)| (6.14)

We can then write b3% = (1 —a'/2 — i) bil*, where o is the probe optical depth and 6 is a common
phase shift. The explicit expression for the optical depth is

3/\/2 ,)/2 _ Z'2AI
32w 2F + 1) (F' + 1) A2 + 72/4

a' /2410 = /Vd3r lu! (z,y)|> (P (r) + ' (r)) (6.15)

The expression for the optical depth becomes even simpler when the atoms are unpolarized. We then
have (F?, . (r)) = p'(r) F' (F' +1) /3 and (P' (r) + F?(r)) = p' (r)2(F' + 1) (2F' + 3) /3 with p' as

T,Y,z
the density of atoms in the intermediate state F’. The optical depth for unpolarized atoms is then

_ o0 3 2
Coinpol = HTW/Vd rlu(z,y)p (r) (6.16)
,_ (2F +3) A7
0T QF +1) 2

oy is the resonant absorption cross section for unpolarized atoms. Equation (6.16) is not only valid in
double-optical resonance; it can also be used in the probing of unpolarized ground state atoms with F’
as the angular momentum of the lower state. The integral over |u'(z,y)|?p’ (r) reduces to just p'l for a
uniform atomic density and to 2N’ /7w’ for a large probe diameter.

We can now write Eq. (6.13) as

6Bout (Q) — (1 _ Oél/2 _ 10) 55’” (Q) + /lB (Z, Q) dzb™" + \/J{’ (617)
0

b = (1 -a'/2 —if) b™
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Finally, we assume that the probe diameter is large enough to allow the |u'(z, y)|? factor in the definition
of B to be replaced by its peak value 2/(7w'?). We then find

_3)\/2 ,yl

5b3M (Q) = (1 — o' /2 — i6) 5bi (Q 6.18
) = (A= a2=i0) b (V) + e o 1 9) rw (A £ Q) £ 72 (6.18)
X { [j: (2F' + 3)6F! (Q) + 6E2 () + 6 7' (Q)] pin
5 (B2 = B2 ) (b= () 286 (ELEy + By EL) (@b} + Varis
The atomic operators in this equation are the collective operators defined in the chapter 4.
From the Stokes parameter definition in chapter 3, we find to the lowest order in o’ and 6
5 ic (7 * o7 7 Jou Tout* $7 7 Jou
5Simt (Q) = 37 (b‘i“t b () 4 BSUabT (Q) — B 6b2U () — boutaho T (Q)) (6.19)

= (1-a) S (Q) + C\éa_

3\
Tt 2P 1 1) (F 1 1)

x { [_2 (2F' + 3) SIngF! (Q) — 288 (13;;2 - ﬁf) (Q)] D (Q,A")

+ [-28;m (8F2 () + 6P () + @5 (ELFy + FyFL) ()] L (2,40}

{Xy (@) Fout 4 V2 (@) vt - X2 (9) Tevt - 72 () X2t}

Xi, ffi” are the quadrature phase operators for the vacuum fields o... X9, YU are the average of the
quadrature phase operators for the transmitted probe field. ®' is the incoming probe photon flux, and
the functions D and L are defined by
8A'y!
AN + (v +i20)°
4~" (" + 129
LAY = 2 (v +1429) i
4A” + (v +1i2Q)

(6.20)

D(Q,A) =

The noise in the differential photocurrent i_ is analyzed on a spectrum analyzer (SA), see Fig. 6.1b.
The SA measures the power spectrum, or spectral density, of the differential photocurrent. For unity
quantum efficiency, a gain of g, and with e as the electron charge, we have

2 4e2g?
o 27

[ee]
()% = de2g? (s;;)"t) / <53;0ut (@) 881w (Q)> QY (6.21)
We will assume that the fluctuations in the d_ifferent atomic operators are uncorrglated. For a coherent
state probe polarized along x or y we have |S;| = ®'/2, §;'" = §I'" =0, and (S,;")3 = ®'/4, see Eq.
(3.17). The power spectrum is then given by

!

9y
32N' (F' +1)° (2F" + 3)°

(L)?z =e’g?® (1 -a') + e2g2(1>'56a67unpol (6.22)

1212
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In this derivation we use the expressions for the resonant probe saturation parameter s = oy ®'/~'7Tw'?

and the resonant optical depth af),unpol from Eq. (6.16). The first term is simply the shot noise of
the coherent state probe, which is attenuated by o’ because of the atomic absorption. The second term
represents the excess noise transferred from the atomic spin F‘; onto the probe. For small 2 the spectrum
of this term as a function of the probe detuning A’ is the square of a dispersion profile. The last term
comes from the noise in the atomic alignment difference F! ﬁ; +ﬁ';ﬁé The spectrum of this contribution
for small 2 is a squared Lorentzian. Note that we will have an extra contribution proportional to
the real part of D (—Q, A’) L (Q, A') if cross correlations between §E! and 6(1@% + F‘;Fé) exist. This
contribution will be asymmetric in the probe detuning and in contrast to the terms in Eq. (6.22), which
are symmetric in A’. We will discuss the asymmetric contribution further in chapter 8.

The signal-to-noise ratio (S/N) in the atomic state readout is set by the ratio of the atomic noise
contribution to the probe shot noise. The S/N scales with the probe power, probe diameter, and the
number of atoms within the probe as s{N'/w'?. We have assumed here that the spectral densities of
the atomic variables are linear in the number of probed atoms; this holds in the case of uncorrelated
atoms. The weak probe assumption sets an upper limit on sj. We can gain in S/N by reducing the
probe diameter until it becomes comparable to the pump diameter. The physical explanation for this
gain is that the probe photons outside the region with atomic excitation do not contribute to the atomic
signal, but they are still detected and hence add to the measured probe shot noise. We can only gain
in the readout of quantum correlations until the probe diameter approaches the pump diameter. With
the probe diameter smaller than the pump diameter, we cannot probe all the entangled atoms, and the
noise reduction caused by quantum correlations will suffer. In the spin squeezing experiment in chapter
8 we use a pump and a probe with about the same diameter.

For uncorrelated atoms we have nothing to loose by using a probe beam smaller than the pump beam.
But we do not gain either. The number of probed atoms, N’, is for the small probe proportional to the
square of the probe diameter. Thus, the S/N is independent of probe diameter for uncorrelated atoms
in the small probe limit.

For completeness, we also give the expression for the average Stokes parameter ‘S_'?’/”“t. We find for an
arbitrarily polarized probe without the assumption about identical changes in b4

ic -

S;out (Q) — ﬁ (b(iut*l’)iut _ Biut*l’)(iut) (623)
. 3AI2’)/I
— 1 _ ! nn
( a )Sy + S8m2w!'2 (QF' + 1) (F' + 1) (7/2/4 + AI2)
R RN A ‘P!
x | =2 (2F' + 3) A'SImF! (Q) — 2A/SIM(ER — F12) + %(F;Fé + R

Here we use the definition of o/ given in Eq. (6.15).

6.2.2 Uncorrelated atoms and large optical depth

It is, as discussed above, not important to match the pump and the probe beam profiles in the readout
of the quantum noise of uncorrelated atoms. In fact, in our first experiment on observation of the atomic
quantum noise (chapter 7), we use excitation with large diameter beams from six different directions (the
trapping beams of the MOT). It is then possible to have a large probe optical depth. The large probe
absorption prevents an ideal readout of the collective atomic state as discussed in the previous section.
However, we do not need a perfect readout of the collective state when the atoms are uncorrelated. In
this section we derive an expression for the measured spectral density under the conditions of chapter
7. We will allow for a large probe optical depth, but this generalization is not for free. We now have
to assume that the average density of atoms in the intermediate state F’ is constant over the probe
interaction volume (p’ (r) = p'), whereby A (z) becomes independent of z. The isotropic excitation in
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chapter 7 makes this a valid assumption. With A (z) = A we find from Eq. (6.10)

z
5B (2,9) = exp (—A 2) 6b" () + / exp (~A [z — 2B (=, Q)b (') d=’ + Q¥ () (6.24)
0
Vv =(0y , 9_)7T are again the vacuum fields, which mimic the effect of the Langevin forces. Q is a matrix
chosen to preserve the probe field commutators for B=0.
In accordance with the experiment we assume almost identical changes in the two polarization com-

ponents. Thus, we can define an absorption coefficient x and a refractive index n so that A = (k + in)1,
kl =a'/2 and nl = 0. From Eq. (6.24) and (6.10) we deduce

b (z,Q) = e~ (FFIMZBIn () 4 ¢~ (KN / B(z',0)dz' b + /1 — e2627 (Q) (6.25)
0

From this expression we derive the fluctuations in the probe Stokes parameter SZ’JO“t for a probe field
initially polarized along =

5SIent (Q) = % (Bgut*az;i"t () + b5L5b7T (Q) — bot*about (Q) — boutabs ! (Q)) (6.26)
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We can write the atomic correlation functions for the uncorrelated atoms as (compare to e.g. Appendix
C, section C.1)

(OF, (r, Q) 6FL (r', ) = p/(F1)%, 00 (r = 1) § (2 + ) (6.27)
(S(ELE, + By EL) (1, Q) S(ELEL + FyEL) (', Q) = p(ELF) + Ey L), 08 (r =) 5 (2 + )

We use the subscript sa on the single atom spectral densities. We can now calculate the spectral density
of the detected differential photocurrent 7_

94/

. \2 2 2 —a' gl 2 2x1_—2a’ 1 ’
1) =€°ge ' +e*g°Pe Qg unpolS
( )Q 0’ pl 064(F,+1)2 (2F’+3)2

(6.28)
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x{(2F'+3)2(ﬁ;) D(Q,A’)D(—Q,A’)Jr(ﬁ;F;Jrﬁ;F;) L(Q,A’)L(—Q,A’)}

sa,Q sa,2

We have again used the expressions for s, and «aj ., (for the small probe). The variance of a sum
of uncorrelated variables equals the sum of the variances of each variable. Therefore we expect that for
uncorrelated atoms (F!)2, = N’(ﬁz’)ﬁaﬂ. This is indeed what makes Eq. (6.22) and (6.28) equal, except
for a factor of two and the validity of Eq. (6.28) for large o'. This factor of two is the effect of the
Gaussian probe profile; in Eq. (6.22) we use the peak intensity to probe all atoms, whereas in Eq. (6.28)
we use the whole probe with a smaller average intensity. A result very similar to Eq. (6.28) is used in
Ref. [5] for the readout of atomic ground state fluctuations in a pulsed experiment.

It is possible to give a simple interpretation of the noise formulas (6.22) and (6.28) based on the
classical description of the polarization interferometer in section 2.3. The incoming probe with a flux
®' is polarized along z, and the half-wave retarder and the polarizing beamsplitter (PBS) is oriented
to measure the field components along z’ and y’. As a result, the photon flux difference between the
two output arms of the PBS is proportional to the rotation angle 6 of the probe polarization caused
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by the atomic interaction. We can write the difference in the fluxes as &' = @] — @}, = 209’ with
P =P + P, = e @ ®', see Eq. (2.15). If the mean value of @ is small, we can write the fluctuations
in the differential flux as 0®’ = 2®/ §6. Three possible contributions to # exist. The first contribution
is the optical activity, where the two circular polarization components of the probe experience different
phase shifts. The rotation angle is proportional to the difference between the phase shifts, and the
spectrum of @ versus probe detuning A’ is a dispersion-like profile. Optical activity occur when the
atomic sample is oriented along the z axis, that is, for non-zero E ”. The second contribution is related to
linear dichroism with different absorption of the linearly polarized components along the z’- and y' axis.
This effect has a Lorentzian spectrum and depends on the difference in atomic alignment along the z’-
and y' axis quantified by F‘éﬁ; + F‘Zjﬁé The calculations above show that if the atomic parameters are
noisy, then this noise is converted into noise in the probe polarization angle 8, which is directly observed
in the noise of the differential flux. Finally, the quantum fluctuations in the coherent state polarization
give a shot noise contribution to 46 as discussed in chapter 3. The shot noise contribution to the variance
of the angle 8 is given by (Af)%,y = 1/(4®',); the stronger the coherent state is the more well-defined
is the polarization direction. The atomic contribution to the variance of # is for uncorrelated atoms
given by a sum over the contributions from each atom. Since each atom is assumed to add the same
amount of noise, we find that (A#)2, = kN’'. For a weak probe the atomic response is linear, and
the proportionality constant k is independent of the photon flux. Thus, for the total variance in the
differential photon flux we have

(AD)? =43 2(AF)? = ¢ @ &' + 4kN'e 23’2 (6.29)

The dependence on the probe flux and the number of atoms (optical depth) is identical to the result of the
more thorough calculation in Eq. (6.28). The signal-to-noise ratio in the readout of atomic fluctuations
is given by the ratio of the atomic noise to the shot noise in Eq. (6.29). Since N' o ' we find that the
signal-to-noise ratio has a maximum at o' = 1.

6.3 Inhomogeneous broadening of the atomic noise spectrum

It turns out that we have some excess line broadening in the experimental realization of the spin squeezing
proposal in chapter 8. One reason is that the weak unidirectional excitation field accelerates and heats
the atoms, even though the atoms are first cooled to the mK level. In this section we look at an
atomic sample with a distribution of atomic resonance frequencies. We consider in particular a velocity
distribution with a Doppler width comparable to the linewidths v and +', but the final results will be
valid for any kind of inhomogeneous broadening. The excitation field is still assumed to be completely
absorbed, and we will not look at the effect of the Doppler broadening on the generation of spin squeezed
atoms. We limit the discussion to a simple model for the effect of the velocity distribution on the readout
process.

Consider the term proportional to 6F7 () D (Q,A’) in the 631’/0“t (Q) expression in Eq. (6.19). 6F!
is a collective atomic operator that represents a sum over all single atom operators, ) j oF 2’,] We can
also express the collective operator as a spatial integral over the continuous atomic operators introduced
in chapter 4. Here we introduce, in the same way, continuous operators in velocity space together with
a density function p,. We define

FI
- _ # i
SF! (v,Q) = PNOLY m;p mz Lo T (1) (6.30)

Np, (v) Av is the number of atoms with a velocity in the z-direction in the interval Av around v. p, is
normalized so that® [ p, (v) dv = 1. The sum over i is a sum over all atoms with the z-component of the

3Note that we use a different normalization for the density in velocity space p, (v) as compared to the spatial density
p (r), which integrates up to N.
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velocity in the small interval Av around v. Aw is chosen to be large enough to include many atoms, but
small compared to the width of the velocity distribution. We then have

SE! () = / pe () 6F" (v, Q2) dv (6.31)

The different atomic velocity groups have different detunings because of the Doppler shift. We write the
velocity dependent detuning as A’ (v) = A’ —27v/A;. The detuning in the probe interaction is in fact the
sum of the probe and the pump detuning (see page 69), and hence \; is the wavelength corresponding
to the two-photon excitation from the ground state F to the upper state F''. We can now substitute the
SE! () D (92, A’) factor by a corresponding factor which includes the atomic velocity distribution

/ po (0) 6! (v,Q) D (Q, A" (v)) dv (6.32)
The ﬁ';—contribution to the detected spectral density is then proportional to
/ sy / / dvdv' p, (V') py (v) (6F! (v, Q) 6F! (v, ))D (Q, A’ (v)) D (¥, A" (v")) (6.33)

Some general statements about the correlation function for §F” (v, Q) can be given. We first consider a
sample of uncorrelated atoms. From the definition in Eq. (6.30) we find that (0F (v, Q) §F. (v',Q'))Av =
0 for v' # v. For v' = v we have

n n 1 ~1 ~1
<6F‘é ('U, Q) 6Fé (’U, QI)>A’U = m Z Z mn<60F1m7Frm (Q) 60F’n,F’n (QI)> (634)

1 !
= o @@+ )

(0, Q)6(Q+ Q) is the average single atom correlation function for atoms with a velocity in the z-
direction around wv.

In general we can have correlations between the atoms, which we describe by a function g (v,v’). In
the continuous limit we can then write the correlation function as

(OF (0, Q) 6FL (', ) = 6 (2 + Q) {p," (v) f (1,2) 6 (v =) + g (v,0', )} (6.35)

We now assume that the functions f and g are independent of v, v’ and insert this correlation function
into Eq. (6.33) with the result

() D2 (Q,A) + g () D* (2, A) (6.36)
The new functions D2 and D? are defined by
D2 (0, A) = /dv po () D (=0, A (1)) D (2, A’ () (6.37)

D? (Q,A") = </ dv p, (v) D (—=Q, A’ (v))) </ dv p, (v) D (2, A’ (v)))

In the limit of small € the first function, IA)E, is a Doppler broadening of a squared dispersion profile.
This function is for a nonzero Doppler width strictly positive for all A’. The function D? (0,A’) is the
square of a Doppler broadened dispersion profile. This function always goes to zero at resonance. We
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introduce Doppler broadened versions of L (2, A’) in a similar way. With these simple modifications we
can rewrite Eq. (6.22) as

!
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(6.38)
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Here the spectral densities of the atomic fluctuations have been separated into two contributions. We
use the index wuc for the spectral densities for uncorrelated atoms and the index ¢ for the corrections due
to multi-atom correlations. Thus, the c-terms like (13'2’,)3Q are not true spectral densities in themselves,
and they may even be negative. We only see the uc terms when coherent light is used for excitation. The
c terms are added when e.g. polarization squeezed light is used for excitation. The spectral densities
for atomic fluctuations of uncorrelated atoms are, per definition, always nonnegative. However, the
corrections in the presence of atomic correlations may be negative and thereby reduce the spectral
density of the collective spin below the standard quantum limit set by uncorrelated atoms.

We have in Eq. (6.38) included the ”large optical depth” exponentials from the previous section. This
joins Eq. (6.22) and (6.28) in one equation, which furthermore allows for an inhomogeneously broadened
medium. Note that the atomic noise contributions in Eq. (6.38) should be reduced by a factor of two in
the small probe diameter limit.

In the experiment it is quite easy to measure the sum of the photocurrents i; and i, instead of the
difference. The corresponding spectral density for i is derived in a way similar to Eq. (6.38). The result
for uncorrelated atoms is

!
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We find in chapter 8 that the experimental data for (z+)?2 fit the L? (Q, A") profile better than the
L?(Q,A’") profile when uncorrelated atoms are probed. We find that the contribution to (z_)?2 from
multi-atom correlations matches the D? (Q, A’ profile when non-coherent light is used to induce atomic

correlations in 13'; In conclusion we find that this simple theory for the inhomogeneous broadening is
sufficient to explain the experimental data.
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Chapter 7

Quantum noise of uncorrelated
atoms

In the previous three chapters we discussed the theory behind excited state atomic fluctuations and the
readout of these fluctuations. We now return to the experiments, and in this chapter we describe our
measurements on the quantum noise of uncorrelated atoms. The experiments presented in this chapter
can be considered as the first step towards generation of a macroscopic entangled spin squeezed state of
atoms. Before we suppress the atomic spin fluctuations by means of quantum correlations, we have to
demonstrate that we, in fact, can measure these fluctuations; this is the subject in this chapter.

Atomic fluctuations are important in a number of physical systems or processes. The efficiency of
squeezed light generation by four-wave mixing in an atomic gas can be limited by the atomic noise due
to spontaneous decay [2]. The momentum diffusion for the atomic motion within an optical field can
be limited by atomic dipole fluctuations [97]. The signal-to-noise ratio in spectroscopy experiments can
be limited by the atomic noise [1, 3, 4, 98, 99]. Atomic noise in the resonance fluorescence spectrum is
investigated in Ref. [100, 101].

The quantum noise of uncorrelated atoms (i.e. the variance of a collective atomic operator) has
a characteristic linear dependence on the number of atoms which contribute to the noise. This is for
example seen in Eq. (6.29) in the limit of small optical depth. The physical argument for this dependence
is simple; the variance of a sum of uncorrelated atomic variables, e.g. ", ﬁ'zﬁi, is the sum of the single
atom variances. We find the overall contribution to be proportional to the number of atoms (V) if all
atoms have identical variances. If, on the other hand, all the atoms fluctuate in phase (i.e. correlated),
then we can substitute the sum by N Fm, and the variance of the collective atomic variable is proportional
to N2. The N2 dependence is, for example, seen when all the atoms are exposed to the same laser field,
which is modulated in intensity or frequency. Thus, the N? dependence is typical for atoms that are
exposed to some kind of classical modulation or noise. This is very similar to the fluctuations in light;
a shot noise limited light field (a coherent state) will have intensity fluctuations that scale linearly with
the mean intensity. If the field is exposed to any classical or technical noise, the intensity fluctuations
will scale quadratically with the mean intensity.

The linear dependence on N does not necessarily ensure that the observed noise is of quantum origin.
If the number of atoms under investigation fluctuates in time in a random but classical way, then the
same linear N-dependence can be found. This is the case for the thermal fluctuations of unpolarized
atoms in a gas cell probed by a small diameter laser beam [98]. If the number of atoms is fixed, or if
the number fluctuations happen with a frequency much smaller than the frequency at which we detect
the noise spectral density, then we expect that noise observed with a linear N-dependence is of quantum
origin.

Only a few experiments have aimed at probing the quantum noise of atoms with a demonstration
of the characteristic N-dependence. The first experiment is based on a few trapped ions, which are
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prepared in a superposition of two eigenstates [3]. A subsequent measurement of the number of ions in a
given eigenstate results in a projection of the wave function with a random outcome. The observed noise
is termed projection noise, and the variance is found experimentally to scale linearly in IV, although not
with overwhelming statistics.

In this chapter we present our experiments where the quantum noise of excited state atoms is measured
and found to be in agreement with the expected linear N-dependence. These results are also published
in Ref. [4]. In contrast to the ion experiment, we do not observe the quantum noise induced by
our measurements of an atomic variable (the projection noise). Our quantum noise is caused mainly
by the coupling of the atoms to the electromagnetic vacuum modes, which leads to the spontaneous
decay. In a qualitative picture we can think of this quantum noise as the projection noise induced by
the "measurements” carried out by the vacuum fields. We use a weak probe of light to readout the
quantum noise, and this probing is assumed not to contribute to the atomic noise. Besides the noise
from spontaneous decay, we also have a contribution from the quantum noise of the field used to excite
the atoms back into the excited state. The fast spontaneous decay results in a broad band atomic noise
spectrum. This is advantageous when the noise is read out by a probe of light. The typical low frequency
technical noise of the probe laser requires a detection frequency above a few MHz, and we measure the
spectral density of atomic fluctuations at 3MHz. The atoms are trapped in a magneto-optical trap
(MOT) where they live for about one second before they escape due to collisions. The probe diameter is
somewhat smaller than the size of the atomic sample, but the atomic velocity in the MOT is very small,
and trapped atoms enter/leave the probe region quite slowly. Thus, the detection frequency is much
higher than the frequency at which atoms enter/leave the probe region, and we do not have to worry
about classical number fluctuations.

Subsequently, the linear N-dependence have been observed in the frequency fluctuations of an atomic
fountain frequency standard [1]. The frequency fluctuations are caused by the quantum projection noise
as in Ref. [3]. Finally, the linear N-dependence is found in the variance of a collective spin measurement
on cesium atoms in the ground state [5].

We continue this chapter with a description of the setup used in the experiment. In the second section
we present the experimental results.

7.1 The setup for detection of atomic quantum noise

The setup for this experiment is very similar to the setup in Fig. 2.4. A sketch of the setup with
the elements relevant for the present experiment is shown in Fig. 7.1. The cesium atoms are trapped
in a MOT as described in chapter 2. The noise of the excited state atoms in the MOT is probed on
the 917nm 6P;5,, — 6D5,, transition utilizing a Ti:Sapphire laser (Microlase MBR-110). We use the
polarization interferometer setup to analyze the transmitted probe field as described in chapter 2 and 6.
The polarization interferometer and the two photodetectors in the output arms of PBS2 are the same
as in section 2.4.1. The 3MHz detectors are set at the broad 640kHz bandwidth with a noise equivalent
power (for both detectors) of about 80uW. The differential photocurrent i_ holds information about the
polarization of the probe field after the atomic interaction. i_ is proportional to the Stokes parameter
5‘;0‘” for the probe field. Fluctuations in 5‘;0‘” induced by the atoms are measured on the spectrum
analyzer (SA) as fluctuations in i_. The SA measures the spectral density (i_)3 at the frequency
/27 = 3.0MHz. The SA runs in the following at zero span with a resolution bandwidth of 300kHz,
unless other parameters are given explicitly.

In the first attempt at observing the atomic quantum noise, we use the diode laser for trapping in the
MOT. The intrinsic broad band phase noise of the diode laser output results in a classical modulation
of the trapped atoms (Ref. [20, 35] and section 2.4.4). It seems like a bad idea to use a noisy trapping
laser when the goal is to observe the quantum noise of atoms. However, if the atomic sample is perfectly
isotropic, then the classical noise of the diode laser will have the same influence on both circular polar-
ization components of the linearly polarized probe, and the polarization of the probe is not modulated.
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Figure 7.1: The setup used to observe the quantum noise of uncorrelated atoms. A MOT is sustained
by six laser beams at 852nm (not shown). A probe field at 917nm probes the atomic fluctuations in the
6P/, F' = 5 state. The abbreviations OSC, LIA, SA, BS and PBS stand for digital oscilloscope, lock-in
amplifier, spectrum analyzer, beamsplitter and polarizing beamsplitter. Further details about the setup
are given in the text.

This is similar to what we see in section 2.4.3 with balanced trapping beams. The induced modulation
of the probe amplitude is balanced out in the polarization interferometer. Accordingly, it is in principle
possible to see the quantum spin noise with a noisy pump laser. Even if some of the classical noise is
transferred into polarization noise owing to a slightly non-isotropic trap, one might still hope to see the
quantum noise prevailing at small' N. However, we did not succeed in observing the quantum noise
with a diode trapping laser; the classical noise was persistently prevailing at lowest possible N [20].

To circumvent the classical noise problem, a second Ti:Sapphire laser was constructed [23]. This
home-made laser, as well as the Ti:Sapphire probe laser, provides light that is shot noise limited in both
amplitude and phase above 2MHz for an optical power at the mW level. The available trapping power
increases to 200mW with the Ti:Sapphire laser. Furthermore, the MOT is changed from a five beam
configuration to a six beam configuration with retro-reflected beams. That gives improved trapping
conditions with a 6mm trap diameter (FWHM of 852nm fluorescence) and an optical depth of more than
one for the 917nm probe. For comparison the measured optical depth at 917nm with a diode trapping
laser is only about 0.05. The locking of the laser frequency to the atomic transition is done by standard
FM saturation spectroscopy techniques, where an electro-optical modulator running at 20MHz is used
for frequency modulation. Only the part of the laser output that is used for locking is modulated in
order to keep the trapping light as quiet as possible.

IThe quantum noise is linear in N, whereas the classical noise is quadratic in N in the limit of small optical depth.
Thus the quantum noise may be predominant at small N.
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The probe laser can be locked to the atomic resonance at 917nm by an error-signal from a (almost)
Doppler-free two-photon FM spectroscopy setup. Cs atoms in a gas cell are excited by a fraction of
the 852nm light with 20MHz frequency modulation. A counterpropagating 917nm beam completes the
Doppler-free two-photon transition [28]. The frequency modulation at 852nm is converted into amplitude
modulation of the 917nm beam, just as in the experiments in section 2.4. An error signal is finally derived
by phase sensitive demodulation of the detected 20MHz signal in the 917nm field. Two acousto-optic
modulators (AOM’s) in the locking setup allow us to tune the locked laser around the closely spaced
atomic resonances 6P/, F' =5 — 6D5 5 F = 4,5,6.

The output of the probe Ti:Sapphire laser has slow intensity fluctuations (up to about £5%), which
limits the accuracy when long integration time is required. We therefore actively stabilize the probe
power with a feedback loop. An AOM is placed in the probe beam, and the unshifted zeroth order is
used for the probe. The intensity in the probe is set by the RF power supplying the AOM. A part of the
probe beam is split off onto a photodiode before the polarization interferometer, and by comparing the
resulting photocurrent with a reference, we obtain an error signal for the intensity stabilizing feedback
loop. The probe is initially polarized along the x-axis and it has a diameter of about 1.5mm. We use
probe powers between 0.10mW and 1.0mW.

A 2% beamsplitter is placed in the setup right after the MOT. The beamsplitter reflects a small
fraction of the probe light onto a DC detector. The detector signal goes to a digital oscilloscope (OSC,
HP 54601B), and it is used to measure the transmission of the probe through the atomic sample. The
transmission (e*al) is used later on to extract the probe optical depth «'.

The chopper wheel, the lock-in amplifier (LTA), and the square box (x?), shown in Fig. 7.1, are not
used in the first part of the experiment. The purpose of these devices will be described later on.

7.2 Measurements and results

The purpose of the experiments in this chapter is to demonstrate the observation of atomic quantum
noise of uncorrelated atoms. In chapter 6 we derived an expression, Eq. (6.28), for the spectral density
of the differential photocurrent with contributions from the probe shot noise and the atomic spin noise
added by the probe-atom interaction. In the present experiments we use the rather strong trapping
beams for excitation. In the derivation of Eq. (6.28) we assumed that the atoms are excited by a weak,
resonant pump field. However, the general dependencies in Eq. (6.28) are found not to depend critically
on this assumption. We will take Eq. (6.28) as our starting point and then discuss the limitations or
the required modifications due to the strong excitation field. We first rewrite the spectral density of the
differential photocurrent
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We have normalized the spectral density to the shot noise of the unabsorbed probe; e2g?®’. We use a
bar on i_ to indicate this shot noise normalization. In addition, we have added the electronic noise of
the detectors as (L)% o- The electronic noise represents the noise seen on the spectrum analyzer when
no light hits the detectors. The electronic noise is not correlated to the light or atom noise and just adds
to the i_ spectral density. The main double-optical resonance transition is 65 o F' =4 — 6P3 /5 F =5 —
6D5/,F = 6. The quantum numbers F' and F" for the lower and intermediate state are F' = F'4+ 1 = 5.

We can from simple arguments derive an estimate of the atomic noise contribution to (L)?l. We
start with the single atom spectral density (F Z')zaQ It follows from the definition in section 6.2.2 that

the integral of (F';)?ag over §) is equal to the variance of the single atom operator ﬁz’l divided by the
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probability P’ for the atom to be in the intermediate state. That is,

(F2)— (L =P [ (B (72

The atoms are excited with laser beams from six directions with different polarizations, so we ex-
pect the atomic state to be almost unpolarized. Thus, we have for the single atom operator (FZ’?Z) =

P'F'(F'+1)/3 and (ﬁz’) = 0. We assume for simplicity that (Fé)iaﬂ is constant within the band-
width of spin fluctuations 7yspin, and zero outside. This gives (F'Z’,)EQQ =7F' (F' 4+ 1) /(3Vspin)- A similar
approximation gives (ﬁéﬁ; + Féﬁ;)ﬁag =7nF' (F'"+1)(2F" — 1) (2F" + 3) /(157spin). Inserting these
results into Eq. (7.1) shows that the F! noise predominates. We evaluate D (2, A’) and L (Q2,A’) at the
detuning for maximum D (2, A’) and assume 2 < +'. This gives us for small detection frequencies 2

!
k=)0 — () —e % = 0.54—L—qle20 56 (7.3)
’ Vspin

Here we introduce & as the atomic noise contribution normalized to the shot noise of the unabsorbed
probe. Furthermore, we do the measurements close to resonance, and for the estimate of k we do not
distinguish between «of and «'. We note that the atomic noise is increased when the bandwidth of
the spin fluctuations is reduced. Hence, it is advantageous to use atomic states with long-lived spins.
However, we use a probe of light to read out the fluctuations, and we have to detect at frequencies above
a couple of MHz to avoid the low frequency technical laser noise. In our case the bandwidth of spin
fluctuations cannot be smaller than the spontaneous decay rate and we take yspin, = 7. It is possible that
the magnetic field gradient and the strong fields effectively increase the bandwidth of spin fluctuations.
With vYepin /27 = /27 = 5.3MHz and +'/27 = 3.0MHz we find

!

r=(12)5 — (1)po — e = roa'e ™ s (7.4)

where k9 = 0.16 is the theoretical estimate. This is a crude estimate of the atomic noise contribution,
but this is all we can hope for in the current experiment. The trap environment modifies the line shape
with AC Stark splitting, polarization gradient effects and the magnetic field broadening (see section
2.2). Equation (7.4) also includes crude estimates of the bandwidths, and it assumes a small detection
frequency. Nevertheless, we can compare the measured dependencies on the optical depth and probe
power with the predictions of Eq. (7.4), and we will also see that the measured ratio of atomic noise to
shot noise (ko) is not far from the estimated value.

The atomic noise term in Eq. (7.4) is clearly linear in o’ for small «'. This is just as it should be for
the atomic noise from uncorrelated atoms since the optical depth is proportional to the number of atoms.
The nonlinearity at larger o’ is not a deviation from the linear N-dependence for uncorrelated atoms. The
exponential e—2e merely represents the attenuation of the probe power and the subsequent reduction in
the readout efficiency. If classical atomic noise is present, we should add a term like noycla’Qe_Qo" to Eq.
(7.4). The a'? factor is the quadratic dependence on the number of atoms and the exponential e 2o s
again just the probe attenuation.

7.2.1 The spectrum of atomic spin noise

We first scan the 917nm probe across the atomic resonance while monitoring the transmission from the
DC detector on the oscilloscope and the spectral density (i_)2 on the spectrum analyzer. The result of
the measurement is shown in Fig. 7.2 with curve 2 as the DC measurement of the probe transmission
and curve 1 as the spectral density of the differential photocurrent i_. The electronic noise (z_)%Q
is measured with blocked detectors and subtracted in curve 1. The remaining noise is normalized to
the shot noise of the off-resonant probe. In the same way we normalize the DC measurement to the
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Figure 7.2: Atomic spin noise as a function of probe detuning. 1) Spectral density noise at 3.0MHz with
a 300kHz resolution bandwidth. 2) DC transmission; corresponds to the probe shot noise. 3) Atomic
spin noise (difference between 1 and 2).

off-resonant DC level. The absorption spectrum is identical to the spectrum that we analyzed in section
2.2, and it includes different hyperfine components as well as AC Stark splitting.

If the atoms are passive absorbers?, then curve 1 and 2 would be indistinguishable; the probe would
remain shot noise limited and shot noise is proportional to the optical power. The discrepancy between
curve 1 and 2 clearly shows that atoms are not passive absorbers. The atoms do not just attenuate the
coherent state probe; extra noise is added to the probe field by the atom-probe interaction. The extra
atomic noise is given by the difference between curve 1 and 2 and is shown as curve 3 in Fig. 7.2.

We can see from curve 3 that the atomic noise contribution is largest (when normalized to the optical
depth) at the resonance close to 30MHz. This resonance is one of the AC Stark components of the
6P;/,F =5 — 6D5/oF = 6 transition. In the following we consider the dependence of the atomic noise
on the optical depth and the probe power at fixed probe detuning.

7.2.2 Atomic noise versus optical depth

The probe laser is now locked and tuned to the atomic resonance at 30MHz (Fig. 7.2). We can derive
the atomic spin noise as a function of optical depth from the measured spectral density (i_)% and the
DC absorption. We implement a lock-in technique to improve the quality of our measurements [102].
The idea, which is sketched in Fig. 7.1, is to chop the probe beam with an optical chopper at a frequency
around 1KHz. The spectral density measured by the SA then alternates between the background noise
and the full spectral density, which includes the noise of the probe light. The background noise is mainly
the electronic noise (i,)zEﬂ, but it also includes any contribution from stray light that may hit the
detectors. The SA has a video output, which gives a voltage proportional to \/(i_)% when the SA runs
on the linear scale. The SA output is subsequently squared electronically to get a voltage proportional
to (i—)3, and this voltage is fed into a digital lock-in amplifier (LIA, Stanford Research Systems, model
SR810). The reference for the LIA is the frequency of the chopper wheel. The output of the LIA

2We define a passive absorber as an absorber which gives an attenuated coherent state output for a coherent state input.
The ideal beamsplitter is a passive absorber.
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Figure 7.3: Normalized spin noise plus shot noise versus the probe optical depth. 1a) The noise for
0.34mW probe power. 1b) The noise for 0.95mW probe power. 2) Shot noise from passive absorption
(for comparison).

is a voltage, which is proportional to amplitude of the alternating input signal; i.e. proportional to
(i-)% — (i-)%.q, where we now use (i_)g for the spectral density with the probe on. In this way we
subtract the background noise very efficiently, and we are left with a signal that is proportional to the
probe and atom contribution to the spectral density. The LIA output is finally averaged on the digital
oscilloscope together with the signal from the DC detector. The signal from the DC detector is of course
now modulated due to the chopped probe, but the peak-to-peak voltage is still proportional to the probe
transmission.

We can vary the number of atoms in the trap by changing the power in the repumping beam for the
MOT. The importance of the repumping beam is discussed in chapter 2. The atoms interact only with
the repumping beam in a small fraction of their time in the trap. For this reason, we do not expect
that the changes in the repumping power will change any important trapping parameters except for the
number of trapped atoms. The important parameters, like the power on the trapping transition, the
detuning of the trapping field, the magnetic field gradient, and the Cs pressure in the vacuum chamber,
are kept constant.

We now measure corresponding values for the optical depth o' (derived from the DC transmission
measurement) and the spectral density of the probe fluctuations. We normalize the spectral density to
a measurement without atoms in the trap (no repumping beam). In this way we arrive at experimental
measurements of (7_)3 — (7_)% o versus . The results are shown in Fig. 7.3 for two different probe
powers (circles: 0.34mW, squares: 0.95mW). Each data point is a result of about 30 seconds of averaging
on the digital oscilloscope. The data are fitted to Eq. (7.4) with kos(, as a free parameter, and the fits
are shown in the figure as solid lines. The fit in curve la gives kos{, = 0.38 and for curve 1b we get
kosy = 1.15. We see that the agreement between the measurements and the fits is excellent. With the
larger probe power we approach the atomic saturation. Moreover, the data in curve la and 1b are from
different days with possibly different trap conditions. This explains the smaller maximum optical depth
in curve 1b.

For comparison, we have carried out similar measurements with a passive absorber instead of the
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Figure 7.4: a) The spin noise x normalized to exp (—2a’) versus /. 1) Quantum noise for 0.34mW probe
power. 2) Classical noise for 0.30mW probe power. b) ”Slope of spin noise versus optical depth” as a
function of the classical modulation index.

trapped atomic sample. We use a half-wave plate followed by a polarizer as our passive absorber. The
absorption is changed simply by a rotation of the wave plate. We derive the (effective) optical depth
of the passive absorber in the same way as for the atomic absorber. The data are shown in Fig. 7.3
(triangles), and they fit the e~ curve very well (solid line). The e~ dependence is expected for a shot
noise limited probe and passive absorption according to Eq. (7.4) with ko = 0.

We expect from Eq. (7.3) that the atomic spin noise will increase if the bandwidth of the atomic
spin fluctuations 7spsn, is reduced. This is in fact observed in a recent publication [5], where a graph very
similar to Fig. 7.3 shows the atomic spin noise of ground state atoms.

We now subtract the fitted shot noise graph in Fig. 7.3 (trace 2) from the measured noise data (trace
1a) and obtain the pure spin noise, that is, & in Eq. (7.4). The spin noise & is then multiplied by ¢2® and
plotted as function of the optical depth o on a log-log scale in Fig. 7.4a (graph 1). The data are plotted
on dB scales, although the optical depth is not a ”power measurement”. The dB is merely a short-hand
notation for a plot of 10log[ke®®'] versus 10log(a’). According to the theory, Eq. (7.4), the data should
fall on a straight line with a slope of one. This slope of one is the characteristic linear dependence of
the quantum noise of uncorrelated atoms on the number of atoms; the number of atoms is proportional
to the optical depth. The e~2%" normalization of the data compensates the readout reduction due to
the probe absorption. The slope from a least square fit to the data in Fig. 7.4a (including error bars)
is 1.07£0.03. This shows that the observed noise is indeed predominated by the noise of uncorrelated
atoms, and from the previous bandwidth considerations regarding the classical number fluctuations, we
conclude that the atomic quantum noise is observed.

We have previously in this chapter argued that classical atomic noise is quadratic in the number of
atoms. The quadratic dependence can also be seen directly from Eq. (2.4) and Eq. (2.20). Equation
(2.4) shows that the probe susceptibility is proportional to the density of atoms in the intermediate state.
Equation (2.20) shows that the classical probe signal is quadratic in the susceptibility. A log-log plot of
the classical atomic noise versus optical depth should therefore give a slope of two. We apply a 3MHz
frequency modulation to the trapping laser to check that we actually do get a slope of two when classical
noise is the predominant noise contribution. The modulation is achieved by applying a 3MHz voltage to
a KNbOj crystal placed in the path of the trapping beams. The frequency modulation, obtained from
the electrooptic properties of KNbOj3, turns out to be very sensitive to temperature fluctuations. Hence,
the measured data show more scatter than the data without modulation, even though the temperature
of the crystal is actively stabilized.
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Note that this situation with a frequency modulated trapping/pump field is identical to the experi-
mental conditions in section 2.4. Here we concentrate on the signal strength as a function of modulation
index and the number of atoms, whereas in section 2.4 we investigated the spectrum with a scanned
probe frequency and a very strong modulation.

Graph 2 in Fig. 7.4a shows the observed noise versus optical depth when a substantial frequency
modulation is applied to the trapping laser. The data points in graph 2 are obtained in the same way as
the quantum noise data in graph 1. The linear fit gives a slope of 2.084+0.08. This is in fine agreement
with the expected quadratic dependence for the classical noise. The fit does not include any error bars on
the log scale. This is because the scatter in the data at large modulation depth increases with increasing
optical depth (signal size) on a linear scale. Hence, on the log scale all the data points have the same
uncertainty, independent of the optical depth.

Figure 7.4b shows what happens to the spin noise when the amount of classical FM applied to the
trapping laser is varied. In the figure the slope calculated from graphs like Fig. 7.4a is plotted as a
function of the modulation index. As a measure of the modulation index we could have used the rms
voltage applied to the KNbOj crystal. However, because of the temperature and laser frequency drifts
we use, instead, the square root of the recorded noise level at large optical depth as our modulation index
measure.

The transition from (almost) quantum spin noise with a slope of one to (almost) classical noise with
a slope of two is obvious in Fig. 7.4b. The data in Fig. 7.4b are taken over two days, and this can
explain some of the scatter.

7.2.3 Atomic noise versus probe power

The resonant two-level saturation parameter can be expressed through a saturation power Ps,; and the
actual power P as s, = ®'of/my'w'? = P/Ps,. The saturation power for our 1.5mm probe diameter is
Pyt = 46pW. It is this saturation parameter (s;) that enters into Eq. (7.4). It is interesting to compare
this saturation parameter to the actual degree of saturation in the experimental situation with a probe
and a detuned strong pump in double-optical resonance
The resonant optical depth for two-level atoms scales with increasing probe power as (1 + 236)71 in
the limit of small absorption. For arbitrary absorption we have
0 —k

57O =TT (7.5)

[ is the length of the atomic sample and & is a constant.

Figure 7.5a shows an actual measurement of the probe optical depth at the resonance at 30MHz as
a function of probe power. The measurements (dots) are fitted to the solution of Eq. (7.5) with k£ and
P,.: as free parameters. The fit gives an effective saturation power of? P:aftf = 0.95mW. The excited
state transition is clearly not saturated as fast as the theoretical saturation power Ps,; predicts. This is
related to the AC Stark splitting of the intermediate state, which reduces the excitation probability on
the upper transition even when the probe is resonant with one of the AC Stark components.

The fit to the 0.34mW data in Fig. 7.3 gave kosy = 0.38. With Py, = 46uW we find s = 7.4, and
the experimental ko parameter is Kg,ezp = 0.05. Note that the large resonant saturation parameter is not
necessarily in contradiction to the theoretical assumptions. The theory assumes weak probe excitation,
and that can still be fulfilled with e.g. a detuned probe or an AC Stark splitted intermediate state.
The result for kg ez is not that far from the theoretical value given below Eq. (7.4); Ko theo = 0.16.
We cannot expect a better agreement with all the crude estimates and assumptions together with the

3We use P:th for the saturation power obtained from the fit in order to distinguish it from the theoretical value for the

resonant saturation power Psqt = 46uW.
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Figure 7.5: a) Probe optical depth versus probe power. A fit to the saturation formula (solution to Eq.
(7.5)) gives an effective saturation power of PSS/ = 0.75mW. b) The normalized quantum spin noise

rke*® measured at o/ = 0.32 (—5dB) as a function of probe power. The scales are logarithmic with 1uW

as the reference for the probe power.

nonideal experimental situation with a strong pump field, magnetic field gradients, polarization gradients
etc.

The last test for the quantum spin noise is the dependence on probe power. This is not a test of
the quantum nature, but it is still a test of the expected dependence in Eq. (7.4). The spin noise
level at an optical depth of o' = 0.32 (-5dB on the log-scale) is measured as a function of probe power.
The measurements are shown in figure 7.5b on a log-log scale; i.e. 1010g[ne2"’] at @' = 0.32 versus
101log[P/1uW]. The theory for the measurements in Fig. 7.5b predicts a linear dependence with a
slope of one on the log-log plot. The slope from a least square linear fit gives 0.924+0.06 - an acceptable
agreement.

7.2.4 A quantum spin noise limited experiment

We have performed a simple experiment, which shows a reduction in the signal-to-noise ratio (S/N)
due to the atomic spin noise. The experiment is invented just to demonstrate that fundamental atomic
quantum noise can limit the S/N in spectroscopy. A much more sophisticated demonstration is the
atomic quantum noise limited stability of the atomic fountain frequency standard [1].

The probe laser is still locked at the resonance at 30MHz, but we remove the chopper and look at the
signal directly on the spectrum analyzer. The SA frequency span is increased from zero to about 70kHz,
and we apply frequency modulation to the trapping beams at 3.0MHz. We want in this experiment to
measure the size of the modulation transferred from the pump laser via the atoms to the probe laser
polarization. The signal from the SA is shown in Fig. 7.6. At 3.0MHz we see the peak from the classical
modulation of the atoms (trace 1). The width of this peak is set by the 30kHz resolution bandwidth of
the SA. The noise level outside the classical noise peak is given by the shot noise and the atomic quantum
spin noise. This noise level sets the noise floor for our experiment, and it is also shown in trace 2 with
the classical modulation turned off. For the same detected intensity but without the atoms present (in
fact, slightly higher detected intensity just to be on the safe side), we get the shot noise level shown in
trace 3. The shot noise is 0.3dB below the shot noise plus quantum spin noise level. We deduce that
the spin noise contribution in curve 2 is about 8% of the shot noise level in curve 3. If perfectly spin
squeezed atoms are used for this experiment (i.e. no contribution from the atomic quantum noise), we
will gain 8% in the signal-to-noise ratio for the classical modulation measurement. This demonstrates
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Figure 7.6: Spectroscopy signal with fixed laser frequencies and nonzero SA-span. 1) The ”signal”
consisting of shot noise + spin noise + classical signal. 2) The noise floor of shot noise + spin noise.
3) The shot noise level measured with a ”passive” absorption equal to the atomic absorption in curve 1
and 2. SA settings: 70kHz full span and 30kHz resolution bandwidth. The reference for the vertical dB
scale is the shot noise in curve 3.

that atomic quantum noise can be a limiting factor, and that spin squeezed atoms may be advantageous
in spectroscopy experiments. A squeezed probe of light may be useful too, as we saw in chapter 3.
However, the squeezed light probe only makes sense for small optical depth; just a moderate absorption,
which corresponds to losses, deteriorates the squeezing substantially.

The 8% contribution from the atomic quantum noise is a small effect, but it can in principle be much
larger if e.g. long-lived atoms are probed, see Eq. (7.3). The atomic quantum noise can indeed be the
predominating noise source, as shown in the atomic fountain clock[1].
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Chapter 8

Spin squeezing in a cold atomic
ensemble

In the previous chapter we demonstrated that we indeed can observe the quantum noise of uncorrelated
atoms. In chapter 4 we presented the theory for mapping the statistics of nonclassical light onto atoms.
Thus, we are now ready to demonstrate a macroscopic entangled ensemble of atoms in a spin squeezed
state. This demonstration is the topic of this chapter.

To the best of our knowledge, there are only two other experiments demonstrating atomic entan-
glement. Both of these experiments deal with only one pair of atoms at a time. The first experiment
is by the group of S. Haroche [103], where highly exited Rydberg atoms exchange single photons with
high finesse RF-cavities. One excited state atom can leave "half” a photon while traversing a cavity; i.e.
the atom and the cavity mode are subsequently entangled as (|1, g) + |0, e)) /v/2, where the first number
is the cavity photon number and the second letter is the internal atomic state. When a second atom
is injected into the cavity, it can pick up the ”half” photon, and it becomes entangled with the first
atom. This method for producing entanglement utilizes a strong coupling between a single cavity mode
of the electromagnetic field and a single atom. This interaction allows an exchange between the atomic
excitation and the excitation of the electromagnetic field.

Two ions in an ion trap have been prepared in an entangled state in the group of D. J. Wineland
[104]. The ions are cooled to the vibrational ground state and subsequently entangled by utilizing laser
pulses and a coupling of the ions through the collective vibrational motion.

We presented the first demonstration of multi-atom entanglement in a large ensemble of atoms in Ref.
[6]. We also rely on an exchange between atomic excitation and excitation of the electromagnetic field.
However, we do not require strong coupling between the field and individual atoms. Instead, we use a
free propagating quantum field and a large ensemble of atoms. In this way we can have a strong coupling
to the collective atomic properties although the single atom coupling is weak. In contrast to the previous
experiments, we generate entanglement between a large number of atoms. In the present experiment we
do not have a spatial separation of the entangled components as in the other two experiments. However,
this may be achieved by the use of two Einstein-Podolsky-Rosen-correlated light beams for the quantum
excitation instead of a single squeezed light beam [8].

A very recent experiment demonstrates spin squeezing in an ensemble of atoms after a quantum non-
demolition (QND) measurement of a single component of the collective atomic spin with an off-resonant
probe of light [92]. The QND experiment uses the idea that the polarization of an off-resonant probe field
is rotated after interaction with an oriented atomic sample, see Eq. (2.15), (2.16) or (6.23). A measure-
ment of the rotation angle provides the QND measurement of the atomic spin. After the measurement,
the collective spin is projected onto a spin squeezed state with reduced quantum fluctuations [90, 91].

We continue this chapter with a section about the setup used in the spin squeezing experiment. This
is followed by a section where we give a characterization of the physical system based on simple DC
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Figure 8.1: The experimental setup used for atomic spin squeezing measurements. Note that the two
choppers in the figure are in the experiment one rotating disc with two sets of holes. The abbreviations
BS and PBS stand for beamsplitter and polarizing beamsplitter. Further details about the setup are
given in the text.

measurements. In the third section, we continue with the atomic noise measurements on uncorrelated
atoms in a weak excitation field. Section four describes noise measurements on classically correlated
atoms. In section five we finally demonstrate the spin squeezed state of atoms, and in the last two
sections we analyze the spin squeezing data in more detail.

8.1 The spin squeezing setup

The setup for the spin squeezing experiment basically combines the squeezed light source setup in chapter
3 and the setup for the readout of atomic fluctuations in chapter 7. This means that we use the sub-
threshold OPO for generation of polarization squeezed light. We use the magneto-optical trap (MOT)
to collect a cold sample of cesium atoms, and we use a near-resonant probe field and a polarization
interferometer to read out the atomic fluctuations. These devices or techniques have been described
previously, but the implementation for the current experiment is somewhat different. The quantum
pump acts on the 6S;,,F = 4 — 6P3,,F = 5 transition, and the intermediate state atoms are probed
on the 6P/, F' =5 — 6D5/, F = 6 transition. As usual we use F', F' and F" for the angular momentum
quantum numbers for the ground, intermediate, and excited state, that is F' = F'+1 = F +2 = 6. The
basic components of the setup are shown in Fig. 8.1 and will be described below.
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8.1.1 The atomic sample and laser sources

The atomic sample used for observation of spin squeezing is a collection of cesium atoms trapped and
cooled in a vapor-cell MOT (chapter 2). The diameter of the six trapping beams is about 25mm,
and the typical power in each beam is 60mW. The laser generating the trapping light is the Microlase
MBR-110 Ti:Sapphire laser pumped by an Ar-ion laser. The Ti:Sapphire laser is locked exactly at
the 65,,F = 4 — 6P3,,F = 5 resonance, and the light used for trapping is subsequently detuned
around 13MHz to the red by two acousto-optic modulators (AOMs) running at 124MHz and 111MHz
respectively. We have about 300-350mW of resonant light before the two AOMs. The trapping beams
go through an optical chopper running at about 500Hz. That gives ”dark” periods of about 1ms to do
measurements on the atoms without the presence of the strong trapping field. The atoms are recaptured
and cooled again in the ”bright” periods. The magnetic field gradient for the MOT is turned off at the
time when the chopper turns off the trapping beams. The current in the coils generating the magnetic
field gradient decays in about 200us. We do not attempt to cancel out the residual field (ion pump, earth
field etc.) in the dark periods. In fact, the residual field may be advantageous since the theory in chapter
4 is derived for an unpolarized ground state, and the residual magnetic field will help to prevent optical
pumping due to the quantum excitation field. The repumping field (chapter 2) is not chopped; it is on
all the time. The repumping field cannot do any harm; the atoms rarely end up in the F = 3 ground
state and hence rarely see the repumping field.

The squeezed light source is driven by the same Ti:Sapphire laser as we use for trapping. This explains
why the trapping/squeezing laser is locked at exact resonance. The center frequency of the squeezed
vacuum field is needed exactly at the 65 /2F =4 — 6P3/5F = 5 resonance, whereas the trapping light
must be red-detuned by a few atomic linewidths. Our squeezed light source takes about 700mW of laser
power at 852nm, whereas the MOT can do with only 200mW. The cheapest solution in terms of laser
power is to lock the laser at resonance and downshift the frequency of the trapping light. We require a
total power of about 1.1W from the Ti:Sapphire laser, but because of losses in an optical isolator and
an electro-optic modulator (EOM), the actual laser output is about 1.6W.

The demands on laser power also explain why the trapping/pump laser at 852nm and the probe laser
at 917nm have been swapped since the experiments in the previous chapter. The commercial Ti:Sapphire
laser (MBR-110) is designed to give a large and frequency stable output. With only 20W of green light
from a single Ar-ion laser for pumping both Ti:Sapphire lasers, we choose to use the MBR-110 for
trapping and squeezing at 852nm and the home-made Ti:Sapphire laser for the 917nm probe. In the
experiments we only need about 15mW of power at 917nm (including locking and intensity stabilization),
so the threshold of the home-made laser is minimized by the use of a very small output coupler.

8.1.2 The quantum pump

We generate the squeezed vacuum field in the same way as we described in detail in chapter 3. The
basic parts of the setup are shown in Fig. 3.4, except that we now split off about 350mW of the laser
output for the MOT trapping beams. The coherent component of the quantum excitation field, which
is resonant with the 65,/ F' =4 — 6P3/, F' = 5 transition, is provided by a part of the MBR-110 laser
output. The pump field has typically a power of 50uW and a beam diameter of 2w = 4.0mm at the trap
site. The coherent part of the pump is mode cleaned and stabilized in power by the mode cleaning cavity
in Fig. 3.4. This field is linearly polarized along the z-axis and mixed with the orthogonally polarized
squeezed vacuum field on PBS1 (Fig. 8.1).

The polarization squeezed light must be (almost) completely absorbed by the atoms in order to
produce the spin squeezed state. The typical resonant optical depth aq for the pump field is in the
range of three to five. It is important that the relative phase between the squeezed vacuum field and
the coherent field is actively stabilized at e.g. 6 = 0 for squeezed S.orf = +7/2 for squeezed Sy,
see Eq. (3.17). We cannot absorb the squeezed light in the atoms and at the same time measure the
degree of squeezing on a pair of photodetectors as required for the phase stabilization loop (see page
35). The solution to this dilemma comes from the fact that the quantum pump is only used for atomic
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excitation in about 25% of the time; this is discussed in more detail in section 8.1.3. In the remaining
75% of the time, the quantum pump is reflected off a gold coated chopper disc and onto a detection
setup used for S‘y measurements and for the phase locking loop. The phase locking detection system is
identical to the detection system in Fig. 3.4, and it is composed of the half-wave plate, PBS2, and a pair
of photodetectors with a peaked response at 3.0MHz, (the phase locking setup is not included in Fig.
8.1). We use the same 3MHz detectors as described in section 2.4.1 except for a reduced bandwidth.
Here we use a bandwidth of about 180kHz, which lowers the noise equivalent power to nearly 25uW.
The phase locking method is described in detail on page 35. In each measurement cycle we use about
3ms for phase stabilization and 1ms for quantum excitation of the atoms. The lock-in amplifier in the
phase locking feedback loop has a time constant of 33ms. The chopping of the phase locking signal
reduces the quality of the phase lock, and that reduces the average amount of squeezing. Moreover,
each spin squeezing experiment is carried out over several hours (up to 12h). It is difficult to keep the
crystal temperatures and all the alignment at the optimum over this extended period, and the typical
squeezing measured on the phase locking detectors is around -2.3dB relative to the shot noise level. The
fact that the squeezing path is different for the phase locking and for excitation of atoms is found to
deteriorate the squeezing even more. This can be caused by different phase shifts or absorptions for the
two polarizations in each of the two paths. The squeezing at the trap site is estimated to be —1.8 £0.2dB.
This estimate is based on a squeezing measurement with a pair of detectors right after the MOT vacuum
chamber and with the phase locking system running as in the spin squeezing experiments, but without
atoms in the trap. The amount of anti-squeezing available at the trap site is estimated to be 4.5+ 0.6dB
for the data presented in this chapter. This squeezing/antisqueezing is unfortunately not at the level of
the best observed squeezing/antisqueezing at 852nm in Fig. 3.5; -3.0dB and +7.9dB. However, we do
not expect an efficient mapping of correlations from the squeezed light onto the atoms. The theoretical
(ideal) mapping efficiencies are shown in Fig. 4.2 and 4.3. Therefore, it will be the mapping efficiency
and not the available squeezing in light that ultimately limits the observed amount of spin squeezing.

We note that the bandwidth of the produced squeezing and antisqueezing is given by [y, (1 £ 0).
[cqp is the OPO bandwidth of T'¢q, /27 = 15MHz (page 33), o is the pump parameter, which in our
case is around 0.5 (section 3.4), and +/— is for squeezing/antisqueezing. We see that the squeez-
ing/antisqueezing bandwidths are much larger than the frequency at which the phase locking system
measures squeezing (3.0MHz) and the detection frequency for the atomic spin squeezing (1.9MHz, see
the following section).

8.1.3 The probe and the lock-in detection scheme

The home-made Ti:Sapphire laser generates the probe light at 917nm. The probe frequency is close to the
6P3/5 F' =5 — 6D5/5 F' = 6 resonance in Cs. We lock the probe frequency in the same way as described
in section 7.1. We actively stabilize the probe power by using the transmission of an optical resonator
locked on the side of a fringe. This is similar to the locking of the mode cleaning cavity described on page
34. This stabilizes the probe power over hours to better than 1%, and in addition we get a nice Gaussian
beam profile. The probe is linearly polarized along z, and it is propagating at an angle of about 1.5°
relative to the quantum pump beam. The two fields are overlapped at the trap site. The typical probe
power for the experiments is 190-250pW with a beam diameter at the trap site of 2w’ = 3.7mm. Before
the probe polarization is analyzed, we reflect 4% of the light onto a DC photodetector. This detector is
used to measure the probe transmission efal, from which we can derive the optical depth o’. We use
a A/2 plate to rotate the probe polarization by 45° followed by a polarizing beamsplitter (PBS2, Fig.
8.1) to analyze the probe polarization. The difference in the photon fluxes in the two output arms of
PBS2 is proportional to the probe Stokes parameter SZIJ The two photon fluxes are measured by two
fast photodetectors producing photocurrents i; and iz. Two interference filters, with a transmission of
82% at 917nm and less than 10~° at 852nm, are placed right in front of the two photodetectors in order
to prevent any stray light at 852nm from hitting the detectors.

The two detector photodiodes have a quantum efficiency better than 98%, and the detectors are tuned
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Figure 8.2: Schematic picture of the lock-in technique. a) The trapping beam power versus time. b)
The power in the weak excitation field; out of phase and at half the frequency of the trapping beam
modulation. ¢) The signal from the spectrum analyzer after the electronic gate. A is the noise level for
the probe shot noise when no atoms are in the F’ state. B is the noise level with (reduced) shot noise
plus atomic noise. The RF lock-in amplifier measures AVgp o« A — B.

to 1.9MHz with a 100kHz bandwidth. The two currents ¢; and <2 are subtracted in a hybrid junction,
and the differential photocurrent 7_, which is proportional to ‘SA'?'I, is sent to a spectrum analyzer (SA)
used for noise measurements. The SA is set at the frequency /2r =1.9MHz with zero frequency span.
The resolution bandwidth is set at 300kHz, and the video bandwidth is set at 10kHz. The resolution
bandwidth is larger than the detector bandwidth, and the latter sets the effective bandwidth in the

experiment. When the SA runs on a linear scale, it provides a video output which is proportional to

v/ (z_)?2 The video output of the SA is squared electronically to obtain a signal proportional to (z_)?2
with a small contribution from the electronic noise. The noise equivalent power for this detection system
is approximately 104W, and it is set mainly by the electronic noise of the photodetectors.

The hybrid junction has an output junction, which gives the sum of the two photocurrents. We will
use the sum junction and the resulting spectral density (i) for comparison measurements in one of
the subsequent experiments.

The quantum pump is only turned on in half of the dark periods, as shown in Fig. 8.2. This is
done by using a second set of holes in the chopper used for chopping the trapping beams. In Fig.
8.1 we represent the chopper with two sets of holes by two choppers running out of phase and with
twice as many holes in the trapping beam chopper. In this way we have weak excitation of the atoms
in every second dark period. The probe, which is on all the time, interacts with the excited atoms
in F' in every second dark period, and that results in a 250Hz modulation of the transmitted probe
power. We use two digital lock-in amplifiers (Stanford Research Systems, model SR810) with a 250Hz
reference signal to measure the difference in the probe signals when the weak pump is on and when
the weak pump is off; this is illustrated in Fig. 8.2. One lock-in amplifier (DC) is used for the signal
from the DC photodetector, and it gives a voltage proportional to 1 — e=®. We define AVp¢ as the
DC lock-in voltage; AVpe = kpc(1 — 6_0"). kpc is a proportionality constant, which depends on the
probe power, the detector gain, and the lock-in amplifier gain. We can measure kpc by comparing
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AVpe to a direct measurement of the probe absorption. Another lock-in amplifier (RF) is used after
the squared video output of the spectrum analyzer to measure the change in the probe polarization
noise. We define AVgip as the RF lock-in voltage; AVrp = krp(1 — e= — k). The first two terms are
similar to the terms in AVp¢, and they represent the reduction in shot noise due to probe absorption. &
represents any excess probe noise caused by interaction with the atoms. The parameter krr depends on
probe power, detector gain, resolution bandwidth, and the lock-in amplifier gain. The theory predicts
AVgp/krr =1— (6292(§I)71 (i_)3 with (i_);, given by Eq. (6.38)'. We can measure kgr by applying
a passive absorption modulated at 250Hz to the probe field. The pump field is not present when this
calibration is made, which means that k = 0. Instead we reduce the probe power in every second dark
period by an amount that corresponds to the typical atomic probe absorption. This modulation of
the probe power is achieved by adding a small modulated voltage to the feedback loop that stabilizes
the probe power. Knowing o' from AVpe and measuring AVgpr makes it possible to determine kgp.
We tested that AVgrr and AVpe are proportional for the passive modulation, and this shows that the
probe is indeed shot noise limited. Note that the measured lock-in voltage AVgp is insensitive to the
background noise (electronic noise).

The probe absorption and the probe polarization noise from the bright periods will not show up in
the average lock-in signals because the frequency for this modulation is 500Hz; this is twice the lock-
in reference frequency. However, the signals from the bright periods will, for a finite averaging time,
contribute to the fluctuations in the measured lock-in voltages. We use an electronic gate just before the
two lock-in amplifiers to reduce especially the fluctuations in AVgyp. The gate is only open in the dark
periods, and hence any signals or fluctuations from the bright periods are eliminated. Furthermore, the
gate is kept closed in approximately the first 250us of the dark periods, while the magnetic field gradient
decays.

In the atomic noise measurements we generally average the lock-in voltages for about six minutes with
all parameters fixed. We use a time constant of three seconds with a 24dB/oct roll off on both lock-in
amplifiers. The lock-in voltages are monitored on a digital oscilloscope (HP 54601B), which averages
over the last eight measurements. A computer reads the oscilloscope signals once a second and stores
the data on a disk. The data are stored for about six minutes for adequate statistics.

8.2 DC absorption measurements

We can obtain useful information about the properties of the atomic sample from DC measurements.
We measure the absorption spectrum (optical depth) obtained from the DC lock-in voltage as a function
of probe detuning. We do not apply the squeezed vacuum to the pump; we merely excite the atoms with
a coherent field. The pump frequency is fixed at the 651/, F' =4 — 6P3/5 F' = 5 resonance, while the
probe frequency is scanned across the 6P3 /5 F' = 5 — 6D5 /3 F' = 6 resonance. The probe laser frequency
is locked during the measurement, but an AOM in the locking setup makes it possible to change the
locking point and hence scan the probe frequency. We derive the probe detuning from the frequency of
the RF signal driving the AOM.

We first consider the case of a weak probe and a weak pump field. Fig. 8.3a shows the measured probe
optical depth as the probe detuning is scanned across resonance (dots). We take zero detuning to be at
the frequency of maximum optical depth. The probe and pump powers are 2uW and 11uW respectively.
This corresponds to a resonant saturation parameter sy, = 7- 102 for the probe and sy = 1.7- 1072 for
the pump. The measured resonant optical depth is af, = 0.083. We can calculate the theoretical optical
depth from the formula af, = o{N'/mw'?. We assume that the atomic sample is almost unpolarized and
use Eq. (6.16) for the resonant absorption cross section. N’ = &/~ is the number of atoms in the excited
state, and ® is the photon flux in the (almost) completely absorbed pump field. We find the theoretical
resonant optical depth to be 0.021, and it is reduced to 0.019 when the Gaussian profiles of the pump

IThis expression for AVgp assumes that we actually look at the differential photocurrent. If we choose to look at the
sum it = i1 + 42, we should use (i+)3 and Eq. (6.39) instead.
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Figure 8.3: a) Dots: Probe optical depth as a function of probe detuning. Probe power: 2uW, pump
power: 11uW. The sweep time for the scan is 14sec., the time constant on the DC lock-in amplifier is
3ms and the signal is averaged over 8 sweeps. Solid line: Voigt fit. Dotted line: theoretical curve. b)
The same as a), except for a pump power of 54uW.

and the probe beams are taken into account. We find that the theoretical optical depth is about four
times smaller than the measured value. We believe that this discrepancy is a result of radiation trapping
in the optically dense atomic sample. The fluorescence photons are reabsorbed before they escape the
atomic cloud if the optical depth is large. Radiation trapping can be avoided if one uses a pencil shaped
atomic sample with a length much larger than the diameter. This gives a small transverse optical depth,
and the fluorescence photons can escape in the transverse directions. However, our MOT produces an
almost spherical cloud of atoms. The effect of radiation trapping can be estimated by a simple Monte
Carlo simulation of the diffusion of photons in the optically dense gas. We use a Gaussian density profile
for the MOT and a Gaussian spatial mode for the pump field in such a simulation. The simulation
neglects saturation effects, and it assumes that all photons are at exact resonance. We find for the
typical resonant optical depths (ag) for our MOT that each pump photon will scatter about 0.9aqg times
before it escapes the atomic cloud. This corresponds roughly to an effective increase in the pump power
by a factor of (1 + 0.9cp). The typical pump optical depth for the experiments in this chapter is in the
range of three to five. Thus, the effectively increased pump power, due to radiation trapping, explains
the measured probe optical depth in Fig. 8.3a.

The reemitted photons are not correlated because of the random atomic decay process. Hence, the
radiation trapping results in a substantial atomic excitation caused by uncorrelated photons even for a
perfectly squeezed pump field. We will later in this chapter look into this undesirable effect of radiation
trapping in relation to spin squeezing.

The theoretical absorption lineshape for the weak probe in Double-optical resonance with a weak
pump is a Lorentzian profile with a linewidth set by the upper state decay rate ', see Eq. (6.15) and
(2.4). The decay rate ' is measured to 7'/2m = 3.1 £ 0.1MHz in Ref. [29], although the authors note
that the true decay rate may be a little smaller. The solid line in Fig. 8.3a is the result of a fit to a
Voigt? profile with a Gaussian width of 3.8 = 0.1MHz and a Lorentzian width of 3.1 £ 0.1MHz. If we fit
the data in Fig. 8.3a with a pure Lorentzian (Gaussian) profile, we get a x? value for the fit that is 2.3
(2.9) times larger than for the Voigt fit. We conclude from the Gaussian contribution to the lineshape
that some excess broadening is present in Fig. 8.3a.

We can learn more about the excess broadening by looking at the probe absorption with a stronger

2We choose a Voigt fit because it has the expected Lorentzian shape in the wings, but allows for some non-Lorentzian
broadening closer to resonance. The true profile is probably not an exact Voigt profile.
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pump field. In Fig. 8.3b we show the absorption measurements for a 54uyW pump field (so = 0.080)
and with the rest of the parameters as in Fig. 8.3a. We observe that the increased pump power results,
as expected, in an increased resonant optical depth. Furthermore, the linewidth is increased, and the
detuning for maximum absorption is shifted to -0.9MHz. The displacement of the absorption profile is
explained by the Doppler shift induced by acceleration of the atoms. This acceleration is caused by photon
absorption from the unidirectional pump field. The atoms are accelerated during each measurement cycle
of 1ms (Fig. 8.2). The acceleration, and hence the average Doppler shift, depends on the photon flux in
the pump field. The observed displacement is consistent with a simple estimate of the total number of
photons (or photon momenta) absorbed by a single atom during 1ms.

A Voigt fit to the data in Fig. 8.3b gives a Lorentzian width of 2.9 + 0.1MHz and a Gaussian width
of 6.0 £0.1MHz (solid line). The linewidth increase, as compared to Fig. 8.3b, has several contributions.
The acceleration during the 1ms measurement, cycle results in some broadening of the line. The atomic
velocity changes in time, and in the measurement we effectively add the contributions corresponding
to the velocities (or Doppler shifts) at different times within the 1ms measurement cycle. In addition,
the effective intensity in the pump field approaches the saturation intensity when the effect of radiation
trapping is included. We see from Eq. (2.4) that the profile becomes non-Lorentzian at small probe
detunings when sy approaches unity.

We can write the theoretical optical depth spectrum including saturation and the average over atomic
velocities as

2l [0 917
! n __ . -0 12
a (A') = sy /0 Xi <A+ 852:1:,A +m,so> dx (8.1)

Xi (A, A’ sg) is the imaginary part of the probe susceptibility in double-optical resonance for the pump
detuning A, probe detuning A’, and a resonant pump saturation parameter so. The explicit expression
for y; is given in Eq. (2.4). The ratio 917/852 is the ratio between the Doppler shifts on the pump
and probe transition. The integral over z includes the changing velocity (Doppler shift) during the
measurement. We assume that the maximum Doppler shift is linear in the pump power. This allows us
to write the upper limit as asg, with a as a constant. We take sg to be the same for all atoms, whereby we
neglect the attenuation of the pump beam and the transverse beam profile. We use the pump detuning
A that gives the maximum probe absorption for the 11uW pump in accordance with the measurements.
We use sg values that are six times larger than for the pump field alone to include the effect of radiation
trapping. We find a ~ 2 if we require a displacement of the absorption profile by 0.9MHz when we go
from sp = 6 x0.017 to sp = 6 x 0.08. The calculated optical depth spectra o (A’) for a = 2 and sy = 0.10
(so = 0.48) are shown in Fig. 8.3a (8.3b) as dotted lines, and they are scaled in amplitude to match the
measurements.

A comparison of the measurements and the theoretical spectra in Fig. 8.3 shows that the measured
linewidths cannot be fully explained by pump saturation, radiation trapping, and acceleration. If the
theoretical spectra in Fig. 8.3a and 8.3b are further averaged over a Gaussian distribution with a width
of 3.8MHz, they do coincide with the actual measurements. The broadening effects discussed so far
have all been homogeneous, i.e. all atoms have the same resonance frequency at a given time. It is not
unlikely that inhomogeneous contributions, like the thermal Doppler broadening, will have a significant
contribution to the linewidth. The temperature of the usual ”large” MOT gives relatively small Doppler
broadening (chapter 2). However, the present situation is somewhat different with the chopped trapping
beams and the unidirectional pump field in the dark periods. In addition, the non-uniform pump intensity
results in different accelerations of atoms at different positions, and this also adds to the inhomogeneous
line broadening.

In most of the spin noise experiments presented in the following sections, we use a probe power of
about 190uW. This corresponds to a resonant saturation parameter of s, = 0.69. The stronger probe
is required for an adequate signal-to-noise ratio in the atomic noise experiments (see page 73). The
drawback of the stronger probe is additional modifications of the lineshape. In Fig. 8.4 we plot optical
depth measurements for 190uW probe power and 46uW pump power. The data are taken together with
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Figure 8.4: Probe optical depth versus detuning. The three different symbols represent data from three
different days. The solid line is a Voigt fit with a Lorentzian linewidth of 4.6MHz and a Gaussian
linewidth of 5.4MHz.

the coherent excitation spin noise data presented in the following section. The three different symbols in
Fig. 8.4 correspond to data from three different days. The data are averaged measurements at different
fixed detunings, i.e. we do not scan the probe frequency in these measurements. The absorption data for
each day is scaled to the average of the three days. The relative change in amplitudes by this scaling is
less than 12%. The data fit a Voigt profile (solid line) with a Gaussian width of 5.4MHz and a Lorentzian
width of 4.6MHz. The increase in the Lorentzian component is expected for the larger probe power. The
power broadened absorption linewidth for a two-level atom is given by 7'1/1 + 2s{, with +' as the upper
state decay rate. Although the two-level result is not exact in the double-optical resonance situation, it
still explains the origin for the increase in the Lorentzian component in Fig. 8.4.

The theory for the spin noise spectra in chapter 4 and 6 is developed in the limit of weak pump and
probe fields and with a possible inhomogeneous broadening. It is difficult to incorporate all the effects
that modify the DC absorption spectrum in Fig. 8.4 into the spin noise theory. We will instead use the
lineshapes determined by the functions D2, D2, L2, and L? from chapter 6, but with the Lorentzian width
adjusted to the value for the Lorentzian width in the fit in Fig. 8.4. For the inhomogeneous broadening
we use a simple Gaussian distribution with the Gaussian width from the fit in Fig. 8.4. Although this
is a somewhat heuristic inclusion of the experimental imperfections, it does give a adequate description
of the spin noise measurements in the following sections.

8.3 Atomic spin noise - coherent excitation

We now return to the atomic spin noise in the case of coherent light excitation. This subject was
investigated in the previous chapter, but only for a strongly saturating pump field. In this section we
consider a non-saturating pump field, and we look into the details of the spectrum of atomic noise versus
probe detuning.

The relevant quantity in the measurements of atomic spin noise is k, which is defined as the atomic
noise transferred from the atoms onto the probe and normalized to the shot noise of the probe in the
absence of atoms. The theoretical expression for x is for 7_ measurements derived from Eq. (6.38)
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Figure 8.5: Normalized atomic noise ke versus probe optical depth for resonant probe and pump

fields. Probe saturation parameter s; = 0.40. The solid line is a linear fit to with a slope of 0.97 £ 0.04.
The theoretical slope for the quantum noise of uncorrelated atoms is one. By the units "dB” we mean
a plot of 10logke?® versus 10loga’.
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The terms proportional to (F';)%Q and (FLF) + F‘;F;)%Q in Eq. (6.38) do not contribute for coherent
excitation. The spectral densities (13'2’,)12”Q and (ﬁéﬁ; + ﬁ;ﬁ;)icg are calculated from Eq. (4.31) and

(4.50) with R, , () = 1 for the coherent pump field. With these results inserted into Eq. (8.2) together
with /27 = 1.9MHz and v/27 = 5.2MHz, we find

! — P
K=y por€ 2 56% (0.20172 (Q,A) +0.021L2 (9, A')) (8.3)

The current setup is different and the pump power is much smaller than in chapter 7. The first
thing to check with the new setup is whether it is possible to see the atomic quantum noise. The
atomic quantum noise for uncorrelated atoms is for small o' linear in the number of probed atoms and
hence linear in o’. On the other hand, classical or technical noise is found to produce noise quadratic
in the number of probed atoms. In the same way as in chapter 7, we identify the quantum noise of
uncorrelated atoms by a linear dependence on o/. The optical depth is adjusted by varying the power
in the repumping beam and thereby the number of trapped atoms. The optical depth of the pump
field can of course not be sustained at a high level in this experiment, but this is not a problem for the
coherent excitation. In Fig. 8.5 we plot the measurements of ke?® = (1 — e~ — AVgp/krr)e®® as a
function of @/ = —In (1 — AVpe/kpc). We use the same logarithmic scales (dB) as in Fig. 7.4a. The
measurements are carried out close to resonance, and each data point is averaged for about six minutes
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Figure 8.6: Measured atomic noise « as a function of probe detuning. Measurements from different days
have different symbols. a) Atomic noise when the photocurrents are added (i4). The solid line is a fit

to aL? (Q,A') e~2%" with a as a free parameter. b) Atomic noise when the photocurrents are subtracted
(i_). The dotted line is a fit to aL? (Q,A') e 2%’ with a as a free parameter. The solid line is a fit to
[bD2 (2, A) 4 cL? (2, A)]e~2®" with b and ¢ as free parameters.

as described in section 8.1.3. The probe power for this experiment is 110uW and the pump power is
50uW. In this particular measurement we use a somewhat larger pump diameter (2w = 4.7mm) than in
the other experiments in this chapter. The solid line in Fig. 8.5 is linear fit with a slope of 0.97 £+ 0.04.
The fit confirms that the atomic noise is linear in the number of probed atoms, and we conclude that the
quantum spin noise of uncorrelated atoms can be observed in the dark periods with a weak unidirectional
pump beam.

In the next experiment we maximize the number of trapped atoms and look at the atomic noise as a
function of probe detuning. We first look at the measured noise when the two photocurrents i1 and 2
are added. We use the subscript + on x for the atomic noise measured in i;. We find the theoretical
expression for k4 from Eq. (6.39)

(’L+)?2 —a' / —2a’ 1 9’)/,
K4 26292@/ —€ = Oéo,unpole So 30N (F’ n 1)2 (QF’ n 3)2 (84)

< (BP—EP B2 4 P) I2(Q,A)
uc,2
We plot the measured atomic noise k4 as a function of probe detuning A’ in Fig. 8.6a. Each data point
is obtained by averaging the two lock-in voltages AVpc and AVgp for about six minutes while keeping
all parameters constant. This long averaging time is important because the atomic noise contribution
is quite small compared to the shot noise of the probe. The different symbols in Fig. 8.6a correspond
to measurements from different days (same symbols/days as in Fig. 8.4). We choose to make the same
scaling of the data sets in Fig. 8.6a as in Fig. 8.4 to compensate for the different resonant optical depths
on the different days. This scaling is valid because the atomic noise is (almost) linear in o' at small «'.
The probe and pump parameters for the data in Fig. 8.4 and in Fig. 8.6 are identical. We have tested
that the noise observed in the sum photocurrent i, is linear in the number of atoms; i.e. we do observe
the atomic quantum noise in .

The solid line in Fig. 8.6a is a fit to the theoretical expression aL?(Q,A’)e 2 from Eq. (8.4)

with the amplitude a as only the free parameter and e~2% from the Voigt fit in Fig. 8.4. The function
L2 (Q,A") depends on three parameters besides the probe detuning A’) see Eq. (6.20) and (6.37).
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These parameters are the detection frequency 2, the ”Lorentzian” linewidth 4" and the inhomogeneous
linewidth ypop. We use the detection frequency /27 = 1.9MHz. We include the saturation effects
and the possible inhomogeneous broadening by using the Lorentzian and Gaussian widths from the fit
in Fig. 8.4 for the parameters " and ypop. Hence, we use a Gaussian inhomogeneous broadening with

YDop/27 = 5.4MHz and a ”Lorentzian” width of v'/27 = 4.6MHz in L’ (Q,A").

We see in Fig. 8.6a that the measured noise spectrum is well described by the function L? (Q, A').
The x2 value for the fit is 1.4 - 10~%. If we instead use a model with = 0, then the x? value increases
by a factor of 2.5. If the ”correlated noise” expression al? (Q,A") e2% is used, we get an increase in x?
by a factor of 2.3.

We now return to the noise that we observe when the two photocurrents i; and i» are subtracted.
In Fig. 8.6b we plot the atomic noise k for the differential photocurrent (i_) measurements. The three
different symbols correspond to the symbols in Fig. 8.4, and we have made the same scaling of the
atomic noise data as in Fig. 8.4 and 8.6a. The dotted line in Fig. 8.6b is a fit to the same expression,
al?(Q,A") e2% as we used in Fig. 8.6a. The fit is clearly not very good. We do, of course, not expect a
good fit according to the theoretical expression in Eq. (8.3). The width of the noise spectrum measured
in ¢_ is clearly larger than for the spectrum measured in 7. The solid line in Fig. 8.6b is a fit to the
theoretical lineshape [bD? (Q, A") + ¢L? (1, A’)]e’m’ with two free parameters, b and c. This fit gives a
x? value of 2.0-107* with b = 3.4-1072 and ¢ = 3.2- 10, The dotted curve gives a 3.4 times larger x>
value. These data show, in agreement with the theory, that a resonant (Lorentzian like) as well as an
off-resonant (dispersive like) noise contribution is present when we look at the 7_ noise.

Two of the measurements in Fig. 8.6b (a triangle at 1.8MHz and a circle at -4.8MHz) seem to deviate
substantially more from the solid line than the typical scatter. These deviations may be caused by a
change in the experimental conditions due to some external perturbation; e.g. someone is slamming the
door next to the lab with in an unhappy laser as the result. With the very long integration time, we
become rather sensitive to such perturbations.

We can compare the parameters b and ¢ from the fit to a theoretical estimate from Eq. (8.3). In this
estimate we have to include the propagation losses in the probe path after the probe-atom interaction.
The overall losses are measured to be around 25% (4% on the beamsplitter after the MOT, 2% on
the detector quantum efficiency, 18% on the 917nm interference filters and 3% on imperfect mirror
and window coatings). These losses reduce the measured atomic noise x by 25% since the measured
atomic noise is quadratic in probe power whereas the shot noise is linear in probe power. After inserting
G unpor = @ = 0.12, 55 = 0.69, and +'/y = 3.1/5.2 into Eq. (8.3) and including the 25% probe
losses, we obtain the theoretical values bipeory = 7.4 - 10~3 and Ctheory = 1.7 - 10~%. An individual
comparison of bipeory and Cepeory to the experimental b and c values shows an acceptable agreement with
b/btheory = 0.5 and ¢/ctheory =~ 4. The discrepancy can be caused by experimental imperfections such as
pump and probe saturation effects, the influence on ag from excess broadening, comparable probe and
pump beam diameters, possible homogeneous broadening, and maybe the theoretical assumption about
an unpolarized ground state is not truly fulfilled. If we instead look at the ratios b/c and bineory/Ctheory,
we see a larger difference between theory and experiment. We do not know the origin for this discrepancy,
but it is possible that the experimental imperfections have a different effect on the resonant (L?) and
the off-resonant (D?) contributions. It is also possible that other noise sources, besides the fluctuations
in the spin of the intermediate state, contribute at resonance. This could for example be the effect of
spontaneous decay from the 65/, F' = 6 state, which may become important at resonance for the actual
probe power. The noise induced by spontaneous emission into the spatial mode of the probe beam is
investigated in Ref. [101].
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8.4 Atomic spin noise - excitation with classical noise

Before we carry out the experiments with squeezed or antisqueezed quantum pump, we look at the change
in the atomic spin noise spectrum when a pump field with huge classical noise is used for excitation.
These classical noise measurements can be used to estimate the effect of antlsqueezed/squeezed light
excitation. We can model the noise properties of antisqueezed light (noisy S or S. ) by using a very
weak classical field with strong amplitude modulation in place of the squeezed vacuum field. The weak
noisy field is mixed with the strong coherent field on PBS1 (Fig. 8.1) in the same way as the usual
mixing of the squeezed vacuum and the coherent component. We can write the classical field after PBS1
as

e, E o cos (wot) + ey B cos (wot + 6) f (1) (8.5)

E. ., and E; are the amplitudes of the strong coherent field and the weak modulated field. The two
fields are mixed in orthogonal linear polarizations. We use the subscript ¢l for classical modulation.
f (t) is a function, which describes the amplitude modulation of the weak field. We can easily calculate
the classical contribution to the spectral density of the Stokes parameters S‘y and S,. After adding the
coherent state shot noise, we find

N\ @ , @

(sy)Q = T Ra () cos? 0+ 7 (8.6)
N\ @ L, @

(SZ)Q = ZRcl (Q)sin® 0 + 1

Ry (Q =&y (f)?)

® and ¥, are the photon fluxes in the coherent field and in the weak modulated field (., < ®).
Equation (8.6) includes the coherent state shot noise given by ®/4. We note that the classical excess
noise is very similar to the antisqueezed excess noise in Eq. (3.17). The main difference between the
classically induced noise and polarization squeezing is that the classical noise contribution is always
positive. We cannot get below the shot noise level without quantum correlations, but we can still use
the classical noise to model the effect of antisqueezing.

In this section we are interested in the excess atomic spin noise induced by the excess noise in the
excitation field Stokes parameters. We define k.; as the atomic spin noise with the classically modulated
weak beam present, and k.o, as the atomic spin noise for coherent excitation, i.e. with the weak noisy
field blocked. The theoretical expression for the difference ke — Keop is derived from Eq. (4.31), (4.50)
and (6.38)

o 9 v
Kel — Keoh = € 2 Soao ,unpol 79q 128 ,Y + 02 (87)

X {[RZ (Q) —1]D? (Q,A") + 1

T2 '
17, () - 1122 (2,2}
As usual, we define R. , () as the ratio of the spectral density (3 )% to the spectral density for a
coherent state pump field (®/4).

In practice, we generate the noisy excitation field in the following way. An AOM is inserted in the
path of a weak 852nm coherent field. We can modulate the intensity in the zeroth order from the AOM
by amplitude modulation of the RF signal that drives the AOM. For this purpose we use a function
generator (HAMEG 1831-2) that has a ”white noise” output with a 10MHz bandwidth. The RF signal,
which drives the AOM, is amplitude modulated by the white noise signal from the function generator
by means of an electronic attenuator. We block the blue beam pumping the OPO and instead we inject
the weak zeroth order from the AOM into the OPO. This weak field is transmitted through the OPO
output coupler, and it emerges in the same spatial mode as the squeezed vacuum output. The average
power in the weak noisy beam after the OPO is around 5nW.
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With a strong modulation it is possible to achieve up to 20dB of excess noise relative to the shot noise
level. Ideally, when the noise in one Stokes component, (e.g. S,) is maximized (§ = 0), we have only shot
noise in the other Stokes component (SZ) However, this is not possible to achieve in the experiment
since the phase lock is not ideal. We use the same phase locking setup as described in section 8.1.2 for the
polarization squeezed light. The detectors in the phase locking setup are arranged to measure the noise
in S In the experiment we typically have 19-20dB excess noise in S when we lock to the maximum
noise (6 = 0) and 3-4dB excess noise in Sy when we lock to the minimum noise (f = 7/2). This is when
the phase € is stabilized without chopping the optical fields. When the fields (and the phase locking
signal) are chopped, we find that the noise in S‘y drops about 1dB when we lock at § = 0. This is a
relatively small change in the S‘y noise, but it results in a huge change in the ”quiet” S. component. A
change in the Sy noise from 19.5dB to 18.5dB above the shot noise level results in about 13dB of excess
noise in the quiet S, because the sum (S,)2 + (S.)3 is a constant according to Eq. (8.6).

In the experiment, we have 46uW in the resonant 852nm pump and 190uW in the 917nm probe. We
measure the two lock-in voltages AVpec and AVgyp while the probe frequency is scanned slowly across
the resonance. The measured voltage versus frequency spectra are typically averaged over 50 individual
frequency scans on the digital oscilloscope. The scan rate for each scan is 4.5MHz/s, and we use a
time constant of 30ms on the lock-in amplifiers. From the measured voltages we calculate the atomic
spin noise £ as a function of probe detuning. A noise measurement with classical noise is followed by
a measurement with the weak noisy beam blocked. The difference between the two measured spectra
gives the excess noise K. — Keop as a function of probe detuning. In Fig. 8.7 we plot the measured excess
atomic noise k¢ — Keon for the two phases 8 = 7/2 (solid line) and § = 0 (dotted line).

We observe for § = /2 that the excess noise is peaked off-resonance at around +5.0MHz. This is
exactly what we expect from Eq. (8.7). Excess noise in S, leads to excess noise in F”, which we measure
with an off-resonant probe. The # = 0 spectrum has in general a smaller amphtude than the § = /2
spectrum However, the figure indicates that the noise on resonance is comparable for # = 0 and for

= m/2. This is again consistent with the theory; noisy Sy gives noisy F’ F’ + FéFz, which is seen with
a resonant probe. The amount of off-resonant noise in the # = 0 measurement is clearly too large for
the profile expected from Eq. (8.7), L2 (2, A’) e=2%". This can be explained by the imperfect phase lock.
We estimated above that the imperfect phase lock at & = 0 results in about 13dB of excess noise in S..
This corresponds to about 28% of the S. noise at § = /2. This is in agreement with Fig. 8.7, where
the off-resonant excess noise is reduced to about 25-30% when we go from 6 = 7/2 to 8 = 0.

The smooth solid line in Fig. 8.7 is a fit to the § = /2 data with the expression d[R, () —
11D% (Q, A’) e 2%, We use the same parameters in D? (2, A’) as we used for L2 (2, A’) in the previous
section. d is the only free parameter, and we find d = (4.6+0.7)-10~* for R, () = 7149, (18.5dB£0.5dB).
We note that the measured spectrum for # = 7/2 and the fitted curve agree quite well. The fact that
the data in Fig. 8.7 do not go all the way to zero at zero detuning can be explained by frequency drifts
during the averaging of the many scans, Fé Fé +Féﬁé noise from the imperfect phase lock, and broadening

effects that are not included in D? (Q, A’). The small asymmetry in the measured data can also be a
result of the imperfect phase lock. The fluctuations in S. and Sy are correlated at phases between 6 = 0
and # = 7/2. This results in correlated fluctuations in the atomic variables F! and F!! F’ + F;Fé, and
according to page 73 that can explain an asymmetric lineshape. The excitation field elther goes to the
phase locking setup or to the atomic sample. If birefringence is present in one of the two paths, we may
have 8 = 0 at the phase locking setup and f # 0 at the atomic sample and hence correlations between

the fluctuations in F’ and F’ F’ + F’ F’

If we subtract the estlmated contrlbution from FZ’ noise due to the imperfect phase lock from the
# = 0 data in Fig. 8.7, we get a noise spectrum that is peaked at resonance. The theoretical profile for
this spectrum is, according to Eq. (8.7), given by the function e[R, () — 1]L? (2, A’) 2", If we adjust
the parameter e to fit the experimental data, we find e = (4.0 £1.1) - 107° for R, (?) =71 £09.

We can compare the experimental values for d and e with the theoretical values obtained from
Eq. (8.7). With the experimental parameters s; = 0.69, ag ., =~ @y = 0.11, v'/27 = 3.1MHz,
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Figure 8.7: Measured atomic excess noise K¢ — Keop as a function of probe detuning. TNhe solid line is
measured with § = 7/2 (noisy S.). The smooth solid line is a fit to the expression dD* (Q,A’)e™>*
with d as the free parameter. The dotted line is measured with § = 0 (noisy S,).

v/2m = 5.2MHz, /27 = 1.9MHz, and inclusion of the 25% losses in the probe path after the atomic
sample, we find dipeory = 2.1 - 103 and €theory = 8.4 - 107°. In general we find that the observed
amount of excess noise is smaller than the theoretically predicted excess noise with d/d¢peory = 0.22 and
e/etheory = 0.5. This indicates that our mapping of the classical correlations in the pump field onto
the atomic sample is less efficient than predicted. The reason for that can be the previously mentioned
experimental imperfections, but it is likely that the essential cause is radiation trapping of the pump
photons. We will discuss this effect in more detail in section 8.7. The experimental data as well as
the theoretical estimates show that we are much more sensitive to off-resonant excess noise due to ﬁz’
fluctuations than to the resonant excess noise caused by fluctuations in ﬁéﬁ'é + ﬁ;ﬁ;

It is convenient to introduce the experimental mapping-readout efficiencies similar to the theoretical
mapping efficiencies in chapter 4, Eq. (4.32) and (4.51). We define 7. and 7}, through

. 1 (L + 7R () Keon (8.8)

Rel = =
2

(1 + iy Ry (Q)) Keoh

Kel = ﬁy 1
We use a tilde on the experimental mapping-readout efficiencies to distinguish them from the theoretical
mapping efficiencies. The experimental efficiencies include the efficiency of mapping the correlations onto
the atoms as well as the efficiency for the readout of the atomic correlations. For a given efficiency (7).
or 7j,), we measure the atomic noise at the probe detuning that maximizes |ke — Keon|- Thus, for 77, we
measure the atomic noise around A’/27 ~ 5.0MHz and for 7, we measure at A’ = 0. From the graphs
in Fig. 8.7 together with the measurements of x.., (similar to Fig. 8.6b), we derive 7, = 6% + 2% and
Ny = 0.7% £ 0.5%. These mapping-readout efficiencies are much smaller than the theoretical mapping
efficiencies from chapter 4. This can be explained by the readout method and the effect of radiation

trapping, which we discuss in section 8.7. For now we will just use the efficiencies to estimate the degree
of atomic spin squeezing and spin antisqueezing for a polarization squeezed excitation field.
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8.5 Atomic spin noise - excitation with nonclassical light

We are now ready to shine polarization squeezed light onto our atoms and see how they react. The
theory for mapping quantum correlations in light onto atoms together with the theory for the readout
of the produced atomic correlations show that the best mapping-readout efficiency is obtained for off-
resonant ﬁz' measurements. This is confirmed by the experimental results with classical modulation in
the previous section. In this section we will therefore concentrate on squeezing/antisqueezing of the
fluctuations in the collective atomic spin component ﬁz’ and a subsequent readout with an off-resonant
probe. The estimated degree of antisqueezing/squeezing available at the trap site is +4.5 + 0.6dB and
—1.8 £ 0.2dB relative to the shot noise level. On a linear scale that converts into R, (2) = 2.8 £0.4 for
0 =m/2 and R, (2) = 0.66 £ 0.03 for # = 0. We use the notation x4, for the atomic noise measured
with squeezed light excitation. We define the observed degree of spin squeezing as £ = (Ksq — Kcoh)/ Keoh-
If £ is negative, we have spin squeezing. For positive £ we have spin antisqueezing. In the case of spin
squeezing, ¢ is equivalent to the relative spin noise reduction (see Fig. 4.2b and Fig. 4.3b) except for a
change in sign®. We can estimate the degree of observed E 7 spin squeezing if we use the mapping-readout
efficiency from the last section, 77, = 6% £ 2%, and Eq. (8.8) with k4, instead of k. We find

_ R () —1]

£= T (8.9)
+1

Inserting the values for 7. and R. () gives & = 10% % 4% for § = 7/2 and £ = —1.9% % 0.6% for 6 = 0.
The typical amount of spin noise for coherent excitation is from Fig. 8.6b found to be k.., ~ 0.014 at
A’/2m = £5.0MHz. We find for # = 0 that the expected atomic noise reduction is fs; — feon ~ —3-107*
in units of the probe shot noise. This is an extremely small signal compared to the overall noise level,
which is predominated by the probe shot noise. Instead of going directly for the demonstration of atomic
spin squeezing, we start with the spin antisqueezing measured off resonance with § = 7/2. The signal-to-
noise ratio (S/N) in the spin squeezing/antisqueezing measurement is proportional to |{|]. We estimate
that the S/N should be about 5 times larger for antisqueezing in F! than for F! squeezing. However,
in the actual experiment it turns out to be more like a 10 times dlfference. Thus, we can do the spin
antisqueezing measurement with about two orders of magnitude shorter integration time than the spin
squeezing measurement for the same S/N.

8.5.1 Spin antisqueezing - 0 = 7/2

We apply the polarization squeezed excitation field by mixing the coherent component and the squeezed
vacuum field in orthogonal polarizations on PBS1 (Fig. 8.1). The relative phase between the two fields
is actively stabilized at § = 7/2, and the Stokes component S. for the excitation field has a noise level
about 4.5dB above the standard quantum limit (shot noise). The quantum correlations between the
atomic spins induced by absorption of the nonclassical light are expected to give excess noise in the
excited state collective atomic spin variable 13'; This is accompanied by a small reduction below the
standard quantum limit in the noise of the spin variable ﬁéﬁ; + ﬁ'éﬁé Consequently, we expect to
measure excess atomic noise (ksq — keop, > 0) with the off-resonant probe

We use a 46uW nonclassical pump field and a 190uW probe field. The measurements for § = 7/2
are all from the same day as the data with circle symbols in Fig. 8.4 and Fig. 8.6b. To obtain a single
(individual) spin noise measurement we first average the two lock-in voltages AVir and AVpe for six
minutes with all parameters fixed and with the squeezed vacuum present. This measurement is followed
by six minutes of averaging with the squeezed vacuum path blocked and hence coherent excitation. From
the lock-in voltages we calculate the atomic noise with nonclassical excitation (ks4) and the atomic noise
with coherent excitation (kcop)- The circles in Fig. 8.6b are the k.o, measurements scaled by the factor
0.89, and the circles in Fig. 8.4 are the corresponding optical depths scaled by the same factor 0.89.

3This definition of £ is analogous to the ¢ definition in chapter 5.
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Figure 8.8: Atomic excess noise for nonclassical excitation. a) § = /2 which results in antisqueezed
F 7 fluctuations measured off resonance. Circles: the measurements. Dashed and solid lines: predicted
line shape, see the text for the details. Dotted line at zero: the standard quantum limit. Note that
the vertical scale is expanded by a factor of 100. b) # = 0 with squeezed I3 7 fluctuations measured off
resonance. The ”excess noise” is now negative off resonance. Dots: measurements. Solid line: predicted
spectrum. Dotted line: the standard quantum limit. Note that the antisqueezed ! Fé+ﬁéﬁ; fluctuations
at resonance become significant at 8 = 0.

The reason for this scaling is explained in section 8.2. The results for k54 — Kcon averaged over 1 to 4
individual measurements are shown in Fig. 8.8a for different probe detunings. The error bars in the
figure are based on the statistical uncertainty in the measurements of ks, and kcop, and they do not
include any uncertainty or drift in the degree of antisqueezing in the excitation field.

Equation (8.7) is also valid for the nonclassical pump field if we substitute ks, for K. We have

Ksg — Keoh = {d[Rz (Q) — 1]D? (2, A') + e[R, () — 1]L2 (2, A’)} e2 (8.10)

The parameters d and e can be derived from the theoretical expression in Eq. (8.7), but we found in
section 8.4 that the experimental mapping-readout efficiencies are significantly smaller than the theo-
retical values. We will therefore use the experimental parameters from the data in Fig. 8.7 for d and
e. The dashed line in Fig. 8.8a is the expected atomic noise level from Eq. (8.10) with d = 4.6 - 1074,
e=4-10"% R, (Q) = 0.66, and R, (?) = 2.8. The functions D? (2, A’) and L? (Q, A’) are the same
as we used in section 8.4. The dashed line in Fig. 8.1a has the same double peaked structure as the
actual measurements, but the amplitude of the graph seems to be too small. This can be explained by
the relatively large uncertainty in d and R, (2). The solid line in Fig. 8.8a is also from Eq. (8.10), but
now with d = 5.3-10"* and R, () = 3.2. We note that the predicted noise reduction (spin squeezing)
at zero detuning is indeed very small, and it is limited to a small frequency interval. The small line
broadening from the atomic acceleration during the 1ms measurement cycle will be enough to ”wash
out” the resonant noise reduction?.

We can derive the mapping-readout efficiency 1. ,,. for nonclassical excitation in the same way as we
derived 7}, in the previous section. We find 7, ,. = 8% £ 2%. This efficiency is in agreement with the
measured mapping-readout efficiency for classical noise in the excitation field, 7, = 6% =+ 2%.

4The acceleration broadening is an homogeneous effect, where all atoms have same resonance frequency. However, this
resonance frequency is changing during the 1ms measurement cycle, and this leads to line broadening. This homogeneous
broadening is not included in the spectra described by D? and 2.
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8.5.2 Spin squeezing - § =0

With the phase fixed at 8 = 0, we now expect the off-resonant atomic noise ks, to go below the standard
quantum limit set by kcop. The experimental data for k54 — kcon is plotted in Fig. 8.8b. Each off-resonant
data point in Fig. 8.8b corresponds to one run. Each run lasts between 4 and 12 hours and includes
between 13 and 45 individual measurements. The total number of off-resonant individual measurements
is 263. An individual measurement consists again of six minutes averaging of the lock-in voltages while
nonclassical excitation is applied followed by six minutes of averaging with the squeezed vacuum path
blocked (coherent excitation). The error bars in Fig. 8.8b are given by the statistical uncertainty in
Ksq — Kcon for each run. The dotted line at ks, — Keon = O represents the standard quantum limit.
Measurements below the standard quantum limit require spin squeezed atoms. The probe power is in
this experiment increased to 235uW, except for the run at 6.2MHz, which is taken with 190uW. The
pump power is at the usual 46pW. In about 1/3 of the measurements we use a probe polarized along the
y-axis instead of polarized along x. We do not see any dependence on the probe polarization. This is in
agreement with the theory; we are not sensitive to the sign of the probe Stokes parameter S’ only the
amplitude is important. Three runs are taken at zero detuning including one run with only 9 individual
measurements and consequently an uncertain average. We are not that interested in the resonant excess
noise, and we average all the individual resonant measurements into just one data point in Fig. 8.8b.

The solid line in Fig. 8.8b is the expected atomic noise level from Eq. (8.10) with d = 5.7 - 1074,
e=5-107% R, () = 0.66, and R, (£2) = 2.8. We have taken into account that most of the data in Fig.
8.8b are taken with 24% more probe power than the corresponding measurements with classical noise in
Fig. 8.7. The atomic noise & is linear in s{, and we include the larger probe power by increasing the d
and e parameters by 24%.

The experimental data in Fig. 8.8b show on average a noise reduction (spin squeezing) off reso-
nance and a noise increase on resonance, just as we expected. The resonant noise increase is smaller
than predicted, but that can be explained by the uncertainty in the e parameter and in the degree of
antisqueezing, R, (). Nevertheless, the resonant excess noise is comparable to the off-resonant noise
reduction because the degree of antisqueezing in Sy is ”larger” than the degree of squeezing in S.. If we
neglect the positive resonant contribution in the predicted spectrum (the solid line in Fig. 8.8b), we get
a 33% increase in the predicted off-resonant noise reduction. Thus, the resonant excess noise does have
some influence on the observed spin squeezing, although the actual measurement at resonance indicates
more like a 15% effect.

In the following section we discuss the statistics of the off-resonant spin squeezing data in more detail.

8.6 Analysis of the spin squeezing data

The spin squeezing measurements presented in Fig. 8.8b do indicate that the atomic noise have been
reduced beyond the standard quantum limit. However, a more quantitative analysis of the data is required
before we conclude that a macroscopic spin squeezed state of entangled atoms have been generated and
observed. Each data point in Fig. 8.8b is not far below the standard quantum limit. It is therefore
relevant to ask the question: ”What is the probability for observing a data set as in Fig. 8.8b if the
true mean value is at the standard quantum limit or above?”. In this section we will try to answer this
question.

It is convenient to use the observed degree of spin squeezing & = (ksq — Kcoh) /Keoh, Which normalizes
the observed spin noise reduction to the spin noise for coherent excitation. This normalization has the
advantage that measurements at slightly different probe optical depth, probe frequency, or probe power
can be compared since both the numerator and the denominator in the £ definition have (almost) the same
dependencies on these parameters. Thus, we expect the distributions of the individual £ measurements
from the 11 off-resonant runs to be described by normal distributions with almost identical mean values.
The variances of the distributions for the different runs do not have to be identical; in fact, a Bartlett test
[105] shows that the variances are most likely not identical. In section 8.7 we show that the statistical
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Figure 8.9: The average observed degree of spin squeezing ¢ from each run. The error bars represent the
statistical errors within each run. The numbers above the measurements show the number of individual
¢ measurement within the actual run. The solid line is the average ¢ with the 1o confidence interval
represented by the dotted lines. The dashed line at & = 0 sets the standard quantum limit.

error on the £ measurements can be explained by the fundamental quantum noise (shot noise) of the
probe that is used to read out the atomic fluctuations. In section 8.7 we also explain why different
runs have different variances. Figure 8.9 shows the average degree of spin squeezing & together with its
statistical error for each off-resonant run.

We can combine the 11 measurements in Fig. 8.9 into a single number by taking a weighted average
with the square of the inverse errors as the weights [106].

11
£=5"Y s7% (8.11)
i=1

11
-2 _ —2
S —E s;
i=1

&; is the estimated mean value for € from run number i, and s; is the corresponding estimate of the
standard error. ¢ is the estimated mean value of the combined 11 runs, and S is the estimated standard
error for £&. We find for the data in Fig. 8.9 that £ = —1.16% + 0.32%. Hence, the 263 spin squeezing
measurements give an average observed degree of spin squeezing which is about 3.6 standard errors below
the standard quantum limit. We note that ¢ represents the observed degree of spin squeezing. The actual
squeezing of F‘; is probably greater than what we observe due to an imperfect readout. The quality of
the readout is discussed in section 8.7.

The overall probability distribution for all the individual spin squeezing data can be described by a
weighted sum of normal distributions. The mean and the variance for each normal distribution is given
by the estimates from the corresponding run, and the weight is the relative number of measurements in
the run. The accumulated probability distribution for this sum of normal distributions is plotted in Fig.
8.10 (solid line) together with the measured probability distribution (dots). The measured probability
distribution is given by points (z;,y;), where y; is the fraction of all the individual measurements with
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Figure 8.10: Probability distribution which includes all 263 individual spin squeezing measurements.
Dots: the measured distribution. Solid line: a weighted sum of normal distributions; see the text for
details. Dotted line: approximation to a (single) normal distribution. The vertical ”probability scale”
makes normal distributions linear.

¢ < x;. We find good agreement between the measurements and the probability distribution based on
the assumption about normally distributed data within each run.

We can make a simple test of our data by dividing them into two groups; one with £ > 0 and the
other with ¢ < 0. We will assume that the atomic spin noise measured with squeezed S. is the same
as with coherent excitation, i.e. that the squeezed vacuum field does not make a difference. Hence, the
true value of £ is zero, and we have the probability of 1/2 for obtaining a positive as well as a negative
& measurement. The distribution of data in the two groups is a simple binomial distribution. A total of
167 measurements are negative. The probability for getting 167 or more negative measurements out of
a total of 263 measurements is for a binomial distribution given by

P= % ( 2?3 ) (%)263 =7-107° (8.12)

=167

We see that it is highly unlikely that we obtain such an asymmetric distribution of data around zero.
We conclude that the assumption must be wrong, and that the squeezed vacuum in the excitation field
really does make a difference.

A more thorough analysis includes the continuous distribution of the observed data. An interesting
hypothesis to test is whether it is possible to obtain the measured data from a distribution whose
true mean value is nonnegative. We can test this hypothesis if we approximate the actual distribution
(estimated by the solid line in Fig. 8.10) with a normal distribution having the same mean and variance
(dotted line in Fig. 8.10). The mean and standard deviation for the two distributions are (u,o) =
(—1.36,6.33). We use the Student’s ¢-test [105] to test the hypothesis. The ¢-test gives a test probability
of ¢ = 0.03%. ¢ is the probability for getting a set of data, under the hypothesis about a nonnegative
mean value, which is "worse” than the actual data set. We reject the hypothesis about the nonnegative
mean value because of the small e.

We can now conclude that spin squeezing in a macroscopic entangled atomic sample has been gener-
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ated and observed.

8.7 The limiting factors - radiation trapping and probe shot
noise

In the previous section we measured the observed degree of spin squeezing to be £ = —1.16%+0.32%. The
signal-to-noise ratio (S/N) for the spin squeezing measurements is the absolute ratio of the mean value
to the estimated error, i.e. S/N =1.16/0.32 = 3.6. The S/N is limited by the degree of spin squeezing
and the fluctuations in the individual spin squeezing measurements. The degree of spin squeezing is set
by the mapping-readout efficiency and the available squeezing in the quantum pump. In the following
subsection we will discuss effects that limit the mapping-readout efficiency. In particular, we will see that
radiation trapping plays an important role in the efficiency at which quantum correlations are mapped
from the light onto the atoms. In the second subsection we show that the probe shot noise can explain
the fluctuations in the individual spin squeezing measurements.

8.7.1 The degree of spin squeezing and radiation trapping

We found in section 8.4 that the mapping-readout efficiency for classical correlations in ﬁz’ isn, =
6% £ 2%. The corresponding efficiency for quantum excitation with excess noise in S. is about the same
with 7, ne = 8% £2%, see section 8.5. Thus, the experimental mapping-readout efficiency is substantially
smaller than the theoretical mapping efficiency 1, = 47% from chapter 4, Fig. 4.2a. The small efficiency
7], results in a small degree of spin squeezing. In this subsection we discuss the most important reasons
for the low mapping efficiency and the small degree of spin squeezing.

Reabsorption of spontaneously emitted photons at the pump wavelength can put severe limits on the
produced spin squeezing. The quantum correlations between pairs of photons in the squeezed excitation
field are lost when the photons are absorbed by the atoms. We expect no correlations between the
subsequently emitted photons from different atoms, since the atoms decay at random. As a result, the
fluorescence field consists of uncorrelated photons, which do not produce any spin squeezing. Neverthe-
less, the fluorescence photons can excite atoms and thereby generate uncorrelated atomic noise as for a
coherent state excitation field.

The total noise in the Stokes parameter S. of the excitation field can be written as a sum of the noise
from the incoming pump field, (S‘z)?)’i, and the noise from the fluorescence field, (Sz)g foie (S.)% =
(32)?21 + (‘SA'Z)?2 ;- The S. noise, normalized to the shot noise level, defines the degree of squeezing R, (€2).
We use the notation R ; () for the degree of squeezing in the incoming pump field. We assume that
the fluorescence field is shot noise limited. The total noise normalized to the total shot noise level can
then be written as

; . oy
b, + (I)f d; + ‘I’f

® ¢ and ®; are the photon flux in the incoming field and the fluorescence field. We will use the assumption
that @y = 0.909®;, see page 97. ap is the resonant optical depth for the pump field.

We do not have an ideal transfer of correlations if the incoming field is not completely absorbed.
In a simple picture we can imagine the partial absorption as a beamsplitter with a reflectivity of e~®0
followed by an atomic cloud, which completely absorbs the rest of the pump®. The beamsplitter effect
reduces the effective degree of squeezing in the absorbed pump field. The overall degree of squeezing in
the pump field is

1—e™@0

() =1— ———
R() 1+0.90£0

[1- R ()] (8.14)

5This is a simple picture, which neglects the frequency response of the atoms. We measure the probe fluctuations at
1.9MHz, and it is sufficient to assume that the atomic response is frequency independent within a 2MHz bandwidth.
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Figure 8.11: The predicted degree of spin squeezing versus the pump optical depth when incomplete
absorption and radiation trapping are included. Solid line: perfect squezing in the quantum pump and a
mapping efficiency of n, = 0.47. Dotted line: as the solid line, but for -1.8dB of squeezing in the pump.

The denominator, 1+ 0.9ag, represents the effective reduction in squeezing due to the fluorescence field.
The numerator, 1 — e~0 is the squeezing reduction due to incomplete absorption.
From Eq. (8.9) we have

sq — Mvco z Q -1
¢ = fon = Feon _ B () (8.15)
Kcoh n. +1

In Fig. 8.11 we plot £ versus ag using Eq. (8.14) and (8.15). The solid line is the best we can hope for in
the actual light-atom configuration with perfect squeezing of the excitation field (R, ;(Q) = 0) and the
theoretical mapping efficiency n, = 0.47. We see that the reabsorbed fluorescence reduces the maximum
spin squeezing from —32% (Fig. 4.2b) to only —11%, with the best spin squeezing at ap ~ 1.3. With
the actual polarization squeezing of —1.8dB, we see from the dotted line in Fig. 8.11 that we should not
expect more than about —2.5% spin squeezing for the typical pump optical depth of g ~ 3 — 4. The
typical pump optical depth is somewhat larger than the optimum g according to Fig. 8.11. However,
the model used in the figure and in Eq. (8.14) is quite crude, and it is better to have ag a little too large
rather than too small. The effect of radiation trapping can be reduced if the atomic sample is shaped
like a pencil with a length much larger than the diameter, but this is not possible with our MOT.

The observed degree of spin squeezing is also influenced by the fact that the readout method is
not perfect. We cannot read out the off-resonant E/ fluctuations around +5MHz without seeing the
resonant contribution. We see from the fit in Fig. 8.6b that the resonant part contributes with about
45% of the atomic noise measured at £5MHz for coherent excitation. We found in section 8.5.2 that
the resonant contribution from antisqueezed Féﬁ'; + F;Fé can reduce the measured off-resonant noise

reduction Ksg — Keon, by up to 30%. Hence, these noise contributions, which are not related to ﬁz’
fluctuations, can reduce the observed degree of spin squeezing by another factor of two.

In conclusion, we find that the small observed degree of spin squeezing can be explained by the
theoretical efficiency of mapping light onto atoms, the effect of radiation trapping, and the fact that
the readout of F‘Z’, fluctuations is not perfectly separated from the fluctuations that predominate at
resonance. Other experimental imperfections like the matching of the spatial modes of the pump and
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probe field, optical pumping, residual magnetic field effects, saturation effects, and excess broadening
can also influence the mapping-readout efficiency, but these effects are difficult to quantify.

8.7.2 Fluctuations in the spin squeezing data

In appendix E we derive an expression for the S/N in the spectral density measurement of the probe
shot noise. If Y is the stochastic variable that represents the output of the spectrum analyzer (SA), we
have according to Eq. (E.7)

¥ = ke VRrB (8.16)

Var (V) VvB

vrp is the resolution bandwidth, and vy g is the video bandwidth. The parameter k. is expected to be
close to one. If we implement the lock-in method described in section 8.1.3, then the combined system of
spectrum analyzer, electronic squaring device, and the lock-in amplifier measures the difference between
two stochastic variables, A and B. These two variables correspond to the shot noise levels A and B in
Fig. 8.2c. We assume here that the difference between A and B is due a 250Hz intensity modulation of
the probe; the same modulation as used for the shot noise calibration and determination of kg in section
8.1.3. A and B are independent variables, but the distribution for B is identical to the distribution for
(1 —a) A, where a is the small modulation depth. If we define Z = A — B, we have

Z=A-B (8.17)
(Z) = (4) = (B) = a(4)
Var (Z) = Var (A) + Var (B) ~ 2Var (4)

The SA is in the spin squeezing experiment set to a resolution bandwidth of 300kHz, but the effective
bandwidth for the measurements is set by the narrower detector bandwidth so that vgg = 100kHz. The
video bandwidth of the SA is set to 30kHz. This gives a sufficiently short averaging time so that the
signals in each of the dark periods in Fig. 8.2 (i.e. A and B) are completely independent. The lock-
in amplifier and the following data acquisition set the effective video bandwidth of the measurements,
which last about six minutes. Half of these six minutes consist of bright periods, which are not used; an
electronic gate is used to switch off the signal from these periods. The remaining time is divided between
B measurements and A measurements. The fact that the electronic gate is closed in the first part of
the dark periods leaves us with about 74 seconds for A measurements. This corresponds to an effective
video bandwidth of vy p = 13.6mHz. With these numbers, we have from Eq. (8.16) and (8.17)

& e 4 _a, [vrs
VVar (Z)  V2/Var(4) 2 Vs

We have carried out 14 independent measurements of Z with 4.1% modulation of the shot noise level,
six minutes of averaging, 235uW probe power, and the bandwidths given above. The conditions for
these measurements are the same as for the spin squeezing measurements, except for the passive shot
noise modulation. From the statistics of these 14 measurements we deduce a S/N of 82, and we conclude
that the experimental value for the scaling constant is ks. = 1.0. This is in perfect agreement with the
estimate in appendix E.

We can use Eq. (8.18) to derive the uncertainty in £ due to the shot noise fluctuations of the probe.
From the definition £ = (Ksq — Kcon) /Kecon, We find for the error s (&)

5(6) = — \/( Ra >2 8 (Kcon)” + 8 (Ksq)” (8.19)

Kcoh Kcoh

= 1920k,.a (8.18)

55 (Keon) _ \/50/ — Kcoh S (Ofl — Kcoh)
Kecoh Kcoh Q" — Kcoh
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Figure 8.12: The statistical error on the individual spin squeezing measurements for each run as a function
of the estimated error due to the probe shot noise fluctuations. Circles: off-resonant runs. Squares: runs
at resonance. Solid line: a straight line with a slope of one.

We use the fact that the effect of the squeezed pump is small so that ksy/kcop, =~ 1 and s (mcoh)2+s (Iisq)2 ~
2s (nwh)2. We furthermore assume that we can measure the probe optical depth o’ with high precision
from the DC lock-in voltage so that s (keon — @') = $(Keon). The RF lock-in voltage for coherent
light excitation is given by AVgp = krr(1 — e~ — Keoh) = krr (&' — Keor). The modulation depth
a = o' — K¢op has a contribution from the reduction in shot noise (o’ term) and a contribution from the
atomic spin noise (Kcopn). Although the atomic noise k.., has a significant influence on the modulation
depth, Kcop is still very small compared to the overall probe shot noise. The last factor in Eq. (8.19)
represents the relative error (or inverse S/N) in the measurement of the spectral density modulation
depth, and we can substitute it with Eq. (8.18) to get the estimated error due to shot noise fluctuations

!
- 1
1(g) = 2l T @ 8.20
s' (&) = V2 Koon 1920 (eon — o) ( )
B 1
"~ 1360kc0n

In Fig. 8.12 we plot the statistical error s (§) on an individual spin squeezing measurement for all the
spin squeezing runs as a function of the error calculated from Eq. (8.20), with k.., averaged over all the
measurements within each run. The statistical errors s (§) are just the length of the error bars in Fig.
8.9 multiplied by the square root of the number of measurements within the actual run. The k., values
for the different runs are different because of different probe detunings and different trapping conditions
(e.g. optical depth). The solid line in Fig. 8.12 is a straight line with a slope of one. We conclude from
this figure that the fundamental quantum noise of the coherent state probe indeed limits the S/N in the
spin squeezing measurements. We know from Eq. (8.16) that there is only two ways of reducing the
effect of the shot noise; either average for a longer time (smaller vy g) or measure the fluctuations in a
larger bandwidth (larger vgp). Alternatively, we could use a squeezed probe, but that would require a
second squeezing setup. It is now clear that we could have improved the statistics of our spin squeezing
data if we had used detectors with a bandwidth equal to the spectrum analyzer resolution bandwidth of
300kHz. The next resolution bandwidth on the Anritsu MS710A spectrum analyzer is IMHz, and this is
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Figure 8.13: Atomic spins are being squeezed in the lab. On the left we have the vacuum chamber which
holds the MOT. On the right we find Jens who is generating a squeezed quantum pump. The blue light
at the squeezing setup is the pump field for the OPO produced by second harmonic generation.

too large since we measure the atomic noise close to the low frequencies, where the pump and the probe
lasers have excess classical /technical amplitude noise.

In conclusion, we have in this chapter observed the spin squeezed state of atoms. We believe that
we can explain the relatively small degree of spin squeezing from the theoretical limitations and the
experimental imperfections such as the effect of radiation trapping. The accuracy of the observed degree
of spin squeezing is limited by the fundamental quantum fluctuations in the probe used to read out the
atomic state.
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Chapter 9

Future prospects for spin squeezed
atoms

We have in this thesis investigated the concept of spin squeezing in a large ensemble of atoms. The discus-
sion has focused on generation of spin squeezing in a short-lived excited state by continuous absorption
of squeezed light. We found a theoretical maximum noise reduction of 50% due to the spontaneous decay
of the atoms. In chapter 4 we deduced that the degree of spin squeezing is further reduced when the
atomic Zeeman degeneracy is increased. For our Cesium atoms in 6P3/,F = 5, the theory predicts a
maximum noise reduction in F‘Z’, of about 32%. Because of the short lifetime of the spin squeezed state, we
cannot store the quantum correlations for an extended period. Hence, we cannot demonstrate quantum
memory.

In chapter 8 we verified experimentally that spin squeezing in the excited state can be generated
by squeezed light absorption. The observed noise reduction in F‘; is just 1.16% =+ 0.32%, although the
theory predicts about 11% for the actual degree of squeezing in the excitation field. We find that
experimental imperfections, like the effect of radiation trapping and imperfect readout of the relevant
atomic spin variable, can explain the small observed degree of spin squeezing. Furthermore, the readout
with an off-resonant probe gives a very small signal as compared to the shot noise of the coherent state
probe. An extremely long averaging time is therefore required in order to see the small effect of spin
squeezing. Hence, we cannot claim that our spin squeezing results are directly useful in terms of improved
spectroscopy or as a quantum information tool. But our results are important as a proof-of-principle
experiment, and it is very well possible that spin squeezed atoms will play a significant role in future
applications.

The theoretical limits and the experimental imperfections discussed above are not fundamental lim-
itations in atomic spin squeezing. Theoretical calculations [82] show that 100% spin squeezing can be
generated in the ground state by squeezed light interaction. The atomic fountain frequency standard [1]
uses a method to read out the final atomic state that is much more efficient than the method we have
used in chapter 7 and 8!. This frequency standard is today limited in stability by the atomic quantum
noise, and it can therefore take advantage of quantum correlated atoms with reduced spin noise.

An experiment on spin squeezed atoms in an atomic fountain setup is currently prepared in our group
in collaboration with the group of Christophe Salomon at Ecole Normale Supérieure in Paris. The goal
for this project is to demonstrate that quantum correlated atoms in principle can be used to improve
the stability of a frequency standard. Furthermore, this project will be aimed at a demonstration of
storage of the atomic correlations for some time in an interaction free region, i.e. a quantum memory
demonstration. In the following we present the basic ideas behind this experiment as a demonstration

I'The method used in Ref. [1] for the readout cannot be used for spin squeezing in the excited state. It can only be
applied to correlations between long-lived states.
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Figure 9.1: a) Schematic overview of the atomic fountain setup. Atoms are first trapped and cooled in
a MOT. The atoms are then launched by detuning of the vertical trapping beams. After preparation of
the atoms in the F' = 3, m = 0 state, they interact with the 9.2GHz microwave field. This interaction
results in a /2 rotation of the atomic pseudo spin. Finally, the populations in the two m = 0 states are
measured by fluorescence detection. b) The effective two-level atom. A pseudo spin-1/2 system is defined
from these two levels. c) Representation of the m/2 rotation of the collective pseudo spin. The “noise
circles” represent the quantum fluctuations in the directions orthogonal to the mean spin (arrows).

of the potential of spin squeezed states of atoms.

9.1 The atomic fountain

The basic parts of the projected fountain setup are shown in Fig. 9.1a. Cesium atoms are collected and
trapped in a magneto-optical trap. With rectangular current coils for the magnetic field gradient, we get
larger gradients in the radial directions than in the longitudinal direction. This produces a cigar shaped
cloud of atoms elongated in the vertical direction as demonstrated in Ref. [107]. After collection of a
large number of atoms in the MOT, we will launch the cloud in the vertical direction by detuning of the
vertical trapping beams. In a normal fountain the atomic cloud expands in the transverse directions after
the launch. However, when the squeezed light is shined onto the atoms, we must have a large optical
depth to get an efficient transfer of correlations. It is therefore important that we somehow prevent this
transverse spread so that a large optical depth is preserved. This can be accomplished by using a strong
far-detuned laser beam, which guides the atoms in a dipole potential. The guiding laser field will be
traveling vertically through the fountain setup. We plan to use a standard Nd:YAG laser at 1064nm
with about 10W of optical power for the guiding. The guiding is most efficient when the initial atomic
cloud in the MOT is shaped like a cigar. A similar guiding of rubidium atoms launched from a MOT is
demonstrated in Ref. [107].

To obtain a simple, clean two-level system, we have to prepare all our atoms in the same quantum
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state. By a combination of microwave pulses and laser pulses, we can clean up the atomic sample so that
about 10% of the atoms are put into the 65,/ = 3,m = 0 state and all other atoms are removed [108].
After the atoms are prepared in a single quantum state, we can apply our squeezed light and produce
the correlated atomic sample. The squeezed light will be applied in a pulse of a few ms duration. We
discuss the squeezed light interaction in more detail in the following section; here we continue under the
assumption that no squeezed light is applied as for an ordinary fountain clock.

The atoms continue their journey into a resonator, which holds a microwave field near-resonant with
the well-known 9.2GHz clock transition, [1) = 6S1/2F = 3,m =0 — |2) = 651 ,2F = 4,m = 0, see Fig.
9.1b. When the fountain is used as an atomic clock, the amplitude of the microwave field is adjusted
so that the atoms experience a 7 pulse when the field is at exact resonance. The field is then slightly
detuned so that the pulse area is close to 7/2 and each atom ends up in a superposition; ¢ |1} + ¢z |2)
with |c1]|? ~ |ea|? ~ 1/2. The population in each of the two states (i.e. |ci|? and |c2|?) depends on
the exact pulse area, which again depends on the microwave frequency. A population measurement can
therefore produce a feedback signal to the frequency of the microwave field, which is then locked to the
atomic transition.

The populations in the two atomic states are measured by fluorescence detection. After the atoms
have left the microwave cavity, they go into a standing wave laser beam, which is resonant with the
optical transition 65,2 F' =4 — 6P3,,F = 5. A fraction of the fluorescence from the atoms is detected
with a signal which is proportional to the number of atoms in |2). A traveling wave laser beam resonant
with the same transition is subsequently used to push away all atoms in the |2) state. A second standing
wave with light on the 65/, F =4 — 6P3/,F =5 and 65, o F = 3 — 6P/, F' = 4 transitions provides a
fluorescence signal proportional to the number of atoms in |1). Usually hundreds of fluorescence photons
from each atom are detected [1]. This detection technique is very efficient and without the huge noise
we found for the readout with a near-resonant probe.

The atoms are in a superposition state before the population measurement, and hence the mea-
surement results in a projection with a random outcome. This randomness in the measurement is the
fundamental quantum projection noise [1, 3]. The projection noise can also be seen as spin noise if we
introduce a pseudo spin Jn for atom number n by
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The collective spin is given by the sum J= >on Jn. Before the microwave interaction, we have all N
atoms in the state |1), i.e. (J.) = —N/2, and the spin is in a coherent spin state as shown in Fig. 9.1c,
(the coherent spin state is defined on page 57) . The 7/2 pulse rotates the mean spin into the z —y
plane while the spin remains in a coherent spin state. The difference between the population in |2) and
1) is given by 2.J., and the projection noise is basically the variance of J., (A.J.)? = N/4. In Fig. 9.1c
we represent the noise in the spin components orthogonal to the mean spin by a ”noise circle”.

The description above is, apart from the squeezed light interaction and the dipole guiding, very
similar to the working principles of PHARAO - an atomic clock designed for microgravity conditions
[109]. Earth based atomic fountain clocks usually use the separated oscillatory method of Ramsey [75],
where the atoms passes through the microwave resonator twice before detection. The long interrogation
time between the microwave interactions, which is set basically by the gravity, gives narrow fringes (steep
population versus frequency slope) and hence high stability of the clock.

In our initial experiment we will probably not work in this ”clock mode”. We are interested in
the projection noise and squeezing hereof, and we will be less sensitive to frequency fluctuations if we
use broad fringes and a resonant 7/2 pulse. When the projection noise for uncorrelated atoms, which
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Figure 9.2: a) The scheme for generation of spin squeezing in the ground state. E, and E, are the
squeezed vacuum field and the strong coherent field which interact with the states |1) and |2) in a
Raman process. Both fields are far from resonance with the intermediate state |i). I'y is the bandwidth
of squeezing and T is the dephasing rate for the |1) + |2) coherence. b) Theoretical spin noise versus
optical depth for the quantum field. The spin noise is normalized to the noise of the coherent spin state.
Solid line: infinite bandwidth I'y. Dotted line: I';/T" = 50. Dashed line: I'j/T" = 10. The figure is
borrowed from Ref. [82].

establishes the standard quantum limit of spin noise, is measured in this setup, we can apply the squeezed
light interaction to produce spin squeezing and demonstrate quantum memory.

9.2 Spin squeezing in a fountain

It is shown in Ref. [74, 75] that spin squeezing can improve the sensitivity in a system which is completely
equivalent to the fountain setup described in the previous section. A method for generation of spin
squeezed atoms in the fountain setup is proposed in Ref. [82]. This proposal is based on the scheme
shown in Fig. 9.2a. After the atoms are prepared in the state |1), we apply a pulse of squeezed vacuum
(E,) together with a strong coherent field (E5). The two fields constitute the two arms of a Raman
process, and they are far detuned from the intermediate state |i). Multi-atom correlations are induced
by absorption of the squeezed vacuum field. These correlations reduce the fluctuations in the transverse
pseudo spin components fy at the expense of excess noise in the other spin component J,. The typical
photon number in a squeezed vacuum field is very small. Thus, the absorption does not transfer any
significant, population from [1) to |2) and (J.) remains (almost) unchanged. The fields E, and E, are
on for a time longer than the inverse dephasing time ['~! for the |1) ¢ |2) coherence. T includes the
power broadening from the strong field Es caused by spontaneous Raman scattering. Thus, I is large
in the presence of Es; and small in the absence of ;. We will therefore reach the steady state spin
squeezing relatively fast when the fields are on. The induced correlations will be preserved after the
fields are turned off, because I' then becomes small. After the squeezed light interaction, the pseudo spin
is rotated by the microwave interaction so that jy — J., and consequently the measured spin component
J. will have the projection noise reduced. The calculated variance of the final J. variable, normalized
to the coherent spin state variance, is plotted in Fig. 9.2b as a function of the optical depth for the
quantum field F,;. The solid line is for infinite bandwidth I'y of the perfectly squeezed vacuum field.
The dotted line is for I';/T' = 50, and the dashed line is for I';/T" = 10. We see that a significant noise
reduction is possible with this scheme.
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Figure 9.3: A picture of the atomic fountain vacuum chamber. 1: ion pumps. 2: small glass vacuum
chamber for the MOT. 3: Cs reservoir. 4: the chamber for the microwave resonator. 5: detection zone.

The theory used to derive the graphs in Fig. 9.2b is based on an elimination of the intermediate
state |i), which is valid for a large intermediate state detuning. The atoms can after the elimination be
treated as effective two-level systems. The equations for this two-level system are fully equivalent with
the Heisenberg-Langevin equations for the fields and the optical coherences in chapter 4. The equations
can be solved with the same techniques as we used in chapter 4, with the result shown in Fig. 9.2b.

The proposal for generation of spin squeezing via a Raman interaction has some advantages over
spin squeezing in the excited state. The fact that the atoms remain in the ground states removes the
fundamental limit on the degree of spin squeezing due to spontaneous decay. Furthermore, the long-lived
states make it possible to store the quantum information for some time after the fields E, and E; have
been turned off. The quantum information will be stored for the time it takes atoms to travel from the
squeezed light interaction zone to the detection zone. In contrast, the excited state spin squeezing requires
continuous regeneration of atomic correlations. The Raman interaction idea also has a drawback which
is not present in the excited state spin squeezing. In the Raman process it is important that all atoms
see the squeezed light, otherwise only some of the atoms will participate in the collective correlated state.
On the other hand, we must absorb all the squeezed light in the atomic sample so that no correlations
are lost. This requires a careful matching of the quantum field intensity profile and the density profile
of the atomic sample. This problem does not exist in the excited state spin squeezing. In this case only
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the atoms that interact with the squeezed light are excited, and only the excited atoms are detected in

the readout process.

Our project on spin squeezing in a fountain is in progress, but there is still a long way to go before we
can demonstrate storage of quantum correlations and improved performance of the atomic clock. So far
we have finished the construction of the fountain vacuum chamber. A picture of the vacuum chamber is

shown in Fig. 9.3.



Chapter 10

Résumé

In the last chapter of this thesis, we give a short résumé of the main results and conclusions from the
previous chapters.

10.1 Introduction

In the first chapter of this thesis we motivate the work on interaction between nonclassical (squeezed)
light and atoms. Squeezed light can be used for improved sensitivity in spectroscopy, where the limiting
factor often is the shot noise of the coherent state probe. We can get below the shot noise level when
a probe of squeezed light is utilized. However, more interesting experiments involve quantum control
and manipulation, which are essential elements in the context of quantum information. Squeezed light
can also be used for experiments within this area. One example is generation of spin squeezed atoms,
where the quantum correlations between photons in the squeezed light beam are converted into quantum
correlations between atoms in a gas. This idea about mapping the statistics of light onto atoms can also
be seen as storage of the quantum information in light on a medium of atoms. The spin squeezed atoms,
which have reduced quantum fluctuations in one collective spin component, can subsequently be used in
experiments that are limited in sensitivity by the atomic quantum noise. The demonstration of atomic
spin squeezing is the prime experiment in this thesis.

10.2 Spectroscopy on classically modulated atoms

In chapter 2 we introduce our magneto-optical trap for neutral cesium atoms. The trap is characterized
by means of absorption spectroscopy, and we find an average density of about p = 3-10'%cm ™3 with nearly
3-10° atoms in the trap. These numbers are typical for a large MOT. The large MOT is important for
our experiments because the interaction strength between a nonclassical excitation field and the atomic
sample is set by the resonant optical depth ay. We have measured ay ~ 23 with a weak resonant probe
beam in the absence of the MOT trapping beams.

We introduce the double-optical resonance technique as a tool to read out the properties of an inter-
mediate atomic state with a probe of light. The readout is refined by using a polarization interferometer,
which gives access to the anisotropic effects such as circular birefringence and linear dichroism. The
measured anisotropy is related to the intermediate state atomic variables.

A new method for efficient spectroscopy on a MOT is demonstrated. We apply frequency modulation
to our MOT trapping beams, which are near the 65, /,F =4 — 6P/, F' = 5 transition at 852nm. The
atoms in the 6P state are probed on the 6P/ F = 5 — 6D5,,F = 4,5,6 transitions at 917nm. The
frequency modulation of the trapping beams is converted in the amplitude and polarization modulation of
the resonant probe. This provides a large spectroscopy signal measured at the frequency of modulation.
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The pump modulation technique is an easy way to achieve shot noise limited spectroscopy in contrast
to ordinary FM spectroscopy, where the (imperfect) frequency modulation is applied to the probe. The
measured FM absorption and polarization rotation spectra are compared to simple theoretical models.
The modulated pump spectroscopy is not only interesting from a spectroscopists viewpoint, it is also
a natural starting point for our subsequent study of the effects of quantum fluctuations in the pump
field. Finally, we demonstrate how the intrinsic phase noise of the diode trapping laser provides enough
"modulation” to give a clear signal on the probe transition. This shows that diode lasers cannot be used
to study the fundamental quantum noise of excited state atoms.

10.3 Squeezed states of light

The squeezed states of light are introduced in chapter 3. We show how the sub-threshold optical para-
metric oscillator (OPO) provides a squeezed vacuum output. When the squeezed vacuum is mixed with
a strong coherent field in the same polarization, we get the usual quadrature squeezed states. In this
thesis we are more interested in the polarization squeezed states, which we obtain when the squeezed
vacuum beam and the coherent state beam are overlapped in orthogonal polarizations. The polarization
squeezed state is described by an angular momentum operator which is closely related to the usual Stokes
parameters.

Our source of polarization squeezed light, which is build around the OPO, can run at wavelengths
between 850nm and 920nm. We have used 917nm for the excited state transition 6P3;,,F = 5 —
6D5/2F = 6 in cesium and 852nm for the 65 o F = 4 — 6P/, F' = 5 transition. We find almost identical
squeezing at the two wavelengths with a spectral density about 3.0dB below the shot noise level. The
factors that limit the squeezing are somewhat different for the two wavelengths. At 917nm we have
low passive losses and small blue-light-induced infrared absorption (BLIIRA), but we also have a small
nonlinearity of our KNbOj3 crystal. At 852nm we find larger passive losses and BLIIRA, but this is
compensated by a larger nonlinearity. We finally demonstrate that the squeezed light can be used for
polarization spectroscopy on cold atoms trapped in a MOT with the sensitivity beyond the standard
quantum limit.

10.4 Mapping the quantum state of light onto atoms

The theory for mapping the statistics of polarization squeezed light onto an ensemble of atoms is derived
in chapter 4. The theory assumes complete absorption of a weak quantum field on a F — F' = F +1
transition, where F' is the total atomic angular momentum. In addition, the theory assumes that the
atomic ground state F' is unpolarized. We use the method of linearized Heisenberg-Langevin equations

to derive explicit expressions for the fluctuations in the excited state variables ﬁ'z’,, ﬁéﬁ'é + ﬁ;ﬁ;, and

Ff — Ff. We show that excitation with a coherent state of light gives the same atomic quantum
noise as if we assume that the atoms are uncorrelated. This is not a surprise since the coherent state
can be described as a stream of uncorrelated photons. The noise level measured with coherent light
excitation can thus be used to establish the standard quantum limit (SQL) of atomic fluctuations. If
a polarization squeezed state of light is used for excitation, we have fluctuations below the SQL in one
of the atomic variables. The noise reduction takes place in a continuous scheme, where we constantly
absorb correlated photons in order to regenerate the atomic correlations lost by spontaneous decay. The
atomic variable with suppressed noise is determined by the Stokes parameter which is squeezed. A
maximum of 50% noise reduction is found for F' = 0; this limit is due to the random spontaneous decay.
We find the noise reduction to be even smaller when the Zeeman degeneracy is increased; about 32% for
FZ’ noise and 12% for F‘;ﬁ; + F;F'; noise, when a perfectly polarization squeezed field is applied on the
65, /2F =4 — 6P; 5 F = 5 transition of cesium.
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10.5 Spin squeezed states and entanglement

The concept of spin squeezed states is introduced in chapter 5. The commutation relations for the spin
components result in Heisenberg uncertainty relations given by (A3,)%(AS,)? > (8,)%/4, together with
cyclic permutations of this expression. It seems natural to define spin squeezing in analogy with the
squeezed states of light by taking (3,)/2 as the SQL and just require that either (A§,)? or (A8;)? is
below the SQL. However, this definition does not guarantee that a spin squeezed collection of spin-1/2
systems has any nonclassical correlations or entanglement between the individual spins. In order to
make spin squeezed states something special, we require from our definition that spin squeezing implies
entanglement. Several different definitions of spin squeezing have been given in the literature, and
although they have been said to imply correlations, we show that only one of the definitions fulfils our
requirements.

We end this chapter by relating the concept of spin squeezing to the results derived in chapter 4.
We find the F' = 0 case of chapter 4 to be spin squeezed when a polarization squeezed excitation field is
applied. We choose to use the term ”spin squeezing” for the situations with £ > 0 since they also show
noise reduction in a spin component, because of multi-atom entanglement.

10.6 Theory for the atomic state readout

In chapter 4 we derived the theory for generation of spin squeezing in the excited state, but we still need a
method to read out the excited state properties to prove that the spin noise is below the SQL . In chapter
6 we show that a near resonant probe in double-optical resonance with the quantum pump will do the job.
The excited state spin fluctuations result in fluctuations in the linear dichroism and circular birefringence
on the probe transition. Hence, the atomic fluctuations are mapped onto the polarization state of the
probe, which can then be analyzed in a polarization interferometer. We discuss the requirements for an
efficient readout of the collective atomic spin state, and we derive explicit expressions for the spectral
density of the differential photocurrent from the polarization interferometer. We find that the resonant
probe is sensitive to noise in ﬁ;ﬁé + ﬁ'éﬁé, whereas 13'; noise is prevailing for the off-resonant probe.
We complete this chapter by a discussion of the effect of inhomogeneous broadening (e.g. Doppler
broadening).

10.7 Quantum noise of uncorrelated atoms

The noise (i.e. the variance) for a sum of identically distributed but independent (uncorrelated) stochastic
variables scales linearly with the number of variables. On the other hand, if the variables are perfectly
correlated (e.g. all identical), we find the variance to scale with the square of the number of variables.
The same is true for atomic noise. The cesium cloud in the MOT is believed to be an undisturbed
sample with a fixed number of atoms. Hence, only the quantum noise of uncorrelated atoms should be
seen when we probe the sample.

In chapter 7 we report observations of the atomic noise when the atoms are excited by the rather
strong trapping beams. A probe on the 6P3/sF' = 5 — 6D5,2F' = 6 transition, which completes the
double-optical resonance, is used to read out the atomic noise in the F' = 5 state. The atomic noise is
found to be linear in the number of probed atoms, which shows that the noise of the atomic sample is
limited by the quantum noise of uncorrelated atoms. Only in one previous experiment has this linear
dependence been observed, and that with rather poor statistics [3]. We observe that the atomic noise
is predominated by a term quadratic in the number of atoms when frequency modulation is applied to
the trapping beams. The gradual change from predominantly quantum noise (linear dependence) to
predominantly classical noise (quadratic dependence) is observed when the FM index is varied. We end
the chapter by an experiment which shows that the quantum spin noise of an atomic sample can indeed
limit the signal-to-noise ratio in spectroscopy.
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These experiment are the first step towards the observation of spin squeezed atoms. They show
that it is possible to observe the atomic quantum noise with the readout method that we investigated
theoretically in chapter 6.

10.8 Spin squeezing in a cold atomic ensemble

In chapter 8 we continue our experimental investigation of the spin noise of atoms in the excited state.
The experiment is refined so that the excitation is obtained with a weak unidirectional pump beam on
exact resonance with the 6S,,,F = 4 — 6P;,,F = 5 transition. The spin noise in F' = 5 is read out
with a copropagating probe field on the 6P;/,F' = 5 — 6D5,,F = 6 transition. We use the coherent
light excitation to establish the standard quantum limit of atomic spin fluctuations. We can induce
classical excess noise in the Stokes parameter S. or Sy by adding a vertically polarized, weak, amplitude
modulated field to the horizontally polarized coherent excitation field. We observe off-resonant excess
noise in our probe signal when the noise in the Stokes parameter S. is above the SQL. This is in agreement
with the theory from chapter 4 and 6, which predicts that a noisy S, results in a noisy FZ’, which is seen
by an off-resonant probe. When the classical noise gives excess noise in Sy, we find a resonant excess
noise contribution in the probe signal. The noisy Sy results in a noisy F‘;F‘; + F;F';, which is seen by a
resonant probe. We find that we are much more sensitive to the F/ noise than to the F ﬁ; + ﬁ;ﬁ; noise,
and we therefore choose to look for spin squeezing in FZ’

Only a nonclassical pump field can have the S. noise below the SQL as required for generation of spin
squeezing. After 53 hours of effective data acquisition, we find that the observed ﬁz’ noise is changed by
—1.16% %+ 0.32% due to the nonclassical correlations in the excitation field. This is in agreement with
the estimates from the classical noise measurements and the —1.8dB of squeezing in the pump field. The
very long measurement time is required because the noise reduction is only about 0.02% of the probe shot
noise level. The theory of chapter 4 predicts a spin squeezing of about —11% for —1.8dB of squeezing
in the pump field. We find that the fluorescence field caused by radiation trapping and an imperfect
readout of 13'; can explain the major part of the discrepancy between theory and experiment.

We conclude that spin squeezing due to multi-atom entanglement is observed, although the noise
reduction is too small for a direct application in spectroscopy or quantum information. Our experiment,
which is a proof-of-principle experiment, is the first demonstration of spin squeezed atoms. It is the first
experiment that demonstrates mapping of the quantum properties of a nonclassical beam of light onto a
large ensemble of atoms.

10.9 Future prospects for spin squeezed atoms

The excited state spin squeezing, which we demonstrate in chapter 8, has some practical disadvantages.
First of all, the degree of spin squeezing is theoretically limited to 50% because of the spontaneous decay
whereby atomic correlations are lost. Furthermore, the atomic correlations are lost almost immediately
after the quantum pump is turned off. Thus, we cannot use the excited state spin squeezing idea to store
quantum information for an extended period. We have also seen that our experimental implementation
has imperfections, which severely reduce the degree of spin squeezing. However, these drawbacks are not
fundamental to spin squeezed states of atoms generated by squeezed light interaction.

In chapter 9 we outline the ideas behind a new project, which is designed for demonstration of spin
squeezing in the atomic ground state. The squeezed light together with a strong coherent field couples
two ground states in a Raman process. Ideally the ground states do not decay, and we can have 100%
spin squeezing. The spin squeezing will stay after the nonclassical field is turned off, and this allows for
a demonstration of quantum memory. We will use a setup similar to the atomic fountain clock setup for
detection of the spin squeezed atoms in the ground state. The state of the art atomic fountain clock is
today limited in stability by the fundamental atomic quantum noise, and it will gain in stability if a spin
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squeezed sample of atoms is utilized. This project is in progress, but a lot of hard work is still needed
before the demonstration of quantum memory and an atomic clock based on entangled atoms.
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Appendix A

Circular birefringence for two
different transitions

We show in this Appendix that the circular birefringence on the 6P/ F' =5 — 6D5 /2 F' = 6 transition
is substantially larger than on the 6P/ F' = 5 — 6D5,2F = 5 transition for a given orientation in the
6P/, F' = 5 state. The derivation in this appendix is based on the results of chapter 6.

The absorption and birefringence is calculated from the Maxwell equation in Eq. (6.4) and the

equation for the source term in Eq ). Combining these two equations gives
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The circular birefringence does not mix the two circular polarizations, they just experience different
phase shifts. Hence, the last term in the sum over m can be ignored in the present calculations. We can
now write the refractive indices (n+) and the absorption coefficients (k+) as

F’
. c _
Kt +1nge = m E ﬁ$2UF’m,F’m (A'2)
m=—F"

C' is a proportionality constant, and we have ignored the spatial dependence. The coupling strengths ﬁffz
are given in Eq. (6.3) for the F' =5 — F' = 6 transition

1o _ N AT
B = 3oL (7T+m) (6 £m) (A.3)
The k4 +iny expression in Eq. (A.2) for the F'=5 — F = 6 transition can then be written as
C cAZy

Kt +iny = (420 +13F, + F) (A.4)

iA"+~'/2 3527 L
p' is the density of atoms in the 6P, F = 5 state. F! is the average z-component of the spin of the
atoms in 6P/, F' = 5, and F_f is the average of the squared z-component of the spin. It is the term
proportional to £13F_ that is responsible for the circular birefringence.

The coupling strength 3 for the F = 5 — F = 5 transition can be derived from the results in Ref.
[30]
TeA2y

42 _
fm 40007 L

(6 +m)(5Fm) (A.5)
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The refractive indices and the absorption coefficients for the F' = 5 — F' = 5 transition are

C TeA2y
1A +~'/2 40007 L

Ry + iy = (30,;’ + ﬁ) (A.6)
A comparison between Eq. (A.3) and (A.6) shows that the circular birefringence on the F =5 —- F =5
transition (i.e. 74 —f_) is only 4.8% of the birefringence on the FF = 5 — F = 6 transition for the
same orientation (F7) in the 6P;/» F = 5 state. The FM polarization rotation spectra in section 2.4.3 are
proportional to the square of the susceptibility. Hence, we expect the size of the FM polarization rotation
signal from the F =5 — F = 5 transition to be only about 0.2% of the signal from the F =5 - F =6
transition.

For unpolarized atoms in the 6P; /5 F = 5 state, we have (F;?, ) = p' F (F +1) /3 =10p" and F. = 0.
In this situation the ratio of the absorption on ' =5 — F =5 and on F =5 — F = 6 is found to be

+L: the same result as we obtain from Eq. (2.10).



Appendix B

Correlation functions of Langevin
forces

We will use the generalized Einstein relation to derive the correlation functions of Langevin forces. The

generalized Einstein relation for the single atom operators (e.g. 04,5 = |a) (b]) and the corresponding
Langevin forces (f,,5) can be written as [79]
(fap (1) fe.a (t)) = (D (Fap0e,a) = D (Fap) Oca = 0apD (0c,a))0 (t — 1) (B.1)

Here D (04,) is the expression for ¢, obtained from the Heisenberg-Langevin equation for o, but
without the Langevin force term. Note that the operator product o, 0.4 can be reduced to either one
single atom operator (o,,4) if b = ¢ or the product equals zero. The Dirac delta function in Eq. (B.1)
represents the short memory of the reservoir of vacuum modes responsible for the Langevin forces.

The single atom correlation functions can be calculated in the absence of the excitation field a
because the coupling to the vacuum modes is independent of the coupling to the excitation field ..
This can also be seen explicitly; we can write D (04,) = [04p, H]/(ih) + Typ, where the first term
is the Heisenberg term and I'y; represents the damping term. The interaction with the excitation
field is included in the Heisenberg terms in Eq. (B.1), but these terms cancel because of the equality
[O'a,ba'c,da H] = Ua,b[ac,da H] + [Ua,ba H]Uc,d-

From Eq. (B.1) we derive the following single atom correlation functions

(frm,prn (t) frmi (1) = Y(OPm,F1)0n k0 (t —1') (B.2)
(frrm,pin (t) froe,rt () = Y(OF m,Fi)0n,k0 (t —t')

(fEm,prn (&) frre,pn () = Y(Opm,pi)0nkd (t —t')
(frrm,prn (t) frorpn () = Y(OF m,pi)0nid (t —t')

These are the only nonzero correlation functions of single atom Langevin forces, except for
(frm.rn (t) fre, i (t')), which we do not need. In the first of the listed correlation functions in Eq.
(B.2), we assume that the excited state population is much smaller than the ground state population.
We can use the equality f;f’b = f,o in the correlation functions that involve the hermitian conjugate of
a Langevin force .

The Langevin forces in the equations for the continuous atomic operators are defined from the single
atom Langevin forces, in the same way as the continuous atomic operators are defined from the single
atom operators, that is

Fan0,8) = = 3 £ (0 (B.3)
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132 APPENDIX B. CORRELATION FUNCTIONS OF LANGEVIN FORCES

The sum is over all atoms within the small volume §V around r. We will assume that different atoms
couple to independent vacuum modes, which means that Langevin forces for different atoms are uncor-
related. With this assumption we arrive at the following relations for the nonzero correlation functions
of the continuous Langevin forces

(Frm.pro (v,8) Frop (2 8)) = p7 Y5 pmpit (£) 18 (E— 1) 8 (r — 1) (B.4)
(Frrm,prn (0,8) Feogeu (5 8) = p 7 G g, 1 (1) 60,06 (8 — 1) 6 (r — 1)

(x',8")) = p~' VG pm i (v) 6p k0 (t — 1) 6 (r — 1')

(r',t) =p

(Frm,pn (v,8) Frog ry
)

(Frim,prn (x,t) Fpog, e (r G (B) O k0 (B — 1) 5 (r — 1)

The continuous Langevin forces also fulfil .7-' b = Fba- We can express the average continuous atomic
operators in terms of the mean amplitude of the excitation field if we apply the Heisenberg-Langevin
equations in steady state, and use the assumptions about weak excitation and an unpolarized ground
state. The calculations are similar to those leading to Eq. (4.19) and (4.25). After a Fourier transform
in time, we have the following expressions for the correlation functions

(Frm.prn (€, Q) Feop (0, Q) = 20p 40, 10 (Q4+ Q) 0 (r — ') Gy (2F + 1) (B.5)
(Frim.prn (£, Q) Frig pi (v, Q) = —4mp 10, 40 (2 + Q) 6 (r — ') u* (2,9) ¥
(2F +1)” {6m 1 1@k (2) + Ot o a5 (2)}
(Frm,prm (0, Q) Fprpa (£, )y = (Frupk (v,9Q) Fpo,pm (1, )
(Frrmpm (£, Q) Frg p (0, Q) = 27p 16,18 (U + Q)5 (r — ') x

Au(@y)® ¢ o e
{5mlm aptias (2)ay (2) + ap’ia—(2)az (2)}
4|U’ (:v,y) |2 + — — ( )di (Z)

+ Omt2, ~(2F + 1) b1 A1 O+ (2
Au(zy) > 4

+5m—27lmam 10 1@ (2) G- (2)}
B.1 Langevin forces used in the F, calculations

The Langevin forces that enters into the final expression for 6F” in Eq. (4.29) are defined in Eq. (4.20),
(4.27), (4.28), and (4.30), and they are summarized here

F

2pL
ﬂ: _ 0z "
Fa ~ eyAo ; / dze //d:rdyu (z,y) Frm,prm+1 (r,92) (B.6)
=p Z maqul/ dz 67A02 //dl'dy T (m’y) -7:Fm:|:1’F!m (I‘,Q)
m=—F'
)=p Z m/ dz//dmdyfp,mp, (r,Q)
m=—F"'

It is now a straight forward calculation to derive the correlation functions of the Langevin forces Fi-,
Fif and F.. In the derivation we use the definitions in Eq. (4.1), (4.8), and (4.20) together with the
expressions in this Appendix. The nonzero correlation functions are listed here
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(FE ), 2 @) = (Fa @), 71 (@) = %a @+) (B.7
@5 @) = @y @5 @) = TEEED A g
(7o), 7 ) = CEEDAEED gy sty 5 (@ 4+ )
@) 7 @) = (5 @ 5 @) = 2T s @ )
o), B ) = 72 @), @) = =D 04 )
(@) @) = (@) @y = T DA s g

B.2 Langevin forces used in the F'? — Fy’Q calculations

The Langevin forces that enters into the expression for d(E" — ﬁf) are, besides = in Eq. (B.6), defined
by

F'

Fr=2 3 VFFE D -mm+ DVF (F+1) - (m+1) (m+2) (B-8)
m=—F"
/ e //da:dy u* (z,y) {aiﬁxlmeH:Fl,F’m (r, ) + O‘im]:ijFl’F'm“ (r, )}
Z VF (F'+1) —m(m+ 1)\/F' (F' +1) — (m + 1) (m + 2)
m_fF’

x/ dz //da:dy (Frmt2,7m (£, Q) + From prm+2 (r, Q)
0

The nonzero correlation functions involving F, F, di, and F. are

@) @) = (£ @), 7 @) = BEs @+ 9) (B9)
@) F @) = (7 @),y - D EEDCIE D BT T) 50 g
) F (- T2 CF Jr:i)/))L(gF2 +10F +7) (@i 4 2 5 (04 )
), 7 @) = T (@), 75 @) = - TEEDCEED 5 4 g
@), 7 @) = @), 7 @)y = TR 0 4 g

(. (@), FE (@) = (7 (@), 7, (@ = - D CEL D (I 0K+ )

ai™ e (Q+ Q)
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Appendix C

The ground state fluctuations in
light-atom mapping

We show in this appendix that the ground state fluctuations can be neglected in the calculations on
mapping of light onto atoms in chapter 4. We consider here only the ground state fluctuations present
in the absence of the excitation field. This is in accordance with the applied perturbative approach,
where the excitation field is assumed to be weak. The existence of ground state fluctuations for F' > 0
can easily be seen from the ground state angular momentum commutator, e.g. [ﬁm, ﬁ'y] = iF., and the
corresponding uncertainty relation. Only a F' = 0 ground state does not have fluctuations in the absence
of an excitation field.

The ground state fluctuations are, in the perturbative limit, not correlated with the fluctuations in
the excitation field or the fluctuations caused by the coupling to the electromagnetic vacuum (represented
by Langevin forces). We can therefore calculate the effect of the ground state fluctuations by repeating
the derivation in chapter 4, except that we now keep terms proportional to e.g. 06 pm, rp (r) and neglect
the Langevin force contribution. We can always add the Langevin contribution from chapter 4 to the
final result. Here we consider only the contribution to (ﬁ' )% from the ground state fluctuations. We
assume that the contribution to (ﬁf - ﬁ'f)?) is of a similar negligible magnitude.

We first rewrite Eq. (4.19) to include the fluctuating ground state populations and coherences

66Fm,F’m:|:1 (r7 Q) - #% (C].)

X a,ﬂ;ai (2) 00 Fm,pm (1, Q) + o oax (2) 0 pm, pmas (v, Q) + af,i (2F + 1)71 day (z,0)

Substituting this result into Eq. (4.17) gives for the field fluctuations at position z

_ - _ 3A(Q) z _ _
_ Az 1,—A(Q)(2—2")
dag (2,Q) =e day (0,9) + 2(F+1)2F +3) /0 dz'e (C.2)

x / / do'dy |u (o, y') P [as () 65 (', Q) + a () 05F (', )]

Here we have introduced the fluctuating atomic variables 6Ef2, which are defined by

F
OST (1, ) = > (F+2+m) (F +1%m)86m rm (r,Q) dzdy (C.3)
m=—F
F
08y (0, ) == > VEF+2+m)(F+1+Em)(FFm)(F —1Fm)66pmrme (r,Q) drdy
m=—F
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We take Eq. (4.22) as our starting point for the calculation of FZ’,—noise. In contrast to the derivation
in chapter 4, we now keep the lowest order contribution to 66/ m, rm (r,) from the ground state
fluctuations and neglect the Langevin forces. After substitution of Eq. (C.1) and the mean value in Eq.
(4.19) into Eq. (4.22) we obtain

6&F’m,F’m (I‘, Q) = (C4)

4|’LL (1‘,y)|2 2 % ~
GF D) (7 (@[3 ()03 (0 + ey () 8a, (2,0

agh, [0 (2)da- (,9) +a- ()82 (2, 9)))

4|u x,y 2 _ — % ~ — — — % ~
e (@84 ()T ()8t (1.9) 4 4,2 ()T ()0 i (1,9)

tog, 0 (34 (2) @ (2) 06 pmertpm—t (5, Q) + 8% (2) @ (2) 06 pm—1.pme (r,9D)])

We use Eq. (C.4) in the definition of 6F (Q) in Eq. (4.21). Before the final integration over z we have
F/

S () =p [ [ dedy Y mS5mm e (r.9) (©5)

m=—F'
= %A (Q) {C_li (Z) day (z,Q) +ay (Z) (5&1 (Z,Q)

ta* (2)da_ (2,Q) +a_ (2)da (2, Q)}

3eA (Q) (F +2) )
(1) 2L (F + 1) 2F + 3) //dwd““ )" {a4 (2)a} () 655 (r. )

+a_ (z)a” (2)0%; (r,Q) —aq (2)a” (2) 0%, (r, Q) —a’ (2)a— (2) 53t (r, Q)}

The fluctuating atomic variables 6Z3i and §%4 are defined by

F+1
2

o%E (r,Q) = 7o > m(F+1+m)(F +m)dopme1rms (r,Q) (C.6)
m=—F-1
9 F+1
634 (r, Q) = Fio ng_l my/(F+14+m)(F+m)(F+1—m)(F—m)drms1rm_1 (r,Q)

We now integrate Eq. (C.5) over z and use the complete absorption to set the upper integration limit at
infinity. The integration is carried out by a change in the integration order, similar to Eq. (4.28). The
result is

, i (F+2) s
SF! ( —p/ dz//da:dy M OGFim, Frm (T, ) = Y10 0S™ (2) (C.7)
A (Q

m=—F"

3cA () (F +2) _QAM//
+2L(7+ZQ)(F+1 2F+3/ dze dady u (z,y) [

x {a*a’* [0%7 (r, Q) + 05 (v, Q)] + @™ a™ [0%5 (r, Q) + 657 (r, Q)]
ain*gin [52; (r,Q) — 051 (r, Q)} +aina™ [53; (r,Q) — 65, (r, Q)] }

The correlation functions for the dX-operators are calculated in the subsequent section. We use the
results of Eq. (C.15) to calculate the spectral density of fluctuations (F!)%. We assume for simplicity
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equal photon flux in the two circularly polarized components; ®; = &_ = &/2. The derivation is lengthy
but trivial, with the result
A2 (F42) /42
! — m
(7) = Srar (57), ©8)
(F+2)°® 5770 F (158F2 + 477F + 394)

42+ 02) (1+4092/42) Q235 (F + 1) (F + 2) (2F + 3)

The first term is the fluctuations in the excited state spin component induced by the fluctuations in the
excitation field; the same term as in Eq. (4.31). The second term is the contribution from the ground
state fluctuations. We have introduced the saturation parameter (see page 9) s = ®oq/(rw?y) with 2w
as the diameter of the Gaussian mode excitation field (Eq. (3.3)) and og = (2F +3)\?/2m(2F +1) as the
resonant absorption cross section, see Eq. (6.16). 7y is defined in the following section as the bandwidth
of ground state fluctuations. The first factor in the second term is equal to the first term for a coherent
state excitation field. The last factor in the second term is zero at F' = 0, and it approaches 79/35 ~ 2.3
asymptotically for large F. Thus, we conclude that the contribution from the ground state fluctuations
can be neglected if the second factor in the second term is much smaller than one, i.e.

577

Tz <1 (C9)
The typical parameters are s < 0.1 (weak excitation), and /v ~ 0.5. Hence, we can safely neglect the
ground state fluctuations if vy <« 7, i.e. if the bandwidth of ground state fluctuations is much smaller
than the bandwidth of excited state fluctuations; a requirement which is easily fulfilled. If s <« 1, we
can neglect the ground state fluctuations when the variance (AF!)? is derived by integrating (F!)% over
Q. This is easily seen when the full expression for W (2, Q') in Eq. (C.14) is used in the correlation
functions.

Note that the contribution from the ground state fluctuations in Eq. (C.8) is quadratic in the photon
flux of the excitation field. In the experiments we find (E7)2 to be linear in the number of excited state
atoms, N' = ®/~. This also shows that the ground state fluctuations play no role in the excited state
fluctuations.

C.1 Correlation functions of ground state variables

We first calculate the equal time correlation functions for the fluctuating part of the ground state popu-
lations and coherences. We have from the definition in Eq. (4.3)

- - 1 - _ ~k _
/Vd?)r'<5UFi,Fj () 06 pm,Fn (r')) = W Z <(UZF‘i,Fj - UlFi,Fj) (UII:"m,Fn - UJka,Fn)> (C.10)
Lk

The sum over [ is a sum over all single atom operators for the atoms within the small volume 6V around
r. The sum over k is a sum over all the atoms in the volume V' >> §V. We assume that the ground state
fluctuations for different atoms are uncorrelated, which for [ # k gives

<(5lF‘i,Fj - 6%‘1’,Fj) (&g'm,Fn - 6§'m,Fn)> = <(5JF17F] - 6lFi,Fj)> <(&§'m,Fn - 5§‘m,Fn)> =0 (Cll)

For the remaining terms with [ = k£ we have
1

/Vd?)r’<65Fi,Fj (r) 06 pm,Fn (1)) = 3V 2 Z ((6Firj = 0Fir;) (0FmFn = 0Fmrn)) (C.12)
1

[y

= — (( F+ 1)71 6j,m6i,n — (2F + 1)72 6i,j6m,n)

S
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In the last equality we used the "unpolarized ground state”-assumption; Gpm,, rn = (2F + 1)71 Om,n. We
now assume that the correlations decay exponentially in time, i.e.

(06 7i,rj (t,) 06 Fm pn (X)) = (66 i rj (¥) 06 pm pn (x'))e 70l (C.13)

B % ((2F 1) Gimin = (2F +1)7 5i,j5m,n) §(r—r')e ol

In the frequency domain we find after a Fourier transform

(051,15 (1,9) 66 (1, ) = = ((2F +1) 7 0jmbim — (2F +1) 77 5i,j5m,n) S(x—r')W(Q,Q)
p
(C.14)
W) = 2 sy~ 05040
’ 1+Q2/95 S

The last approximation is valid for v < 2. In the limit of unperturbed or isolated atoms in the ground
state we expect yg to approach zero, i.e. infinite ”lifetime”. We can therefore assume vy < Q to be
fulfilled at typical detection frequencies Q. With Eq. (C.14) we can calculate the correlation functions
involving the d¥-operators defined in the previous section. The calculation is trivial but lengthy with
the following final result for the nonzero correlation functions

_AF(F+1)(2F +3) (8F +11) § (r — 1)

(6%F (r, ) 63E (', Q")) 5 p W (Q,Q) (C.15)
(55 (5. 0) 55F (o)) = —2F (F +1) (QZ; 3) (14F 4 23) (r; ) i (@, 0

(9 (e,0) 55F (¢, @) = 2F (F +1) (2{5— 1)(2F +3) 6 (rp— ) @

(55 (r.9) 652 (!, 1)) = 4F (F +1) (2F -;35)(29;1;2 + 549F + 349) § (rp— ) (0.9

(55 (r.0) 65 (e, 0)) = AF (F + 1) (2F;§)(§8iF2§ + 381F +461) § (r; Yy (.0

(0S4 (r,Q) 03] (', Q")) = (63} (r,2) 654 (', Q)
_8F(F-1)(F+1)(2F —1)(2F +3) 6 (r — 1)

105 (F + 2) S )
(OE (r,0) 05 (¢, ) = (05 (r, Q) 5 (¢, ) = oL EH D) (QZ; B WAF+1D) 5 =r) g
(555 (r,0) 65T (v, 0)) = (65F (r, ) 655 (v, ) = Tl EHDEE48) QOFH19)0{e = 1) gy g g

45 p



Appendix D

Proof of entanglement in spin
squeezed states

We prove in this appendix that the spin squeezing definition in Eq. (5.3) can only be fulfilled for an
entangled ensemble of spin-1/2 subsystems. The proof, which is unpublished, is supplied by I. Cirac
[88].

We first assume that we have an ensemble of N spin-1/2 systems that are disentangled (i.e. without
entanglement). We show that the collective spin cannot fulfil Eq. (5.3) under this assumption. We
therefore conclude that Eq. (5.3) can only be fulfilled for an entangled ensemble of spin-1/2 systems.

We define a disentangled or separable state as a state with a density matrix that can be written as
a direct product of density matrices for each of the NV spin-1/2 systems [110]

p=> pip, p=plopho--2py (D.1)

The sum over i includes an average over a statistical ensemble with ). p; = 1 and p; > 0 for all i. Each
of the density matrices p’ is a direct product of the reduced density matrices for each spin-1/2 subsystem.

The mean value of an operator O is given by (O) = T'r (pé) > pi(O )); = > piTr(p i0).

We define the z-axis to be parallel to the mean collective spin (S), and we take the z-component
of the collective spin to be the orthogonal component with the smallest variance, i.e. S, =8.. We
introduce a new set of operators for the individual spins with zero mean values; 6§;‘ = §7 — (§7). The
linearity in the definition of the collective spin gives 68, = Zgil 057. We can now find a lower limit for

the S. variance

2 . R R N N
(AS;) =(82) — (8.)2 = (88%) = Y (5n85) Za“ PRCER ! (D.2)

n,m=1 n#m

N
Z 55n2) + Zpl (Z 087)i(087")i — Z<5§?>?>

n=1

= sz §7%); + sz (65.) sz (682) éZpi ((0822) — (851)7)
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APPENDIX D. PROOF OF ENTANGLEMENT IN SPIN SQUEEZED STATES
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2
1 Jan . 1 e | (S22 (5))%  (Sa)?
N izn:pl<8z>t +N ZZ;pz(%;)z = N = 39

[V e

The less trivial steps in the derivation above are now explained in detail.

1. It follows from the direct product expression for p? that the mean value of the product of

operators belonging to different subsystems can be written as the product of the mean values;
ie. (087087"); = (687);(687"); for all m # n. This factorization is identical to the definition of
uncorrelated random variables in classical probability theory. We cannot use this factorization
as a definition of quantum correlations since for a statistical mixture we can have (§§2957") #
(68™)(05™) because of classical correlations. An example of classical correlations without
entanglement is found in the statistical mixture of the two product states [t} |}) and ||} [1).

. We simply drop the nonnegative sum in the middle. The inequality is an equality in the

absence of the statistical average.

an?2

3. For any spin-1/2 system we have (5§7°); = 1/4.

. Consider the scalar product of the average (with respect to p?) of spin number n with itself;

~

(8™)i(8M); = (81)7+(81)7 +(32)7. The scalar product is independent of the coordinate system,
and in the system with the z' axis parallel to the mean spin we have (8");-(8"); = (§%.)? = 1/4.
Consequently, 1/4 — (52)7 = (37)7 + (5})3.

(3

. We apply the Cauchy/Schwarz’ inequality; x>y? > (x-y)? for any vectors x,y € RY. We use

the inequality with z; , = \/p; and y; n = /Pi(8%):-

This ends our proof, and we conclude that a squeezed spin state fulfilling the definition in Eq. (5.3)
is composed of entangled spin-1/2 systems.



Appendix E

The uncertainty in a spectral density
measurement

In many of the experiments presented in this thesis we use a spectrum analyzer (SA) to measure the
noise or the fluctuations in a photocurrent i;, at a given frequency ). The noise at the frequency (2
is quantified by the spectral density (i;n)3, see Eq. (6.21). The main contributions to (i;;)3 in the
spin noise experiments are the fundamental quantum noise of the light probe and the atomic noise,
which is transferred to the probe by the atom-light interaction. We usually do not care about how the
SA measures the spectral density. However, this is important in the final spin squeezing experiment in
chapter 8. In this experiment our signal is a change in the atomic noise contribution, which we derive
from spectral density measurements. The uncertainty in the spin squeezing measurement depends on
the uncertainty in the (i;,)3 measurement. In other words, the signal-to-noise ratio (S/N) in our spin
squeezing experiment depends on the noise of the ”noise measurement”. The purpose of this appendix
is to derive an expression for this ”noise of noise” which we can compare with the estimated standard
error in the spin squeezing measurement.

In Fig. E.1 we show a schematic diagram of a spectrum analyzer [48, 111, 62]. The input signal i;,
from the photodetectors is divided into two paths. In one path we multiply the signal i;, by a signal that
oscillates as cos (Qt). After the multiplication, we filter the product in the band pass filter (BPF). We
consider a BPF which is centered at zero frequency. In most commercial spectrum analyzers the BPF is
centered at a large frequency [111], but this is due to technical reasons, and it is of no importance in the
present discussion. Thus, the BPF is here a low-pass filter with a resolution bandwidth vrg. The filtered
signal is subsequently squared and added to the other component, which was multiplied by a sin (Qt)
signal. Finally, the video filter (VF) averages the signal for a time set by the inverse video bandwidth
V‘j}g. For a long averaging time (vyp < vgp), the output signal i, is proportional to the spectral
density (zm)?2 integrated over the resolution bandwidth vgg. This is quite easy to verify for any input
signal that can be written as a Fourier transform

i (£) = /0 iy () cos (0F) + i () sin (V1)) dSY (E.1)

In the diagram in Fig. E.1, the BPF and the VF are both low-pass filters. The different effects of the
two filters are due to the different positions in the circuit relative to the squaring device.

The home-made SA, which we use in chapter 3 and 8 to actively stabilize the relative phase between
the squeezed vacuum field and the overlapped coherent state, is based on the same principles as in
Fig. E.1. We do not explicitly have a BPF in the home-made SA. The resolution bandwidth of the
measurement is set by the 50kHz bandwidth of the electronic squaring device. Furthermore, the home-
made SA includes only one quadrature (or one path in Fig. E.1). This is sufficient when the input signal
is random noise without any phase information.
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cos(Q2¢)

———{x BPF X2

VF iout

BPF %

sin(Qt)

Figure E.1: Schematic diagram of a spectrum analyzer. The input signal i;, is divided into two paths.
The upper path is multiplied by a signal oscillating as cos (2t). The signal is subsequently filtered by the
band pass filter (BPF), which is centered at zero frequency and has a resolution bandwidth of vgg. The
filtered signal is squared and added to the other component which was multiplied by a sin (2¢) signal.
The video filter finally averages the signal for a time given by the inverse video bandwidth 1/;}3. The
output signal ¢, is proportional to the spectral density (zm)?2 integrated over the resolution bandwidth
VRB-

We now consider the situation where the input 4;, consists of random Gaussian noise which is delta-
correlated in time. This is the situation when 4, is the photocurrent produced by detection of a shot
noise limited (coherent) state of light. We limit the discussion to include only one quadrature; the two
quadratures of the noisy input are uncorrelated and contribute with the same amount of signal. The
mixer converts the noise at frequency () into low frequency noise around zero frequency. In this way
we limit the detection to the fluctuations around 2, and we avoid the low frequency fluctuations in i;,,
which may be predominated by classical/technical noise. The BPF is a low-pass filter with a bandwidth
vrp < . Hence, the BPF averages the fluctuations at frequency {2 for a time VE}B. The probability for
observing a signal after the BPF in an interval dz around z is now given by the Gaussian distribution

fepr (z)dz = ﬁ exp (—2%/20°) dx (E.2)

The average signal for the random Gaussian noise is zero, but the variance of the signal is nonzero.
We expect the variance to be linear in the inverse averaging time of the BPF, i.e. 0> = o0jvgrp, because
the signal before the BPF is delta-correlated in time. The interesting parameter is o3, which represents
the noise in the input signal per unit bandwidth. We can extract of by squaring the signal. That
converts the distribution in Eq. (E.2) into

fepr (VT) =dx forz >0
dr = Ve E.
for () da {0 ot (E3)
The average and the variance for a stochastic variable X,» with a f,= distribution are given by
(X,2) = 0 = o3vRn (E.4)

Var (X,2) = 204vkp

Thus, the average of the signal after the squaring device holds information about oo. However, this
signal is quite noisy with a standard deviation that is larger than the mean value. The VF averages
the output of the squaring device for a time 1/;]13. The signal after the squaring device changes on a
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time scale set by the inverse bandwidth of the first filter, l/gll;. Hence, the VF effectively averages over
vrp /vy B independent measurements of the signal after the squaring device. The output of the VF can
therefore be described by the stochastic variable Y

o VrRB/VVB
Y = — X2, E.5
2y (£.5)

X,2; are independent stochastic variables with the same distribution as X,». The average and the
variance of the SA output are then given by

(Y) = o3vrp (E.6)

Var (Y) = QUSVRBVVB

The S/N for a noise or spectral density measurement on the SA is now given by*
VRB
=kser | — (E.7)

We see that the S/N is increased when vgp is increased. In other words, the S/N is increased when we
measure the fluctuations in a larger frequency interval. The S/N is also increased when vy p is reduced,
that is, when the signal is averaged for a longer time. This scaling becomes invalid when vy g approaches
vgp; a video bandwidth comparable to or larger than the resolution bandwidth does not make much
sense according to the derivation above. The scaling factor ks. in Eq. (E.7) depends on the precise
definitions of the bandwidths. The derivation above gives ks. = 1 when the contributions from both
quadratures are added, but a careful measurement should be used to establish the scaling factor for
the spectrum analyzer applied in the experiment. Such a measurement for the lock-in detection scheme
used in chapter 8 (Fig. 8.2) gives ks = 1.0. Furthermore, the predicted scaling with vgp and vy p is
confirmed experimentally.

INote that the ”signal” in S/N is actually the noise of the SA input, whereas the ”noise” in S/N is the noise of the noise
of the input.
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