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Summary

In this thesis, different experiments on spin squeezing and entanglement involving room
temperature ensembles of Cesium atoms are described. The key method is the off-resonant
Faraday interaction of spin-polarized atomic ensemble with a light field.

Quantum backaction evading measurement of one quadrature of collective spin compo-
nents by stroboscopically modulating the intensity of probe beam at twice Larmor frequency
is used to generate the spin-squeezed state. A spin-squeezed state conditioned on the light-
polarization measurement with 2.2±0.3dB noise reduction below the spin projection noise
limit for the measured quadrature has been observed.

In the radio-frequency atomic magnetometry, a transverse rf magnetic field resonant with
the atomic Larmor frequency causes the polarized spin ensemble to precess and the angle
of precession is proportional to the rf magnetic field, which is measured with a weak off-
resonant linearly polarized probe beam. A projection noise limited optical magnetometer
at room temperature with an rf magnetic-field sensitivity of 158±1fT/

√
Hz and 2D spatial

resolution of 300µm is reported. Furthermore, using spin-squeezing of atomic ensemble,
the sensitivity of magnetometer is improved.

Deterministic continuous variable teleportation between two distant atomic ensembles
is demonstrated, where the light-atom entanglement establishes the non-local channel to
teleport the spin information from one ensemble to the other. The fidelity of teleportating
dynamically changing sequence of spin states surpasses a classical benchmark, demonstrat-
ing the true quantum teleportation.

Resumé

Denne afhandling beskriver adskillige eksperimenter med spin-sammenpresning ("squeez-
ing") og sammenfiltring, som benytter ensembler af cæsiumatomer ved stuetemperatur.
Afgørende til forsøgene er den Faraday vekselvirkning mellem spin-polariseret atomer og
lys. Hovedrollen bliver spillet af mikrofremstillet glasbeholdere af atomer på gasform,
koblet til en optisk kavitet.
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For at skabe et spin-sammenpresset tilstand måles der en kvadratur af den kollektive
spin-komponent Ĵz på sådan et måde, at den såkaldte kvante "back-action" omgås. Teknikken
er at modulere probe-lysets intensitet stroboskopisk, på en frekvens to gang så større som
Larmor-frekvensen. Støjen af det spin-sammenpresset tilstand ligger 2.2 ± 0.3dB under
grænsen for spin-projektionsstøjen.

I radiofrekvens atom-optisk magnetometri, et tværsgående rf magnetisk felt påresonans
med atomernes Larmor-frekvens gøre den polariseret spin-ensembel til at præcessere. Præ-
cessionsvinklen er proportional med magnetfeltet, der bliver målt med brug af svag lineært-
polariseret probe-lys. Der presenteres en projektionsstøjsbegrænset optisk magnetometer
ved stuetemperatur med sensitivitet 158± 1fT/

√
Hz og rumlig resolution 300µm. Sensi-

tiviteten forbedres endnu mere med hjælp af spin-sammenpresningen.
Der vises også deterministisk kontinuerlig-variabel teleportation mellem to atomare en-

sembler på stor afstand. I denne sammenhæng sammenfiltring mellem lys og atomer etablerer
en ikke-lokal kanal til at teleportere spin-information fra den ene ensembel til den anden.
Fideliteten af at teleportere spin-tilstande, som ændrer sig på en dynamisk måde, overgår
det klassiske benchmark. Derfor er der tale om den ægte kvante-teleportation.



Abstract

In this thesis, different experiments on spin squeezing and entanglement involving room
temperature ensembles of Cesium atoms are described. The key method is the off-resonant
Faraday interaction of spin-polarized atomic ensemble with a light field. And the key com-
ponent is the micro-fabricated vapor cell coupled into an optical cavity. Quantum backaction
evading measurement of one quadrature of collective spin components by stroboscopically
modulating the intensity of probe beam at twice Larmor frequency is used to generate the
spin-squeezed state. A projection noise limited optical magnetometer at room tempera-
ture is reported. Furthermore, using spin-squeezing of atomic ensemble, the sensitivity of
magnetometer is improved. Deterministic continuous variable teleportation between two
distant atomic ensembles is demonstrated. The fidelity of teleportating dynamically chang-
ing sequence of spin states surpasses a classical benchmark, demonstrating the true quantum
teleportation.
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Chapter 1

Introduation

1.1 Quantum information processing

Since quantum teleportation was proposed by Bennett et. al. in 1993[1], theoretical and
experimental researches on quantum information have developed rapidly. As one applica-
tion of quantum entanglement in the communication, quantum dense coding, which is a
way to transmit two bits of information through the manipulation of only one of two en-
tangled quantum systems[2], has been experimentally demonstrated in both discrete and
continuous quantum variable regimes[3, 4]. Furthermore, absolutely secure transmission of
secret messages and the faithful transfer of unknown quantum states is promised by quantum
communication. However, due to losses and decoherence in the channel, the communica-
tion fidelity decreases exponentially with the channel length which makes the long-distance
quantum communication difficult to be built realistically. In order to solve this problem, the-
orists suggested to use atomic ensembles and linear optics components as quantum repeaters
to improve the communication fidelity[5].

As another important application of quantum technology, quantum computer (QC) ad-
mitting quantum superposition and entanglement attracts more and more attention and is
treated as a milestone of modern science due to its promise of high-speed and powerful
computation capacities over the classical computer. So far, many exciting theoretical and
experimental tasks have been accomplished in both the discrete variable (DV) and contin-
uous variable (CV)[6, 7, 8], such as Shor’s quantum factoring algorithm[9], which reduces
running time from exponential to polynomial time with respect to the classical factorization
algorithm. Besides quantum logic gates, quantum memory is also indispensable to a gen-
uine quantum computer due to its synchronization function that ensures operations could be
timed appropriately. In the CV regime, storing photonic information in the atomic ensem-
bles, especially for the nonclassical CV of light, primarily relies on two different methods:
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one based on electromagnetically induced transparency (EIT)[10] and the other utilizing the
off-resonant Faraday interaction between light and atoms [11].

1.2 Quantum Metrology

Quantum metrology is the use of quantum techniques such as entanglement to make high-
resolution and highly sensitive measurements of physical parameters, and to yield higher
statistical precision than purely classical approaches. Recently, squeezed vacuum states
of light has been used to improve the sensitivity of a gravitational-wave observatory in
GEO200 project[12]. It has been suggested that spin-squeezed states of atomic ensem-
bles can be prepared for the improvement of sensitivity in atomic spectroscopy, interfer-
ometry and atomic clocks[13, 14, 15, 16]. Several schemes have been proposed to gener-
ate the spin-squeezed states, including the direct interaction of spins[17], electron-nucleus
entanglement[18], mapping of squeezed light onto atoms[19], multiple passes of light through
atoms[20] and a projective Faraday interaction based on quantum non-demolition measure-
ment (QND)[21, 22]. Entangled states of atoms can also be used in metrology such as in
atomic clocks where the projection noise of atoms limits the accuracy of the clock. Such
an entanglement-assisted atomic clock was demonstrated recently in our group[22]. In ad-
dition, quantum teleportation allows for performing quantum sensing at a remote location,
spatially separated from the location of the object.

1.3 Integrated quantum devices

Many quantum physical experiments have performed with bulk optics. However, complex
quantum optical schemes, realized in bulk optics, suffer from severe drawbacks, as far as
stability, and physical size are concerned. Therefore, people start to seek for a much more
compact and stable system which is promising in the real application, such as computer
CPU and other integrated functional chips. For quantum photonics, the channel can be built
in the form of optical waveguide devices by using the ultrafast laser writing and other nano
fabrication technologies. Shor’s algorithm has been realized on an integrated waveguide
silica-on-silicon chip[23]. On the other hand, the single photon source can also be integrated
in the semiconductor chip, for example, solid-state QED where the quantum dot is strongly
coupled in the high Q optical cavity created by the photonic crystal with a defect[24]. Addi-
tionally, in order to form the all-optical quantum communication and linear-optics quantum
computing, not only single-photon sources and passive optical circuits, but also photon de-
tectors are required. At present, researchers are trying to build photon detectors on the
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chip using nano-fabrication technology based on III-V semiconductors[25]. Atomic en-
sembles as a good candidate for many quantum protocols such as quantum repeater and
quantum memory, are also suitable to be integrated on the chip as active elements based
on light-matter interaction. This type of quantum device can be made very compact in
the application. For example an integrated sensor package incorporating a VCSEL laser,
an alkali-vapour cell, optics, and a detector has been constructed[26]. And Bose-Einstein
Condensation on an atom chip where cold atoms are magnetically trapped and guided us-
ing the magnetic field produced by conductors on the surface is another topic with lots of
application such as atom interferometer and magnetometry on a chip[27].

1.4 Outline

This thesis is divided in three parts: the theoretical background containing Chapters 2, the
experimental methods with Chapters 3 and finally the description of the experiments on
generation and application of spin squeezed state and entanglement in Chapters 4, 5 and 6.

To be specific, Chapter 2 gives a the details of a previously established theoretical ap-
proach of light atom interface including the canonical description of atoms and light, interac-
tion hamiltonian between light and atoms, especially the off-resonant Faraday interaction,
input-output relations and the concept of thermal motion averaging and establishment of
entanglement between light and atoms, whose understanding is essential for the discussed
experiments.

In Chapter 3 the details of the experimental system are explained, including characteris-
tic measures of atoms and light. Most importantly, the microcell as the key element of this
thesis is firstly shown in our work, including the fabrication and characterization. Optical
cavity and the quantum noise properties of the atomic and light system are then discussed.

Chapter 4 presents the experiment on the generation of spin-squeezed state by strobo-
scopic backaction evading measurement based on the micro-fabricated vapor cell coupled
into an optical cavity. In Chapter 5 as an application of the established method of con-
ditional spin squeezing, atomic magnetometer beyond the quantum noise limit is demon-
strated. Chapter 6 details the experiment on teleportation between two atomic ensembles
and the theory behind the experiment.

The thesis is concluded in Chapter 7 where I summarize the main results in this thesis
and give an outlook about the coming experiments based on the same setup.





Chapter 2

Quantum interface between light and
atoms

In this section we describe the off-resonant dipole atom-light interaction utilizing the ground
state 6S1/2 to the excited state 6P3/2 transition in cesium where collective spin operators for
atoms and Stokes operators for light are described in canonical operators in the language
of continuous variables. The interface between light and atoms provides the basis for the
experiments discussed in the thesis. Since most of the work presented in this thesis is in
the QND picture where the tensor interaction is negligible by using a larger blue detuning
of the probe light, we focus on the equation of motion and the input-output relation that
are often used in the following chapter. However, we give some description of the tensor
interaction and entanglement that will be used to discuss the quantum teleportation between
two atomic ensembles. At the end of this chapter, the concept of motion averaging for the
thermal atoms is discussed which is very important in the collective effect, and relates to the
single photon generation in DLCZ scheme.

2.1 Canonical variables

2.1.1 Light

To describe the interaction between light and atom involved in all the experiments of this
thesis, the quantum state of light is characterized by the Stokes operators Ŝx,Ŝy and Ŝz, which
are given by the differences of the number operators n̂polarization of the photons polarized in
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different orthogonal bases. For the light propagating in z-direction we have

Ŝx =
1
2
(n̂x − n̂y)

Ŝy =
1
2
(n̂+45◦ − n̂−45◦)

Ŝz =
1
2
(n̂σ+ − n̂σ−),

(2.1)

where the indices x,y of n̂polarization represent the photons polarized in x- or y-direction and
±45◦ label the photons polarized in ±45◦-direction, while σ± show the photons circularly
polarized in the left or right hand direction. The Stokes vector satisfies the commutation of
angular momentum

[Ŝy, Ŝz] = iŜx, (2.2)

which shows the Heisenberg uncertainty principle as

Var(Ŝy) ·Var(Ŝz)≥
⟨Sx⟩2

4
. (2.3)

In the experiment, we always use x- or y- linearly polarized coherent light pulse to interact
with the atomic ensembles, which means Sx can be treated as a large classical value propor-
tional to the flux of photons Φ = P/(h̄ω) while P represents the optical power and h̄ω is the
energy of single photon. The quantum variables Ŝy and Ŝz are the physical variables we are
interested in, and usually they have zero mean value since a collection of x-polarized pho-
tons holds the equal probability for the polarization of ±45◦ or σ±. The canonical operators
of light can be defined as

x̂L =
Ŝy√
|Sx|

, p̂L = σSX
Ŝz√
|Sx|

,→ [x̂L, p̂L]≈ i, (2.4)

where σSx =±1depends on the sign of Sx. In the setting of the experiments involved in this
thesis a y-polarized coherent light pulse usually serves as the drive light as well as a phase
reference for the x-polarized signal part which carries the interesting quantum fluctuation
(that is the reason we use the polarization homodyne detection instead of typical homodyne
system with an addition strong local beam), and the canonical operators can be represented
by the creation and annihilation operators âx and â†

x of light in x-polarization,

x̂L = 1√
2
(âx + â†

x), p̂L = 1√
2i
(âx − â†

x), (2.5)
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If Var(Ŝy) = Var(Ŝy) = ⟨Sx⟩/2 (i.e.Var(x̂L) = Var(p̂L) = 1/2) we say that the noise of Ŝy

or Ŝz is at the shot noise limit. Usually, one defines the creation and annihilation operators
in time domain with the commutation relation [âx(t,z), â†

x(t
′,z)] = δ (k−k′). In the position

space it will follow [âx(z, t), â†
x(z

′, t)] = cδ (z− z′).

2.1.2 Atoms

We will describe the atomic states of an ensemble in terms of its collective spin in the
different directions, which is given by the sum of the total angular momenta of the individual
atoms ĵk

i :

Ĵi =
Na

∑
k

ĵk
i (2.6)

with i= x,y,z. Since the ensemble contains such a vast amount of atoms those spin variables
are quasi continuous. The collective spin follows, as do the individual spins, the commuta-
tion relation of angular momentum,

[Ĵy, Ĵz] = iĴx, (2.7)

so the Heisenberg uncertainty principle reads

Var(Ĵy) ·Var(Ĵz)≥
⟨Jx⟩2

4
. (2.8)

In the experiments we discuss here, typically the atomic spins are all oriented along the
x-direction. This is achieved by pumping the atoms into F = 4,mF = 4 of the 6S1/2 ground
state , which will be discussed later. The maximal value of the spin component in x-direction
is J = 4 ·Na, where Na is the number of atoms. And in the case of the fully oriented atomic
state, the longitudinal component of the collective spin Ĵx can be considered to be a classical
quantity and can be accordingly replaced by its mean value ⟨Jx⟩ ≈ ⟨J⟩. The spins Ĵy, Ĵz of the
fully oriented state in the perpendicular directions follow Gaussian probability distributions
with a mean value of 0 and the variances Var(Ĵy) =Var(Ĵz) =

J
2 . This is easily understood,

if one considers all atoms in F = 4,mF = 4 . Since there are many independent atoms, we
can assume ⟨J2

x ⟩ ≈ F2 ·Na and therefore

Var(Ĵy) = ⟨Ĵ2
y ⟩= ∑

k
ĵk
y

2
= ⟨Ĵ2

z ⟩=
F · (F +1)Na −⟨J2

x ⟩
2

=
F
2
·Na =

J
2
. (2.9)
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Fig. 2.1 The figure on the left shows the level scheme of the D1 and D2 line of Cesium. All
the atoms are pumped into the F = 4,mF = 4 state, so that they are oriented along x. The
magnetic field leads to a splitting of the magnetic sublevels by the Larmor frequency Ω.

This state is called a coherent spin state(CSS) and is the starting point of all our experiments.
For highly oriented many atom systems we can use the Holstein-Primakoff approximation
[28]. We identify the fully oriented state as the ground state of an harmonic oscillator. The
Holstein-Primakoff transformation maps spin operators to bosonic creation and annihila-
tion operators b̂† and b̂ with [b̂, b̂†] = 1. The collective ladder operators Ĵ± = Ĵy ± iĴz are
expressed in terms of b̂† and b̂ by

Ĵ+ =
√

Na

√
1− b̂†b̂

Na
b̂, Ĵ− =

√
Na

√
1− b̂†b̂

Na
b̂†. (2.10)

In the right of Figure 2.1 one can see a schematic drawing of the atomic level structure
of the hyperfine ground state we use (F=4). All the atoms start in the mF = 4 ground
state and an excitation in the described language leads to one atom in the mF = 3 state.
The transformation for Ĵx can be obtained using the identity Ĵ2

x = J(J + 1)− Ĵ2
y − Ĵ2

z =

J(J+1)− 1
2(Ĵ+Ĵ−+ Ĵ−Ĵ+) = (J− b̂†b̂)2.

By identifying Ĵx = J − b̂†b̂, the fully polarized initial state |ΨCSS⟩ = |J,J⟩ can be mapped
to the ground state of an harmonic oscillator |J,J⟩= |0⟩A,such that the expression Ĵx |J,J⟩=
J |J,J⟩ corresponds to (J − b̂†b̂) |0⟩A = J |0⟩A. This transformation is exact. If the atomic

state is close to the CSS, ⟨b̂†b̂⟩
⟨J⟩ ≪ 1 can be assumed. In this case, Equation 2.10 can be

expended in a series to first order and approximated by Ĵ+ ≈
√

Nab̂ and Ĵ− ≈
√

Nab̂†. Within
this approximation, the transverse components of the collective spin are given by Ĵy = (Ĵ++



2.2 Interaction between light and atoms 9

Ĵ−)/2 ≈
√
|J|(b̂ + b̂†)/

√
2 and Ĵz = −i(Ĵ+ − Ĵ−)/2 ≈

√
|J|(b̂ − b̂†)/(

√
2i), and can be

identified with the atomic quadratures

x̂A =
Ĵy√

J
≈ 1√

2
(b̂+ b̂†), p̂A = Ĵz√

J
≈ −i√

2
(b̂− b̂†), (2.11)

which follow the commutation relation [x̂A, p̂A]≈ i.

2.2 Interaction between light and atoms

2.2.1 Hamiltonian

In the standard electric dipole interaction description, the Hamiltonian for single atom situ-
ation can be written as Ĥ = −d ·E, where d = −er is the dipole operator of a single atom
with the vector r.

By adiabatically eliminating the excited states with the consideration of interaction with
far off-resonant light, the effective Hamiltonian can be written as

Ĥe f f
int = E(−)

αE(+), (2.12)

with α =−∑F ′
PgdPF ′dPg

∆F ′
, wherePF =∑m |F,m⟩⟨ F,m|, Pg =∑F PF and PF ′ =∑m′ |F ′,m′⟩⟨ F ′,m′|.

And Here ∆F ′ is the detuning of the light from the S1/2F → P3/2F ′ transition. Consider the
transition between F → F , the corresponding polarizability operator αFF = PFαPF can be
decomposed into[29][30]

αFF =−
d2

0
∆
(a0 + ia1j×+a2Q), (2.13)

where d2
0 = (2J′+ 1) |⟨J′ ∥d∥J⟩|2 is the dipole matrix element with the electronic angular

momenta of the ground and excited states of J and J′, respectively. Additionally, a0, a1 and
a2 are the dimensionless scalar, vector and tensor polarizabilities which are the function of
the detuning ∆. And the corresponding formula for Cs atomic D1 and D2 transition can be
found at the end of this section. As shown in Equation 2.13, there are three terms totally
involved into the interaction between light and atoms representing the scalar, vector and
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tensor interaction, respectively. In the vector component,

j×=

 0 jz jy
jz 0 − jx

− jy jx 0

 (2.14)

and the corresponding Hamiltonian Ĥ1
FF = E(−)αFFE(+) can be calculated by using the

transformation of E(−) · [j×E(+)] = j · [E(−)×E(+)] and the fact of light propagating in z-
direction only with x- and y-polarization parts. Finally, one can get the form of Ĥ1

FF ∝ jzSz

with the defined Stokes operator Sz =
1
2i(â

†
x ây − âxâ†

y). The second rank tensor term Q is
given as follow,

Qi j =−( ji j j + j j ji)+δi j
2
3

j2. (2.15)

Consider the experimental setting where the light is interacting with a cloud of Na atoms
evenly filled in a container with the length of L and cross section area of A, one can finally
obtain the complete Hamiltonian[31]

Ĥint =− h̄cΓ

8A∆

λ 2

2π

∫ L

0
{a0Φ̂(z, t)+a1Ŝz(z, t) ĵz(z, t)

+a2[Φ̂(z, t) ĵ2
z (z, t)− Ŝ−(z, t) ĵ2

+(z, t)

− Ŝ+(z, t) ĵ2
−(z, t)]}ρAdz, (2.16)

where λ = 852nm and Γ = 2π · 5.21MHz are the wavelength of the probe light and the
full width at half maximum (FWHM) linewidth of the excited state, respectively, while ρ is
the atomic density. The first scalar term can be treated as a DC Stark shift, which equally
shifts all atomic energy levels and proportional to the photon flux or light intensity. The
second vector term gives us the desired Faraday rotation operation where the atomic spin
J is rotated around the z-axis proportional to Ŝz. Likewise, the Stokes vector S is rotated
around the z-axis by an amount proportional to Ĵz. The last tensor term gives rise to a
complicated dynamical Stark shift which is useful in some quantum protocol[32, 33] and
will vanish for large detunings with respect to hyperfine splitting of excited state as the
coefficient a2 goes to zero which is shown in Figure 2.3. For D2 transition starting from the
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Fig. 2.2 The level scheme and relavant transitions when the bias magnetic field direction co-
incides with the spin orientation direction. The red thick lines and the orange lines represent
the classical drive fields and quantum fields, respectively, where â†

+ and â†
− are the creation

operators of upper and lower band quantum fields with the frequency difference of 2ΩL
while b̂† describes the creation of the atomic excitation, i.e. shuffling one atom away from
the fully oriented state. (a) and (b) give the interaction pictures when y- and x- polarized
drive light are used, respectively.

hyperfine ground state F = 4, the coefficients a0, a1, and a2 are given by[31]

a0 =
1
4
(

1
1−∆35/∆

+
7

1−∆45/∆
+8),

a1 =
1

120
(− 35

1−∆35/∆
− 21

1−∆45/∆
+176),

a2 =
1

240
(

5
1−∆35/∆

− 21
1−∆45/∆

+16),

(2.17)

where ∆35 = 2π ·452.24MHz and ∆45 = 2π ·251.00MHz are the hyperfine splitting in the Cs
excited state 6P3/2, respectively, while ∆ is the laser detuning with respect to 6P3/2F ′ = 5.

2.2.2 Propagation equations

In the Heisenberg equation of motion,

∂

∂ t
ĵi(z, t) =

1
ih̄
[ ĵi(z, t), Ĥ], (

∂

∂ t
+ c

∂

∂ z
)Ŝi(z, t) =

1
ih̄
[Ŝi(z, t), Ĥ],(i = x,y,z) (2.18)
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Fig. 2.3 a coefficients vs. Laser detuning(∆ < 0)

In the derivation of the right equation, the electric field is describe in k-space as E(z, t) =∫
dk
√

h̄ω

2π2ε0A [â(k, t)e
ikz + â†(k, t)e−ikz] with the commutation [â(k, t), â†(k′, t)] = δ (k− k′),

which in turn gives the Fourier transformation â(z, t) = 1√
2π

∫
∞

−∞
â(k, t)eikzdk.

∂

∂ t
ĵx(z, t) =

cΓλ 2

8A∆2π

{
a1Ŝz ĵy +a2(2Ŝy[ ĵx ĵz + ĵz ĵx]− (2Ŝx − φ̂)[ ĵz ĵy + ĵy ĵz])

}
,

∂

∂ t
ĵy(z, t) =

cΓλ 2

8A∆2π

{
−a1Ŝz ĵx +a2(−2Ŝy[ ĵz ĵy + ĵy ĵz]− (2Ŝx + φ̂)[ ĵx ĵz + ĵz ĵx])

}
,

∂

∂ t
ĵz(z, t) =

cΓλ 2

8A∆2π
a2(−4Ŝy[ ĵ2

x − ĵ2
y ]+4Ŝx[ ĵx ĵy + ĵy ĵx]),

(2.19)

∂

∂ z
Ŝx(z, t) =

ρΓλ 2

8A∆2π

{
a1Ŝy ĵz +a22Ŝz[ ĵx ĵy + ĵy ĵx]

}
,

∂

∂ z
Ŝy(z, t) =

ρΓλ 2

8A∆2π

{
−a1Ŝx ĵz −a22Ŝz[ ĵ2

x − ĵ2
y ]
}
,

∂

∂ z
Ŝz(z, t) =

ρΓλ 2

8A∆2π
a2[2Ŝy[ ĵ2

x − ĵ2
y ]−2Ŝx[ ĵx ĵy + ĵy ĵx]],

(2.20)

In Equation 2.20, the ∂

∂ t term has been removed by neglecting the retardation effect with the
assumption of infinite speed of light c.
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2.2.3 Input output relations in Quantum Non-demolition interaction
picture

For large blue detuning of probe light with respect to hyperfine splitting of excited state, the
term proportional to a2 can be neglected, then the remaining part can be written as

∂

∂ t
ĵy(z, t) =− cγλ 2

8A∆2π
a1Ŝz ĵx, (2.21a)

∂

∂ t
ĵz(z, t) = 0, (2.21b)

∂

∂ z
Ŝy(z, t) =−ργλ 2

8∆2π
a1Ŝx ĵz, (2.21c)

∂

∂ z
Ŝz(z, t) = 0, (2.21d)

For thermal atoms as discussed in Chapter 2, the atoms move cross the light beam many
times during the interaction time and the vapor cell is coupled into an optical cavity in our
setup where the mean field is a good approximation. So the Stokes vectors and the spin
operators can be replaced by their average value over the cell length with the definition〈

ĵz(z, t)
〉
= 1

L
∫ L

0 ĵz(z, t)dz and
〈
Ŝz(z, t)

〉
= 1

L
∫ L

0 Ŝz(z, t)dz. In the continuous notation of the

collective spin components we have Ĵi(t)=
∫ L

0 ĵi(t)ρAdz, and we also know
〈

ĵi(z, t)
〉
= Ĵi(t)

LρA .
Therefore, Equation 2.21 can be rewritten as

∂

∂ t
Ĵy(t) =−c ·a

〈
Ŝz(z, t)

〉
Ĵx(t), (2.22a)

∂

∂ t
Ĵz(t) = 0, (2.22b)

∂

∂ z
Ŝy(z, t) =−a

L
Ŝx(z, t)Ĵz, (2.22c)

∂

∂ z
Ŝz(z, t) = 0, (2.22d)

We define Ŝin
i (t) = c · Ŝi(z = 0, t) and Ŝout

i (t) = c · Ŝi(z = L, t) which normalizes the Stokes
vectors to photon per unit time. By integrating Equations 2.22 in space from z = 0 to z = L
with an assumption of small rotation angles and large classical values of Sx and Jx, we can
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get the following equations,

Ŝout
y (t) = Ŝin

y (t)+aSxĴz(t), (2.23a)

Ŝout
z (t) = Ŝin

z (t), (2.23b)
d
dt

Ĵy(t) = aJxŜin
z (t), (2.23c)

d
dt

Ĵz(t) = 0, (2.23d)

where a =− Γλ 2

8A∆2π
a1.

In the experiment we use a homogeneous DC bias magnetic field in the spin orientation
direction, which is x-direction in this thesis, corresponding to an additional term Ĥ = ΩLĴx

added in the Hamiltonian with ΩL = gF µBB/h̄, where gF(F = 4) ≈ 0.2504 and gF(F =

3) ≈ −0.2512 are the hyperfine Landé g-factors for the ground state of cesium, while µB

and B are the Bohr Magneton and the magnitude of the applied magnetic field. Typically,
we encode the quantum states of atoms and light at this Larmor frequency ΩL ≈ 400kHz
since the technical noise is much lower than that at lower frequencies, which promises us to
achieve projection noise level for the atoms and shot noise level for the light. To solve the
equation of motion for atoms precessing at Larmor frequency ΩL we introduce the rotating
frame coordinates (

Ĵ′y
Ĵ′z

)
=

(
cos(ΩLt) sin(ΩLt)
−sin(ΩLt) cos(ΩLt)

)(
Ĵy

Ĵz

)
(2.24)

and then the Equation2.23 is transformed into,

Ŝout
y (t) = Ŝin

y (t)+aSx(Ĵ′y(t)sin(ΩLt)+ Ĵ′z(t)cos(ΩLt)), (2.25a)

Ŝout
z (t) = Ŝin

z (t), (2.25b)
d
dt

Ĵ′y(t) = aJxŜin
z (t)cos(ΩLt), (2.25c)

d
dt

Ĵ′z(t) =−aJxŜin
z (t)sin(ΩLt), (2.25d)

By looking at the first line of Equation 2.25, it is found that both Ĵ′y and Ĵ′z with the phase
difference of π/2 contribute to the light component Ŝy after the interaction. However, it
is not allowed to do the measurement with high precision on both of them simultaneously
since they are non-commuting. Due to the fact of the unchanged Ŝz during the interaction,
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we can get the dynamics of Ĵ′y and Ĵ′z as follow,

Ĵ′y(t) = Ĵ′y(0)+
∫ t

0
aJxŜin

z (t
′)cos(ΩLt ′)dt ′,

Ĵ′z(t) = Ĵ′z(0)−
∫ t

0
aJxŜin

z (t
′)sin(ΩLt ′)dt ′,

(2.26)

As shown in Equation 2.26, the light component Ŝin
z is evolved into the dynamics of both

spin components, while at the same time the spin state is fed back onto the light, which
means the earlier Ŝin

z is thus imprinted onto Ŝout
y . This source is the so-called backaction

noise of the light, which will be discussed in detail later.

The remaining part of this section is devoted to input-output relations for the QND-type
interaction by using the definition of canonical variables for light and atoms. We can rewrite
Equation 2.25 as follow by inserting Equation 2.4 and 2.11,

x̂out
L (t) = x̂in

L (t)+a(x̂A(t)sin(ΩLt)+ p̂A(t)cos(ΩLt)), (2.27a)

p̂out
L (t) = p̂in

L (t), (2.27b)
d
dt

x̂A(t) = ap̂L(t)cos(ΩLt), (2.27c)

d
dt

p̂A(t) =−ap̂L(t)sin(ΩLt), (2.27d)

where x̂in
L (p̂in

L )(t) = x̂L(p̂L)(z = 0, t) and x̂out
L (p̂out

L )(t) = x̂L(p̂L)(z = L, t), while x̂A ∝ Ĵ′y and
p̂A ∝ Ĵ′z. Equation 2.26 can be rewritten as

x̂A(t) = x̂A(0)+a
∫ t

0
p̂L(t ′)cos(ΩLt ′)dt ′,

p̂A(t) = p̂A(0)−a
∫ t

0
p̂L(t ′)sin(ΩLt ′)dt ′.

(2.28)

These are then inserted into Equation 2.27 to calculate the cosine and sine mode of x̂out
L

and p̂out
L integrated over the interaction duration T, which are the measured variables in the

experiment by utilizing the Lock-in Amplifier

x̂out
c =

√
2
T

∫ T

0
dt cos(ΩLt)x̂out

L (t)

= x̂in
c +

κ√
2

p̂in
A −κ

2

√
2

T 3

∫ T

0
dt cos2(ΩLt)

∫ t

0
dt ′ p̂L(t ′)sin(ΩLt ′)

≈ x̂in
c +

κ√
2

p̂in
A −κ

2

√
2

T 3

∫ T

0
dt(

T − t
2

)p̂L(t)sin(ΩLt),

(2.29)
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where the coefficient
√

2
T comes from the normalization of quadratures while κ = a

√
T .

We assume here the interaction duration T is much larger than 1/ΩL and the evolution is
much slower than 1/ΩL, thus the term x̂L(t) proportional to cos(ΩLt)sin(ΩLt) is neglected.
We define a new variable to describe the backaction term mentioned above as

p̂s,1 =

√
24
T 3

∫ T

0
dt(

T
2
− t)p̂L(t)sin(ΩLt), (2.30)

and p̂c,1 and x̂c/s,1 similarly which satisfy the commutation relations [p̂c/s,1, p̂c/s] = [p̂c/s,1, x̂c/s] =

0. Finally, we can obtain the input-output relations for the single cell,(
x̂out

A
p̂out

A

)
=

(
x̂in

A
p̂in

A

)
+

κ√
2

(
p̂in

c
p̂in

s

)
,(

x̂out
c

x̂out
s

)
=

(
x̂in

c
x̂in

s

)
+

κ√
2

(
p̂in

A
−x̂in

A

)
+

κ2

4

(
p̂in

s
−p̂in

c

)
,

+
κ2

4
√

3

( p̂in
s,1

−p̂in,
c,1

)
,

(2.31)

and p̂L is conserved in terms of
p̂out

c/s = p̂in
c/s (2.32)

2.2.4 Tensor interaction

As mentioned before, the higher order parts in the Hamiltonian 2.16 make the description of
the interaction between light and atoms quite complicated. However, they are of importance
in some quantum protocols such as quantum teleportation between two remote atomic en-
sembles (discussed in Chapter 6) and so on. In this section, I am trying to explain the effects
resulting from them in the experimental setting, which means the highly orientated atomic
ensembles and x or y linearly polarized light. By using the density operator σ̂ jk = | j⟩⟨ k|,
the spin components of ensemble with quantization in x-direction can be written as

ĵx = ∑
m

mσ̂mm,

ĵy =
1
2 ∑

m
m
√

F(F +1)−m(m+1)(σ̂m+1,m + σ̂m,m+1),

ĵz =
1
2i ∑m

m
√

F(F +1)−m(m+1)(σ̂m+1,m − σ̂m,m+1),

(2.33)



2.2 Interaction between light and atoms 17

where m is the magnetic quantum number. Intuitively, in the presence of a magnetic field,
the diagonal elements of the density matrix will be constant contributing DC components
int the spectrum, the first off-diagonal elements will rotate with Larmor frequency ΩL, the
second off-diagonal elements at 2ΩL, and so on. Since the atomic spins are highly oriented
in x-direction, we can safely only consider the terms related to mF = 3 and mF = 4.

ĵy ĵz + ĵz ĵy =
1
2i ∑m

m
√

(F −m)(F +m)(F +1+m)(F +1−m)

× (σ̂m+1,m−m + σ̂m−1,m+1)≈ 0,

ĵx ĵy + ĵy ĵx =
1
2 ∑

m
m
√

F(F +1)−m(m+1)(2m+1)

× (σ̂m+1,m + σ̂m,m+1)≈ σ
jx(2F −1) ĵy,

ĵx ĵz + ĵz ĵx =
1
2i ∑m

m
√

F(F +1)−m(m+1)(2m+1)

× (σ̂m+1,m − σ̂m,m+1)≈ σ
jx(2F −1) ĵz,

(2.34)

ĵ2
x ≈ F2, ĵ2

y ≈ ĵ2
z ≈ F/2, ĵ2

x − ĵ2
y ≈ F(F −1/2). (2.35)

With the approximation in Equation 2.34 and 2.35, the Hamiltonian in Equation 2.16 can be
reduced to

Ĥ =
−h̄Γλ 2

8A∆2π

∫ L

0
dz[a1Ŝz ĵz −a2 ·14 ĵyŜy

+a2(−21 ĵx +56)Ŝx +(a0 +a2(−7/2 ĵx −16))Φ̂].

(2.36)

Besides the Faraday interaction term Ŝz ĵz, only the term Ŝy ĵy is of importance among all the
terms shown in Equation 2.36. First, the part proportional to Φ̂ but without spin operator
can be neglected since it induces a shift for all the levels. Secondly, the terms containing
Ŝx ĵx and Φ̂ ĵx cause atoms to experience the rotation in the ĵy − ĵz plane from the linear
Stark shift due to the fact of the highly orientated atoms and light field. In the experiment,
this effect behaves as the Larmor frequency shift when shining the probe light on the atom
ensembles which can be compensated by tuning the demodulation frequency of the lock-in
Amplifier or giving a DC magnetic pulse during the probing process. The term left is that
proportional to Ŝx but without spin operator, which leads to a small rotation angle in the
Ŝy − Ŝz plane, and is negligible. In order to look at the interaction more intuitively, we can
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rewrite the Hamiltonian 2.36 by introducing the canonical variables,

Ĥ =
−h̄Γλ 2

8A∆2π

∫ L

0
dz[a1Ŝz ĵz −a2 ·14 ĵyŜy]

= h̄a[p̂A p̂L +ζ
2x̂Ax̂L]

=
h̄a
2
[(ζ 2 +1)(âLb̂†

A + â†
Lb̂A)− (1−ζ

2)(â†
Lb̂†

A + âLb̂A)].

(2.37)

It is found that this Hamiltonian is a combination of beamsplitter operator and two-mode
squeezing operator with different weight, i.e. Ĥint ∝ [(ζ 2 + 1)ĤBS − (1− ζ 2)ĤT MS]. And
the weight coefficients are related to the ratio between vector and tensor coupling strength
ζ 2 = 14a2

a1
. In other words, the relative strengths of two different interaction can be changed

by detuning the laser frequency or choosing x- or y-polarization of probe beam. The latter
method can be explain by Figure 2.2, where if a strong y-polarized laser beam is used to
drive the interaction, the manifolds of |3,3⟩, |4,3⟩ and |5,3⟩ in the excited state 6P3/2 are
involved into the two-mode squeezing type interaction with the creation of upper sideband
blue photon, while the beamsplitter type interaction involves |4,4⟩, |5,4⟩ with the creation
of lower sideband red photon. Similarly, the case of strong x-polarized probe light can be
analyzed, but the manifolds-picture is different. As we know, different manifolds interfer-
ence will determine the final ratio of interaction strengths from ĤBS and ĤT MS related to the
combination of Clebsch-Gordan coefficients. Therefore, by choosing the linear polarization
direction of probe light one can manipulate the relative weights of beamsplitter interaction
and two-mode squeezing interaction. In the following I will give the general Equation 2.38
for the output light operators where the higher order interaction and atomic decoherence are
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included[34], and then show a example of how to derive one of them.


x̂out

c,−
x̂out

s,−
p̂out

c,−
p̂out

s,−

=


x̂in

c,−
x̂in

s,−
p̂in

c,−
p̂in

s,−

− 1− ε2

2


1 0 0 1

ζ 2

0 1 − 1
ζ 2 0

0 −ζ 2 1 0
ζ 2 0 0 1




x̂in
c,−−

√
1−κ2ζ 2x̂in

c,+

x̂in
s,−−

√
1−κ2ζ 2x̂in

s,+

p̂in
c,−−

√
1−κ2ζ 2 p̂in

c,+

p̂in
s,−−

√
1−κ2ζ 2 p̂in

s,+



+
κ
√

1− ε2
√

2


0 1
1 0

−ζ 2 0
0 ζ 2


(

x̂A(0)
p̂A(0)

)

+
ε
√

1− ε2
√

2ε


0 1
1 0

−ζ 2 0
0 ζ 2


(

Fx,−−
√

1−κ2ζ 2Fx,+

Fp,−−
√

1−κ2ζ 2Fp,+

)

(2.38)
where the light operators are defined with an exponentially rising or falling mode function
as

x̂c,− =
1

N−

∫ T

0
dt cos(ΩLt)e−γt x̂(t), x̂c,+ =

1
N+

∫ T

0
dt cos(ΩLt)e−γ(T−t)x̂(t),

x̂s,− =
1

N−

∫ T

0
dt sin(ΩLt)e−γt x̂(t), x̂s,+ =

1
N+

∫ T

0
dt sin(ΩLt)e−γ(T−t)x̂(t),

(2.39)

where N− = N+ =
√

1−e−2γT

4γ
, and p̂c(s),−(+) have the similar definition, while the decay

rate γ = γswap + γbad with γswap = a2ζ 2

2 and ε2 = γbad
γ

. And the rate γbad is the rate of the
decoherence processes which leads to a decay of x̂A and p̂A.

In order to derive Equation 2.38 where both the decoherence and higher order term of
the Hamiltonian are included, let us firstly rewrite the Heisenberg-Langevin equations of
the canonical variables of atomic spins as

˙̂xA = ap̂L(t)−
a2ζ 2

2
x̂A −ΩL p̂A − γbad x̂A +

√
2γbad f̂x,

˙̂pA =−aζ
2x̂L(t)−

a2ζ 2

2
p̂A −ΩLx̂A − γbad p̂A +

√
2γbad f̂p,

(2.40)

where f̂x,p are the noise operators due to the decoherence decay γbad . For more detail,
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see[29]. The equations above can solved[35],

x̂A(t) = e−γt x̂in
A +a

∫ t

0
dt ′e−γ(t−t ′) p̂L(0, t ′)cos(ΩLt ′)−aζ

2
∫ t

0
dt ′e−γ(t−t ′)x̂L(0, t ′)sin(ΩLt ′)

+
√

2γbad

∫ t

0
dt ′e−γ(t−t ′)F̂x,

p̂A(t) = e−γt p̂in
A −a

∫ t

0
dt ′e−γ(t−t ′) p̂L(0, t ′)sin(ΩLt ′)−aζ

2
∫ t

0
dt ′e−γ(t−t ′)x̂L(0, t ′)cos(ΩLt ′)

+
√

2γbad

∫ t

0
dt ′e−γ(t−t ′)F̂p.

(2.41)
Then by inserting x̂A(t) and p̂A(t) into Equation 2.27 we can calculate x̂out

c,− as follow where
the term proportional to cos(ΩLt)sin(ΩLt) is neglected because of T ≪ 1/ΩL,

x̂out
c,− =

1
N−

∫ T

0
dt cos(ΩLt)e−γt x̂out(t)

=
1

N−

∫ T

0
dt cos(ΩLt)e−γt [x̂(0, t)+ap̂A(t)cos(ΩLt)]

= x̂in
c,−+

a
N−

∫ T

0
dt cos2(ΩLt)e−γt [e−γt p̂in

A −a
∫ t

0
dt ′e−γ(t−t ′) p̂L(0, t ′)sin(ΩLt ′)

−aζ
2
∫ t

0
dt ′e−γ(t−t ′)x̂L(0, t ′)cos(ΩLt ′)+

√
2γbad

∫ t

0
dt ′e−γ(t−t ′)F̂p]

(2.42)
By using the transformation

∫ T

0
dt cos2(ΩLt)e−2γt

∫ t

0
dt ′ f (t ′) =

∫ T

0
dt f (t ′)

∫ T

t
dt ′ cos2(ΩLt)e−2γt

=
∫ T

0
dt f (t)

e−2γt − e−2γT

4γ

(2.43)
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we get

x̂out
c,− = x̂in

c,−+aN− p̂in
A

− a2

N−

∫ T

0
dt cos2(ΩLt)e−2γt

∫ t

0
dt ′ p̂L(0, t ′)sin(ΩLt ′)eγt ′

+
a2ζ 2

N−

∫ T

0
dt cos2(ΩLt)e−2γt

∫ t

0
dt ′x̂L(0, t ′)cos(ΩLt ′)eγt ′

+
a
√

2γbad

N−
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0
dt cos2(ΩLt)e−2γt

∫ t

0
dt ′F̂peγt ′

= x̂in
c,−+

√
1− ε2 κ√

2
p̂in

A − 1− ε2

2ζ 2 (p̂in
s,−−

√
1−κ2ζ 2 p̂in

s,+)

− 1− ε2

2
(x̂in

c,−−
√

1−κ2ζ 2x̂in
c,+)+

ε
√

1− ε2
√

2ε
(Fp,−−

√
1−κ2ζ 2Fp,+)

(2.44)

where we define the coupling constant in the interaction picture with higher order term as
κ =

√
1−e−2γT

ζ
.

2.3 Entanglement between light and atoms

2.3.1 Introduction to quantum entanglement

Entanglement between quantum systems, a pure quantum phenomenon, is related to the
superposition principle of quantum mechanics. This nonlocal correlation more critical
than classical one is one of the essential ingredients of quantum information processing.
The concept of quantum entanglement firstly appeared in the article of Can Quantum-
Mechanical Description of Physical Reality Be Considered Complete? written by A. Ein-
stein, B. Podolsky and N. Rosen [36], and then was discussed by Schrödinger, Bohr and
von Neumann.[37, 38, 39] Generally speaking, the quantum state of a two-party system is
separable if and only if its total density operator ρ is a convex sum of product states

ρ = ∑
i=1,2

piρi,1
⊗

ρi,2, (2.45)

where ρi,1, and ρi,2 are assumed to be normalized states of mode 1 and 2 respectively, with

∑i pi = 1[42]. Otherwise, it is inseparable.Due to its nonlocality, the measurement on one
of the remote subsystem affects the other subsystem deterministically. With the rapid devel-
opment of experimental technology, the entangled states based on different mediums were
not only generated in the lab[33, 40], but the long distance violation of Bell inequalitities



22 Quantum interface between light and atoms

was also demonstrated[41]. According to whether or not the quantum states can be de-
scribed in a finite Hilbert space, there are two different types of entanglement, DV and CV
quantum entanglement. For instance, the entangled states of photon polarization and single
spin direction are DV ones, while the entangled states based on the amplitude and phase
quadratures of light field and the position and momentum of particle belong to the group of
CV one. In this thesis, only the CV case is discussed since the ensemble contains such a
vast amount of atoms those spin variables are quasi continuous. Although DV qubit states
conceptually represent the simplest manifestation of the quantum mechanical superposition
principle, and are most appropriate for quantum computation purposes being the natural
extension of classical bits to the quantum realm, the probabilistic nature of the entangled
states resource and the two-qubit Bell-sate measurement make it a difficult task. Instead of
the DV resource, the deterministic CV entangled states can be relative easily generated, and
described by the complete Bell-state measurement by means of homodyne detection.

Standing in front of quantum entangled resource, the critical task for us is to find the
inseparability criteria for CV systems. In the beginning, theorists tried to translate the de-
veloped inseparability criteria for DV systems to the language for CV case by consider-
ing it as a infinite dimension DV system. For example, Simon proved that for the general
case of arbitrary continuous-variable states, it is correct that a possible infinite-dimensional,
continuous-variable version of the partial transpose criterion yields at best a sufficient and
not a necessary condition, as it does for higher-dimensional discrete systems[43]. He also
demonstrated that for Gaussian states, the partial transpose criterion represents not only a
sufficient, but also a necessary inseparability condition[43]. Duan with his colleagues at the
same time also proposed another inseparability criterion which is based on the calculation
of the total variance of a pair of Einstein-Podolsky-Rosen (EPR) type operators, and is much
closer to the experimental observation[42]. In the Theorem 2 presented in the paper, they
gave the necessary and sufficient inseparability criterion for Gaussian states as follow: a
Gaussian state ρG is separable if and only if the total variance inequality 2.46 is satisfied
when expressed in its standard form II[42],

〈
(∆û)2〉

ρ
+
〈
(∆v̂)2〉

ρ
> a2

0 +
1
a2

0
, (2.46)

with the two EPR type operators

û = a0x̂1 −
c1

|c1|
1
a0

x̂2, (2.47a)

v̂ = a0 p̂1 −
c2

|c2|
1
a0

p̂2, [x̂i, p̂ j] = iδi, j (2.47b)
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where a2
0 =

√
m1−1
n1−1 =

√
m2−1
n2−1 , c1 and c2 can be found in the correlation matrix of the

Gaussian state defined in the standard form II[42]. Without the assumption of Gaussian
states and without the need of any standard form for the correlation matrix, an alternative
approach leads to an inequality similar to Equation 2.46, representing a necessary condition
for separability (a sufficient condition for inseparability through its violation) for arbitrary
states, 〈

(∆û)2〉
ρ
+
〈
(∆v̂)2〉

ρ
> ā2 +

1
ā2 , (2.48)

with the two EPR type operators

û = |ā| x̂1 −
1
|ā|

x̂2, (2.49a)

v̂ = |ā| p̂1 +
1
|ā|

p̂2. (2.49b)

Here, ā is an arbitrary nonzero real parameter. One can use Equation 2.48, satisfied by any
separable state, in order to reveal that Inequality 2.46 is a necessary separability condition
for the special case of Gaussian states. However, only for this special case does Inequality
2.46 also represent a sufficient separability condition. Let us also mention at this point that
a similar (but weaker) inseparability criterion was derived by Tan[44], namely the necessary
condition for any separable state 〈

(∆û)2〉
ρ
·
〈
(∆v̂)2〉

ρ
> 1, (2.50)

with ā = 1 in Equation 2.48. It is simply the product version of the sum condition in 2.48
(with ā = 1). In the following, I will encounter inseparable states that do not violate the
condition equation 2.50 (with ā = 1), but do violate the condition Equation 2.48, thereby
revealing their inseparability. Finally, we emphasize that the sufficient inseparability criteria
of Equation 2.48 (with ā = 1) and Equation 2.50 are useful for witnessing entanglement not
only theoretically, but also experimentally.

2.3.2 Generation of the entanglement between light and atoms

As shown in Figure 2.2 and Equation 2.37, the Hamiltonian is a combination of beamsplitter
operator and two-mode squeezing operator, ĤBS and ĤT MS. In the setting of highly orien-
tated atomic ensembles initially populated in F = 4,mF = 4, ĤT MS can be used to create
the entanglement between atoms and upper sideband light mode. Here I will take the QND
picture as example to explain the mechanism where ĤBS and ĤT MS share the same weight
factor, and the weight factors can be changed by tuning the laser frequency or choosing x-
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Fig. 2.4 Scheme of quantum entanglement generation. (a) shows the entanglement between
light and atoms and (b) presents the establishment of entanglement between two atomic
ensembles.

or y-polarization of probe beam as mentioned before. Firstly, the canonical variances of
the upper sideband light mode can be constructed by using the definition formula 2.5 and
Euler’s formula as follow,

X̂up
L =

1√
2
(x̂out

s + p̂out
c ), P̂up

L =− 1√
2
(x̂out

c − p̂out
s ) (2.51)

since x̂sin(ΩLt)+ p̂cos(ΩLt)∝−i(âeiΩLt − â†e−iΩLt) and x̂cos(ΩLt)− p̂sin(ΩLt)∝ (âeiΩLt +

â†e−iΩLt). Then we can use the sum of two EPR operators discussed above to see if there
exists entanglement between atoms and light and furthermore to evaluate the strength of it.

Var(X̂up
L − x̂out

A )+Var(P̂up
L + p̂out

A )< 2, (2.52)

In the QND interaction picture, let us insert the input output relations 2.31 and assume for
the coherent states of light and atoms Var(x̂in

c/s/c,1/s,1)=Var(p̂in
c/s/c,1/s,1)=

1
2 and Var(x̂in

A )=

Var(p̂in
A ) =

1
2 , respectivly. The corresponding result is shown in Figure 2.5 where the mini-

mum variance 0.6 corresponding to 5.2dB entanglement is achieved when κ = 1.7. Notice
that here the atomic decoherence and the light losses are not included. And one can use
the Heisenberg-Langevin equations of the canonical variables of atomic spins similar to
Equation 2.41 and the typical beamsplitter model for the light losses to derive the general



2.4 Collective spin states in room temperature coated cells 25

formula. And also if tensor coupling is involved into the interaction, the canonical variances
of effective light mode are differently defined as
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Fig. 2.5 Collective variances of the output variables of atoms and light for QND interaction
picture. (a) and (b) show the entanglement in ratio and dB unit, respectively.

X̂ ′up
L =

1√
2ζ

(p̂out
c− −ζ

2x̂out
s− ), P̂′up

L =− 1√
2ζ

(p̂out
s− +ζ

2x̂out
c− ). (2.53)

The analysis in detail can be found[32, 35]. Quantum entanglement between light and
atoms is a basic block to construct the complicated quantum protocol, such as quantum
teleportation, quantum memory and so on. Additionally, there exists another often used
experimental setting where the light beam has interacted with two atomic ensembles in the
magnetic field with oppositely oriented spins, i.e. Jx,1 = −Jx,2 = Jx. By doing quantum
demolition measurement (QND) one can create the entanglement between these two atomic
ensembles with the entanglement criteria as follow,

Var(
Ĵy1 + Ĵy2√

|Jx|
)+Var(

Ĵz1 + Ĵz2√
|Jx|

)< 2, (2.54)

Since not used in the experiments of this thesis, I will not mention it here, and one can find
the description in the previous theses[31, 34, 35].

2.4 Collective spin states in room temperature coated cells

2.4.1 Coating

Thermal atoms confined in a container will lose their spin orientation information after col-
liding with the bare glass walls, as a result of the interaction with the local electromagnetic
field within the glass. Details can be found in Reference[45]. At present there exist two
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methods with different mechanisms to suppress this effect and increase the spin coherence
time (or called spin lifetime), one is to use the buffer gas to slow the atomic diffusion to
the wall, and the other is to deposit the special chemical layer onto the inner surface of the
cell. They have the different advantages in the applications, however, only the vapor cells
with anti-relaxation coating are involved in the experimental research of this thesis. Some
advantages and disadvantages of surface coating are summarized in the following.

1. spin-destruction collisions between alkali atoms and the buffer gas leads to the lost
of spin angular momentum to motion momentum angular momentum and being de-
stroyed, which broadens the magnetic linewidth. Especially when the cell size gets
really smaller, one needs to increase the buffer gas pressure to keep the same diffusion
time to the walls, however, the linewidth broadening resulting from alkali atoms col-
liding with buffer gas atoms becomes worse. Thus, anti-relaxation coating is usually
utilized in the fabrication of miniature cells[26], where the linewidth can be greatly
improved compared to the cell filled with buffer gases.

2. In the anti-relaxation coated cells there is no blockade for the atomic movement.
Therefore, the whole cell can be treated as the active measurement volume even if
the optical pumping beam dose not cover the cell perfectly due to motional averaging
in the thermal vapor.

3. The atomic diffusion is relatively local in the cells filled with high pressure buffer
gases. So the atoms in different parts of volume will precess with different Lar-
mor frequency if there exists the magnetic field gradient, which will finally leads
to the broadening of magnetic linewidth. However, this effect is reduced in the anti-
relaxation coated cells, where the motional averaging makes the atoms precess on
average over time with almost the same frequency with relative small fluctuation.

4. It is already 50 years since the first discovery of paraffin coating to protect the spin
depolarization[46]. However, it is still commonly used below its melting temperature
around 60◦ ∼ 80◦, and also can maintain the spin polarization after up to 104 times of
bounce[47]. Recently, it is reported that alkene coatings show a better performance in
the surface coating and can support up to 106 alkali-metal-wall collisions before de-
polarizing the alkali-metal spins[48]. However, it only can be run below the melting
temperature of 33◦. Although Romalis’s group and Balabas. et. al. reported different
coating materials available at 160◦ ∼ 170◦ and 100◦, respectively[45, 49], their per-
formances are not as good as that of the alkene coating at low temperature. So in the
Spin-exchange relaxation-free magnetometry (SERF) achieving very high magnetic
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field sensitivity in a near-zero magnetic field, the buffer gases is always used since it
needs to operate at high temperature to obtain the high atomic density[50].

5. Although the study of the mechanism of relaxation of alkali atoms on the anti-relaxation
coated wall was started in 1960[51], the precise nature of the physical and chemi-
cal interaction between alkali atoms and surface coating is still not fully understood.
Additionally, the fabrication of coated cells is limited in the laboratories, and the
fluctuation of the coating quality is quite large. Therefore, the way to develop the
anti-relaxation coating technology is still hard and full of challenges.

2.4.2 Thermal averaging

In all the work presented in this thesis, the vapor cells at room-temperature are used to real-
ize the quantum protocol for information and metrology application. The basic idea behind
these applications is the atomic motional averaging which will be generally described here.
The thermal velocity of atomic motion is v =

√
kBT
mCs

≈ 137m/s at T = 300K, and the cor-
responding distribution follows the Maxwell-Boltzmann distribution with temperature T .
The atomic motion leads to the Doppler broadening of νD

FWHM = ν0
c

√
8kBT ln2

mCs
= 378MHz,

where ν0 = 351.726THz and c are the light frequency and speed, respectively, while kB is the
Boltzmann constant and mCs is the mass of Cesium atom with the value of 2.207×10−25kg
[52]. Due to the fact that the atoms move in and out of the probe light beam many times if
the interaction time is long enough, they on average have the same interaction strength with
the light even if the laser beam does not fill the entire cell. And this is the typical setting
where the transit time in the probe light with the diameter of beam waist 110µm is about
1µs and the interaction time is typically around 0.5ms. Additionally, in the light propaga-
tion direction since ∆k · Lcell = (⃗kd − k⃗q) · Lcell ≈ ΩL/c · Lcell ≪ π , the atoms in different
region of the cell experience almost the same phase ei(⃗kd−⃗kq)zi where k⃗d and k⃗q are the wave
vectors of drive and quantum light, respectively. Otherwise, if ∆k ·Lcell is comparable to π ,
the the atomic contribution will be washed out. The example can be found in[53], where the
single photon source based on motional averaging is discussed.





Chapter 3

Experimental system

In this chapter, the experimental setup and measurement methods are presented in detail.
The laser system and the corresponding function is discussed at first, which paves the way
for preparation of initial spin states and probing processing. Then, the key element, micro-
cell coupled into an optical cavity, is presented in Section 3.2 where the fabrication pro-
cedure is described in order to make the reader easily and intuitively understand the main
results of this thesis. The general description of optical cavity is followed by another im-
portant part, characterization of the quality of our microcells and of optical pumping, which

Fig. 3.1 Main scheme of the experimental setup.

are Faraday angle and magneto optical resonance (MORS) measurement, respectively. The
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rather long part at the end of this chapter is devoted to the most critical measurement called
quantum noise reconstruction in which measurement method including the calibration also,
and the noise contributions from different sources are explained by relating to the theoretical
formula given in previous chapter.

3.1 Laser system

As shown in Figure 3.1, there are totally three laser beams with different optical wavelengths
composing the laser system in our setup, probe, pump and repump light beams, and the cor-
responding laser frequencies are given in Figure 3.2. Pump and repump beams are required
to prepare the highly orientated spin state as the optical pumping, and the probe light is the
beam interacting with atomic ensembles described in previous chapter.
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Fig. 3.2 Level scheme of Cesium and the laser frequencies of probe and optical pumping
beams.

3.1.1 Probe light

The laser beam from distributed feedback laser TOPTICA DL100 is used as the probe light.
Experimentally, the output of the laser is split into two beams after passing through the op-
tical isolator, which is used to avoid the potential damage caused by backreflection. One
of them is used as the main probe beam for the experiment and the other weaker fraction is
for the laser frequency locking. Since we plan to have a large detuning with respect to the
D2 transition, a fiber coupled electro optical modulator (EOM) is utilized to generate the
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upper and lower sidebands at around 1GHz from the carrier frequency. Actually, in order
to achieve the QND picture, typically we use the probe light with a blue detuning around
1.6GHz with respect to 6S1/2F = 4 → 6P3/2F ′ = 5 by locking the laser frequency to the
second blue sideband, which means the relative large modulation depth is required. The
line reflection alignment of the saturation absorption spectroscopy is followed to lock the
blue or red sideband to an atomic transition. As shown in the right of Figure 3.3, the p-
polarized light beam passes through the polarization beam splitter (PBS), Cs vapor cell, the
optical attenuator and the quarter wave plate, and then is reflected by a 0◦ high reflection
mirror. Because of the use of the quarter wave plate, the reflected weak signal beam with
s-polarization carrying the absorption information is reflected by the PBS, and then hits the
locking detector which provides the error signal for the electronic feedback. Usually, we run
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Fig. 3.3 Saturation absorption spectroscopy signal of probe light which corresponds to Cs
D2 transition line and the experimental scheme of laser frequency locking system with the
detuning of ∼ 1GHz. The black line is the saturation absorption signal and the gray one
shows the error signal for the laser frequency locking.

the experiments in the pulse regime where the temporal profile of the laser beams is gen-
erated by means of intensity modulation. For the probe beam an EOM positioned between
two PBSs is used as the intensity modulator to create the laser pulse with the duration of
order of several millisecond. By using EOM instead of acoustic optical modulator (AOM),
the sharp edges of the pulses including the high frequency components can be prevented.
However, when running the experiment in the scheme of stroboscopic modulation, the in-
tensity of the probe beam is modulated by AOM at twice the Larmor frequency ∼ 380kHz
with the duty cycle around 15% due to its faster response as an optical switch.
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3.1.2 Optical pumping

To prepare the highly oriented spin states, optical pumping is usually required[54]. Here the
optical pumping is implemented by sending two circular polarized laser beams to the vapor
cell. The pump laser at 894nm with the frequency corresponding to the Cs D1 transition
6S1/2F = 4 → 6P1/2F ′ = 4 comes from diode laser DL100 Pro which behaves very well
in terms of frequency stability and shows low frequency noise. And the repump laser at
852nm is a homebuild Littrow configuration diode laser and grating stabilized to the Cs
D2 transition 6S1/2F = 3 → 6P3/2F ′ = 4. The pump and repump laser beam overlapping
with each other share the same propagation direction, parallel to the applied DC magnetic
filed direction, and the same circular polarization σ+ or σ− as shown in Figure 3.1. The
polarization direction of the optical pumping beams partially determines the final population
of atoms. If choosing σ+ polarized beams, the atoms will be populated at F = 4,mF = 4
after the optical pumping. Otherwise, the atoms will be populated at F = 4,mF =−4. The
former is explained in Figure 3.4. For the σ+ pump laser F = 4,mF = 4 is a dark state, and
the atoms in other Zeeman sublevels of ground state 6S1/2F = 4 absorb the σ+ polarized
pump photons and decay towards to F = 4 or F = 3. Due to the fact that σ+ leads to
∆mF = +1 transition, finally the atoms still staying in the ground state of F = 4 will be
populated into F = 4,mF = +4. At the same time, the repump laser collects the atoms
decaying to F = 3 and drives them back to F = 4. Following this logic we can see that the
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m   1     2    3    4
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F=3

darkstate
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F=5
F=4

F=3
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m   1     2    3    4    5
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Fig. 3.4 The atomic transitions induced by the σ+ polarized pump (a) and repump (b) light
beam, respectively.

atoms are fully populated into F = 4,mF = 4 after an effective optical pumping process.
Notice that since the repump laser is far off resonance to all transitions from the ground
state F = 4, the broadening effect from it is negligible. In the experiment the intensity of
repump beam can be set strong enough to make sure almost all the atoms go back to the
ground state F = 4.
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3.2 Microcell

In this section I will describe the key element of the whole thesis, micro-fabricated Cs vapor
cell (microcell) which has experienced at least 3 times evolution on the fabrication. The
current generation of microcell can provide the traverse spin lifetime (T2 time) around 9ms,
and the number of atoms about 107 ∼ 108 in a glass cell microchannel with the dimension
of (300µm×300µm×10mm) depending on the environmental temperature. However, cur-
rently the light intensity transition through the microcell is not as good as we had expected
which limits the degree of spin squeezing and single photon generation efficiency, which
can be found in Chapter 5 and reference [53], respectively. At present we are struggling to
reduce the optical losses by using CO2 laser bonding between bare glass chip and windows
with anti-reflection coating; the local heating can help us to avoid the damage on the coating
surface.

3.2.1 Fabrication

The first generation of our microcell-chip was designed and fabricated by QUANTOP at
Niels Bohr Institute and by Danchip at Danmarks Tekniske Universitet. Photos of cells are

10m

m 
8mm 

2mm 

 (b) Microcell sealed inside glass container. (a) 4-layers glass-silicon chip. 

(c) laser bonding of windows. 

Fig. 3.5 Photos of the first generation Cs vapor microcell.

shown in Figure 3.5. A chip is made of 4 layers of glass and silicon joined together through
anodic bonding, and the microchannel with a 200µm×200µm cross section was developed
on the middle glass layer by Micro saw. More complicated procedure was implemented
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when fabricating the holes in the silicon layer with the size of 20 ∼ 54µm for the injection
of atomic vapor gas and anti-relaxation coating material. Details can be found in Appendix
2. Since two different materials were used to form the cell-chip, laser bonding between
the chip and windows with anti-reflection coating layer did not work (see Figure 3.5(c)).
Therefore, we decided to replace this 4-layer cell-chip with a single piece of glass chip.

(a) Bare chip (no windows) with microchannel. 

(b) Closeup of microchannel and laser-drilled microhole. 

(c) Finished microcell with windows. 

Fig. 3.6 Photos of the current Cs vapor microcell.

The current version of mircocell is shown in Figure 3.6, where microcell-chip is based
on the borosilicate glass slab from VitroCom containing a microchannel with the cross-
section of 300µm×300µm. A microhole (∼ 20µm) is laser drilled on one of the microcell’s
surfaces to allow atoms to enter, and the surfaces of the glass chip are super-polished in
order to avoid any air gaps. Although the current microcell is encapsulated in a cylinder
glass container where the windows are attached by mechanical pressure, we are developing
the glass-to-glass laser-bonding procedure in our lab to attach windows at the edges of the
cell, and attach a round tube to the cell’s top surface where the micro-hole sits. Note that in
the fabrication of the current microcells the annealing procedure at 550◦ for the whole glass
structure is implemented to remove stresses that the fusing process may have caused.

As mentioned at the end of previous chapter, since thermal atoms confined in a con-
tainer will lose their spin orientation information after colliding with the bare glass walls,
the anti-relaxation coating, Alkene C20, is deposited on the inner surface of the microcells
by Misha Balabas, an coating expert from S. I. Vavilov State Optical Institute in Russia. In
the first generation of microcell based on 4-layer silicon-glass chips, the typical spin depop-
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ulation time T1 (also called longitude spin decoherence time) is 1 ∼ 2ms, corresponding
to ∼ 3000 times of bounces which is lower than the value we expected according to the

Cell No. 1 2 3 4 5 6
Volume[µl] 60 18 24 26 13 80
Radius[cm] 0.24 0.16 0.179 0.184 0.146 0.267

T1[ms] 200 54 95 75 60 80
Nb[×103] 13.3 5.4 8.6 6.6 6.6 4.8

Table 3.1 Number of bounce with 140◦ Alkene C20 coating.

coating performance on the macro-spherical vapor cells. When we switched to the current
type of microcell based on the chip of borosilicate glass where the smooth channel surface
is better for alkene coating deposition, we spent some time on investigating the coating
condition. We made two batches of spherical vapor cells with different coating deposition
temperatures (140◦ and 280◦) since we thought the typical coating temperature (140◦) was
not sufficient to form the even distribution and thick enough coating layer. The correspond-
ing results are shown in Table 3.1 and Table 3.2, and it is proved that the higher coating
deposition temperature can really improve the coating quality. By looking into Table 3.2
where six spherical vapor cells with different sizes were involved in the test, it is found that

Cell No. 1 2 3 4 5 6
Volume[µl] 12 28 62 500 1800 4200
Radius[cm] 0.14 0.19 0.25 0.5 0.75 1

T1[ms] 110 207 336 220 1093 1382
Nb[×103] 12.64 17.77 22.33 7.230 23.48 22.33
Table 3.2 Number of bounce with 280◦ Alkene C20 coating.

the number of bounce keeps increasing when the size is very small, then achieves a constant
value ∼ 2.3× 104 except the abnormal one No.4. This can be explained in the following
way. There are two different main mechanisms limiting the spin lifetime of atoms inside
of the cell, one is from wall collision and the other is the leakage of the atoms from any
holes which is determined by the ratio of hole size to the volume of the entire cell. All
the cells almost have the gaps with the same size, thus it is very obvious when the leakage
contribution is comparable to the wall collision contribution ( in other words, the volume is
quite small). This coating temperature then was used to fabricate the current microcells and
resulted in a much better performance than before, the dark T1 time is of ∼ 17ms and dark
T2 time ∼ 9ms. The measurement procedure for T1 and T2 is described in Section 3.2.2 and
3.2.3 below.
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The main limitation for the current microcell is the light power transmission, which is
∼ 90% now even if the good anti-reflection coated windows are attached, which poses some
limitations for our experiments that will be discussed later. It could be from the coating
damage when the pressure is applied to attach the windows, therefore, we are running the
laser bonding procedure to attach the windows at the edges of the cell, and attach a round
tube to the cell’s top surface where the micro-hole is drilled.

3.2.2 Faraday angle

Faraday rotation measurement is one of the important test to characterize the quality of
the vapor cells, which can determine the collective spin component in light propagation
direction, and if the atomic ensemble is highly polarized the atomic density can be deduced
for this measurement. Additionally, the evolution of Faraday angle can tell us the spin
depolarization time due to the fact of

θF(t) =−Γλ 2 ⟨Jx⟩(t) ·a1(∆)

16A∆2π
(3.1)

where λ = 852nm and Γ = 2π · 5.21MHz are the wavelength of the probe light and the
full width at half maximum (FWHM) linewidth of the excited state, respectively, while
⟨Jx⟩(t) = ⟨Jx⟩(0)e−t/T1 . For this measurement we are probing in the x-direction. We assume
a fully oriented sample here, which means in the experiment one should make sure that the
optical pumping is effective by checking the polarization and light intensity of pump and
repump beams to maximize the Faraday angle appearing directly in the oscilloscope, then
one can get the initial Faraday angle value as follow

θF ≈−Γλ 24Naa1

16A∆2π
≈−Γλ 24ρa1L

16∆2π
(3.2)

where ρ is the atomic density, while A and L are the area and length of the cell, respectively.
It is found in Equation 3.2 that the Faraday angle is only proportional to the sample length
with a given atomic density. Therefore, we send all three beams in the same direction
parallel to the bias DC magnetic field, as shown in Figure 3.7. For the data presented in
this section, beam pulses were created with a chopper and shutter. The pulse sequence
was ∼ 50ms of combined pump/repump beam, followed by ∼ 50ms of probe beam. The
static magnetic field was produced using a small ring magnet placed next to the microcell.
We have since replaced the chopper with AOMs to create cleaner pulses. In addition, we
have removed the magnet and instead installed a 3-layer µ metal shield containing DC
coils around the microcell to generated a more homogenous bias magnetic field. Depending
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Fig. 3.7 Faraday rotation measurement.
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Fig. 3.8 Results of Faraday rotation with ∆ = 850MHz. (a) shows the Faraday rotation
evolution during the probing process, and (b) presents the values of 1
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power where the dark T1 time can be extrapolated from the linear fitting.
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on the room temperature the Faraday angle varies between 1.5◦ and 2.4◦, and the average
number of atoms is ∼ 107 (see Figure 3.8).

3.2.3 T1 and T2

In general, we use two different decay constants to characterize the coherence of collective
spin, T1 and T2. T1 is the decay of classical mean value Jx in our experiment, and called
spin depolarization time describing the reduction of vector length. Population transfer into
F = 3 whose contribution to the Faraday rotation is negligible, and population also transfer
into other magnetic sublevels F = 4,mF = 3,2 whose Faraday rotation contributions are
reduced in a factor of 3/4 and 1/2, cause the decay of Jx when starting from the fully
oriented state. Although Faraday rotation measurement has been used to measure the atomic
density and also T1 time as explained in last section, here I will introduce another method
to characterize this T1 time again which is more convenient once the microcell is coupled
into the optical cavity and well aligned. The experimental setup is shown in Figure 3.1, and
the corresponding pulse sequence is shown in Figure 3.9(a). The optical pumping polarizes

Optical 

Pumping 
2nd Probe t 1st 

Probe 

Brf 

Optical 

Pumping 
Probe t Brf 

(a) Pulse sequence of T1 measurement 

(b) Pulse sequence of T2 measurement 

Fig. 3.9 Experimental pulse sequence for T1 and T2 measurement. The durations of optical
pumping and RF pulses are 5ms and 200µs, respectively.

almost all the atoms into F = 4,mF = 4 initially with the spin orientation above 98% (the
corresponding characterization will be discussed later.). When the probe light is switched
on, the decay of ⟨Jx⟩ gets faster than the decay in the dark due to spontaneous emission from
the probe. Then a RF pulse that creates an excitation of ∆mF = 1 when the frequency is on
resonance with Larmor frequency ΩL is followed by the second probe pulse to measure that
spin response which is proportional to the mean value of Jx[55]. Given a fixed probe power,
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Fig. 3.10 T1 measurement for different probe power with blue detuning at ∆ = 975MHz.

by changing the duration of the first probe pulse and recording the beginning of the spin
response in the second probe pulse, one can get the full information of the evolution of ⟨Jx⟩,
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Fig. 3.11 T1 time for different probe power with blue detuning at ∆ = 975MHz.

and furthermore can extract the T1 time at this probe power by the exponential fitting of
these data points. Collecting several T1 values at different probe powers and linearly fitting
their reciprocals, one can extrapolate T1 value in the dark as presented in Figure 3.10 and
Figure 3.11.

T2 is the decay constant to describe the decoherence of transverse spin, and usually can
be measured by recording the decay of the mean value in the rotating transversal spins as
⟨J⊥⟩(t) =

〈
J0
⊥
〉

e−t/T2 . As discussed in[35, 56], the decay rate Γ= (πT2)
−1 can be expressed
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as follow,
Γ = a+b ·θF + c ·P+d ·P2 + e · (θFP). (3.3)

The combination of the first two terms contributes to the decay rate in the dark, where
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Fig. 3.12 1/T2 for different probe powers with blue detuning ∆ = 1.598GHz. T2 time in the
dark can be extrapolated from the linear fitting which gives the value of about 10ms.

the constant a is from the wall collisions, losses due to atom leaving the effective cell vol-
ume to other part (e.g. the stem), and the magnetic field instabilities and inhomogeneity.
The second term proportional to atom number θF ∝ Na comes mainly from the collisions
between atoms. The spontaneous emission induced by the probe light is embodied in the
term involving probe power P only, while the quadratic part in probe power probably results
from the inhomogeneous intensity distribution of the light which causes atoms to experi-
ence different Stark shifts in different regions of the cell. The last term in Equation 3.3 is
related to the higher order coherent interaction between light and atoms, and is called γswap

in Equation 2.38 in order to be distinguished from the incoherent decay. In the experiment
for T2 estimation, we keep the setup as in Figure 3.1 but with a different pulse sequence
from T1 measurement that is shown in Figure 3.9(b). Since we mainly concentrate on the
QND picture in the work of this thesis, probe light with the blue detuning of ∆ = 1.598GHz
is used to measure the T2 time where the effect from the tensor interaction is very small and
can be neglected according to Figure 2.17. The corresponding result is presented in Figure
3.12.
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3.3 Optical cavity

Optical cavity is one of the widely used elements in physical research, which can enhance
the interaction between light and matter[57, 58, 59], modify the spatial and spectral modes
of light fields[60], provide phase feedback[61, 62]. In our setup shown in Figure 3.1, the
optical depth in the atomic ensemble is enhanced by coupling the microcell into the funda-
mental mode of a standing wave cavity. This section is devoted to the general description
of optical resonator and the related technologies. Let us consider a simple model of stand-
ing wave cavity with input and output concave mirrors M1 and M2. The corresponding
curvatures are r1 and r2, respectively. In our experiment, because of the large diameter of
magnetic shield a near concentric cavity is built with the curvature of r1 = r2 = 110mm. By
using the method of equivalent confocal cavity[63], we can derive the formula about beam
waist and beam size w0 at the end mirrors w1,2 as follow,

w0 =

√
f λ

π
,

f 2 =
L(r−L)(r−L)(r+ r−L)

((L−R)+(L−R))2 ,

w1 = w2 =

√
λL
π

(
r2 × (r−L)

L(r−L)(r+ r−L)
)1/4,

(3.4)

where f is the equivalent focal length. Figure 3.13 shows the dependence of these param-
eters on cavity length in our setup. At present we choose the cavity length as 218mm with
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Fig. 3.13 Dependence of beam size on the cavity length. (a) shows the beam waist radius at
different cavity length, and (b) shows the beam diameters on the end mirrors.

the beam waist of 110µm in diameter which is an optimal value for the interaction, a good



42 Experimental system

compromise between low clipping losses and good filling factor. And also with the consid-
eration that the cavity mirrors are set out of the cylindrical magnetic shield whose diameter
is 190mm.

Let us look at the cavity properties in the frequency domain. Given the intensity reflec-
tivity of input and output mirrors as R1 and R2, and the round trip intracavity loss as lcav,
one can derive the formula for the finesse F as follow[64],

F=
ν f ree

∆ν
=

π
√

gm

1−gm
,(gm =

√
R1 ·R2(1− lcav)) (3.5)

where ν f ree is the free spectral range (FSR) and ∆ν is the cavity bandwidth, while gm gives
the amplitude reduction of the internal field during each round trip. If we introduce the
phase difference for each trip as δφ = 2π(νL −νcav) ·2L/c with the laser frequency νL and
the eigenfrequency of cavity mode νcav, the total effect of cavity during one round trip can
be described by g(ν) = gme−iδφ . Therefore, the power spectrum of transmitted light and
reflected light can be obtained as

Pout =
(1−R1)(1−R2) |g(ν)|√

R1R2 |1−g(ν)|2
Pin,

Pre f =
|R1 −g(ν)|2

R1 |1−g(ν)|
Pin

(3.6)

In Figure 3.14, the calculated power spectrums of both transmitted and reflected light are
given under the experimental condition of R1 = 99.7% and R2 = 80% with the round trip
loss of 13.3%, and the reason of choosing those values will be explained in Chapter 5 about
conditional spin squeezing.
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Fig. 3.14 Calculated power spectrum of transmitted(a) and reflected(b) light that have been
normalized to the input power.
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Experimentally, the optical cavity is frequency locked on resonance by a Pound-Drever-
Hall technique[65]. Instead of the MHz phase modulation on the input light field, a 10kHz
modulation is applied on the piezoelectric transducer (PIZZOMECHANIK GmbH)since the
broad bandwidth of the cavity ( about 40MHz ) makes the phase modulation difficult. And
details of frequency locking technology can be found in Appendix3.

3.4 Preparation and characterization of the atomic state

As mentioned above, optical pumping is employed to create the highly oriented spin states
which is quite important in the interface between light and atoms. The circular polarized
pump and repump beams, corresponding to Cs D1 and D2 transitions respectively, are sent
to the vapor cell parallel to the DC magnetic field which creates the Zeeman splitting as the
quantization axis. In order to verify the atomic CSS state, an RF magnetic field is employed
to excite the coherent transition between different magnetic sublevels that can be read out
by the probe light. This is called magneto optical resonance signal (MORS).

3.4.1 Magneto optical resonance

The MORS experiment can be run in frequency or time domain which shares the same setup
as Figure 3.1. In this section I only shows the experiment in the time domain where the
linewidth broadening from the pump beam is avoided. And MORS experiment in frequency
domain can be found in[31, 34, 35]. The interaction of atoms with a magnetic field is
described by the Hamiltonian which has been used in Chapter 2 when deriving the input-
output formula in rotating frame

Ĥmag = gF µFJ ·B+O(B2), (3.7)

where µB is the total angular momentum of the atom. Notice that the second term in
Equation 3.7 describes the higher order effect from the magnetic field which behaves ap-
proximately as the quadratic Zeeman frequency difference between σ̂m,m+1 and σ̂m−1,m as
νqz ≈ 2ΩL

νh f s
with the hyperfine splitting of the Cesium ground state νh f s = 9.1926GHz. In the

experiment, a DC bias magnetic field Bx induces the Larmor procession at ΩL = gF µFBx/h̄,
and also the quadratic Zeeman splitting. Additionally, if an RF magnetic field at frequency
Ω along the z-direction is added, the transverse spin components in the rotating frame can
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be written as

∂ Ĵ′y
∂ t

=−ωc cos(ΩLt)cos(Ωt +φ)Jx,
∂ Ĵ′z
∂ t

=−ωs sin(ΩLt)sin(Ωt +φ)Jx, (3.8)

with the Rabi frequency ωc,s = gF µFBc,s/h̄ where Bc,s is the amplitude of the RF cosine and
sine components. When the RF magnetic field is on resonance so that Ω = ΩL and setting
φ = 0, the above formula with the assumption of long interaction time ωcT,ωsT ≪ 1 ≪ ΩT
can be rewritten as

∂ Ĵ′y
∂ t

=−ωcJx

2
,

∂ Ĵ′z
∂ t

=−ωsJx

2
. (3.9)

Hence, a displacement in the rotating frame is created by the resonant RF magnetic field
which represents an excitation of all ∆m = 1 coherence and can be mapped onto the probe
light through the interaction between light and atoms. By using Equation 2.25 and 2.33 we
can get the MORS signal in frequency domain as

MORS(Ω) =

√
⟨xout

c ⟩2 + ⟨xout
s ⟩2

∝

∣∣∣∣∣Na

F−1

∑
m=F

F(F +1)−m(m+1)
i(Ωm+1,m −Ω)−Γm+1,m/2

〈
σ̂m+1,m+1 − σ̂m,m

〉∣∣∣∣∣ , (3.10)

where Γm+1,m are the FWHM linewidths of each coherence and Ωm+1,m are the individual
coherence evolution frequencies, while the measured light components

〈
xout

c,s
〉

∝
〈
Jin

y,z
〉
. This

formula is the Fourier transformation of MORS signal in time domain

MORS(t) ∝

∣∣∣∣∣Na

F−1

∑
m=F

[F(F +1)−m(m+1)]eiΩm+1,mte−Γm+1,mt/2 〈
σ̂m+1,m+1 − σ̂m,m

〉∣∣∣∣∣ .
(3.11)

Experimentally, a Larmor precession at frequency Ω = 698kHz is induced by the DC bias
magnetic field (∼ 2Gauss), and the corresponding quadratic Zeeman splitting is 105Hz
which allows us to resolve all the eight Lorentzian peaks with the weak probe beam. The
pulse sequence is same as that in T2 measurement, and a 100ms weak probe light pulse is
used to guarantee the sufficient frequency resolution. Figure 3.15 and 3.16, show the par-
tial and highly polarized MORS signals, respectively, where only repump light is employed
in the former case and the complete optical pumping is used in the latter case. Note that
the left graphs of these two figures present the detected signal in time domain where the
beating comes from the coherent excitations in different magnetic sublevels. And the spin
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Fig. 3.15 Pulsed MORS signal for an optical pumping cycle resulting in the 76% spin ori-
entation when only the repump light is on.
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Fig. 3.16 Pulsed MORS signal for an optical pumping cycle resulting in the 98.5% spin
orientation when both pump and repump light are on.
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orientation is defined as

pF=4 =
1
4

4

∑
m=−4

mσ̂m,m (3.12)

In general, the splitting between the peaks is determined by not only the quadratic Zeeman
shift νqz but also quadratic Stark shift νqs which is given by[31]

νqs[Hz] =−Γλ 2a2(∆)

16π2A∆
Φ(t)[1+3cos(2α)]

= 1.03×106Hz
P[mW]a2(∆)

A[cm2]∆blue(MHz)
[1+3cos(2α)],

(3.13)

where α is the angle between the macroscopic spin direction (the x-axis) and the probe
polarization direction. As shown in Equation 3.13, the quadratic Stark shift is related to the
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(b) ∆blue = 1.6GHz.

Fig. 3.17 Quadratic Stark shifts for different polarization direction of probe light.
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Fig. 3.18 Quadratic Stark shift for different probe power with blue detuning ∆ = 1.6GHz
and y-direction linear polarization.

laser detuning ,polarization direction and intensity of the probe light. Figure 3.17 shows the
shift evolution with different polarization direction at ∆blue = 850MHz and ∆blue = 1.6GHz.
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Figure 3.18 gives the quadratic Stark shift for different probe powers at ∆blue = 1.6GHz.
Since in the MORS experiment we use the probe beam with the intracavity power of 0.5µW
and the detuning is ∆blue = 1.6GHz, this effect is negligible and the quadratic Zeeman effect
is the dominant contribution to the splitting of the peaks.

3.5 Coupling strength

In this section I will introduce one of the key parameters in our experiment, the coupling
strength κ . In the QND scenario mentioned in Chapter 2, this dimensionless constant can
be represented as κ2 = a2 · SxJxT ∝ NaNph where Na and Nph are the number of atoms
and photons respectively. Although only QND interaction is discussed in this thesis, the
definitions for different scenarios can be found in[35]. There are two typical methods being
used to find this constant, one is to transfer a known displacement of coherent light state
to the atoms and then read out this coherent displacement of the atomic state[32], and the
other method relies on the noise measurement of thermal atomic state[35]. The former
called mean value transfer is quite useful, especially when calibrating the coupling strength
in the non-QND picture where swapping interaction is included, but in the following I am
focusing on the latter one.

Atomic spins in thermal equilibrium, that is the unpolarized spin state, are not affected
by the higher order interaction. In the thermal state, it is fully symmetric which means
ĵ2
x = ĵ2

y = ĵ2
z = F(F+1)

3 = 20
3 . In this setting all atomic sublevels have the same population;

the same gose for atoms in F = 3 manifold which are not observed in the measurement.
Since there are 16 sublevels totally and 9 of which belong to F = 4, the observed spin noise
will thus be Na

20
3 · 9

16 = 15
4 Na. This is a factor of 15

8 comparing with the atomic noise in
the CSS state which is FNa/2 = 2Na. Therefore, the observed spin noise in the thermal
state should be 15

8 ·Var(x̂A(p̂A))CSS. Since in the thermal spin state the mean value of vector
jx equals to zero which leads to the fact that the enhancement from Jx of coupling the
light variables to the atomic spin variables is negligible, the backaction of light on itself
disappears. By looking at Equation 2.25, the corresponding input-output relation in terms
of Stokes vectors can be read as

Ŝout
y(c,s) = Ŝin

y(c,s)+
aSxT

2
Ĵz,y

= Ŝin
y(c,s)+

κ
√

SxT
2
√

J
Ĵz,y,

(3.14)

where J = 4Na for hyperfine level F = 4. In the derivation from the first line to the second
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line I use the fact that κ = a
√

SxJT and in the CSS state Jx = J = 4Na as mentioned before.
If calculating the noise of the measured light variable Ŝy(c,s), we can get

Var(Ŝout
y(c,s)) =Var(Ŝin

y(c,s))+
κ2SxT

4J
Var(Ĵz,y). (3.15)

Let us use some knowledge about light noise which I will show in the next section. As-
suming the input light is in the coherent state ( or called shot noise limited), the noise of
Var(Ŝin

y(c,s)) is defined as Var(Ŝin
y(c,s)) =

SxT
2 =

Nph
4 . Thus, Equation 3.15 can be rewritten as

Var(Ŝout
y(c,s))thermal =

SxT
2

[1+
κ2

2
Var(

Ĵz,y√
J
)]

=
SxT

2
[1+

κ2

2
15
8
].

(3.16)

Furthermore, the coupling constant can be derived from the measured light noise Var(Ŝout
y(c,s))

as

κ
2 =

Var(Ŝout
y(c,s))thermal

SxT
2

−1

15/16

=
σ2

thermalSN −1
15/16

,

(3.17)

where σ2
thermalSN means the measured noise of the output light has been normalized into

Probe pulse Probe pulse Probe pulse t

33ms

Fig. 3.19 Pulse sequence for the thermal noise measurement.

the shot noise unit. It is a good way to extract κ in the QND scenario from the noise
measurement of atomic spins in the thermal equilibrium where laser detuning ∆blue is much
larger than the hyperfine splitting of the excited states so that the tensor interaction is signifi-
cantly suppressed. However, when swap operation is included the coupling constant κthermal

slightly differs from κ =
√

γs
γ

√
1−e−2γT

ζ
involved in the real interaction. More details can be

found in[35].
Figure 3.19 shows the pulse sequence for the thermal noise measurement where we

choose the laser detuning as ∆blue = 1.6GHZ so that the role of tensor interaction can be
neglected as discussed in Chapter 2. The time gap between two probe pulses is usually set to
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Fig. 3.20 κ2 extracted from the thermal noise measurement for different numbers of atoms.
Interaction time and laser detuning are 0.5ms and ∆blue = 1.6GHZ, respectively.

33ms to ensure the fully thermalization of atoms even if the probe beam has some pumping
effect. Figure 3.20 and Figure 3.26(shown in next section) present the dependence of κ2 on
the number of atoms and photons, respectively. In order not to confuse the readers I should
mention the way to change the number of atoms here. Previously, the number of atoms
was changed by tuning the environment temperature inside the magnetic shield, however,
the range is very limited, typically from 17◦C to 30◦C since only air heating process was
employed but no cooling. In the procedure of measuring the data involved in Figure3.20,
heating process is still kept but instead of air heating, a twisted wire with high resistance
is wound around the aluminum cylinder where most of the magnetic coils are attached. By
adding the current on this wire the stable environment temperature can be established inside
the cylinder. We can decrease the number of atoms by weakening the repump beam but
keeping the same intensity of pump beam to reduce the number of atoms in the F = 4. In
this scheme, the number of atoms is calibrated against a response to a RF field.

3.6 Quantum noise

3.6.1 Light noise

Before describing the quantum noise measurement, I would like briefly to remind the readers
about our detection system. Since the drive light or probe light is used as the strong local
oscillator which shares the same phase as the generated quantum light and the polarization
of the local oscillator light is orthogonal to that of the quantum beam as shown in Chapter 2,
polarimetric measurement of light, also called polarization homodyne detection is employed
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in our system which is in principle a typical balanced homodyne detection of light[64]. The
corresponding schemes of Ŝy and Ŝz components are shown in Figure 3.21.

x

y z

HWP
θ=π/4

−

PBS

(a) Sy measurement

QWP
θ=π/4

−

PBS

(b) Sz measurement

HWP
θ=0

Fig. 3.21 Detector systems for measuring the Ŝy and Ŝz components,respectively. HWP:
half-wave plate; QWP: quarter-wave plate; PBS: polarization beam splitter. θ is the angle
between the polarization direction of light and the optical axis of waveplate.
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PZT

Fig. 3.22 Homodyne detection scheme. BS: 50/50 beam splitter

Figure 3.22 gives the typical homodyne detection scheme. Assuming the phase differ-
ence between the local oscillator L̂ and the signal beam â is φ , and the output mode from
the beam splitter can be written as

d̂1 =
1√
2
(â− L̂eiφ ), d̂2 =

1√
2
(â+ L̂eiφ ). (3.18)

In the traditional scheme, the relative phase difference is controlled experimentally by the
movement of piezoelectric ceramic which is connected to the high reflected mirror. The
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photocurrents detected by two separated low noise detector with high gain are given as:

id1 = d̂†
1 d̂1 =

1
2
(â†â− â†Leiφ − âL†e−iφ + L̂†L̂),

id2 = d̂†
2 d̂2 =

1
2
(â†â+ â†Leiφ + âL†e−iφ + L̂†L̂), ,

(3.19)

By linearization, which means the operator can be described by a classical component and
a quantum noise operator, i.e. â = α + δ â and L̂ = l + δ L̂, we can get the difference of
photocurrents

i− = id1 − id2 = â†Leiφ + âL†e−iφ

= α
∗leiφ +αl∗e−iφ +α

∗
δLeiφ +αδL†e−iφ + lδ â†eiφ + l∗δ âe−iφ .

(3.20)

Since in the experiment the intensity of local oscillator is much stronger than that of signal
beam, i. e. l ≫α and assuming l = l∗, the third and fourth terms are negligible and Equation
3.20 can be simplified as

i− = α
∗leiφ +αle−iφ + lδ â†eiφ + lδ âe−iφ , (3.21)

where the fluctuation part of the difference of photocurrents is

δ i− = lδ â†eiφ + lδ âe−iφ , (3.22)

Therefore, when φ = 0 δ i− = lδXs which is the quantum fluctuation of the amplitude
quadrature, while when φ = π/2 δ i− = lδPs corresponding to the quantum fluctuation of
the phase quadrature. When the signal beam is replaced by the vacuum input, the quantum
fluctuation is

δ i− = lδV̂ †eiφ + lδV̂ e−iφ , (3.23)

which corresponds to the shot noise limit no matter which phase different one chooses.

In the polarization homodyne detection, by inserting a half-wave plate (HWP) in front of
the polarization beam splitter (PBS), the light is split into 45◦ and −45◦ modes in the output
ports of PBS (φ = 0)and then directed into two photodiodes of ultra-low noise differential
AC-coupled photodetector whose performance can be found in[66]. The measurement of the
differential power of these two modes corresponds to the measurement of the Ŝy component.
If we insert a quarter-wave plate (QWP) or a combination of HWP and QWP (φ = π/2),
the differential power of σ+ and σ− modes can be detected which is the measurement
of Ŝz component. Figure 3.23 shows the dependence of photon shot noise on the input
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probe power, and the linearity demonstrates the behavior of photon shot noise limit since
for the coherent state of light the variances of Ŝy and Ŝz should satisfy the condition of
Var(Ŝy) = Var(Ŝz) =

Sx
2 =

Nph
4 . I should mention that the data shown in Figure 3.23 were
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Fig. 3.23 Measured photon shot noise with different input light power.

taken by injecting the light beam into the detector directly without passing through the
cavity and microcell. However, during the glass blowing phase in the fabrication of the
new batch of microcell (Generation D and E), the effect of birefringence induced by intra-
stress gets obvious. Although in the fabrication of Generation E an annealing process was
implemented, this effect is not fully canceled which is shown in Figure 3.24. It can be
explained in the following way. The cavity input linear polarized beam can be seen as a
combination of σ+ and σ− circular polarized beam with a fixed phase difference. Inside
the cavity these two modes experience fixed different phases when passing through the glass
cylinder. However, the frequency fluctuation makes this phase difference random and with
some uncertainty. Therefore, the output beam composed of these two circular polarized
modes has the polarization uncertainty or called polarization noise.

3.6.2 Reconstruction of the atomic spin noise

Since the atomic observable cannot be measured directly in an easy way, the interaction
between light and atoms is utilized to do the atomic state tomography where the information
of atomic spins is mapped onto the light field which serves as quantum bus, and then read
out by means of the detection of light.

In the QND picture we have derived the input-output relations for the light and atoms as
Equation 2.31, and the corresponding quantum variances for the measured light observable
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Fig. 3.24 Measured photon noise with different light power when Microcell E4 is coupled
into the optical cavity.

can be given as follows(
Var(x̂out

c )

Var(x̂out
s )

)
=

(
Var(x̂in

c )

Var(x̂in
s )

)
+

κ2

2

(
Var(p̂in

A )

Var(x̂in
A )

)
+

κ4

16

(
Var(p̂in

s )

Var(p̂in
c )

)
,

+
κ4

48

(Var(p̂in
s,1)

Var(p̂in,
c,1)

) (3.24)

Assuming the collective spin state of an atomic ensemble is prepared in CSS state which
gives Var(x̂in

A )=Var(p̂in
A )=

1
2 , and the light field is shot noise limited, which means Var(x̂in

c,s)=

Var(p̂in
c,s) =

1
2 and Var(p̂in

c,1) =Var(p̂in
s,1) =

1
2 , Equation 3.24 can be simplified to

Var(x̂out
c(s)) =

1
2
[1+κ

2/2+κ
4/12]. (3.25)

Physically, the first term is the shot noise of the probe light, the second term describes the
spin noise, and the last term is from the quantum backaction noise of the measurement. In
the experiment, the time-integrated homodyne signal is scaled by the shot noise of the light.
Figure 3.25 shows the measured noise of x̂out

c,s where the falling mode function e−γT with
γ = 1/T2 has been used as mentioned in Chapter 2. The quadratic dependence of measured
noise on the probe power is partially from the backaction contribution shown in Equation
3.25 since κ2 ∝ Nph as well as the spontaneous emission. To understand Equation 3.25, the
measured noise from the output light σ2

measured(Ŝ
out
y ) is firstly normalized into the shot noise

unit as Var(x̂out
c(s)) =

σ2
measured−σ2

EN
σ2

lightraw−σ2
EN

where σ2
EN is the noise floor coming from the measurement

apparatus or called electronic noise, and the corresponding data are shown in Figure 3.26.
As discussed above, the coupling strength κ2 is proportional to the photon number or probe
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Fig. 3.25 The measured noise level as a function of probe power with the interaction time
of T = 0.5ms

power. The quadratic dependence of Var(x̂out
c(s)) on the probe power originates from the

effect of quantum backaction and the decoherence resulting from spontaneous emission.
The quadratic behavior from quantum backaction noise has been explained, and additionally
as for the spontaneous emission it can be intuitively understood in the following way. As
described in[29], spontaneous emission rate can be read as η = κ2

d where d is the optical
depth in the atomic ensemble, and this decay effect can be simply seen as a loss channel
similar to the beam splitter model. In other word, the noise term from the spin contribution
including the spontaneous emission can be rewritten as κ2

2 (1 +C κ2

d ) = κ2

2 +C κ4

2d where
C is a constant of the order unity. Thus, the decoherence from spontaneous emission is
proportional to κ4 as well as backaction noise. Therefore, in this picture the atomic noise
can be calculated as

Var(p̂A) =
2

κ2 [
σ2

measured −σ2
EN

σ2
lightraw −σ2

EN
− (1+

κ4

12
)] (3.26)

However, if we can do a back-action evasion measurement and assume the spontaneous
emission is weak, the terms proportional to fourth power of κ will almost disappear which
makes the analysis easier. In this case, the quantum variance of atomic spins can be written
as

Var(p̂A) =
2

κ2 [
σ2

measured −σ2
EN

σ2
lightraw −σ2

EN
−1]. (3.27)

Although this scheme will be discussed in the following chapter, here I simply show the
result in Figure 3.27. The reconstructed atomic noise in the thermal equilibrium and highly
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Fig. 3.28 Atomic noise ratio of unpolarized and polarized atomic ensembles for different
number of atoms.

polarized state are plotted as a function of the number of atoms in the cell. The linear
dependence of atomic noise to some extent proves the fact of back-action evasion. Figure
3.28 gives the ratio of thermal atomic noise and highly polarized atomic noise. In the ideal
case (CSS state), the ratio should be 15

8 = 1.875, however, as mentioned earlier in this
chapter the spin orientation is around 98% which leads to the atomic noise 15% above the
atomic projection noise according to the dependence of atomic noise on the spin orientation
shown in Figure 3.29. This is in agreement with the experimental results presented here.
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Fig. 3.29 Noise versus spin orientation in atomic projection noise unit.



Chapter 4

Backaction evasion and conditional spin
squeezing by stroboscopic probing

4.1 Stroboscopic probing

4.1.1 Introduction

Jz

Jy

Var(Jz)

Var(Jy)

Fig. 4.1 Scheme of Stroboscopic probing procedure.

In this chapter we describe the "Generation of a squeezed state of an oscillator by stro-
boscopic back-action-evading measurement" experiment. Although the Heisenberg uncer-
tainty sets the limit of how precisely two non-commuting variables, such as canonical atomic
variables with the commutation relation [x̂A, p̂A] = i, can be measured simultaneously, when
probing a single quadrature[67]. In other words, single-quadrature detection can take a
form similar to a QND measurement where the backaction does not affect the dynamics of
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the quantity being measured and only the conjugate unmeasured quadrature suffers from
the backaction disturbance. In order to remove the accuracy limit set by the quantum me-
chanical backaction during the measurement of single quadrature of mechanical oscillator’s
motion, Braginsky et al [68]and Zimmermann et al[69] suggested to modulate the measure-
ment strength with the period proportional to half period of the oscillation. This method is
called stroboscopic backaction evading measurement.

4.1.2 Protocol

To understand this scheme intuitively, I make a drawing in Figure 4.1. For the spin oscil-
lator with Larmor frequency Ω one of the canonical variables can be expressed as X̂(t) =

X̂0 cos(Ωt)+ P̂0 cos(Ωt) with X̂0 =
Ĵin

y√
Jx

and P̂0 =
Ĵin

z√
Jx

. And the light-atom interaction (the
coupling between meter and system being measured) can be approximated by the QND-type
Hamiltonian Ĥint = 2 κ√

NphJx
ŜzĴz when laser detuning is large enough, i.e.

[
Ĥint, Ĵz

]
= 0. If

the δ -pulsed probing is switched on at times t = 0, π

Ω
, ..., nπ

Ω
the noise of the probe light

does not couple to the spin component Ĵz, however, the other conjugate quadrature Ĵy will
be strongly disturbed by the backaction noise. In such an ideal setup, only measurement-
imprecision noise associated with intrinsic fluctuation of the detection affects the measure-
ment precision which is the shot noise in the light.

TL/2

Optical 
pumping

Stroboscopic probing

Fig. 4.2 Pulse sequence of stroboscopic backaction-evading measurement. TL is the period
of Larmor oscillation.

In our scheme the Stokes element Ŝout
y of the linearly polarized probe beam with strobo-

scopic intensity-modulation at twice the spin oscillator frequency is detected and the Fourier
component cos(Ωt) is measured by a lock-in amplifier. In this case the measured atomic
variable Ĵz(t)√

Jx
is integrated over one Larmor cycle and weighted with a cosine wave (from

the lock-in amplifier demodulation) and a pulse-shaped function (from the stroboscopic
modulation of the probe)

X̂(kT ) =
1

T D

∫ (k+1)T

kT
dt

Ĵz(t)√
Jx

u(t)cos(Ωt) (4.1)
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where k ∈ N, T = 2π/Ω is the Larmor period, and the stroboscopic function u(t) with duty
cycle D is given by:

u(t) =


1 : −DT

4 + kT ≤ t ≤ DT
4 + kT

0 : DT
4 + kT < t <−DT

4 +(k+1/2)T
1 : −DT

4 +(k+1/2)T ≤ t ≤ DT
4 +(k+1/2)T

(4.2)

We defined u(t) in such a way so that the the overlap with the lock-in cosine quadrature is
maximized.

To simplify the calculation we will consider no weighting of the data with a mode func-
tion, so that the measurement record of cosine quadrature Ŝout

y over the measurement period
of time τ = NT is given by:

Sy,τ =
N

∑
k=0

[
Ŷ (kT )+β S̄xT

√
JxX̂(kT )

]
(4.3)

Ŷ (kT ) =
∫ (k+1)T

kT
dtŜin

y (t)u(t)cos(Ωt), (4.4)

where β is defined as β = a =− Γλ 2

8A∆2π
a1. Note that⟨X̂(k1T )Ŷ (k2T )⟩= 0 since there are no

correlations between Ŝin
y and the spin components.

For a coherent field linearly polarized in the y-direction ⟨Ŝin
y (t)Ŝ

in
y (t

′)⟩= ⟨Ŝin
z (t)Ŝ

in
z (t

′)⟩=
Sx
2 δ (t − t ′) and |⟨Sx⟩|= Sx =

ΦT
2 where Φ is the flux of photons, and thus

⟨Ŷ (k1T )Ŷ (k2T )⟩= Φ̄T
8

[1+Sinc(πD)]δk1k2 = ⟨Ŷ 2⟩0δk1k2 (4.5)

where S̄x =
Φ̄T
2 denotes the average over the whole Larmor period, and δ denotes the Kro-

necker delta.

The variable X̂(kT ) has two contributions:

X̂(kT ) = X̆(kT )+ X̃(kT ) (4.6)

The term X̆(kT ) gives rise to the effective "spin projection noise"1 related to the initial

1Spin projection noise is used to describe the noise in the Ĵz variable. Here, the variable is not Ĵz.
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quantum state of the ensemble

X̆(kT ) =
1

T D

∫ (k+1)T

kT
dtu(t)cos(Ωt)

[
Ĵin

z√
Jx

cos(Ωt)+
Ĵin

y√
Jx

sin(Ωt)

]

=
Ĵin

z [1+Sinc(πD)]

2
√

Jx
,

(4.7)

where the fact of cos(α)= cos(−α) is used to achieve the result in the second line. The‘spin
projection noise" corresponds to the noise level:

⟨X̂2⟩0 = ⟨X̆2⟩=
⟨(Ĵin

z )2⟩ [1+Sinc(πD)]2

4Jx

=
[1+Sinc(πD)]2

8
,

(4.8)

where we use the CSS state condition Var( Ĵin
z√
Jz
) = 1

2 so that the conditional variance should
be compared with this level. The term X̃(kT ) in Equation (4.6) gives rise to the noise
that describes the coupling of the quantum probe noise to the measured Ĵz (i.e. backaction
effect):

X̃(kT ) =
1

T D

∫ (k+1)T

kT
dtu(t)cos(Ωt)

J̃z(t)√
Jx

J̃z(t) = β J̄x

∫ t

0
dt ′ sin

[
Ω(t − t ′)

]
Ŝz(t ′)

(4.9)

Clearly:
⟨X̆(k1T )X̃(k2T )⟩= 0 (4.10)
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The correlation ⟨X̃(k1T )X̃(k2T )⟩ can be written as:

⟨X̃(k1T )X̃(k2T )⟩= 1
(T D)2Jx

β (k1)∫
α(k1)

β (k2)∫
α(k2)

dt2dt1 cos(Ωt1)cos(Ωt2)⟨J̃z(t1)J̃z(t2)⟩

+
1

(T D)2Jx

β (k1)∫
α(k1)

δ (k2)∫
γ(k2)

dt2dt1 cos(Ωt1)cos(Ωt2)⟨J̃z(t1)J̃z(t2)⟩

+
1

(T D)2Jx

δ (k1)∫
γ(k1)

β (k2)∫
α(k2)

dt2dt1 cos(Ωt1)cos(Ωt2)⟨J̃z(t1)J̃z(t2)⟩

+
1

(T D)2Jx

δ (k1)∫
γ(k1)

δ (k2)∫
γ(k2)

dt2dt1 cos(Ωt1)cos(Ωt2)⟨J̃z(t1)J̃z(t2)⟩

(4.11)

where:
α(k) =−T D/4+ kT, γ(k) =−T D/4+(k+1/2)T,

β (k) = T D/4+ kT, δ (k) = T D/4+(k+1/2)T
(4.12)

To evaluate the correlation ⟨X̃(k1T )X̃(k2T )⟩ we need to know the correlation ⟨J̃z(t1)J̃z(t2)⟩,
which is:

⟨J̃z(t1)J̃z(t2)⟩= β
2J̄2

x

∫ t1

0

∫ t2

0
dτ1dτ2 sin [Ω(t1 − τ1)]sin [Ω(t2 − τ2)]⟨Ŝz(τ1)Ŝz(τ2)⟩

=
β 2J̄2

x S̄x

D

∫ min(t1,t2)

0
dτ sin [Ω(t1 − τ)]sin [Ω(t2 − τ)]u(τ)

(4.13)

The integral I in Equation (4.13) can be written in the form:

I =
(1+Np)T D

2

{
cos [Ω(t1 − t2)]− cos [Ω(t1 + t2)]Sinc(πD)

}
+δ I (4.14)

where Np ∈ N is the number of Larmor cycles in the min(t1, t2), defined by the equation

Np = Int{min(t1, t2)/T} (4.15)

and

δ I =
∫ min(t1,t2)

−DT/4+(Np+1)T
dτ sin [Ω(t1 − τ)]sin [Ω(t2 − τ)]u(τ) (4.16)
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which gives:

δ I =


δ I1 : −DT

4 +(Np +1)T ≤ min(t1, t2)≤ DT
4 +(Np +1)T

δ I2 : DT
4 +(Np +1)T < min(t1, t2)<−DT

4 +(Np +3/2)T
δ I3 : −DT

4 +(Np +3/2)T ≤ min(t1, t2)≤ DT
4 +(Np +3/2)T

(4.17)

where:

δ I1 =
min(t1, t2)− (Np +1)T +T D/4

2
cos [ω(t1 − t2)]

+
T
8π

sin [ω|t1 − t2|]−
T
8π

sin [πD+ω(t1 + t2)]

δ I2 =
T D
4

[
cos [ω(t1 − t2)]− cos [ω(t1 + t2)]Sinc(πD)

]

δ I3 =
min(t1, t2)− (Np +3/2)T +3T D/4

2
cos [ω(t1 − t2)]

+
T
8π

[
sin [ω|t1 − t2|]+ sin [ω(t1 + t2)−πD]−2sin [ω(t1 + t2)+πD]

]
(4.18)

We can then evaluate the integrals in Equation (4.11), and after some algebra we have:

⟨X̃(k1T )X̃(k2T )⟩= [K+2min(k1,k2)]β
2JxΦ̄xT

64
[
1−Sinc(πD)

][
1+Sinc(πD)

]2 (4.19)

where K is a numerical factor with the values of

K

{
= 1 k1 ̸= k2

≈ 2.4 k1 = k2
(4.20)

Here, we will consider the case where we are measuring over many cycles. In this case the
exact value of K will not be relevant (K≪ N), and the measurement variance is

Var(Ŝout
y,τ ) = N⟨Ŷ 2⟩0 +

β 2JxΦ̄2N2T 2

4
Var(

Ĵin
z√
Jx
)+

β 2JxΦ̄2T 2

4

N−1

∑
k1=0

N−1

∑
k2=0

⟨X̃(k1T )X̃(k2T )⟩

≈ Φ̄τ

8
[1+Sinc(πD)]

[
1+ κ̃

2 +
κ̃4

3
1−Sinc(πD)

1+Sinc(πD)

]
(4.21)

where the effective coupling constant is

κ̃
2 =

1
4

β
2JxΦ̄xτ [1+Sinc(πD)] , (4.22)
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with τ = NT being the total measurement time. It can be found in Equation 4.21 that for a
stroboscopic probing the backaction coupling constant is given by

C =
1−Sinc(πD)

1+Sinc(πD)
, (4.23)

As shown in Figure 4.3 when the duty cycle is 0, which means stroboscopic modulated
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Fig. 4.3 Backaction coupling constant C coefficient dependent on duty cycle.

probe beam behaves as a δ pulse sequence a perfect QND measurement (C = 0) can be
achieved, while for a continuous probing (i.e.duty cycle D = 100%) C = 1.

4.2 Experimental demonstration of backaction evasion mea-
surement

The spin oscillator is realized in room-temperature, optically-pumped Cesium atoms, con-
tained in a glass cell microchannel, 300µm× 300µm in cross section and 1 cm in length.
An alkene coating deposited at the inner cell walls dramatically suppresses spin-relaxation
due to the wall collisions. Atoms bounce off the walls and cross the optical mode cross
section with the waist of 55µm approximately 5×103 times before their quantum spin state
decoheres in 10ms due to wall collisions. The atom-atom collision rate at the low Cs pres-
sure used here is negligible. As the typical light pulse duration of 0.5ms is much greater
than the atom transient time of 1.5µsec and the oscillator period (typical Ω ∼ 380kHz) the
thermally moving atoms cross the optical mode many times in the same state and hence the
detected optical mode couples to the symmetric spin mode (equivalently to the oscillator
position X̂ ). We emphasize that the thermal motion of the atoms does not affect the oscilla-
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tor temperature, which is determined by the spin distribution. The microcell is placed inside
a standing wave optical cavity with a finesse F ≈ 17 determined by the single-pass losses in
the cell windows of 6.5% and the output coupler transmission of 80% which is close to the
optimal value Tout ≈ lcav where lcav is the round trip loss when light propagates through the
cell. The cavity is kept on resonance with light using the Pound-Drever-Hall technique. The
number of atoms in the F = 4 hyperfine ground state coupled to the light field has been ad-
justed within the ∼ 107 −108 range by changing the cell temperature (typically ∼ 26◦) and
optical pumping for the maximal QND interaction strength. The frequency of the oscillator
can be tuned with B0. An acousto-optic modulator is used to stroboscopically modulate the
intensity of the probe beam at twice the Larmor frequency. The experiment was operated
with ∼ 15% stroboscopic duty cycle, with probe wavelength blue detuned by 1.6GHz with
respect to the D2 transition. The Ŝy,τ operator is measured by balanced polarimetry and lock-
in detection. The data are weighted with an exponential mode function: f (t) = e−γt where γ

is the decoherence rate in the presence of the probe. The exponential falling mode function
is used to assess the measured noise. To collect statistics for the variance estimation, each
measurement is repeated 2×104 times.

Photon shot noise level

The photon shot noise level can be estimated from a polarimetry noise measurement when
the oscillator frequency is tuned away from the lock-in detection bandwidth. The noise
associated with the spin-oscillator has a Lorentzian power spectrum centered at Larmor
frequency with width set by the decoherence rate; therefore if the oscillator frequency is
set many line-widths away from the lock-in bandwidth, the oscillator noise is filtered out
and the measurement noise only depends on the probe light noise of white spectrum. The
oscillator frequency can be tuned by changing the bias magnetic field. The probe noise is
verified to scale linearly with the power as expected for the photon shot noise power. The
cos(Ωt) component of the measurement ˆ̃Sout

y over time τ , weighted by the exponential mode

function f (t) = e−γmt is given by PSNτ = Var[
∫

τ

0 dt ˆ̃Sout
y cos(Ωt) f (t)]

Electronic noise and detection losses

The photodetector electronic noise is at the level of ∼ 10% of the photon shot noise for the
power used in the squeezing experiment. The detection efficiency of the light field at the
output of the cavity is ∼ 85%, limited mainly by the detector quantum efficiency.
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Atomic CSS state noise

The oscillator ground state noise is calibrated against a measurement in the thermal state
of the atomic ensemble. Including decoherence, but neglecting change in the spin variance
(e.g. due to loss of atoms from depumping into the F = 3 manifold. Also, we neglect that
the variance of the noise changes due to the change in the spin polarization.), the two-time
spin correlation can be written in the form: ⟨Ĵz(t)Ĵz(t ′)⟩= ⟨Ĵ2

z ⟩e−γ|t−t ′| cos[Ω(t − t ′)],where
γ is the decay rate and ⟨Ĵ2

z ⟩ is the variance in the spin state. It can be shown that the cos(Ωt)
component of the measurement Ŝout

y over time τ , weighted by the exponential mode function
f (t) = e−γmt is given (in the absence of back-action) by:

Var[
∫

τ

0 dtŜout
y cos(Ωt) f (t)]
PSNτ

= 1+2β
2Sx

γ − e2γmτγ +[1+ e2γmτ −2e(γm−γ)τ ]γm

(e2γmτ −1)(γm − γ)(γm + γ)
⟨Ĵ2

z ⟩, (4.24)

which for γm =±γ reduces to:

Var[
∫

τ

0 dtŜout
y cos(Ωt) f (t)]
PSNτ

= 1+β
2Sxτ

1+ γτ − γτ coth(γτ)

γτ
⟨Ĵ2

z ⟩. (4.25)

In the thermal state, where no back-action occurs, the spin variance is

⟨Ĵ2
z ⟩thermal =

2F +1
4F

NAF(F +1)/3 (4.26)

where F = 4 is the total spin in the probed manifold, NA is the total number of atoms in
the ensemble and the factor (2F + 1)/(4F) is the fraction of atoms in the F = 4 manifold
when the atoms in the ensemble are in the thermal state. We note that in the experiment
described here, the contribution of atoms in the F = 3 manifold to the thermal spin noise
measurement is estimated to be < 3%. The ground state of the oscillator corresponds to the
coherent spin state of maximum Jx = NAF , leading to ⟨Ĵ2

z ⟩ = NAF/2. Assuming the same
decoherence rate for coherent and thermal states, we find that the contribution of atomic
spin in the ground state with Jx = NAF to the measured noise is given by (in units of PSNτ

):

κ
2Var(p̂A)0 =

6F
(F +1)(2F +1)

[
Var[

∫
τ

0 dtŜout
y cos(Ωt) f (t)]thermal

PSNτ

−1]. (4.27)

There is a small discrepancy in the decoherence rate and the loss rate of atoms due to the
probe scattering for the coherent and thermal rates; for the timescales of the experiment, the
effect of this difference is estimated to be less than 10%. In Figure 4.4 the atomic noise
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Fig. 4.4 (a)Measured noise for different atom numbers where the measured noise is first
normalized to the photon shot noise and then the unity is subtracted.(b)Measured spin noise
that is normalized into CSS spin noise for different the number of atoms.

variance in the state prepared by optical pumping is plotted as a function of the atomic
number. The observed linear scaling indicates a quantum-limited performance and a QND
character of the measurement. In the right graph the ratio of the measured variance to the
calibrated CSS state imprecision is shown to be 1.16 at the working point (last point corre-
sponds to 26.5◦C). The increased measured variance in the initial atomic state is due to the
imperfect optical pumping. The occupation probability distribution among the Zeeman lev-
els can be found from the magneto-optical resonance signal. Assuming a spin-temperature
distribution, it is found that after optical pumping ∼ 98% of the atoms are in the end state
|F = 4,mF = 4⟩, with ∼ 2% occupation probability for the |F = 4,mF = 3⟩ state, and neg-
ligible probabilities for the other states. This is consistent with the ∼ 16% increase of the
measured variance compared to the CSS state noise. As mentioned before, in order to
change the atomic density heating is still kept but instead of air heating a twisted wire with
high resistance is wound around the aluminum cylinder where most of the magnetic coils are
attached(see Appendix 1). By adding the current on this wire the stable environment tem-
perature can be established inside the cylinder (the range is 17◦C ∼ 27◦C). Additionally,
we decrease the number of atoms furthermore by weakening the repump beam but keeping
the same intensity of pump beam to reduce the number of atoms staying in F = 4. In this
scheme, the number of atoms is calibrated against a response to a RF field.

The QND character of the measurement is demonstrated in Figure 4.5, where the mea-
sured variance of the spin oscillator is plotted as a function of the number of the probe
photons in the pulse. For a continuous probe (100% duty cycle), the imprecision in units
of CSS state fluctuations increases with the number of photons in the pulse. In contrast, for
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a stroboscopic probe with a small duty cycle (∼ 15%) the noise remains nearly indepen-
dent of the pulse strength over the measured range. The demonstrated reduction of probe
back-action is more than 10dB compared to a continuous probing of the atomic ensemble.
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Fig. 4.5 Measured spin noise that is normalized into CSS spin noise for different photon
numbers.

4.3 2dB-conditional spin squeezing

Fig. 4.6 Wigner distribution of atomic coherent state.
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4.3.1 Introduction

Surpassing the standard quantum limit in the measurement has been always a long-term
goal for quantum metrology and quantum communication. Recently, squeezed vacuum
states of light has been used to improve the sensitivity of a gravitational-wave observa-
tory in GEO200 project[12]. Spin-squeezed states of atomic ensembles was suggested
to be prepared for the improvement of sensitivity in atomic spectroscopy, interferome-
try and atomic clocks[13, 14, 15, 16]. Until now, several schemes have been proposed
to generate spin-squeezed states, including the direct interaction of spins[17], electron-
nucleus entanglement[18], mapping of squeezed light onto atoms[19], multiple passes of
light through atoms[20] and a projective Faraday interaction based on QND measurement[21,
22]. In this section we report the realization of spin squeezing by QND measurement.

4.3.2 Squeezing mechanism

Measurement process can be usually divided into three distinct sections: the preparation of a
probe, its interaction with the system to be measured and the probe readout. In our protocol
a Faraday interaction is utilized to create the correlation between light and atoms, and then
this shot-noise limited light beam as a probe is sent to the homodyne detection system to
extract the information of one of the spin components projecting the collective spin into a
state with reduced fluctuations in this component. In general, the input-output relations after
backaction-evading measurement can be given as

x̂out
L = x̂in

L + κ̃ p̂in
A

p̂out
A = p̂in

A ,
(4.28)

where x̂L and p̂A represent the canonical variables of light and atoms, respectively. Accord-
ing to the formula for the variance of a Gaussian distributed variable p̂A conditioned on the
measurement of another correlated Gaussian variable x̂L which is

Var [p̂A]

∣∣∣∣∣
x̂L

= Var [p̂A]−
Cov2 [p̂A, x̂L]

Var [x̂L]
(4.29)

where Cov [p̂A, x̂L] represents the covariance of x̂L and p̂A, we can calculate the conditional
variance of one spin component p̂A as

Var [p̂A]

∣∣∣∣∣
x̂L

=
1

1+ κ̃2
1
2
, (4.30)
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where we assume the initial light and atoms are prepared in their coherent states.

Following the discussion in the previous section, backaction evading measurement by
the stroboscopic modulation of the probe can be used to generate a spin squeezed state. And
the corresponding conditional variance of the collective spin component X̂(NT ) can be read
as

Var
[
X̂(NT )

]∣∣∣∣∣
Ŝy,τ

= ⟨X̂2(NT )⟩−
Cov2 [X̂(NT ), Ŝy,τ

]
Var
[
Ŝy,τ
] , (4.31)

where Cov
[
X̂(NT ), Ŝy,τ

]
represents the covariance of X̂(NT ) and Ŝy,τ which can be calcu-

lated as follows:

Cov
[
X̂(NT ), Ŝy,τ

]
=

β
√

JxΦ̄T
2

[
NVar

[
X̂0
]
+

N−1

∑
k=0

⟨X̃(NT )X̃(kT )⟩

]

≈ β
√

JxΦ̄τ

16
[1+Sinc(πD)]2

[
1+

κ̃2

2
1−Sinc(πD)

1+Sinc(πD)

] (4.32)

And the unconditional variance of X̂(NT ) is

Var
[
X̂(NT )

]
= Var

[
X̂0
]
+ ⟨X̃(NT )X̃(NT )⟩

≈ Var
[
X̂0
][

1+ κ̃
2 1−Sinc(πD)

1+Sinc(πD)

] (4.33)

We find that the squeezing is

ξ
2 =

Var
[
X̂(NT )

]∣∣∣∣∣
Ŝy,τ

Var
[
X̂0
] ≈ 1+ κ̃

2 1−Sinc(πD)

1+Sinc(πD)
−

κ̃2
[
1+ κ̃2

2
1−Sinc(πD)
1+Sinc(πD)

]2

1+ κ̃2 + κ̃4

3
1−Sinc(πD)
1+Sinc(πD)

(4.34)

In the limit of duty cycle D = 0, we will have ξ 2
0 = 1/(1+ κ̃2) in agreement with Equation

4.30.

So far, it has been assumed that the oscillator does not experience any decoherence. The
presence of decoherence results in reduction of the realized squeezing[13]:

ξ
2 ≈ ξ

2
0 +ητ (4.35)

where ητ scales with the decoherence events during the measurement time τ and depends
on the decay mechanism. The decoherence can be linked to the light-probe, or it can be
associated with coupling to a bath present even in the absence of the probe (e.g. coupling
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Fig. 4.7 squeezing dependence on duty cycle for different coupling strength κ2 where deco-
herence is assumed to be negligible.

to the thermal phonon bath of a mechanical oscillator, or spin decay in the dark for a spin
oscillator). In [29] exact relations for the probe induced decoherence and associated noise
have been derived for the case of a spin oscillator. It is shown there that the probe induced
noise can be written

ητ = h
κ̃2

d
(4.36)

where h is a numerical factor of order unity that depends on the probe polarization and the
light-atom detuning, and d = nAσ0l is the optical depth on resonance, with nA being the
atomic density, σ0 the absorption cross section on resonance and l the length of the cell.

4.3.3 Experimental realization

To study the generation of spin-squeezed states, two QND pulses are employed as shown in
Figure 4.8: the first provides information about the oscillator observable x̂= Ĵz/

√
Jx, and the

second pulse evaluates the observable variance conditioned on the first measurement. The
exponential falling mode function f (t) = e−γt is used to assess the measured noise of the
second pulse, while the first pulse measurement is defined with a rising mode f (t) = e+γt ,
which is similar to the situation of writing and reading process where the falling (rising)
mode is used to moderate the effect of decoherence which reduces the correlation between
the pulses. Thus the first measurement result is given by

Q̂A =

√
4γ

e2γTA −1

∫ TA

0
dtŜout

y eγt cos(Ωt), (4.37)
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and the second measurement result is defined as

Q̂B =

√
4γ

1− e−2γTB

∫ TA+TB

TA

dtŜout
y e−γt cos(Ωt), (4.38)

where TA and TB are the durations of two successive pulses, respectively. With the sub-

TL/2

Optical 
pumping

Entanglement 
Generation

Squeezing
 Verfication

Fig. 4.8 Pulse sequence for generation and demonstration of conditional spin-squeezing by
stroboscopic backaction evading measurement.

straction of the photon shot noise for the same pulse duration from the measured noise, the
measured spin noise normalized into photon shot noise unit can be written as

Var(x̂m,A) = [
Var(Q̂A)

PSNA
−1],

Var(x̂m,B) = [
Var(Q̂B)

PSNB
−1],

(4.39)

and furthermore the conditional variance is given by

Var[x̂m,B | x̂m,A] = [
Var[Q̂B | Q̂A]

PSNB
−1] = [

Var(Q̂B)

PSNB
− Cov2[Q̂B, Q̂A]

PSNBVar(Q̂A)
−1] (4.40)

4.3.4 Results

In Figure 4.9 the oscillator noise in the first and second pulse, conditionally and uncondi-
tionally to the first measurement, are plotted as a function of the number of photons in the
first pulse Nph,A. In the experiment, the probe power averaged over an oscillator period is
maintained constant and the duration of the first pulse TA is varied. The duration of the sec-
ond pulse is fixed to 0.5ms, which corresponds to ∼ 27×107 photons. The expected noise
for CSS state of atomic ensemble (denoted by the subscript 0) is also plotted for compari-
son. Due to the correlation between the first and the second pulse, the conditional variance
of the second pulse is significantly reduced below the imprecision in the CSS state, leading
to squeezing. The data in Figure 4.9 indicate an additional squeezing mechanism unrelated
to the information gain by measurement, since the unconditional noise for both the first and
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second pulse drops below the ground state uncertainty. This kind of squeezing is due to
the second-rank tensor polarizability dynamics. In Figure 4.10 the conditional noise is eval-

ˆ

ˆ
ˆ

ˆ
ˆ
ˆ

× ×

ˆ

Fig. 4.9 (a) Measured noise (Var(x̂m,A)) and expected noise in the oscillator ground state
(Var(x̂m,A)0) as a function of the number of photons Nph,A; (b) Comparison of expected
ground state noise (Var(x̂m,B)0) with unconditional and conditional to the first pulse mea-
sured noises (Var(x̂m,B) and Var(x̂m,A)0 respectively) as a function of the number of photons
in the first pulse.

uated with respect to the measured unconditional imprecision. A comparison of the data
in Figure 4.10 with those in Figure 4.9 indicates that the realized degree of squeezing is
dominated by the information gain through the QND measurement.

In evaluating the squeezing degree, the measured variance is normalized to the macro-
scopic spin component Jx at the end of the first pulse: ξ̃ 2 = Var[x̂m,B | x̂m,A]/[Var(x̂m,B) fd],
where fd = Jx(TA)/(4NA) accounts for the reduction of the mean spin during the first mea-
surement. The reduction of the mean spin Jx is characterized by an independent measure-
ment of the response to an external coherent perturbation that was mentioned in Chap-
ter3. The probe pulse of duration TA, applied after the optical pumping phase, is followed
by a resonant RF excitation pulse, much shorter than the decoherence time, and the re-
sponse, which is proportional to the mean spin Jx, is recorded. In Figure 4.10(b) the demon-
strated squeezing according to the Wineland criterion is plotted as a function of Nph,A. The
Wineland squeezing evaluates the effect of noise suppression in spectroscopic sensitivity:
ξ 2

W = Var[x̂m,B | x̂m,A]/[Var(x̂m)0 f 2
d ]. The data show that the created squeezed state offers

the possibility of enhanced magnetic field measurement below the ground state uncertainty.
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Fig. 4.10 (a) Uncertainty reduction of the oscillator position by using the information gained
by a QND measurement. (b) Demonstrated squeezing according to the Wineland criterion,
which quantifies the spectroscopic sensitivity enhancement with respect to the sensitivity in
the ground state of the oscillator.

4.4 Conclusion and outlook

In summary, we have experimentally developed the quantum backaction evading measure-
ment of one quadrature of collective spin components by stroboscopically modulating the
intensity of probe beam at twice Larmor frequency. The collective spin of an atomic ensem-
ble precessing in magnetic field is coupled to the optical mode of a cavity, and the cavity out-
put field detected with polarization homodyne detection serves as the meter. Furthermore,
a spin-squeezed state conditioned on the light-polarization measurement with 2.2± 0.3dB
noise reduction below the spin projection noise limit for the measured quadrature has been
demonstrated. Compared to the previous attempts where the reduction in the backaction
noise was demonstrated but not the spin-squeezed state[70], the requirement of sufficient
strength of the QND measurement with respect to the decoherence caused by the environ-
ment is satisfied by placing the atomic ensemble into an optical cavity, and keeping the
spins into a spin-protecting environment. The demonstrated squeezing holds promise for
metrological advantage in quantum sensing which will be shown in the next chapter.

The effect of the optical cavity will be discussed in the following chapter. It is found
that the optimal squeezing ξ 2

opt ∝ 1/
√
F with the cavity finesse of F can be achieved with

an impedance matched cavity with the output coupler transmission Tout ≈ lcav where lcav

is the round-trip intensity loss. Currently, the losses are limited from the single-pass loss
in the cell windows which is 6.5% at present due to the deterioration of the anti-reflection
coating when the windows are attached, therefore, by improving the windows attaching
procedure we expect this value to get smaller by a factor of 3 ∼ 4 resulting in a stronger
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spin squeezing above 5dB. We are now trying to improve this value by using the CO2 laser
bonding technology, and have achieved the single-pass loss about 2%, and we hope this
property can survive after injecting the anti-relaxation coating material and Cesium gas.



Chapter 5

Cavity enhanced atomic magnetometer
beyond the quantum noise limit

5.1 Introduction

In this chapter we describe the "Quantum noise limited cavity-enhanced radio-frequency
atomic magnetometer" experiment. Atomic magnetometry has great potential to be used
in many areas of research and technology, including biomedicine, geophysics, space ex-
ploration, navigation, unexploded ordnance, chemistry, and fundamental physics[71]. Op-
tically probed, spin-polarized atomic ensembles have achieved sensitivities comparable or
even surpassing superconducting quantum interference devices[72] benefiting from the ad-
vent of reliable diode lasers and the production of dense atomic vapors with long ground-
state relaxation times. Additionally, removing the requirement of cryogenic cooling makes
the atomic magnetometers easier to be miniaturized. Small-sized ensembles not only offer
the possibility of sensing with high spatial resolution, but also reduce the sensitivity to field
gradients, especially in the the small-sized anti-relaxation coated vapor cell. Also, minia-
ture sensors are attractive for scalability (putting many sensor together if one wants to have
a network).

A key parameter that determines the sensitivity and the efficiency of quantum protocol
is the optical depth of the ensembles, which is a linear function of atomic density. In or-
der to obtain a higher density in the single-pass scheme, the heating procedure is typically
implemented. However, as mentioned in Chapter 3, most of the anti-relaxation coatings
can not bear temperatures higher than 80◦C, and after some point spin-exchange collisions
between alkali atoms can become the dominant relaxation mechanism.. Although spin-
exchange relaxation-free (SREF) magnetometer was developed to overcome this effect, the
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limited magnetic-field range sets a fundamental obstacle to the range of this technology.
Recently, a multi-pass approach has been applied to atomic magnetometry in order to in-
crease the interaction volume[73], however, the requirement of sizeable atomic ensembles
for this multi-pass approach rules out the possibility of detecting the magnetic field with
high spatial resolution. In the work present in this chapter, micro-fabricated Cs vapor cell
coupled into an optical cavity is used as the atomic ensemble to enhance the optical depth.

Another key parameter is the spin-relaxation time that is limited by several mechanisms,
one of the most important being depolarization caused by collisions with the cell walls that
enclose the atomic vapor. At present there exist two methods with different mechanisms to
suppress this effect and elongate the spin coherence time (called spin lifetime): one is to use
the buffer gas to slow the atomic diffusion to the wall, and the other is to deposit a special
chemical layer onto the inner surface of the cell. They have the different advantages in the
applications which can be found in Chapter 2. An alkene coating deposited at the inner cell
walls of our mirocells dramatically suppresses spin-relaxation due to the wall collisions,
resulting in longitudinal spin lifetime T1 ≈ 17ms and transverse spin lifetime T2 ≈ 10ms in
the absence of light fields.

As discussed in[45], the Heisenberg uncertainty sets the fundamental limits on the best
sensitivity that can be achieved in the optical magnetometer based on the interaction be-
tween light and atoms. There are three fundamental noise sources that could potentially
limit the precision of the magnetic field estimation: the shot noise of the detected probe
light field, the spin projection noise associated with the quantum state of the ensemble, and
the back-action noise of the quantum probe. In this chapter, by using QND and backac-
tion evading measurement we demonstrate a quantum noise limited radio-frequency atomic
magnetometer, and furthermore, an improvement of the sensitivity for broadband magne-
tometry beyond the projection noise limit by implementing conditional spin squeezing.

5.2 Quantum noise limited RF magnetometer

5.2.1 A pulsed RF magnetometer

In the radio-frequency (rf) atomic-optical magnetometry, a polarized spin ensemble is pre-
pared by optical pumping in the presence of a static magnetic field, which sets the atomic
Larmor frequency (Figure 5.2). A transverse rf magnetic field resonant with the atomic
Larmor frequency causes the spin ensemble to precess and the angle of precession is pro-
portional to the rf magnetic field. The spin dynamics are monitored with a weak off-resonant
linearly polarized probe beam. As the probe beam travels through the atomic vapor, its plane
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of polarization rotates by an angle proportional to the spin component along the propagation
direction according to the Faraday paramagnetic effect.

Consider an atomic ensemble with NA fully polarized atoms in a state of magnetic quan-
tum number mF = F along quantization axis x resulting in a collective spin component Jx

with the length of FNA, and two small transverse spin components Ĵy and Ĵz, which can be
viewed as quantum variables satisfying Heisenberg uncertainty relation Var(Ĵy) ·Var(Ĵz) ≥
Jx/2. The spin J⃗ rotation in y− z plane responding to an RF magnetic pulse at Larmor
frequency along the z direction can be given as follows according to Equation 3.8

⟨Jz⟩= Ω/B ·BrfJxT1T2
[e−T/T1 − e−T/T2]

2(T1 −T2)
, (5.1)

where Ω/2π is the Larmor frequency of spin J⃗ precession in a DC magnetic field of B along
x axis and Ω/B = gF µB/h̄ = 2.2× 1010rad/(sec · Tesla) for cesium, while T2 is the spin
decoherence time during the RF pulse where this coherence time equals the decay time in
the in the dark and T is the duration of the RF pulse. And then by measuring the polarization
rotation of the probe light that interacts with the atomic spins, the spin information can be
extracted from the difference of photocurrents in the balanced polarimetry output. With the
assumption of large laser blue detuning the input-output relation in the rotating frame can
be written as

Ŝout
y (t) = Ŝin

y (t)+aSx(Ĵ′y(t)sin(ΩLt)+ Ĵ′z(t)cos(ΩLt)),

Ŝout
z (t) = Ŝin

z (t),

Ĵ′y(t) = Ĵ′y(0)+
∫ t

0
aJxŜin

z (t
′)cos(ΩLt ′)dt ′,

Ĵ′z(t) = Ĵ′z(0)−
∫ t

0
aJxŜin

z (t
′)sin(ΩLt ′)dt ′,

5.2.2 Quantum noise limited RF magnetometer based on backaction
evasion measurement

Experimentally, the Stokes component Ŝy that characterizes the linear polarization in the
±45o basis is measured in a balanced polarimetry scheme. The cosine and sine components
at the Larmor frequency are extracted with a lock-in amplifier, and are weighted with an
exponentially decaying mode function. The relevant observable after measuring time T is
then: Ŝy,c ∝

∫ T
0 dtŜy(t)e−γt cosΩLt, where γ is the decay rate of the transverse spin. It can
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then be shown that[35]:

Ŝout
y,c = Ŝin

y,c + κ̄

√
Sx

Jx
Ĵin

z − κ̄2

2
[Ŝin

z,s +
Ŝin

z,s1√
3
], (5.3)

where κ̄ = a/2
√

NphFNa with Sx =Nph/2 and Jx =FNa while Ŝz,s1 ∝
∫ T

0 Ŝz(t)sin(Ωt)(T/2−
t)dt. With the assumption of shot noise limited input light field and collective atomic spins
in the CSS state, i.e. Var(Ŝin

y,c) =Var(Ŝin
z,s) =Var(Ŝin

z,s1) = Sx/2=Nph/4 and Var(Ĵin
z ) = Jx/2,

the variance of Var(Ŝout
y,c ) is given by

Var(Ŝout
y,c ) =

Sx

2
[1+ κ̄

2 +
κ̄4

3
] =

Nph

4
[1+ κ̄

2 +
κ̄4

3
] (5.4)

As discussed in Chapter 4, there are three terms contributing in the total noise: the photon
shot noise, spin projection noise and the backaction noise. Because of the vacuum input of
light field which means ⟨Ŝin

y ⟩ = ⟨Ŝin
z ⟩ = 0. When an applied rf magnetic pulse has initially

created a non-zero spin-component⟨Ĵin
z ⟩ ̸= 0 as described in Equation 5.1, the measured

magnetometer signal can be written as

⟨Ŝout
y,c (t)⟩= a ·Sx⟨Ĵz(t)⟩, (5.5)

As shown in the equations above, the signal grows linearly with κ̄ , and the noise grows
as
√

1+ κ̄2 + κ̄4/3, therefore, neglecting the decoherence from the spontaneous emission
the magnetic sensitivity δBr f ∝ 1/SNR ∝

√
1+ κ̄2 + κ̄4/3/κ̄ . The red curve in Figure 5.1

shows how the SNR depends on coupling strength κ̄ . According to the calculation, there
exist an optimal strength κ̄2

opt =
√

3 where the signal to noise ration is maximized.
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Fig. 5.1 1/SNR for the different magnetometers as a function of the coupling strength κ̄ .
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However, if implementing the backacion evading measurement, the optimal sensitivity
can be improved by a factor of ∼ 1.47 that is also presented in Figure 5.1 as the blue curve.
As demonstrated in Chapter 4, backaction evading measurement can be realized by strobo-
scopically pulsing the probe beam at twice the frequency of Larmor spin precession. The
measurement record Ŝout

y,T =
∫ T

0 dtŜy(t)cos(Ωt) f (t) (f(t) is the mode function as described
in Chapter 4) the cos(Ωt) Fourier component of the photocurrent integrated over the pulse
length can be written as

Var(Ŝout
y,T )≈

Φ̄T
8

[1+Sinc(πD)]
[
1+ κ̃

2 +
κ̃4

3
1−Sinc(πD)

1+Sinc(πD)

]
where the effective coupling constant is

κ̃
2 =

1
4

a2JxΦ̄T [1+Sinc(πD)] ,

where D is the duty cycle of the probe and Φ̄ is the average photon flux related to the number
of photon: Nph = Φ̄T . In the limit of D= 1 for the continuous probing, κ̃2 = 1

4a2JxΦ̄T which
is exactly the expression of κ̄2 presented above. However, in the opposite limit D → 0, the
backaction coupling constant C = 1−Sinc(πD)

1+Sinc(πD) tends to zero. And the variance of the measured
signal is

Var(Ŝout
y,T )≈

Φ̄T
4
[
1+ κ̃

2], (5.6)

with the coupling strength κ̃2 = 1
2a2JxNph. The same result has been achieved by using

two oppositely oriented ensembles where the backaction noise on the two ensembles cancel
each other[55]. If one could reach the limit κ̃2 → ∞ the noise contribution from the light
field would be negligible and the measurement would behave as the blue curve in Figure
5.1, assuming no decoherence. However, decoherence from the spontaneous emission ∝ κ̃4

gets comparable to other noise sources at some point which will be discussed later.

5.2.3 Experimental realization

The experimental scheme is shown in Figure 5.2. We adopted a measuring scheme with
separate intervals of quantum state preparation (optical pumping), spin evolution in the
presence of the RF magnetic field, and state characterization with a probe pulse[55]. In
this mode of operation the magnetometer response to the RF field is limited by the spin
coherence lifetime in the absence of optical pumping and probing light fields. The probe
light injected into the cavity is linearly polarized orthogonal to the direction of the atomic
spin whose intensity is stroboscopically modulated at twice the Larmor frequency with the
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duty cycle ∼ 15%. In this geometry the cross polarization scattering between the strong
coherent optical polarization mode and the orthogonal quantum mode occurs only due to
the coherent Faraday interaction. The Stokes component Ŝy that characterizes the linear
polarization in the ±45o basis is measured in a balanced polarimetry scheme. The cosine
and sine components at the Larmor frequency are extracted with a lock-in amplifier, and
are weighted with an exponentially decaying mode function, which underweighs the mea-
surement at late times when the probe-induced destruction of the spin state is stronger. The
relevant observable after measuring time T is then: Ŝy,c ∝

∫ T
0 dtŜy(t)e−γt cos(Ωt), where γ is

the decay rate of the transverse spin, including incoherent and coherent processes[55], and
Ω is the Larmor frequency. Although the tensor interaction between light and atoms has
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Fig. 5.2 (a) Outline of experimental setup for cavity enhanced projection-noise limited
atomic magnetometry. AOM: Acousto-optic modulator; PBS: Polarization beamsplitter;
BS: Beam splitter; HWP: Half waveplate; QWP: quarter waveplate. The antirelaxation
coated micro-channel filled with Cesium atoms is aligned with the T EM00 mode of the
optical cavity. The atomic cell is inclosed in the magnetic shields with 3-layer µ metal.
The atoms are polarized along the quantization axis x⃗ by optical pumping in the and the
dc magnetic field B⃗x . A pulse of B⃗rf field at the Larmor frequency Ω to be measured is
applied orthogonally to the B⃗ field. The polarization rotation of the top-hat shaped probe
beam pulse is detected by the polarization homodyning. The lock-in amplifier measures the
cos(Ωt) and sin(Ωt) components of the photocurrent. (b)Pulse sequence for the quantum
noise limited magnetometer. The temporal mode function for the probe is shown with a
dashed red curve.(c)Pulse sequence for the spin squeezing-assisted magnetometer.
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been used to enhance the magnetometer sensitivity[55], the magnetometer data presented in
this work were taken at large enough probe detuning (∆ = 1.6GHz blue detuned from the
F = 4 7→ F ′ = 5 D2 transition) so that we can keep the vector interaction only, and neglect
the second rank tensor polarizability.

5.2.4 Results

Atomic density

As mentioned in the beginning of this chapter, one way to improve magnetometer sensitivity
is to increase the density of alkali-metal atoms. The heating is realized by a twisted wire
with high resistance wounded around the aluminum cylinder where most of the magnetic
coils are attached. By adding current on this wire a stable temperature can be established
inside the cylinder. Figure 5.3 presents the spin response to a fixed RF excitation as a
function of the environment temperature. Since the atomic ensemble is prepared in the
highly oriented state (98% spin orientation) and the photon number is fixed during this
measurement, the spin response is linearly proportional to the number of atoms as shown in
Equation 5.1. In Figure 5.4, the experimental results for the RF magnetic field sensitivity
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Fig. 5.3 Normalized spin response to the fixed RF excitation as a function of the environment
temperature.

as a function of the probe power are plotted when the duty cycle of the probe pulse is 100%
and the backaction coupling constant C = 1. In the measurement the spin vector is kicked
by applying a 8ms RF magnetic pulse at the Larmor frequency of 380kHz with the RMS
amplitude of Br f = 243pT and the resulted non-zero mean value is then mapped onto the
light fieldŜout

y . The geometric design and calibration of the magnetic system can be found
in Appedix 1 and the corresponding measurement details can be found in [34]. Due to
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Fig. 5.4 Magnetic sensitivity versus cavity output probe power at 20◦C and 27◦C. Since the
duty cycle of the probe pulse is 100%, the backaction coupling constant is C = 1.

increasing the atomic density by a factor of ∼ 2.2, the best sensitivity in the continuous
probing scheme is improved from 338.7fT/

√
Hz to 235.0fT/

√
Hz, a factor of 1.44, which

is in agreement with the theoretical prediction of Bsen
r f ∝ 1/

√
Na.

Optimal duration of the RF magnetic pulse

The duration of the RF magnetic pulse chosen above is an optimal value depending on the
magnetometer bandwidth δA = 1/T2. Let us simply look at the physical idea inside. When
the initial spin state is prepared in the CSS state by optical pumping which corresponds to
the minimal transverse spin variances Var(Ĵy) = Var(Ĵz) = Jx/2, the projection noise limited
sensitivity to the magnetic field can be expressed as

Bsen = Bmin
√

T

= [Ω/B
√

FNA/2T1T2(e−T/T1 − e−T/T2)/[(T1 −T2)]]
−1 ·

√
T .

(5.7)

If assuming T1 ≫ T2, PN-limited magnetic sensitivity in two extreme situations of the dura-
tion of rf pulse can be expressed as

Bsen

{
≈ [Ω/B

√
FNA/2]−1 1√

T
T ≪ T2

≈ [Ω/B
√

FNA/2]−1
√

T
T2

T2 ≪ T ≪ T1
(5.8)

In Figure 5.5, I plot the sensitivities calculated from these two extreme cases (blue curve
represents the case for T ≪ T2, and violet curve gives the sensitivity for T ≫ T2), and
also the theoretical prediction from Equation 5.7. Roughly speaking, when the duration of
RF-pulse T ≈ T2 one can achieve the best sensitivity. Figure 5.6 gives the experimental
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demonstration with the optimal probe power of 200nW.

0 0.5 1 1.5 2
0.3

0.4

0.5

0.6

0.7

rf dur [1/T
2
]

se
ns

iti
vi

ty
 [p

T/
sq

rt
(H

z)
]

Fig. 5.6 Magnetic sensitivity versus the duration of RF pulse. Since the duty cycle of the
probe pulse is 100%, the backaction coupling constant C = 1.

Quantum noise limited magnetometer

We now focus on the quantum noise limited RF magnetometer based on backaction evasion
measurement. As described before by stroboscopically pulsing the probe beam at twice the
frequency of Larmor spin precession, the backaction evading measurement can be realized.
In this measurement, by tuning the phase of cos(Ωt) component on the Lockin Amplifier,
we can transfer the spin response signal into the cos(Ωt) component of the measured light
field Ŝout

y . At the same time the phase between the synchronous intensity-modulated signal
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and the RF-pulse signal should be optimized to reach the maximal response. Thus, the
signal to noise ratio can be simply calculated as

SNR =

∣∣Ŝout
y,c
∣∣√

Var(Ŝout
y,c )

In Figure 5.7, the measured sensitivities as a function of probe power for two protocols
at 27◦C are plotted. As we expected, the best sensitivity is improved by a factor of 1.48,
and also after some probe power the decoherence induced by spontaneous emission gets
obvious which strong enough to change the trend of monotonically decreasing sensitivity
and furthermore obstructs the realization of an ideal PN-limited magnetometer. However,
the best sensitivity achieved here is 158±1.17fT/

√
Hz.
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Fig. 5.7 Magnetic field sensitivity versus cavity output probe power at 27◦C. The red circle
shows the sensitivity when probe pulse is not modulated, while the blue circle presents the
sensitivity when the probe beam is stroboscopically pulsed at twice the frequency of Larmor
spin precession with 15% duty cycle. The measurement was performed at 380kHz with the
optimized RF pulse duration of 8ms.

5.3 Magnetic sensitivity beyond the quantum noise limit
by spin squeezing

5.3.1 Protocol

Having demonstrated the back action evading magnetometer and projection noise limited
performance, we have been able to make one step further and overcome this limit by sand-
wiching the RF pulse between two back action evading measurements as shown in Figure
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5.2c. As demonstrated in the previous work[21, 22, 74], a sufficiently strong quantum non-
demolition (QND) measurement can generate a spin squeezed state (SSS) of the measured
variable. In the context of magnetometry SSS generated by the first optical pulse is followed
by the magnetic field pulse to be measured. The cycle is completed by the second optical
pulse which measures the displacement of the SSS caused by the magnetic field. In[55] this
approach was used for magnetometry with two atomic ensembles for which a light-matter
interaction without stroboscopic modulation generates a two mode squeezed state. Here,
we use the stroboscopic QND measurement of Ĵz to generate a SSS state and to realize the
magnetometer beyond the quantum noise limit. Let us denote the variances of the first and
second probe pulses as Var(Ŝ1

y) and Var(Ŝ2
y), respectively. The conditional variance of Ŝ2

y

expressed as Var(Ŝ2
y |Ŝ1

y) = Var(Ŝ2
y)−

Cov2(Ŝ1
y ,Ŝ

2
y)

Var(Ŝ1
y)

, is reduced due to quantum correlation be-

tween the spin states probed by the two pulses. This noise reduction which leads to the
improved sensitivity is dependent on the covariance of Ŝ1

y and Ŝ2
y , Cov2(Ŝ1

y , Ŝ
2
y).

5.3.2 Experimental results

In Figure 5.8, we plot the magnetic sensitivity as a function of radio-frequency bandwidth,
where we see an improvement of 13% due to employing the conditional SSS and this im-
provement vanishes when the RF-pulse duration reaches 3ms. The most pronounced im-
provement occurs at a higher bandwidth (shorter RF-pulse duration) due to the decoherence
of the spin state between the two measurements.
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Fig. 5.8 Sensitivity for stroboscopic modulation and entanglement-assisted scheme. During
the probe pulses, the average cavity output power is fixed at 100nW, with the interaction
times of 1ms and 2ms,respectively.
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5.4 Effect of optical cavity

As described in this thesis, a microcell coupled into an optical cavity is the key element
of the experimental setup whose optical depth is enhanced by a factor of 2F/π . Here I
will explain the reason of introducing an optical resonator in detail. Let us denote the
power transmission coefficients of the input and output couplers, the round trip intracavity
losses, and atomic single pass absorption as T1,c, T2,c, lcav and d∆, respectively. The cavity
power transmission coefficient on resonance is 4T1,cT2,c/(T1,c+T2,c+ lcav+2d∆)

2. With the
assumption of 2d∆ ≪ T1,c +T2,c + lcav, this coefficient can be expended as 4T1,cT2,c/(T1,c +

T2,c + lcav)
2 · (1−2Fd∆/π), where F= 2π/(T1,c +T2,c + lcav) is the cavity finesse. Clearly,

the single pass atomic absorption d∆ is enhanced by a factor of 2F/π . From Kramers-Kronig
relations the phase shift, and therefore the polarization rotation angle, is enhanced by the
same factor. The input-output relations presented in Chapter 2 is modified by enhancing
the light-matter coherent interaction by 2F/π . If κ0 is the coupling constant in the absence
of cavity, then for the same number of detected photons in the pulse the cavity-enhanced
coupling constant is κcav =

2F
π

κ0.

When back-action noise exists, SNR ∝ κ/
√

1+κ2 +κ4/3 will always reach the upper
bound when κ2 =

√
3 if we do not consider the spontaneous emission due to d ≫ 1. In this

sense, introducing the optical cavity cannot give a significant improvement on the magnetic
field sensitivity except the reduction of decoherent process. We have done this comparison
in the continuous magnetometer measurement using Microcell C7 with T2 ∼ 5ms which
gives the finesses of 10 when coupling into the optical cavity. (R1 = 99.97% and R2 = 80%).
As shown in Figure 5.9, with the help of optical cavity, we only gained an improvement of
magnetic sensitivity by 6%.

In the case of the back-action evasion, the optical cavity can improve the sensitivity
further, since in this case SNR ∝ κ/

√
1+κ2. In addition, with the presence of the optical

cavity, the conditional spin squeezing can also be improved where the realized squeezing
is limited by the noise due to decoherence events. The probe-induced decoherence noise is
proportional to the intracavity light-power experienced by the atomic ensemble Pin, which
is related to the power at the output of the cavity (Pout) through: Pout = Pin(

2
T2c

−1), where
T2 is the output mirror coupler power transmission. For a standing wave cavity, maximum
squeezing is achieved for T1c ≪ T2c, so that the quantum light field generated inside the
cavity from the interaction with the atoms has very small losses to the unobserved direction.
Assuming only probe-induced decoherence and for T1c ≪ T2c ≪ 1, ξ 2 can be written in the
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Fig. 5.9 Magnetic sensitivity of Continuous RF magnetometer without optical cavity (a) and
with optical cavity (b), respectively. Larmor frequency Ω:84.5kHz, and the spin orientation
is above 90% by sending 59µW repump beam and 16µW pump beam.

form
ξ

2 =
1

1+(2F/π)2κ2
0
+η0(

2
T2c

−1)

≈ 1
1+(2F/π)2κ2

0
+η0

F(T2c + lcav)

πT2c

(5.9)

where η0 is the decoherence noise due to the light-probe in the absence of the cavity for the
same detected probe power.. For small but finite intracavity losses, optimizing with respect
to the number of photons in the light pulse (κ0) and the output coupler transmission, the
squeezing is:

ξ
2
opt ≈ (2−

√
h

(2F/π)d0
)

√
h

(2F/π)d0
≈

√
h

(F/2π)d0
(5.10)

with the optimal T opt
2 = lcav and κ2

0,opt =

√
(d0/h)(2F/π)−1

(2F/π)2 . However, the intensity transmis-
sion of the output coupler in the current setup is 20% which is a little bit higher than the
intracavity loss 13%. Therefore, if we can match those two values in next step, we believe
the spin squeezing can be improved.
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5.5 Conclusion and outlook

In conclusion, we report a projection noise limited optical magnetometer at room tempera-
ture with an RF magnetic-field sensitivity of 158± 1fT/

√
Hz and 2D spatial resolution of

300µm. It utilizes a microfabricated Cs vapor cell with antirelaxation coating coupled into
an optical cavity to enhance the light-atoms interaction. Combining the stroboscopic back-
action evading measurement with the cavity enhanced interaction, we improve the sensitiv-
ity beyond the quantum noise limit by 13%. The room temperature quantum magnetometer
described here may find applications in many fields, such as biological and medical sensing.



Chapter 6

Deterministic quantum teleportation
between distant atomic objects

6.1 Introduction

In this chapter I describe the "Deterministic quantum teleportation between distant atomic
objects" experiment. The results have been published in Nature Physics. As a key ingredi-
ent in quantum networks and one of the building blocks for quantum computation, quantum
teleportation, originally introduced for discrete variables[1] and later adapted for continuous
variables[75], denotes the transfer of a quantum mechanical state without the transmission
of a physical system carrying this state. The first experimentally realized teleportation pro-
tocols employed light as the carrier of the quantum states[76, 77]. Also several protocols for
atoms were realized, e.g. using two closely positioned ions [78] and later two ions in inde-
pendent vacuum chambers separated by one meter[79]. Most protocols for distant atoms or
atomic ensembles at the sending and receiving end are conditional in nature, such that either
the measurement outcome determines the success of the protocol or a heralded entanglement
generation is employed. Whereas probabilistic teleportation, in which entanglement is dis-
tributed by photon counting, is capable of reaching distances of many kilometres[80], the
power of continuous-variable teleportation is that it succeeds deterministically in every at-
tempt, that it is capable of teleporting complex quantum states[81] and that it can be used
in universal quantum computation[82]. Here, we present an atomic teleportation experi-
ment that works deterministically and on demand where a state transfer of the the spin state
between two atomic ensemble of NA ≈ 1011 Cesium atoms at room-temperature is realized.
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6.2 Teleportation protocol
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Fig. 6.1 The experimental layout. A strong driving pulse propagates first through ensem-
ble B creating the modes xL = y′, pL = q′entangled with B and then through ensemble A
whose state is to be teleported. Joint measurements on the modes y′′ are performed using
polarization homodyning. Teleportation is completed by classical communication of these
results to B. See the text for further details. RF, radiofrequency. b, The level scheme and
relevant transitions. Classical drive field (thick lines) and quantum fields forming the modes
y;q (wavy lines) are shown. d, The time line of the experiment. I, preparation of the input
state; II, entanglement and joint measurement; III, feedback; IV, read-out of the teleported
state. In the (c) the effect of the interaction with this linear Hamiltonian H is depicted. We
choose to consider the atomic operators in the rotating frame, so that they are not mixed in
the interaction.



6.2 Teleportation protocol 91

A standard teleportation scheme involving the three parties Alice, Bob and Charlie con-
sists of the following three steps, which allow Alice to teleport a quantum state provided
by Charlie to Bob. (i) Alice and Bob establish an entangled link, which is shared between
the two remote parties. (ii) Alice performs a Bell measurement on her part of the entangled
state shared with Bob and an unknown quantum state prepared by Charlie. (iii) Alice uses a
classical channel to communicate the measurement outcome to Bob, who performs a local
operation on his quantum state conditioned on Alice’s result. In our experiment these two
objects are an atomic ensemble at site B and a photonic wave packet generated by interac-
tion of this ensemble with a driving light pulse (see Figure 6.1). The wave packet travels to
site A, the location of the atomic ensemble whose state is to be teleported. This step estab-
lishes a quantum link between the two locations. Following the interaction of ensemble A
and the wave packet, a measurement is performed on the transmitted light. The results of
this measurement are communicated through a classical channel to site B, where they are
fed back through local operations on the second entangled object, that is, ensemble B, thus
completing the process of teleportation.

6.2.1 Generation and distribution of the Einstein-Podolsky-Rosen en-
tangled state

As discussed in[83], EPR entangled state is required to establish the quantum channel be-
tween two stations involved in the quantum teleportation protocol which should satisfy a
generic condition in the continuous-variable regime for Gaussian states as mentioned in
terms of Var(X̂1 − X̂2)+Var(P̂1 + P̂2) < 2 where the canonical variables follow the canon-
ical commutation relation [Xi,X j] = 0 and [Xi,Pj] = iδi j. In our scheme, an entangling
interaction â†

usb̂
† +H.C. is taking place, where one atomic excitation b̂† = (x̂B + p̂B)/

√
2

is accompanied by the creation of a photon â†
us in the upper sideband of the x-polarization

mode. This kind of light-atom entanglement generation is discussed in detail in Chapter 2,
and the full Hamiltonian can be written as

Ĥint =
h̄a
2

∫ L

0
dz[(ζ 2 +1)(âLb̂†

A + â†
Lb̂A)− (1−ζ

2)(â†
Lb̂†

A + âLb̂A)]

∝ [(ζ 2 +1)ĤBS − (1−ζ
2)ĤT MS]

where the normalized collective ground state spin operators in the rotating frame at Ω are
x̂A,B = ĴA,B

y /
√

Jx and p̂A,B = ĴA,B
z /

√
Jx which follow the canonical commutation relation

[x̂A,B, p̂A,B] = i with variances var(x̂) = var(p̂) = 1/2 for the CSS, while the corresponding
variables for the upper sideband light mode are defined in Equation 2.51. From the Hamilto-
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nian above, it is found that the weight coefficients are related to the ratio between vector and
tensor coupling strength as ζ 2 = 14a2

a1
. In other words, the relative strengths of two different

interaction can be changed by detuning the laser frequency. The satisfaction of condition
Var(X̂up

L − x̂out
B )+Var(P̂up

L + p̂out
B ) < 2 proves the establishment of entanglement between

an atomic ensemble at site B and the light field which is then sent to Alice at site A.

6.2.2 Bell measurement at Alice’s station

The spin information to be teleported of ensemble A is displaced with mean values ⟨xA⟩
and ⟨pA⟩ by a weak radiofrequency magnetic field pulse of frequency corresponding to
the creation of a coherent superposition of electronic ground states mF = 3 and mF = 4.
The following interaction between light field and atomic ensemble A at site A leads to
partial mapping of its state onto light and is followed by the Bell measurements on the
light modes of the upper and lower sidebands performed using polarization homodyning
with the driving light acting as the local oscillator yielding X̂c

L = 1√
2
(x̂up + x̂low) and X̂ s

L =
1√
2
(p̂low− x̂up). The measurements of X̂c

L and X̂ s
L serve as the joint measurement of ensemble

A and the light coming from site B. As mentioned before in order to compensate the atomic
decay, an exponential mode function is applied, and thus the read-out mode is x̂c/s,− ∝∫ T

0 dtx̂(t)e−γt cos/sin(Ωt) where T is the pulse duration and γ is the decay rate of the atomic
state. The completed input-output relations about x̂c/s,− including the tensor interaction can
be found in Equation 2.38 or [32].

6.2.3 Classical communication and feedback at Bob’s station

The teleportation protocol is completed by sending the measurement results x̂out
c/s,− through a

classical link to the site B with gain gx = gp = g where spin rotations in the y-z plane condi-
tioned on these results are performed using phase- and amplitude controlled radiofrequency
magnetic field pulses at frequency Ω. The final canonical variable of atomic ensemble B
is[32] (

x̂tele
B

p̂tele
B

)
= C̄B

(
x̂in

B

p̂in
B

)
+C̄A

(
x̂in

A

p̂in
A

)
+C̄A,N

(
F̂ in

xA

p̂in
pA

)

+C̄B,N

(
F̂ in

xA

p̂in
pA

)
+C̄x

(
x̂in

s, fx
x̂in

c, fx

)
+C̄p

(
p̂in

c, fp

−p̂in
s, fp

)
,

(6.1)
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where the modes appearing in this equation are defined as

f̄N,B =
√

2γextra[e−γ(T−t)+

√
2γsγg

ζ
√

1− e−2γT

∫ T

t
dτe−γ(2τ−t)[1−2γs(τ − t)]],

f̄N,A =

√
γsγextrag

ζ
√

γ
√

1− e−2γT
(e−γt − e−2γT+γt),

f̄x =−ζ
√

2γse−γ(T−t)+
γsg

√
γ
√

1− e−2γT

2γ

γs
e−γt

− γsg
√

γ
√

1− e−2γT
[e−γt(2− γs

γ
)− e−2γT+γt(2− γs

γ
−2γs(T − t))],

f̄p =

√
2γs

ζ
e−γ(T−t)+

γsg

ζ 2√γ
√

1− e−2γT
(2− γs

γ
)e−γt

− γsg

ζ 2√γ
√

1− e−2γT
e−2γT+γt [2− γs

γ
−2γs(T − t)],

and the corresponding normalization factors read

N̄B/A =
∫ T

0
dt f̄N,B/A(t)

2, N̄x/p =
1
2

∫ T

0
dt f̄N,x/p(t)

2,

while the coefficients appearing in the equation above are given by

C̄B = e−γT +

√
γsg

ζ
√

2γ
[
√

1− e−2γT (1− γs

γ
)+2γsT

e−2γT
√

1− e−2γT
],

C̄A =

√
γsg

ζ
√

2γ

√
1− e−2γT ,

C̄B/A,N =
√

N̄B/A,C̄x/y =
√

N̄x/y,

6.3 Experimental realization

6.3.1 Experimental setup

The layout and the time sequence for teleportation and verification are shown in Figure 6.1.
A y-polarized, 3ms-long 5.6mW drive light pulse is sent through ensemble B which is blue
detuned from the D2 line F = 4 → F = 5 transition by ∆ = 850MHz. The interaction creates
the entanglement between the x-polarized forward scattered mode and the the collective spin
B. The quantum light co-propagating with the drive light is then directed through ensemble
A where the dispersive interaction leads to partial mapping the spin state of atomic ensemble
A onto the light field, and then a measurement of one of the quadrature operators ∼ Ŝy in
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Cesium cell

Rf-coils
Magnetic shielding

Fig. 6.2 Two glass cells filled with Cesium are shown on the left. The square glass cell
consisting NA ≈ 1011 ∼ 1012 atoms is used in this quantum teleportation experiment which
is situated in a magnetic shield shown on the right. The bias magnetic field of 0.9G is
pointing out of the picture plane here and is created by four coil pairs. The RF coil are
oriented such that the RF field lies orthogonal to the bias field and macroscopic spin. Two
apertures along the transversal direction allow the light beam to pass the cell. The pump
beams are aligned in direction of the main axis and also a small and weak probe light beam
to monitor the atomic density by measuring the Faraday angle directly.

the x-polarization mode behind the ensemble constitutes the Bell measurement where as
mentioned in the protocol section the driving light acts as the local oscillator to perform the
polarization homodyning detection. The photocurrent is analyzed with a lock-in amplifier
at Ω and further computer processed to obtain measurements of the temporal modes of
interest to compensate the atomic decay where an exponential mode function is applied, and
thus the read-out mode is x̂c/s,− ∝

∫ T
0 dtx̂(t)e−γt cos/sin(Ωt). The teleportation protocol is

completed by sending the measurement results x̂out
c/s,− through a classical link to the site B

with gain gx = gp = g where spin rotations in the y-z plane conditioned on these results
are performed using phase- and amplitude controlled radiofrequency magnetic field pulses
at frequency Ω. The deterministic character of homodyne process ensures success of the
teleportation in every attempt. It should be noticed that experimentally for the read-out of
each individual ensemble the other ensemble is detuned from the atom-light interaction by
briefly detuning the B field in the respective cell.

6.3.2 Experimental results

The reconstruction of the collective spin state as described before relies on the input-output
relation of light variables, and for the off-resonant light-atom interaction this linear trans-



6.3 Experimental realization 95

formation is given as

x̂out
c/s,− = κ · p̂A/x̂A + cx · x̂in

c/s, fx + cp · p̂in
c/s, fp

+ cN · F̂p/x,

Here, the first term is a contribution of the atomic spin variable due to Faraday rotation of
light polarization, the second term is proportional to the input value of the light quadrature
x̂L of the temporal mode fx and the third term is the contribution of the other quadrature
of input light p̂L of temporal mode fp resulting from back action of light on atoms (see
Supplementary Information). All input light modes are always in a coherent or vacuum state
with Var(x̂in

c/s, fx
) = Var(p̂in

c/s, fp
) = 1/2. The last term describes additional noise arising from

atomic decoherence with Var(F̂p/x) = m/2 with m = 1.3 calculated from the atomic spin
relaxation[29]. In our experiment since A y-polarized, 2ms-long 5.6mW light pulse blue
detuned from the D2 line F = 4 → F = 5 transition by ∆ = 850MHz drives the interaction,
ζ 2 = 1/6.3 is calculated from Clebsh-Gordon coefficients and experimentally verified while
the relaxation rates are measured with the results of γ = 99.3± 0.2s−1 and γextra = 26.3±
0.2s−1. The coupling strength is measured as κ = 0.87 by using the mean value transfer[35].
According to these measured parameters the coefficients shown in equation above can be
found with the values of cx = 0.93, cp = 0.50 and cN = 0.17. Additionally, For the atomic-
state reconstruction the detection efficiencies including optical losses ηB = 0.8± 0.03 and
ηA = 0.89±0.03 for ensembles B/A are taken into account. Using equation above the mean
values of the input states of ensemble A are found from measurements of light variables as
⟨xA⟩=

〈
xA

c,−
〉
/κ and ⟨pA⟩=

〈
xA

s,−
〉
/κ with the variance of Var(xA) = (Var(xc,−)− c2

x/2−
c2

p/2− c2
Nm/2)/κ2 and Var(pA) = (Var(xs,−)− c2

x/2− c2
p/2− c2

Nm/2)/κ2. It is found that
the initial spin state with the variance of Var(xA) = Var(pA) = (1.03±0.03) ·1/2 is close to
the coherent spin state.

6.3.3 Fidelity

To verify whether or not a successful quantum teleportation event is performed, the fidelity
of state transfer is compared to the classical benchmark fidelity which has a rigorous form
of (1+ n̄)/(1+ 2n̄) [84] where n̄ =

〈
b†b
〉

is the mean number of spin excitations for the
displacement of Gaussian distribution. The performance of the protocol is assessed using
the average fidelity with respect to a Gaussian distribution of coherent input states as figure
of merit. The fidelity is given by the overlap of the final atomic state in ensemble B

∣∣Ψtele
B
〉
,

which is described by xtele
B and ptele

B and the optimal final state which is defined by the initial
state in ensemble A xin

A and pin
A . For a given coherent input state with mean values ⟨xA⟩ and
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⟨pA⟩, the single-shot fidelity is given by

F(⟨xA⟩ ,⟨pA⟩) = 2
e
−

−|⟨xA⟩−⟨xtele
B ⟩|2

1+2Var(xtele
B )

− |⟨pA⟩−⟨ptele
B ⟩|2

1+2Var(ptele
B )√

(1+2Var(xtele
B ))(1+2Var(ptele

B ))
(6.2)

such that the average fidelity F̄(n̄) with respect to a Gaussian distribution with width n̄

F̄(n̄) =
1

2π n̄

∫ ∫
∞

−∞

d ⟨xA⟩d ⟨pA⟩F(⟨xA⟩ ,⟨pA⟩)e−
⟨xA⟩2

+⟨pA⟩2

2n̄

=

√√√√ 2

1+2Var(xtele
B )+2n̄(1−

∣∣∣ ⟨xB⟩
⟨xA⟩

∣∣∣)2
·
√√√√ 2

1+2Var(ptele
B )+2n̄(1−

∣∣∣ ⟨pB⟩
⟨pA⟩

∣∣∣)2
.

(6.3)

n=0,5, 25

Fig. 6.3 The mean value of different input states.

Experimentally, we perform the teleportation using various sets of CSSs of ensemble
A with varying

〈
Ĵy,z
〉
, corresponding to displaced vacuum (coherent states) as input states

shown in Figure 6.3 (the vacuum, the CSS with displacements of 5 in vacuum units and
phases 0,π/4,π/2, and the CSS with displacements of 25 in vacuum units and phases
0,π/4,π/2). For every input state, 10,000 ∼ 20,000 teleportations have been performed
with one full cycle of the protocol lasting 20ms. Figure 6.4 (a) shows the variance of the
teleported states as a function of gain g. The quadratic dependence of the variances on g pre-
dicted by the model fits the experimental data very well. For a certain range of g the atomic
variances are reduced owing to the entanglement of the transmitted light with ensemble B.
Figure 6.4 (b) presents the experimental fidelity, which is above the classical benchmark
for n̄ 6 7. The blue dots represents the scheme that the feedback is done by preforming a
displacement with a radio-frequency pulse applied to ensemble B, followed by a reading
pulse to verity the atomic states, while the red dots give the results in the scheme that the
verification read-out is done firstly, followed by the displacement operation applied to the



6.3 Experimental realization 97

0 0.5 1
1

2

3

4

5

6

gain

A
N

 [
P

N
 u

n
its

]

2 4 6

0.55

0.6

0.65

0.7

n
F

nn

a b

Fig. 6.4 (a) The variances of the teleported state Var(xtele, ptele) as a function of gain.
(b)Teleportation fidelity as a function of the mean photon number of the set of states. Tele-
portation with radio-frequency feedback (blue dots), feedforward teleportation (red dots),
and classical benchmark (black dashed line). Error bars present one standard deviation.

result of measurement numerically. The worse performance of radio-frequency feedback
scheme is due to introducing of additional technical errors.
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Fig. 6.5 Teleportation with a dynamically varied input state. The input displacements of xA ∝

Bs
r f , pA ∝ Bc

r f are varied in time as shown in the left column (Br f ≈ 1pT). The center/right
column presents the readout of the input/teleported dynamics of the atomic spin A/B. The
upper/center row is the x/p variable and the lower row is a two-dimensional plot x/p. Every
gray point is a teleportation run with the points taken at the rate of ∼ 50Hz.
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Stroboscopic teleportation of a sequence of spin states from A to B is shown in Figure
6.5 where the repeated teleportation cycles are performed while varying the amplitude and
phase of the input state. The left column shows the time-varying radiofrequency field in the
picoTesla range that is applied to prepare a new spin state A in each individual teleportation
run, after initializing both ensembles to vacuum between the runs. The central column
shows the read-out of the input-state evolution of ensemble A and the right column shows
the read-out of the teleported-state evolution. The points represent results for individual
teleportation runs.

6.4 Conclusion and outlook

We demonstrate a missing element of the quantum teleportation landscape, the determin-
istic continuous variable teleportation between distant material objects - room temperature
atomic spin ensembles. Entanglement required for teleportation is distributed by light prop-
agating from one ensemble to the other. Quantum states encoded in the collective spin state
of one ensemble are teleported onto another ensemble spin using this entanglement and ho-
modyne measurements on light. By implementing process tomography, we demonstrate that
the experimental fidelity of the quantum teleportation is higher than that achievable by any
classical process. Furthermore, we demonstrate the benefits of deterministic teleportation
by teleporting a dynamically changing sequence of spin states from one distant object onto
another.

The fidelity of the teleportation can be further improved by using time varying driving
pulses and increasing the optical depth of the atomic ensemble, as shown in[85]. Non-
classical states can be efficiently teleported using continuous variable teleportation[81], and
continuous variable teleportation of an atomic qubit encoded in a collective spin by a pho-
ton scattering can be performed using the present approach. The stroboscopic teleportation
of the spin dynamics can be also extended towards a true continuous in time teleportation
paving the way to teleportation of quantum dynamics and simulations of the interaction
between two distant objects which do not interact directly. From the quantum sensing per-
spective teleportation of spin dynamics would allow to perform measurements at the loca-
tion spatially separated from the environment where the actual dynamics takes place.
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Conclusions and outlook

7.1 Conclusions

The micro-fabricated room temperature Cs vapor cell provides the opportunity to realize
the scalable quantum metrology and quantum information devices that can be readily inte-
grated in larger quantum networks. For the cubic vapor cells with the size of 2.2cm since
the density of atoms can not be increased much by heating due to the properties of the paraf-
fin coating, and a higher optical power leaves us with technical difficulties in the detection
as well as problems with growing classical noise, there are limitations on the experimen-
tally achievable coupling strengths. Also its limited bandwidth, due to the required times
for atoms to pass through the laser beam impedes us to run some quantum protocols like
generation of single-photon on demand.

By utilizing the microcells coupled into an optical resonator these problems can be over-
come. Because of small beam area, the required number of photon is also reduced which
means that the weak light beam can satisfy the condition of atom-light interaction. Cavity
enhanced optical depth by a factor of 2F/π can compensate the reduction resulted from the
decrease of cell size. Additionally, a 300×300µm2 cross section of our microcell sets the
atomic transit time about 1 ∼ 2µsec, which can match the bandwidth of single excitation by
using a filter cavity following atom-light interaction system[53]. In this thesis, the atomic
ensemble of 107 ∼ 108 atoms is contained in a glass cell microchannel, 300× 300µm2 in
cross section and 1cm in length. A hole 10 ∼ 20µm in diameter is laser-drilled at the top
surface of the chip to create an entrance through which the channel is filled with Cs vapor.
Windows with anti-reflection coating are attached at both ends of the microchannel to reduce
the transmission losses. Currently, the intensity loss per window is about 3 ∼ 4%, limited
by the deterioration of the anti-reflection coating quality in the glass blowing phase. An
alkene coating deposited on the inner cell surface can stand more than 104 collisions with
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the Cs atoms before decoherence occurs, resulting in longitudinal spin lifetime T1 = 17ms
and transverse spin lifetime T2 = 10ms in the absence of light fields.

The microcell is placed inside a standing wave optical cavity consisting of a high-
reflection input coupler and the output coupler with transmission of 80%. 6.5% single-pass
loss in the cell windows partially results in a finesse F ≈ 17. As discussed in Chapter 4
the optimal squeezing can be achieved with an impedance matched cavity where the out-
put coupler transmission T2 ≈ lcav, where lcav is the round-trip intensity loss. Thus, our
experimental setting is close to this condition.

Based on this system we have experimentally developed the quantum backaction evad-
ing measurement of one quadrature of collective spin components by stroboscopically mod-
ulating the intensity of probe beam at twice Larmor frequency. Furthermore, a spin-squeezed
state conditioned on the light-polarization measurement with 2.2± 0.3dB noise reduction
below the spin projection noise limit for the measured quadrature has been demonstrated
which is be useful for quantum metrology and sensing, as well as for generation of entan-
glement between disparate oscillators.

As an application of stroboscopic back-action-evading measurement, we demonstrated
a quantum noise limited optical magnetometer at room temperature with an rf magnetic-
field sensitivity of 158± 1fT/

√
Hz and 2D spatial resolution of 300µm. Furthermore, by

sandwiching the rf pulse between two backaction evading measurements, an magnetometer
with 13% spin-squeezing below the projection noise limit was realized, where conditional
spin squeezed state generated by the first optical pulse, and then the second optical pulse
measures the displacement of the SSS caused by magnetic field.

Deterministic quantum teleportation of the collective spin state from one atomic ensem-
ble to another was reported in Chapter 6 where the cubic vapor cells with the size of 2.2cm
were employed. Then the stroboscopic teleportation of spin dynamics was demonstrated
with the fidelity higher than the classical benchmark. This can be extended to teleportation
of quantum dynamics and simulations of the interaction between two distant objects that
have never interacted directly.

7.2 Outlook

High quality Microcells

As described in this thesis, atomic density, spin life time and intensity transmission are
three key parameters of the room-temperature vapor cell. We have achieved the reasonable
values at the present stage. However, if for microcells inside optical resonators we really



7.2 Outlook 101

need to improve the fabrication to increase the intensity transmission and thus reduce the
information loss of the system. In Chapter 5, the effect of optical cavity has been discussed
where we derive the optimal variance spin squeezing as Var(XA) ∝

1√
F

with the condition of

T opt
2 = lcav and the round trip intra-cavity loss lcav is mainly determined by the optical loss

propagating trough the microcell. Additionally, for atoms inside an optical cavity, both the
resonant single pass optical depth of the atomic ensemble d and the light-atoms coherent
coupling strength κ are enhanced by a factor of 2F/π . Although the good anti-reflection
coated windows are employed, the current single-pass intensity loss of the microcell is about
6.5% coming from the deterioration of the anti-reflection coating quality in the glass blow-
ing phase, therefore, we are employing the CO2 laser bonding procedure to attach windows
at the edges of the cell, and attach a round tube to the cell’s top surface where the micro-hole
is drilled.

Quantum sensor in the biological application

Our compact and simple optical magnetometer with high spatial resolution and sensitivity is
a candidate to be used as a non-invasive biomagnetic sensor because it is room temperature
where life lives. At present we are in the early stages of a collaboration with the biology
group and Membrane Biophysics group in the University of Copenhagen to study the nerve
signals from frogs and lobsters. In Figure 7.1 we show an simulation experiment that sim-
ulates a neuron pulse by sending a RF-pulse into the RF coil of one sinusoidal cycle with
period of 0.3ms as shown on the right of top into the RF coil.The left top of Figure 7.1
shows the spin response signal.

High efficiency single photon generator for DLCZ protocol

To achieve long-distance, high-fidelity, qubit teleportation, an architectures using neutral
atoms was proposed by Duan, Lukin, Cirac and Zoller (termed DLCZ hereafter)[5]. In
DLCZ scheme, entanglement distribution is accomplished by weak coherent driving of a
Raman transition in an atomic ensemble followed by path-erasing photodetection. Although
the motion of the atoms destroys atomic superposition states in the thermal vapor cell, mo-
tional averaging discussed in Chapter 2 can be used to realize room temperature quantum
memories and coherent single photon sources where atoms move in and out of the beam
several times during the interaction while maintaining the spin coherence for much longer
times. In [53], it is shown how both read and write efficiencies above 90% can be achieved
for a real experimental system based on Cs-atoms inside a microcell similar to the one
described in this thesis. Since the microcells have the potential to be integrated in semicon-
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1 

Fig. 7.1 Simulated biomagnetic experiment.

ductor chips, the fiber-coupled, integrated quantum repeater could be demonstrated in the
future.

Nano-mechanical membrane-atomic ensemble interface

Since the existence of challenges for the optomechanical system to prepare, manipulate and
measure quantum states with high precision, a quantum interface between atomic ensembles
and optomechanical systems has been proposed in [86], where light plays the role of a
quantum bus. Furthermore, the establishment of quantum entanglement between an atomic
spin oscillator with a negative mass and a mechanical oscillator coupled to light via radiation
pressure can enable the trajectory of the mechanical oscillator to be measured with the
precision beyond the standard quantum limit. Soon, we will perform the first efforts to
couple the atomic ensemble in the microcell to a optomechanical system (membrane-in-
middle type) which is sitting in the separate room at QUANTOP, and hope to see EPR
entanglement between the atoms and the mechanical oscillator as the next step.
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Multipartite entangled states

Multipartite entangled states play a crucial role in quantum information processing. Re-
cently, one special type of multipartite entangled states called graph state, has been proposed[87,
88] and gradually became a key component of quantum information systems because it al-
lows large scale quantum information tasks to be implemented orderly according to the
specific program. Cluster states as a well-known member of this family provide the uni-
versal source for one-way quantum computation model where the system is firstly ini-
tialized in a cluster state, independently of the quantum algorithm which is to be imple-
mented and determined by different temporal and spatial sequences of series of the projec-
tive measurements[89]. Correspondingly, one-way quantum computation based on cluster
states have been demonstrated experimentally both in DV[8] CV regime[7]. Additionally,
graph states of optical field have been theoretically described in general[87, 88, 90], and
generated in different structures experimentally[91, 92]. Since entanglement-assisted net-
works communication with higher channel capacity than classical limit can be realized by
applying multipartite entangled states, graph states can also be used to set controlled quan-
tum communication networks[93]. Due to specific quantum correlation of graph states, the
channel capacities between two users can be controlled and the signal-to-noise ratios can
surpass the shot noise limit of the classical optical communication. We can generate this
kind of hybrid multipartite graph state based on off-resonant Faraday interaction between
light and atoms[11, 94].





Appendix A

Details of the magnetic coil system

DC magnetic field

DC bias coil

The wire-coil system which creates the static field sits on an aluminum cylinder, which is
located insider 3-layers of µ-metal magnetic shields, thus providing an environment isolated
from external stray magnetic fields. The static bias magnetic field in the x-direction(quantization
direction) is generated by sending a current through eight equally spaced coils with differ-
ent numbers of windings similar to a solenoid. Although there exists the inhomogeneity in
x-direction, due to 300µm dimension of the vapor cells this inhomogeneity has an insignif-
icant effect on the measurements. However, the inhomogeneity in the propagation direction
(z-direction) is important for the measurements. For large applied magnetic fields, this in-
homogeneity, the coherence of spins leading to shorter spin life time. The Bx magnetic field
distribution along z-direction is plotted in Figure A.1.

DC compensation coil in the probe propagation direction

The quadratic correction in the z-direction is accomplished via a double-saddle coil arrange-
ment consisting of eight circular arcs[95], wound on the cylinder beneath the plastic rings.
This geometry was initially designed to be used as a linear gradient coil with the current
direction shown in the pink arrows; however, if changing the current direction as shown
in the black arrows, this double-saddle structure can be used as a quadratic coil. In Figure
A.3, the magnetic field distribution along z-direction is plotted. Currently, both 5-turn linear
gradient and quadratic coils are located on the aluminum cylinder.
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Fig. A.1 DC magnetic field distribution along z-direction with current I = 200mA and R =
22.35Ohm.

Fig. A.2 Double-saddle compensation coil schematic drawing. The pink arrows show the
current direction for the linear gradient coil, and the black arrows show the current direction
for the quadratic coil.
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Fig. A.3 Magnetic field distribution of the Bx component in z-direction generated by double-
saddle compensation coil with current I = 200mA.

Weak bias magnetic field in the transverse directions

As discussed in the main text, the propagation direction of the probe beam should be per-
pendicular to the direction of the DC bias magnetic field, which is parallel to the optical
pumping direction. Since the probe light is circulating in an optical cavity, it is difficult
to satisfy this geometry by aligning the cavity field, and aligning the magnetic field inside
the shield by hand is not precisely. Therefore,of the Bx component in the y and z-direction
are utilized as shown in Figure A.4 to create the homogeneous magnetic field in y and z-
direction. In Figure A.4 the black and red symbols represent the current direction in the
copper wires for By and Bz magnetic field creation respectively. The θ angle of the co-
sine windings can be calculated according to[96], and here we use 10.6◦, 30◦ and 56.5◦ to
generated the homogeneous weak bias magnetic field in a range larger than 2cm.

Calibration of the RF coil

In order to calibrated the RF coil, a pick-up coil with 30 turns copper wire is employed
as shown in FigureA.5. The oscillating magnetic field creates a flux through the pick-up
coil which generates an electromotive force When applying a sinusoidal magnetic field of
frequency omega and amplitute Br f . The current through the pick-up coil can be found from
measuring the voltage amplitude Uω across the measurement resistor Rm [34].
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By


Bz

Fig. A.4 Cosineθ coil in y(red symbols) and z(black symbols)-direction schematic drawing.
The black and red symbols represent the current direction in the copper wires for By and Bz
magnetic field creation.

Fig. A.5 Photo of pick-up coil.
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∣∣Br f
∣∣= |1+Zcoil/Rm| |Uω |

NωAcoilω
, (A.1)

The pick-up coil has the following parameters: number of windings Nω = 30, area of the
coil Acoil = πr2 = π(3.75mm)2, and the impedance Zcoil ≈ iω ·L at frequency ω with the
inductance of L= 55µH, since the resistance of the coil R= 3Ω is much smaller than ω ·L at
the frequency we usually operate (380kHz). We use lock-in amplifier to read of the response
generated in the pick-up coil. Since the voltage is read out over the resistance Rm = 50Ω.
The measured amplitude of the voltage is Uω =

√
2Urms where Urms is the rms voltage.
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Fig. A.6 (a)The generated magnetic field Brms
r f for different frequencies. For all the fre-

quency range the same voltage was applied in the RF coil. Two different colors represent
the calibration from Bing and Giorgos,respectively. (b) The measured Bpp

r f for different
applied voltage at 322kHz with external resistor R = 20Ω. "pp" means peak-to-peak value.





Appendix B

Details of the microcell fabrication

1st-generation chip fabrication

These cell-chips with dimensions in the micrometer range were designed and fabricated by
both QUANTOP at Niels Bohr Institute and Danchip at DTU. As is shown in Figure 3.5, the
finished chip consists of 4 layers (for 5 layer-samples there is an additional glass layer on
the top of the whole structure). The cell is the narrow channel (200µm×200µm×10mm)
in the middle glass and suitable holes in the middle silicon and bottom glass for Cs access
were created.. There is no special process for the top silicon layer.

In the middle glass layer, a groove with a 200µm×200µm cross section was developed
by Micro saw. Before the final decision of the cutting method, we have compared the
performance of Micro saw cutting followed by Chemical roughness reduction (treatment
with HF:HCl mixture) with Micro saw cutting only. It was found that employing only
the Micro saw cutting we can get the walls with roughness of 40nm as characterized by an
optical profiler. In order to etch a small funnel on the second silicon layer, Photo-lithography
and Etching were utilized successively to transfer the structures from mask to silicon wafer.
Firstly, Nitride was deposited by low pressure chemical deposition (LPCVD) on the silicon
wafer to develop a thin Nitride membrane that protects other part of the wafer to be etched
in the KOH etching. And then, we did the wafer exposure under 7W of ultraviolet laser
light for 5.6s which is followed by 60-second of development. We then make sure that there
is no resist visible by inspecting with optical microscope; otherwise Plasma Asher should
be used to clean it. Following exposure, the Nitride membrane covering the hole should be
removed to make sure the etching on the silicon can be conducted successfully which can be
done by using Reactive-ion etching (RIE) equipment. In addition the residual resist material
should be striped by immersing the wafer into Acetone solution for several minutes. After
this preparation work, we can do the real silicon etching by utilizing KOH etching which
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belongs to the family of anisotropic Si-etchants based on aqueous alkaline solutions. During
the etching process, we should check if the etch rate is appropriate. As mentioned above,
the Nitride membrane can protect other part of the wafer from etching in the KOH solution,
so this membrane covers the whole wafer except for the hole-structure and should be striped
by RIE. Until now, the funnel is produced on the silicon wafer and three different hole sizes
are obtained (19µm, 29µm, and 54µm).

A large hole is required on the bottom layer glass which is the entrance for the evacu-
ating, coating, and filling of the cell. To avoid the damage on the glass wafer, the whole
production of the large hole consists of two steps: laser marking and sand blowing. At the
first stage, the laser burns the blue tape which sticks onto the wafer to protect it, and a little
bit of the glass surface. Then, the Aluminum Oxide 110µm in diameter spheres at high
pressure are used to do the abrasive action. Finally, we obtain the 3mm hole on this glass
wafer.

With those separated wafers as the components of final chip, we can combine them
together by implementing the bonding process with the equipment of EVG Nanoimprint
Lithography (NIL). The first bonding is to combine the glass grove wafer with the silicon
funnel wafer where a precise alignment is required. Here, anodic bonding is utilized, which
means we should place the Si wafer closest to the chuck and the Pyrex wafer closest to the
electrode. Secondly, we bond the two other wafers, that is the hole wafer and the untouched
silicon wafer, resulting in a two-layer wafer. We complete a the chip production with cutting
into small pieces of chips and polishing these chips.

Current generation chip fabrication

The bare chips with the channel are ordered from VitroCom and the bare windows are coated
with anti-reflection coating in Denmark. The microholes were drilled by using a 50W,
1064nm picosecond-pulsed Nd:YAG laser (neodymium-doped yttrium aluminium garnet) at
the Danchip facility.In order to encapsulate the microcell, anti-reflection coated windows are
fused to the glass cylinder with the chip inside (with glass spacers placed around the chip)
and also a glass stem with an opening is fused to the cylinder. The whole glass structure
is annealed at above 550◦ to remove stresses that could lead to the optical birefringence as
discussed before. Vacuum-tight test should then be done on the whole glass structure. We
are running the laser bonding procedure with CO2 laser now to replace the glass blowing
and fusion phase.

The anti-relaxation coating procedure begins with the cleaning of micro-channel with
a solution of hydrochloric acid, then rinsing with distilled water followed by the vacuum-
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pumping. Heated coating material and Cesium are injected into the channel through the
micro-hole, subsequently. To increase the atomic density and redistribute the coating ma-
terial evenly, the microcell is cured for 3-4 hours at 60◦C and allowed to cool down slowly
before being removed from the oven. At this time, the microcell fabrication is finally fin-
ished. The glass blowing and coating procedures are operated by Mikhail Balabas (of the S.
I. Vavilov State Optical Institute, St. Petersburg, Russia).
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Phase-Locking and Frequency-Locking
system
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Fig. C.1 (a)The basic layout for locking a cavity to a laser. (b)The PDH error signal,
ε/2

√
PsPc vs ν/ν f ree , when the modulation frequency is low. (c) The PDH error signal,

ε/2
√

PsPc vs ν/ν f ree , when the modulation frequency is high.

The original scheme of PDH locking system is shown in Figure C.1. The Laser beam
is frequency modulated by a Electro-optic modulator (EOM), driven by a local oscillator at
frequency Ωm and then injected in the optical cavity. The reflected beam from an optical
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isolator is sent into a broadband photodetector. The output electronic signal is mixed with
the local oscillator’s signal via a mixer where the phase of this local oscillator can be tuned
by internal or external delay line. Since the mixer is a device whose output is the product of
its inputs, this output will contain signals at both dc (or very low frequency) and twice the
modulation frequency. The low frequency signal carrying the information of the derivative
of the reflected intensity can be picked up by a low-pass filter, and then goes through a
proportional-integral controller (PI) and into the piezoelectric transducer (PZT), locking the
cavity to the laser. Using the knowledge in Chapter 3, we can derive the reflection coefficient
F(ν) as

F(ν) = Ere f /Ein =
T1
√

R1 −
√

R1(1−g(ν))
1−g(ν)

,

g(ν) = gme−iδφ =
√

R1 ·R2(1− lcav)Exp[−i2π(νL −νcav)]

(C.1)

As given in[65], if the modulation frequency is very low with respect to the bandwidth of
cavity, the error signal after the low-pass filter can be written as

ε ≈ 2
√

PsPc
d |F(ν)|2

dν
Ωm, (C.2)

where Pc = J2
0(β )P0 and Ps = J2

1(β )P0 are the power in the carrier and in the first sideband
respectively expressed in terms of the Bessel functions with modulation depth β and input
power P0. Otherwise, if modulation frequency is high with respect to the bandwidth of
cavity, the error signal after the low-pass filter can be written as

ε ≈−2
√

PsPcIm[F(ν)F∗(ν +Ωm)−F∗(ν)F(ν −Ωm)] (C.3)

The profiles of both case of high and low modulation frequency are plotted in Figure C.1
(b) and (c), respectively.

Cavity phase locking by PDH-like locking

Since in our experimental, the cavity bandwidth is about 40MHz, and typically if one wants
to use the frequency modulation scheme the modulation frequency is several times the cavity
bandwidth. It is hard to give such a high modulation frequency. Therefore, instead of
frequency modulation on the light beam we send a 10kHz modulated voltage on the PZT
attaching to the output mirror. And also we use a lock-in amplifier to replace the separated
electronic components including local oscillator generator, mixer, low-pass filter and delay
line. The observed error signal is similar to Figure C.1 (b). Additionally, PI controller based
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on the Labview program is utilized to lock the cavity on resonance in the pulse scheme
where the locking point is in the memory.
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