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Abstrakt

Atom centreret ab initio Hartree-Fock introduceres for periodiske systemer med helisk
symmetri. Et sadant system bliver konstrueret som et produkt af to krystal undergrupper,
hvoraf den ene er cyklisk. Fock matrixen for et endelig gruppe af enhedsceller kan derved
Fourier transformeres til en blok diagonal repraesentation. Disse sub-matricer diagonalis-
eres, og middelfeltet pa den centrale enhedscelle udtrykkes efterfglgende i det direkte rum.
Middelfeltet bliver dernzest palagt alle celler ved tilfgjelsen af Born-von Karmén periodiske
greensebetingelser. Dette itereres indtil selv-konsistens opnas, og densiteten derved spre-
des over nanorgret. Bandstrukturen konstrueres ved flere band diagrammer, en for hver af
de ikke-reducerbare repraesentationer af den cykliske gruppe. Diagrammerne udregnes og
analyseres for systemer af carbon nanorgr med varierende helicitet og geometri, og det ob-
serveres at skalering af gitter vektoren inducerer en halvleder-metal faseovergang. Geometrisk
optimering giver elastiske koefficienter, som bruges til at beskrive det radiale ”breathing
mode”. Sammenligning med teoretiske modeller antyder at band-gabet overestimeres ved
denne metode. Yderligere forbedringer praesenteres for at forklare elektron korrelation via

MP2 og approksimeret Coupled Cluster.

nggleord: Hartree Fock, atomistisk, helisk, nanorgr, ab initio, bandstruktur, middelfelt, krystal

grupper, blok diagonal, SCF



Abstract

Atom centred ab initio Hartree-Fock is introduced for periodic systems with helical sym-
metry. Such a structure is decomposed as a product of two crystal sub-groups, one of which
being cyclic. This enables the Fock matrix of a finite cluster of cells to be Fourier trans-
formed into a block diagonal form. The diagonalisation is performed on the sub-matrices
and the mean field experienced by the central unit cell is expressed in the direct space. This
environment is then imposed on all cells of the cluster by Born—von Karmén periodic bound-
ary conditions. This is iterated until self consistency and then the density of the cluster is
populated across the tube. The band structure arises in terms of multiple band diagrams,
one for each irreducible representation of the cyclic group. Such diagrams are calculated and
analysed for a system of carbon nanotubes, differing in both helicity and geometry. Scaling
of the lattice vector is observed to result in a semiconducting-metallic phase transition. Ge-
ometry optimisation yields elastic coefficients that are used to describe the radial breathing
mode. A comparison with theoretical models suggests that the obtained bandgaps are over-
estimated. Further improvements are outlined to account for electron correlation by means

of MP2 and approximated Coupled Cluster.

keywords: Hartree Fock, atomistic, helical, nanotubes, ab initio, band structure, mean field,

crystal groups, block diagonal, SCF
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Introduction

Arguably, the most straight-forward description of an arbitrary system starts with consideration
of its energy. Since the energy is a scalar quantity, its enumeration is meaningless, unless there
is at least one other value that it can be compared to. An obvious choice for this reference value
is the energy corresponding to a state where all the constituents of the system are infinitely
distant form one another. Then one can think of the total energy of the system as the difference
between the reference “null” energy and energy of the assembled state. This assembled energy
could encapsulates many kinds of contributions, all of which in general depend on positions or
other attributes of one or multiple particles. This is reasonable as long as the magnitudes of
such terms tend to zero at infinite separations. This is true for the two energy contributions
considered in this work, namely the Coulomb and the Exchange. At infinite separation the
Coulomb interaction vanishes because it is inversely proportional to the distance. The Exchange
energy arises from the indistinguishability of particles at places where their densities overlap.
However when infinitely apart, there is no overlap and therefore no ambiguity to which particle
it is, and hence the Exchange energy is zero.

For a periodic system, however, the sum of all such contributions increases as more and more
particles are considered. Therefore a macroscopic quantity should be defined as the total energy
per one unit cell. In a crystalline system only two kinds of particles are considered, electrons
and nucleons. Here it is appropriate to invoke the so called Born-Oppenheimer approximation.
It assumes, and rightly so, that in the dynamical sense the motion of electrons and nucleons is
completely decoupled. This is due fact that the mass of the electron is three orders of magnitude
lighter than the nucleon’s and therefore also the processes between nuclei and respectively be-
tween electrons happen at different timescales. Much like the dynamics of a tennis ball bouncing
off the ground is decoupled from the dynamics of the Earth orbiting the Sun. Naturally then, in
approaching the problem one chooses a reference frame where the other behavior is traced out.
Conventionally the positions of positive protons are considered first. For a chosen separation,
one calculates the energy of assembling such a lattice of charges. Then the electrons, having the
charge of the other kind, are let into the electric field created by the protons and relax in the most
favorable states. Such states minimise the energy, and therefore not only must they be energy
eigenstates, but also the ones with the smallest possible eigenvalue - the expectation value of
the energy. Within Born-Oppenheimer approximation, there is not more to the electron-neutron
interaction other than this. So the bottleneck of this approach is in calculating the most optimal
states for the electrons to occupy for a given lattice potential. Naively speaking the electron
prefers to be close to the proton, i.e. at the bottom of the potential well. Such a state is not
unique and the vicinity of each of the protons would serve equally well. Unlike in the classical
picture, where this degeneracy would break the translational symmetry by the particle settling

in one of them, the quantum description allows for the particle to be tunneled into them all[I].
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1 FUNDAMENTS OF THEORY

1 Fundaments of theory

Overveiw The electronic structure theory has been introduced by means of atomistic systems
of increasing complexity. At first only single electron states were considered and the role of
the symmetries and associated conserved quantities has been studied. The case of free particle
demonstrates the conservation of linear momenta which is not present in bound states. For
a particle in a spherically symmetric well the eigenstates were derived that form the spherical
harmonics. This forms a complete basis set similar to the one used in the calculation. The double
well problem gave rise to the concept of bonding and anti-bonding orbitals which was further
developed in the context of periodic potential and Bloch functions. The elastic properties of
bonds were addressed classically as validated by the Hellman-Feynman theorem which was also
derived. The vibrational modes of the lattice were described as a continuation of the concept of
elasticity. For the band structure to be obtained the method of Linear Combination of Atomic
Orbitals was derived as a generalisation of Tight Binding model. This involved the concept of
exchange degeneracy that resulted in the use of slater determinants. Depending on the boundary
conditions, the Hamiltonian matrix of LCAO is of the cyclic form and therefore some properties
of representations of such groups were studied. At last the Hartree-Fock equations were derived
that improve the single particle description by the presence of the mean field. For the scope of the
project many electrons have to constitute this mean field. Therefore the Roothaan formulation
of HF has been shown to turn the problem into the realm of linear algebra.This concludes the

first section.

1.1 Continuous symmetry of free particle

A single particle is fully described by a quantum state|¥) that can be either pure, or if it cannot
be described as such, it is referred to entangled. An entangled state correspond to a probabilistic
mixture of several pure states, to which it can collapse by means of a measurement. Unlike the
mixed state, that needs to be described as a probabilistic matrix, one can represent a pure
state|¥) as a state vector. In what follows only pure states are considered. Such a state vector
can be constructed in an arbitrary complete basis. One prefers a discrete basis to a continuous
one, because then the whole problem can be recast into matrix quantum mechanics and can be
addressed by means of linear algebra. In fact no physical phenomena is known to distinguish
between distances of less than the Plank’s length [, = Z—? ~ 1.6 - 1073%m. Therefore there
is no need for a truly continuous basis, as the basis discretised by [, would perform equally
well. For practical reasons one wants to use as compact basis set as possible. The two most
common representations of state vectors are the position and momentum representations. Each
of them describes the state vector as a linear superposition of the elements that constitute its
basis, either the discretised positions that a particle can take or discretised momenta that the
particle can have. Thus one can construct the associated position or momentum wavefunction

by projecting the state|¥) upon the chosen basis:
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1 FUNDAMENTS OF THEORY 1.1 Continuous symmetry of free particle
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(1.1)

where the position wavefunction ¥ (z) = (z |¥) unfolds from the resolution of the identity.
The scalar wavefunction ¥ (z) represents the probability that the state will be found in the
position described by the basis vector |x). Therefore one can construct from it the vector of

(%)

coefficients ¢;”’, the norm squared of which equals unity. Likewise the state vector can be

expressed in terms of momentum wavefunction ¥ (p) = (p |¥)

- / p) (p ) = / ¥ () =c? - |py) (1.2)

One can express a stationary eigenstate of one representation in the other. For instance

expressing an eigenstate of momentum p as an expansion in the z representation.

(@ |p) = (p|a)* = (2nh) "% i = (27) 77 b (1.3)

where in the last them is the expression for crystal momentum is introduced as k = hp.

Naturally it follows the corresponding wavefunctions are related by a Fourier transform because

(@ ) = (x |p) (p [v) = (2wh)~ Zeh” (1.4)

p

A familiar application of the above is the description of a free particle, the hamiltonian of

which reads

=P (1.5)

2m
Since the two representations {z},{p} are related by a Fourier transform one can express
the momentum operator in the x representation as
. 0
D= —zh% (1.6)
There are no difficulties considering the external potential, since the particle is free and
so its hamiltonian commutes with the momentum operator [fl ,]5} = 0. So the momentum
wavefunction is proportional to the derivative of the position wavefunction. So if a normalised
wavepacket is localised to a small region of space the derivatives of its x wavefunction would
span a bigger space than the derivatives of very delocalised one, which would be very close to
zero. This means that the momentum of a particle has bigger freedom the more the position is

constrained. This simply a manifestation of the Heisenberg’s uncertainty principle

)

Op - Op > B) (1.7)
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1 FUNDAMENTS OF THEORY 1.2 Point symmetry and spherical harmonics

Noether’s Theorem An effort was put on recovering as much as possible from Noether’s
theory for discrete symmetries. This is demonstrated by following few simple examples. A
natural transition from a free particle to a particle in a spherical potential demonstrated how
one looses the continuous translational symmetry and spacial boosts. This results in an absence
of the general law of conservation of linear momenta, as the expectation value of the linear
momenta of a single particle bound state is always zero. However still the angular momentum
that arrises as a Noether’s charge[2] from the SO (3) group remain true as the system is invariant
under continuous rotation in three spacial coordinates. This is no longer true for the system of
double well nor for a system of a crystal that is to be the centre of this study. The system of
free particle is substantially different to the system of say a particle in a periodic potential and

very little can be salvaged from Neother’s theory for the case of the discrete symmetries[3].

1.2 Point symmetry and spherical harmonics

There are at leas three good reasons why the system of a hydrogen is considered. Firstly, because
it has a point symmetry that facilitates not only to the inversion but also to the continuous
rotational symmetry. This gives rise to the conserved quantity of the angular momentum and
also enables the separations of the three differential equations so that it is one of the very fiew
quantum systems that can be solved analytically. Secondly the series of eigenstates that solve
this system forms a complete basis set, the spherical harmonics, that is able to describe electrons
in atomic systems in a very compact way, as opposed to the x or p basis sets. At last it is the
most natural system to study, due to its abundance, and experimental feasibility. In fact it was
this system that provided experimental grounds for the quantum theory.

The problem of relative motion of an electron and a nucleus can be solved by introducing

an effective mass p = % ~ m in a Coulomb field —re2 Then the stationary state of the
electron, with eigenenergy E, is described by the wave function v, which solve the Schrodinger’s
equation

h? Ze?

TA+E+ZS |y =0 (1.8)

21 r

Since the field in which the electron moves is centrally symmetric the system invariant under
continuous rotations in three spatial dimensions. The special orthogonal, SO(3) group that
constitute of all such rotations is mathematically equivalent, isomorphic, to the special unitary
group SU(2).

The particle in this eigenstate has therefore a definite magnitude of angular momentum
which is conserved. One can therefore characterise each such state with two values only. One of
the total angular momentum, squared for convenience, and a projection of this momentum to

one of the axes, conventionally a spacial axis z.

Py =1(1+1) (1.9)

Lap = ma (1.10)
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1 FUNDAMENTS OF THEORY 1.2 Point symmetry and spherical harmonics

1 0 0 1 9
[sin (0) 60 (sinﬁ(;g * sin? 9(9;§>] i+ 1) =0 (1.11)
zg—g+mw:0 (1.12)

rewriting in spherical coordinates

19 <r28¢> I+ 1)

r2 Or or r2

2 Ze?
w+“[ -

The the eigenstate must per se inherit the SO(3) invariance from the Hamiltonian and
therefore it has to be decomposable into the product of independent radial R () and spherical
Yim (6, ¢) components. The hilbert space is likewise formed of a tensor product of rotational

and radial subspaces.

¢ =R(r)Ym(0,0). (1.14)

1 d [ 50R I(1+1) 2u ze*]
i () R [ 2 s 149)

which gives rise to the asymptotic behavior as r — oo
PR e g (1.16)
dr? = h2 N ’

by integration of * the discrete energy eigenvalues can be obtained

122 pet
2n2 B2’

These values are historically provided the most crucial proof that validated the Schrodineger

(1.17)

equation by means of experimental comparison to the atomic spectra of hydrogen.
For a given discrete radial spectrum R,,; (r) the angular functions Y}, (6, ¢) can be determined

so can the wavefunction associated with that state

The angular functions can be expressed in terms of the associated Legendre polynomials

mé del (COS 9)

P™ (cosf) = sin (dcos0)” (1.19)
1 d! l
P (cosf) = ———(cos’ 0 — 1 1.20
A ) 20! (dcos@)l ( ) ( )
in fact
Yim (6, ) = B/ (cos §) e™? (1.21)

where the constant is determined from the normalisation condition
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1 FUNDAMENTS OF THEORY 1.3 Dihedral symmetry of H,"

[ [ Win (6.6)2sinodo0 — 1 (1.22)
0 0

those give rise to the hydrogen orbitals as we know them[4]. The spectrum of the spherical
part constitutes of the spacial functions such as s, p,d, and the radial part scales the wavefunction

as when the orbitals of higher order appear as in the wavefunction of e.g. 115 (r) = (r| ¢) =
1 —p1
e
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Figure 1.1: Electronic transition between the energy eigenstates can be compared to the frequen-
cies of the specral lines of the hydrogen gas. This constitued one of the main pieces of evidence
of the quantum theory. Figure addapted from Sobel'man et al. [5]

1.3 Dihedral symmetry of H;

To extend the description further one should consider the behavior of a single particle in a more
complex potential. Particularly interesting is a potential that is symmetric under an inversion.
This is because it provides valuable insights about the parity operation. The most natural sys-
tem that demonstrates this is one of the Hj dimer. Not only it is convient for experimental
verifications but also serves as a building block for larger molecules, and ultimately for a bulk of
a crystal also. The first assumption of the following analysis is the Born-Oppenheimer approx-
imation[] that decouples the atomic and orbital motions because they happen at substantially

different energy scales.

I
MA+E+6+—6]¢—0. (1.23)

When separation large, hamiltonian similar to hydrogen and so the orbitals.
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1 FUNDAMENTS OF THEORY 1.3 Dihedral symmetry of H,"

1

(rlp1) = e (1.24)
V/mag
r
(r| p2) = —==e7" (1.25)
The trail kets are in general of the form
) = c1lp1) + c2|p2) (1.26)

The variational method consists of finding the stationary values of the

_WlH )

where the second equality states that the energy is the functional of the wavefunction. This
stems from analysis done Lanczos which states that any physical law which can be expressed as
a variational principle describes a Self-adjoint operator. Which of course is true aforementioned
quantum hamiltonian. The resolution of this eigenvalue problem within the subspace span by
the linear combination of the two eigenkets |¢1),|p2) is not straightforward as the two basis
elements are not orthogonal. For an arbitrary vector [¢)) to be an eigenvector of the hamiltonian

with the eigenvalue E it necessary and sufficient that:

(il HY) =Ey); i=1,2 (1.28)

that is:

2 2
> eilpil Hlps) =E> ¢ lpile;) (1.29)
j=1

=1
in order to construct the equations the elements of the overlap matrix S and hamiltonian H

are defined as follows

Sij = {pil Slej) = {pi lej) (1.30)

Hij = (il H |pj) (1.31)

now the system of two linear homogeneous equations must be solved

(Hll - ESH) c1 + (ng — ESlg) co =0 (1.32)

(Hgl — ESQl) c1 + (HQQ — ESQQ) co =0 (133)

which has a nonzero solution if and only if

Hy1 — ES11 Hia — ESi2

—0 (1.34)
Hy1 — ESy1 Hap — ESy
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1 FUNDAMENTS OF THEORY 1.3 Dihedral symmetry of H,"

for normalised basis elements the diagonal elements of the overlap matrix are equal unity

S;; = land since the reference kets |p1) , |p2) € R the cross terms are equal

Sii = Sii = (i y) = / dr (x) 02 (1) (1.35)

The elements of the Hamiltonian must obey the the inversion symmetry since of the system

so Hy1 = Hasand also due to the realness of |p1) , |p2)the cross elements must equal His = Hoy.

P2 2 e2 e2
H.y = _ _ - — 1.36
11 = (1] [2m 7'1] lp1) — {1l - lp1) + 7 (1 [p1) (1.36)

P2 2 e2 e2
Hoo — _ _ i — 1.37
12 = (1] [2m 7,2] lp2) — {1l - l2) + 7 (1 [p2) (1.37)

the Coulomb integral

62 3 62 2

C = (o1l —lp1) = [ d’r—[p1(r)] (1.38)
T2 r2

the off diagonal integrals, also known as the resonance integrals, that enumerate the descrip-

tion of the instanton excitation resonating between the two wells.

62 62
A= (1] S o) = / ron (1) S (1) (1.39)

The the ground state solution is obtained by solving the determinant equation. Since this
leads to a quadratic equation there exist two distinct solutions. Those are commonly refered to

as bonding and antibonding solutions.

) = =g o)~ Ioa) (1.40)
1
) = N [lp1) + [02)] (1.41)

Those manifest the overall parity, given the reflection symmetry of the system, allowing the
resulting state to be either symmetric or untisymmetric under the exchange of particles.

Note that in practice the matrix is diagonalised first. By the virtue of spectral theorem one
can always find a basis that diagonalises a hermitian operator. Then the determinant of the

diagonal matrix is simply
n

det(D) = [ [ Dii (1.42)
=1
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1 FUNDAMENTS OF THEORY 1.4 Bonding, Antibonding, Elasticity

1.4 Bonding, Antibonding, Elasticity

This analysis would also be valid for a a discrete rotational invariance of a ring-like systems.
Interestingly the boundary conditions would allow this to hold not only for infinite ring but also
for finite one. For such rings the number of modes would be finite as they would have to be con-
structed from a superposition of finite set of states. Like in the case of the Hodimer the electrons
in a ring like structure could also occupy the generalisation of bonding and antibonding states
among more centres. However the ring periodicity constraints the number of nodal intersections

to be even.

Hellman-Feynman Theorem

In the case of Hs the separation between the atoms can be varied and corresponding energy
calculated. One notices, as the energy is traced by the separation, that for the antibonding
orbital the curve is monotonic and has no minimum. Therefore no stable bound state can be
established. For the bonding orbital, however, such state exists and the single electron constitutes
the chemical bond. This is experimentally observed as Lenard-Jones potential.

The hamiltonian of this dimer is a hermitian operator that is explicitly dependent on a real
parameter i.e. separation of the hydrogen nuclei. Thus also the eigenstates and eigenvalues
of this hamiltonian must alike depend on this parameter. What follows is the derivation of
Hellman-Feynman theorem that states that the variation of the expectation value of a hermitian

operator is proportional to the variation of its eigenvalue. It starts with the eigenvalue problem

H(R)[¢ (R)) = E(R) [y (R)) (1.43)

then differentiate according to Leibniz rule

d

d
R = Wi )+ |

d d
I 0 ) H () o () + () H ()| 1o ()] |
(1.44)
the claim of the theorem is that the rate of change of the eigenvalue with respect to a
parameter of the hamiltonian reduces to only the first term of the expression above. This
becomes obvious when one lets H (R)act on the latter two terms in curly brackets, from left and
right respectively. The two terms combined turn out to be just the derivative of scalar product

of normalised eigenstate which has to be zero

dR dR dR
1= (4 (R) [¢(R)) (1.46)
Thus the equation reduces to
L B(R) = 0 (R)| - H (R) [ (R) (1.47)
dR dR
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1 FUNDAMENTS OF THEORY 1.5 Phonons

This is a key result for the elastic properties as relates the variation of the expectation value
of the hamiltonian, and relates it to the variation of the eigenvalue with respect to the same
variable, as for instance the displacement from equilibrium. This provides the rationale for
calculating the potential surfaces and identifying the elastic terms in the hamiltonian purely by

studying of it eigenvalue changes in that parameter.

1.5 Phonons

Not only it is of common knowledge that a system tends towards an energetic minimum, but
also that it oscillates in the vicinity of it. On the general grounds, this is due to the opposition
of inertia and the potential field. In the case of inter-atomic oscillation the inertia stems from
the kinetic energy and as usual acts against the change of system’s momentum. One can think
of the restoring force F;., towards the equilibrium a = ag, as arising to oppose a single parameter
elastic field V' (a), that can be expanded as a polynomial in the displacement|a — ag| from the

equilibrium lattice vector ag

V// (ao)
2

In order to establish the equilibrium the force needs to integrate up to the magnitude of the

V (a) =V (ao) + V' (ao) |a — ao| + la—aof* + O (ja - aol) (1.48)

field but be opposite in direction.

()——/d F ()—/d —d% (1.49)
Via) = aF, (a) = am—s .
or the gradient of the field must be equal to the force.

Pa
dt?

This differential equation couples the behavior in a time domain to the behavior in domain

V.V (a)=—F,(a) =m (1.50)

of space by means of a () which is function of both. To decouple this, one can decompose the
function a (¢) in a linear superposition of simple oscillatory functions in time ¢; e~ By the
virtue of Fourier transform, the mixing coefficients @ (w) are no longer explicit functions of time,
but functions of the corresponding frequencies w only. Therefore their time derivative vanishes
which facilitates the solution to the differential equation. Up to the normalisation of %, which

will cancel out, one expresses the Fourier transform of a (¢) simply as

a(t) = /dwfi(w) et (1.51)

and so the derivatives as

o)™ = / dw (—iw)" G (w) - =it (1.52)

To demonstrate this in practice, consider a simplified version of the field V' (a) expanded only
to the second order. For small deviations, one would expect the linear term to vanish, because

the neighborhood of the equilibrium is symmetric. If however the expansion is centered about
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1 FUNDAMENTS OF THEORY 1.5 Phonons

a point which lies outside of the equilibrium, which in this case it is not, the linear term would

survive.
, V//
V(a) =V (ap) +V (ag)|a— ao|+ 2(%) la — ao\2 (1.53)
’ " d2a
V (ap) +V (ag)la —ap| = V.V (a) = =F,(a) =m (1.54)

dt?
Here it can be noted that since a — ag and a are related by only a translation in space, their
derivatives are equal.
d’a  d?(a— ag)

d2 - ! 1
M(C(L:lt?ao) =V (ap) +V (ag)|a — ag| (1.56)

Now one can evaluate the values of the gradients at ag. Naturally V' (ap) is zero and the
second order gradient can be thought of as a stiffness of a hookean system V" (ap) = K. Also the
origin on the coordinate system can be assumed far from the equilibrium, therefore a > (a — ag)
and hence the absolute value can be dropped. For convenience the relabeling is introduced

x = a(t) — ap. The differential equation is thus reduced to

2$ ! a
o) _Vlw), K (1.57)

A trained eye recogises that x (t) must be a periodic function in ¢. Instead of solving this by

means of such an ansatz, more general approach using Fourier transform is here employed.

z(t) = / ;L:f(w).e*iwt (1.58)

the equation can be recast

/ R / (i) (F ) o) = / LR e s9)

or dt? o 2T m

and now as long as the equality holds the integrands must be equal for each w. Therefore

Vw the integrals can be dropped and constants can be divided over.

_ . K _ .
(—iw)? T (w) - e ™ = = F (w) - e ™ (1.60)
m
therefore only the frequencies that satisfy
K
(—iw)? = = (1.61)
m

survive in the spectral expansion. Unsurprisingly this lead to the two roots w = +4/ % .
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1 FUNDAMENTS OF THEORY 1.5 Phonons

Phonons in 1D

To account for the phenomena of a dispersion one needs to consider the collective modes of many
particles. In one dimension the hamiltonian will be equal to the following sum, where u; are the

displacement vectors of the particle j.

N
1 1
Hyp = Z (2Mp] + K( uj_l)Q) (1.62)
j=1

At the scales where & ceases to be negligible the quantum effect have an influence. Therefore

the commutation relationships need to be imposed for the atoms of the crystal

h
[Dj1 ujy] = g%,jz (1.63)

This problem at the equilibrium has a translational symmetry and therefore it is more con-

vienient to approach it in the reciprocal space. The first Brillouin zone constitues of following

points
FBZ:{l+Ak,l+2Ak,...,l+NAk} (1.64)
a a a
o 2
Ak = % = ;N (1.65)

The corresponding conjugate variables are obtained by Fourier transform

— 1 ik RO — 1 ik RO ikR)
Pi =N 2 kerpzPrE" 7 uj = VN 2 kerpz Wke" 51%0 0= N v Ykerpz € (1.66)
s 0 = 0 _ 0 .
= ﬁ Zjvzl pje ikR; up = ﬁ Z;V:1 uje ikR; Sk 0o=% ZJ e kR
and then substituted into to obtain the following
1 1.,
H= Z o PRP—k + ikaUkU—k (1.67)
k
K k
we =1/ 57z |sin (;‘)l (1.68)
h
[pk17uk2] = ;5k’17—k’2 (1'69)
One would like to quantise this field and to do so the canonical form is employed 0]
bo=J5 (i) we=idy (b)) b= /o w.70)
b = 1 %_z“@%) pr= s (b, + by
and the second quantised hamiltonian appears as
1
Hpp =Y hwp (0lb + = 1.71
ph g k < k0K T 2) (1.71)
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with the commutation relationships

[bkl , 522} = Oy ko (1.72)

If one would like to treat a system of two atoms per unit cell, such as graphene or a carbon

nanotube, the hamiltonian is thus modified as

1
th = Ehwk)‘ <bLAbkA + 2) (1.73)
kX

and the second set of indexes appears in quantisation

[bknl ) bchgAz} = 5k1,k25>\1,>\2 (1.74)

One then obtains the linear dispersion.

w (k) = Bf — ok (1.75)

The last step is to consider the partition function and possible microstates and therive the
average occupation numbers based on the Boltzman distribution.[7]

The correction to the internal energy could then be expressed as

hwgexp (—PhwE)
1 — exp (—fhwg)

E = Ey+ 3N (1.76)

Cyclic groups and LCAO

After having discussed that the elastic and vibrational properties it is important to address the
way how those stem from the electronic properties of the crystal. Let’s examine the simplest sce-
nario; one electron confined in a periodic 1D potential. Now in addition to ro, the Hamiltonian

also constitutes of the potential V' (z) , periodic under discrete translation by a.
V(z)=V(r+a) (1.77)

Let’s define discrete translational operator in terms of its action on the particle’s eigenstate

in x representation|z’) = [ |z) (x| ¥).

() |2’y = |2’ + 1) (1.78)

the operator being unitary but obviously not hermitian

7)) =2 +1 (1.79)

incasel =a

#(a) 27 (a) =V (z+a) =V (2) (1.80)
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and so translation by multiple of a commutes with both constituents of the hamiltonian

[ﬁ[,%(a)} =0 (1.81)

now consider the potential being infinite everywhere except in the vicinity of periodically
distributed sites. This prevents tunneling processes and delocalised states. Thus, despite having
an infinite discrete spectrum of possible states (as in a molecule or a quantum dot), the particle
is completely localised to particular site. Such state of particle bound to n'"site is represented
by |n) that has no overlap with other sites d,,, = (m| n).

The translation operator transforms state

7 (a)|n) = |n+ 1) (1.82)

and therefore |n)is definitely not an eigenstate of 7 (a).

To try to find a simultaneous eigenstate of both 7 (a) and H we combine all those states

6) => e |n) (1.83)

n

which indeed is an eigenstate for an infinite linear chain[g]

o0

F@)0) =7(a)Y e int+1)= > & |n) = |0) (1.84)

n=-—oo
if the periodic boundary conditions are applied the diagonal elements of single particle hamil-

tonian are identical due to the matrix being a cyclic one.

Groups and cyclic Matrices To tackle the problem of identifying many-body eigenvectors
of a periodic system, first consider a chain of hydrogen atoms. The premise is that if the spacing
would be sufficiently large the single electron wavefunctions of electrons would be localised to the
atomic sites, having no overlap with the neighboring electrons. This would would prevent any
form of correlation between the electrons and every one would behave as in an isolated hydrogen
atom. As the lattice spacing would gradually shrink at some point the hydrogens would pair up
to form bound states of Homolecules with lower energy eigenvalue per electron. If however, by
a theoretical construct, the equal spacing would be maintained, the problem can be analysed
using group theory[9].

For simplicity let’s introduce a cyclic boundary condition so that the group is formed of
elements A; = (A), Ay = (A)2,..., E = (A)" so that the translation operations form a cyclic

group with h classes and therefore h irreducible representations.

rM(A) 0

T(A) = ) (1.85)

Consider now a number representation of those group elements in which I'(A) = r. Then
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1 FUNDAMENTS OF THEORY 1.5 Phonons

for this representation I'(A,) = I'(A)"™ = ™ holds, in particular I'( ') = 1 and therefore I'(E) =
(A" = v = 1. Straightforward solution for r can be found in C2? as the h*"root of unity

2mp/hywhere p = 1,2,..,h. Those are all the h irreducible representations we were after

r=e
P (A) = e?m/P with p = 1,2, .., h.

The system of our interest possesses this cyclic symmetry and therefore its Hamiltonian must
per se inherit it. In case of the hydrogen ring the group element A represents the displacement
by the spacing a which can be thought of as a shift of the periodic potential by —a. One can
think of this in terms of transformation operators P4,associated with this symmetry group, such

that Pay(z) = ¥ (x + a). These operators commute with the Hamiltonian

so that any eigenfunction v, transformed by symmetry operator Py will also be an eigen-
function of the hamiltonian H with the same energy eigenvalue F,. This implies that all the

solution of the ptfrepresentation v, satisfy the following

Uyl + a) = Pathy(w) = DO (A () = 2P/ (a) (1.88)
with the boundary condition being that the circumference of the ring L = ah where 7 < 1.
: : . : : . 2 2
By replacing the index of irreducible representations p with a new one k such that k = =2 = 7P
one can recast the equality for the eigenfunction to be
Gyl + @) = €29/ (2) = e, () (1.89)

and upon relabeling v, = 9 one obtainsyg(z + a) = ey (z). It follows that that any
function ¢of this kind can be described as a product of a periodic function ug(x) = ug(z + a)
with a phase factor. These function for all of the discrete values of k are referred to as Bloch
states[10].

V() = up(x)e*e (1.90)

As the periodic function uy (x)it is convenient to use the atomic orbital basis |pR> localised

at each atom with the period of the lattice spacing.

Periodic LCAO

The first crude approximation comes by assuming that the full crystal Hamiltonian can be, in
the vicinity of the nucleus, described by that of a single atom Hg;. It also follows the electronic

states are well localised and are the eigenstates of Hy;

Han (I‘) = Epn, (I‘) (1.91)
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= Entby (I‘ - R) (1'92)
We shall also include the correction the the crystal Hamiltonian:

H = Hy + AU (r) (1.93)

As shown argued above, the crystal Hamiltonian as well as the single electron wavefunction
must exhibit the translational symmetry so the wavefunctions will preserve their form for all R in
the Bravais lattice. In order for the Bloch description to be preserved, the suitable wavefunction

must be formed as a linear combination of the wavefunction that satisfy the Bloch condition.

Yne = Y Ry, (r — R) (1.94)

R
where kruns through the N values of the first Brillouin zone.

It can be verified that this wavefunction satisfies the Bloch condition as follows|[11]:
let Y — ¥

Yr+R)=> ¢y, (r+R-R) (1.95)
R/

= kR [Z R Ry, (r— (R - R))] (1.96)

R/

R =R —-R) (1.97)
= KR[N Ry, (v~ R)| (1.98)

= &Ry (r) (1.99)

However this simplified description is built on the premise that the electronic states are
precisely of the form of the atomic orbitals. To generelise this one has to allow the eigenstates
¢ (r) to differ from ¢ (r) and they should be determined by further calculation. Due to fact that

Yy, form a complete basis one can expand ¢ in a small number of ¢ [10].

¢(r) = buthn (r) (1.100)
R

Apply this result to the Schrédinger equation

Hip (v) = (Hat + AU (r))¢ (1) = e (k) ¢ (r) (1.101)

by multiplying it by the atomic orbitals ¢, * (r) and integrating over all r

<wm| Hat |¢> = <Hatwm| ¢> = En <wm| ¢> (1'102)
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(€ (k) = Em) (¥ml [¢) = (Ym| AU (r) [¢) (1.103)

since the atomic orbitals satisfy the orthonormality condition

<wm’ wn> = (5mn (1.104)

we can thus determine the coefficients by, (k)[12]

(6 (k) - Em) bn, (k) =

—(e(k) = Em) 2, (ZR;&O (tml] Wn (r—R) eik.R>> bn (1.105)
+ 25 (Um| AU (r) [¢n) by
+ 50 (Lhpo Wl AU (@) [ (r = R) 7)) 3,

where the first term on the RHS contains integrals that can be calculated numerically

/dm/}m * 1y (r —R) (1.106)

Many particle Origin of exchange degeneracy

The concept of exchange degeneracy is commonly refereed to in terms of the correction of
the many body energy eigenvalue. It arises from the indistinguishability of quantum particles
at point where the mutual overlap of their probability densities is non-zero. It needs to be
understood that the concept of exchange degeneracy naturally arises from the invariance of the
system under the exchange of any two particles. So it comes a priori to the parity consideration
(i.e. either for fermionic or bosonic systems) and regardless of the interaction between the
particles, or lack of thereof. To see this clearly, consider an interactionless manybody system.
the manybody hamiltonian H constitutes of merely the sum of one body hamiltonians Hithat

act only on the space spanned by the corresponding particle described by r;.

Hl—i-ﬁg—i-'”—l-ﬁ]\[ 1/1(r1+r2+'~+rN):Ew(r1+r2+~-+r1\r) (1.107)

This is a common eigenvalue problem that consists of finding a vector that is invariant under
the transformation, up to a scaling constant which is its eigenvalue. The solutions of this are not
unique, in fact the spectrum of suitable energy eigenvalues Erand corresponding eigenvectors
i is as big as the number of basis elements, orbitals xj, used to describe the many body
wavefunction. This is obvious as one essentially solves the problem of diagonlisation of the
matrix H — Ejand so the number of eigenvalues (i.e. elements on the diagonal), is the same as
the dimension of the matrix (i.e. the size of the basis). Then due to the lack of interaction the
this can be split into N separate equations[13]

A~

H; (r3) 1 (r;) = Ejpr (ri) (1.108)

Page 17 of



1 FUNDAMENTS OF THEORY 1.6 Hartree-Fock , Roothaan formalism

i=1,2...,N; k=1,2... (1.109)

The many body wavefunction is merely the tensor product of single body wavefunctions,
whereas for now no other constrains are put on the particular choice of eigenfunctions for each

particle.

N

T,Z)(F1+r2+"'+TN):H<Pk(I'i) (1.110)
i=1

There is an ambiguity in the above-described Hartree function created by the one electron
orbitals. Generally speaking Hartree function only involves the product of w; (r;) that commute
[w; (13) ,uj (r;)] = 0Vi,j and therefore is invariant under permutation of them. This implies

that also any linear combination of them would serve equally well.
=Y pPlur (Duz(2)...ux (N)] (1.111)
p

where P permutes the order of the electrons and cyis the weight associated with that permu-
tation. Since the the application of the same Permutation operator twice in succession restores
the original state Pfkw = 1, it must hold that Py¢) = (+1) . In other words the wavefunction
is allowed to belong only to either symmetric or antisymmetric one-dimensional representation
of the permutation group. Experimental evidence confirms that electrons as well as other spin-
half particles belong to the antisymmetric representation and therefore the Hartree function
associated with a many particle state must be anti-symmetric in the exchange of any two of its

constituent electrons.

U= AP (rl,...rn) = (N)2 Y (-1 Py (r1,... ) (1.112)
P

Where A is defined to be the Antisymmetriser[I4] operator, and p labels the binary per-
mutation in the Permutation operator. One can easily be convinced that the anti-symmetriser

product is equivalent to the determinant refereed to as slater determinant[I5].

(75} (1) u9 (1) unN (1)
v | @ O ) uy (2) L
u1 (N) uy (N)

1.6 Hartree-Fock , Roothaan formalism

Firstly the concept of the mean field is introduced in an abstract theoretical manner. In this
representation the particularities of the implementation, such as the basis set or the interaction
potential, are not considered and the theory is treated on general grounds. However it needs to
be understood that in order the preform numerical calculations of quantitative kind, the problem

needs interpreted in terms of linear algebra. This is due fact that the symbolic computation,
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i.e. solving equations by isolation of variables, is rendered ineffective compared to when matrix
diagonalisation is applicable. Therefore eventually one needs to express the state functions as
vectors in terms of a compact basis and the operators as matrices with elements representing
how basis functions transform under that operation.

The Hamiltonian

N 9 9 9
P; Ze e
H = E [Qm - +&(ri); - si] + — (1.114)

7 P
i i>j 1

is too complicated on its own to be handled at once. It can therefore be thought of as

spherically symmetric term Howhich is perturbed by H'.

2
Ho =3 [2}),; + U(n)} (1.115)
/ e Ze?
H :Z Za— - Um) +Z§(Ti)li‘si (1.116)
? 7> i

The genneralisation of single particle wavefunction to many particle wavefunction can be
approached by assuming that the many particle function can be written as a product of single

particle functions.

Y (r1,S1,...rN,Sy) = up (r1) x (s1)...u1 (ra) x (sw) (1.117)

This is a straightforward choice as the conditional probability distribution is recovered by
multiplication of individual probability amplitudes. Clearly, this Hartree function cannot in
principle account for correlation of particles as the the probability amplitude of one particle is
independent of the instantaneous position of another.

The iterative procedure starts by initial guess of one electron orbital functions wu; (r;)then
one calculates the spherically averaged potential perceived by one electron from the presence of

the remaining electrons.

—Ze? e?
Ui (r;) = + 1) — (1.118)

T — T
i#j

av.
This is followed by solving the Schrodinger equation by numerical integration equation for

every electron i

p?

This is repeated until self-consistency. It can also be shown that the self consistency condition

minimises the energy as in the variational theorem.
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Mean filed in 2”4 quantisation

For compleatness the the method of Hartree-Fock is presented in the second quantisation. The
derivation below is adapted from Bruus Flensberg [0].
The full hamiltonilan can be described as the sum of the one body part and the mean field

potential

H = Hy+ Vi, (1.120)

The canonical form of the second quantised single body hamiltonian has form

Hy = eicle; (1.121)

)

and the two body interaction operator summs over two sets of indexes

Vint = Z Vijirgcle cj/c, (1.122)

it’,j5’

the density operator is as usual

piir = cley (1.123)

is only large when the statistical average is (p;) nonzero, which is quite seldom so. Therefore

one can express the interaction operator in terms of a deviation from from its average such that

c;-r (c;r-cj/ - <cj.cj/>> cir + cjc,-/ <cj-cj/> (1.124)

(cjci/ — <c;-rcz~/>> (c;[-cj/ — <c;f»cj/>> + C;-rci/ <c;r~cj/> + C;r-cj/ <c;fcz-/> — <c;-rci/> <c;f»cj/> (1.125)

this naturally separate the terms into the Coulomb and Exchange, also reffered to as Hartree

and Fock terms, the last term vanishes.

hartree
Vint = g ‘/;J“Z]/njjxc cpr + = g Vij, ”/n”/c cr E Vi, it it 5 7 (1.126)

fock
Vit =—5 E : ij,,i'j nU/c Gyt E :Vw g ”J@’C ¢t 5 E : ij,i §' i g (1.127)

total hamiltonian

HYE = Hy 4 yhartree  yfock (1.128)

int int

now consider the above-mentioned case of electrons in a periodic one dimensional lattice.

The convenient choose of basis is the bloch orbitals ¢, which are orthogonal, therefore also the
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matrix of coefficients of expectation value <c£ck/>

HIP =N "] eno (1.129)
then the final energy equals

6kHF = €+ Zk’o” [V (0) = 650V (k — k/)] nx'o

(1.130)
=ex+V (O) N — Zk/a" \%4 (k — k/) NE! o'

Roothaan equations

The above describes how to, for a given state, calculate the energy eigenvalue that includes the
contributions of the many body Coulomb interactions by means of the mean field. However it
is not guaranteed that the lowest eigenvalue corresponding to the eigenvectors is in fact the the
minimum for such a system. Since the interaction terms are themselves functions of the state
vector it is impossible find the minimum in an analytic way, unless perhaps in exceptional cases
where the system posses symmetry that would render the problem feasible. Since this is not in

general the case for the iterative procedure is thus introduced.
Consider a state ¢ defined by coefficients in certain basis x

0i = xpChi (1.131)
p

where the x,’s are normalised orbitals

/X_pxpdv =1 (1.132)

To turn the problem to one of the linear algebra the vector and matrix notation is introduced

X = < X1 X2 .- Xm ) (1.133)
for the states
Cui
Co;
=1 . (1.134)
Cmi

for the coefficients. So we can express any state such as

oi = xi (1.135)

the one electron operators M and the matrix that collects all the elements are defined as
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My, :/)Zprpdv (1.137)

My Mo
M = (1.138)

Mml Mm2 Mmm

if the basis is not orthogonal the overlap integral between the orbitals of the basis is defined

Spq:/xpquv (1.139)

The usefulness of this notation is manifested here as the integral is equivalent to the product

of a matrix and vectors.

/cpiMcpjdv =c;Mc; (1.140)
for orthogonal basis
/tpigojdv =c;Sc; =0;; (1.141)
H; =c;Hc; (1.142)
0H; = (6c;)Hc; + c;H (dcj) (1.143)

the Coulomb operator J and exchange operator K are likewise defined

Jij :C:Jj C; :C;JiCj (1144)

Kij = Cij C; = CjKi Cj (1.145)

introduce variational concept by varying c;as dc;. The corresponding variation in energy is

0E =2 0H;+ Y (20J;j — 0Ky5) (1.146)
7 i
=2 [(6c;)He; + ¢;H (5c})] (1.147)

+ Z [(5C2k (2Jj — Kj) C; + (5Cj (2Ji — Kz) c; + C; (2Jj - Kj) dc; + C; (2Ji — Kz) (5Cj] (1.148)
]
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SE =2 (dc}) [H S ey -K)| a2y (5cj) [H -5 (2T -K))e|  (1.149)

6E=23"(6c])Fe; +2Y (5cj) Fc (1.150)

therefore in varying the orbitals

(0c;)Scj+c;S(dc;) =0 (1.151)
(6cH)Sc; + <6c}) Sc.=0 (1.152)

-2 Z (5C;k) S Cj€5; — Z (5C;r> géﬁji:o (1153)
ij

tj
-2 Z (5Cj) S Cj€j — Z ((501) gEjQ‘j:O (1.154)

one gets

SE' = 22 (5c:‘) Fc; — Z SCjEji + 22 ((5CI> FEZ — Z §éj€ij (1.155)

One comes to the final result of this groundbreaking paper[16]. Where the Fock matrix F' is
the hamiltonian that includes the mean field contribution from the previous iteration. Matrix ¢
is the matrix of coefficients that constitutes the manybody wavefuntion and has the dimension
of the number of basis elements in both directions. Sis the overlap matrix, which is diagonal
in case of an orthogonal matrix. In solving the eigenvalue problem the respective eigenvalues of

the Fock operator appear as the diagonal elements of e.

Fc = €Sc (1.156)

(F—eS)c=0 (1.157)

So one sets the procedure to diagonalise F enumerating the ¢ which then gives rise to the
density that changes F. This is iterated until self-consistency.

when the Hartree-Fock equations are solved and self-consistency is reached the eigenvectors
of the Fock operator can be ordered in increasing energy eigenvalue. The states are then occupied

from bottoms up and are antisymmetriesd by means of a slater determinant.
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2 The system of nanotubes

Overview The previous section demonstrated in detail how one is able to obtain the spectrum
of energy eigenvalues and their corresponding state eigenvectors for a system of a single electron
in an atomI.2] in a dimefI.3] and in a periodic potentia].5] One could be reminded of the the
importance of boundary conditions, periodic for instance, and how they give rise to bounds of
the spectrum. Then it became clear that the spectrum in terms of Fourier modes would describe
the same system in a more compact way. One is able to perform such Fourier transformation
with respect to each symmetry of the system, thus decoupling the modes corresponding to
different symmetries. The number of modes for a given symmetry is equivalent to the number
of irreducible representations corresponding to that symmetry group. This section describes the
formulation of the Hartree-Fock Roothaan equations in terms of the underlying helical symmetry

of the nanotubes.

2.1 Symmetries of Carbon Nanotubes

A so called “Nanotube” crystal corresponds to a tubule consisting of one or several concentric
rolled atomic mono-layer sheets. Though the underlining method is in general invariant to the
composition of the monolayer, this particular study focused exclusively on carbon nanotubes
formed of honeycomb lattice monolayers. More specifically, only the systems of single wall
carbon nanotubes (SWCN) were considered. As it will demonstrated below there are infinitely
many ways to roll a single sheet, not only in terms of the radius but also in terms of the helicity.
Thre is one to one correspondence of the helicity to the helical vector R (ny,ns), which is a
funnction of discrete indeces corresponding to the translations along the unit vectors of the

mono-layer.

From Graphene to Nanotube

Now consider a honeycomb lattice, depicted below.

Figure 2.1: lattice adapted from M Eliashvili, G I Japaridze and G Tsitsishvili

No primitive lattice vectors exist such that translations by which would map the whole lattice
and no other points. For instance translating twice with vector ds results in a point that does
not belong to the lattice, the centre of a hexagon. This lattice can be regarded as formed of
two independent sub-lattices for which such primitive vectors exist. In fact the same lattice

vectors would do, for both sub-lattices. Then if a unit cell includes one site of both sub-lattice,s
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A and B, it is true that all sites can be mapped by consecutive translations by the sub-lattice
primitive vectors a1, as. Note that the unit cell spanned by the vectors a1, as forms a rhombus(Q)
with corners located at centres of hexagons. If one sets the origin at the centre of one of the
hexagons, then the consecutive application of translations by ai,as to the unit cell tiles the
plane completely.

Such planar lattice can be rolled to form a tubule called a nanotube. Therefore the structure
of carbon nanotubes inherits much of its form from the structure of graphene. This can be done
in many ways. In fact there exists a conformal one to one map all of the atoms of the nanotube
from the atoms of the graphene as long as the usual boundary conditions of rolling was met.

The corresponding constraint is

L, V3 ) (2.1)

R (n1,n2) = nija; + ngag = (nl — 3N 5 M2

[6,3] SWCNT-

\ e
5 s s e e - gl A

300000000

Figure 2.2: Vectors Ry, Ro correspond to vectors aj, as respectively. Adapted from White,
Mintmire[17]

Simple model For a sufficiently large nanotube, this model assumes that the nanotube struc-
ture is locally equivalent to the one of graphene. Therefore the bands are obtained simply by

imposing by a periodic boundary condition along the circumference.

¢ (r+R) =9 (r) (2.2)

erp(ik-R) =1 (2.3)

This implies one of the two wavevectors becomes discrete K = %; 1 € Z and the other, k,
remains continuous. This is the result of folding the principal circumferential vector into the

first Brillouin zone as demonstrated on a picture below.
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Figure 2.3: Adapted from White and Mintmire[17]

The band structure then depends crucially whether or not it touches the Dirac points of the

2D graphene sheet. This can be understood by considering

exp (iK - R) = exp [237” (ny + TLQ)] = exp <z27T3V> (2.4)
exp (iK' - R) = exp [_ém (n1 + nQ)] = exp (—féﬁ”) (2.5)

where v is an integer which is either 0 or +1.
According to Ando et al. the condition for one of the bands of the nanotube to cross either

Dirac point is if the the sum of the helical indexes is divisible by three[18].

Geometry Now, one can describe SWCNTs in terms of conformal mapping of the graphene
onto the surface of a cylinder [I7]. In order maintain the translational invariance, the graphene
must be fold along certain R, such that graphene sites R apart map onto themselves. Within
this model and arbitrary SWCNT can be described in terms of R and the spacing between the
C-C. To extend this analysis to the case of nanotube one has to include two additional symmetry
operations that leave the system invariant. One being the second translation along the planar
lattice, the second being associated with the wrap of the sheet represented by N-fold rotation in
case of armchair and zigzag tubes and screw symmetry in case of the chiral ones. that constitutes
of sites that are indistinguishable in terms of the geometry of the system. Therefore the local
behavior in the vicinity of those sites is invariant under the translation to any other site. One
can describe the Bravais lattice as the discrete array of sites situated at all possible Bravais
vectors R with respect to the origin. In general, one can define the Bravais vector R in terms
of descrete combination of primitive lattice vectors Ry, Ro. Further description is provided in

the following section.
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2 THE SYSTEM OF NANOTUBES

ange and further to yellow

ange unit cells

cells. Right: Red unit cell transformed by N-fold rotation to the or

Figure 2.4: Left: red unit cell transforemed by screw operation into or

Figure 2.5: Rotation of the basic helix to form the whole supercell
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2.2 Fourier Modes, Block Diagonalisation

This section describes the process of reformulation of the abovementioned Hartree-Fock LCAO
equations for molecules or small to the form suitable for periodic systems. The main purpose of
this reformulation is to accommodate the translational, rotational and point symmetry properties
into the Hamiltonian of the SCF. This implies the correct transformation of all relevant one-body
and two-body terms under the symmetry transformations. Also as will become obvious upon
the reformulation, the expression of infinite series of the Coulomb and the Exchange integrals
will be truncated using very general yet elegant concepts. At last since the Fock matrix will
be expressed in terms of the reciprocal k vectors it is necessary to describe how the integrals
will be performed in that particular basis. Generally speaking, the reciprocal basis will capture
the energy contributions due specific fourier modes instead of particular two site interaction
contribution. This will inevitably lead to block diagonalisation of the Fock matrix on the grounds
that the contributions arising from two pairs of equally distant sites will contribute only to one
mode. This is true for all pairs of sited related by certain symmetry. Therefore the particular
direct space location of the sites does not matter, only the symmetry operation that maps one
site into the other. This leads to a natural separation of the contributions into a block diagonal

form that drastically reduces the difficulty of the problem at hand.

Cyclic Cluster Model

A well established approach used by many computational chemists is to represent the bulk by
a possibly large cluster which is a cut-out of the solid. Such a cluster is finite, and even if
it is constructed from formally equal units, the effect of the boundary is too strong near the
center of the cluster. Consequently, the convergence of a calculated property with the size of
the cluster towards the bulk limit may be extremely slow. This is often complicated by the
necessity to saturate the boundary bonds (e.g. by hydrogen atoms or other terminal groups),
which again changes the picture of the electronic structure. Since we are primarily interested in
(pseudo)two-dimensional systems, let us restrict our considerations to those.

Let us assume a cluster constructed from a chosen atomic structure - the unit cell - by
replicating the latter N1, Nao-times in two respective lattice vector directions a;, as. Thus, the
cluster is built from N = Nj - N unit cells which basically differ in their surroundings. Of
course, in a periodic system, which we want to model, all the unit cells have equal surroundings.
The idea behind the cyclic cluster approach is to impose such an equal surroundings to all of
the units in the constructed cluster. In one dimension this resembles a ring which, in the infinite
limit, changes to a translationally periodic chain.

Having a translationally periodic structure allows to transform the atomic orbital basis (|p®))

to periodic Bloch orbitals
N
1 :
p) = —= > ™Rt (2.6)
/N 2

whose linear combinations are known as the crystal orbitals (CO)[19] - i. e. periodic counterparts

of the molecular orbitals. In ([2.6]
R = nja; + nsay (2.7)
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2 THE SYSTEM OF NANOTUBES 2.2 Fourier Modes, Block Diagonalisation

and [p®) means an atomic orbital in a unit cell defined by the translation R. k is the reciprocal

vector given as

mi me9
k=-b, +-—2b 2.
N LT, P2 (2:8)

where the reciprocal lattice vectors b; fulfill a;.b;=2md;;, with ¢;; being the Kronecker-delta.
n;, my; in are integer numbers. It is natural (though mathematically not inevitable) to
take the central unit of the cluster as the reference one, hence for odd INV; we can use a convention

mi,ni = —(Ni —1)/2,...0, ..., (N; — 1)/2 (i=1,2) .
Obviously with increasing N; one approaches the bulk. Hence, for N; — oo (bulk limit) the

translational symmetry is guaranteed. Instead, for a finite cluster, a ring periodicity is imposed

by
2

/
R+R’:;{m+n§—Ni~int <2(nzj\2n1)>}zﬁZ (2.9)
int() is the integer part. Due to , any translation given as a sum of two translations within
a cluster is again returned to the given cluster. Relation corresponds to what is known
as the Born - von Karman periodic boundary condition (PBC). In order that each unit cell

experiences the surroundings of the reference cell we require

PR = pR(%) = SBO (2.10)
PR RG™) = (pR|Al¢°) = ARO (2.11)
(pRatR Rt ), R Rat R (pRrqR2|g|r0sRs) (2.12)

with ﬁ, g the one- and two-electron parts of the Hamiltonian, respectively. Any R is defined by
and 0 (ny=ny=0) refers to the reference (computational) unit cell.

Evidently, (2.11})2.12)) are not valid for a finite cluster. Imposing surroundings of the reference
unit to all units in the cluster means to replace the integrals at 1.h.s of Eqs. with the

values of r.h.s.. For unambiguous assignments we must require:

OR _ ¢—RO
SOR _ g-Ro, (2.13)
OR _ ;7 —RO
hpg =Nhpq (2.14)
(R |glrOsRe) = (PR R gl T gRe Ty
_ <pR1_R2qO‘§‘T_R28R3_R2> — <pR1_R3qR2_R3‘Q|7”_RBSO>. (2'15)

While for the overlap is always valid, for exact Hamiltonian Eq. is exactly fulfilled
for finite clusters with a center of symmetry, and, of course, for an infinite bulk. For sufficiently
large clusters, an average of the two values may serve for this matrix element, in particular in
non-polar systems. are trivially valid for two-center two-electron integrals. Using it
is obvious that are not generally fulfilled for three- and four-center two-electron integrals
that occur in the full ab initio Fock matrix construction.

In addition to the aforementioned equalities, the same must held for one-electron density

matrix (P), i. e.
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OR _ p—-RO
PR = p RO (2.16)

Obviously, for any one-particle matrix element
—-RO RO
O =04 - (2.17)

Roothan Equations in the Cyclic Cluster Model

At the moment let us assume that we have at hand the density matrix P. (2.11)) is valid for any
one-particle operator, hence we merely need to evaluate corresponding matrix elements of the

Fock matrix in direct space, i. e. for closed shell system

Fpl=npl+Y > [2(0%¢°pRsR2) — (pRsR2rR1q0)] PR, (2.18)
TS R1,Ro
(Rg=Rj3—-R32)

Here, we have used
(pglrs) = (prlglgs). (2.19)

If M is the number of basis functions centerred on atoms within the reference unit cell,
the full Fock matrix dimension in the direct space for the constructed cyclic cluster would be
N? x M? and so would be the dimensions of S and P. In principle these can be used in the
Roothan equation (J20]), but in most realistic cases this would lead to prohibitively large matrix
to be diagonalized.

Having fulfilled permits transformation of the usual Fock matrix to Bloch basis,

N
F;qk/ = 5kk’FI§{q = Z eik'RF;;O, (220)
R

which leads to factorizing the problem into N blocks of the dimension M xM | i. e. for each k
we solve the Roothan equation:
(F¥ — eS¥)ck = 0. (2.21)

At the beginning one can easily assure that the outset of Bloch orbitals is orthogonal and hence
diagonalisation of F¥ provides the crystal orbitals (cK) for the given k-point symmetry. Unlike
in a direct space, we have to deal with complex matrices.

Now, for a given k, the density matrix can be easily expressed as

occ

Kk Kk Kk
Pro=Y (ck,)*ck, (2.22)
m
where cl;m are the occupied crystal orbitals coefficients for the given k-point symmetry. Finally,

Pk is back transformed to the direct space
N

1 .

RO k.R pk

PRO = =\ " ikRpk (2.23)
k
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and used for the calculation of the new Fock matrix until self consistency is reached.

In each iteration the energy per unit cell is then calculated as
cell - ZPOO hOO +FOO + Z ZPRO hRO +FR0) + ?elltlc (224)
R#A0 P,q

where E77}7 is nuclear repulsion contribution

ZAZB ZAZp

nuc

cell — & E E E (225)
2A;£B Irasl R0 A,B R +rap|

In practical implementation the transformations from direct to k-space and wice versa are

easily realized using the Fuler relation

(N-1)/2
Re(Fi,) = F2,+ > cos(kR) (FRS + F20) (2.26)
R+£0
(N-1)/2
Im(F,) = > sin(kR) (FR) - F5°) (2.27)
R£0
9 (N+1)/2
Pp>q Pp>1§0 = N Z n- Cos(kR)Re( p>q> (2.28)
o (N+1)/2
P;g; ijéo = N Z n- sm(kR)Im( p>q) (2.29)

where n=1 for k=(0,0), and n=2 for all other cases. From the last two equations, one easily
obtains PRO.

Having the cluster "saturated”, i. e. if the results do not change with its further extension,
we can safely assume that the density matrix corresponds to the bulk limit, as well as the Fock

matrix constructed from it.

2.3 Helical Symmetry for Band Structure Calculations

The basic idea of accounting for the helical symmetry in nanotubes as suggested in [I7]. The
implementation is followed as given in [2I] that is extended for full ab initio treatment within
the Roothan approach closely related to that described above.

In general, any nanotube with a periodic structure can be constructed by rolling up a single
sheet of a two-dimensional structure that is finite in one translation and infinite in the other
one. We shall restrict ourselves to nanotubes created from two-dimensional hexagonal lattice
characterized by two equivalent primitive translational vectors a; and ay (Ja;| = |ag|) that
contain an angle of 27r/3. Due to our convention, the dimension along the direction of a; will
be treated as finite, whereas infinite number of translations is assumed along as. A nanotube
characterized by a general helical (chiral) vector (mg,,mq,) is then created from the sheet that

has myg, translations (0,...,m,, —1) along a; and infinite number of translations along as. Such
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2 THE SYSTEM OF NANOTUBES 2.3 Helical Symmetry for Band Structure Calculations

a ribbon is rolled up on a cylinder with the diameter:
dNT = |ma a1 + mayas|/,

which follows from the fact the helical vector mg,, a+mg,as is rolled up perpendicular to the
rotation axis and makes the circumference of the cylinder. The irreducible computational unit
cell corresponds to that in the two-dimensional structure except for the geometry relaxation due
to the curvature. Exactly as in the two-dimensional structure that is infinite in both dimensions,
each such unit experiences the same environment. Original translations along a; and ay are now
transformed to roto-translations (7g,, 7a,) characterized by the pair of operations (zq,, ¢q, ) and
(Zay, Pay ), Where z4,, Z4, are projections of a; and ay onto the axis of the nanotube, respectively,
and q,, ©a, are rotation angles related to those translations. Hence, for any point defined in

a cylindrical coordinate system (p, ¢, z),

ﬁ(pﬂbaz) = (p,¢+ﬁpi,2+zi) fori:al,ag.

If we relate pseudovectors t; to these roto-translations, in analogy with the two-dimensional

planar lattice we can define reciprocal pseudovectors t; such that
Eit]‘ = 27’((51']‘.

Let the atomic orbital Xjajo be a counterpart of the reference unit cell atomic orbital xo
n the unit cell defined by 7-]'11 and Tja2 roto-translations. The structure created by mg, roto-
translations T, (including 0) of the reference computational cell can be treated as an ideal
cyclic cluster with periodic boundary conditions, since, indeed, in the nanotube each unit has
an equivalent surrounding. Consequently, from m, atomic orbitals x;, 0 (Ja, = 0,mq, —1) one

can create mg, symmetry orbitals:

1 mal—l
kg R

E e NG 05
vVMay ~—
Ja;=0

Xk¢T =

where R, = ja,ta, and there are m,, allowed discrete values of kg, = I-t,, for r = 0,mq, —1.
al

These symmetry orbitals are propagated due to the 7;2 to infinity providing Bloch orbitals:

N/2 Maq—

(ktT 7k¢>r) = lim g E l(ktr RJGQ hor R T )X]a Jag
N—>oo 1e2
Max- Jb —N/2 ja; =0

where Rja2 = Ja,ta, and ky,’s are any values from the first Brillouin zone for the one-dimensional
system. In the practical implementation into the codes that generate integrals in a cartesian
coordinate systems, one has to take care for the appropriate rotation of the coordinate system
for each basis function center to preserve the rotational symmetry.

The first set of calculations were centered about the investigation on how the variation of the
magnitude of the lattice vector affects the total energy. In the process of doing so, the many-

body eigenstate of the system has been determined by an exact diagonalisation. As described
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above, in order to also account for the mean field created by the electrons themselves an iterative
procedure must be implemented to tackle the problem that is no longer linear in the coordinates
of electrons. Aiming for a full description of all electrons, whether valence or not, implies that the
basis set per unit cell has to be at least of the size of twelve spinorbitals. Due to spin degeneracy,
two spin orbitals can be generated from each orbital if occupied it in a singlet configuration.
Since the system in question is (not) even a conventional closed shell system, it is not possible to
use six orbitals only. Moreover, the lowest unoccupied band arising from the lowest unoccupied
orbital is of great interest at least one more orbital. In fact, such iterative procedure requires
even greater variational freedom, in order for it not to converge into a local minimum instead
of the global one. Therefore, the minimal basis used in these calculations constitutes of five

orbitals on each of the two atoms of the unit cell.
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3 Analysis and discussion of results

Overview In this section the numerical procedures and the associated results are elaborated.
Those results are then further analysed, or even form a basis of a simple model that is introduced
to address the macroscopic behavior of the system. All macroscopic properties that are studied
here can be classified into three categories, namely the category of energetic, elastic and electronic
properties. In addition to the physical interpretation of the results, also the numerical aspects are
addressed, such as the computational difficulty, convergence and computational cost of scaling

of the system.

3.1 Energy and Convergence

In variational schemes, such as this one, the focus is put on the energy eigenvalue of the many-
body system. The configuration of electrons is changed by varying the orbitals until a minimal
value is of energy E¢ is obtained. Each subsequent iteration yields a more precises result (unless
the system is trapped in a local minimum). The criterion for convergence is the magnitude of
the partial difference AF,, in energy of the last two iterations n — 1 and n. If this difference
is smaller than a given threshold o, the iteration procedure stops and the final energy is set to

value of the energy of the last iteration, with the precision of the threshold.

AE, = |E,_1 — Ey| (3.1)
if AE, <o (3.2)
By = E, (3.3)

Naturally the number of the iterations n,,q; required for a given precision increases as the
threshold o decreases. A good measure of how a calculation converges is to consider how the
partial difference AE,, evolves throughout iterations n. Even though this relation depends on

details of the system such as the geometry, nevertheless general observations can be drawn from

particular case of SWCN; of chirality L = (6,6) and super-cell length s = 15, considered below.
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Iterations of energy for (6,6) cluster of length 15 Convergence of partial difference of energy for L=(6,6) s=15
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Figure 3.1: Total energy per cell versus lattice vector. The logarithmic scale depicts that it takes
about 20 iterations to increase the precision by an order of magnitude.

The problem is initialised without a guess for the mean field of electrons and so in the first
iteration the potential term consists only of Coulomb potential due the nucleons and no mean
field of electrons. One can observe that it takes around two iterations, after the initialisation,
for the energy to to reach reasonable values. From there on, it is fair to say, that the number of
required iterations n,,q., scales exponentially with the desired precision ¢. This is justified by a
linear shape of the partial difference AFE, on the logarithmic scale. This feature of exponential
dependence remains true for the precision o ranging from order 1072 to 107 for systems of
various geometry, converging to different energies at different pace. Whether this trend continues
to be true in the limit l#m,_o cannot be concluded, however increasing precision even further

would hardly have a significant macroscopic effect.

Saturation of the mean field cluster

The calculation is performed on a cylindrical segment of a nanotube, within which one looks for
electronic states that minimise the energy for the potential arising from protons. It is true that
the total energy increases in magnitude as larger and larger segments are considered. Within
the “super cell” the the two body Coulomb interactions are calculated between all electrons,
by means of the mean field. The size of this “super cell” is defined by the number of screw
operations [ that replicate the unit cell prior to applying the rotational symmetry. Generally the
number of iterations n,,4, increases with [, but also the total energy F.y is affected by the size
of the super cell as more precise mean field is considered. The following case study investigates
how sensitive the Fy, is to the length of the “super cell”. Also the relationship between the
length [ and the computational difficulty is explored. In each of the iterations the Hartree-
Fock hamiltonian (Fock matrix) is diagonalised. Mind you that beside the number of iterations
the computational difficulty depends on the size of the Fock matrix, which scales linearly with

the length [. Diagonalisation time scales as the polynomial of order three with respect to the
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dimension of the matrix.

~ 0 (n%) (3.4)

The Fock matrix is a complex one but for real matrices, a dedicated routine in LAPACK

library scales as

~ %n?’ +0 (nQ) (3.5)

therefore usually this procedure is one of the bottlenecks for calculations involving many
atoms. However due to the symmetry of the system the problem can be recast by means of the
Fourier transformation. This decomposes the problem into the substantially smaller problems
for each irreducible representation of the symmetry operation. Therefore the matrix size that is
to be diagonalised does not depend any further on the size of the system. Gradual increase of the

super-cell merely increases the number of sub-matrices into which the problem is decomposed.

Convergence of HF for various lengths of (9,0) supercell Finite length effect of the super-cell (9,0)
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Figure 3.2: Left: The energy evolution in the process of converging HF, several cluster lengths
are depicted. Right: the energy value of the final iteration for a given length of the cluster.
Clearly from certain threshold length the energy has sufficiently converged to the same value as
if the whole nanotube were considered for the HF.
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Energetic properties

The figure below3.1] depicts the energy decomposition of energy per unit cell calculated on the
“super-cell” cluster. What is meant by the total energy Fy(blue) is simply the sum of Coulomb
energy necessary to assemble the crystal lattice (red) and the sum of the energy eigenvalues
for all electrons within the super cell (green). Of course the electronic orbitals account for the
mean-field term in the hamiltonian, because their configuration minimises the energy functional

with respect to the orbital rotations.

_ Wl )
Wl =0 (3.6)

It was famously observed by Lanczos that any physical law, which can be expressed as such

variational principle, describes a self-adjoint operator.
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Figure 3.3: Constituents of energy are changed as the lattice vector is varied for a system of (3,2)
using DZP basis. The minimum of total energy is found substantially lower than that of the
graphene and also lower than the reference[22] for this chirality. This set of data was obtained
from the first benchmarks of the code in which the DZP basis.

This serves as a good qualitative demonstration of the fact that a strain is introduced to a
tube it would gradually shrink. Intuitively the the energy per cell of a large nanotube converges

to the value of graphene. Any shorter radius results in strain energy defined as such

Est = Etot - EGT‘ (37)

Now consider an enumeration of this strain energy using method that doesn’t utilise the

helical symmetry.
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Figure 3.4: Adapted from the numerical study of SWCN by [22]. Clearly the strain increases
logarithmically as the radius shrinks. Mind you that the each point represents a distinct chirality

as opposed to shrinking the separation of a particular nanotube.

This figure is in a very good agreement with the set of semiconducting nanotubes of various
chirality presented below. Here the graphene energy Fg, would be the value to which the large
tubes converge. We can see that not only the shape is recovered but also the width of the
function is very accurate if one converts from Hartree. Interestingly there is a small shift of the
total energy which is basis dependent. On the plot of values calculated with the MINI basis

there lies an outlier for a diameter less than 3 . As mentioned above the very small radii are

not very reliable and neither are observed in nature.
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3.2 Vibrational properties

The carbon nanotube crystal structure consists of two distinct sub-lattices. Therefore the de-
scription of such system requires two carbon atoms in the unit cell. Each such atom possesses
three degrees of freedom for three real space coordinates. Therefore, in general, the phonon
dispersion relation will consist of 6 N distinct phonon branches, where N is the number of unit
cells considered. However if we are to insist on not breaking the crystal symmetries of the nan-
otube,only one such branch survives. For demonstrative purposes here we address the breathing
mode results in scaling of the nanotube without breaking either rotational, translational or he-
lical symmetries. Therefore now consider that the vector position of atoms on one sub-lattice
are u;.

Also consider the classical analogue of momentum bull

1 1 M (da\? 1
Hy.=—p—"K(a—ay)’=—(—) — K (a—ag)? '
clas. 2Mp 2 (a aO) 9 <dt> 2 (CL aO) (3 8)

solve the differential equation by finding an optimum to the Hamiltonian

dHeas, (a,@)  2M (d?a) 2 da
R =T (=) -ZK(a— — =Mad" - Kd (a— = .
o 5 <dt2> 5 (a — agp) o a a (a—ap) =0 (3.9)
K
"
= — 1
a (3.10)
so the frequency of such modes is|1.5
K
=4/ = A1
YTV (3:.11)

Such description can be drawn about a system that oscillates near a local minimum of the
total energy with respect to an arbitrary parameter. Then one can think of a force field associated
with that potential and subject the state to a restoring force once out of the equilibrium. The
force filed is simply the derivative of the potential with respect to the parameter in question,
and a particular value of that field is the returning force the state experiences. Mind you that
the vector derivative guarantees that around minima the direction of the force always opposes
the direction of the displacement. Generally speaking the field will not be a linear force field
as it is the case in Hookian elasticity or simple harmonic oscillator. Lenard-Jones potential,
for instance, gives rise to a polynomial field of a high rank. Nevertheless such field can always
be extrapolated into a quadratic form, given that the system remains reasonably close to the
equilibrium. In what follows the total energy of a particular carbon nanotube was calculated for
a set of lattice vectors a;. As described above the total energy constitutes the sum of electronic
energy of electrons as well as the coulomb and exchange energy equivalent to the assembly of
both electrons an nucleons. In in calculating these energies for the set of lattice vectors no crystal
symmetry was broken (neither the helical nor the rotational). Therefore the energy landscape is
only one dimensional and can give rise only to the breathing mode, because all other nontrivial
modes break crystal symmetries. Owning to this simple one body description, the dispersion

relations will be constant and the system will vibrate in only one frequency. A more advanced
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treatment reveals that the breathing mode very dependent on the helicity of the tube.
The figure below depicts the above-mentioned energy surface as the function of interlattice

spacing of the hexagonal lattice.

Equilibrium geometry (3,2)

—73.2,

Legend
-~ equilibrium — quintic interpolation
—73.41 -~ graphene — quadratic resampling |

—73.61
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—74.0+
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—74.4 . . I . L . .
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lattice vector [A]

Figure 3.5: Total energy versus lattice vector

The blue line represents the interpolation of the enumerated energies in terms of a polynomial
fit of rank 5, which minimises the deviation squared. Purposely the odd polynomial was chosen
to capture the asymmetry of the curve that resembles the Lenard Jones potential. The equation
of which is centered about origin of lattice vector a = 0 (therefore the linear term has significant

magnitude).

Es5 (a) = 1.188381 (a)5—13.351577 (a)4—|—57.514455 (a)3—116.401511 (a)2+107.033980a—107.262648
(3.12)
The first derivatives of which indicate the slope of such a curve

EL (a) = 5.941908 (a)* — 53.406311 (a)® + 172.543366 () — 232.803022a + 107.033980 (3.13)

roots of which represent zero slopes and therefor local optima of the initial equation. This

quartic equation yields four roots two of which are complex i.e. do not cross zero point.
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2.960034 + 0.2746131¢
2.960034 — 0.2746134¢

(3.14)
2.095081
0.972926
It is clear that the one corresponding to the equilibrium position is the third one
ap = 2.095080 (3.15)

Now it is straight-forward to expand the fitted polynomial in Taylor series around the the

equilibrium value ag.

T =a—ag (3.16)

a=2+ap (3.17)

da = dx (3.18)

E(a) ~ E (ag) + E (ag) z + ENQ(aO)xQ = FE (ap) + i ;ao)xz = Foy + ca? (3.19)
Ey = —74.308763¢V (3.20)

¢ = 2.745631 Hartree 2 (3.21)

However in doing this the terms in the polynomial that account for the asymmetric part
far away from the equilibrium are taken into account and so they induce an error in the near
equilibrium regime. To prevent this from happening the fifth polynomial in question is sampled
in the small neighborhood around the equilibrium ag £ 0.5 and then the best possible fit of the
quadratic polynomial is found, again in terms of minimising the deviation squarred. This is

represented on figure [3.5] as the green line.

B (a) ~ 2.708552 (a)* — 11.413362 (a) — 62.285492 (3.22)

Then the equilibrium point needs to be reevaluated

ap = 2.10691218 (3.23)

and to align it the function is expanded around «q

E, = —74.308968 (3.24)
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co = 2.708552 Hartree ~2 ~ 2.714.36 - 107187 102m 2 = 1.18 - 103kg s> (3.25)

so within this model of a linear force field one can examine how does the energy change when

the magnitude of the unit vector is changed by x around the equilibrium geometry.

F(z) = —dgzg) = 21 = Kz (3.26)
2

K = ZQZ = mw?, (3.27)

wp =+ % (3.28)

in which the mass constitutes of two carbon atoms of molar mass M = 12g/Mol . So the

mass of the two atoms is

2-12¢

=~ 0 ~4.10%g=4-10"%k 3.29
"= 60210 g g (3:29)
so the possitive frequency is equal
2-1.18-103kg s—2 12 1
= =2.42-10"s™ 3.30
wE \/ 4-10~26kg § (3:30)

out of which only the one of positive frequency is obtained.

now it needs to be understood that this stretching, due to increase of the unit vector , is
isotropic and so it doesn’t break the six-fold rotational symmetry. Therefore all of the constituent
bonds are stretched the same. In order to obtain a proper dispersion relations a more involved
microscopic model needs to be employed. One basically needs a description of single atoms in
a lattice and the corresponding force fields among them. This is because no other mode than
trivial exists within the simple harmonic oscillator. This problem in all its generality is extremely
complicated as one needs to include all two body interactions, this means also among distant
atoms. In the first approximation one can simplify the problem in two regards. First restricts the
consideration only the interactions between the nearest neighbors and the second assumes the
interaction between the nearest neighbors arising from a linear force field i.e. hookean elasticity.
Therefore lets calculate the linear spring constant of the bond between the two carbons in the
unit cell of a carbon nanotube. In one unit cell there are four shared bonds and out of which only
one lies within the cell. On average there are three bonds stretched per unit cell. These bonds
can be thought of as in the parallel regime and so be linked to the overall elastic constant K
calculated above for the stretch of the whole unit cell. Therefore each the bond elastic constants

are equal to

2
K==2¢; = ki=hk=ks=—gco= 1805701 Hartree 2 (3.31)

For a more in depth approach those constants can be used to construct the phonon spectrum

for the system of nanotube.
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3.3 Electronic properties

The geometry of carbon nanotubes respects two distinct symmetries; the N fold rotational Cy
and the screw symmetry S [23]. The number of irreducible representations of Cy for a given chiral
vector C(m,n) equals N = m+ 2n . The screw symmetry maps the crystal back onto itself after
applications of both translation and n-fold rotation operation. Since these two symmetry classes
commute, each of them leads to Bloch’s condition’s of its own. Therefore in the Fourier space the
final state will be characterised by a tensor product of two uncorrelated substates and so could be
described by a two dimensional band structure. However unlike in case of a two dimensional layer
here the second wavevector will take only as many discrete values as the number of irreducible
representations of the C. The other index, arising from the helical symmetry will in principle
take a countable infinite number of values. Since this project addresses only nanotubes of small
diameter, the number of the rotational operation is rendered to be small. Moreover, due to
point symmetry the forward rotation gives rise to the interatomic distances equivalent to those
of backward rotation. Therefore the electronic hamiltonian is invariant to the direction of the
rotation. This implies that the energy eigenvalues and eigenvectors and hence the bandstructure
will be symmetric in the wave-vector index associated with the rotations. This decomposition
can be studied for small radius nanotubes, such as (3,2), because of the small number of rotations
under which the crystal structure of the nanotube is invariant. In this case it is five as one the
smallest element of rotation is 2% radian. However number of irreducible representations, besides
the identity i.e. null rotation, is just three because rotating forward is equivalent to the backward
rotation. In Fourier space the energy contributions separate into the parts that arise from

neighbors that are related by the same symmetry. For instance nearest neighbors contributions
2
5
band structure of their own and the macroscopic band structure would be equivalent to the

arise from application of rotation by radian either forwards or backwards. Those form one

linear superposition of those subbands. Depicted below is the spectral decomposition of the

band structures with respect to the irreducible representations of the rotation operators of the

super cell.

Band Structure for the irrep number 1 of (3,2) SWCNT Band Structure for the irrep number 2 of (3,2) SWCNT Band Structure for the irrep number 3 of (3,2) SWCNT

Energy of the state [eV]
°

Energy of the state [eV]
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Figure 3.6: Three unique bandstructures corresponding to the irreps of C; operation. Two ad-
ditional diagrams exist but are identical to the first two. The intensity of the colour corresponds
the extent of rotation of the irrep. For instance Light blue and light red arise from a small
rotation as opposed to the dark red and dark blue for which to rotation is close to m rad.
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Bandgap classification Clearly the smallest direct bandgap appears at the first graph and
therefore corresponds to the circumferential mode that is invariant under the that particular
rotation. Then it is natural to set it equivalent to the the direct bandgaps of the global system.
Closer inspection of the individual diagrams reveals that there is no substantially smaller indirect
bandgab, one that describes the smallest energy difference between two bands for one spectral
mode (diagram), but for which the helical wave vector can have distinct values for HOMO and
LUMO bands. This sort for bandgap is referred to as indirect in k, and though not present in
this particular case, it would correspond to the scattering process of an electron that involves the
change of its wave vector. In analogy to this, a bandgap indirect in K can be considered, which
corresponds to the smallest energy gap between the two bands for a fixed helical wave vector k
but across all spectral modes K of the system. Such an energy corresponds to the transition of
an electronic state in the mode K to the first excited state in another mode K’. At last if one
relaxes constraints for both wave vectors K and k one obtains the most indirect bandgap which

is here referred as the indirectest bandgap.

Band Structure of (3,2) SWCNT for a=260A MINI basis
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Figure 3.7: Projection of all sub-bands onto one plane. It is obvious that there exist a smaller
bandgap than the direct one. It is the one between the light red HOMO (irrep. 1) and medium
blue LUMO (irep. 2)

Comparison with theoretical models For a sufficiently large nanotube a periodic boundary

condition can be set along the circumference.

b (r+R) = ¢ (1) (3.32)

which leads to the condition

exp(ik-R) =1 (3.33)

this leads to the wave vector along the circumference direction being discrete and the one
dimensional bands being linear cuts of the full Brillouin zone. In fact the number of the bands
is equivalent to the number of atomic orbitals times the number of carbon atoms in the first

Brillouin zone. Again for sufficiently large tubes the zone is flat and locally identical to the
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one of graphene. Due to the geometry of graphene’s Brillouin zone for certain chiralities one
of the wave-vectors crosses either Dirac’s points K or K’. For uncorrelated systems those are
places where LUMO and HOMO bands touch. There is a condition on the sum of chiral indexes
n + m = 3i to be devisible by three[I8]. The tubes that satisy this condition or the armchair
condition n = m are predicted to have one of the wavevectors that crosses the Dirac points.
And therefore be metallic. Of course this is without considerations for the mean field and the
curvature that are able to open the gap. Below two band structures are considered. The theory
predicts both of them to be metallic, one by the virtue of being armchair, the other due to the
sum of the chiral components being divisible by 3.

Band Structure for all irreps of (6,3) SWCNT
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Figure 3.8: Bandstructure comparison between numerical evaluation of semimetalic (6,3) SWCN
and tight binding prediction of metalic (14,14) SWCN. The qualitative shapes of the bands as
well as the locations of the Dirac points are in a good agreement. From the numerical calculations
the corresponding energy parameter g could be estimated, for this case it would be around 5
eV. The diagram on the right is adapted from Ando et al. 2005[18].

limitations of accuracy Whether the true value of bandgap of (6, 3) is exactly zero even in
practice is not certain. If not it is very likely that it will be very small Ae < 0.1eV. Which
is still one order of magnitude lower than what can be deduced from the diagram. The main
reason for this is that there are few reciprocal points sampled in the Brillouin zone. If it would
be more populated, including points corresponding to the remote parts of the tube, the vicinity
of the Dirac’s points would be described by many more points and band gap would certainly
decrease, perhaps even to the point of near touch. This of course is not a problem because once
the density has been converged, one knows the value of it even at very distant places due to
periodical repetition. The other issue to stress is the amount of cells considered in the mean
field. It has been shown how the energy converges as the cluster saturates, and it turns out to
be the length corresponding to around 10 — 15 screw operations. However the armchair tubes
are more difficult to saturate and therefore this may provide a reasonable explanation of the

magnitude of their bandgaps.
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Transition between the insulating and the conducting phase If one considers the lattice
vector as the order parameter, then it interesting to observe whether or not distinct phases exist
as the order parameter is varied. In this case the phases that have a macroscopic consequence
are how the nanotube behaves in terms of the conductivity. Therefore if the overall bandgap
of the nanotube is greater than zero, or a small threshold, then the material is classified as
insulator. If the bandgap is zero then it is a metal. From the perspective of conductivity, even
more exotic phases exist, such as superconducting phase, but those are usually sub phases of
those two, e.g. superconductor also being a metal.

It is logical to assume that if a metallic phase exists, then at some point there would be
transition into the insulating state. This is guaranteed by the fact that infinitely distant sites
have no overlap and therefore must per se. form an insulting phase. For a particularly small
system (3,2) which is unlikely to be the preferred chirality in the process of growing, and might
not even be a stable configuration, the band structures obtained are dependent on the choice
of the finite basis set. This is likely to be an issue related to the particular basis and not to
the routine itself. Nevertheless, even if it were true that the Double-Zeta basis set would not
be working conveniently with the program, still one can extract some information about the
behavior of the system before it would be investigated by more sensible calculations. One such
general observation is that whether the nanotube is conducting or insulating depends not only on
the chirality but also on lattice vector. It is likely that the static equilibrium, the configuration of
smallest total energy, would be the proffered configuration of the system, however it is not clear
whether the system would remain in such state even under charge transfer of non-negligible
magnitude. Below you can see the conducting, semimetallic and metallic states for different

order parameters, without thermal and vibrational considerations.

Band Structure of (3,2) SWCNT for a=270A ,DZ basis Band Structure of (3,2) SWCNT for a=280A ,DZ basis Band Structure of (3,2) SWCNT for a=290A ,DZ basis
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Figure 3.9: Variation of the band structure with the lattice spacing. This calculation was used
as the first benchmark calculation with the Double-Zeta (Dunning) basis set. Even though the
obtained energy values are consistent, the LUMO band of the first irrep. (dark blue) seems to
have the wrong parity and predicts the nanotube to be metallic at the equilibrium. It is unclear
if such small nanotubes do exist and therefore it is difficult to argue whether or not it’d be
metallic at the equilibrium. However other quantities, such as the bandgap “direct in both K
and k” can be looked at. It is the gap between the light blue and light red bands. These are
in a good agreement with the other basis. Therefore before further investigation takes place no
other bandgaps are considered from this set of calculations.
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Phase diagram Extending the idea of the previous paragraph, one can calculate band struc-
tures for many values of the lattice vector. At each of these lattice spacings one considers the
differences of two out of ten bands for each symmetry representation. Since there are two distinct
wave-vectors, all in all four combinations of bandgaps exist. Those are the smallest difference
between two bands in one representation K i.e. either bangaps direct in both k¥ and K or
bandgaps direct in K, between bands of the same representation, but indirect k. Or between

bands of different representations but for the same k, or indirect in both.

Bandgap decomposition with DZ basis for (3,2) SWCNT
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Figure 3.10: For (3,2) nanotube; the separation of the two atoms in the unit cell, i.e. the lattice
vector, is varied around the reference DFT equilibrium[24]. Bandgaps represent shortest energy
difference between HOMO and LUMO bands for a given freedom of helical wave-vector k and
circumferential wave-vector K. Conventional direct bandgap would most closely resemble the
green set, keeping the helical wave-vector k fixed, while allowing for the circumferential wave-
vector K to change. Conventional indirect bandgap would resemble the bandgap indirect in
both wave-vectors, the yellow set. This discrepancy lies in the projection of the helical vector to
the direction along the tube, which is usually also the direction of the principal wave-vector k.

First observation is at large separations all bandgaps are non-zero and tend to increase with
increasing lattice vector. Therefore for large separations the system behaves as an insulator.
The second observation is that all bandgaps, except the one direct in both K and k, tend to zero
as the order parameter decreases. This makes sense as on average the overlaps of the orbitals
get higher and so it is more likely that the conduction is be possible. The other feature is how
many times those bands cross. It is obvious that the most indirect (yellow) and the most direct
(red) will not cross any lines, at most touch. This is because all of the most direct bandgaps
are considered within the more direct ones. Likewise the most indirect has the highest degree of
freedom and so no other value is smaller. What is not obvious is that the lines that are indirect
with respect to different wave-vectors (blue and green) cross once. However the most remarkable

thing is that they cross at the reference value of the equilibrium that was used nowhere in the
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program. It is true that the spacing for the minimal energy (static HF equilibrium) is lower than
expected. However whether the indirect crossing (blue-green) supports the equilibrium location
of the reference and indeed is a general feature of the equilibria cannot be concluded from this

calculation only.

Macroscopic trends for all chiralities It has been demonstrated by means of both theo-
retical models, such as the tight binding model, and by concrete enumerations of the atomistic
Hartree-Fock equations that the size of the band gap is very sensitive to not only to the lattice
vector but also to the chirality of the nanotube. Those two parameters are substantially differ-
ent because lattice spacing can be continuously shrunk while the helicity can only be changed
discretely. Moreover, as explored in the section about the elastic properties, an infinitesimal
change in the lattice spacing requires infinitesimal energy difference. This is not true for chi-
ralities and in fact for a change of chirality many bonds would have to break. True enough it
has been observed that a single bond can be modified, as in the case of Stone-Walse defect, but
it would not happen for macroscopic number of bonds. Therefore it is much more of a robust
parameter to describe the system. Nevertheless, before going into how bandgap depends on
the chirality, it would be interesting to observe a macroscopic relationship how on avereage the
bandgap changes with the diameter of the nanotube. This is to a great extent motivated by
experimental constrains, as the diameter of the nanotube is one of the very few observables that
can be measured, by means of a tunneling microscope.

Now, there are only to ways to increase the diameter of the nanotube if the crystal symmetries
are to be kept intact. First by modifying the lattice spacing, secondly by changing the chiral
vector. The case changing the lattice spacing was explored in the section above, here the focus
is put on the change arising from the helicity of the nanotubes. Mind you, that to be totally
rigorous, for each helicity of the tube the geometry should be optimised to find the equilibrium
separation. Then the band strucutre should be calculated for that geometry only, and from
there the values of the bandgaps should be extracted. This would be a fairly involved task,
though quite easily done. Instead here it is assumed that the equilibrium separation for a given
nanotube depends just slightly from that of the graphene. It is also assumed that those two
separations are close enough that in the process of changing the separation to the equilibrium
one, no abrupt changes of band structure would happen. Therefore the values of bandgaps would
be shifted just slightly if the optimal geometries would be considered instead.

A general trend that should be observed is that the system recovers some properties of the
graphene for large chiralities because locally the structure of graphene is identical to the one of
the large diameter nanotube. The magnitude of the chirality vector describes the circumference
of the nanotubetube, which is linearly proportional to the diameter. A second general statement
is that the bandstructure depends significantly on the direction of the chirality vector rather than
on the magnitude of it. Therefore the same diameter several distinct bandgaps exist. Now it
is also clear that as the diameter is increased more possibilities appear to construct the chiral
vector of certain size on the graphene sheet. Therefore it is expected that in the left plot of
the points will be more densely packed as the radius increases. It can also be observed that the
bandgaps belong to either to the group of nearly zero or to the semiconducting group that is

monotonous in shape.
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Figure 3.11: Adapted from White and Mintmire[I7]

If we are to compare it to the results obtained here we don’t see the metallic section. This is

partly due to the Brillouin zone sampling issue presented above and partly due to focusing

on semiconducting nanotubes. Even though the bandgaps are overestimated, both basis sets

recover the same monotonic increasing with decreasing radius. The fit on the values calculated

by Double-Zeta is also logarithmic but doesn’t converge to zero. Since for DZ basis the only

reliable bandgap value is the direct in both indexes, therefore that one is used even if smaller
indirect bandgap exist§D] On the other hand for the MINT basis the smallest bandgaps equal
the smallest direct bandgap. Therefore the fit on the values obtained by MINI basis is more

promising as it is converges to smaller values as the lower ones have not been traced out. It is

important to state that the red pints of the graph converged to a lower total energy and therefore

are more stable reference points. For this reason the fit preferred the red points.
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Figure 3.12: Direct bandgaps calculated with DZ (left) and MINI(right) basis.
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Specific features of chirality spectrum So far it has been described that the larger the
diameter of the tube the more possibilities are there for the direction of the chiral vector. It
is also true that the local environments would be very similar for systems differing only by a
small difference in the direction of the chiral vector. This implies that some of the properties
of tubes of roughly the same diameter should differ only slightly as the chiral angel changes. In
the limit of very large tubes, i.e. of several nanometres, these properties should differ practically
in continuous manner. For reasons that are yet to be further investigated the chiral tubes,
i.e. neither zig-zag nor armchair, turn out to be more energetically more stable if the sum of
constituents (n,m) of the chiral vector is even n + m = 2i. These are represented by the red
points on the radius dependence plot. The reason for this could be both physical or numerical,
and it could but doesn’t necessary have to have an influence on the band structures. Therefore
the first result to be addressed are the most reliable ones, i.e. ones that are most stable and
are calculated with the MINI basis. For those values all four bandgaps introduced above are
practically identical. This is a great news because it happened without enforcement of such

behavior and it elegantly avoids the description of somewhat unphysical variables.
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Figure 3.13: MINI direct bandgaps

There are three immediate observations. First that the series formed by tubes of very similar
radius are observed to decrease in the magnitude of the bandgap as the chirality approaches the
zig-zag configuration. The second observation is that this is true for all series except the smallest
one. This not surprising as such nanotubes are physically questionable after all. The discrepancy
of this series is that unlike the tubes with chiralities (5,0) and (4, 1) that gradually increase in
bandgap, the next in line, (3, 2), has substantially smaller than the other two. This might explain
why perhaps the tube (3,2) might not have been the smartest choice for the variation of the
lattice spacing. The last observation is that if one focuses on the zig-zag series, the tubes for
which the first chiral index is a multiplet of three n = 3¢ the bandgap is substantially smaller
than the other members of this series. This is consistent with the works of Ando and Izimuda
that predict such tubes to be metallic, or semi-metallic in case of correlated system, purely on

the theoretical grounds.
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For the sake of completeness consider the full spectrum all of which still consistent in

bandgaps but with only slightly higher energy

Indirect bandgaps in K for chiral vectors

bandgap indirect in K [eV]

(6,2) (7,2)

(7,1) (8,1) (9,1)

Figure 3.14: The values are the same as above
but the colour scale is adjusted

address the full set.

It is true that generally the bandgaps are overestimated and this can be seen in comparison
with the other methods, either simple theoretical models, or DFT. What remains true is also
that the theoretical models should serve mainly as guidelines as they are unable to precisely
accommodate the many body effects not even at the Hartree-Fock level. Of course the models
exist that are able to describe certain trends but the particular form of those is imposed by
design and the peculiarities of intensity are fine tuned by constants. Numerical techniques on
the other hand, even those that like to refer to themselves to as ab initio, for instance DFT,
posses a degree of freedom by which a range of results can be obtained. This is pointing to the
definition of the underlying functional which usually constituets of the exchange term and the
LDA term that are free to be mixed as the physics requires. Of it makes sense to fine tune it in
accord with the benchmarks, either experimental or ones obtained by more advanced methods
such as the coupled cluster, a golden standard for small to medium molecules. But the difficulty
is that no measurements are able conclusievely identify the particular chirality of the nanotube
and so possible results of both the raman spectra and the electronic spectroscopy cannot be
linked to particular chiralities with certainty. Therefore the question then arrises; to what are
supposed to refer calculations that are to be benchmarks.

The answer is that they are supposed to refer to nothing else than few fundamental constants
such as h, €, g., m and are supposed to be continuously improvable without any further degree of
freedom. The method presented here is of this kind.

for the performance of the of the other basis set refer to the appendix below.
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4 Summary and further outlook

Summary of the method: It is a know fact that at the HF level the bandgaps are usually
overestimated, which has been observed in the previous sections, too. This happened even for
structures that were predicted to behave as metals. The main reason is that the treatment
of the electron correlation at this level is by far not complete. Even though the lacking energy
contributions account just for about 1% of the total energy, impact of the electron correlation on
properties is much more pronounced. In spite of the fact that density functional based methods
often provide satisfactory results, at present there does not exist a systematic hierarchy towards
an exact answer. In wave function approaches such hierarchies are at hand, though the formal
computational complexity increases too rapidly with higher and higher level of accuracy. Hence
for extended systems we are intersted in, we are forced to remain at lower levels, or at least
approximations that would be computationally tractable. Such a hierarchy is provided within
the Coupled Cluster Theory which we shall outline below.

There is, however, a second aspect that has not been mentioned in this work. Namely, that
we have implicitly worked with the non-relativistic Hamiltonian and the Born-Oppenheimer
approximation was assumed. In such a model e. g. spin-orbit or electron-phonon couplings are
missing. For those reasons the a part of the appenix includes brief description and comments

on possible inclusion of these effects.

4.1 The Coupled Cluster Theory

Within the HF (Roothan) solution we obtain a set of orbitals whose number is (as a rule) higher
than the number of spin-orbitals that are used to build the Slater determinant in the HF theory,
i. e. those occupied by the electrons. Let us denote such a determinant as the refence one
|®). The orbitals that are not used in |®) are referred to as virtual. If we define an operator
T,, which replaces n spin-orbitals in |®) by n virtual orbitals, we speak about an n-particle
excitation operator. If we denote by ¢, 7, k,[ the occupied orbitals and by a,b, c,d the virtual

orbitals then we can more explicitly
T, = ) taf (4.1)
1,0

. 1 -
5:52%% (4.2)
i7j7a?b
N 1 o a1
Too= o7 D talal (4.3)
" i1.in,a1...0n
where a are the true n-particle excitation operators creating the pertinent excited determinants
and t are related scalar amplitudes, i. e. weights of those determinants in the final wave function
expansion. Let us assume (and this is in HF so) that outset of spin-orbitals is orthogonal from
which follows that the many-particle basis of (excited) Slater determinants is orthogonal, too. A
multiple action of excitation operators is also possible that leads either to cumulatively excited

determinants or zero when the excitation is not possible.
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We can define a global excitation operator:
T=> T (4.4)
n

For the given one particle orbital basis the exact wave function |¥) can be expressed in the well

known configuration state function expansion as
w) = 577 @) = T|@). (4.5)
n

The development and experience during the last fifty years proved that the cluster expansion
of |¥) that takes form
W) =’ |®) (4.6)

is a better alternative [? ], mainly because it preserves size-extensivity when the T operator is
truncated, and important higher excitations are factorized as products of Ths. Clearly, because

of the orthogonality of the determinats we have an intermediate normalization>
(@f|w) =1 (4.7)

The origins of coupled cluster methods trace back to the fifties, when the community of
nuclear physicists believed that it should be possible to solve the many body nuclear problem by
numerical means. The motivation for this stemmed also from the newly available nucleon scat-
tering experiments that yielded the two-body forces. However, unlike in the molecular problem,
there is no defining central field (analogous to Coulomb’s) for the independent particle descrip-
tion of nucleons. The analysis of experimentally measured phases suggested several distinct
forms of internucleon potentials. However, all of them possessed long range attractive tails, due
to the pion exchange, and short range repulsive “hard core” potential (almost infinite in magni-
tude) due to the exchange of heavier mesons. This made the mean field description unfeasible
due to almost infinite elements of the potential operator. Fortunately Bruckner[25] managed to
describe the problem in simple plane wave basis set and express the correlation energy by means
of a sum of ladder diagrams. The amplitudes were described by “Bethe-Goldstone” equations.
At last the linked cluster theorem was proven by Goldstone. Shortly afterwards it became clear
that the expansion naturally demonstrated the exponential structure [26] 27]. A practical tool
to derive the pertinent equations to determine the amplitudes of T for many fermion systems
was published fifty years ago by Cizek [28, 29], which has been a breakthrough towards massive
quantum chemical usage. Cizek also showed that if T includes all possible excitations expansion
and are fully equivalent.

Irrespective of (by far) non-trivial technicalities, the T amplitudes are obtained very simply.

We have to solve the Schrodinger equation

HeT)|0) = EeT|0) (4.8)

—hatT

which we multiply from the left by e and project onto various excited Slater determinats.
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Let us introduce an effective Hamiltonian

i=eTHe. (4.9)

It turns out that this seemingly infinite expansion effectively terminates after the fourth power
of T at worst [? ].

Now we can write

where Eqs (4.11)) serve to determine the amplitudes of T,.

The reference determinant does not need to be a Hartree-Fock determinant. In fact, as
recently Noga and Simuneck showed [30, B1], starting from an arbitrary reference and using
the ansatz with 7' = T} gives rise to very efficient alternative Hartree-Fock solution without
diagonalizations. Implementation of such an approach is our next goal. The great advantage
would be 7} in the k-space factorizes single-excitation in individual k-points, i. e. one would
work with Tl(k) operators that involve ngk).m(,k) amplitudes, where n(()k) and nq(,k) are numbers of
occupied and virtual orbitals for the given k-point, respectively. This is even smaller number of

parameters than for cX in the Roothan equation.

Perturbation expansion

Let us now use the perturbation expansion with the coupled cluster ansatz for the wave function.
Now one treats the Hamiltonian as consiting of the part JEIO for which we now the solution

and a perturbation 1% comming with an arbitrary parameter A
H=Hy+\V (4.12)
The energy functional with the ansatz (4.6)) reads:

o ®|eT" (1 Vel |
5(TT,T)=< e (Ho + AV)el |®)
(@leT"eT|®)

= (9] (eT* (Ho + AV)eT)C @) (4.13)

where index "C” means connected terms [29]. Now (4.13)) formally represents an infinite number
of terms, but we can expand the energy (4.13]) and the cluster operator in a power series of A:

E = EO 4@ L 22e@ 4 (4.14)

T = TO 4 70 4 \273) 4 (4.15)

and truncate this series order by order in powers of \. If Hjy is the sum of Fock operators for all
particles (electrons) in the system then we speak about Mgller-Plesset (MP) partitioning of the
Hamiltonian, and correspondingly about Mgller-Plesset perturbation theory [? |. Then

Epp =& + &0 = (®|Hy + Vp|®) (4.16)
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and the second order functional reads:
g2 = (@)WY +vT® 4 TWE,TW) 0| ®), (4.17)
Its differentiation w.r.t. the amplitudes of Tt provides the stationarity condition
(@F|(V + Ho)T™M)|®) =0 (4.18)

inherent to MP2 theory, from which the 7" amplitudes are obtained, and we observe that 7' = 75,
i. e only doubly excited configurationsa are involved. The second order energy is then easily
obtained as:

E® = (o|VvTW|®) (4.19)

MAzller-Plesset perturbation theory to second order represents the simplest wavefunction
approach to account for the electronic correlation. The improvement of the Hartree-Fock refer-
ence energy by MP2 is significant as manifested by benchmarks of dispersion interaction, barrier
heights and equilibrium geometries. In conventional basis the MP2 scales as O(N®) where N is
proportional to system size. This scaling is still very demanding in order to be used in extended
systems. Recently, it has been demonstrated [32] that even if the T operator in is restricted
to special double-excitations of doubly occupied singlet pairs i. e.

T=1T,=) Tia;" (4.20)

a%iyi, o

ia
the wave function fairly well treats the strong electron correlation. Using such an approach
in MP2 combined with an optimized Thouless expansion as done in Ref. [33] would give rise
to a method feasible for extended systems such as we use for the nanotubes. In Eq.
double excitation amplitude T} formally corresponds to the same dimension of single excitations,
though, now a and 4 can be from different k-points. Nevertheless, the algorithm could be adopted

to O(N3) scaling, not exceeding the demands for HF.

Page 55 of



References

1]

[11]

J. Zinn-Justin. Quantum Field Theory and Critical Phenomena. International series of
monographs on physics. Clarendon Press, 1996. ISBN 9780198518822. URL https://
books.google.dk/books7id=AbHvAAAAMAAJ.

H. Goldstein, C.P. Poole, and J.L. Safko. Classical Mechanics. Addison Wesley, 2002. ISBN
9780201657029. URL https://books.google.dk/books?id=tJCuQgAACAAJ.

Silvio Capobianco and Tommaso Toffoli. Can Anything from Noether’s Theorem Be Sal-
vaged for Discrete Dynamical Systems?, pages 77-88. Springer Berlin Heidelberg, Berlin,
Heidelberg, 2011. ISBN 978-3-642-21341-0. doi: 10.1007/978-3-642-21341-0_13. URL
http://dx.doi.org/10.1007/978-3-642-21341-0_13.

Claude Cohen-Tannoudji, Bernard Diu, and Franck Laloijce. Quantum mechanics. Wiley,
New York, 1977. ISBN 0471164321 (v. 1). 047116433X (v. 1).

I.I. SOBEL’MAN. 1 - the hydrogen spectrum. In I.I. SOBEL’MAN, editor, Introduction
to the Theory of Atomic Spectra, volume 40 of International Series in Natural Philosophy,
pages 3 — 20. Pergamon, 1972. doi: http://dx.doi.org/10.1016/B978-0-08-016166-2.50008-1.
URL //www.sciencedirect.com/science/article/pii/B9780080161662500081.

H. Bruus and K. Flensberg. Many-Body Quantum Theory in Condensed Matter Physics:
An Introduction. Oxford Graduate Texts. OUP Oxford, 2004. ISBN 9780198566335. URL
https://books.google.dk/books?id=v5vhgltYLC8C.

M. Kardar. Statistical Physics of Particles. Cambridge University Press, 2007. ISBN
9781139464871. URL https://books.google.dk/books?id=1W1Fhiz5UjwC.

J.J. Sakurai and S.F. Tuan. Modern quantum mechanics. Advanced book program. Ben-
jamin/Cummings Pub., 1985. ISBN 9780805375015. URL https://books.google.dk/
books?id=sYfvAAAAMAAJ.

M. Hamermesh. Group Theory and Its Application to Physical Problems. Addison Wesley
Series in Physics. Dover Publications, 1962. ISBN 9780486661810. URL https://books.
google.dk/books?id=c009_wlCzgcC.

M. Tinkham. Group Theory and Quantum Mechanics. Dover Books on Chemistry. Dover
Publications, 2012. ISBN 9780486131665. URL https://books.google.dk/books?id=
oe7DAgAAQBAJ.

G. Del Re, J. Ladik, and G. Bicz6. Self-consistent-field tight-binding treatment of polymers.
i. infinite three-dimensional case. Phys. Rev., 1967. doi: 10.1103/PhysRev.155.997. URL
http://link.aps.org/doi/10.1103/PhysRev.155.997.

N.W. Ashcroft and N.D. Mermin. Solid State Physics. HRW international editions. Holt,
Rinehart and Winston, 1976. ISBN 9780030839931. URL https://books.google.dk/
books?7id=oXIfAQAAMAAJ.

Page 56 of


https://books.google.dk/books?id=AbHvAAAAMAAJ
https://books.google.dk/books?id=AbHvAAAAMAAJ
https://books.google.dk/books?id=tJCuQgAACAAJ
http://dx.doi.org/10.1007/978-3-642-21341-0_13
//www.sciencedirect.com/science/article/pii/B9780080161662500081
https://books.google.dk/books?id=v5vhg1tYLC8C
https://books.google.dk/books?id=1WlFhiz5UjwC
https://books.google.dk/books?id=sYfvAAAAMAAJ
https://books.google.dk/books?id=sYfvAAAAMAAJ
https://books.google.dk/books?id=c0o9_wlCzgcC
https://books.google.dk/books?id=c0o9_wlCzgcC
https://books.google.dk/books?id=oe7DAgAAQBAJ
https://books.google.dk/books?id=oe7DAgAAQBAJ
http://link.aps.org/doi/10.1103/PhysRev.155.997
https://books.google.dk/books?id=oXIfAQAAMAAJ
https://books.google.dk/books?id=oXIfAQAAMAAJ

[13]

[19]

[21]

[22]

D.A. Bromley and W. Greiner. Quantum Mechanics: An Introduction. Physics and As-
tronomy. Springer Berlin Heidelberg, 2000. ISBN 9783540674580. URL https://books.
google.dk/books?id=7qCMUfwoQcAC.

C. Cohen-Tannoudji, B. Diu, and F. Laloe. Quantum Mechanics, 2 Volume Set. Wiley,
1992. ISBN 9780471569527. URL https://books.google.dk/books?id=N_NHjwEACAAJ.

T. Helgaker, P. Jorgensen, and J. Olsen. Molecular Electronic-Structure Theory. Wiley,
2014. ISBN 9781119019558. URL https://books.google.dk/books?id=1NVLBAAAQBAJ.

C. C. J. Roothaan. New developments in molecular orbital theory. Rev. Mod. Phys., 23:
69-89, Apr 1951. doi: 10.1103/RevModPhys.23.69. URL http://link.aps.org/doi/10.
1103/RevModPhys.23.69.

C. T. White, D. H. Robertson, and J. W. Mintmire. Helical and rotational symmetries
of nanoscale graphitic tubules. Phys. Rev. B, 47:5485-5488, Mar 1993. doi: 10.1103/
PhysRevB.47.5485. URL http://1link.aps.org/doi/10.1103/PhysRevB.47.5485.

Tsuneya Ando. Theory of electronic states and transport in carbon nanotubes. Journal of
the Physical Society of Japan, 74(3), Mar 2005. ISSN 1347-4073. doi: 10.1143/jpsj.74.777.
URL http://dx.doi.org/10.1143/JPSJ.74.777.

G. Del Re, J. Ladik, and G. Bicz6. Self-consistent-field tight-binding treatment of polymers.
i. infinite three-dimensional case. Phys. Rev., 1967. doi: 10.1103/PhysRev.155.997. URL
http://link.aps.org/doi/10.1103/PhysRev.155.997.

C. C. J. Roothaan. New developments in molecular orbital theory. Rev. Mod. Phys., 23:
69-89, Apr 1951. doi: 10.1103/RevModPhys.23.69. URL http://link.aps.org/doi/10.
1103/RevModPhys.23.69.

P. Banacky, J. Noga, and V. Szocs. Toward possibility of high-temperature bipolaronic
superconductivity in boron tubular polymorph: Theoretical aspects of transition into anti-
adiabatic state. Journal of Physics and Chemistry of Solids, 2012. ISSN 0022-3697. doi:
10.1016/j.jpcs.2012.04.001. URL http://dx.doi.org/10.1016/j.jpcs.2012.04.001.

Valentin N Popov. Curvature effects on the structural, electronic and optical properties of
isolated single-walled carbon nanotubes within a symmetry-adapted non-orthogonal tight-
binding model. New Journal of Physics, 2004. ISSN 1367-2630. doi: 10.1088/1367-2630/
6/1/017. URL http://dx.doi.org/10.1088/1367-2630/6/1/017.

L.D. Landau and E.M. Lifshitz. Statistical Physics. Number vb. 5. Elsevier Science, 2013.
ISBN 9780080570464. URL https://books.google.dk/books?id=VzgJN-XPTRsC.

V. Zolyomi, H.S.lyomi and Kurti J. First-principles calculations for the electronic band
structures of small diameter single-wall carbon nanotubes. Physical Review B, 70(8), Aug
2004. ISSN 1550-235X. doi: 10.1103/physrevb.70.085403. URL http://dx.doi.org/10.
1103/PhysRevB.70.085403.

Page 57 of


https://books.google.dk/books?id=7qCMUfwoQcAC
https://books.google.dk/books?id=7qCMUfwoQcAC
https://books.google.dk/books?id=N_NHjwEACAAJ
https://books.google.dk/books?id=lNVLBAAAQBAJ
http://link.aps.org/doi/10.1103/RevModPhys.23.69
http://link.aps.org/doi/10.1103/RevModPhys.23.69
http://link.aps.org/doi/10.1103/PhysRevB.47.5485
http://dx.doi.org/10.1143/JPSJ.74.777
http://link.aps.org/doi/10.1103/PhysRev.155.997
http://link.aps.org/doi/10.1103/RevModPhys.23.69
http://link.aps.org/doi/10.1103/RevModPhys.23.69
http://dx.doi.org/10.1016/j.jpcs.2012.04.001
http://dx.doi.org/10.1088/1367-2630/6/1/017
https://books.google.dk/books?id=VzgJN-XPTRsC
http://dx.doi.org/10.1103/PhysRevB.70.085403
http://dx.doi.org/10.1103/PhysRevB.70.085403

[25]

[28]

[29]

[31]

[33]

[34]

[35]

K. A. Brueckner. Many-body problem for strongly interacting particles. ii. linked cluster
expansion. Phys. Rev., 100:36-45, Oct 1955. doi: 10.1103/PhysRev.100.36. URL http:
//1link.aps.org/doi/10.1103/PhysRev.100.36.

J. Hubbard. Electron correlations in narrow energy bands. Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences, 276(1365):
238-257, 1963. ISSN 0080-4630. doi: 10.1098/rspa.1963.0204. URL http://rspa.
royalsocietypublishing.org/content/276/1365/238.

F. Coester. Bound states of a many-particle system. Nuclear Physics, 7:421 — 424, 1958.
ISSN 0029-5582. doi: http://dx.doi.org/10.1016,/0029-5582(58)90280-3. URL http://www.
sciencedirect.com/science/article/pii/0029558258902803.

J. J. Cizek. Calculation of wavefunction components in ursel-type expansion. Journal of
Chemical Physics, 45:4256, 1966.

J. Cizek. On the use of the cluster expansion and the technique of diagrams in calculations

of correlation effects in atoms and molecules. Advances in Chemical Physics, 14:35, 1969.

Jozef Noga and Jan Simunek. Solving the independent-particle model via nonunitary trans-
formation based on variational coupled cluster singles. Journal of Chemical Theory and
Computation, 6(9):2706-2713, 2010. doi: 10.1021/ct1003143. URL http://dx.doi.org/
10.1021/ct1003143.

Jan Simunek and Jozef Noga. Hartree-Fock via Variational Coupled Cluster Theory: an
Alternative Way to Diagonalization Free Algorithm. In Simos, TE and Maroulis, G, editor,
INTERNATIONAL CONFERENCE OF COMPUTATIONAL METHODS IN SCIENCES
AND ENGINEERING 2009 (ICCMSE 2009), volume 1504 of AIP Conference Proceed-
ings, pages 143-151. European Soc Computat Methods Sci Engn & Technol (ESCMSET),
2012. ISBN 978-0-7354-1122-7. doi: {10.1063/1.4771709}. 7th International Conference on
Computational Methods in Science and Engineering (ICCMSE), Rhodes, GREECE, SEP
29-OCT 04, 2009.

Thomas M. Henderson, Ireneusz W. Bulik, Tamar Stein, and Gustavo E. Scuseria. Seniority-
based coupled cluster theory. JOURNAL OF CHEMICAL PHYSICS, 141(24), DEC 28
2014. ISSN 0021-9606. doi: {10.1063/1.4904384}.

Jan Simunek and Jozef Noga. Optimised thouless expansion second-order moller-plesset
theory. Molecular Physics, 111(9-11):1119-1128, 2013. doi: 10.1080/00268976.2013.799720.
URL http://dx.doi.org/10.1080/00268976.2013.799720.

G.B. Arfken, H.J. Weber, and F.E. Harris. Mathematical Methods for Physicists: A Com-
prehensive Guide. Elsevier, 2012. ISBN 9780123846549. URL https://books.google.sk/
books?id=qLFo_Z-PoGICl

Pavol Banacky, Jozef Noga, and Vojtech Szocs. Electronic structure of single-wall sil-

icon nanotubes and silicon nanoribbons: Helical symmetry treatment and effect of di-

Page 58 of


http://link.aps.org/doi/10.1103/PhysRev.100.36
http://link.aps.org/doi/10.1103/PhysRev.100.36
http://rspa.royalsocietypublishing.org/content/276/1365/238
http://rspa.royalsocietypublishing.org/content/276/1365/238
http://www.sciencedirect.com/science/article/pii/0029558258902803
http://www.sciencedirect.com/science/article/pii/0029558258902803
http://dx.doi.org/10.1021/ct1003143
http://dx.doi.org/10.1021/ct1003143
http://dx.doi.org/10.1080/00268976.2013.799720
https://books.google.sk/books?id=qLFo_Z-PoGIC
https://books.google.sk/books?id=qLFo_Z-PoGIC

REFERENCES REFERENCES

mensionality. Advances in Condensed Matter Physics, 2013, 2013. ISSN 1687-8124. doi:
10.1155/2013/374371. URL http://dx.doi.org/10.11565/2013/374371.

Page 59 of


http://dx.doi.org/10.1155/2013/374371

A ALTERNATIVE DERIVATION

Appendix A Alternative derivation

The solutions of the energy levels for a periodic system can be approached by solving Schrodinger

equation for one electron in an effective potential V' (r)

h2V?
[— o +V (r)} Yk (r) = Extx (r), (A.1)

where m stands for electron mass, ¥y (r) and Ej are one particle eigenfunctions and en-
ergy eigenvalues for particular wavevector k. In this scheme the interactions among elec-
trons and between electrons and nuclei are considered by means of the effective potential
V (r) = Vien (r) + Ve (r) . The assumption is that electrons feel the presence of ions and other
electrons only through the spin-independent potentials Vo, (r) and V; (r)that are periodic un-
der lattice translations. The generalised Tight Binding model, referred to as Linear Combination
of Atomic Orbitals (LCAO), is based on the premise that the one electron wavefunction v (r),
for all wavevectors k, can be built from basis states gy, (r). For instance, a basis formed from
eigenstates (orbitals) of hydrogen atom would be suitable as the orbitals are orthogonal* and

*

form a complete set of functions** over R? inherited from spherical harmonics constructed by

Leggandre polynomials [14][34].

Vi (r) = Z CkaPkr (T) (A.2)

The tensor c¢y,, of a rank of the dimensionality of k, represents the expansion coefficients of
Yk (r) in terms of the basis ¢k, (r). The requirement of the wavefunction to be periodic under

translation makes it convenient to use basis that a priori satisfies Bloch’s condition.

1 k-R(1)
ko () = — e R()—r A3
P (1) = 5 52RO (R (D) ) (A3)
Where Yy, are the basis functions localised at R (1), a position vector of the atom in the I*”
unit cell, N is the number of unit cells considered. [35] In practice it is wise to choose Gaussians
as the local basis set basis x, for the ease of integral evaluation as opposed to atomic basis set .
For graphene the two lattice parameters are equal R (I) = lja; + lsaz = la and so one can

: : . 1 .
introduce a dimensionless wavevector k = and rewrite the formula (3) as
2

_ ikl -
Pra (T) = \/Nzlj Xa (R (1) — 1) (A.4)

Now the problem can be solved by substituting equation (4) into (2) and then to (1). This
approach also for the case of nanotubes but the number of atoms in the unit cell would be very
large, particularly for chiral nanotubes. Instead one can use the same formalism with adopting
for the screw symmetry on top of the translational one. This allows any nanotube to be described
by a unit cell consisting of only two atoms [I7]. Implementation of the former idea begins with
expressing the symetrised wavefunctions that satisfy Bloch’s condition under screw operations

with arbitrary 1
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1 o
Pka (I‘) = ﬁ ; elk lTaa/ (l) Xa (R (l) - I') (A5)

Here the rotation tensor 7}, (1) is introduced that rotates the basis orbitals around the
circumference of the tubulus. For symmetric orbitals x the rotation would be irrelevant as the
same basis element would be achieved by translation only. For the sake of demonstration one
could imagine p orbitals along the naonotube that need not only to be translated to the correct
atomic sites but also need to be rotated appropriately in order for the Bloch function created
from them be invariant under the screw symmetry operation.

Now in solving for the eigenvalues the equation (1) includes one more index 7’ to sum.

Z CkaHkaa’ - Ek Z Cka’ Skaa/ (AG)
a’ a’

Where the Hamiltonian H and the overlap matrix S need to be adjusted for the screw

rotation for every k as

Hkaa’ = Zeik.IHaa” (l) Ta”a’ (1) (A7)
la”
Skaa/ = Zeik.lsaa” (1) Ta”a/ (l) (A8)

la//
Where the elements of the hamiltonian H,, (1) and the overlap matrix Sy, (1) can be ex-
pressed for atoms in the cells 0 and 1 at locations R (I)and R/ (1)(R,R’ denoting two atoms in
the unit cell 1)

Ho () = [ dirva (R(0) =) Frxar (R () ~ 1) (A.9)

Suat () = [ dixa (R(0) =) Sy (R (1) = ) (A.10)

Since the surface of the tube is a two dimensional manifold, so the solutions of the wavevectors
need to have two independent directions. A convenient choice is that points along the direction
of the tube while the other is normal to it pointing along the circumference. These are the

ky

constituents of k = . The boundary conditions of the tube allow for a discrete number

ko
of possible wavevectors k1,ko

ki1L1 + koLo = 27l (A.ll)

kiN1+ kaNo =k (A.12)

Where k is one dimensional wavevector of the of the tube ranging from —x to m and the
integer [ labels the electronic energy levels with a given k (I = 0,1, ..., N. — 1). So we can further

express the boundary conditions as
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(27TN2[ - Lgk‘) ko — (le - 2’/TN11)
N, 2 N.

Therefore we need only to consider those k-points in creating the series of ¢ Bloch functions

ky = (A.13)

with only two scalar indices k,l. Where 1 runs over the indices of the two-atom unit cells in the
translational unit cell. To simplify the notation the two scalar functions with a vector argument
are introduced

2 Ny — oV
o () - T2

(A.14)

(L1le — Laly)
1 = -
=) N,

So the Bloch functions are constructed after appropriate transformation of orientations of

(A.15)

orbitals with the use of rotational operator 7, (1). This idea has been pioneered by[22]

1 ) N
Okia (r) = i > e eWH=OR T (1) xor (R (1) — 1) (A.16)
l

to find the coefficients ¢y, from

Z CklaHklaa/ = Ekl Z Ckla’ Sklaa’ (A17)

Hijow = Z M= MR Er 0 (1) Ty (1) (A.18)
la//

St = 3 COORS, (1) Ty (1 (A.19)
la//

Having established this set of linear algebraic equations (7) having a nontrivial solutions for
for coefficients cyj,/,that define the one particle eigenvectors, only for corresponding eigenvalues

of energy E that satisfy the characteristic equation

| Hrtaar — ErtSkiaa || = 0 (A.20)

which in terms of linear algebra is equivalent to diagonalisation of matrix of size of H. Of
course now when the eigenenergies E are found and corresponding eigenvectors ¢ determine one
body wavefunctions one can construct a many body wavefunction by the antisymmetrising the
product of one body wavefunctions by means of a Slater determinant wavefunction.

and the many body wavefunction described by an antisymmetrised product

UHE (ry, ) = A [ (v3) (A.21)

then the potential term in the hamiltonianV'(r) is adjusted accordingly and the equation (8)
is calculated until self consistency is reached by solving the secular equation.

The energy per unit cell is then the sum over the lowest eigenvalues for occupied states
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Appendix B Basis-Sets

In this work, orbitals of Gaussian type are employed.

(1) = (@ = Bo)' (y = B,)" (= = R.)" eap |~ (r = R~ p)’

(A.22)

(B.1)

Here the integers (I, m,n) determine the orbital angular momentum, 7 is the exponent of the

Gaussian that determines its spread. For the vectors, r = (z,vy, z) is where the density of the

orbital is evaluated, R points to the centre of the orbital, in this case either of the two atoms in

the unit cell, and p maps the particular unic cell to the origin.

! Basis = DZP (Dunning)
2 1 1
7 2
4232.6100000 0.0020290 0.0000000 0.0000000 0.0000000
634.8820000 0.0155350 0.0000000 0.0000000 0.0000000
146.0970000 0.0754110 0.0000000 0.0000000 0.0000000
42.4974000 0.2571210 0.0000000 0.0000000 0.0000000
14.1892000 0.5965550 0.0000000 0.0000000 0.0000000
1.9666000 0.2425170 0.0000000 1.0000000 0.0000000
5.1477000 0.0000000 1.0000000 0.0000000 0.0000000
1
8.1557000 0.0185340 0.0000000
3.9864000 0.1154420 0.0000000
1.1429000 0.3862060 0.0000000
0.3594000 0.6400890 1.0000000
1 1
0.7500000 1.0000000
' Basis = MINI
2 1 1
6 2
153.1722600 0.0707400 0.0000000
23.0730300 0.3953800 0.0000000
4.9232900 0.6633110 0.0000000
5.7255700 0.0000000 —0.0813800
0.4550400 0.0000000 0.5748530
0.1470700 0.0000000 0.5024130

Page 63 of



C TABLE

3 1
4.2513100 0.1099310
0.8632700 0.4627130
0.2013500 0.6275140

Appendix C Table

’ Hel. ‘ Diam.[a] ‘ #itrs. ‘ Eiot [Ha| ‘ Dir. gapleV] ‘ Indir. k[eV] ‘ Indir. K[eV] ‘ Indir. K, k[eV] ‘

30 2.46 25 -75.03 3.086 3.086 1.860 0

40 3.29 26 -75.12 5.927 5.927 4.762 3.655
32 3.58 46 -75.18 5.596 4.484 3.801 3.609
41 3.76 50 -75.15 7.183 7.183 6.234 4.253
50 4.11 25 -75.15 5.999 5.999 5.858 3.781
60 4.93 28 -75.16 2.615 2.615 2.615 2.615
43 5.00 36 -75.17 5.374 5.374 5.374 5.374
D2 5.13 24 -75.17 5.282 5.282 5.282 5.282
61 5.39 24 -75.17 5.119 5.119 5.119 5.119
70 5.75 24 -75.17 4.823 4.823 4.823 4.823
54 6.42 46 -75.18 2.435 2.435 2.435 2.435
63 6.52 24 -75.18 2.000 2.000 2.000 2.000
80 6.57 24 -75.18 4.033 4.033 4.033 4.033
72 6.72 25 -75.18 1.978 1.978 1.978 1.978
81 7.02 25 -75.18 1.651 1.651 1.651 1.651
90 7.39 24 -75.18 1.402 1.402 1.402 1.402
695 7.84 45 -75.18 3.044 3.044 3.044 3.044
74 7.92 46 -75.18 3.052 3.052 3.052 3.052
83 8.09 47 -75.19 3.030 3.030 3.030 3.030
100 8.21 23 -75.19 3.797 3.797 3.797 3.797
92 8.34 24 -75.19 2.992 2.992 2.992 2.992
110 9.03 23 -75.19 3.025 3.025 3.025 3.025
76 9.26 22 -75.19 3.077 3.077 3.077 3.077
895 9.33 44 -75.19 3.212 3.212 3.212 3.212
94 9.47 45 -75.19 3.218 3.218 3.218 3.218
120 9.86 23 -75.19 0.925 0.925 0.925 0.925
87 10.68 46 -75.19 1.530 1.530 1.530 1.530
96 10.74 22 -75.19 1.069 1.069 1.069 1.069

Table 1: Supercell of 17 translations, with lattice vector of 2.58a calculated with MINI basis for
a threshhold of 10~7 Hartree, ordered by ascending diameter.
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Appendix D Additional diagrams

Indirect bandgaps in k for chiral vectors
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Figure D.4: indirectest DZ

Figure D.5: Total energy per cell versus lattice vector
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D ADDITIONAL DIAGRAMS

Iterations of energy for (9,0) cluster of length 27 Iterations of energy for (9,0) cluster of length 27
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Figure D.6: Convergence properties for zig-zag nanotube

Figure D.7: Left: band structure for (3,2) notice Dirac points. Right: (5,0) mind you energy
units are Hartree

Figure D.8: Left: band structure for (9,3) notice Dirac points. Right: (12,12) mind you energy
units are Hartree
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Appendix E Derivations of further corrections

Electron-Phonon coupling

Once the energy gradients are enumerated and the associate phonon spectrum is calculated one
is able to include further corrections as a coupling between the electronic and phonon modes.
Not only it will improve the accuracy of the model, but more interestingly, it in principle is able
to account for an attractive force among electrons. This in turn gives rise to remarkable behavior
such as superconductivity. This derivation is adapted from the book by Bruus and Flensberg[6].

It is mentioned here for future reference in case such direction would be undertaken.

N
V’elfion = / pel Z vao (El)

N N
Vvel—ion = / pel Z ‘/;no T‘ - RO /d?“ (_6) Pel (’I”) Z vr%no (T - R?) " Uj (E2)
k=1 k=1

Ver—ph / drpe; (7 Z e - Vo Vion (r — RY) (E.3)
V- Vion (T Z Z q + G V. g+Ge (q+G)-(r7R?) (E4)
quBZ GERL
Z Z (bk)\ + bT_k)\) Gkkeik'Rg (E5)
k:eFBZ A
1 :

Z ew; - VTVion R?) v Z 9q,G.\ (bq,)\ + bT_qA) eHat @) (E.6)
' g€ FBZ
G € RL,\

thus the phonon coupling strength g, ¢ \is introduced

) Nh
9q,G A = Zem (¢ +G) - ep\Vyra (E.7)

Ver— —ph = Z Z Z 94,G /\C]g+q+Gck0' (bq)\ + b ) (E8)

ko g\ G

el ph Z Z 9q, Alck—i-q oCko (bq)\l + b q/\l> (Eg)

ko g\

eIlN}f}Z = Z qu7,\lck+q o Cho (b + b_q) (E.10)
q

this model considers Yukawa potential, however the numerical method has those densities at
hand that can be used.

Page 67 of



E DERIVATIONS OF FURTHER CORRECTIONS

Ze 1
Vo= ——— E.11
4 €0 q2 + kg ( )
therefore the coupling constant could be determined for a specific system, if this procedure

would be implemented.

A Nh
=1
9a € ¢+ k2\ 2Mw,

(E.12)

Basic Spin-orbit coupling

The task to enumerate the electronic behavior, by means of band structure, has several distinct
bottlenecks and therefore several ways in which the description would approach the reality. The
areas are Correlation effects, Size of The cluster and inclusion of spin effects. Despite the spin
related effects have had only marginal influence on the result, they are very interesting from the
phenomenologicaly perspective.

So far the description of the electronic properties were limited to spin-less charge carriers. If
we are to include these effects

Consider the simple Hamiltonian for single hydrogen atom introduced in I. The first term
represents the energy of the atom in the centre of mass frame, with p being the reduced mass

of proton and electron.

~

P
Hy=—+V (R E.13
=3, +V (R) ( )
The second term represents the electrostatic interaction energy between the proton and the
electron of charge gq.
2 2
qg° 1 e
— —=—— E.14
dmeg R R ( )

The former Hamiltonian was refereed to as simple due to its negligence relativistic effects, and

V(R) =

magnetic interactions arising from spin of both particles. One could argue that the magnetic
moment of the nucleus is very small and so the associate effects are insignificant. Likewise
for the hydrogen’s mass and so energy being also very small the relativistic effects caused by
the distortion of the spacetime in the vicinity of the nucleus are marginal. In fact this simple
Hamiltonian has proven to be consistent with experimentally measured spectral lines and rightly
so stands its ground.

A detailed study of particular lines reveals the splitting of energy levels that cannot be
explained without the aforementioned fine effects. It is recognized that Dirac equation satisfies
postulates of both quantum mechanics and special relativity and can be solved analytically for
the problem of hydrogen[]. However this is not possible the systems of multiple electrons and
so perturbative approach is used instead. For the sake of demonstration the hamiltonian of
hydrogen is expanded in ¢ of the correction term W
P4 1 dV (R) h?

i T e R ar LSt gtV (R) + - (E.15)
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Rayleigh-Schrodinger Perturbative scheme

HY, = E, U,

ﬁ:ﬁo-l-/\v

Hyv©® = EOg©)

E, = ET(LO) 4 )\ET(LI) + /\ZEY(?) 4.

W, = 0O L Awl) 4 N0 4.

1d*E

Ek) — — n
n k! d\k
) _ 10",
Tkl Ok

<\p(0) ‘q,<m>> =60

<\1z§?> 0, =1

Hyw©) = EOg0)
Hou) + ve = Oy 1 g0

Hyo? 4 vol) = pOw®@ 4 pWgl) 4 p2)g0)

Hyv® +vw® = Og®) Wy L pg) 4 g6y

n n

for an orthonormal basis, the contributions separate

EO — <\1z§?>‘ Hy \\pg0>>

n

EW = <\11£L0>‘ 1% (q;,g0>>
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Em = <\1/$?>‘ v ‘q/gm—1>> (E.32)
v =3 ol (E.33)
l
iy = (i |wim) (E.34)
(B BO) (v o) = (o] v |0 (E.35)
ol (e v ) (E.36)

Mgller—Plesset

In order to capture some behavior of the correlations among the electrons of the crystal one
has to use methods beyond Hartree Fock that does not explicitly consider the relative posi-
tions of the electrons. The most natural method to express the improve on the accuracy and
include the correlations is by means of Configuration Interaction(CI). Unlike in HF, here the
many-body state is expressed not as a a single slater determinant but as a linear combination
of slater determinants that can be constructed from given the number electrons and orbitals,
which is equivalent to number of basis elements. Of course the full configuration interaction
would consider a combination of all possible slater determinants. However the number of such
configuration state functions ,or slater determinants, scales exponentially with the system size
so it is not feasible approach not even for molecular systems of several electrons.

The most reliable method, referred to as Coupled Cluster, is still computationally expensive.
It is based on the defining work of Thauless in nuclear physics. It is takes the exponential ansatz
by which one is able to express the state function as series.. and

Mpgller-Plesset perturbation to second order (MP2) represents the simplest wavefunction ap-
proach to account for the electronic correlation. The improvement of the Hartree-Fock reference
energy by MP2 is significant as manifested by benchmarks of dispersion interaction, barrier
heights and equilibrium geometries. In conventional basis the MP2 scales as O(N®) where N is

proportional to system size.

H=Hy+ \V (E.37)
Hy=> f(i)= Z h (i) 4+ VEE (4) (E.38)

. Z (Tz‘_jl _ VHF) (E.39)
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Vag =D (pblab) (E.40)
b
1 _ (0)‘ HF ‘
By =(v ‘If E.41
0 < 0 T12 V > ( )
E, = +EWM = Zea - = Z (ab |ab) (E.42)
1) = Z Cr(zltibrs ab (E43)
a>b
r>s
vz L o)
(1) _ rs 1\ _ ab ri2
= (U7 | = E.44
Chors = (W |10 ) = 30 o = (E.44)
a>b
r>s
oz L )
(2 av mi2
BN = E.45
0 Z €q + €p — € — €5 ( )
a>b
r>s
2
(2) [{ab [rs)|
BN — E.46
0 Z €q + €y — € — €5 ( )
a>b
r>s
1 [(ab |rs)[?
B2 _ 2 E.47
0 4(;”6a+6b—67~—65 ( )
N electron system
N
(2) _ QZ (ab |rs) (rs |ab) ZQ: (ab |rs) (rs |ab) (F.48)

e—l—eb—er—es €q + €p — € — €4

abrs

Page 71 of



	1 Fundaments of theory
	1.1 Continuous symmetry of free particle
	1.2 Point symmetry and spherical harmonics
	1.3 Dihedral symmetry of H2+
	1.4 Bonding, Antibonding, Elasticity
	1.5 Phonons
	1.6 Hartree-Fock , Roothaan formalism

	2 The system of nanotubes
	2.1 Symmetries of Carbon Nanotubes
	2.2 Fourier Modes, Block Diagonalisation
	2.3 Helical Symmetry for Band Structure Calculations

	3 Analysis and discussion of results
	3.1 Energy and Convergence
	3.2 Vibrational properties
	3.3 Electronic properties

	4 Summary and further outlook
	4.1 The Coupled Cluster Theory

	References
	A Alternative derivation 
	B Basis-Sets
	C Table
	D Additional diagrams
	E Derivations of further corrections

